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1. INTRODUCTION

The question of existence and uniqueness of solutions of nonlinear
hyperbolic and mixed systems is still an open problem. Strongly related
to this question is the theory of numerical approximations.

In the present paper a class of implicit finite difference methods
applied to initial-boundary value problems for the following mixed type
systems is analysed:

(o) () (o) = (% o) (o) (&),

The coefficients are smooth matrix functions depending on the un-
known u = (v,w)’ € R"™ and (t,z) € Q@ C R" x R. Neglecting the
coupling terms, we assume the v-equation to be strongly parabolic and
the system for w is supposed to be strictly hyperbolic. Initial-boundary
value problems for mixed systems have been studied by several authors.
We refer to the book by Kreiss and Lorenz ([2] chapter 7) and references
therein, especially Strikwerda [9].

Examples of mixed systems are the compressible Navier Stokes equa-
tions and the viscous shallow water equations; cf. [1].

Implicit finite difference methods applied to pure Cauchy problems
for mixed systems have been analysed in [7]. In order to compensate for
the lack of stability of the nonlinear operators, a highly consistent and
attracting approximation to the solution, the so-called pilot function,
was applied. The ansatz for that pilot function goes back to Strang
[8]. In [5], Michelson extended Strang’s analysis for Cauchy problems
for hyperbolic systems to initial-boundary value problems. In order
to handle numerical boundary conditions, Michelson had to extend
Strang’s ansatz for the pilot function.

The present paper demonstrates that in the case of compact differ-
ence methods, which do not use numerical boundary conditions, the
original pilot function leads to convergence results for initial-boundary
value problems for nonlinear hyperbolic, parabolic, and mixed systems.

It should be mentioned here that we do not aim for an existence
proof. In fact, we assume smooth initial data and compatible bound-
ary conditions, such that a smooth solution exists on some finite time
interval. This smooth solution is used to define the pilot function.

In the next section, the initial-boundary value problem, the numer-
ical scheme, and the result are stated precisely. Furthermore, we give
an outline of the argument and review the convergence theory. The

pilot function will be constructed in the third section, while the fourth
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section provides linearised stability theory. Finally, in Section 5, we
give an outlook concerning noncompact schemes.

2. STATEMENT OF THE RESULT AND OUTLINE OF THE ARGUMENT

To specify the boundary conditions for system (1), we make the
following assumptions. The coefficients are smooth matrix functions:

A, BeC®((R" x Q),R"™™") (2)
and C' is a smooth vector function:
CeC(R"xQ),R"). (3)
The system for v € R"™, m < n is strongly parabolic, i.e.
Bii(u,t, ) € C°((R" x Q),R™™), By + Bl >28I > 0.

For symmetric matrices, the relation A < B is defined by v Au <
u” Bu for all possible u.

Furthermore, the system for w € R"™™ is supposed to be strictly
hyperbolic in the sense that all eigenvalues of Ayy are real and distinct.
We want to point out that both the purely parabolic and the purely
hyperbolic case are included in this setting.

We are especially interested in smooth solutions to the initial-
boundary value problem for system (1). Therefore, the initial data
is a smooth function

u(0,2) = 2(z), z€l0,1], =ze€C®([0,1],R"). (4)

For the parabolic component, we assume to have Dirichlet boundary
conditions at x =0 and = =1

v(t,0) = fo(t), wv(t,1)=fi(t), t>0, fieC®R",R™).
(5)

Concerning the hyperbolic component, we can only prescribe the in-
going characteristic variables at each boundary. To formalise this, we
assume that the eigenvalues of Ay are bounded away from zero by
some constant . If we denote by R the matrix of right eigenvectors of
A22, then

A= R_lAng = A+ + A~

can be split into a positive and a negative part, where

At — diag(A; > ) 0 A~ — 0 0
o 0 0 )’ T\ 0 diag(\ < —y) /7
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The corresponding characteristic variables are

+
< w, ) = R 'w.
w

If there are ¢ positive eigenvalues, then
wh(t,r) e RY, w (t,x) e R" ™9

Ingoing characteristic variables at the left and right boundary are w™
and w~ respectively. Proper boundary conditions are

wt(t,0) =go(t), w (t,1) =g (t), t>0, (©)
9o S COO<R+7Rq)7 g1 S COO<R+7 Rn—m—q>.

Furthermore, all the data must be compatible. If we assume that f;,
gi, (i =0,1), and z vanish in a neighborhood of the corners (0,0) and
(0, 1), then the existence of a smooth solution can be shown. The linear
case is discussed in [2] chapter 7 and nonlinear problems can locally be
solved by linearisation. Therefore, we make the following assumption.

Assumption 2.1. Given the conditions above, there is a finite time
T > 0 such that the initial-boundary value problem (1), (2), (3), (4),
(5) and (6) has a unique smooth solution in € :=[0,T] x [0, 1].

The particular finite difference scheme that will be analysed is im-
plicit in time and uses central differences in space for the parabolic
component. For the convective terms, an upwind technique is applied
such that the overall scheme is compact, i.e. does not use so-called
numerical boundary conditions. At the left boundary, v and w* are
known and w~ has to be determined from the data and inner grid
points. Therefore, we want to apply only forward differences in space
for the w~ components. Similarly, at the right boundary w* will be
computed by backward differences.

To be more concrete, let us introduce some more notation. Choosing
step sizes Ax = %, JeN and At =L K e N, we define a grid

K
Q) = Qa X Qap C O
QAt = {tk:kAt, k:O,l,K},
Qar = {z; =jAz, j=0,1,...J}.

For grid functions u on Qa,, we have the shift operator
(Bu); = uj1 = u(@j1),
as well as forward, backward

E -1 I — E1
Dy == SD:T’




and central difference operators
D, +D_ E-2I+E!
=— DD =—n_——.
2 ’ * Az?

Next, we transform the mixed system (1) to characteristic form

Ut + A AR Uy _ B11Vzs + Cy
Rfl’wt R71A21 A Ril’wa; o 0 Rflcg

and split up R~1Ay; according to the decomposition of A into
R Ay = (R Ag) + (R An) ™,

where the positive part consists of the first ¢ rows of R71Ay; and n —
m — q zero rows. Furthermore, we denote by (R~!)* the matrix that
consists of the first ¢ rows of R~! and n — m — ¢ zero rows and define
(R7')™ such that R™' = (R™!)™ + (R~!)~. Using the notation

A3, = RATR™,

Dy

the equation for w reads
(R (R (R Ao (R Az Juat R (Afy+ Agp )y = R Co,

Now, it is possible to write down a compact upwind scheme. Initially,
up; = #(x;) is given. The step from t;_; to t; can be described as
follows:

At the left boundary,

uko = fo(te) and wiy = go(ts) (7)

are given. The unknown wy, can be computed from

W o — Wh
(Ril)l;,Ok’OTtkw + (R Ag1)i o(Dyvk)o + Ry 6(As)ko(Dywi)o
= (R7")50(Ca)ko- (8)

Similarly, at the right boundary, we solve

w — Wi —
(RO + (B A} (Do) s + Ry (A (D-wy)

= (R, (Co)rs (9)
under the conditions
vpg = fi(tr) and wy ; = g1(ty). (10)

At inner grid points, we compose both boundary methods and solve

Uk 7 — WUp—1 5
% + (A (Daug); + (A3 )i (D-ur); + (A3 )iy (Dyur);

= BkJ(DJrD,uk)j—!—CkJ, j = 1,2,J— 1, (]_1)
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where

(A An e 0 0
Lo 0 )0 2T\ R(RTTAN)T AL )
and D, may be one of the operators D, D_ or D,.

Since the argument will be based on energy estimates for properly
linearised systems, convergence will be measured in a discrete L?-norm
in space but uniformly in time. Throughout the paper, the follow-
ing scalar products and norms are used: For real vectors, the Euk-
lidian norm |u|*> = u”w is induced by the product < u,v >= u’wv.
For grid functions on a,, we have the discrete L?*-norm |[jul? =
Az Y ,cq,, lu(x)]* with product (u,v) = AzY,cq,. < u(z),v(z) >,
the discrete L'-norm |jull; = Az Y ,cq,, |u(z)|, and the maximum
norm ||ul|e = maxyeq,, |u(x)|. Grid functions on €2, will be measured
by the combined norm ||u||e 2 = maxeq,, ||u(t, )||2-

Now, we are in the position to state the convergence result:

Theorem 2.1. Consider a mized system (1), (2), (3), where By is
strongly parabolic and Ass is strictly hyperbolic and reqular. Let u be
the unique smooth solution of the initial-boundary value problem (1),
(2), (3), (4), (5) and (6).

For sufficiently small step sizes At = pAx, where p is arbitrarily
but fized, the implicit scheme (7), (8), (9), (10), (11) has a unique
solution U defined on €y,. Furthermore, there is a smooth pilot function
uP' € C>(Q, R™) such that

U — w4 ||z = O(AZ?), Az — 0.

By construction, the pilot function converges at first order to the desired
solution. This tmplies

|U iz = O(Az), Az —0. T

Before going into detail, let us outline the argument. For notational
convenience, we assume that the hyperbolic component is already di-
agonal, As; = A. Then, the vector of unknowns is partitioned as
u = (v,w",w™)T. Furthermore, we denote by a tilde the non zero
blocks of the matrices

0 0 0 0 0 0
Ay=Af +A;=| A A+ o|+| 0 0 O
0 0 0 Ay 0 A~

and of the vectors

T e 0
Cy=Cf +C _< G )tle )
5



It will be convenient to write the scheme as a root equation
(I)h (’LL) =0

for the discretisation operator

20~ (i, ) &

Vg0 — fo( )
wko 9o(tr)
1 Wy o=~ Wk_19
@h(u)k = — {uk,j - U]g_1,j}j:172,...J—1 + PAm(uk)
At wi, —wi, (13)
Wi,y — 91(tx)
Vg,Jg — f1 (tk) k=1,2,.. K

Here, h = (At,Az)T and Pa, is the spatial discretisation operator
which is defined by

Prg(ug) =
(A21)k o(Dyvr)o + Ak o(Dywy )o — (02 )k.0
( (AD)kj(Dat)rj + (A3 )k j(D_ur)j + (A3 )r i (Dyur); )
_Bk1< +D Uk) — Cj
(Agl)k,J(D-l-vk)J + A J(D_wy - (02 k.

Again, the middle line has to be repeated foryj=1,2,...J — 1.

In this situation, the stability theory by Loépez-Marcos and Sanz-
Serna applies. We denote by B(u, R) the open ball of radius R centered
at u. The concept can be summarised as follows.

Theorem 2.2. Assume there is a smooth function uP® = uP(t, z, Ax)
such that

i) D®y, is Lipschitz continuous near uP’
D@y (1) = DPp(u)loc,2 < Lipnlu”|n — 2, u € B(u|n, Cy).
ii) The scheme linearised at uP' is stable, i.e. D®y(uP?|y,) is reqular
and '
DD (@ )l,2 < L.
Then, there is a constant S > L such that ®, is locally stable
lu = vlloc2 < S| @n(u) — P (v)lloc2,  u,v € B(|n, Ba)

with stability radius Ry, = min(Cy, (L~ — S™1)/Lipy,).
6



If, furthermore, ®, is consistent with u?®
10 (w )2 = 0(Rn), =0, (15)

then, there is (for sufficiently small h) a unique solution U of ®p(u) = 0
in B(uP|,, Ry) and

10 = @il < SI®0 (w1 |z O

For the proof and discussion of this result, we refer to [3], [4] and [6].

In order to prove convergence towards u, one would like to apply
Theorem 2.2 directly to uP* = @, but this is not possible because our
scheme is only first order consistent with @ and the stability radius is
of order r > 2 in Axz.

The reason for this is that the Lipschitz constant Lip, depends on
negative powers of Az. Obviously, ®;(u) involves terms like At !,
Az~ and Az™2, which are introduced by finite difference expressions.
Since time differences appear linearly with respect to v and the Jaco-
bian D®y,(u) is block three diagonal, it is possible (cf. [7]) to show an
estimate

Lipp < (16)

Az’
Consequently, the stability radius is of order R, = O(Az*?) and con-
dition (15) requires a pilot function v that is third order consistent
with ®;,. This pilot function is constructed in the next section.

3. THE PILOT FUNCTION

In [8] Strang constructed a high order approximate solution to a
difference scheme for a hyperbolic Cauchy problem by the ansatz

P =14 AzuV + AzPu® (17)

In [7] the same ansatz was applied to Cauchy problems for mixed sys-
tems.
The procedure to define the error terms is as follows:

e Substitute the ansatz (17) into @y,
e expand with respect to the step size,
e set the coefficients of Az and Az? to zero.

The result are linear initial-boundary value problems that define v
and «®. The point is to make sure that the conditions obtained by
the interior scheme are compatible with the conditions arising at the
boundary. This is the case here since the present scheme applies the
interior difference formula on the boundary as well, using the given

data.
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From the initial conditions it follows
u(0,z) = u®(0,2) = 0. (18)
At inner grid points z;, j = 1,2,...J — 1 the difference equation is
Ul — R pi pi + (4P pi — (/P pi
AL + Ax(up ;) (D) + Az (up ) (D_uy)j + Ay (ug ;) (Dyuy);
— BQ)(Dy D), + O,
If D, represents D, or D_ respectively, the resulting systems for u("
and u® are:
uy + A@@)u, + DA@uMa, +1/2 (A5 (u ) AF (u) £ Ay (1)) Uge
= B()uY,, + DB(1)uM iy, + DC(@)u™ + /2 Uy, (19)

u®, + Aw)(u?, 1/61]111)
+ DA(@)uMu, + DA(a)u ux+1/2D2A( JuMuMa,
+1/2 (A5 (@) — A7 (@) £ A (@)u,,
T 1/2 (DA (3) — DAL (3) + DA (@)uV,
= B@)(u® s + 1/12 500 (20)
+ DB()uMuV,, + DB(1)u® iy, + 1/2 D?B(t)uMuMi,,
+DC( ) +1/2D2 ( ) ( )U(1)+M/2U(1)tt—M2/6ﬁttt-
Here, we have used At = pAx. If D, = Dy the £-terms are zero.
Next, we consider the left boundary. Using the notation u?® =
(vP', wP ™t wP )T uD = (@ w®OF w®)T | = 1,2 and the bound-
ary conditions it follows
U(l)(tlmo) = v(2)<tk70) = 07
WO (1,0) = w®*(b,0) = 0.

The solution on the outgoing characteristics is determined by the equa-
tion

(21)

pi— pi—
W0

w S i
# + Ag (uff! (Do + A~ (uf! ) (D)o = Cy (uffy).

The expansion leads to:
wi™ 4 Ay (@) (o) + 1/200) + DA (@,
+ A (@) (w~ +1/2@;,) + DA~ (@)uMa;

= Dé’;(ﬁ)u(l) + /2 Wy,
8



wt

= DC2(

T4 As (@) (v + 1/200) + 1/6 Tye)

+ DA;l( JuM (vl +1/20,,) + DA, (0)uP7, + 1/2 D2 Az, (@) uMuM7,
A~ (@) WP +1/2w)” +1/6d,,)

+DA (@)uM(wh~ + 1/2w,,) + DA~ (W) u@w; +1/2 D*A~ (@) uMuMw;

Jul? +1/2D2C (@)uDult +#/2wtt — 12 /6 Wy

Finally, we find that these systems are exactly the w~—- and w®~-
blocks of (19) and (20) respectively.
A similar argument for the right boundary results in

v (t, 1) = v (,1) = 0,

22
WO (5. 1) = w® (1) = 0, (22)

and the appropriate equations, corresponding to (19) and (20).

Since (19) and (20) are linear systems, the corresponding homoge-
neous initial-boundary value problem is well posed (cf. [2]). Let us
summarise this section:

Lemma 3.1. If u") solves the initial-boundary value problem (18),
(21), (22) and (19) and u'® is defined by (18), (21), (22) and (20),
then the pilot function

P = 1+ Azu + Az?u®

is third order consistent with (12), (13) and (14). O

In order to apply the convergence result in Theorem 2.2, the stability
of the scheme linearised at u”* has to be verified.

4. LINEARISED STABILITY

The nonlinear scheme ®;,(u) = 0 linearised at u?’ reads

@y, (uP?) + D®y (uP?) (u — uP?) = 0.

The coefficients of this scheme depend on x and t as well as on the mesh
parameter Ax. It is well known, that the linearised scheme is stable if
and only if there exist constants hy and L such that D®;,(u?) is regular
and the inverse is uniformly bounded || D®; ! (u"") || o2 < L for all At <
Aty and Az < Axg. Consequently, the linear scheme is stable, if and
only if the corresponding homogeneous scheme D®;,(u?')u = 0 is stable.
In this section, we therefore have to treat homogeneous problems with
zero initial- and boundary data.

9



Since often the boundaries must be treated separately, we need some
more notation:

(u, )" = Az > < wjv; > and  (Jul|B)? = (u,u)
j=l
For any matrix function A and any vector function f on Qa,, we have
the following discrete analogues to Leibnitz’ rule:

D,(Af) = AD.f+ (D,AEf and
D_(Af) = AD_f+ (D_A)E~'f.

For any two vector functions f and g on 2a,, one can easily prove the
summation by parts formulae

(23)

(f, Dyg) =Y = —(D_f,9)"+ < f,g> |/ and
(f, D_g)™) = —(Dif, )" V+ < fg> ] (24)
respectively
(f; Dyg)=1 = —(D_f,9)"" "Vt < fr0,97 > — < fo, 1 > and
(f, D_g)"" D = —(Dyf,9) V4 < fr,900> = < fr,90 > - (25)
Furthermore, we will use a simple version of Young’s inequality:
o%a? b
ab < 2 +Tt2, o,a,b e R. (26)

4.1. Strongly parabolic problems. Let us consider the following
discretisation of a strongly parabolic problem:

Uki “ O=Vd _ B(g o Ax)(DaD_vg); + Clty, 25, Ax)op ;. B+ BT > 28,
At J J J 5J
k=12 K, j=1,2...J—1.

As mentioned above, it is sufficient to investigate homogeneous initial-
and boundary data

U()JZO, j:O,l,...J,
Ulﬁozvk,‘]:O, k:O,l,K

With (Pas(te)ve); := —B(tk, xj, Ax)(DyD_vy,); — C(tg, ;, Ax)vy, ;, we
get

(27)

loeallz = (lloe + AtPag(te)or] ")
> ||Uk||% + ZAt(Uk, PAx(tk)’Uk)(l’J_l). (28)

Furthermore, by omitting the time variable, we have

—2(v, Pav) ™Y = (v, BD.D_v)" V4 (v, BD_D v) M=V 42(w, Cv) 77D,
10



Applying the discrete product rule (23) and the summation by parts
formula (25), and by making use of the boundary conditions, we get
(v, BD,D_v)1/=1
= (v,D4(BD_v))*'=Y — (v, (D, B)ED_v)1/~1
— —(D_v,BD_v)""Y — (v, (D, B)ED_v)*/~Y
+ <wy_1,BjD_v; > — < vy, BiD_v; >
— —(D_v, BD_v)%"Y — (v, (D, B)ED_v)*7/~V
—Azx < D_vy;,B;D_v; >
< —BUID-v|") + el|v| SV Dol . (29)

Similarly, it follows
(v, BD_D v)17=1
< —BUID+oll®)? + ca|ol| D Dwl| V. (30)
Since C'is a smooth matrix function, it is obvious that
(v, C0)| < eslo (31)
(29), (30) and (31) are used in (28) and Young’s inequality leads to
loellz < (14 O(AD)[Jve- 3.

4.2. Strictly hyperbolic problems. In the next step, we want to
develop analogous estimates for a strictly hyperbolic linear problem
that is discretised by a compact finite difference method

W,

% + AT (b, @y Aw)(Dowg)j + A™ (b, 25, Ax) (Dywy),

= C(tg, xj, Av)wy;, k=1,2,... K, j=1,2,...J—1,
with zero initial and boundary data:
wp; =0, g=0,1,...J,
w,j’o =0,
Wy g = 0,

} k=01,... K. (32)

At internal points, the method reads
Wy—1,; = Wij + At - (Pag(ti)wg);, j=1,2,...J—1,
where

(Paz(te)wg); = At (tg, 25, Az) (D_wy) j+A" (tg, 2, Az)(Dywy) ;—C (tg, x5, Az)wy ;.
11



On the outflow boundaries the equations are:

W = Wt At{f\’ (tg, xo, Az)(Dywy )o — C- (t, vo, Ax)wyo} and

w,;QLJ = w,j,J + At{fﬁ(tk, ry, Az)(D_wi)y — 6+(tk, x7, Ar)wy s}
Now we have

2
Jwially = (e AtPatuw ™ 0) 4 A (fucsof + s o)
= ”U}k”g + 2At (wk, PAx(tk)wk)(l,Jfl) 4 At2<”PAx(tk>wkH(1,Jfl))2
+ Ax(‘w’;LOF - |w,;0|2 + ‘wliLJ|2 - |w;J\2)

w3 + 2At {(wk, PAx(tk;)wk)(l’J_l)

Y

+ Az < wyy, A,;O(Der,;)o — Cp oWk >
+ Az < w,';‘], /N\,iJ(D_w,:’)J — CN',:ka,J >}

= w3 + 288 (wy;, Ay Dw )7 4 (wif, Af D_wf) M) (33)
— (wg, Crwy)}

By using summation by parts (24) and the discrete product rule (23)
and by omitting the time index &, we continue:

_Q(wfjA*Derf)(O,Jfl)
= —(w ,A"Dyw )Y 4 (D_w, Amw™) )
+(w™, (DA ) BEw )V < = Aw™ > |
= (w™, —/~\_(D+ — D_)w—)(l,J—U + (w, (D+/~\—)Ew—)(O,J—1)
+ Az(< wy, A;D_wy > — < wy, Ay Dywy >)
- < w’,/"w’ > \g

Similarly we have
_2<w+’]\+D7w+)(1,J) = (w+7]\+<D+ _ Di)w+)(1,J71) + (w*, (D,]\*)E’lw*)(l"])

— Az(<wi, AYD_wt > — <wi, AfDywi >)

— <wh Atwt > |7

Since Dy — D_ = AzD,D_ = AxD_D,, A* = (A*)T > ~I and

—A~ = —(A")T > 41, the new terms can be treated as in the parabolic
12



case and it follows

—2(w™, A" D)%Y
= & - A~ —\(1,J) - A— —\\(0,J—1)
= S A0 A D_w) 4 (w7, (DL A7) (D)
+ (Dyw™, A"Dyw™) D 4 (w, (DA )(D_w ™)}
+ (w™, (D+/~\_)Ew_)(0"]_1)— <w A w > H
Y - _ _
=5 {UD-w [ )+ (Do |770)%)
T ey (Hw—H(O,J—l)||D+w—||(O,J—1) + Hw—H(l,J)HD_w—H(l,J))

+ eslfw [T | = < wm ATwT >

IN

where we have used that Az € (0,1). Again Young’s inequality (26)
and the boundary conditions imply

=2(w™, A Dy )7 < e {([lw O+ (o | B} = <w AwT >

< oo {(lw |70 4 (| )2}
and similarly

— 2(w*, AT D_w )T < e {(Jurt]T7D)2 + ([l )2} )
35

Finally, (31), (33), (34) and (35) result in

lwill2 < (1 + O(AL) wi- 3.

4.3. Mixed systems. We are now ready to treat the linearised version
of mixed type systems from Section 2. For j =1,2,...,J — 1, let Pa,
be defined as

(Pao(te)ur); = (A1)ky(Daur); + (A3 )k j(D_ur); + (A3 )k j(Diug);
— Bij(DyD_up)j — Cr jun,-

Here, the matrices depend on ¢, x and Az but not on u. For the

parabolic part, we assume to have boundary conditions (27) and for
13
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the hyperbolic part (32). Then we have
lur—alls = (lux + AtPag(tr)us| 7 D)? + Aw(jup—10f* + |ur—1.4])
= Jukll3 + 28t (up, Pag(te)ur) '™ 4+ AL (|| Pag(tr)ug]| )
+ Az(lug—10® = urol® + [ug—1.4]* = |ug,s]?)
= lunll3 + 288 (ug, Pag(te)ue) ™7~ + AL (|| Pag(tr)us |7 1)?
+ Ax(|w,;_170|2 - |wl;,0|2 + |wl—c|——1,J|2 - |w/:r,J|2)
k|3 + 28 { (r, Pa (e uge)

+ Az < wk_,07 (sz_l)k70D+’Uk,0 + /N\,;,OD+w,;0 — (é{)k,ouk,o >

v

+ Az < w,:iJ, (ﬁ;l)kaD_vW + /K;’JD_wf;J — (ég)kJU/k;J >} )
We need to estimate the following terms:
—(u, Pagu)=D
—Az < wy, (Ag)oDivo + Ag Dywy — (Cy )oug >

— Az < w}r, (A;rl)JD—UJ + K}FDJU}F - (GJ)JUJ >

1 1
= 5(1}7 BHDJrDJ])(l,J—l) +§(v, BllDiDJrv)(l,Jfl)

I 17
—(U, AHD*U)(l’J_l) — (’U, AlgD*w)(l’J_l)

117 v

_<w77 "KEIDJrU)(O’Jil) —(er, A;rlD*U)(LJ)
v VI

—(w™, A" D w™) 7 — (wt AT D_wt) P 4 (u, Cu) .
VII VIII X

For I and I we already have the estimates in (29) and (30), for VII
and V111 we have (34) and (35) respectively, and to I X we apply (31).
The remaining terms are estimated as follows:

1< ello]M77D(| Do 770 4[| D_v]|H70)
Vo< el VD]
VI < Clo”erH(LJ)”DJ)H(LJ)

To get a useful estimate for term IV, we apply again (23) and (25). In
this way, we manage to differentiate v instead of w:

_<U’ A12D+w)(1,Jfl) = (DJ;’ Amw)(l,J) + (v, (D+A12)Ew)(1"]*l)

_<U’A12D7w)(17J—1) = (D+U,A12w)(07‘]_1) + (% (D,Alg)E_lw)(u_l),
14



Since  —(v, Ajp Dyw) 7~ = —1/2{(v, A1aDyw)™"=D 4
(v, AjeD_w)7=D1 it follows

v < enllwl|®? (| D_vl| " + | D@77 4 o] 477)
and by Young’s inequality (26), we get
lurlls < (14 O(A))]Jug-1]l5-

From this, it can easily be seen that D®;,(uP")~! exists and is uniformly
bounded. Therefore, the following lemma is proved:

Lemma 4.1. The difference scheme (12), (13) and (14) linearised at
the pilot function

Oy (uP") + DDy (uP") (u — uP') = 0
is stable with respect to || - ||so2. O

The proof of the main result, Theorem 2.1, follows from Lemma 3.1,
the estimate (16), Lemma 4.1 and Theorem 2.2.

5. A NONCOMPACT SCHEME

In the previous sections, we treated compact schemes, which is the
reason why we did not need to introduce artificial boundary conditions.
But, as soon as we want to use higher order methods in space direc-
tion, we are obliged to investigate noncompact schemes and therefore
have to introduce artificial boundary conditions. It is well known that
artificial boundary conditions lead to boundary layers, cf. [5]. If we
want to construct the pilot function to such a numerical solution, we
have to make sure that these layers are approximated as well. Since
the phenomenon of boundary layer occurrence can already be observed
in linear problems, we focus on the linear advection equation:

u+au, = 0, a>0, (36)
u(t,0) = 0, (37)
u(0,2) = sin’(rz), x€]0,1].

Clearly, this initial boundary value problem has the solution u(t, z) =
sin®(m(z — at)). We discretise the problem by an implicit scheme that
is consistent of third order in space direction:

Uk = Ukt 213Uk — Oy o1 F Uk

At 6/ =0

(38)
15



These equations are well defined at grid points away from the boundary,
ie forj=23,...0J—1and k =1,2,... K. From (37) we have the
initial and boundary conditions
up; = sin®(rx;), j=0,1,...J,
uk70:0, kZO,l,...K,
but these are not enough. So we have to choose more boundary condi-
tions both on the left and on the right hand side.

(39)

5.1. Boundary conditions without boundary layers. Suppose we
want to construct a pilot function that is second order consistent with
the scheme defined by (38), (39) and (40). First, we choose artificial
boundary conditions with high enough order of consistency:

Uk,1 — Uk—1,1 U2 — Uk,0
’ ’ 200 — 0 and
At T 9As an
U,y — Uk—1,g | BUgg — AU -1+ Uy 40
g neny | S~ (10)
N N,

Using the ansatz
uPt =+ A:pu(l),
the defining equations, which we get from (38) and (40), are identical
'Uqgl) + au:(vl) = gﬁ/tt (41)
and the pilot function is defined uniquely.

5.2. Boundary conditions with boundary layers. We are now go-
ing to change the artificial boundary conditions. Instead of (40) we
choose:

Ukl — Uk—1,1 U1 — Uk,0
+a = 0 and
At Ax
Uk, g — Uk—1,J Uk, g — Uk,J—1
+a = 0.
At Azx

Using the same ansatz as above, we get again equation (41) from the
expansion of (38), but from the expansion of (42), we find:

(42)

Ugl) + aug) = g&tt + 57]3333

The reason is that the boundary conditions (42) are only first order
approximations to the true solution. Therefore, the ansatz for the
pilot function must be modified. According to Michelson [5] we set

r l—u

pit R
Y <’x’Ax’ Ax '’

16
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T
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Here, {(V and (M describe the boundary layers on the left and on the
right hand side respectively.

We substitute this ansatz into (38) and (42) and expand the terms
except for the boundary layer terms, which are not expanded in the
r-direction. In this way, we find again equation (41) to define u*). The
following set of difference equations defines {(V):

W 3 0 1 = 0 =280
1, .
== 5 (uxx)k,07

= 0,

~

1 1
et — L

1 1
ey a =l

~— o

~—

Here, we have used (Uyy)k1 = (Uax)r0 + O(Ax). Because of (U, )g0 =
0 the linear set of equations has the trivial solution (M (¢, &) = 0.
Finally, the conditions for () are:

e+ o) -l = 0 g=20.0L

j+1
1 1 1, .
Tl(c?l - 7“12,?171 = §<Um)k,Ja

1 1
=i = o

These can be solved by elementary computation:

1.
rW (t,y) = Stiaa(t, 1) (o + Bexp (ylog Aa) + v exp (ylog [ As]) - cos (7))
(

11—z _5+\/§ _5—@

where y = Ao Ao 5 A3 5
BV 03 ¥ D Vi
Ao =DAs =D =AY Ao =D =N
)\J—l
and v = 2

s = DA =N

On the other hand, it is also possible to compute the boundary layer
numerically. Let U; denote the solution of the scheme (38), (39) with
the artificial boundary condition (40), i.e. the method without layer.
By U, we denote the solution of (38), (39) and (42). The layer, which
is caused by the numerical condition (42), can be approximated by the
difference R = Az*(U, — U)).

In Figures 1 and 2, we compare the analytical expression for (1) given
by (43) and the numerical approximation R at time ¢ = 0.1 and ¢ = 0.5

respectively. All the computations are done with a = 1, u = % =

17



1 and Az = 0.01. We observe that the numerical approximation—
printed as discrete values—represents the analytical expression quite
well.

1]
2]
3]

[4]
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FIGURE 1. The solution U, and the boundary layer r(!)
respectively R at time ¢ = 0.1.
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FIGURE 2. The solution U, and the boundary layer r(!)
respectively R at time ¢t = 0.5.
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