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Abstract

It is shown that appropriate linear multi-step methods (LMMs) applied
to singularly perturbed systems of ODEs preserve the geometric properties
of the underlying ODE. If the ODE admits an attractive invariant manifold
so does the LMM. The continuous as well as the discrete dynamical system
restricted to their invariant manifolds are no longer stiff and the dynamics
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1 Introduction

As in Part I [12] we consider the singularly perturbed system of ODEs (1) below admitting
a highly attractive invariant manifold M,. In Part I we have shown that appropriate RK-
methods applied to Eq.(1) preserve this strong geometric property, i.e., they admit an
attractive invariant manifold close to M,. Linear multistep methods (LMMs), however,
cannot be considered as a map from phase space into itself. They are best described
by a map in some high dimensional space. We show that in the high dimensional space
the LMM-map admits an attractive invariant manifold S}, . of the same dimension as M.
This invariant manifold S, . may be projected onto a manifold M, . close to M. On Sy,
the LMM-map may be viewed as a one-step method acting on M}, . This means that also
for appropriate LMMs the strong geometric property of the ODE (1) is preserved. These
geometric results are worked out in Section 2 for BDF-like methods and in Section 4 for
general stiff LMMs.

The dynamical systems restricted to the invariant manifolds M, and Mj, ., respectively,
are no longer stiff as € — 0. The dynamics of the full continuous system (1) is essentially
described by the dynamics of the system reduced to M,. Analogously, the dynamics of the
full discrete system defined by the LMM is essentially described by the reduced dynamics
on M. Since the manifolds M, and M), . are close to each other the discrete system on
M, . approximates the continuous system on M. Due to the attractivity of the manifolds
M, and M, . the full discrete system approximates the full continuous system. This allows
to introduce the following concept. The LMM applied to the stiff system (1) is reduced
to a one-step method on M, . approximating the reduced nonstiff continuous system
on M,.. Certain properties of the nonstiff continuous system are preserved under one-
step discretisation. Moreover, bounds for the one-step approximation may be derived.
Examples are: Global error bounds, existence of hyperbolic invariant curves (cf. Beyn
[1], Eirola [3]), existence of attracting sets (cf. Kloeden, Lorenz [6]), behaviour near a
hyperbolic equilibrium (cf. Beyn [2]). It is often possible to transfer these properties with
the corresponding error bounds to the full systems.

This concept works for the above examples. In Sections 3 and 4 we carry out this
procedure to derive global error bounds for LMMs applied to Eq.(1). Such error bounds
were first obtained by Lubich [7] using completely different methods. Our results slightly
generalize and slightly improve the results in [7] (cf. Remark 5) below).

The general concept of transferring properties of the reduced system on an attractive
invariant manifold to the full system has been used in the following related situations:
In Part I [12] to derive global error bounds for implicit RK-methods applied to Eq.(1);



in Lubich, Nipp, Stoffer [8] to describe the behaviour of RK-solutions near a hyperbolic
equilibrium of Eq.(1); to show the existence of hyperbolic invariant curves (in the nonstiff
case) for general linear methods in Stoffer [14] and for variable step-size one-step methods
in Stoffer, Nipp [16].

We consider the singularly perturbed autonomous system

d

d—j = f(z,y)
(1)

dy

€~ = g(z,y)

where x € R™, y € R" and € € (0,¢). We denote by C] spaces of functions of class C”
with bounded derivatives.

We make the following

Hypothesis Hpg

1) fand g are bounded and there is r with 3 < r < oo such that f € CJ (R™xR", R™),
g€ CI(R™ x R", R").

2) There is a function so € Cy (R™,R") such that g(x, so(z)) = 0 for z € R™.

3) There is a positive constant by such that all eigenvalues of the Jacobian By(z) :=

gy(z, so(x)) have real parts smaller than —b, for all z € R™.

Under the above assumptions it can be shown that for all € > 0 small enough Eq.(1)
admits an attractive invariant manifold M, = {(z,y) |z € R™, y = s(z,¢)} which is
O(e)-close to the so-called reduced manifold My = {(x,y)|x € R™, y = so(z)}. The
precise result is proved in Nipp [9], [10] and summarized in Part T [12].

In this paper we investigate the geometric behaviour of the discrete system generated
by a LMM applied to Eq.(1). A LMM of k steps applied to the differential equation
dw/dt = F(w) is defined by

k k
Yooywi=h Y BiF(w), a=1,
=0 =0

where wy, ..., w1 are given starting values approximating the solution w(t) at ¢t = 0,
h,...,(k — 1) h. For a general discussion of LMMs, see Hairer, Norsett, Wanner [4]. We
make the following assumptions on the LMM which are appropriate to integrate stiff

systems.



Hypothesis H

1) The LMM is an irreducible k-step method of order p > 1.

k )
2) The LMM is py-strictly stable, i.e., the polynomial p(z) := > «;2’ has 1 as a simple
7=0

zero and all other zeros have modulus smaller than p; < 1.

3) The LMM is oy-stiffly stable, i.e., 5 # 0 and all zeros of the polynomial o(z) :=

k .
>~ B;#’ have modulus smaller than oy < 1.
§=0

Notation: It is convenient to introduce the vectors a := (ag,...,ap_1)T and B :=
(/807"'76/671),11-
Remarks:

1) A LMM is called irreducible if the polynomials p and ¢ have no common zero. In
the case f = 0 (BDF-like methods) this implies ag # 0.

2) Our Hypothesis Hy sy is sufficient to show the results below for € << h which is
the important case for approximating solutions of Eq.(1) near the invariant manifold
M.. The same results also hold for € < ch, ¢ > 0, under the following additional

assumptions (used in Lubich [7]):
i) There is a € (0,7/2) such tat all eigenvalues A of g,(x, so(z)) lie in the open
sector |arg A — 7| < a.

ii) The LMM is A(«)-stable. =

We apply a LMM satisfying Hypothesis Hyyp with p < r to Eq.(1):

k

k
Z ajr; = h Z B f(xj,y;)
j=0

j=0
(2) s ap — 1.

k k
>y > Big(zj,y5)
=0 =0

ol

We show that for given starting values (z;,y;), j = 0,...,k — 1, Eq.(2) has a unique
solution (z, yx) in a neighbourhood of the invariant manifold M.. We introduce the new

coordinate z measuring the difference to the manifold M, by the change of coordinates
y=s(x,e)+z.
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Notation: In functions depending on h and/or € we shall mostly suppress these argu-

ments, for short. E.g., we shall write s(x) instead of s(x,¢€).

We choose starting values with |z;| < d, 0 < j < k, where d will be determined later.
In the y-equation of Eq.(2) we expand g(zg, s(zx) + 2,) about z; = 0 and obtain

z_% s(xj) +25) = —@s[ (zx, s(zx)) + (B(xx) + Bla, 2)) 2]
+% z:% B (s, s() + 25)

with B(z;) := g,(x;,5(x;)) = Bo(x;) +O(e) and B(z;, z;) = O(]z]|). Collecting the terms

in z; (and using ag = 1) yields

2 = Claw2) {Beglons s@n) — 7 s(an)

k-1 -
€
+ > Bz, s(zy) + 25) — W Z s(x; +z])}
Jj=0 J=0
with
A €
C(xr, 21) = —Br(B(wx) + B(wg, z1)) + 7 In

where we have suppressed the dependence on € and ¢/h in C'. Note that the matrix C' is

invertible for |z;| < dj small enough. Eq.(2) now may be written as

mo= =Y [y — b f(wg,s(5) + %)) + b B fla (o) + 2)
B 4 = Clwa {g 8y g 5(25) + 25) = oy (s() + )]
+ Byl s(en) - 1 s(en)}

Using the Newton-Kantorovich theorem (cf., e.g., Ortega, Rheinboldt [13]) it can be
shown that for h, €¢/h and |5|d sufficiently small Eq.(3) has a solution (zy, zx) in a ball

k—1
B, (z,0), with 20 := — 3 a;z;, t1 = O(h + €/h + |B|d), and this solution is unique
j=0
in R™ x {|z| < dp} N B, (24,0), with uo = O(1/(h + ¢/h + |f]d)). From the implicit
function theorem it follows that for small h, €/h, |5|d this solution is smooth with bounded

derivatives.

It is useful to describe the LMM in the high dimensional space R*" x IR*" with
‘coordinates’ (X, Y") for Eq.(2) and with ’coordinates‘ (X, Z) for Eq.(3), respectively. The
‘components* of (X, Z) in R*" x R¥ are [X]; € R™, j =0,...,k—1,and [Z]; € R", j =
0,...,k — 1. Thus, in (X, Z)-coordinates the starting values (z;,2;), j =0, ...,k — 1, may
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be dscribed as (X, Zy) with [Xo|; = x;, [Zo]; = 2;, 7 = 0,...,k — 1. We also introduce

the vectors

X, = }i , L= }i , >0,
Titk—1 Ritk—1
s([Xo) f([XJo, s([Xo))
s(X) = : , 9(X,s(X)) = : , ete. |
s([X]k-1) S([X k=1, s([X]ke-1))

in R*™ and R*", respectively, as well as the (kn x kn)-block diagonal matrix diag[B(X)+
B(X, Z)] consisting of the (n x n)-blocks B([X];) + B([X],,[Z];), 7 = 0,....,k — 1. We

shall also need the k£ x k matrices

01 0
R := 0 1 |, Ly:=e,af = 0 ,Lg::ekﬁT: 0
0 0 op O Bo- - Br1

where e; = (0,...,1)”. Now the LMM may be regarded as a map from R*™ x R*" into
itself. Note that Y = s(X) + Z describes the coordinate change from (X,Y) to (X, Z).
With the notation introduced this map is implicitly given by (cf. Eq.(3))

X; = (R La)®1Ln) Xo+ h(Ls ® L) f(Xo, s(Xo) + Zo)

(4) + hBi(exn ® fla, s(xe) +2))
Zy = D(Xo, Zo,an ) Zo — % (e ® Clar, 2) ") E(ay, Xo)
where
D(Xo, Zo,ax2) = (R@ L) = 1+ (Lo ® Cla, 2) ™)
+ (Ls ® C(ar, )" diag[B(Xo) + B(Xo, Zo)]
Bg, Xo) = () = = Sy g () + (o7 @ 1) s(X) = = (57 ® I,) (X, 5(X)

We have again suppressed the dependence on € and €/h. Note that using the definition
of C(xk, zi;) and the fact that Y'2 oy = —1 the term (Lg ® C(xy, zk)*l)diag[B(Xo) +
B(Xy, Zy)] may easily be estimated as _i(Lﬁ ® I,) + |6|O(maxo<j<rf{|z; — z0|} +h +
d+€/h). Eq.(4) is a formulation of the LMM equivalent to Eq.(3) and therefore has a

unique solution. Hence, Eq.(4) defines a smooth map P of the form

0 (B) o (3) (g )



defined for X, € R*", Z, € R* with | Zo|so < d. The functions D, ﬁ’, G are of class Cy.

Here we use the norm |Zy|o := maxo<j<r{|2;|} where |-|is an arbitrary norm in R".

2 An invariant manifold result for BDF-like methods

In this section we investigate LMMs with 5 = 0 satisfying Hypothesis Hp s (e.g., BDF-
methods with £ < 6). Methods with § = 0 are particularly well suited for integrating
stiff systems since they are o4-stiffly stable for oy arbitrarily small. Although the choice
01 = 0 is not possible, o1 may be allowed to depend on € and h.

For 3 = 0 the implicit form of the map P (cf. Eq.(4)) simplifies to

Xy = ((R —L,)® fm) Xo + hBr(er @ f(or, s(zr) + Zk))

€ _ € _
Z = {(R®1,) - - (Lo ® Clar, 21) ")} Zo — . (ex @ Clar, 1) ") Elx, Xo)
with E(zg, Xo) = s(z) + (o ® I,) s(Xo) — 2 By g(zk, s(zx)). The k-th component z, of
Zy is O(e/h) whereas the first k& — 1 components are O(|Zg|s). Since the map P shifts
the components of Z, one position upwards it maps the set R*" x {Z € R*" ‘ 17|00 < d}
into itself for €/h sufficiently small. Moreover, all Z-components of the k-th iterate of P

are of order O(e/h). It is therefore useful to investigate the map

Xo Xi ~e [ Xo A Xo+ U(Xo, Zo)
6 v — =P =: '
o vl )=

where A is invertible since ap # 0 (cf. Remark 1)). The map W is given by an implicit

equation of the form

X, = AX,+hU(Xy,Z)
(6) ¢ _
Ze = | H (X, Zi) Zo + V(Xo, Xi, Z1)]
where the functions H, U, V (also depending on h and ¢/h) are bounded with bounded
derivatives for Xy, X, € R*, Z, € R with | Zkloo < d, h and €/h sufficiently small.
We apply Theorem 5 of [11] to the map W. Let a := |A™!| and let L;; be the Lipschitz

constants of the functions U and V with respect to Xy and Z,. The constants L;; may be



estimated as follows. Taking the derivatives with respect to Xy and Zj in Eq.(6) yields

9E Ay om) 25 o) Y2k

9X, 00 55, +OW 3%,

07y € ey 0Xg e\ 07
X, o(3) +0(3) 0X, +0(3) oX,
07, ~ OW 5z TOW 57

8Zk € € 8Xk 8Zk

€
0z, ~ %W *+0G) 3z, +°G) az
Solving for the partial derivatives one gets for h and €/h small enough

Z2k gy h)., —=—F —
aX(] +O( )7 aZO 0(6)7

07 07
% o). 22 - o).

It follows that the Lipschitz constants L;; satisfy

L11 = O(h) y L12 = O(E) y

Loy = 0(%) Loy = 0(%) .

Theorem 5 of [11] implies the existence of an invariant C}-manifold N h.e for the map W if
the conditions .
2L Ly < P Lyy — Loy,
(™) 1 r
L22 + L12 A< <_ - Lll - L12 )‘)
a

with
2Ly

=
1/a — Ly — Los + \/(1/CL— Ly — Lo)? —4 Lo Loy

hold. Using the estimates for L;; above we find that for A and €/h small enough A =
O(e/h) and the two conditions are satisfied. (Note that the larger r the smaller ¢/h
has to be taken.) The invariant manifold N he is the graph of a smooth function 3, ie.,
Nine={(X,2)) ‘ X e R*, Z = 3(X, h,€)}, and has the following properties.

a) X is of order O(e/h), \-Lipschitz and is of class C] with respect to X .



b) N he 1s uniformly attractive for the map VW with attractivity constant x(h,e) =
O(e/h) < 1, i.e., for every (Xo, Zy) with | Zp|e < d

(8) |Zl€ _Z(Xkaha €)|oo S X(h7 6) |Z0_Z(X07h7 €)|oo
where (X, Z) == V(Xo, Zp).

c) N;W has the “property of asymptotic phase”, i.e., for every (Xo, Zy) with
| Zo|oe < d there is (X,Z) EN;ME such that for (X, Z;1.) = ¥ (Xo, Zy), (Xjk,ij) =
@jo?OuZO)

|Xﬂ€ - Xjk|00 < c X(h> e)j | ZO - i(X()v h’ 6)|C>O
720,

Zjk = Ziplo < (14 X¢) x(hy€) | Zo — 2(Xo, by €)] o

holds with ¢ = O(e).

The manifold N, . is also invariant for the map P given by Eq.(5) (cf. [11]). We
transform N, . and P back to the original coordinates (X,Y). In (X,Y)-coordinates the
LMM generates a map

X T
XO Th—1 Xl Tk

9 P = — =
) < Yo ) Yo ( Y ) (1
Yk—1 Yk

defined for X, € R*", Yy € R™ with |Y; — 5(X0)|eo < d admitting the invariant manifold
Npe = {(X,Y)| X € R*, Y = 5(X,h,¢) := 5(X,€) + X(X, h,e)} with the properties

given in

Proposition 1 Let the differential equation (1) satisfy Hypothesis Hpr. Apply a LMM
with B = 0 satisfying Hypothesis Hyyy to Eq.(1) and assume p <.

Then there are constants hg,do,d, K and a function ¥ : Qp, s, — R*", Qng o0 =
{(X,h,e)| X € RF™ h € (0,hg), € € (0,hd)}, & of class C} with respect to X, such that
for all h < hg, €/h < &y the following assertions hold.

i) The set N := {(X,Y)| X € R* Y = X(X, h, €)} is invariant under the map P,
7;.6., P<Nh,e) = Nh7€.



ii) The manifold Ny, is attractive for the map P in the following sense: For all (X, Yo)
with |Yy — s(Xo, €)|eo < d the estimates
D/g—E(Xg,h,E)‘OOS(l—'—KE) |%_E(X07h76)‘007 0§€<k7
Y — S(Xe by oo < X(h:€) [ Yo — S(Xo, b )]

hold with x(h,e) = Ke/h < 1.

iii) The “property of asymptotic phase” holds, i.e., for every (Xo,Yy) with
Yo — (X0, €)|se < d there is (Xo,Yy) € Ny such that for (X;,Y;) == PY(Xo,Yy),
X, Y;) := P{(X,Yy), i >0, the estimates

P?jkﬂrf - Xjk:JrZ‘oo < KEX(h'7 E)j ‘YE] - E(X()v ha €>|00
Yikre = Yiereoo < (1+ K €) x(h, €/ [Yo — S(Xo, b, €)oo

hold for j € Ny, 0 < ¢ < k.

iv) The function 3 satisfies the estimate

€

I(X, hye) — s(X, €)oo < K —.

>=

Proof: ii) It suffices to verify the first estimate for £ = 1 (cf. Eq.(8)). We show the estimate
in the (X, Z)-coordinates:

1Z) = 2(X1) oo < (1+ K €) |Zo — X(X0)|oo -

Let (7]77J) = ﬁj(Xo,i(Xo)), j > 0. For the Components of X17717Zh71 = 2(71)

e have [X1]s = 21 = [Xolin ,0<i<k—1,
X1y = @y = [Xolin ,0<i<k—1,
(10)
(Xilker = @ = [Xilo
X1l = [Xilo
and
[Z4]); = zipn = [Zolin , 0<i<k—1,
(11) XD = [Z)i = 2o = [E(X)lim, ,0<i<k—1,
[Zﬂkq = Zk = [Zk]o
EX D)1 = [Zilo = [EXw)o -

Note that (Xy, Zi) = (X, Zo), (X, Z1) = ¥ (X, X(Xy)) for the map ¥ given in Eq.(6).

We estimate

(12) 1Z1 — (X1 |oo < 171 — Z(X1)|oo + [2(X1) = 2(X1)] oo -

9



For the second term on the right-hand side we have |2(X) — 3(X1)]oe < A X1 — X1]oo.
Eq.(10) implies
1 X1 = Xiloo = |[Xk = Xio| < Xk = Xiloo -

From Eq.(6) we know that

IN

U (Xo, Zo) — U(Xo, £(X0))|oo
Lo | Zy — 2(X0)oo -

X — Xiloo
(13) X = Xl

A\

Since L1y = O(€) we have
15(X) — 2(X1)|oe < const Ne|Zy — 2(Xo)|oo -

For the first term on the right-hand side in (12) Eq.(11) implies

21 = 2(X1)leo = max{ max {[[Zo = Z(Xo)li+1l}, [[Ze — B(Xx)lo[}

< max{|Zo — £(Xo)|er |20~ B(X0)|c) -

Using Eqs.(8), (13) we find
1Zr = S(X i)l < 12k — S(Xp)|oo + [2(X0) — S(Xk) |
< (x(h,€) + const Xe€) | Zy — f](XO)\Oo

and hence | Z; — 2(X1)|oo < | Zo — B(X0)|so for € sufficiently small. Inserting the estimates
obtained into Eq.(12) we conclude

1Zy — 2(X1)]|oo < (14 const Xe) | Zo — 2(X0) oo -

iii) From the property of asymptotic phase of the map ¥ we know that there is ¢ < const e
such that for j € Ny, 0 < ¢ < k,

(X inre = Xjkreloo < X120 = S(Xo)|oo
Zinre = Ziprtloo < (14 A0 X1 20— S(X0) oo -
Here we have viewed (X, Z,) as starting point of the map ¥. Now ii) implies the estimates

claimed. n

Proposition 1 implies that the dynamics of the LMM is essentially described by its
dynamics restricted to the manifold Nj, .. Y} is entirely determined by X for any point
(Xo,Yo) € Np, Le., Yo = X(Xo, h,€). The LMM-map P is then determined by the map

Zo T

Tr—1 Tk

10



where X is given by the implicit equation
(14) X1 = (B - La)) ® L) Xo + (e @ f(ar, [S(X1, b)) -

Thus, restricting the LMM to the manifold Nj, reduces the original stiff problem to a
nonstiff one. Therefore the nonstiff theory may be applied. As shown in Kirchgraber [5],
Stoffer [15] there is an invariant manifold in IR*™ of dimension m on which the map Px
is equivalent to a one-step method ®. The existence of this manifold is established as
follows. Hypothesis Hppras 2) implies that the matrix R — L, has 1 as a simple eigenvalue
and all other eigenvalues have modulus smaller than p; < 1. Introducing new coordinates
(2%, X2) by

X:(T@[m)(f(;)

with an appropriate choice of T' it may be achieved that

0 Qa

In the new coordinates the map is contracting in the X -part. This allows to prove the

T R—IL.)T = ( L0 ) with |Qule < p1 -

existence of an invariant manifold being the graph of some function £*(z*, h,€). In the
original coordinates this manifold may be described as the graph of a function £(z, h, €)
or by a one-step method ® (®* denotes the i-th iterate of ®):

T

(15) {X - &(x, hye)

| 2 €R™, [X]; = ®'(x,h,e), i =0,...k—1} .

Projecting this manifold into the manifold N, . one obtains an m-dimensional invariant

manifold S},  in the space R*™ x R¥™ with the following properties.

Theorem 2 Let the differential equation (1) satisfy Hypothesis Hpg. Apply a LMM with
B = 0 satisfying Hypothesis Hppar to Eq.(1) and assume p < r.

Then there are constants hg, 0y, d, K and functions ® : Dy, s, = R™, 0 : Dy, s, — R",
Dposo = {(z,hye)| © € R™, h € (0,hg), € € (0,hdy)}, 0 of class C] with respect to z,
such that with

Ay(xg, ooy Tl_1, hy€) = max |z; — P (xg, h, )|
1<i<k
Ay@Oa--->$k—1>?/07--->yk—1,h, 6) = ggfgﬂ?/z _O($i7h7 €)|

the following assertions hold for all h < hg, €/h < dy.

11



i) The set Spe := {(T0; -, Th_1, Y0, -, Y1) | o € R™, 73 = D' (0, h, €), yi = o(zs, hy€),
i=0,....,k— 1} is invariant under the map P, i.e., P(Sp.c) = Sh.e-

ii) The manifold Sy, . is attractive for the map P in the following sense: For all starting

values (z;,yi), i =0, ..,k — 1, with |y; — s(z;,€)| < d the estimates
jkersr = Q(@inie hoe)] < KRR Ag(wo, o wko1, b€
+ € Ay(x()u s Ye—1, h’7 6))
[Yjktre — 0(Tjhre, Dy €)] < K r(h)IFrt (Am(xo, ey T—1, iy €)

+ 6Ay(£07 s Ye—1, h’7 6))
+ (14 Ke) x(h,e)! Ay(xo, ..., Y1, h, €)

hold for all 7 >0, 0 < ¢ < k, with k(h) = p1 + Kh <1 and x(h,€e) = Ke/h < 1.

iii) The “property of asymptotic phase” holds, i.e., for all starting values (z;,y;),
i=0,...k—1, with ly; — s(x;,€)| < d there is Ty such that for &; := ® (&g, h,e),
Ui = o(&;, h,€), i >0, the estimates

|Tjkre — Tjnyel < K:‘i(h)jkM(Az(ﬂfo, o Tho1, by €) + € Ay(zo, o Yr1, by 5))
[Gikre — Yprel < Kﬁ(h)ij(Am(%, s Th—1, hy €) + € Ay(zo, .., k-1, b, 6))
+ (1 + Ke) x(h,€)? Ay(xo, ..., Yg—1, hy €)
hold for 5 >0, 0 </{ < k.
iv) The function o satisfies the estimate

lo(x, h,e) — s(x,€e)| < Keh? .

v) The function ® is a one-step method of order p for the differential equation

T = f(x,s(x,¢€)), i.e.,
O(x, h,€) — gph(x, €) = O(hP™)

where ©'(x, €) is the solution of & = f(x, s(x,¢€)) with ©°(x,€) = x.

The situation concerning the manifolds Ny . and S, . as given in Proposition 1 and The-

orem 2, respectively, is sketched in Fig. 1.

12



Fig. 1: The invariant manifolds N, . and S},

Proof of Theorem 2: 1) We have already shown that the map P generated by the LMM
has an invariant manifold Sj .. In (X, Z)-coordinates this invariant manifold is denoted
by ghvg. We already know that

She=1{(X,2)|z € R™, [X]; = ®'(z), i=0,...k—1, Z=%(X)}.

For x; = ®(zy) we have

[S(zo, ..., xp1))i = [z(cbﬂ'(xi),...,@k**i(xi))} L i=0,..,k—1,

and hence we may define

Gi(z) == [S(@7(x), .. @" (@) ], i=0, k=1,

(2

The map P shifts the components of Xy, Zy one position upwards (cf. Eq.(11)). Hence
for (Xo, Zo) € Sh.c

Zi = [i(l‘o, ---axk—l)]i = [i(l‘l, ---axk)]i—l s 1= ]_, ceey k—1
holds. Using the definition of ; we obtain

ZZ:&Z(l’Z) :5'271(372), 7= 1,,]%'—1 s

implying 69 = 01 = ... = 651 =: 0. It follows that in the (X, Y)-coordinates the manifold
Sh,e is described by the functions ®(z) and o(z) := s(z) + 7(z).

13



iii) We know from Proposition 1 iii) that for given (Xj,Yy) € R*" x RF with |Y —
5(X0)|oo < d there is QZO, }70) € N such that the orbits {(X;,Y;) }iso := {P*(Xo, Y0) }izo0,
{(X:,Y)) }iso := {P'(X, Yy) }izo tend exponentially together. On the other hand, it follows
from [5], [15] that there is X = (&0, &(d0)) = (Zo, P(Zo), ..., P 1(20)) € Sh. such that for
X; == Px'(X,) (Px defined in Eq.(14); note that X; = Px'(X,)) the following estimate
holds

| X; —Xi|oo < const ' A, (Xo) .

From Proposition 1 iii) we get

A,(Xo) < Au(Xo) + Lip(A,) Ko — Xo|oo

A, (Xo) + const €Yy — X(X0))| o -

VAR VAN

Combining these estimates with the first estimate of Proposition 1 iii) and using x/ <
const k7 we find for j > 0,0 < ¢ < k,

| Ko = Xjrreloo < comst 575 (A,(Xo) + € |Yy — T(Xo)|0)) -

Setting Y; := %(X;) we get from Proposition 1 iii) that

Yikee = YVierdloo < |Yikwe = Viereloo + |Yinse — Viereloo
IS(Xjhte) — B 1) oo + [Vinre = YVirreloo
< const /{jkM(Agj(Xo) + const €Yy — Z(X0)|Oo)

+ (1 + conste) x| Yy — 2(X0)| oo -

Estimating Yy — X(Xo) as

Yo — 2(Xo)[ee Yo — X(0, §(w0)) oo + [E(20, E(0)) = X(Xo) oo

<
< Ay(Xo, Yo) + Lip(E) Ay (Xo)

we have shown that for (X, Yp) with |Y5 — s(Xo)|eo < d there is (X, Yg) € Sp.c such that
for (X;,Y;) := P*(Xo,Yy), (X;,Y;) := P(X0,Yy) € She, i > 0, the estimates

|Xjk+g — Xjkttloo < const /{ij(Ax(XO) + e Ay (Xo, Yo))
Yitre — Yiereloo < const /ijk+£(A:v<X0) + € Ay (Xo, Yb))
+ (1 + conste) x (const A (Xo) + Ay(Xo, Y{)))

hold for j > 0, 0 < ¢ < k. This proves assertion iii).
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ii) is a consequence of iii). We estimate

Zjkrerr = P(@jnrd)| S |@jnrers — Tjprenr]| + [P (Zjrre) — P(2jare)]

< const kIFTE (Ax(:co, oy Tp—1) + €Ay (o, ...,yk,l))
Yikre — o(@jrre)| < |Yipre — Gjnrel + 10(Zjnre) — 0 (Tjrr0)]|
< const /-cij(Ax(:co, o Tp—1) + €Ay (o, .., yk,l))

+ (1 + conste) X7 Ay (o, -, Y1) -

iv) We apply the LMM to Eq.(1) with initial condition (z(0), y(0)), taking starting values
zo = 2(0), yo = y(0) and (X, Ys) € She. In (X, Z)-coordinates the LMM is described by
the map P given in Eq.(5). In order to estimate |0 — s| we derive a better estimate for
E(zy, Xo). We consider solutions (u(t),v(t)) of Eq.(1) on the manifold M, with u(0) =

x(0). These solutions satisfy the differential equation
w o= flu,s(u)

16
1 b= glus(w) = () Fu,5(w)

The identity g(u, s(u)) = es'(u) f (u, s(u)) follows from v(¢) = s(u(t)). We apply the LMM
to Eq.(16) with starting values

(17) , 1=0,..,k—1.
v; = v(ih) = s(u(ih))
We obtain
. Ur = ((R~La)® L) U + h fuler ® f(ur, s(uy)))

Vi = (B-La)® L) Vo+ %Bk(ek ® glur, s(ur))) -

We first estimate E(uy, Up). By our choice of starting values we have Vy = s(Uy). Using

the last component of the second equation of (18) we find
Blue,Uo) = sm) + (0 & £,) s(0%) = = B glu, s(u)
= s(ug) — vy .
Since the LMM is of order p and since f, g and s are of class C} with r > p we have
O(hP™Y) = v, — v(kh) = vy — s(u(kh)) = v, — s(ug) + O(RP)

implying F(uy, Up) = O(hPT1).
We next estimate E(xy, Xo) — E(ug, Up). Taking the difference of the first equations
in Egs. (5), (18) we obtain

(19) 2 — up = O(1)(Xo — Up) + O(h)z .
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From the second equation of (5) we find
zk:<XU%+OG)MMx@
— 0(1)Z+ 0(%) (E(wr. Xo) — E(ug, Up)) + O(eh?) .

Inserting this expression for zj into Eq.(19) and using E(xy, Xo) — E(ug, Uy) = O(1)(x —
ug) + O(1)(Xo — Up) we get

E(xy, Xo) — E(ug, Up) = O(1)(Xo — Up) + O(h) Zy + O(eh?*t)
+ O(€) (E(x, Xo) — E(ug, Up)) -
We solve for E(ay, Xo) — E(ug, Up) and find with E(uy, Us) = O(h?*1) that
E(xy, Xo) = O(1)(Xo — Up) + O(h) Zy + O(h?*1) .
From Eq.(5) we obtain

€

h

€

Zi=[(R®I,) - .

(La @ Clan, 2) ") + O(6)| Zo + O(5) (X0 — Uo) + O(eh?) .

Since the initial values (X, Zp) are in §h,6 we obtain for the last component
. 5‘(l‘0) .
5(zi) = O(7) ; + 0(%)()(0 — Up) + O(eh?) .
o (zr-1)

This implies
- € .., €
|o| < const [ﬁ o] + 7 | Xo — Uploo + ehp}

and therefore
(20) 15| < const [% [Xo — Uploo + eh?] .

We apply the LMM to u = f(u,s(u)). This LMM-map is given by the U-equation of
Eq.(18). We know from [15] that this map admits an invariant manifold {(ug, n(uo, h))}
and that our starting values Uy are O(hP*!)-close to this manifold. Since (Xp, Zp) in
She we have z; = &(x;), i = 0,...,k (cf. proof of i)). Inserting these relations into the

X-equation of Eq.(5) we obtain
(21) X1 = ((R = La) ® In) Xo + h Bi(ex @ f (wx, s(wx) + 5 (xn)) -

We already know that the map Px : X, — X admits the invariant manifold {(zo, £(zo, h, €))}
(cf. Eq.(15)). Moreover, this map is a perturbation of the map Uy —— U;. Therefore
Corollary 4 of [11] implies

¢ —n=0(h|5]) = O(e| Xo — Uplo + eh?) .

16



Since Xo—Uy = [(z0, &(20, by €))—(ug, n(uo, k)] +[(uo, n(ug, h))—Us] = O(|€—n])+O(RF1)
we get & —n = O(eh?™) and therefore Xy — Uy = O(hP™!). From Eq.(20) we find

o—s=0a=0(eh?) .

v) Let us denote the solution of © = f(x,s(z,€) + d(x,h,€)) with initial value x by
ot (x, h,e). The LMM applied to this differential equation has the form of Eq.(21). Ac-
cording to [5], [15] this LMM-map admits the invariant manifold (15) where the function
® is a one-step method of order p, i.e., it satisfies ®(z, h,€) — i (z, h,€) = O(hP*1). From
Oz, hy€e) — @"(z,€) = O(h|5]) = O(ehP?) it follows that

|(I>(.I‘, h,E) - SO?("L‘7 h7€)| + |<)0]11("L‘7 h7€)| - cph(x7€)|
const (AP 4 eh?th) . 1

|(I)(:L‘, hve) - Qph(l" 6)| <
<

We stress the geometric aspects of a LMM applied to Eq.(1) in a corollary. The
differential equation (1) admits a highly attractive invariant manifold M, = {(z,y)| =z €
R™, y = s(x,€)}. From Theorem 2 we conclude that the discrete system generated by
the LMM admits a manifold M; . = {(z,y)| v € R™, y = o(x, h,€)} close to M, (cf. Fig.
2).

Fig. 2: The invariant manifolds S, ., M}, . and M,
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Corollary 3 Let the assumptions of Theorem 2 hold.
Then for the constants hg,do,d, K and the functions ®,0,A,, A, of Theorem 2 the
following assertions hold for h < hy, €/h < dy.
i) The set My, = {(z,y) |z € R™, y = o(x,h,€)} is invariant under the LMM in
the following sense: If the starting values (z;,y;) € My, @ = 0,....,k — 1, satisfy
Ay (o, ooy Tp—1, hy€) = 0 then (z4,y;) € My for all i > 0.

ii) The manifold My is attractive, i.e.,
i — o(xi hoe)| < K r(h)' (Au(wo, .., wr1, by €) + €Ay (20, o Yi1, hy€) )
+ (1 + Ke) x(h, )FMA, (20, ..., ys_1, h, €)
holds for all i > 0 with k(h) = p1 + Kh < 1, x(h,e) = Ke/h < 1.

iii) The manifold My, . has the “property of asymptotic phase” stated in Theorem 2 iii).

iv) The manifold My, . is O(ehP)-close to M..

3 Global error bounds for BDF-like methods

The geometric results of Section 2 allow to reduce the original stiff problem to a nonstiff
one. This fact may be used to transfer general properties of nonstiff problems to stiff
problems. Examples are the existence of invariant curves, the behaviour near a hyperbolic
equilibrium, the existence of attracting sets. In this section this general principle is used
to derive bounds of the global error for BDF-like methods applied to singularly perturbed

systems.

Theorem 4 Let the differential equation (1) satisfy Hypothesis Hpg and let (z(t),y(t))
be a solution of Fq.(1). Let (x;,y;) be a LMM-approximation by a method with = 0
satisfying Hypothesis Hpprpy. Let T > 0 and assume p < r.

Then there are constants hg, do, d, K such that for all h < hg, €¢/h < &y the following
assertion holds. If the initial values xo = z(0), x1,...,Tx—1, Yo = Y(0), Y1, ..., yp_1 satisfy
lye — s(zp,€)| < d, 0 <l <k, then forih <T

i —2(ih)] < K[ max {lae — a(th)]} + e ( max {Jye — y(th)]} + yo — s(z0,)]) + 17|
lyi —y(in)| < K[(}g%{lxe —z(lh)}

[i/k] — —
(e x(h, ) ( maxx {lye = y(Eh)[} + lyo — s(xo,€)]) + 17
where x(h,e) = Ke/h < 1.
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Remarks:

3) If the LMM is started by a stiff RK-method of order p and stage order ¢ then it
follows from Part I [12] that

|z; — x(ih)| < const [h? 4+ eh?™ + € |yo — s(zo, €)|]
lyi —y(ih)| < const[A” + (e + x(h, €)"M) (AT + [yo — s(xo, €)])] -

4) For arbitrary starting values xq, ..., Tx_1, Yo, ---, Yx—1 the LMM approximates a certain
solution (&£(t),n(t)) of Eq.(1) with a global error O(h?): Let (&;, ;) be the “asymp-
totic phase orbit” in Sj, . of the LMM-orbit (z;,y;) and let £(0) = Z¢, n(0) = s(Zo, €).
Then by Theorem 2 iii), iv), v) we find

|z = E(Gh)| < w — &l + [ @5 — £(ih)

< const /@(h)i(Ax(xo, s T—1, by €) + €Ay (20, o Yr—1, By e)) + const AP
lys =nGh)[ <y — Gil + lo(Z:) = s(25)] + |s(2:) — s(£(ih))]

< const k(h) (A, + €A,) + (1 4+ conste) x(h, €)/HMA, + const h? .

5) The global error estimates of Theorem 4 generalize the results given in Lubich
[7]. In [7] results are derived only for solutions of Eq.(1) starting on the invariant
manifold M.. The additional term |y — s(xo,€)| in our estimates is the initial
distance of the solution to the manifold M,. Moreover, our estimates slightly improve
the ones in [7] in two respects. In [7] there is a number p < 1 independent of ¢
and h instead of the small damping factor x(h,€)'/* < (Ke/h)'/* in Theorem 4.
Second, the z- and the y-estimates in [7] are the same, as in our result the term

x(h, €)% (max{|y, — y(¢h)|} + |yo — s(z0,€)|) does not appear in the z-estimate.

Proof of Theorem /: We first estimate x; — z(ih), ih < T. Let u(t) be the solution of the

reduced differential equation
(22) u = f(u,s(u))
with u(0) = zo and let (u;) be its LMM-approximation with starting values u; = z;,

i=0,...,k—1. According to the property of asymptotic phase of M, for Eq.(1) (cf. Part I
[12]) there is a solution (Z(t), s(Z(t)) of Eq.(1) in M, with

(23) |Z(t) — 2(t)| < const ee™P< |yy — s(x0)] -
Note that Z(t) satisfies Eq.(22). We estimate
(24) oy — x(ih)] < |z; — wi] + |u; — u(ih)| + |u(ih) — Z(ih)| + |Z(ih) — x(ih)] .
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By the continuous dependence on initial conditions we have |u(ih) —Z(ih)| < const |z(0) —
z(0)| for th < T and by Eq.(23)

(25) |u(ih) — Z(ih)| < const € |yg — s(zo)]| -

Since Eq.(22) is nonstiff the global error bound
(26) |u; — u(ih)| < const (A? + Ay(xg, ..., Tk—1))

holds for ih < T where A, is as in Theorem 2. It remains to estimate |z; —u;|. We choose
a norm || - || € R* for which the induced matrix norm satisfies ||[(R — Ly) ® I = 1.

From the first equation of Eqs.(5) and (18) we get for some constant ¢

| Xit1 — Uil < (1 +ch) [|Xi — Usl| + ch |ziqr] -

Since Uy = X, a simple induction argument leads to

1Xi = Ull < ch[lzioawl + (14 ch) 2kl + o+ (14 ch) ™ zl] -

Using Theorem 2 iv) we estimate
2l = ly; — s(@;)] < ly; — o(aj)| + |o(x;) — s(z;)| < [y; — o(x;)] + const eh” .
This yields

1X: = Uil < chllgimrn — o(@icas) [+ o 4 (L+ch) ™y — o))
+ ch const ehP[1 + (1 +ch) + ... + (1 +ch)" .

Since by Theorem 2 ii)
[y — o (2;)] < const [/ (Ay + €Ay) + xVHA, ]

holds we get
(27) |1 X; — Ui|| < const [hA, + €A, +€ehP], th<T.

Using the estimates (27), (26), (25) and (23) in Eq.(24) yields

(28) |z; — x(ih)| < const [A, + €A, + €|yo — s(xo)| + ] .

In order to estimate y; — y(ih) we use the attractivity of the manifolds M, . and M.,

their closeness and the above estimate of the z-component:

lyi =y < Jyi — o) + lo(@:) — s(:))]
(29) Hs(zi) = s(z(@h))| + [s(x(ih)) — y(ih)]
< const (Aw + (e + xEMY A, + (e + e PM) |yg — s(z0)| + hp) :

20



We express the functions A, and A, in terms of Dax |xg — x(Ch)| and max lye — y(¢h)|.

Using the estimates (23) and (25) and the fact that ® is a method of order p we find

Ap(zgy .oy xpq) = OI??X{‘SL’@ Dt (x0) |}

< max {|z — 2(th)
+ |z(h) — Z(Lh)| + |Z(Ch) — u(lh)| + |u(th) — @ (ug)|}

< OI:E?X{\:U@ — x(lh)|} + const (€ |yo — s(xo)| + hPTL) .
Using the attractivity of M, and the distance of M, and M), . (cf. Corollary 3 iv)) and
Eq.(28) we get

Ay(2o, ooy ypm1) = max {ye — o(ze)[}

< max{|ye — y(th)| + |y(Ch) — s(x(th))| +[s(x(th)) — o (x(Ch))]

0<i<
+ lo(z(th)) — o)}
< ()I??X{‘yg y(Ch)|} + const (|yo — s(zo)| + €h? + Ay + €A, + hP) .

We conclude
Ay(xo, ..., yp—1) < (1 + conste) Oréllggiﬂyg —y(¢h)|} + const gg&}iﬂw —x(Ch)|}
+ const (|yo — s(zo)| + hP) .

Inserting the estimates for A, and A, into Eqgs.(28), (29) completes the proof of
Theorem 4. L

4 General stiff LM Ms

In this section we investigate LMMs satisfying Hypothesis Hyyn without requiring 5 = 0.
In this general case the invariant manifold Nj . established in Proposition 1 for § = 0
typically does not exist since the attractivity in Y-direction might no be stronger than
the attractivity in X-direction. The existence of the invariant manifold Sy (cf. Theorem
2), however, can still be shown in the general case. This result as well as the global error
estimate are derived by the same methods as in the case § = 0. We therefore do not go
into all details.

For 8 # 0 we assume that the starting values x;, 0 < i < k, satisfy |z; — zo| < d for
d small enough. In the (X, Z)-coordinates the LMM-map P is given by Eq.(4). Since
the LMM is p;-strictly stable the matrix R — L, has 1 as a simple eigenvalue and all
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other eigenvalues have modulus smaller than p; < 1. We introduce the new coordinates
(7, X7) by

X:(T$®Im)<§:,:)

where T, is a k X k-matrix such that

10

T (R—L)T, = ( 0 0,

) with [Quleo < p1 -

Since the LMM is assumed to be o;-stiffly stable the matrix R — éLﬁ has eigenvalues
with modulus smaller than o7 < 1. We need a form of the map P which is also contractive

in the Z-variables. We therefore transform
Z=(T,®1,) Z"
where T, is a k x k-matrix such that

1
T-'(R— — Lg) T.=H  with |H| <oy .
k

In the new coordinates the map P has the form (we suppress the dependence on h and ¢)

xa xT * A* * * *
pP* - XS Xik — xO + f <x07X0a7 ZO)
*a *a g*(.TS,Xga, ZS)
ZO Zl

xy + (2l Xy Z5)
= (Qu® L) X + E (5, X5, Z5)
D" (x5, Xgas Z8) Z5 + G (w5, X Z5)

where f* = O(h), F* = O(h), D" = H + |8| O(maxoeicr |27 — 2% + h + d + €/h),
G* = O(e/h) (cf. Eq.(4)). We choose ¢/h and |3](h + d) so small that [D"| is smaller
than or equal to some d* € (max{p;,o1},1). It then follows that for h and ¢/h small
enough the cylinder {z* € R™} X {|X}]oc < d*} X {|Z%|o < d*} is invariant under the
map P*. Thus, since the functions f* and g* have the Lipschitz constants

Ly = O(h), Lis=0(h)

Loy = O(h) + O(e/h) + |B|O(d?), Loy = max{py, o1} + O(h) + O(e/h) + |8] O(d)

with respect to x and (X(,, Z}) we are able to apply the invariant manifold result of
Nipp, Stoffer [11] (the conditions (7) are satisfied). It implies the existence of a smooth

attractive invariant manifold
She =" X, Z2%) | 2" e R™, X =& (2", hye), Z" =" (2", h,e)}
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of the map P*. The manifold Sj _ is A-Lipschitz with A\ = O(Ly) = O(h+¢/h+|3|d*) and
it is attractive with attractivity constant v(h,€) := Los + L1s A = max{py, o1} + O(h +
e/h+|Bld) < 1:

|(Xfav ZD - (f*(l‘*{, h’ 6)7C*("L‘T> h7 €)| < ’V(ha €)|(Xga> ZS) - (5*(1‘8, h’ 6)7 C*(xsa h7 6))| :

Moreover, S; . has the “property of asymptotic phase” and the functions §* and ¢* are of
the size of the functions F > and G, respectively.

We express the invariant manifold in the (X, Z)-coordinates:

She = {(X, Z)| X = (Tx®Im)< ;* > where X = &"(a", h,e€) ;

a

Z=(T,®1,) Z* where Z* = ("(z", h,e); x* € ]Rm} :

As in Kirchgraber [5], Stoffer [15] for the X-part and in the proof of Theorem 2 i) for the
Z-part it can be shown that the manifold §h,6 may be described as

She={(X,2)| z e R™, [X]; = ®'(x, h,e), [Z); = 6([X]s, h,€),i=0,...k—1}

where the function ® is a one-step method for & = f(z, s(z, €)). Sp. inherits the properties
of attractivity and of asymptotic phase from S} . and similarly as in the proof of Theorem
2 it can be shown that & = O(eh?). The precise statements in the (X, Y')-coordinates are

given in

Theorem 5 Let the differential equation (1) satisfy Hypothesis Hpg. Apply a LMM
satisfying Hypothesis Hppyrar to Eq.(1) and assume p < r.

Then there are constants hg, 0y, d, K and functions ® : Dy, s, = R™, 0 : Dy, 5, = R",
Dposo = {(z,hye)| © € R™, h € (0,hg), € € (0,hdo)}, o of class C] with respect to z,
such that with

Ay (zg, ooy Tp_1, by €) = 012151<>§€{|x2 — ®(z9, h,€)|}
A3/(‘77(]7 ceos Lh—15, Y05 -5 Y1, h’7 6) = Onﬁl;azi;{kyl - 0-<xi7 ha €>|}

the following assertions hold for all h < hg, €/h < dy.

i) The set Spe = {(T0, -, Th_1, Y0, -, Yk—1)| To € R™, z; = O (20, hy€), y; = o(x;, h,€),
i=0,...,k—1} is invariant under the LMM-map.
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ii) The manifold Sy is attractive, i.e., for all starting values (x;,v;), i = 0,....k — 1,

with |z; — x| < d and |y; — s(x;,€)| < d the estimate
|Tig1 — Py, hy )| + lys — o(zi, hye]l < Ky(h,e) (Am(xo, ey Th—1, D, €)
+ Ay<x07"'7yk717h7 6))

holds for all i > 0 with y(h,€) = max{p1,01} + K(h +¢/h + |B]d) < 1.

ii1) The “property of asymptotic phase holds”, i.e., for all starting values (z;,y;),
i =0,..k—1, with |z; — xo| < d and |y; — s(x;,€)| < d there is &y such that
for &; == ® (29, h,€), §J; == 0o(&s, h,€), 1 >0, the estimate

|il — Ty | + |:gl - yl| S K/Y(ha e)i <A$(l’0, vy Lle—1, h7 6) + Ay(an vy Yk—1, h7 6))
holds for i > 0.

iv) The function o satisfies the estimate

lo(x, h,e) — s(x,€e)| < Keh” .

v) The function ® is a one-step method of order p for the differential equation
&= f(z,s(z¢)).

Remark:

6) As a consequence of Theorem 2 we stated Corollary 3 establishing the manifold
My ={(z,y)|x € R™, y = o(x, h,€e)}. For general stiff LMMs the manifold M}, .
also exists and inherits the properties i), ii), iii) and iv) of Theorem 5 (see Fig. 2 at
the end of Section 2). =

As in Section 3 for BDF-like methods the geometric results of Theorem 5 allow to
derive bounds of the global error for general stiff LMMs. The derivation is identical to
the one in the proof of Theorem 4. Remark 5) above relating our results to the ones in
Lubich [7] again holds for the general case in Theorem 6 except that our damping factor

v(h, €) is now not smaller than the p in [7].

Theorem 6 Let the differential equation (1) satisfy Hypothesis Hpgr and let (x(t),y(t))
be a solution of Eq.(1). Let (z;,y;) be a LMM-approximation by a method satisfying
Hypothesis Hpprpy. Let T > 0 and assume p < 1.

24



Then there are constants hg, do, d, K such that for all h < hg, €¢/h < &y the following
assertion holds. If the initial values xy = x(0), =1, ..., Tk—1, Yo = Y(0), Y1, ..., Yp_1 Satisfy
|zg — 20| < d and |ye — s(xg,€)| < d, 0 < <k, then for ih <T

j; —a(ih)| < K| max {Jzg — a(Ch)[} + b ( max {Jye = y(Ch)]} + o — s(xo. €)[) + 7]
lyi —y(in)| < K[(}g%{lfvz—x(ﬁh)l}
+ (h+ (R, ) mas {lye — y(E)[} + [y — s(x0,€)]) + 17]

where y(h, €) = max{p1, 01} + K(h+¢€/h + |5|d) < 1.
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