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Smooth attractive invariant manifolds of singularly
perturbed ODE’s

The aim of this paper is to improve a result stated in Nipp [4]. There, the existence
of an invariant manifold for a singularly perturbed system of ODE’s was derived with-
out sharp smoothness properties, however. We now show that a C* vector field yields a
C* manifold. A similar result given in Sakamoto [7] obtains a C*~! manifold only. In
Knobloch/Aulbach [3] the C'*°-case is considered with rather special hypotheses and with
an outline of the proof only. Our results are based on assumptions appropriate for appli-
cations, and we tried to present a transparent proof. The proof is based on applying an
invariant manifold result for maps established in Nipp/Stoffer [5] to an appropriate time
map of the singularly perturbed system. Purfiirst [6] also uses a time map approach. But
he only shows C* smoothness. A very general treatment of the subject and sharp results
can be found in Fenichel [2]. His abstract setting is not very transparent, however, and
seems not well suited for applications. In order to improve applicability we have stated
our result for bounded domains D in phase space. The hypothesis on D is weakend com-
pared to Nipp [4]. We also prove the smooth dependence of the invariant manifold with
respect to the perturbation parameter e.

The paper is organized as follows. In Section 1 the invariant manifold result is stated
for bounded domains. The proof is done by extending the vector field to the unbounded
domain and by applying the corresponding invariant manifold result of Section 2. The
invariant manifold result on the unbounded domain is stated in Section 2 and proved in
Section 3.

1. A manifold result on bounded domains

Consider the singularly perturbed autonomous system

dx
(1) .
y
€ = g(x,y)

where € € (0, €).

Let D = D;x D5 be a domain in R™xIR". By CF we denote spaces of functions of class
C* with bounded derivatives.

We make the following assumptions:
1) k>2.
2) D is bounded and D; has a C*-boundary.
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3) feCHD,R™), g CF(D,R") and f and g are bounded in D.
4) There is a bounded function s® € CF(Dy, Dy) such that g(x,s%(z)) = 0 for € D;.

5) There is a positive constant by such that all eigenvalues of the Jacobian B(x) :=
gy(z, s°(x)) have real parts smaller than —by for all € D;.

Remark:

0) For simplicity only, we have omitted the dependence of the functions f and g on
the parameter e. If f and g depend on € and are of class Cf also with respect to
€ € (—¢€p, €0) all the results of this paper hold identically as can easily be checked in
the proof in Section 3. -

Under the above assumptions it can be shown that for all € > 0 small enough Eq.(1) has
a smooth attractive invariant manifold M. which is O(e)-close to the so called reduced
manifold My := {(x,y) | = € D1, y = s°(x)}. The precise result is stated as

Theorem 1 For every subdomain D', with D} C Dy and for every 3 € (0,by) there are
positive constants €*, 6, K and a function s € C¥(Dyx(0,€*), Dy) such that the following
assertions hold for e € (0, €").

i) (Invariance) The set M, = {(z,y)| v € D}, y = s(x,€)} C D is invariant under
Eq.(1); i.e., if (2°,4°) € M. then also (z(t),y(t)) € M, for all t as long as x(t) €
DY, (x(t),y(t)) being the solution of Eq.(1) with (z(0),4(0)) = (2°,4°).

i) (Attractivity) Every solution (x(t),y(t)) of Eq.(1) with |y(0)—s°(z(0))] < § satisfies

[y(t) — s(xz(t), )] < K e | y(0) - s(z(0),¢)|
for allt >0 as long as z(t) € Dj.

ii1) (“Asymptotic phase”) For every solution (x(t),y(t)) of Eq.(1) with initial values at
t = 0 satisfying |y° — s°(z°)| < 6 there is (2°,9°) € M. such that for (Z(t),y(t))
being the solution of Eq.(1) with (Z(0),5(0)) = (2°,3°)
() = Z(t)] < K e |y" — s(a”,¢)]

ly(t) = g()] < Ke Py’ — s(a®, )]

holds fort > 0 as long as x(t) and Z(t) are in Dj.



iv) (Closeness to M)
|s(z,€) — s°(z)| < Ke forall x€ D).

v) (Maximality) Every solution (z(t),y(t)) of Eq.(1) satisfying x(t) € D} and |y(t) —
sU(z(t))| <6 for all t € R lies in M., i.e., y(t) = s(x(t),€) for all t.

Remarks:

1) As can be seen in the proofs in Section 3, the results of this paper also hold for the
case k = 1, if the derivatives of ¢ and s have uniform Lipschitz constants. If in

addition f is of class Cp"' as well then the invariant manifold is also of class Cj'
(cf. Theorem 5 of Nipp/Stoffer [5]).

2) The larger the order of differentiability &k of the invariant manifold the smaller €*
has to be taken; the constant §, however, does not depend on k (see Section 3).
Assume, e.g., that f and g are of class Cy° then s(z,€) is the smoother the smaller
€ is taken.

3) Since, as stated in ii), the invariant manifold M, is exponentially attractive with an
exponent O(e~1), it makes sense to consider a bounded z-domain Dj.

4) In the case D; = R™ (Theorem 2 of Section 2) the invariant manifold M, is unique
in a neighbourhood of the reduced manifold M. This follows from the maximality
property v). If D; # IR™, M, is not necessarily unique. This is due to the fact
that the extension of the vectorfield to z € R™ is not unique. (A simple example
where such a manifold is not unique is given in Purfiirst [6]). However, two invariant
manifolds of Eq.(1) with properties ii), iv) are exponentially close with an exponent
O(e™!). Moreover, let (x(t), y(t)) be a solution of Eq.(1) with the properties required
in v) (e.g., an equilibrium solution or a periodic solution) then all invariant manifolds
of Eq.(1) with property iv) have to intersect in the trajectory of such a solution. -

Proof of Theorem 1: Consider the system

z—f = ¢ f(z,y)
(2) .
d—i = g(z,y)

where € € (—€g,€). Note that if (z(7,€), y(7,€)) is a solution of Eq.(2) then for non-
positive e-values excluded (Z(t,¢€), §(t,€)) = (x(t/e,€), y(t/e, €) is a solution of Eq.(1).
Hence, if we can show the results corresponding to Theorem 1 for Eq.(2) they also hold
for Eq.(1). Theorem 1 (for Eq.(2)) is proved by first extending the right-hand side of
Eq.(2) to x € R™ such that Assumptions 1), 3), 4), 5) hold for all z € R™ and then
applying Theorem 2 of Section 2 which deals with the case D; = IR™.
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We show how a scalar function defined in D; may be extended to an appropriate function

defined in R™. For every z € D; let ©(z) be defined as ©(x) := m(%g |z —u| and consider,
ueoby

for ©g > 0 small, the set (see Fig. 1)

Q?O = {ZL‘ € D1| @(ZL‘) < @0} C D;.
Then, for ©( small enough the following statement holds:

O(x) € CF(QP°,R) and the domain DP° = D_l\Q—?O has a C*-boundary.



Fig. 1

Next, consider the scalar C*°-function p defined as

0 , a<0
pla) == exp(l — L exp(a — 1)) , 0<a<1
1 , 1<a
and sketched in Fig. 2. With
o 0 , T €& Rm\Dl
O(z):=1{ O(z) , €0
@0 , T € D1®0

define

fig2.eps
97 X 49 mm

Fig. 2

Finally, for any ¢ € C}(D1,R), 1 <r <k, and ¢ bounded define

5 e (.T) y X € Dl
aw) = { g , € R™\D
g(x) = O(z)g(z), € R™.

Then, it holds that
g(xz) € CL(R™,R) and G is uniformly bounded for x € R™.
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We introduce the vector functions F'(z, z) := f(x, s%(z)+2), G(x,2) = g(x,s°(z)+2) and
the matrix function G(z,z) by means of [B(z) + G(z, 2)] z := G(

x, z), and we consider

the system
% = € F(z,2)
(3) )
d_j- = [B(:c) + Gz, z)} 2z —e8%(z) F(x,2)

for |e| < €y, € Dy, |2| < dy with dy > 0 such that {(z,y)| = € Dy, ly—s°(z)| < do} C D

(if dy > 0 is not possible, we redefine D; as D?O/ 2) and such that z = 0 is the only solution

of G(z,2) =01in Dy x{|z| < dp}. And we extend the components of the vector functions
F, 5% and the elements of the matrix function G with respect to x in the above way to

F(z,2) = O(z) Fz,2), $9(z) = O(z)s(z)

E(x, z) = O(x) G(x,2) .
If we in addition define

and

then the vector field of the “extended” system

¥ = eF(x,2)
(3) = o
Z = [B(:E) + G(z, z)} z—esV(z) F(x,2)
(,:: d%) coincides with the one of Eq.(3) for # € Df°. Moreover, all functions are

uniformly bounded for z € R™ and z € D := {z € R"| |2] < do} and satisfy

F e CFR"xDy, R™), G € CF(R™xDj ,R"), B € Cf~ (R™, R™"),
G e C’f’1<Rmego,R”X”) with G' = O(|2|) uniformly for z € R™, z € D} ,
s € CF(R™,R"), 50 € G~ (R™, R™ ™) .

The real parts of the eigenvalues of the matrix B(z) are smaller than —by < 0 for all
x e R™.

Now, introducing the transformation

z=1y—s%x)
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into Eq.(3) we obtain the system

- v = Flr,y— () = F(z.y)
y = [B@)+Gy— )]y -() = gy

where we have used the identity s9(z)" = € s9(z) F(x,y — s%(x)). Obviously, the functions
f and g are uniformly bounded in the space

Qi ={(z,y)| z € R™, |y — $9(z)| < do} C R™"

and are of class Cf there, and in addition Assumptions 4) and 5) are satisfied for x € R™.
(Note that the functions f,q, B, s coincide with the functions f, g, B, s° for x € D?O).

Hence, Theorem 2 applies to the system (2). The results of Theorem 2 carry over to the
system (2) if we take 2 € D and 7 such that z(7) stays in D and finally to the system

(1) if we put 7 = ¢/e and exclude non-positive e-values.

Thus, the proof of Theorem 1 is reduced to the proof of Theorem 2. i

2. The result on the unbounded domain

Consider the system

d

ﬁ = ef(z,y)
(4) .

vy _

% - g(ff,y),

le| < €, with the following properties for k > 2: There is a function s® € CF(IR™, R")
such that g(z, s°(z)) = 0 for z € R™ and such that B(x) := g,(x, s°(z)) has eigenvalues
with real parts smaller than —by < 0 for all z € R™. With respect to the space Q%’L" =
{(z,y)| x € R™, |y — s%x)| < do} CR™™ the function s°(z) is the unique solution of
g(z,y) = 0 and the functions f and g satisfy f € CF(Q*",R™), g € CF(Q*",R") and
they are bounded there.

Under the above conditions and for € small enough Eq.(4) has a smooth attractive invari-

ant manifold M, which is O(e)-close to the reduced manifold My := {(z,y) |z € R™, y =
s%(x)}. The result ist given in

Theorem 2 For every f € (0,by) there are positive constants €*, §, K and a function
s € CFHIR™x (—e€*,€"),R™) such that the following assertions hold for |e| < €*.
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i) (Invariance) The set M. = {(z,y) | z€R™, y = s(x,e)} C R™" is invariant under
Eq.(4), i.e., if (2°9y°) € M, then also (z(7), y(7)) € M, for all 7 € R, (z(7), y(7))
being the solutzon of Eq.(4) with (z(0), y(0)) = (2°,4°). More precisely, P,(M.) =

M., 7 € R, for the map P, : (2°,y°) — (2(7), y(7)).

i) (Attractivity) Every solution (z(7), y(7)) of Eq.(4) with |y(0) — s°(z(0)) | < ¢ sat-
1sfies

ly(7) = s(z(7),) | < K e T |y(0) = s(x(0), )|

for all 7 > 0.

ii1) (“Asymptotic phase”) For every solution (xz(7), y(T)) of Eq. (4) with initial condi-
tions (2°,y°) at 7 = 0 satisfying |y° — s°(x°) | < & there is (2° ) € M. such that
for (Z(1), y(1)) being the solution of Eq.(4) with (2(0), y(0)) = ( L 7°)

|2(r) = (1) | < Ke T |y = s(a®,€) |
[y(r) = 5(r) | < K e [y" = s(2%,€) |

holds for T > 0.

iv) (Closeness to M)
|s(z,e) —s°(z) | < Ke for x € R™.
v) (Maximality) Every solution (z(7), y(7)) of Eq.(4) satisfying | y(7) — s°(z(7))]| < ¢
for all 7 € R lies in M., i.e., y(1) = s(x(7),€) for all 7.

The proof of Theorem 2 is given in Section 3. It is mainly achieved by applying a general
invariant manifold result for maps to an appropriate time 7-map of the flow.

3. Proof of Theorem 2

With the change of variables

the system (4) can be written as

(5) ZL‘I/ i ef(:p,sogx)Jrz)

z



¥ = eF(x,2)

(5) 7 = G(z,2) —es(x) F(x,2) =: [B(z) + G(z,2)] 2 — €s%(x) F(x, 2) .

The functions on the right-hand side satisfy

F e CyR™xDj ,R™)

G € C{R™xDj,R")

s ¢ CFIR™R"Y), s CfF H(R™ R™™)

B ¢ CFYR™ R™™)

G € Cy Y (R™x Dy ,R™") with G = O(|z|) uniformly for = € R™, z € Dy

for k > 2, D} = {z € R"| |2| < do}, and F,G, s9. B, G are bounded in the domains
considered. Moreover, the eigenvalues )\f of the n X n-matrix B satisfy

ReAP < —by <0, j=1,..n.

Let 0 < d < dy where 6 and d will be specified more precisely later, and let 2y :=
{(z,2)| x € R™, z € D¥} C R™™. We consider the solution (p(7;7, 2,€), ¥(7; 1, 2, €))
of Eq.(5) with initial values (z,2) at 7 =0, x € R™, |2| < . To save writing we denote
this solution also by (¢(7), ¥(7)). Moreover, let (m_,m,) be its maximal interval of
existence with respect to the space €.

Since |¢'| < €N for 7 € [0, m,) holds for some positive constant N we have

[o(r!) — @) | < eN |7l — 77|

for all 71,72 € [0,m,). Define Ag(7;z,2,€) := B(p(7;x,2,€)) and consider the linear
system
(6) u = Ag(T;2,2,€)u .

We have |Ag| < N for 7 € [0,m,) and

[ Ao(7") = Ao(T*) | < L lo(r') — o(7*) | S e Lp N | 7! — 7|

where Lp is the Lipschitz constant of B(z). Moreover, the eigenvalues of Ag have negative
real parts smaller than —by. Hence, we may apply Proposition 1.5 of Coppel [1] and
obtain for the fundamental matrix W (7, 0; x, z, €) of Eq.(6) with Wo(7, 7; x, z,€) = I,, the
following

Assertion 1: For every p > 0 there is €(u) > 0 such that



| Ug | < K, o= for >0,
7,0 € 0,my), le] <€(u), where K, := max{(4 No/u)" !, 1}. =
Now, define Ay(7;x,z,€) := G(QO(T;ZL‘,Z, €), Y(r;x,2,€)). For 7 € [0,my) A; satisfies
|A;] < Nid. Using Assertion 1 we may apply Proposition 1.1 of Coppel [1] to the

fundamental matrix VU(7, 0;x, 2, €) with W(7,7; x, z,€) = I, of the equation

(7) v =[Ao(T; 2, 2,€) + AL (152, 2, €) ] v

and we get
Assertion 2: For every p > 0 there is €(u) > 0 such that
0| < K, Thotrtd MK (=o)  for 7> o

7,0 € [0,my), |e] <€), with K, as in Assertion 1. =

Combining the two results we have shown

Assertion 3: For every [y € (0, by) there are positive constants d, Ky > 1 and ¢; > 0 such
that

|U| < Kge =) for 1 >0; 7,0 €[0,m,); |e] <e . 4

Note that the constants fy, d, Ky and ¢; are independent of the solution (p(7), (7))
considered.

Writing Eq.(5) as an integral equation and by means of the variation of constants formula
we have

o(r) = o) +¢ [ F(e(0), v(0)do

(1) = U(r,v)) —6/‘1’(7, 0) sx(¢(0)) Fp(0), ¥(0))do

for T,v € [0,my), 7 > v. We have also introduced the short notation ¥(r, o) for
U(r, 05,2, €).

We are now able to prove the following
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Claim 1 For every By € (0,by) there isd >0, 6 > 0 and €2 > 0 such that for |z| < 6 and
le| < €3 the solution (p(T;z,2,€), Y(T;2,2,€)) of Eq.(5) exists for all T > 0 with respect
to Qq (i.e., my = +00).

Proof: From Eq.(8) with ¥ = 0 and using Assertion 3 we find that for § = &

T

d
(7)< €_ﬁ0T—+€KO/€760(Tﬂ7)d0’

- 4
0
d eK°
9 — —Bor _ o= BoT
(9) = e 0 4—1— 5 [1 e “]

< e*BWnge—.
4 fo

Hence, there is €3 € (0, €;] such that for |¢] < €

[W(7)] < g for 7€ [0,my) .

From this estimate and from the fact that for 7 € [0,m ) |o(7)| < |z| + e N7 < |x| +
e Nm we conclude by means of the “global existence theorem for ODE’s” that m, = 4 oo
which completes the proof of Claim 1. L

An easy corollary of Eq.(9) is

Claim 2 For 5y € (0,by) let d, 6 and (p(7), ¥ (7)) be chosen according to Claim 1. For
every v € (0,d/2) there is €3 > 0 such that

1 d
7)< or 7> — log—, |e| < es.
WOl for Tz o logg ld <a

We shall need the Lipschitz constant of the fundamental matrix ¥ of Eq.(7) with respect
to z, z.

Claim 3 Let 3y € (0,bo) and let § > 0 be as in Claim 1. For every B e (0, Bo) there is
L >0 and ¢4 > 0 such that

‘\I/(T, ot 2t e) — (T, 0527, 22, e)‘ < L(r—o0) ¢ Br=0) gelo (

2! —x2’+‘zl _ ZQD
fort>0>0, el <ey 2t € R™, |2 <6, i=1,2.
Proof: We introduce the notations U,(7,0) := U(r,0;2% 2% €), i = 1,2, A(r,0) =

U, (7,0) — Uy(1,0) and Ci(7) := Ao(T; 2%, 2%, €) + Ay (1527, 2% €), i = 1,2. The matrix A
satisfies the differential equation

A" = C1(1)A + (C1(1) — Co(7)) Wa(T, 0)
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and A(7,7) = 0. Applying the variation of constants formula we have
A(r,0) = ] Uy (7,7)(C1(r) — Co(r)) Wa(r,o)dr .

Taking norms and applying the estimate of Assertion 3 we get
IA(T,0)] < Ky?e P9 ] |Cy(r) — Cy(r)|dr .

With the notations ¢;(7) := ¢(1;27, 2%, €) and (1) := (7527, 2", €) and since Cy(1) =
B(pi(7)) + G(pi(T), ¥;(7)) we therefore obtain

T

(10) 1A o) < Kie ™D [ [loar) = oalr)] + [a(r) — a(0)] ]

o

We need the Lipschitz constant of (¢(7;z, 2, €),1(T; z, 2, €)) with respect to x, z. Using
Eq.(8) with » = 0 and introducing the notation G := —s? F' we obtain

T

(11 Jeu(r) = @2(7)| < |2 — 27 +6LF/H<P1(0') — 2(0)| + [91(0) — ¢a(0)|]do

and

91(7) = ()] < W7, 0)]]2 = 2] + W (7,0) = Wy(r,0)] |27
+elg [ 10,0 l1(9) = £2(0)] + 1 () = a(0) ldo

+ EKa/ |y (1,0) — Wo(r,0)|do
0

where Ly and Lz are the Lipschitz constants of F' and G, respectively, and Kz is a
bound for G. Applying the estimates of Assertion 3 and of Eq.(10) we find for the second
equation above
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[W1(7) —dha(T)] < Koe ™7[et — 27

T

46K e / [l1(0) = @a(a)] + [¢n(a) — () [Jdo

0

+eLlgz Ky e_BO(T_O)HSOl(U) — @2(0)| + [th1(0) — a(0)|]do

O~

T

b et B [em] [ller) = ea)] + in(r) = ) o

ez

(12)
Adding Egs.(11) and (12) and defining the functions p,(7) := [nax (lp1(r) — pa2(r)|) and
py(T) 1= nax (|11 (1) — o (r)|) we may derive the following inequality for [Py + pyl:

po(T) +pu(r) < K[lat —a?| +[z! = 2% + (e + de7T) K/[pgo(a) + py(0)ldo

+ e K [po(7) + py(7)] -

For € small enough such that 1 — e K > 1/2 we therefore have

polr) + pu(r) < 2K 2! = 2% + |1 = 2]+ 2e + 6 ) K [[palor) + pu(o))do

Now, applying the generalized version of Gronwall’s lemma and going back to the functions
@i, ¥; yields

(13) [01(7) — @2(7)| + 1 (7) — ¥o(7)] < K 7 [|at — 2|+ |2" = 2%|] .

Inserting Eq.(13) into Eq.(10) and estimating the integral as

’
/ 626KT dr S (7_ o 0_) eQeKT

o

we thus obtain

|A(T,0)] < Ky(1 — a)e_[BO_ZEK] (r=0) g2eKo )l _ 22| 4|2t — 22|] . uE

Let By € (0,b9), > 0 from Claim 1 with corresponding solution (¢(7;x, 2, €), ¥(T; x, 2, €))
of Eq.(5) and let 7* > 0 be fixed (it will be specified more precisely later). Moreover, let
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€* > 0 be small enough and let £ € C®(IR, (—€*, €")) satisfy (see Fig. 3)

4e* /5

_ )€ ;e <
&e) = { sign(e) 9¢* /10 | |e| > €*

fig3.eps
80 X 57 mm

Fig. 3
We consider the time 7"-map

(14) P.: R"xD! > ( ‘Zc ) — <_ ) e R"xR"

Nl 8
N——
I
/N
< 6
—~~
e
*LF
B OR
3 R
M
e
a M
S— —
S— —

defined for ¢ € IR. We want to show that P, admits a smooth attractive invariant manifold.
The extension to all € in IR will be needed for showing smoothness also with respect to
the parameter e. From the integral equation of Eq.(5) we know that the map P, has the
representation

7 = 2160 [ f(eloi2.280), Llploiw, 2 E(6) + U017, %)) do
2 = 2t [ g(ploim 2,60, (p(032,2,E() + blos 2, 2,€()) ) do

+5%(x) — 8% (p(7%; 2, 2,€(€))) -

From this form it is seen that the map P, is of class CF with respect to z and z (with
bounds depending on 7*, cf. Eq.(13)).

The map P. can also be written as (cf. Eq.(8) for v = 0):
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T*

T o= ot e(0) [ F(ploim.2.60), vlose, 2 €(e))do
(15 0 ;
z = \II(T*, 0:x, 2, 5(6)) z—¢(e) /\II(T*, o; T, z,é(e)) sY ((p(a; x, z,é(e))) .

- F(p(o32,2,6()), V(05 2, 2,€(e) ) do

which is of the form

x+U(z, 2, €)

(16) = V(z,z€) .

[T
|

From Claim 2 it follows that for ¢ small enough and 7* large enough the “strip” R™ x D}
is mapped into itself by the map P.. Moreover, the functions U and V' have the following
Lipschitz constants with respect to x and z:

Ly = c€(e), Lia=c"&(e)
(17) Ly = Lo 6+ c€(e) < L

Ly = Lt e P75+ Kye P + ¢ €(e)

where we have used Assertion 3 and Claim 3 in Eq.(15). (Note that ¢* depends on 7*.)

We want to apply the invariant manifold result proved in Nipp/Stoffer [5] (Theorem 5).
We have to verify the following two conditions for the Lipschitz constants Lq1, Lia, Loy, Loo:

(I) 2/ LiaLay < 1— Ly — Lo

([[) L22—|—L12)\ < (1—L11—L12 )\)k
2L21

with A= .
1 — Ly — Log + \/(1 — Lyy — Log)? — 4 Lyg Loy

For every 5* € (0, 5) the quantity Lsy may be written as
Loy =e 77 [i roe (8T Koe (Bo=Bm 4 ox f(E)eﬁ*T*} .

Choosing first 7 large enough and then ¢* small enough we can achieve that

1 * % 1
18 Loy < e P77 <« 2
( ) 22_46 4
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Condition (I) is satisfied if

" &(e) + 1/ &(e)e P ™ <1 — Loy
holds. Since 1 — Loy € (%, 1) this requirement can be satisfied for €* small enough.

Now, using Condition (I) note that

2 Loy

AL —Mmmm——.
L — Ly — Lo

Since by Eqgs.(17) and (18)

3 .
I_LH_L22>Z_C g(E)

we may achieve for ¢* small enough that A < 4 Ly; and also that

(19) Los + Lo A< ng(l + 4c* 6(6)) < 2 Loy .

Hence, from Eqs.(17), (18) and (19) we have that Condition (II) is satisfied if
1 k
+ 7[_3*7_* . *
5 € < (1 2¢* ¢ (e))

holds. This requirement can be fulfilled for ¢* small enough. (Note that ¢ depends on
the order of differentiability k).

Summarizing, we have shown the following facts concerning the map P, defined in (14).
For every * € (0,by) there is § > 0, 7 > 0 and € > 0 such that P. maps the “strip”
R™ x Dy into itself; P. is of class C’If; the Lipschitz constants Li1, Lia, Loy, Loo satisfy
Conditions (I) and (II) and the estimates

AN<e P <1

]. * %k
L22+L12)\<§€767

and .
2 < ¢ 2+ CE) 7

with C'¢(e) 7 < §/4 hold, A defined in Condition (II).

Hence, Theorem 5 of Nipp/Stoffer [5] implies the existence of a smooth attractive invariant
manifold Mi of the map P. with properties given in

16



Lemma 3 There is a function s*(z,€) : R™ xR — D%, of class CF with respeat to x,
such that the following assertions hold.

i) The_slet Mi_lz {(z,2)] x € R™, 2 = s'(x,€)} is invariant under the map P., i.e.,
P€<Me) = Me'

i) Mi 1s uniformly attractive for P. with attractivity constant

1 .
X()\):L22+L12)\<§€767 <1.

i) Mi has the “property of asymptotic phase”:
For every (xo, z9) € R™xDY there is (To, Z) € Mi such that for (z,z;) := P?(x0, 20)
and (%;,%;) == Pi(%, %) € M., j € N,

;=31 < () e |29 — st (w0, €)|

|z, — %] < e BrIT" | 20 — st (o, €)| .

i) |s'(z,€)| <2C¢(e)* < 2.

v) Mazimality: Every invariant set Q of P! |1 € IN, is contained in Mi, i.e., P(Q)) =
implies Q C M..

vi) The function s* is uniformly \-Lipschitz with respect to v with A < e #™ < 1.

We first show that the manifold Ml established in Lemma 3 is also smooth with respect
to the parameter e.

Smoothness with respect to e: There is € > 0 such that s'(z,€) is of class CJ also with
respect to e.

Proof: We consider the augmented map

€ € €
P:RxR"xDz> | o | +— | T | =| ¢(T;2,2,¢(c) | € RxR™xRR"
z Z (T2, 2,€(€))

and again apply Theorem 5 of Nipp/Stoffer [5]. Here, € (0, 9] will be specified more
precisely later. The time step 7 will be chosen appropriately as [7* for some [ € IN. This
implies that P(e, z,2) = (¢, P/(z, 2)) with P. of Lemma 3.

17



We write P as

T = x+&(e) / F(cp(a;x,(),{(e)),())dcr
+€(6) [[F(plose,2€(6), ¥(032,2,6(0)~F (9(052,0,£(e)), 0)|do
z = U(7,0;z,2,&(e) / T,0;, z,é(e)) sg(go(a;:c,z,f(e)))-

F(p(o32,2,6(0)), ¥(y,2,€(€)) ) do
Defining w := (€, x) the map P is of the form

o = Up(w)+ Ulw, 2)

z = V(w?2).
If we couple 7 = I7* and & such that 7 € {BL log 2%, 6L log 2% + T*) we know from Claim
2 that for ¢* small enough [¢(7)] < & for 7 > 7. Hence, the “strip” IR x R™ x D% is
mapped into itself by the map P. Moreover, for & small enough 7 may be estlmated as
log which is equivalent to 6 < e=#" T/ 2. For € small enough, U, is invertible and

(70_ is Llpschltz continuous with Lipschitz constant o = 1 + ¢e* + N 7 where ¢ depends
on 7. Note that the solution (¢(7), (7)) has Lipschitz constant L 7 ec™ with respect to €
(which can be derived in the same way as Eq.(13)). Moreover, for the Lipschitz continuity
of ¥ with respect to ¢ Claim 3 similarly holds with an additional factor 7. Hence, we find
that for ¢* small enough the functions U and V have the following Lipschitz constants
with respect to w and z:

EH:EE* + c\/g, Em:Ee*
fzgl = [72e P76 4+ ce* + ¢, Egg =L7e P74 + Kj e BT + ce* .

Note that the constants N and ¢ do not depend on 7. We have to verify the two conditions
(f) 2\/zlz E21 < l - zn —z22

1 _ N
——LH—LHA)

(%

Q

(IT) Lyy+Lix A <

S

- 2L
with N o= 21

1 - ~ 1 =~ ~ \2 -
——L11—L22+\/<——L11—L22) — 4Ly Loy
«Q «a
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We require €* also to satisfy

This implies that for 7 large enough

LI~
DO
=
N

For 7 large enough we can also achieve that

~ ~ 1
L21 < 2c , L22 < W
Hence, Condition (I) is satisfied if
3 * 2 C 1
—p*7/4 <
aNFE T CC T N S INF

holds. This can again be satisfied for 7 large enough.

Using Condition (/) we find that

and since we may achieve that

1 - -
— — Ly — Loy >
o

ANT

we have \ < 8 N%zm. Thus, since

z123\<8N7’:z12f/21 < —5
we have for 7 large enough
~ ~ < 9c¢
Loy + Lis A < ——
and | .
— — Ly —Lip X >
11 12 IN=

Hence, Condition (I7) is satisfied if

9¢ _ ( 1 )k
73k—1 ANT
holds. This can be satisfied for 7 large enough.
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Theorem 5 of Nipp/Stoffer [5] implies the existence of a function 3* € CF(R'*™, D) such
that the set {(e,z,2)| ¢ € R, * € R™, z = §'(z,€)} is an invariant set of the map P.
Now, for every € € IR consider the set

M, :={(x,2)|z € R™, 2 =35 (z,6)} .

€

Since P(e,z,2) = (¢, Pi(z, 2)) this set is an invariant set of the map P!. Hence, from the
maximality property v) of Lemma 3 it follows that M C M The special structure of
the two sets finally implies M M and therefore 5! = s! €

Thus, we have shown that for €* small enough the invariant manifold Mi of the map P,
established in Lemma 3 is also smooth with respect to e. The quantity €* depends on
the order of differentiability k. However, the “thickness” ¢ of the domain DJ in Lemma
3 does not depend on k. To show this was the reason for proving the smoothness with
respect to € seperately.

We now restrict € to |e| < € := 4¢*/5 (see Fig. 3). The properties i), ii), iii) and v) of
Lemma 3 hold for the time 7*-map (14) of Eq.(5). It remains to show that corresponding
properties also hold for the flow.

1

i) Invariance: Ml is also invariant under the differential equation (5), i.e., if (z, z) € M,

then also (p(7;x, 2, €), ¥(T;2, 2,€)) € Mi for all 7 € R.

Proof: Let 5%, 0, 7, €**, Mi be according to Lemma 3. There is d, € (0,0) such that the
solution (p(7; 2, 2,€), (152, 2,€)) of Eq.(5) with |z] < J, exists with respect to R™ x D}
for 7 € (1_,00) (cf. Claim 1).

Let €, € (0, €] be such that Ml C R™xD} for |e| < €, and define for 7 € (7_,00), |¢] < €,
the map

ProRexDrs (B ) e [ PHEED ) Cpmogn
z W(rs 2,2, €)

For fixed 7 define the set 2 := PT( ) C R™xDj. The group property of the flow of
Eq.(5) and the invariance of M . under P7 imply that

Using the maximality property v) it follows that Q = P7 (Mi) C Mi for 7 € (1_,00).
Since |s!(z,€)| < 2 for z € R™ and since for 7 € (7_,0] we have |p(7)| < |z| + e N |7| <

|z| + € N|7_| we conclude from “the global existence theorem for ODE’s” that 7_ = —oc.
If €, < € we redefine €** as €** := ¢,. 1
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ii) Attractivity: We again denote the solution (¢(7;x,z,€), ¥(T;, 2,€)) of Eq.(5) with
|z] < 6 by (o(7), ¥(7)) for short and also write s'(z) instead of s'(z,¢). We want to
estimate [1(7) — s'(p(7))].

For 7 > 0 arbitrary but fixed choose 7 € INg such that j7* < 7 < (j + 1)7* and let
7= j 7%, Tix1 = (j + 1)7*. From Lemma 3 ii) we know that

(20) (7)) = s' ()] < e 77 |2 = s(2)] .

Consider the solution (X(7), Z(7)) of Eq.(5) with X (7;) = ¢(7;) and Z(7;) = s'(¢(7)).
It lies in the invariant manifold Mi for all 7, ie., Z(7) = s*(X(7)) for all 7.

Our aim is to estimate

[9(7) — s (0(7)| [(7) = Z(7)] + 1Z(7) = s'(p(7))]
< (r) = Z(1)] + lo(r) = X(7)] -

Here we have used that s' has Lipschitz constant A < 1. The two solutions of Eq.(5)
satisfy the integral equations

VAN

(21)

o(r) = ¢(m) + e[ Flp(0),b(0))do

, TE [Tj77—j+1)

W) = vm) + [ Gel0).v(0).do
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and
.

X(r) = o(r) + e / F(X(0), Z(0))do

T , T E [15,Tj1)

Z(r) = Z(1;) + é(X(a),Z(a),e)da

where G(z, 2, €) := G(x, 2) — € s2(x) F(x, 2).

From this we obtain

T

(1) = X(T)] < ely /[ISO(O')—X(U)I + |¢(0) = Z(0)|]do

75

T

[9(5) = Z()| + L2 [ [l(0) = X(@)] + (o) = Z(0)]do

7

IA

[¥(7) = Z(7)|

Adding the two inequalities we may apply Gronwall’s lemma and thus obtain
(22) o(7) = X(7) + [0(7) = Z(7)| < |ib(7y) = Z(7)] elP2re T
for 7 € |15, Tj41).

Introducing this estimate into Eq.(21) we have
[9(7) = s' ()] < () = s (o(75)) | et

Combining this estimate and the estimate (20) we have shown that there is K*(7*) such
that

(23) (1) = ' (p(7))| < K*e 77|z —s'(x)| for 7>0. 1
iii) Asymptotic phase: We again consider the solution (¢(7;x, 2, €),1(7; z, 2, €)) of Eq.(5)
with |z| <6, take 7 > 0 arbitrary but fixed and introduce j € Ny and 7; := j7* such that

7; < T < Tj41. From Lemma 3 iii) we know that there is (Zo, Z) € Ml such that

(24) lp(m) = X (1) S eC e |z — s'(a)]

and N
(1)) = Z(1j)] < e 7 |z — 5" ()]

where QY(T), Z(Tﬁ is the solution of Eq.(5) with initial values X (0) = Zy, Z(0) = %, and
hence Z(7) = s'(X (1)) for all 7.
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We again use the solution (X (1), Z(7)) € M: of Eq.(5) introduced in ii). We estimate

p(7) = X(T)] < lo(r) = X(7)] + [X(7) = X(7)]

(25) i
[p(r) = Z(7)] < ()= Z(7)| + [Z(r)—Z(7)].

Due to the results of ii) and since

|Z(7) = Z(r)| = |s' (X (7)) — ' (X(7))| < |X (1) = X(7)|

we only need an estimate for |X (1) — X (7).

From the integral equations of X (7) and X () we obtain

X (r) = X(T)] < le(ry) = X(75)| +2¢ Ly / | X(0) = X(0)|do for 7€ [rj,7541) -
T
Hence, applying Gronwall’s lemma yields
[X(r) = X(7)] < le(ry) = X(7)| 217
Now, combining this estimate and the estimates (22), (20) and (24) with Eq.(25) we have

shown that there is K(7*) > 0 such that

(1) = X(1)| < K e |z — s} ()]
N - , T>0.
W(r) = Z(1)] < K e #7|z — s'(2)| L

v) Mazimality: Tt holds that every solution (z(7), z(7)) of Eq.(5) satisfying |z(7)| < § for
all 7 € R lies in M., ie., 2(7) = s'(2(r), €) for all 7.

Proof: The set {(z(7),2(7))| 7 € R} € R™x D} is invariant under the flow of Eq.(5).
Hence, the set {(x(j7%),2(j 7)) | 7 € Z} C R™x D} is an invariant set of the map P..
Lemma 3 v) implies that this set lies in Mi and therefore (z(7), 2(7)) lies in Mi forr e R
due to the invariance of Mi under Eq.(5). 1

If (z(7), 2(7)) is a solution of Eq.(5) then (x(7), y(7)) with y(7) = s°(z(7)) + 2(7) is a
solution of Eq.(4). Hence, defining

s(z,€) = s%(x) + s'(z, ¢

completes the proof of Theorem 2.
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