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Abstract

We study frequency domain electromagnetic scattering at a bounded, penetrable, and
inhomogeneous obstacle  C R?. From the Stratton-Chu integral representation, we derive
a new representation formula when constant reference coefficients are given for the interior
domain. The resulting integral representation contains the usual layer potentials, but also
volume potentials on 2. Then it is possible to follow a single-trace approach to obtain boundary
integral equations perturbed by traces of compact volume integral operators with weakly
singular kernels. The coupled boundary and volume integral equations are discretized with
a Galerkin approach with usual Curl-conforming and Div-conforming finite elements on the
boundary and in the volume. Compression techniques and special quadrature rules for singular
integrands are required for an efficient and accurate method. Numerical experiments provide
evidence that our new formulation enjoys promising properties.

1 Introduction

1.1 Maxwell Transmission Problem

We are interested in solving the frequency domain electromagnetic wave scattering problem in a
medium that is homogeneous outside a bounded region Q; C R?® (see Figure 1). We denote the
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Figure 1: Geometric setting. Inhomogeneous material.

exterior domain €2, := R3\ ;. Material properties are given by functions ¢ € L>®(R3) and p € L>(R3)
where
e(x) =¢eo, plx)=po forax e, (1)

and €y > () > €min > 0, fmax > 1(€) > fimin > 0 almost everywhere in R3.

The equations governing the problem of finding the total electric field w = u® + 4™ and total
magnetic field v := v* 4+ v™° in this inhomogeneous medium are

curlu —iwp(x)v =0, curlv +iwe(x)u =0, forx € R? (2)
where u™¢, v are the incident fields satisfying the vacuum Maxwell’s equations in the whole space,

curl u™ — iwpev™ =0, curlv™ +iweeu™ =0, for & € R?, (3)

and u®, v® satisfy Silver-Miiller radiation conditions [19, Chapter 6]

lim v° x T W= 0, uniformly on r = |z|. (4)
T—00 T

The problem can be formulated as the following transmission problem:



Find u,v € Hy.(curl, R? \ T') such that

curlu — iwpgv =0, curl v + iwepu =0 in §2,,
curlu —iwp(x)v =0, curlv +iwe(z)u =0 in €,
U= u = —nu™, v =—%v"™ onT, (5)

. r .
lim v x — —w = 0, uniformly on r = |x|,
r—00 T

where ;= denotes the exterior /interior tangential trace operators (see Section 2.1 for details).

1.2 VIEs for electromagnetic scattering

In the general setting, it is possible to formulate volume integral equations (VIEs) to solve the
transmission problem (5). Depending on the material properties, different formulations can be used
[7, 34]. An example is given next:

Find v € H(div, ;) N H(curl, Q;) such that

u — grad div Ng, .., (peu) — KSNQMO (pew) — curl Ng, ., (¢ curlu) = u™e, (6)

— %’j), gm(x) =1— ay» and Naq, x, is the Newton potential over ; with

where p.(x) =1

wavenumber r (introduced in Section 2.2).

Variants of (6) can be found in [7, 22, 23, 34]. The operators involved in these formulations are
not compact in H(curl, ;) or H(div, €2;). Most of the equations include integral operators with
strongly singular kernels. Therefore, Fredholm theory can not be used directly, as the operators
underlying the VIEs fail to be compact perturbations of the identity. Spectral properties of the
volume integral operators (VIOs) have been studied, with results in the continuous setting [22, 23|
and numerical experiments for the discrete setting [33]. Well-posedness of their discretizations is not
available for the existing formulations. Galerkin discretizations, although widely used in literature,
are not guaranteed to be stable or converge in appropriate normed spaces. Galerkin methods for
second-kind boundary integral equations in L?(T") fail to converge for every asymptotically dense
sequence of subspaces of L*(T") [13]. An equivalent result for VIEs remains as an open problem.



1.3 BIEs for piecewise-constant coefficients

For the particular case of piecewise-constant material properties, BIEs can be used to obtain stable
formulations for the transmission problem. First and second-kind BIEs can be written [12, 17, 18, 41].
In this article we focus on the first-kind single-trace formulation (STF) from [12, Section 7.1], also
known in the engineering community as the Poggio-Miller-Chang-Harrington-Wu-Tsai (PMCHWT)
formulation [14, 38, 44]. This formulation can also be extended to the setting of composite scatterers
with piecewise-constant material properties. The STF BIEs for (5) with piecewise-constant coefficients
have the following structure:

Find « € H?(curly,I') and B8 € H~Y/?(divy,T') such that

inc

(M™'A,M+A,,) (;) M- (%"fmc) (7)

V7O

in H='2(curlp, T') x H='?(divy,T'), where A, is the Maxwell’s Calderén operator with
wavenumber k., (see Section 2.4).

For piecewise-constant coefficients, BIEs are arguably the best option as a formulation for the
transmission problem. Solving BIE formulations with the boundary-element method (BEM) offers
an accurate and efficient approach. Matrix compression techniques such as % and H?-matrices [2, 4]
significantly reduce the cost of storing and solving the dense linear systems arising from a BEM
discretization.

1.4 FEM-BEM coupling

A widely used approach to the discretization of the transmission problem (5) relies on the coupling
of a volume variational formulation in §2; with boundary integral equations realizing the Dirichlet-to-
Neumann map for €2,. Subsequent Galerkin finite-element discretization leads to schemes known
as FEM-BEM coupling. Different couplings can be obtained depending on the choice of boundary
integral equations (BIEs) for the coupling, such as Johnson-Nédélec [30], Bielak-MacCamy [3] or
Costabel-Han approaches [20, 27, 29]. Robust formulations with respect to the wavenumber have
also been studied in [28]. We used solutions produced by FEM-BEM coupling as reference in Section
5.3.



1.5 STF-VIEs

One drawback of the approaches mentioned in sections 1.2 and 1.4 is that these methods do not
benefit from a piecewise-constant material. Neither classical VIEs nor FEM-BEM coupled formula-
tions reduce to pure BIEs when applied in the special case of piecewise-constant coefficients. Our
interest is to study an extended formulation based on boundary and volume integral operators. The
approach is similar to [43], and the analysis follows closely the acoustic scattering analog [32], with
a few differences that are particular to Maxwell equations. Starting from the Stratton-Chu integral
representation, we derive a new combined integral representation for the electric and magnetic fields.
For the case of piecewise-constant coefficients, the formulation reduces to the simple case of first-kind
BIEs (7). The volume integral operators can be shown to be compact, and only supported in the
domain of inhomogeneity (i.e. not necessarily the whole domain 2, see Figure 2).

Localized inhomogeneity

Localized inhomogeneity
(a) Region to be meshed for VIEs and FEM. (b) Region to be meshed in our formulation.

Figure 2: Domains for transmission problems with spatially varying coefficients.

The requirements are established in the following assumption.



Assumption 1.1. The following assumptions will be required
1. Q; is a bounded Lipschitz domain with boundary T.
2. The parameters are smooth inside Q;: €, u € C1(Q;) N C?(Y).

3. There are positive constants €min, Mmin, Emax, Mmax SUch that
Emin S 8(.’,13) S €max Hmin S ﬂ(w) S Hmax
for all x € €.

4. Reference coefficients €1, 1 € R are chosen such that p; > 0,61 > 0.

In constrast with the acoustic scattering approach, for Maxwell problems we need different
techniques. Problems are no longer coercive, but T-coercive [16]. Discrete stability now depends on
h-uniform inf-sup conditions, equivalent to Tj-coercivity. First order formulations play a central
role, due to the symmetry between electric and magnetic fields. Finally, we observed an interesting
problem when discretizing volume integral equations: discrete stability of duality pairings can not
be taken for granted as in the scalar case.The required stability estimates are not readily available
as in the case of H'(f2) and its dual space H ().

1.6 Outline and main results

In Section 2.1 we introduce the preliminaries for the functional setting in which we study our
equations. We present the derivation of the representation formula in Section 2.7. Our new
representation formula is written in Section 3, (62), and we state the variational formulation in
Problem 4.1, Section 4.

In Section 4 we study the continuous problem using standard techniques: Fredholm theory and
T-Coercivity. In Theorem 4.12 we establish the well-posedness of Problem 4.1.

Results about the Galerkin discretization are presented in Section 5. Numerical experiments that
validate our formulation are shown in Section 5.3.
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2 Derivation of VIEs

2.1 Preliminaries: Function spaces and trace operators

Let €; C R? be a Lipschitz domain, I" := 99, its Lipschitz boundary with outward unit normal r.
We rely on standard Sobolev spaces H*(€2;) of order s > 0. We also denote as H~*(£2;) the dual
space of H*(€;) [35, Section 3|. Spaces of compactly supported (resp. locally integrable) functions

will be denoted with a sub-index comp (resp. loc), as in Hg, (£2;). Sobolev spaces on the boundary

I are denoted as H*"'/2(T"). They arise naturally as boundary restrictions of elements of H*1(€);)
by the interior Dirichlet trace operator

T H Q) — HHW(F)i 0<s<i,

v u=ulp, forueC®(),

which is a bounded operator [35, Theorem 3.37]. Note that we use boldface symbols to indicate vector-
valued functions and function spaces of vector fields. We define the interior normal (component)
trace operator 7y, [36, Theorem 3.24]

Yo« H(div, Q) — HV2(D),
Tou=ulp-n, foru e [C®(Q)],
where the space H(div, §2;) is defined as
H(div, Q) == {u € [L2(Q)]* : divu € L)},
the interior tangential (component) trace operator 7 [11, Theorem 4.1]
77 : H(curl, Q;) — H™Y?(curlp, T),
Yo uwi=nx (ulp xn), for u € [C®()]?,
and the rotated tangential (component) trace operator 7, [11, Theorem 4.1]
v H(curl, Q;) — H Y2(divp, I),
vu=ulp xn, foru € [C()]°,
where the occurring spaces are defined as
H(curl, ;) == {'u, € L*(Y) : curlu € LQ(Qi)} :
H'(curl, Q;) == {u c H'(Q;) : curlu e HI(QZ»)},
H~2(curly, ) == {y, € HF/Q(F) s curlpp € H_I/Z(F)} ,[11, Theorem 4.1]
{weH(T) « divpp € HVA(I)}, 11, Theorem 4.1]



and H'() = [H2(0)]", 1,2(0) = [B)7(1)] .

Differential operators on surfaces of Lipschitz domains are defined according to [11, Section 4]. We
also need the isomorphism R : H=/2(curly, I') — H™Y2(divy, ') given by Ry := m x . In particular
[11, Section 2], for u € H(curl, §2;) we have
R(nu) = —vru, R(yru) = pu. (8)
For uw € H(A,;), where
H(A, Q) = {ue H'(Q) : Aue LX)},

we define the Neumann trace operator 0, as [40, Theorem 2.8.3]

o, - H(A, Q) — HV(D),

O u=gradulr-n, forue C®(Q).

Replacing €©; by €, = R?\ €; in the previous definitions, we obtain exterior trace operators:
Yy v, v and O, keeping the normal vector m.
We define jump and average trace operators for elements of H'(R?\T'), H(div, R‘\I') and H (A, RI\T):

bl={r =7} k=5t +77)

and similarly for other trace operators. We denote the sesqui-linear inner product in L*(€;) as
(u,v)q,. It can be extended to a duality pairing between H'(£2;) and H'(€);). Similarly, we define
the sesqui-linear dual product for H*/?(T") and its dual H~*/2(T"), and denote it as (-, -)r. We denote
(p, ¢) . the sesqui-linear duality pairing between H~'/2(curly, T') and H~/2(divy, ).

2.2 Fundamental Solutions and Newton Potential

The fundamental solution for the Helmholtz operator with wavenumber x € R is given by G, €
Ll .(R3) [42, Section 5.4]:

exp(ik|z — y|)
Ar|z — y|

Gu(z,y) = , zyeR z#y. (9)

The Newton potential N, : C2°(R?) — C*(R?) is the mapping defined by [40, Section 3.1.1]

N f(@) = [ Gulw,y)f (y)dy. (10)

The Newton potential can be extended to the following two continuous operators

N : Hegmp(R?) = Hioo(R?),

comp

N, : L2 (R — HE.(R?)

comp

(11)

9



and more generally, N, : HS, (R?) — HET2(R3) is continuous for s € R [40, Theorem. 3.12].
Similarly, by extension by zero followed by restriction to €;, it is possible to consider the Newton

potential in a bounded domain €2; :

NQT.’,{ : LQ(QZ)%HQ(QZ),

12
Nﬂiyﬁ : H_I(Ql) — HI(QZ) ( )

We define the scalar single layer potential as [21, Theorem 1]
S, =N,o9 : HY*T) = HL (R*\T), (13)

which for smooth enough densities ¢ € L*°(I") has the following integral representations for ¢ I"

(Se)(@) = [ Gl y)(y)ds,. (14)

The following theorem [19, Theorem 8.1] is essential for the derivation of volume integral equations
for scattering problems.

Theorem 2.1. The Newton potential defines a solution operator for the Helmholtz equation on R3,
i.e. for f € L2 (R3) compactly supported in ;, u = N.f satisfies

comp
—Au—ku=f inR (15)
and the Sommerfeld radiation conditions.

Both the Newton potential and the single layer potential will also be used with vectorial arguments,
for which the following mapping properties hold.

Proposition 2.2. The Newton potential can be extended to vectorial arguments component-wise.
We denote it as Ng, ., and it defines a continuous linear operator

NQZ',K : LQ(Ql) — HZ(QZ>, (16)
and it has the integral representation
Noo(f) = [ Gul@ —y)F(y)dy,
Q;

for all f € L2().
The single layer potential can also be extended to vectorial arguments component-wise. We denote it
S,, and it defines a continuous linear operator

S, :H 2 - HLE(RY), —l<s<

loc

10



Proof. We know that the scalar Newton potential satisfies

No, . : L2(€4) — H?(S). (17)
In particular, for w € L?(;), using (17) component-wise leads to

N, : L2(Q;) — H* (). (18)
In a similar way, we know (see [40, Theorem 3.1.16]) that the scalar single-layer potential satisfies
Se:t H V(D) — HU(RY), —l<s<li. (19)

For any ¢ € H™'/?%¢ s € (—1,1] using (19) component-wise, we obtain
S, H* 5 HIF(RY), —-l<s<l (20)
O

Corollary 2.3. The Newton potential defines a continuous linear operator
No, . : H(curl, ;) — H?*().
Corollary 2.4. The vector-valued single-layer potential S, defines a continuous linear operator
S. : H'2(divp,T") — H(curl, Q).

Proof. From Proposition 2.2, since Hi. (R?) C Hjo(curl, R*), and H~2(divy,I') C H."*) c
H-/2(I') = [H~'(T")]3, we obtain

S, : HV2(divp,T') — Hy(curl, R?). (21)
O

2.3 Stratton-Chu Representation Formula

We show an integral representation for arbitrary vector fields, which will be useful for the study of
Maxwell solutions [36, Theorem 9.1]

Theorem 2.5 (Stratton-Chu Integral Representation). Let u,v € C%(€;), &, px > 0, and k, =
W/lixex. Then the following integral representations hold

u = curl(Ng, ., (curlu — iwp,v)) + iwp,Ng, ., (curl v + iwe, u)
— grad(Ng, ,, (divw)) + curl(S,, (vru)) + grad (S, (1mu)) + iwp.S, (17v),
(22)
v = curl(Ng, ., (curlv +iwe,u)) — iwe,Ng, ., (curlu — iwp,v)
— grad(Ng, ., (divv)) + curl(S,, (7,v)) + grad(S,, (1av)) — iwe S, (-u).

11



We introduce the transmission problem with piecewise-constant coefficients eq, g > 0 in €,
€1, 1 > 0in €;.

curlu —iwpev = 0, curlv +iwegu = 0 in Q,,
curlu —iwv = fi, curlv +iwe;u = fy in €, (23)
_ . _ ‘ 23
Nu—rnu = —nu, NV—pv = —pv™ onT,
. T .
lim v x — —u = 0, uniformly on r = |x|
7—00 r

where f; and fs are in H(div, €;). For Maxwell solutions, the integral representation takes a different
form. If w, v are solutions of (23), it is possible to express u and v in terms of y,u, 1 u, v,v. Note
that from (23) we have

(curlu — fy) in Q;,

curlv +iwsiu=fin Q) = wu= Mlgl (—curlv + f5) in £,

. o . o 1
curlu —wwpv=Ffind = wv= o

and therefore, using the property [11, Section 4]

i (curl F) = divp(yEF), for all F € H(curl, R\ T'), (24)
we obtain the following identities in H~'/2(T)
1 1 . _ _
Yot =n-ulp = —— (—n-curlolp + n- folr) = —— (= dive(1;0) + 75 f2) (25a)
TWE WEY
YoV =M -V|p = ! (n-curlulr —n- filr) = — (curlp(%_u) - W_f1) : (25b)
n iwp iwiy "

From Theorem 2.5, in §2; we have (k1 = w,/E1t1) for the solution (u,v) of (23)
u = curl(Ng, ., (f1)) + iwpiNa, «, (f2) — grad(Ng, ., (divu))

— curl(S,, (Ry; w)) + iwm (/{1% grad (S, (divr(v;v))) + Sk, (77 v)) : (262)

1 _
+ E grad(sm (P)/n fZ))a

v = curl(Ng, ., (f2)) — iwe1Nq, , (f1) — grad(Ng, ., (divv))

+ curl(S,, (v, v)) + iwe; (;41% grad(S,, (curlr (v w))) + Sm(R%_u)> (26D)

1 _
b Emad(S, (1 1),

12



Owing to the vanishing source terms, in €2, we find the representation

u= curl(S,, Ry u)) — iwpo (1 grad(S,, (divr(1;v))) + S, w:v)) , (27a)
0

v = — curl(S,, (v v)) — iweg <,j2 grad(S,, (curlp(vfu))) + SKO(R%JFU)> : (27b)
0

Proposition 2.6 (Maxwell Layer Potentials [12, Theorem 5]). We define the Mazwell single layer
potential as

T.08 = K% grado S, odivr +S,, forall B € H_l/z(din7 ), (28)
which is a continuous linear operator

T,. - HY%(divp,T) — H(curl®, Q; U Q,) N H(div 0, Q; UQ,). (29)
We also define the Maxwell double layer potential as

D,.o = curlS,(Ra), for all a« € H?(curlp,T), (30)

which is a continuous linear operator

D, : H'?(curlp,T) — H(curl®, Q; UQ,) NH(div0,Q; UQ,). (31)
where

H(curl’, Q,UQ,) == {u € H(curl,Q; UQ,) : curl’u € L*(Q; UQ,)},
H(div0,Q;UQ,) ={ueL*(UQ,) : divu = 0}.

Maxwell layer potentials define solutions for the Maxwell’s equations complying with the Silver-
Miiller radiation conditions. Note that

curl 7, = curlS, = —D,R, (32a)
curl D, = curl?(S.R) = (grad div +x%)S.R. (32b)

The following identity is useful in our computations.
Lemma 2.7 ([12, Lemma 5]). For 8 € H™Y/2(divy,T') we have div(S.(B)) = S(divr B) in L2(R3).
From Lemma 2.7 and (32b) we obtain
curl D,, = (grad oS, o divy +x?S,)R = k*T R. (33)

The Maxwell layer potentials also satisfy jump relations across a boundary I'. This will be useful
when deriving boundary integral equations from integral representations.

13



Proposition 2.8 (Jump relations [12, Theorem 7]). Tangential traces of Mazwell layer potentials
are well defined and satisfy

[]T.=0, [w]D.=-1, inH Y?(curlp,T), (34)

where 1 is the identity operator in H™Y/2(curly, ).

2.4 Boundary integral operators

Boundary integral operators can be defined by averaging traces of Maxwell layer potentials (28) and
(30).

First, we define the Maxwell single-layer boundary integral operators (or electric field integral
operators) [12, Section 5],

1
V.= {1} T. = — gradp oV, o divp +V* (35)
K
: H VY2(divp, T) — H Y2 (curlp, T),

W, = —{y, }curl(D,) = — {7, } k*T R = curly oV, o curly +x*V7 (36)
- HY2(curlp, T) — H™Y2(divp, T),

where

Ve ={1}Se, Vi={n}S: Vi={r}SR) (37)

Proposition 2.9 (Ellipticity of single layer operator [12, Lemma 8]). The operators Vo, V§ and V7§
are continuous and satisfy

Voo, ¥)r > C 1|52y for all € H™VA(T), (38)
(VEB,B)r > C ||Blf-1oy  Jor all B € HL(D), (38D)
(Viewoyr > Cllallfegy  for all o€ HVA(I), (38¢)

with constants C > 0 only depending on T' .

We also define the Maxwell double-layer boundary integral operators (or magnetic field integral
operators),

K, = {1} D. : HY2(curlp, T) — H™Y2(curlp, I),

121 12, 1. (39)
K. ={v.} (D.R) : HY?(divp,I") - H Y?(divp, ),

"'We write C for a positive generic constant. The value of C' may be different at different occurrences.

14



We collect all of them in the Calderén operator

-K, V.
A, = H() — H(D), 40
(WH K ) (1) > H(T) (10
where we denote
H(D) = H Y2(curlp, T') x H™Y?(divp, T). (41)

2.5 Calderén Identities

From the jump relations (34) and definitions of BIOs, traces of layer potentials can be written in the
form of Calderdn identities. We start from the representation formula in (26) for the transmission
problem (23), that is the case of piecewise-constant coefficients, and assume that there are no sources
fi and f> in €;. Then, it follows from the definitions and jump relations

vou= (31— Ky, ) (w) + iwm Ve, (17 0), (42a)

1o = (3I+K,) (r;v) + oy W (). (42b)
Similarly, for (27a) and (27b) we have

wu = (G4 Ky ) (6 u) = iwpo Ve (17 0), (43a)

o= (- KL) (570) = W () (13b)

We denote

5 {iwuov, for x € Q,, (44)

wv,  for & € Q)

and write (42) and (43) as

(-4 (1) o )

(f1+A,,) (ﬁu) = 0. (45D)

15



2.6 Boundary Integral Formulations for Transmission Problems

The focus is still on the case of piecewise-constant coefficients. From the Calderén identities (45) it
is possible to obtain a formulation for transmission problems. So far, we know that u and v are
Maxwell solutions, and we have written expressions for their interior and exterior traces. It remains
to impose transmission conditions

+ — inc
Ve U 1 0 Yu\ [ nu

+ 2 N Ko -3 B ~inc on I'. (46)
V70 0 %) \-v V-0

1 0
e ) 2) .

H1

We denote

and combine (46) with (45b) to obtain
“u uinc uinc
(AT+A, )M (%_ ) =—(31+A,) (7'3 m) - (% m) , (48)
VO V7O Y+

inc

and v are interior Maxwell solutions with wavenumber rg. From (48) we
(l1+M'A, M) (% “) —_M! (Wf, ) . (49)
V7V V0™

Now, subtracting (45a) from (49) we obtain the first-kind single-trace formulation [12, Section 7).

where we used that w
get

Find « € H?(curly,I') and B8 € H~Y/2(divy,I') such that

(M—1A50M+ A,ﬂ) (;) - M (%“ ) (50)

y ,5inc
o

in H~Y2(curlp, T') x H~'?(divp,T).

2.7 Boundary-Volume Integral Representation

Now we return to the situation where the interior coefficients may not be constant anymore, i.e.
may vary in space. We write the transmission problem (5) as follows
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curlu —iwwpgv = 0, curlv + iwegu = 0 in Q,,

curlu —iwmv = fi, curlv +iweiu = fo in €;, (51)
Yu—vu = —puc, YwWov—yv = —pv™ onT,
lim v x 2 —u = 0, uniformly on r = |z|,
r—00 r
where
fi(x) = —iwppp(x)v(x), fo(x) = iwerpe(x)u(x),
pm(x) =1— M, pe(x) =1— ﬂ,
H1 2l

for x € ();, and £, 43 € Ry are conveniently chosen parameters.

Remark 2.10. Note that for smooth parameters ¢ and p (see Assumption 1.1) and for elec-
tric/magnetic fields u,v € H(curl, ;) NH(div, §2;), we obtain that fi|q, and filq, are in H(div, §;).
Therefore, we are in the setting of Section 2.3.

The representation formula (26) now reads: In €;,
u = — iwpy curl(Ng, ., (pmv)) — 1Ng, 4, (peu) — grad(Ng, ., (divu))
— curl(Sy, (Ryg ) — grad(Sy, (1) +iwpn Sy, (470)
v = iwe; curl(Ng, ., (peu)) — KiNg, «, (Pmv) — grad(Ng, ., (divv))
+ curl S, (v, u) — grad (S, (7, v)) + iwe1 Sy, (R’y{u) :

(52a)

(52b)

The operator curl(Ng, ., (p+ -)) : H(curl,Q;) - H(curl,Q;) (x = {e,m}), is only bounded, not
compact. This can be seen by an integration by parts result on Newton potentials. For F € L%(€;),

curl(Ng, ., (F)) = Ng, ., (curl F) + S, (7. F). (53)

It follows that
curl NQNﬂ (pu) = Nﬂmﬂ (curl(pu)) + Sfil (p%-’u,), (54)

where the vector single-layer potential Sy, is only a bounded operator in H(curl, €;).
We will repeatedly make use of the product rule

curl (fF) =grad f x F + fcurl F, fec CY(), F € [C'()]°.
Solutions of (51) also satisfy

divieu) =grade - u +ediv(u) =0 = div(u) = —7. - u, in €, (55a)
div(pv) = grad p - v + pdiv(v) =0 = div(v) = -7, - v, in Q, (55b)

17



where we defined

3 STF-VIEs

The representation formula from (52a) and (52b) now reads

U =—- Z("‘):ul Curl(NQi,fil (pmv>> - KJ%NQMﬂ (peu) + grad(NQi,fﬂ (Te : u)) (57)
— curl(S,,, (Ry; w)) — grad(Sy, (3, w)) + iwmSy, (170).

v = iwe; curl(Ng, ., (peu)) — m%NQi,m (pmv) + grad(Ng, x, (T - v)) (58)
+ curl(S,, (v, u)) — grad(S,, (1,v)) + iweiS,, (Ryy u).

The integration by parts result from (53) leads to

CUI‘](Nth (pmv)) = NQi,/ﬂ (Curl(pmv)) + Slﬁ (pm’Y;U)a (59&)
CllI‘l(Nth (peu)) = NQi,fﬂ (curl(peu)) - Sfﬂ (peR’yt_u) (59b)

From (25a) and (25b) we obtain
1

—ap — _ . _ . H,1/2 T
Tw =~ dive(y7v) in HAD), (60a)
1
— Lo~ i H-Y2(T b
v = o ewleliw) i HOVD), (600)
where () ()
. e(x N w(x
E(x) = , i(x) = 61
@)= pa)=LE (61)

for all & € ;.
From now on, we denote ¢ = iwuv. Combining expressions (59a)—(60b) into (57) and (58) we
obtain a new representation formula for the fields u, v solving (51):
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Au — D, (v u) + T (v, 9), in Q;,

A" — D, (Ry; D) — kI TE (Ryg w), in Q,

where we defined the volume integral operators

E"v = —Nq, ., (curl(p,,v)),

E°u = —K1Ngq, x, (curl(p.u)),

A" = —k]Nq, s, (Pmv) + grad No, ., (T, - ),
Au = —k{No, x, (pert) + grad No, , (Te - u),

and the layer potentials

T7(B) = 1z grad(S., (; dive(8))) + S, (b8), B € HV2(divr, I),
D,,(a) = curlS,, (Ra), a € HY?(curly, I).

Remark 3.1. We use v as an unknown instead of v in order to avoid scalings in our operators.

We take the trace 7, on (62a) and v, on (62b). By the jump relations (34), we obtain

You = (B"0) + 7 (Au) + (31— K, ) (yyw) + VE/'(3; 9)
17 =75 (B'u) + 75 (A™0) + WS (y;u) + (AT + KL, ) (iwpnv; ©)

where we define weighted boundary integral operators as

Vo) = :12 gradp V.., (1 divr(8)) + VL (iB8), B € HV2(divr, I),
Wi () = curlp Vm(% curlp(@)) + K1 V], (Ear), a ¢ HY?(curly, I).

We denote o™ ==, u, B~ =, 0 and rewrite (65a) and (65b) as
a” = (E"8) + 7 (Aw) + (31— K., ) (a7) + VI(87)
B =7 (Bw) +1; (A"0) + Wii(er) + (31 + K, ) (87).

(65a)
(65h)

(66a)
(66b)

(67a)
(67b)

We denote o™ = vfu, BT = iwuyyv. From (27a), (27b) and the jump relations (34) we have

o = (%I + Km)) (o) = Vi (BT)
BY = —W, (@) + (- K (89

19
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From (67a)—-(68b) we can write
(31— AZ7) (a ) —Jou — J"% =0, (69a)

(41+A,,) (‘;:) —0, (69D)

where we defined

B _K, Vii
ASH = Loom ) : H(D) — H(D), (70a)
o lwee ke
e
Je = %__ ) . H(curl, ;) — H(T), (70b)
v, =
g = [T = ) : H(curl, Q;) — H(D). (70c)
I AT

Combining (69a) and (69b) with the transmission conditions

1 0\ fat) (1 0)(fa") [ wu™ .
o 2)\s) o 1) \p)  \Lyome) °

Retaining o := ™ and 8 := B~ as unknown traces on I', we obtain the single-trace boundary-volume
integral equation

=]

C

= iwiev™. (71)

inc

MA, M+ A (Y] £ Ju+ T8 = v [ Y (72)
0 K1 ﬂ

1 0

where M = )
0 ko
M1

VU
We summarize the resulting coupled BIEs-VIEs in
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Problem 3.2 (STF-VIE). Find fields w,v € H(curl, ;) and traces (e, B) € H(I") such that

(72) M lAnoM L AE# L Je : Jm o g1
(62a) = D,, Tilu - Af B @ _ 9(7)2 &)
,,,,, o T o ITALTET T
(62b) KRTPR DR 1 —E (1-A™ ) |- ;
v

4 Analysis of STF-VIEs

4.1 Variational Formulation

We now present a variational formulation for the coupled system (3.2). We denote by (-, -)q, the
duality pairing between H(curl, ;)" and H(curl, €;). Recall that (-, ), r denotes the duality pairing
between H™/2(curlp, I') and H=/2(divy, T'). In the trace space #(I') we define

() + HI)xHI) = C, (p,C) = (p1,60)r,r + (C1,Po) 1 (73)
for all ¢ = (o, 1) € H(I), €= (G, ¢1) € H(D).

Problem 4.1 (Variational Formulation for STF-VIE). Given g € H(T'), we seek (a, 8) € H(I')
and (u,v) € H(S;) = [H(curl,Q,)]? such that the variational formulation

a((a, 8),(¢,€)) + b((u,v),(¢.€) = (g,(¢€),
(e, B), (w,q)) +

d((U,U), (w?Q)) = 0,
holds for all (,€) € H(I') and (w,q) € H($2;)', where we denote the sesqui-linear forms

a((e, B), (¢, 8)) = (M A, M + AZF)(x, B), (¢, €))), (74)
b((u,v), (¢,£)) = {(Iu, (¢, €)) + (I™v, (¢, £)), (75)
c((er, B), (w,q)) = (D, — T} B), wa, + (D, (RB) + fﬁ T} (Ra)), @)o,, (76)
d((u,v), (w,q)) = (u — A°u — E™v, w)q, + (v — A™v — E®u, q)q, (77)
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Proposition 4.2. The sesqui-linear forms defined in (74)—(77)

are all continuous.

Proof. The result follows from
« Continuity of the vector-valued Newton potential (Proposition 2.2).

 Continuity of the Maxwell layer potentials (Proposition 2.6).

a: H
b : H
c: H
d: H

() x #H(I) = C,
() x #(I') = C,
() x H($%) = C,
() x H(2)" — C,

« Continuity of trace operators [11, Theorem 4.1].

4.2 Coercivity of weak STF-VIEs

Based on the results shown in Section 2.2, we establish mapping properties for the operators defined

in Section 3.

Proposition 4.3. The Newton potentials N, . and Ng, ..

are continuous.

Proof. We know that

Nﬂi,*

N, . : H(curl, ©;) — H'(curl, Q;),
N, . curl : H(curl, Q;) — H'(curl, €);),
grad Ng, , : L*(Q;) — H'(curl, ;).

LL2(Q) — H2(Q).

(82a)
(82b)
(82¢)

(83)

We also know the continuous embeddings H(curl, ;) C L?(;) and H?(Q;) C H!(curl, Q;).

Therefore, we conclude (82a).
We can show (82b) from (83), since curl : H(curl, ;) — L*(€;) is bounded.

To show (82c), we consider f € L*(€;). We know from (11) that Ng,.f € H?(€2;), and therefore
grad Ng, . f € H'(€;). In addition, we know that curl(grad Ng, . f) = 0. Since both Ng, ,f and its

curl belong to H'(£2;), we conclude that Ng, . : L*(€;) — H'(curl, ;).
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Corollary 4.4. Under Assumption 1.1, the operators

A°: H(curl,Q;) — H(curl, (), A™ : H(curl,Q;) — H(curl, (),
Z°: H(curl, ;) — H(curl, ;), E™: H(curl, Q;) — H(curl, Q;),

defined as in (63a)—(63b) are compact. In particular, the operators
J¢: H(curl,Q;) — #H (D), J™: H(curl, Q;) — H(D),
defined in (70b) and (70c) are compact.

Proof. From (63a) and (63b), we observe that A¢, A™, 2 and E™ are linear combinations of operators
of the form (82a)-(82c). Multipliers are all bounded and smooth, therefore they map elements of
H(curl, ©;) to H(curl, €;), and to L?(€;).

The result follows by Rellich’s embedding theorem [40, Theorem 2.5.5], which states compact
inclusion from H'(£2;) into L?(€2;) (and therefore from H'(Q;) into L*(€;)). O

The left-hand side of the STF-VIE (&) can be decomposed into several operators as suggested
by the operator matrix notation in (&). An abstract analysis on such block operators is given in
Appendix A. In particular, we need to establish the coercivity /inf-sup stability of the diagonal
operators

M A, M + AZI” : HT) — H(D),

and

I-Ac —Zm
(_Ee I_Am) (0 H(0)

After establishing stability and uniqueness of solutions, from Proposition A.2 we will be able to infer
well-posedness of the continuous problem.

The first step is to show that a generalized Géarding inequality (T-coercivity) holds for the
(weighted) Maxwell Calderén operator A%/ from (70a). We start with the following result for
(weighted) scalar and vector-valued single layer operators.

Lemma 4.5. Let x € C*(Q;) be such that

O < X min < X(QZ) < X maz

for all® € Q. Let ky > 0 and V,, : H-Y2(T') — HY2(T) be the scalar single layer boundary integral
operator with wavenumber ry. Then, there exist a compact operator ©, : H~Y/(I') — HY?(T) and
¢y > 0 such that

Re {(Vi, (x), @)r + (O, 9)r} > ey lloll-vzry (84)
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holds for all ¢ € H='/%(T).
The result can also be extended to the vectorial case. There exist a compact operator ©, :
H~Y2(divp, T') — H Y2(curly, I') and a constant C, > 0 such that

Re {(VL,(xB), B)rr + (8,8, B)rr | = O |1Bllir-12(r) (85)
holds for all B € HY/2(divp 0,T).

Proof. Note that x'/? is well defined and x'/? € C*(£);). Then

Ve, (x9), 01 = Vi, (XX 20), 0)r
= (X"*V,., (X"?90), o)1 + (VX — X"V X2, )1
= Vi, (X"290), ("%0))r + (VX — X2V X'72) 0, )1

We define ©,, := V.., x — x/?V,,, x!/2. This is a compact operator due to the cancellation of singularity
at x = y:

Gz, y)x(y) — G, y)x'*(x)x*(y) = Gz, y)x*(y) (' (y) — x*(@)).
We also know that there exists a compact operator Oy, : H/*(T') — HY*(T') such that
Re {(Voe, ¥, ¥)r + (Ov, ¥, ¥)r } > ov,, 8l 12y

for every v € H='/2(T"). Note that x'/2p € H='/?(T") for x'/? smooth and ¢ € H~'/?(T"). We define
© = x'/?0y,, x*/* — O, and conclude

X1/2

2 2
Re {(Via (x0) 9)r + (0,001} = ev, X0, 1oy = xlleliz—vagey

where ¢, depends on ¢y, and y, and we used Lemma B.1 in the last inequality.
The result for V. can be shown by following the same approach and using Lemma B.1. O]

In the spirit of results valid for the Maxwell Calderén operator [12, Theorem 9], we can state the
following proposition.

Proposition 4.6 (Generalized Garding inequality for Aif‘) Let e, € CH(Q) and define arbitrary
positive coefficients €1, p1, k1. Let Ail“ be defined as in (70a), where & = ;—1 and fi = % Then, there
is a compact operator O : H(I') — H(T'), an isomorphism Xp : H(I') — H(I') and a constant
Ca > 0 depending on €, p, €1, j11, k1, $;, such that

Re {<<A (‘;) X (‘;) >> " <<@A (g) | (‘;) >>} > Oa (@ By (86)
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Proof. The proof is largely based on the one in [12, Theorem 9], with the difference that the operator

A% is weighted by the strictly positive C'-smooth multipliers € and f.

We use the regular decomposition theorem [12, Lemma 2]: o € H™'/?(curly, T') can be written as

a=o) +og, o] € Hﬁ/Q(F), Qg € H_l/z(curlp O,F),

where
ol ey < € llewrlr a1y

Similarly, 8 € H~'/2(divr, ') can be written as
B=BL+po BreHD), foeH (divr0,T),

where
H'BLHHlxm(F) <C “diVF IBHH*I/?(F) :

We define

B BL—Bo

Now we write

(e () (5] = e () (5,
e ()5
e (3) o))
() Co,

We study the first term in the right-hand side of (90),

() (50, - emm

+ (Whfa,, a)r + (K, Bo, a1)r,

1
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Xr (a) = ( XL ao) . forall a € HY?(curlp, T), B € HV2(divp, T).

(87)

(83)

(89)

(91)



where

(VEBo, Bo)r = (V3. (Bo); Bo)r, (92a)

(Whea o )r = (Vy, (% curlp ), curlp ey )r + K5 (VE (Eal), ai)r (92b)

The second term in (92b) is a compact perturbation since a; € Hlx/ 2(F ) and Hlx/ 2(F) is compactly

embedded in H;l/Q(F) [12, Corollary 1], while for the first term in (92b) and (92a) we have a
coercivity result that follows from Lemma 4.5

Re{(V},, (iB0), Bo)r + t(Bo, Bo)} > 1 H/30||§—I—1/2(1—\) : (93a)
Re{(V,, ( curlp vy ), curlp ey )r + (o, aer)} > e [|eurlp aL||§{_1/2(F) . (93b)

On the other hand, from [12, Lemma 6], a symmetry between K, and K with respect to the
duality pairing (-, -)r implies [12, Theorem 9|

— (Ki a1, Bo)yr + (K, Bo, a1 )r = —2ilm {(K,., 01, Bo)r} - (94)

Then, we can establish that there exist a compact perturbation @, ; and a constant ca ; > 0 such
that

Re {<<A (‘;) , (_‘;) >>F ; <<@A,1 (g) , (‘;) >>F} >eas (lewl a2 g (95)

+11Boll5r-1/2r) ) -

In a similar way, we study the third and fourth terms in (90) and show

Ro {<<A (;‘) , ( B"f) >> +((on: (‘;) , (‘;) >>} Sean (Idive B vngy  (96)

2
+[lotollfr-1/2ry ) -

Combining (95) and (96), and by the stability of the decomposition in (87) and (88), we conclude
that (86) holds. O

Corollary 4.7. Let us define A = M1A, M + Aif‘ Then, under Assumption 1.1, there is a
compact operator @y : H(I') — H(T), an isomorphism Xr : H(I') — H(T') and a constant Cp > 0
depending on €, u, €1, pi1, €o, Mo, 2, such that

Re {<A (‘;) K (Z) > T <@A (g) , (‘;) >} > Ca |l (et, B)ll34qr) (97)

1(ex, B) 34y = Netllzr-1/2emte.ry + 181720y
for all a € H™Y?(curlp, ') and B € H~Y/2(divr, ).

where
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Proof. The proof for a Generalized Garding inequality for M~ A, M follows the same approach as
in Proposition 4.6, also usign the isomorphism Xr. The result follows by noting that A is a linear
combination of two operators that satisfy a Generalized Garding inequality with same isomorphisms
Xr (Proposition 4.6). O

Proposition 4.8 (Generalized Garding inequality for I — A*). Let A*, = {e,m} defined as in
(63a) or (63b),

A°u = —r2Ng, ., (peu) + grad Ng, ., (7. - u),
A"y = _KJ%NQZ‘,M (pmv) + grad NQi,m (Tm ’ U).

Then, there exist a compact operator ©, : H(curl ;) — H(curl, ), an isomorphism X, :
H(curl, Q;) — (H(curl, Q;))" and a constant C, > 0 such that

Re {{(T - A")u, X.u)o, + (O.u, wnieuran | = Cullullfycun (98)

holds for all w € H(curl, £2;).

Proof. First, we study the duality pairing (u, w)q,, with w € (H(curl, €2;))". Note that a simple
choice is X, such that

(u, X,v)q, = (U, D)H(curL0,) = (U, D)q, + (curlu, curl®)g,, (99)

for all w,v € H(curl, (), i.e. the inverse Riesz isomorphism.
In that case, || X,|| =1 and

(u, Xew)o, = vl faeure) - (100)
From Proposition 4.4, we know that A* is compact in H(curl, €2;). Therefore, choosing ©, = A*
leads to (98). O

4.3 STF-VIEs: Uniqueness of solutions

The results from this section require an assumption on the material properties € and p.

Assumption 4.9. We assume that the material properties € and p are constant on the

interface I, i.e.
e(x) =¢e1, pl®)=mpm, foralaxel. (101)

Proposition 4.10. Under Assumption 4.9, there exists a unique solution to Problem 3.2.
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Proof. Let us assume that we have a solution u € H(curl,€);), v € H(curl, ), (a,8) €
H~/2(curlp, I') x H™Y/2(divy, ') such that

(M™'A,M + AZF) (g +Ju+ I =0, (102a)
D, (o) = T*(B) + u — Au — E™d =0, (102b)
K2T7(Rat) + D, (RB) + & — A& — E°u = 0, (102¢)

in H™/2(curly, T') x H™Y2(divp, T') x H(curl, ©;) x H(curl, ;).
Because we assume ¢(x) = ¢; > 0 and pu(x) = py > 0 for all @ € I', we can rewrite (102a)—(102c) as

(M'A,M+A,,) (g) 4 Jou + J7% =0, (103a)
D,,(a) - T,,(8) +u— A°u — E™d = 0, (103b)
k1T, (Ra) + D, (RB) + 0 — A" — Eu = 0, (103c)

The proof is divided into five parts.

1. From (103b) and (103c), we show that w and v “almost” satisfy Maxwell equations in . We
have an extra term, which is the gradient of a volume potential.

2. We show that the extra term from Part 1 is zero, and therefore w and v satisfy Maxwell
equations in €2;.

3. Using Maxwell layer potentials (see (28) and (30)) and a and B, we define uy and v, such
that they satisfy Maxwell equations in €2,. Then, we compute the jumps vy ug — v; u and
vtvy — v, v. Using (103a), we show that the jumps are zero.

4. We conclude that u, v, ug and vy define solutions for the Maxwell transmission problem with
no sources. It follows that all of them are zero. From (103a), we conclude that ac and 3 are
also zero.

Part 1. We take the curl of (103b). Using (32a), (32b) we get

k1T, (Ra) + Dy, (RB) + curlu + ] curl Ng, ., (p.u) + curl Ng, ., (curl(p,,©)) =0, (104)
which by integration by parts (53) and Assumption 4.9 , can be rewritten as

k3T, (Ra) + D, (RB) + curlu + «?curlNg, ., (p.u) + curl’Ng, ., (p®) = 0. (105)
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Similarly, (103c) can be rewritten as

k1T, (Ra) + Dy, (RB) +9+k;Ng, ., (pm®) —grad Ng, ., (7,,-0) + k] curl Ng, ., (pou) = 0. (106)
Substracting (106) from (105) we obtain

curlu — @ + curl’(Ng, ., (pm®)) — £3Nq, «, (Pm®) + grad(Ng, ., (T - ©)) = 0. (107)

Note that, as w = N, , f defines a solution for the (vector) Helmholtz equation

2 .
—Aw—-rkjw=Ff in

and
—A = curl® — grad div,
we get
curl® Ng, ., (pm®) — K2Ng, », (pm®) = grad(div(Ng, ., (pm®))) + pm® (108a)
= grad(Ng, ., (div(p,?))) + pm?, (108b)

where (108b) is obtained by the integration by parts

diV(NQwﬂ (f)) = NQiﬂil (diV f) - Sﬂl (71:f)7 (109)

and Assumption 4.9.
From (107) and (108) we write

curlu — 9 + p,,,© + grad(Ng, ., (div(p,,0) + T - ©)) = 0. (110)

Recall that p,,(x) =1 — %, so we can write

curlu — 2o + grad(Ng, s, (div(pm0) + 7, - ©)) = 0. (111)

Part 2. In this part, we show that the third term in (111) is zero. First, we do the following
computation

div(pm®) + T - © = div(p,,0) + @ XY
= div e — div(£o) + 8L . 5
=divo — M—ll(gradu -0 + pdiv(v)) + griﬂ )
=divo + (—,-+ ;) grad - o — L div(9)
= div® + pp, grad p - & — 2= div(d) (112)
= pmi grad i - © + p,, div(0)
= pmi(grad,u -0+ pdiv(v)) = pmi div(po)
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From (112), we can write (111) as
curlu — "5 = — grad(No, ., (pn L div(19))). (113)
H1
We take the divergence of (113) and get

1
_IT div(uv) = —ANg, x, (pmi div(uv)) = H%Nﬂi,m (pmi div(uv)) + pmi div(uv), (114)
1

where we used that w = Ng, ., f defines a solution for the (scalar) Helmholtz equation —Aw—rjw = f.
Rearranging terms in (114) we get

1 1 1u ) L 9 1 ey~
—— —— 4+ —— | div(uv) = k{Ngq, x, (P div(po)). 115
(= =t 2 ) ) = RN (o v (119
Writing 7 = idiv(uf)), (114) becomes the Lippmann-Schwinger equation with zero right-hand side
[19, Section 8.2]

n+ H%Nm,m(pmﬁ) = 0. (116)
This is an equivalent formulation to an homogeneous Helmholtz transmission problem (see [22,
Lemma 7], [19, Theorem 8.3]).
This problem is known to have a unique solution as long as a unique continuation principle holds
[19, Section 8.3], which is the case for p,, € C*(€;). [19, Theorem 8.6].
The homogeneous problem has only the trivial solution, and we know

n = idiv(,u'ﬁ) =0.
It follows that w and v satisfy

curl u — iwpu(=v) = 0 in €. (117)

WLy

We denote v = ﬁﬁ Similar computations show that
curlv — iweuw =0 in Q. (118)

Part 3. Now, we define an exterior field

ug = Ty (£28) + Dy (), in R*\ Q, (119a)
0y = Dy (2RB) + KTy (Rev), in R*\ Q, (119b)
with vg = twpevy that satisfies
curl ug — iwpevy =0 in R*\ €, (120a)
curlvy +iwegug =0 in R*\ Q. (120b)
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Taking traces on (119a) we get

(zt;:z) - (;I . ARO) M (g) . (121)

Taking traces on (103b) and (103c) we obtain

Hruw) (1 o e m
(%_ﬁ) _ (2I+Am) (ﬁ) +Jou+ I (122)

Combining (121) and (122), from (103a) we conclude that

+ —
(’V:_'U/O) _ (’Yt_u) _ (123)
T+ Vo Vv

Part 4. We know that u, v satisfy (117) and (118). We also know that ug and v satisfy (120).
Moreover, the transmission conditions (123) hold. Therefore,

Ule) = { up(x), =R\ Q, Vi) = { vo(xz), e R\ Q,,
u(x), x €. v(xz), x€Q,.

are solutions of the homogeneous Maxwell transmission problem. It follows that U =0, V = 0 and
u =0, v =0. We conclude from (103a) that

(M'A, M +A,,) (B) =0, (124)

which is known to be an invertible operator [12, Theorem 12]. Therefore, & = 0 and 8 = 0, which
concludes the proof.

O

Remark 4.11. The assumption of constant coefficients over the boundary I' is essential in two
parts of the proof: (1) for obtaining homogeneous right-hand side in (116) and therefore a divergence
free field; (2) to ensure injectivity of the single-trace equation in (124). This is similar to what was
observed in the Helmholtz transmission problem [32, Section 3.5].

Theorem 4.12 (Well-Posedness of Problem 4.1). Under Assumptions 1.1 and 4.9, there exists a
unique solution

(a®, B, u", v") € H(I) x H(SL)
to Problem 4.1, which satisfies

I -1r2eunpry + 18" la-1/2(aive 1) + 1 hreurton) + 10" laeuna) < € HQHH(F) :
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Proof. The proof follows Proposition A.2 and the framework of Appendix A. In particular, we have
o Compactness results for 2¢, J¢ and 2™, J™, from Corollary 4.4.
o T-coercivity (or generalized Géarding inequality) for
A=M"TA,M + Ai’l’l,
from Corollary 4.7
o T-coercivity for I — A*, from Proposition 4.8.
o Uniqueness of solutions, from Proposition 4.10.

As the assumptions of Proposition A.2 hold, we obtain well-posedness of Problem 4.1. n

5 Galerkin Discretization

5.1 Finite Element and Boundary Element Spaces

Let {7, }r-0 be a globally quasi-uniform and shape-regular family of simplicial meshes of €2; (see
[42, Section 9]). Let {¥}},~0 be the induced family of meshes on I': ¥}, = T,|r. We choose finite
element spaces:

e Nj, = Nu(Ty) C H(curl, Q;) of lowest order Nédélec edge elements (in the volume) [37],[26,
Section 3],[6].

o I = En(2,) € HV2(curlp, I') of lowest order surface edge elements [5, Section 2.2].

o Wy, =Wy(Xy) C H Y 2(divp,T') of lowest order rotated surface edge elements, also known as
RWG (Rao-Wilton-Glisson) boundary elements in computational engineering [39].

We will denote N} a conforming subspace of the dual space of H(curl, ;).

Remark 5.1. [t is important to note that, contrary to what is a standard choice in the literature
on volume integral equations [7, 34/, using Ny = N}, does not lead to a stable discretization of the
duality pairing. We briefly describe why this is not the case in Appendix C. As it happens with the
duality product in the trace space [10], a good approach might be the use of a dual barycentric finite
element complex, i.e. the use of face elements on a dual mesh as a subspace of H(curl, ;). These
claims, although intuitive, remain as an open problem. The generalization of a dual barycentric
complez has been studied in different contexts [15].
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5.2 Asymptotic Quasi-Optimality

In order to obtain a final result on the discretization of Problem 4.1, we need a discrete version of
Proposition 4.8. As mentioned in Remark 5.1, this is related to a stable discrete duality pairing in
H(curl, €2;).

Our goal is to have a conforming discretization of H(curl, €2;)" such that the following holds.

Assumption 5.2 (Discrete inf-sup Condition for d). There ezists cq > 0 such that

cg < inf sup (wn, ur)o, for all h > 0.

0#unENn 0w, ENy HuhHH(curl,Qi) "LUh‘ H(curl,Q;)’

We have to include this assumption in order to arrive at the following main result on the
quasi-optimality of Galerkin solutions for 4.1:

Theorem 5.3. Provided that Assumptions 4.9 and 5.2 hold, there are hg > 0 and a constant cqo > 0
independent of h such that there exists a unique Galerkin solution (og;, By, uj,, vy) € Epx Wi x Njp X N,
of Problem 4.1 for all h < hg. The solution satisfies

‘|(a*>ﬁ*7U*7v*) - (OAZ,,@Z,’U,Z,’UZ)H < Cqo inf H(a*’/@*’U*ﬁv*> - ()‘h’nhawhvvhm
(()\h Mh ))61}3\? x W]\/[m
Wh,qn)ENp X Np,

Proof. The proof is based on the result from Propositions A.4 and A.6. In particular, we need
Ty-coercivity result (see [16, Theorem 2]) for the sesqui-linear form

m((a, B,u,v), (¢, § w,q)) = a((a, B), (¢, §)) + b((u,v), (¢, €))
+c((a, B), (w, ) + d((u,v), (w, q))

from Problem 4.1. According to Proposition A.4 we need to verify the

o Tj-coercivity for a. This result follows by noticing that the regular components in the stable
regular decomposition from (87) and (88) are in the domain of local linear interpolation
operators [12, Lemma 16]. Therefore, T-coercivity translates to Tj,-coercivity simply by local
interpolation [12, Section 9].

o Tj-coercivity for d. This property is supplied by Assumption 5.2.

As Ty,-coercivity is equivalent to h-uniform inf-sup stability (see [16, Theorem 2]), quasi-optimality
follows from m being A-uniform inf-sup stable up to compact perturbations. O]
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5.3 Numerical Experiments

We show numerical experiments to validate our formulation. We compare our results with highly-
resolved solution (u},v}) obtained from a FEM-BEM coupling, also known as the Johnson-Nédélec
coupling (see [30]). We study convergence of solutions with respect to the L?—norm

2 2
|, — uh||L2(QZ-) \/Huﬁ - uh”L2(Qi) + |[vh — 'Uh”L?(Qi)

,  eITOTf2412 ‘= > 5
\/HUZHL?(Q-) + HUZHLZ(Qi)

errory,2 == (125)

HU’ZHLQ(Qi)

where (uy, vy) is a Galerkin solution of Problem 4.1. In the case of FEM-BEM coupling, we compute
1

vy = 7, curl(ug).

In all of our experiments, we use N (7,) as a finite element space for the dual of H(curl, ;).
Note that, as mentioned in Remark 5.1, this may not lead to a stable discretization of the duality
pairing in H(curl, €2;).

The implementation was carried out in C++, by extending the BemTool? library for BEM
computations to the case of VIEs. Numerical integration of singular integrals is computed in terms
of a Duffy transformation [24, 25] and tensorized Gauss quadrature rules. Matrix compression
with H—matrices is done with the Castor library [1], a C++ header-only library for linear algebra
computations. We have made our code available in a Github repository 2.

5.4 Scattering at a dielectric cube

We study the electromagnetic scattering problem at a unit cube
Qi ={x=(v,y,2) €R*:0<m,y,2 <1}

Material properties are given by

1 for x € R3\ Q.

Y

e(z) :{ 24+ 4dzyz(l—x)(1 —y)(1 — 2), forx €,

and pu(x) =1 in R®. Note that material properties are constant at the boundary T..
The incident wave is given by
inc(

u"(x) = ey exp(ikox - xp),

where kg =1, &y = (0,1,0) and ey = (1,0, 0).
The meshes used for our computations are described in Table 1. The reference solution is obtained

’https://github.com/xclaeys/BemTool
3https://github.com/ijlabarca/CoupledBVIE
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by FEM-BEM coupling computed on the finest mesh. Convergence results are shown in Figure
4. We observe O(h) convergence, which is the best we can expect for this setting, because the
approximation spaces merely contain the full space of piecewise-constant functions. Apparently a
potential violation of Assumption 5.2 does not affect convergence in the L?-norm in this case.

Meshes
Elements | Nodes | Edges | Mesh size _— , ,
24 14 49 1/2 %Z%i&g 4,,42:

192 63 302 1/4 "

=

1536 365 | 2092 1/8 ?‘g 4!“
12288 | 2457 | 15512 |  1/16 iﬁ §§‘§0 ﬁ
08304 | 17969 | 119344 |  1/32 E‘ﬁ ’;

}VA -
Table 1: Meshes used in Section 5.4, gener-

ated by uniform regular refinement Figure 3: Mesh with 12288 elements.
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Convergence Results
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Figure 4: Scattering at a cube: problem of Section 5.4. Error norms (125) as functions of h.

5.5 Scattering at a tetrahedron

Now we study the problem with €2 being the tetrahedron with vertices (0, 0, 0), (1,0, 0), (0,1, 0), (0,0, 1).
Material properties are given by

(@) 2 +4dzyz(1 —z)(1 —y)(1 —2), forx e Q,
e(x) = _
1, for x € R\ Q.
2+4zyz(1 —x)(1 —y)(1 —2), forx e Q,
p(x) = -
1, forx € R°\ €.

Note that in this case, material properties are not homogeneous over the whole bondary I'. Conver-
gence results are shown in Figure 6. Again, we observe O(h) convergence, although this case does
not satisfy the assumptions of Proposition 4.10, nor Assumption 5.2.
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Meshes
Elements | Nodes | Edges | Mesh size
4 7 15 0.346681
32 22 73 0.173340
256 95 430 | 0.0866702
2048 525 2892 | 0.0433351
16384 3417 | 21080 | 0.0216676

Table 2: Meshes used in Section 5.5, gener-

ated by uniform regular refinement. Figure 5: Mesh with 2048 elements.

Convergence Results

Figure 6: Scattering at a Tetrahedron: problem of Section 5.5. Error norms (125) as functions of h.
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6 Conclusion

We presented a new formulation coupling boundary and volume integral equations. Under assump-
tions on the material properties, we are able to show well-posedness of continuous and discrete
settings. Uniqueness of solutions in a general setting remains an open problem. Our numerical
experiments show optimal convergence of Galerkin discretizations. The use of a conforming subspace
of the dual of H(curl, €);) that ensures a stable discretization remains an open problem.
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A Block Operators

In this section we present results from [32, Appendix A] that cover a particular case of block
operators. We show what is required to obtain inf-sup conditions in the continuous and discrete
setting. The theoretical results from this appendix are used to establish well-posedness of the
variational STF-VIE problem in Sections 4 and 5.

A.1 Fredholm Equation
Let X, II be Hilbert spaces and X', I’ their duals. Consider the operators

A: X = X, B:1I— X',
C:X —1I, D : 11 — 1T,
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all of them bounded linear operators. We study the block operator equation

A B\ (u) [f ,
2)0)-() e

Assumption A.1. The operator

A B , ,
T = X xIT — X' x1I
C D

is injective. Moreover, A and D are coercive operators. B is a compact operator.

Proposition A.2 ([32, Proposition A.2]). Under assumption A.1, there exists a unique solution
(u*,p*) € X x II to the system in (126). Moreover, the solution satisfies

[l + 1" lln < Cll Al -

A.2 Galerkin Discretization

Next, we consider the Galerkin discretization of (126). Choose finite dimensional subspaces X, C X
and IT;, C TI. We study the following variational problem: find (uy, pn) € Xj x IIj, such that

<Auh, Uh)X + <Bph, Uh>X = <f, Uh>, for all vV € Xh,
(Cun, qn)1 + (Dpn, qn)u = 0, for all g, € IIj,

which can be rewritten as

t ((un, pn), (Vn, qn)) = (fron), for all vy € Xy, qn € 11, (127)

where
t ((un, on)s (Vn, qn)) = (Aun, V) x + (Bpn, vr)x + (Cun, gn)u + (Dpn, qn)r- (128)

Proposition A.3 (Inf-sup condition, [32, Proposition A.3)). Let Ag: X — X' and Dy : 11 — II" be
elliptic operators, and C' : X — 1" a bounded operator. The bilinear form to : (X xII) x (X xII) — C
given by

to((u, p), (v,9)) = (Ao, v)x + (Cu, ¢)n + (Dop, @),

satisfies the h—uniform discrete inf-sup condition

t
cp < inf sup Retto((un, pn), (0n, 4n)} ,  forall h>0. (129)

0 (un ) €Xn XTI 024 (wp g €Xn x 1Ty ||y D) | xser | (Vs @) s
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For the sake of simplicity we have stated Proposition A.3 assuming elliptic operators Ag and D.
However, in Section 4.2 we face the situation that D, merely satisfies an inf-sup condition. This
case is addressed by the following extended version of Proposition A.3.

Proposition A.4 (inf-sup condition, weakened assumptions, [32, Proposition A.4]). In the setting of
Section A, let I1 be another Hilbert space and I, cIa finite dimensional subspace. Let C : X — I
be bounded and let Dy : 11 — I’ be a bounded operator that satisfies an h—uniform discrete inf-sup

condition
< inf  sup Ret(Dopn, dn)gi} for all h > 0. (130)
07pn€lln oo eti, |IPnll lanllg

Then, the bilinear form to : (X x II) x (X x II) = C given by
to((u; ), (v,q)) = (Aou, v)x + (Cu, q)55 + (Dop, )5
satisfies the h—uniform discrete inf-sup condition

CtO < inf sup R’e{to((uh7ph) (Uhth))}
1 = 075(U«h7ph)€Xh><Hh Of(vh Qh)EXhXHh ||( h7ph>||X><H ||(Uh, Qh)”XxH

, forallh>D0. (131)

Proposition A.5. Let V and W be Hilbert spaces, {Vi}tnso and {Wj}n=o asymptotically dense
families of finite dimensional subspaces of V' and H respectively. Consider a bounded sesquilinear
formt:V x W — C such that t =ty + tx. We assume the following

1. The operator A :'V — W' induced by the sesquilinear form t is injective.

2. The operator K : V. — W' induced by the sesquilinear form tx is compact.

3. The sesquilinear form ty satisfies an inf-sup condition on 'V x W.

4. The sesquilinear form ty satisfies an h—uniform discrete inf-sup condition on Vi, x Wj,.
Then, there exist hg > 0 and c¢; > 0 such that

0<c¢ < inf sup Re{t(n, wn)} for all h < hy. (132)

— 0AvR €V 0wy, eW, “vhHV Hwh”W

Proof. We recall that h—uniform inf-sup conditions are equivalent to T, —coercivity (see [16, Theo-
rem 2]): let {7} }n>0 be the family of bounded linear operators 7}, : Vj, — W), such that

|Th|| < C forall h >0, (133)

and
Re{to(vn, Thvn)} > ¢, |lonlls,  for all vy, € VA, (134)
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where ¢, > 0 is independent of h.

We define an operator X : V;, — W such that given v, € V},,
t(q, Xvp) = —tk(q, Thvp) forall g €'V, (135)

which means that X = —(A’)"'K'T},. This operator is well defined since A is invertible due to
Fredholm alternative and injectivity. Moreover, X is a compact operator, since K is compact. We
choose conveniently

wz = Thvh + PhXUh, (136)

where P, : W — W), is the W-orthogonal projection. Now, we compute

t(vh, wz) = t(Uh, Thl)h) —|— t(Uh, PhXUh)
= t(vp, Thop) + t(vn, Xvy) + t(vp, (P, — 1d)Xuvp,) (137)
= t(vn, Thon) — t (v, Thon) + t(vn, (P, — 1d)Xuvp,)
= to(vh, Thvh) + t(?}h, (Ph — |d)XUh)
From (137) we obtain
t(vp, wry)| > |to(vn, Thon)| — [t(vp, (P, — 1d)Xw
[t(vn, wh)| = [to(vn, Thon)| — [t(vn, (Pn — 1d)Xwy)| (138)

> oy, lonlly = I1A] lloally |(Pn = 1d)X]]

where ||(P, — 1d)X]|| — 0 uniformly as h — 0, due to X being a compact operator. Therefore, there
exists hg > 0 such that

[t(vn, wi)| = [{t(on, (Th + P X)on)| > Sexg [lonlly, (139)
This corresponds to Tj,—coercivity with a family of operators {1}, }p<p,, where
Tyi=Th+ PX, Tl <170l + 121X < €,

with C” > 0 independent of h. This result is equivalent to an A—uniform inf-sup condition for t, for
all h < hy (see [16, Theorem 2]). O

Proposition A.6 (Asymptotic quasi-optimality,[32, Proposition A.5]). Provided that Assumption
A.1 holds, there is hg > 0 and a constant cqo > 0 independent of h such that there exists a unique
Galerkin solution (up,pp) € X x I, of (127) for all h < hg. The solution satisfies

[(w,p) = (un, p)llxurr < €qo,  inf— |[(u,p) = (0ns ™) ey - (140)
(Mh,7h)EXp X1,
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B Norm equivalence

The coercivity results in Section 4.2 depend on a norm equivalence in trace spaces. This will be
important for the subsequent analysis.

Lemma B.1. Let y € C*(€;) be such that
0< Xmin < X(m) < Xmaz

for all x € Q;. Then

e Il < X720 oy < o el . for all o € HYAD), (141)

with constants ¢y, ca depending on x and I
By duality, the result also holds for H=Y/*(T")

e 1l gy < X724 <oy @l goroqy.  forally € HVAT).  (142)

H- 1/2 )
The result also extends component-wise to the vectorial case, to H'?(T') and its dual H='/%(T").

Proof. We start by recalling that for any ¢ € HY?(I'), we can write [42, Section 2.5]

p(x
nmmm-wmmm+//’ =20 4. (143)

Then, we compute

1/2 12 2
1/2 oz 12 X (x)p(x) — X (y)p(y)]
HX ‘H1/2 - HX Y L2(r)+// z — yf? dsyds,.
rr
We denote
1/2 12 2
7w :://\X (@)e(@) =X "Wlew) . (144)
’ |z —yf?
rr

By adding zero,

X (@)p(e) — X (y)e(y)] =[x (z)o(x) — X' (y)p(x)
) | )
< Xyl (x



Since x € C(€;) and positively bounded from below, we know that y'/2 € C*(€);). Therefore, since

(2 is bounded,

X2 (x) — x?(y)| < Cylx —y|, forallx,yeT.

Combining (145) and (146) into (144), we obtain

D < € (sl + C2I2)

where

() |*

|z — vyl

ds,ds,

2
< C'lellzzm

due to the integral in (148b) being finite, since I' is compact and Lipschitz.
From (147) and (148a) we conclude that there exists a constant ¢y, > 0 such that

1/2 ‘

HX < cox 1l ey -

H1/2

Using (149) with ' = x ™' and ¢’ = x/?p, we obtain

C1,x ||S0HH1/2 @ = HX1/290‘ < C2,x ||90HH1/2(F) :

H1/2

The proof for ¢ € H=Y/2(T") follows a duality argument. Note that

/2| N O Ty
e Ty S 2
pEH N0y 1P /2y
I (O el
©EH/2(T)\{0} ||90||H1/2(r
72|
HY2(T
< s @l =
peH1/2(T)\{0} H90||H1/2(r)

= C2x HwHHﬂﬂ(F) :
Repeating the argument with y' = y~! and ¢/ = '/, we conclude
X

C1x ||1/)||H—1/2(r) < HXl/szHﬂﬂ(r) <

46

C2,x ||1/}HH—1/2(F)‘

(146)

(147)

(148a)

(148D)

(148c¢)

(149)

(150)

(151a)

(151b)

(151c)

(151d)



C L?-Projection in H(curl, ()

In the scalar case, there is a h-uniform discrete inf-sup condition for the dual product between
H'(;) and H~1(€;), discretized with the finite dimensional space of piecewise-linear continuous
functions P} [8]. The result is based on the H'-stability of the L%-projection Qj : L*(€;) — P}
defined as

(Quu,vp)a, = (u,vp), for all v, € P}, u € L*(€Y). (152)

We know @), satisfies (see [8, Theorem 4.1],[31, Theorem 3|,[9, Section 3])

1Qutllir ey < co llull gy for all u € H(). (153)

The result in (153) is proven by using a quasi-interpolation operator I,,, known to be stable in H 1)
and for which some approximation properties can be shown [8, Section 3]:

| e

Hu - INhUH S C]]h|U‘H1(Qi), (155)

L2(Q)

for all u € H* ().
Assuming a quasi-uniform and shape-regular family of meshes, it follows that

1Quull 10y < | @n = Tru+ T
< H(Qh - fh)u‘
<+ H(Qh — In)u

i v = Qnull 20, + 7 H“ — Ihu

HY(Q;)

H(Q) t Hfhu‘ H(Q)

L2(Q;) + Hfhu‘ H(Q;)

IA

L2(9;) + Cr HUHHl(QZ)
< Clulma,) + enlulm) + ¢ llull g,y < cqllullgg,
The fundamental step in this proof is: being able to bound the L?-error with the H!-seminorm.
Is it possible to have a similar result in H(curl, €;) with its seminorm? The answer is no. Consider

w € H(curl0,9;) and Q; : H(curl, ;) — N, C H(curl,Q;) the standard L2-projection into
Nédélec edge elements. Then, such a result requires

lw = Quwl|pz (o, < Clwlaeun oy =0, (156)

which can only be true for constants or polynomials in N, but as we know, H(curl0, ;) is an
infinite dimensional subspace of H(curl, ;). Therefore, such a proof is not valid for the standard
L2-projection Qy,.

Some numerical evidence of this issue and its implications will be shown in Appendix C.1.
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C.1 Numerical experiment

In this section, we study the convergence in the H(curl, ;) norm of the L?-projection Qy,, defined
as
(Qru,vp), = (u,v)q, for all v, € Ny, u € L*(€), (157)

where N, = Nj,(T5) is the finite dimensional space of Nédélec edge functions in a tetrahedral mesh
771 of Qz
In particular, we consider

Q={x=(v,9,2) €ER*: 0< w,y,2 < 1},
and
u(x) = u(x) = egexp(ikox - ),

0). We can observe in Figure 7 the errors of the

where kg = 2, &y = (0,1,0) and ey = (1,0,
1,€2;) norms.

projections Qpu* in the L?(€;) and H(cur

Convergence Results: L2-projection
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Figure 7: L2-projection Qy, Section C.1. Error norms (125) as functions of h.

It is a well known result that the approximation error for L?(£2;) and H(curl, ;) in formulations
that are stable in H(curl, €);) has the same convergence rate, due to the interpolation estimates
being the same [26, Remark 10].
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Assume ||Qh,u’||H(curl,Qi) <Cs HUHH(curl,Qi

)- Then it follows

||’U, - QhuHH(curl,Qi) = ||’U, — Qru — v, + thhHH(curl,Qi)
= [I(T = Qn)(w = )l g(eur1 (158)
< (1 + CS) ||U - vhHH(curl,Qi)

for all v, € Nj,. From (158) we obtain that for smooth vector fields w € H'(curl, ;) it holds
Ju — QhuHH(curl,Qi) <(1+4+Cs) inf fu-— vhHH(curl,Qi) = O(h)
vRENp
on shape-regular and quasi-uniform families of meshes.
As we observe in Figure 7, there is a reduced order of convergence of the L2-projection in the

H(curl, ;) norm. We conclude that

u .
1 scur) is not bounded uniformly in h. (159)

HU’HH(curLQi)
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