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Abstract

We study frequency domain acoustic scattering at a bounded, penetrable, and inhomogeneous
obstacle O~ C R?, d = 2,3. By defining constant reference coefficients, a representation formula
for the pressure field is derived. It contains a volume integral operator, related to the one
in the Lippmann-Schwinger equation. Besides, it features integral operators defined on 92~
and closely related to boundary integral equations of single-trace formulations (STF) for
transmission problems with piecewise constant coefficients. We show well-posedness of the
continuous variational formulation and asymptotic convergence of Galerkin discretizations.
Numerical experiments in 2D validate our expected convergence rates.

1 Introduction

We are interested in solving the frequency domain acoustic wave scattering problem in a medium
that is homogeneous outside a bounded region 2= C RY, d = 2,3. We denote the exterior domain
OF ;= R?\ Q. Material properties are given by functions a € L*(R?) and x € L>*(R?) where

a(x)=1, k(@)=ko€Cii={2€C:Tm{z} >0} forxeQ, (1)

and amax > a(x) > apin > 0 almost everywhere in RY. In particular, throughout this article we
assume some extra regularity in the interior domain: a € W*(Q~). The equation governing the
problem of finding the total wave u := u* + u™° in this inhomogeneous medium is

—div (a(x)Vu(x)) — k(x)?u(x) =0 for & € R, (2)
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where 4™ is an incident field satisfying the Helmholtz equation in the whole space,
— Au(x) — k2u™(x) =0 for € RY, (3)

and u® satisfies radiation conditions [18, Theorem 9.6]

lim 75" <aau - mou5> = 0. (4)

r—00 r

The problem can be formulated as the following transmission problem: find v € HL_(R?) such that

loc

—Au—r3u = 0 in QF,
—div(aVu) — k*u = 0 in Q°,
ytu—~y"u = —yu™ in T, (5)
Ofu—ad;u = —0,u™ inT,
. —1 (9u .
Thj& ris (07“ — m0u> =0,

where 7%, 0% denote the exterior/interior Dirichlet and Neumann trace operators. We use u to
denote the scattered field in QF, total field in ©2~. We know that there exists a unique solution
u € HL (R?) under certain assumptions on the material parameters. In particular, we need the
unique continuation principle to hold. In 2D, this is true for a € L*(Q2) with a positive lower bound
and k € L>(Q) [1].

For the general case mentioned above, volume integral equations (VIEs), also known as the
Lippmann-Schwinger equation, lead to an integral equation formulation where the problem reduces
to finding v in the domain 7. Well-posedness of the equation under different assumptions on
the material properties has been studied in [13, 17], with the case of piecewise smooth a the one
presenting more complications. The equation is then discretized by a Galerkin method, where
different approaches lead to the discrete dipole approximation (DDA) [28] and the partial element
equivalent circuit formulation (PEEC) [21], both widely used in the engineering community. A
non-exhaustive list of fast solvers for the case of only non-constant x is also available [3, 6, 27].

Alternatively, a popular choice for problems dealing with exterior unbounded domains arises
by writing an expression for the Dirichlet-to-Neumann map, which makes it possible to write a
variational formulation that considers the exact radiation conditions. Discretization by a Galerkin
method then leads to finite-element-boundary-element coupled schemes. Well-posedness of several
discrete formulations for the acoustics problem can be found in [15]. Analysis of nonlinearities
and adaptivity for the elliptic case is presented in [4]. In particular, we can mention different well
established formulations: Johnson-Nédélec coupling [16], Bielak-MacCamy [5], Costabel’s symmetric
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coupling [12], where the different boundary integral operators are used for the coupling.

For the particular case of piecewise constant coefficients, i.e. a(x) = a1, k(x) = Ky for x € Q7 it
is possible to reformulate the problem as a boundary integral equation (BIE) system. First and second
kind single-trace formulations (STFs) where the unknown corresponds to the interior Cauchy-data
(Dirichlet and Neumann traces) can be derived followed by discretization with the boundary element
method (BEM) [10]. Its main advantage is that one needs to discretize only function spaces on 92,
which leads to smaller (but dense) linear systems. The BEM together with compression techniques
such as H—matrices or the fast multipole method, is a highly efficient approach for this particular case.

A similar approach to the one followed in this article has been introduced as boundary-domain
integral formulations [7]. A combination of BIEs and VIEs is obtained by considering a parametrix
or Levi function for a given differential operator. Different formulations for elliptic BVPs are studied
in [7, 8, 19]. Fast numerical implementations of boundary-domain formulations are studied in [26],
where H?—matrix compression is used.

Our focus is on the situations where both a(x) and k(x) are discontinuous across the boundary
I' := 09~ and only piecewise smooth. We present a novel formulation that combines boundary
integral representations and volume integral operators. We define appropriate reference coefficients
for the interior domain, in a way that the support of volume integrals can potentially be reduced to
a minimum. For the particular case of piecewise-constant coefficients, our formulation reduces to
the BIE approach. We claim that our formulation can be beneficial in presence of small or locally
supported inhomogeneities. Some examples are cases where the parameters are non-constant only in
a small region in the interior of {2~ or close to the boundary I'. Volume integral operators taking
into account these inhomogeneities are shown to be compact for quite general, piecewise-smooth
coefficients, contrary to the well-studied problem of the Lippmann-Schwinger equation, where the
compactness is lost for non-smooth a.



List of symbols

Symbol Description Section

a, K Inhomogeneous material coefficients Section 1, (1)
c> Space of smooth functions Section 2.1
Cyo(927) Space of smooth functions that vanish on the boundary Section 2.1
ngmp(u%d) Space of smooth, compactly supported functions in R?  Section 2.1
H*(27) Sobolev space of order s in Q~ Section 2.1

H; (RY Sobolev space of locally integrable functions Section 2.1

H, (fomp([Rd) Sobolev space of compactly supported functions Section 2.1
H*(T) Sobolev space of order s on I' := 90~ Section 2.1
HYQ) Dual space of H*(Q") Section 2.1
H™V2(T) Dual space of H'?(T) Section 2.1

v, On Yn Dirichlet /Neumann /Normal trace operators Section 2.1

G, Fundamental solution with wavenumber &; Section 2.2, (6)
N; Newton potential with wavenumber Section 2.2, (7)
N, Newton potential with wavenumber x; in Q™ Section 2.2, (9)
S, D; Layer potentials with wavenumber & Section 2.2, (13) — (14)
V;, Kj, K;,W; BIOs with wavenumber &; Section 2.2, (17) — (20)
A, Calderon operator Section 2.2, (21)
ai, K1 Constant reference coefficients Section 2.3, (24)
a, Contrast functions with constant reference coefficients  Section 2.3, (24)
a Scaled material coefficient Section 2.3, (29)
A Volume integral operator Section 2.4, (30)
Tr, To- Operators related to traces of A Section 2.4, (38)
M Diagonal multiplier Section 2.4, (41)

2 Derivation of VIEs

2.1 Preliminaries

Let Q= C R? be a Lipschitz domain, I' ;== 9Q~ its Lipschitz boundary with outward unit normal
n. We rely on standard Sobolev spaces H*(€27) of order s > 0. We use H} . to denote locally
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integrable functions. Spaces of compactly supported functions will be denoted with the subscript
comp (C HE ). We make the distinction defining spaces in Q= (open set) and Q  (closed set)

comp’ **comp e
when necessary. We also denote as H*(Q27) the dual space of H*(27) [18, Section 3]. Sobolev
spaces on the boundary I' are denoted as H*T'/2(T"), which arise naturally as boundary restrictions
of elements of H*T1(Q) by the interior trace operator

0<s<l.

_ Hs+1(Qf) - HS+1/2(F),
T u—ulp, uwe 0™ ),

which is a bounded operator [18, Theorem 3.37]. We will denote H~'/2(T') the dual space of H'/2(T).
We define also the interior normal trace operator 7, [20, Theorem 3.24]

_ | H(div,Q7) — HVA(T),
" wu—aulron, we [CP(Q))

where the space H(div,Q7) is defined as
H(div, Q") = {u € [LAQ)]* : divue L*(Q7)}.
For uw € H(A,Q ™), where
H(AQ ) ={ue H(Q) : Aue L*(Q7)},
we define the Neumann trace operator 0, as [22, Theorem 2.8.3]

[ HAQ) - HOR),
| u Vulpon, ueC®(Q).

Replacing 2~ by QF := R\ Q~ in the previous definitions, we obtain exterior trace operators:
v,y and 0. We use the convention of defining both exterior and interior traces with the same
outward unit normal. This is important to consider for consistency of the calculations in the next
sections.

We define jump and average trace operators for elements of H'(R\T"), H(div, R¥\T') and H (A, R\TD):

==} )= ;{W +77}

and similarly for v, and d,. We denote the sesqui-linear inner product in L*(Q7) as (u,v)q-. It
can be extended to a duality pairing between H~1(27) and H*(Q27). Similarly, we define the dual
product for H'/2(T") and its dual H~'/2(T"), and denote it as (-, -)r.



2.2 Fundamental Solutions and Newton Potential

The fundamental solution for the Helmholtz operator with wavenumber x € R is given by G, €
LL (R?) [25, Section 5.4]:

1
ZHO(’%’w - y|)7 d= 2,

Gu(w,y) == exp(ik|x — y|) J_s (6)

dm|z —y|
The Newton potential N, : Cg5, (R?) — C(R?) is the continuous mapping [22, Section 3.1.1]
defined by
Nef (@) i= [ Gulw,y)f(y)dy. (7)
Rd

The Newton potential can be extended to the following two continuous operators

NH : H_l (IRd)_}Hﬁ)c([Rd%

comp

N, : L2 (RY) — HZ (RY)

comp

(8)

and more generally, N, : H3(R?) — HPP?(R?) is continuous for s € R 22, Theorem. 3.12].
Similarly, by extension by zero followed by restriction to {27, it is possible to consider the Newton

potential in a bounded domain €2~ :

N, : HYQ)— HY(Q),

Kf .L2 - 2 - (9)
. L) = H2(Q).

The following theorem [11, Theorem 8.1] is essential for the derivation of volume integral equations
for scattering problems.

Theorem 2.1. The Newton potential defines a solution operator for the Helmholtz equation on RY,
i.e. for f € L2 (R?) compactly supported in Q~, u := N, f satisfies

comp
—Au—ru=f inR (10)
and the radiation conditions (4).

Theorem 2.1 provides a global representation of the solution of —Au — x*>u = f in terms of
the Newton potential, i.e. u as a solution of the problem in R?. Our approach requires a local
representation formula. We introduce the transmission problem with piecewise constant coefficients:



find v € HL_(RY) such that

—Aug — Kug = 0 in QF,
—Auy —Kuy = f inQ,
Yrup—v"ur = g1 inT, (11)
Ofug —0uy = ga inT,
. d—1 8u0 .
lim r = | — —iKkoup | =0,
r—00 ( or 0 0>

where uy = u|q+ and u; = u|g-. It is possible to write expressions for u and u; depending only on
their traces and source terms [11, Theorem 2.1]

Uy = Do(’}/—i_U()) — S()(&TTU()) in Q+,

N . (12)
up = S1(0,u1) — Di(y"w) + Nif  inQ7,

where N; is the Newton potential with wavenumber x1, S; and D; denote the single layer and double
layer potentials with wavenumber x;, j =0, 1, [22, Theorem 3.1.16]

S HYV2(T) — HE (- uQh), (13)
D; : HV*(T) — HL (2" uQh), (14)
which have the integral representation
(S;v)(x) = /an(w,y)w(y)dsy, x € RI\T, (15)
r
0G, d
(Djp)(@) = [ o= (@, y)e(y)dsy, e R\, (16)
T )

for sufficiently smooth densities ¢ and . Later we will make use of boundary integral operators.
These arise from taking jumps of traces of potentials, which yields the following continuous operators
[25, Section 6],[22, Theorem 3.1.16]:

V= {8} HVAT) — HYA(D),

K; = {yD;} : H/*(I') — H'*(I),

K= {0,8;} : H'*(I') = H'*(I),

W, .= —{0,D;} : HY*(I') — H Y*(I).
We collect all of them in the Calderén operator

K. V.
Aj = TN HYAT) x HYAT) = HYA(T) x HYA(T). (21)
W, K
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Layer potentials also satisfy the jump relations [22, Theorem 3.3.1]
[vSiv] =0, [0nS59] = =1,
[vDjel = ¢, [0.D;¢] = 0.

The representation formula (12) guarantees that uy and u; satisfy the Helmholtz equation in Q1 and
)~ respectively. Moreover, u, satisfies Sommerfeld radiation conditions. Transmission conditions
remain to be enforced. This will be presented in the next section.

2.3 Combined Volume-Boundary Integral Representation

Now we consider the case where the interior coefficients are not constant anymore, i.e. vary in space.
We write the transmission problem (5) as follows

—Au—K3u = 0, in QF,
2
—Au— 2y = f, in Q°,
a
ytu—~y"u = —yu®, inT, (22)
Out —ad;u = —d,u", inT,
1, d—1 8u .
rl{gor 2 E_ZKOU - Y
where
f(@) :=div (a(z)Vu) (z) + B(x)u(z), =€ Q, (23)
alx 1
a(@) =" 1 p) = Ln(@? - ), (24)
a1 43]

and a; € Ry, k) € C, are conveniently chosen parameters. The representation formula (12) now
reads
= Do(ytu) — So(0fu), in QF

= . . (25)
= S1(0,u) — Di(y"u) + Ni(div (aVu) + fu), in Q"

where Dy and Sy are the layer potentials with wavenumber kg, and D; and S, are the layer potentials

with wavenumber \’/’% Equation (25) holds in the weak sense. We derive a new expression using



properties of the Newton potential together with integration by parts. Let v € C§°(§27), then

(Ny(div (aVu)),v)q- = (div(aVu), Njv)g- N
= —(aVu, VNv)g- + (ad;u,y Njv)r
= (udiv(aVNjv))a- — (v (au),d; Njv)r + ) )
= (u,div(aVN{w))o- — (N1 (9;))(7 (au) Nio (v7))(ad, u),v)a-
VN{v)a- — (Di(ay~u),v)o- + (Si(ad;u), v)o-

= (u,div(a

(26)

where we used the definition of layer potentials in terms of the Newton potential and adjoints of
trace operators (y~)" and (0, )’ [22, Definition 3.1.5]. Then,

(u, div(aVNv))o- = (u, aANv)q- + (u, Voo - VNIv) o
= (o, AN/v)g- + (uVa, VN[v)g-
= —(ou,v)g- — —i(au Nv)g- (uVa,NN{V@Q—
= —{ou,v)g- — a—1<N1(ozu) v)g- — (divNV; (uVa), v)o-

(27)

where the differentiation under the integral sign holds because of v € C§°(£27) being smooth and
bounded, vanishing on the boundary of 27. Combining (26) and (27) we obtain by a density
argument

Ny (div (V) = Sy (ad;u) — Dy(ay u) — au — Ny (a7 'k2au) — divNy (uVe)  in HY(Q7). (28)

From (25) and (28) we obtain a new representation formula for the solution of (22) for the interior
domain:

au =S, (d@;u) — D, (Ew_u) + Ni((B — a7 'K2a)u) — divN;(uVa) on Q°, (29)

a(x)

where a(x) := :
a1

Remark 2.2. The representation formula obtained in (29) has some similarities with the results on
Boundary-Domain integral formulations [7], where a representation formula is obtained [7, Section 4]
by using a parametriz of a given differential operator. An important difference is the factor a, which
here is used as a multiplier in the left-hand side, and scaled with a reference coefficient.

2.4 STF-VIEs: Operator Form
Let u solve (22) and denote ¢ := a7y~ u and v := ad, u. We also write

Aw = Ny ((8 — a7 'K2a)w) — divN; (wV ). (30)
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Lemma 2.3. Let o € Wh°(Q7) and 8 € L>=(Q7). Then, the operator
A:HY Q) — HY(Q)
as defined in (30) is compact.
Proof. The result follows from the mapping properties of the Newton potential. The operators
Ni((B = ar'K2a))  HY(Q™) > HA(QO), (31)
divV;(-Va) : H{(Q7) — H Q") (32)

are bounded: (31) follows directly from the mapping properties of the Newton potential in a bounded
domain (9). The case of (32) requires more attention: let u € H'(Q7) and consider embedding from
HY(Q7) to L?(27). Multiplication by Va € [L*°(Q7)]? maps to [L*(Q27)]%. The operator divV,
maps to H'(Q27). Therefore,

divN,(-Va) : H{(Q) — L*(Q7) — [L*(Q7)] — HY(Q7). (33)

The embeddings H?(Q7) — H'(Q7) and H'(2) — L?*(Q7) are compact by Rellich’s embedding
theorem [22, Theorem 2.5.5]. The result follows by the composition of a bounded operator and a
compact operator. m

We rewrite the representation formula (29) as
au= 5% —Dip+ Au in Q" (34)

By applying traces v~ and 0, to (34) we get

RN _ v u
(8,:) (au) = (8;) (S19 — Dyp) + (8,:) A

The left-hand side can be equivalently written as

Il
/N
N |

~

+

-~
~——

—
< €
~

+

=

S 3

N~ —
™~

I

)
=

AT R B
o, (Opa)y u+1 (n-Va)y u+1
Combining (35) and (36) we obtain
GI - Al) (i’;) — Ty — To-u =0, (37)
where
= 0 an u = Ay



For the exterior domain it holds

(;1 + A0> (;ii) —0. (39)

The transmission conditions of (22) can be written as

) () = a2 “

with a multiplication operator

Combining (39) and (40) leads to

1 inc
(Gr+a)m (7)== ). (42)
2 1/} anulnc
Equations (37) and (42) together amount to first-kind and second-kind variants of the single trace
formulation (STF):

(M_lAOM + Al) (:Z) + TFU + Tgfu = —_2\4_1 (;Zinc) , (43)
(I+ M~ AM — Ay) (z) — Tru—Tou = —M™! ((;ch) . (44)

We need an extra equation for our system. This will be the representation formula in the interior
domain (34). For the first-kind variant, the coupled system reads as follows: find ¢ € HY?(I'), + €
H=Y2(I'), uw € H'(Q) such that

M_IA()M —+ Al ‘ TF + TQ— Y 5
- vl =19 (45)
D, =5 ‘ al — A
U 0

holds in H'/2(T") x H=Y2(T") x H'(27).
The second-kind variant is: find ¢ € HY2(I'), ¢ € H~/*(T"), v € H' (™) such that

I — M_leM + Ay ‘ —Ir —Tqo- it .
~ v =19 (46)
D, -5 ‘ al — A
U 0

11



in H'/2(I') x HY2(I') x H'(Q27). The right hand side is given by

a1 — Mt 'YUiTlC .
% O,
We call (45) and (46) single-trace volume integral equations (STF-VIE).

Remark 2.4. We refer to (46) as second-kind, but this formulation fails to be coercive due to the

multiplier matriz M. Nevertheless, we include it into our numerical experiments, although we proceed
to study the first-kind STF-VIE from (45).

2.5 STF-VIEs in Special Settings

In this section we will study what (45) boils down to under different assumptions on the functions a

and .

2.5.1 Piecewise Constant Coefficients

Assuming that a(x) = ag- > 0 and x(x) = ko~ € C4, an appropriate choice of a; and &, leads to:
a=1, a=0, pg=0.

Problem (45) now reads: find ¢ € H/?(T"), ¢ € HY*(T'), v € H*(Q) such that

(MH%M+m(j z__m

92
Dy =5 ‘ ! U 0

holds in HY?(I') x H~Y2(I') x H'(Q27). This is equivalent to solving a single-trace BIE and then
evaluating the solution u by means of the representation formula. Well-posedness of the formulation
has been established in [14].
2.5.2 Piecewise Constant a, Variable
Assuming that a(x) = ag- > 0, an appropriate choice of a; leads to:

a=1, a=0.

The volume integral operator A can be rewritten as Au = N;(fu). Problem (45) now reads: find
o€ HYAT), v € HY2(T), u € H'(Q27) such that

M_1A0M+A1 ‘ To- v 5
D,

—5 | I-A i %
u
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holds in HY2(I') x H~Y3(T") x H*(Q7). In Sections 3 and 4 we will prove well-posedness of the
continuous and discrete problems arising in this special case.
2.5.3 Constant Values at the Boundary

Assuming that a(x) = ar > 0 for & € I', an appropriate choice of a; leads to a(x) = 1 for x € T.
The operator
M~ AM + Ay HYA(T) x H2(IT) — HYA(T) x H2(T)

will be injective. The equation (45) remains unchanged, but we will be able to give a complete proof
of a well-posedness result for the continuous and discrete case.

3 Analysis of STF-VIE

3.1 Variational Formulations

We now present variational formulations for the coupled systems (45) and (46). We denote by (-, -)o-
the duality pairing between H~1(Q7) and H'(Q~). On the boundary, (-, -)r denotes the duality
between H~'/2(T") and H'/?(T"). Moreover, we define

() HI) < HI) = €, ({(,8) ==, Or + (0, ¢)r,
for all ¢ = (p,1) € H(T), &€= (&,n) € H(T') and H(T) := HY*(T) x H~V*(I).

Problem 3.1 (First kind STF-VIE variational formulation). Given g € H(I"), we seek (p,u) €
H(T) x HY(Q7) such that the variational formulation

a(p. &) + b€ = ((g.8),

c(p,v) + du,v) = 0, 47)
holds for all (&,v) € H(T) x H(Q™), where we denote
ai(p.§) = ({(M7AM + A1), &), b(u.§) = ({Tru, &)+ ((To-u,§)), (48)

C(‘Pa U) = <D190 - Slw7v>Q*> d(u,v) = <ELU - Aua”)Q*'
with Ay and Ay defined as in (21), a in (29), Tr and To- in (38), M in (41).

Problem 3.2 (Second kind STF-VIE variational formulation). Given g € H(I"), we seek (¢, u) €
H(T) x H'(Q7) such that the variational formulation

32(‘1076) - b(uas) = <<<97€)>>a

c(p,v) + d(u,v) = 0, (49)
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holds for all (€,v) € H(T) x H-Y(Q"), where we denote

as(p, &) == ((I = M~ AM + A1), £)), (50)

besides the notations from Problem 3.1.

3.2 Coercivity

In this section we prove results regarding the stability of our formulation. We say that an operator
A X — X' is elliptic if there exists a constant ¢4 > 0 such that

Re{(Az,z)x} > calz|5, foralazc X.

We say that the operator A is coercive if there exists a compact operator T4 : X — X’ such that
A+ T}y is elliptic.

Proposition 3.3 (Coercivity of a;, [14, Theorem 5.3]). Let T' := 9Q~ be the boundary of a Lipschitz
domain Q= C RL Let a € WH(Q7), k € L®(Q27) and set a; € Ry, k; € C,. Then, for a; as
defined in (48), there exists a compact operator Ty : H(I') — H(L') and a constant ca, > 0 such that

Re {a1(p, ) + (Tae, o))} > ca loll3my
for all o € H(T).

Proposition 3.4 (inf-sup condition for d). Let I := Q™ be the boundary of a Lipschitz domain
Q" CRL Letae Wh>°(Q7), k € L®(Q7) and set a; € Ry, k1 € Cy. Let A: HY(Q7) — HY Q) be
the volume integral operator defined in (30). There exists a compact operator T : HY(Q7) — HY(27)
and a constant cq > 0 such that

Re{d t
e it s e{d(u,v) +ta(u,v)}
07&“6}[1(9*)07&”6}},1(9,) HUHHl(Q—) H’UHFI_I(Q_)

9

where t4(u,v) = (T qu, v)o-.
Proof. Consider the linear operator
G:H' ()= H Q)

such that Gu := —Awu + u. There also exists a bounded inverse for G. For every v € fl/*l(Q*), there
exists a unique solution of the variational formulation: find u € H*(2™) such that

(Gu,w)g- = (Vu, Vw)g- + (u,w)g- = (v,w)g- forallw e H'(Q7).

14



We know that

Gu7w - Vu, Vw)g- + U, W)o-
||U||ﬁ_1(Q_) = ||Gu||ﬁ—l(ﬂ—) - Sup Q = Sup ( )Q ( )Q
0751UEH1(Q*) HwHHl(Q—) OgéwEHl(Q*) ”wHHl(Q—)

1 —
Now, for any arbitrary 0 # u € H'(27) consider v* = —Gu € H}(Q7) and Ty = A. We know that
a
2 € W(Q7) and therefore there exists ¢¢ > 0 such that

1 s 05 ey Wl

Then
Re{d(u,v) + ta(u,v)} (v*, au)o- e (:G(u), au)o-
sup > " = —=
0FveH—1(Q) HU”ﬁ—l(Q—) v ”ﬁ—l(g—) |a 1||W1»°<>(Q—) ”uHHl(Q—)
L
pu— d— pu— d 1 _ .
HuHHl(Q*) e
Taking the infimum over u € H'(27) concludes the proof. ]

3.3 Uniqueness
In order to show uniqueness of Problem 3.1, we will need to make the following assumption.

Assumption 3.5. Let Q= C R? be a bounded Lipschitz domain. Consider a € WH(Q7), with
0 < Amin < a(T) < Aoz,
for all x € Q7. Let ko, k1 € Ry. Then, the trivial solution is the only solution to the problem

—Aug — Kug = 0 inQ,

0 inRI\Q,
ytug—ay u, = 0 inT,

0 .

—Auy — K2uy =

(51)

Remark 3.6. Assumption 3.5 is satisfied for the case where a|r = ay is a constant. In this case a
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simple rescaling 1, = ajuq leads to

—Aug — Kkiug = 0 inQ,
Y K i o
—div (Vu1> ——a; = 0 R\ Q7
aq aq
Ytug—~vy"u; = 0 inT, (52)
1
aq
.4 (Oug
Tll)rglordzl (87“0 — mou0> =0,

Uniqueness of solutions for (52) then follows from the uniqueness of solutions of Helmholtz trans-
mission problems with constant coefficients. It is not clear if the result holds for the general case.
This remains as an open problem, therefore the need of Assumption 3.5.

Lemma 3.7 (Uniqueness). Provided that Assumption 3.5 holds, there exists at most one solution to
Problem 3.1.

Proof. We will prove the result for the first-kind formulation in Problem 3.1. The same idea applies
for Problem 3.2. We study the operator equation

MileM —+ Al ‘ TF + Tgf ¥ 0
- Y|=10 (53)
D, -5 ‘ al — A
U 0

We want to show that the unique solution in H'/?(I') x H='/2(T") x HY(Q7) is ¢ = 0,4 = 0,u = 0.
(I) From the last equation we have
au = S1Y — Do+ Au in Q. (54)
It is possible to go back using integration by parts (26) and (27) and obtain
u=S1(¢ —ao, u) — Di(p — ay~u) + Ny (div(aVu) + Bu), (55)

which shows that w satisfies

2
CAu- = div(aVu) 4+ fu in Q7,

ay

and therefore

—div(aVu) + s*u=0 in Q. (56)
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(1)

Let us define

up = (Dy —Sp) M (Z) .

Aug + K2ug =0 in RT\ Q.

Taking interior traces of (54), exterior traces of (57), we obtain

() = () (£ s

() = (- ().

Multiplying (60) by M~!, subtracting from (59) and using (53)

y-t (Vo) (@)
O ug ao, u ’
Yuo) [ 7w _
[SARTR ad, u

Combining (56), (58) and (62), we know that

By definition, uq satisfies

which is equivalent to

(63)

must be the unique solution of a homogeneous transmission problem. Therefore, U = 0 in R%.

We conclude that u =01in Q, ug =0 in R4\ Q.

This implies

1 1
0:<I+A1> 7, 0:(]—A0>M 7. (64)
2 G 2 G
~ a0
Now, note that M = a,M = a; ( 0 1) Therefore, using (53) and the fact that u = 0 in
aQ-,
-1 L2 R | Y ) _
(M~ AgM + Ay) (1/} =(M"AM + Ay) (1#) = (65)
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Define
(“0) in Q- (66)
vy = (D1 —Sl> 90) in R*\ Q. (67)

Taking traces, we derive

() =G (7).

By (65), we get

We conclude that
~Av—Kw=0 inQ",
2

—Avy — ﬁvo =0 in R\ Q,
a1

YTy —ay v=0 inT,

Ofvg—0,v=0 inT.

There is a unique solution by Assumption 3.5. Therefore, we know that

Vo v in Q7
vy in R4\ Q7

must be zero. This implies v = 0in Q~, vy = 0 in RY\ Q~, and

0= (;I 4 Ao) M (Z) . 0= (;1 - A1> (Z) . (68)

Combining (64) and (68) we conclude that ¢ = 0,9 = 0.
[

Remark 3.8. It is worth noting that Assumption 3.5 ensures uniqueness for the traces p €
HY2(T'),v» € HY*(T'). Uniqueness holds for the solution uw € H'(Q™) of Problem 3.1 without
Assumption 3.5.
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Theorem 3.9 (Well-posedness of Problem 3.1). Under Assumption 3.5, there exists a unique solution
(p*,u*) € H(T) x HY(Q2™) to Problem 3.1, that satisfies

e N mare ey + 10" =12y + Wl grq-y < C (H91HH1/2(F) + HQZHH—l/z(r)) :

Proof. Lemma 3.7 shows that the block operator is injective. Proposition 3.3 shows coercivity of
the first-kind single-trace operators. Layer potentials are bounded operators and al — A satisfies an
inf-sup condition up to a compact operator, according to Proposition 3.4. Therefore, Assumption
A.1 holds and the result follows from Proposition A.2; see Appendix A. O

4 Galerkin Discretization

4.1 Finite Element and Boundary Element Spaces

Let {7, }n>0 be a globally quasi-uniform and shape-regular family of triangular meshes of Q. Let
{34 }n>0 be the induced family of meshes of T'. We choose finite element spaces V;, := V;,(T,) € H(Q7)
of piecewise linear functions on 7. We also use the same finite dimensional space V}, as a conforming
subspace of H~(€27). We consider boundary element spaces Uy, := Uy, (X)) C HY?(T) of piecewise
linear functions. For the first-kind formulation we will use W, := W;,(X,) € H~Y%(T") of piecewise
constant functions, while the second-kind formulation requires U, c H~/2(I).

4.2 Asymptotic Quasi-Optimality

The first result needed is a discrete version of Lemma 3.4.

Proposition 4.1 (Discrete inf-sup condition for d). There exists ¢4 > 0 such that

g < inf  sup (vn, Gun)o- for all h > 0.

0Fun€EVh 00, €V, ||uh||H1(Q*) ||UhHﬁ—1(Q‘)

Proof. We start by denoting as (-, -)5 the weighted L? inner product and by |||, the induced weighted
L?-norm. This norm is equivalent to ||| 2o, due to @ € W'>(Q~) being bounded below by a
positive constant. Moreover,

Canin [[0]] 1710y < 6wl gy < Cma [wll -y for all w € HY(Q),

because a € Wh*(Q7) and 1 € Wh*(Q7). We know ([24, Section 2.1]) that there exists an
L*-orthogonal projection operator @, : H(2™) — V;, € H*(€27) such that

(Qhu, wh>g— = (u,wh>g—, for all wy, € V},
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with
1@Qnull 1oy < es llull gy, forallu e HY(QT), (69)
lu = Qnullp2o-) < crhlulm o), (70)

where cg, ¢; depend only on the shape-regularity and quasi-uniformity measure of 7, but not on
the parameter h. Similarly, we can define Q7 : H'(Q™) — V}, as

(Q%u,wp)a = (u,wp)a, for all wy, € V.
First, we show that Q¢ also satisfies properties similar to (69) and (70). Note that
v — Qi < |[u— Quu+ (Quu— Qi)
< Jlu— Quull; + [[(Quu— Qiu)| .
< llu— Quull; + |Qh(@Quu — )|,

< 2lu — Qnull; < 2amax [[u — Quull 20—y < Erhlulm -,

for all w € H'(Q2), with ¢; > 0. Now, we can show that with ¢g > 0
HQZU ) < HQhU + (Qhu — Qh’d)‘ Q)

< 1Qntll 1oy + ||(Qfrw = Quu)|

< @uull oy + [|@u(@u — )] 1

< e ullyiomy + cah™ | Qn(@Qiu — )

H(Q-

HY(Q)

L2(Q7)

< esllullynga-y + cah™ |Qfu —u

sy < Bl

appealing to global quasi-uniformity of the mesh for the inverse inequality. We proceed to show

the main result. Using the adjoint projection operator (Q%)* : H-'(2~) — Vj, and definition of the
dual norm:

~ <U? duh)Q— <U, uh>a
Cmin ||Uh||H1(Q—) S ||auh||H1(Q_) = s~up T — S,P'p T
0AveH~1(Q7) HUHH_l(Q_) 0AveH—1(Q) H/UHH—I(Q—)
— s (@) v+ (v—(@y)™), un)a _ sup (@)™, un)a
0AvEH—1(Q7) HUHI:’”(Q*) 0£veH—1(Q) Hvaj—l(Q—)
<és  sup <(?’:<) v, Un)a < &g sup _(vnunja
0£veH-1(2-) 1(Q7) UHﬁfl(Qf) 0vp,EV), th||ﬁ,1(97)
which completes the proof with &g := &
Cs
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Now, we are able to establish the main result on the Galerkin discretization of Problem 3.1.

Theorem 4.2. Provided that Assumption 3.7 holds, there is hy > 0 and a constant cqo > 0
independent of h such that there exists a unique Galerkin solution (pn,un) € (U x Wy) XV}, of
Problem 3.1 for all h < hg. The solution satisfies
— — < i - — .
I = =)l < oo, nf (= M= )]
wpEVh

Proof. We need to show that our system satisfies Assumption A.1. By Assumption 3.7 we have
injectivity. By Propositions 3.3, 3.4, and 4.1 we can comply with the inf-sup condition for the
principal part given in Proposition A.4. Then, by Proposition A.5 we obtain the result.

[

If the solution (¢, 1, u) of Problem (3.1) enjoys some extra regularity, we can use best approxi-
mation estimates for finite elements and boundary elements [22, Section 4] to predict convergence
rates for the Galerkin discretization. Let k& € N be the polynomial degree of approximation in the
finite/boundary element spaces, then

. min{s—1 s
inf ||on — Ml gregry < 320 {oa b} lelgrsry, Ve € H(D),
€U

: ba 7, mi 1k
Jnf [l =7l oragry < SRR )

HS(F) ) Vw G HS(F)v

: . ba7 min{s—1,k} s
w;llrg/h [un = wnll g1 oy < 3R ull ooy,  Vu € H¥(Q).

5 Numerical Experiments in 2D

In this section we will show numerical experiments for different cases. The parameters a, k1 will be
chosen as

a; = ar := /a(w)dsx, K1 = Kp := //f(:v)dsx. (71)

This particular choice reduces problems with constant coefficients to boundary integral equation
formulations. Moreover, it reduces to a minimum the support of functions «, 5 in our examples.

We refer to multiple formulations in our experiments' . In particular, the Lippman-Schwinger
equation [17] is denoted as LS; Costabel’s coupled formulation [13] is denoted as CVIE; Johnson-
Nédélec FEM-BEM coupling [16, 23] is denoted as FEM-BEM; Problem 3.1 is denoted as STF-VIE,
while Problem 3.2 is denoted as 2STF-VIE.

!Finite element and boundary element implementation were done based on GYPSILAB [2]. Regularization for
volume integral operators was implemented using semi-analytic formulas. The MATLAB code is available in the Github
repository www.github.com/ilabarca/stf-vie
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5.1

Case o = 0: Constant Coefficient a in (2~

We are interested to solve the transmission problem (5) with a(x) = 1 for all € R?. The incident

field u™° is given by

u(x) := exp(ikox - d),

5.1.1 Validation: Artificial Domain

d := (cos(#), sin(6)),

6 € [—m,7].

We consider a domain 2~ C R? consisting of a: (a) unit disk centered at the origin; (b) square of
length 2 centered at the origin. The wavenumber x = 4 is the same for both interior and exterior

domains. The solution for the interior field corresponds to u(x) = u
We observe expected convergence rates for the Galerkin

Figure 1 shows convergence results.
discretization.

Convergence Results Disk

T
R x

o

Relative error

LS - L*norm
-<>- STF-VIE - L*-norm
.7 -X -FEM-BEM - L*-norm
LS - H'-norm
-~ STF-VIE - H'-norm
-% -FEM-BEM - H'-norm
---0(h)
- -0(h?)

L L I I I
0.015 0.025 0.05 0.075 0.1

h

Figure 1: Plots of error norms vs. meshwidth h:
[—1,1] x [—1,1].

5.1.2 Scattering at a Unit Disk

This section considers a problem in a domain €2~

inc(w>'

Convergence Results Square

::&::::f&::,’_—xw

-&c-

Relative error

LS - L*norm
-&-STF-VIE - L*-norm
-% -FEM-BEM - L?*-norm

LS - H'-norm
-~ STF-VIE - H'-norm
- -FEM-BEM - H'-norm
- -0
- -0O(h?)

L I I
0.05 0.075 0.1

h

L
0.025

plane-wave solution. (a) Unit disk; (b) Square

C R? consisting of a unit disk centered at the

origin. The smoothly spatially varying wavenumber is defined as

K(x) :

|
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where s = 1.5 and

t2
exp | — , <1
] oo (ria)
0, [t] > 1.

We solve Problem 3.1 and measure errors in the H'(27) norm using the numerical solution on a
mesh obtained by one additional refinement step as reference. The results are shown in Figure 2.
We observe expected convergence rates for the Galerkin discretization.

Convergence Results Disk

Interior Field Solution 100
, L

0.8

T _%5:_'_::-—(}"‘
U S
05 R &.,_f-’-""&— ’,X”/ /<>
®- et -
X Pt
0 0 »‘X/’ ”’/ -
25 e

-0.2 10 - '<>, -7 LS - L%-norm
04 05
06
08 ~ 4

B ‘ -6.4 02 0 0.2 014 o.vs oja 1

ot -&-STF-VIE - L?-norm
-1 -0.8 -06

0.6

0.4

Relative error
‘\
\
AY
\
<>
AY
\
\
AY

02

JE et - X -FEM-BEM - L*-norm
_ ”’— - LS - H'-norm
JE4iche -~ STF-VIE - H'-norm
sl 2" -X-FEM-BEM - H'-norm
10 b * _Z-om
-+ -0(h?)

L L I I
0.025 0.05 0.075 0.1

Figure 2: Scattering at a disk: problem in Section 5.1.2. Real part of the interior field solution and
plot of error norms vs meshwidth.

5.1.3 Scattering at a Square (Case a|r = 0)
The wavenumber is defined as

2 Q-
k(x) = ’ z ¢ B
44 2n(slz]), xe€Q,

where s = 1.5 and

1, x ¢,
1
2+ gn(@)n(y), = e

a(x) :=

Note that for this experiment a(x) = ar > 0 for all € I'. The results are shown in Figure 3. We
observe the expected convergence rates.
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Convergence Results Square

LS - L?*-norm
CVIE - L?*-norm
-X - STF-VIE - L*norm
A 2 -(9- 2STF-VIE - L?-norm
P A —+— FEM-BEM - L?-norm
. z LS - H'-norm
’ 7 CVIE - H'-norm
& -X - STF-VIE - H'-norm
0% P -(- 2STF-VIE - H'-norm
27 -—+-FEM-BEM - H'-norm
v ---0(h)
% - e -0(h?)

0.025 0.05 0.075 0.1 0.25 0.5 1

h

Relative error

Figure 3: Scattering at a square: problem of Section 5.1.3. Error norms as functions of h.

5.1.4 Scattering at a Square (Case a|r # 0)

The wavenumber is defined as

() = 2, x¢Q,
| 4= :m@nl), zeq
and
1, x ¢,
a(x) =

1
1— 1(&:2 +v%), Q.
Note that for this experiment o|r # 0. The results are shown in Figure 4. We observe that expected
convergence rates are obtained after a preasymptotic regime.
6 Conclusion

We derived new coupled VIE-BIE formulations for the acoustic transmission problem in frequency
domain, relying on new representation formulas and volume integral operators. In particular, first
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Convergence Results Square

______

4 LS - L?-norm
+ & ? e CVIE - L*norm
‘ 2 P -% -STF-VIE - L?*-norm
e ¢ . -(©-2STF-VIE - L*-norm
102F » ¢ . -+-FEM-BEM - L?-norm
o? e LS - H'-norm
/Q . CVIE - H'-norm
A . - X -STF-VIE - H'-norm
st e -(®-2STF-VIE - H'-norm
57 o ‘ -+-FEM-BEM - H'-norm
- o
ﬁ , ‘ -*- O(h’ )
i | R . I . . 1 P

0.025 0.05 0.075 0.1 0.25 0.5 1

h

Relative error

Figure 4: Scattering at a square: problem of Section 5.1.4. Error norms as functions of h.

and second-kind single-trace formulations are coupled with a volume integral operator, similar
to the ones studied in the Lippmann-Schwinger equation. Well-posedness of the continuous and
discrete problem is established, provided that an assumption on uniqueness of solutions of a special
transmission problem holds. Verifying this assumption remains as an open problem.

Galerkin discretizations of the formulations were studied, with a result on the quasi-optimality
of solutions. Numerical experiments in two dimensions demonstrate that the theoretical predictions
are sharp. Convergence rates are obtained according to our theoretical results.

Future work has to address the efficiency of the proposed method. Compression and acceleration
techniques become even more important when the volume integral operators are involved, especially
for 3D problems. Spectral methods for volume integrals are also worth considering.

Extending the methodology to electromagnetic scattering is work in progress. Although the idea
seems straightforward to apply, there are particular challenges related to the theory of boundary
integral equations for electromagnetic problems.
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A Block Operators

A.1 Fredholm Equation

Let X, II be Hilbert spaces and X', II’ their duals. Consider the operators
A X = X, B:II - X',
C:X —1r, D:1I—1T.

All of them linear bounded operators. We study the system

A B
“ _ (7). (72)
C D) \p 0
Assumption A.1. The operator

A B , ,
T = X xII — X' x1I
C D

is injective. Moreover, A and D are coercive operators. B is a compact operator.

Proposition A.2. Under assumption A.1, there exists a unique solution (u*,p*) € X x II to the
system in (72). Moreover, the solution satisfies

lellx + 1"y < Cll Al -

Proof. This is a consequence of A and D being coercive, B being compact and the Fredholm
Alternative. We know there exist compact operators

Ty: X = X', Tp:1I—1I,
such that A = Ag+ T4, D = Do+ Tp, with Ay and Dy elliptic operators. We can write (72) as

) 200
e 1) < 2) ()

Then, A has a bounded inverse, K is a compact operator and T = A + K is injective. By the
Fredholm Alternative we know that

We denote

(A+Kju=Tf,

has a unique solution u* = (u*, p*) € X x II with

lellx + 1Pl < el fllx -
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A.2 Galerkin Discretization

Next, we consider the Galerkin discretization of (72). Choose finite dimensional subspaces X, C X
and IT;, C TI. We study the following variational problem: find (uy, pn) € X} x IIj, such that

(Aup, vp) x + (Bpn, vn)x = (f, vn), for all v, € X},
(Cun, qn)un + (Dph, gn)u = 0, for all g, € I,

which can be rewritten as

t ((un, pn)s (Vn,qn)) = (f,vn), forall v, € Xy, g, € 1, (73)

where
t ((un, on)s (Vn, qn)) = (Aun, V) x + (Bpn, vr)x + (Cun, gn)u + (Dpn, ). (74)

Proposition A.3 (inf-sup condition). The bilinear form tqo : (X x II) x (X x II) — C given by
tD((uap)7 (U7 q)) = <A0u7 U)X + <OU, CI>H + <D0p7 Q>H
satisfies the h—uniform discrete inf-sup condition

cp < inf sup Reltol(un, pu), (vn, gn) )} ,  Jorall h>0. (75)

T 0A(unpn) €X0 XTTh 02 (up qn) €Xn x| (Whs D) || x s 1 (Whs @) || x s

Proof. For any arbitrary (up,ps) € Xp, x I, we write

Re{to((un, pn), (Vn, qn))} > Re{to((un, pn), (Vi, q1))}
- (W7 @) || x e

sup (76)

0% (vh,qn)EXp xII), ||(Uha Qh)HXxH

for some (v}, q) € Xj x II,. We choose conveniently

(0 _ [un + wy, (77)
T Pn
where wy, € X}, satisfies the variational problem:

(Aowy,, wp)x = —(Cwy,pp)  for all w), € Xy, (78)

which is well-posed by the Lax-Milgram lemma:

C
C

lwnllx < 7210 12l (79)
1
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where c§ > 0 is the continuity constant of the operator C, and ¢l is the ellipticity constant of Ay.
Using (79) we also know that

* * CC
Ik < (1 ) Iunmn) (50
1

Now, we compute

tol (un 1), (07 1) <A( ) C%;wﬂ>

= (Aoun, up + wn) x + (Cun, pp)u + (Dopn, Pa)u

= (Aoun, un)x + (Aotn, wr)x + (Cun, pr)ur + (Dophs Pt
= (Aoun, un)x — (Cun, pr)u + (Cun, pr)u + (Dopr, Pr)u
= (Aoun, un) x + (Dopn, pr)u-

Therefore, by the ellipticity of Ay and Dy we obtain

Re{to((un, pn), (v, 47))} = min(ei, ) || (un, o) 5 car - (81)
We conclude by combining (80) and (81) into (76) and taking the infimum over (up, py) € X5 xII,. O

For the sake of simplicity we have stated Proposition A.3 assuming coercive operators A and D.
However, in Section 4 we face the situation that D merely satisfies an inf-sup condition. This case is
addressed by the following extended version of Proposition A.3.

Proposition A.4 (inf-sup condition, weakened assumptions). Let I1 be another Hilbert space and
I1, C I a finite dimensional subspace. Let C': X — I be bounded and let Dy : 11 — II' be a bounded
operator that satisfies an h—uniform discrete inf-sup condition

Re{ (D ~
o < inf sup_ A(Dopr, 4n) i} for all h > 0. (82)

0#pp€lly, 0qnelly thHHHQhHﬁ

Then, the bilinear form to : (X x II) x (X x II) = C given by
tO((uap)7 (U7 q)) = <A0’LL, U)X + <O’LL, C])ﬁ + <D0pa Q>ﬁ
satisfies the h—uniform discrete inf-sup condition

Re{t
Ct1° < inf sup e{to((un, pn), (vn,qn))}
0 (wnpn) X0 xTIh ety 1y )l e [1(0ns @)l

., forallh > 0. (83)
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Proof. The proof runs largely parallel to that of Proposition A.3. The main modification is the
choice of the candidate ¢j. The h—uniform discrete inf-sup condition is equivalent to uniform
T, —coercivity ([9, Theorem 2]): there exists & > 0 and a family of uniformly bounded operators
T - 11, — Hh, h > O, such that

Re{ (Dopn, Trpn)} > &0 ||pnll;,  for all h > 0. (84)

Therefore, the proof of Proposition A.3 can me modified by choosing the candidate gj in equation
(77) as Typp. Consequently, equation (78) is now

(Agw), wn)x = —(Cwy, Thpp)z  for all wy, € X, (85)

and
to((un, pn), (V4 @3)) = (Aoun, un)x + (Dopn, Thpn)s, (86)

where the result follows from the ellipticity of Ay and (84).
[l

Proposition A.5 (Asymptotic quasi-optimality). Provided that Assumption A.1 holds, there is
ho > 0 and a constant cqo > 0 independent of h such that there exists a unique Galerkin solution
(un,pn) € Xp x Iy of (73) for all h < hy. The solution satisfies

— < inf — .
1s2) = ) < oo 0L () = () e 37)

Proof. The result follows from Proposition A.3 and t = ty + tk, with tx being the bilinear form
associated to the compact operator K. O

B Neumann Trace of Volume Integral Operators
In this section we show how to compute the duality pairing

b (u, 1) = (8,divNy(uVe),n), we H(Q),ne H/*). (88)

This is important for the variational formulations presented in Problem 3.1 and Problem 3.2.
Let us denote w := Ny(uVa). This is a solution of

Ii2

—Aw — 2w =uVa,
a1
which can be rewritten as )
K
curl*w — Vdivw — 2w = uVo. (89)

a1
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By using (89), we obtain
2

VdivN, (uVa) = curl?w — ﬁw —uVa.
3]

Therefore, we have the following expression for (88)

(n - {curlPw — Z—?w —uVal|r,n)

(yneurl®w, n) — Z%(’ana n) — {(n-Va)y u,n)

= (dive{mecurlw}, n) — L (yw,n) — (0 Va)y u,n)
(yeurlw, Vrn) — Z%(%w, n) —{(n-Va)y u,n),

by (U, 77) =
(90)

which contains only weakly singular kernels. Note that the last term in the right hand side of (90)
cancels with the operator Tt in (38).
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