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TRACES FOR HILBERT COMPLEXES

RALF HIPTMAIR, DIRK PAULY, AND ERICK SCHULZ

ABSTRACT. We study a new notion of trace operators and trace spaces for abstract Hilbert
complexes. We introduce trace spaces as quotient spaces/annihilators. We characterize the
kernels and images of the related trace operators and discuss duality relationships between trace
spaces. We elaborate that many properties of the classical boundary traces associated with the
Euclidean de Rham complex on bounded Lipschitz domains are rooted in the general structure
of Hilbert complexes. We arrive at abstract trace Hilbert complexes that can be formulated
using quotient spaces/annihilators. We show that, if a Hilbert complex admits stable “regular
decompositions” with compact lifting operators, then the associated trace Hilbert complex is
Fredholm. Incarnations of abstract concepts and results in the concrete case of the de Rham
complex in three-dimensional Euclidean space will be discussed throughout.

1. INTRODUCTION

1.1. Starting point: the de Rham complex. In vector-analytic notation, the L? de Rham
complex in a bounded domain Q C R? reads’

(1.1) R <25 22(Q) £ 12(0) <2 r200) % 12(0) —% (o).
It involves unbounded first-order differential operators inducing the domain Hilbert complex
(1.2) R <" HY(Q) 229 Hcurl, ©) <5 H(div, Q) 9% £2(Q) = {0},

where customary notation for Sobolev spaces equipped with graph inner products was adopted?.
Taking the closure of compactly supported functions in these Sobolev spaces and tagging the
resulting closed subspaces with ‘o’ on top, we obtain a subcomplex

(13) {0} —— A'(Q) Z% H(curl, 2) <=5 f(div, Q) 4% 12(Q) % {0},
giving rise to the following structure:

HY(Q) 2% H(curl, Q) 2% H(div,Q) —2 12(q)
(1.4) U U U U

o rad o cur ° iv
HY(Q) =5 H(curl, Q) =5 H(div, Q) —25 L2(Q).

1.2. The de Rham complex and trace operators. The focus of this work is on trace operators.
For the de Rham complex above, those are usually introduced as linear mappings of functions in
Q to functions on I' = 9). Let us confine ourselves to Lipschitz boundaries I'. In this case, the
spaces H*(T"), 0 < s < 1, can be defined by localization and pullback under charts [31, Ch. 3] and,
subsequently, by duality for —1 < s < 0: H (") = (H*(I"))’. Local charts can also be used to
(almost everywhere on I') introduce surface differential operators, for instance the surface gradient
gradp : H(I') — L?(I') mapping into tangential surface vectorfields and its rotated version, the
vector-valued surface rotation curlr [34, Sect. 2.5]. By duality and interpolation these operators

lThroughout, we use special arrows to indicate properties of mappings: ‘—’ for surjectivity, ‘—’ for injectivity
and ‘--»’ for isometry.

2For instance, the spaces H!(Q), H(curl, Q) and H(div, ) are discussed in [22]. They are equipped with the
obvious graph norms making the operators involved in the domain Hilbert complex trivially bounded. In the
Euclidean setting, we distinguish vector quantities from scalars by using a bold font.
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2 RALF HIPTMAIR, DIRK PAULY, AND ERICK SCHULZ

can be extended to H*(T'), —1 < s < 1, see [15, Sect. 3]. Duality also yields the scalar-valued
surface rotation curly : L2(T) — H™(T) as the adjoint of curlr.
The classical trace operators are obtained by extending the restriction operators®

(1.5a) yu = u|F (pointwise trace),
(1.5b) YU = 1n X (u|F X 1) (pointwise tangential component trace),
1.5¢ pUi=1Uu|, 1N pointwise normal component trace),

v r

to continuous and surjective mappings from the Sobolev spaces involved in the domain de Rham
complex to so-called trace spaces whose characterization is the main assertion of the standard
trace theorems for a Lipschitz domain :

(1.6a) v HY(Q) — HY*(I) (26, Thm. 4.2.1],

(1.6b) ~; : H(curl, Q) — H™/?(curlp,T) [15, Thm. 4.1],

(1.6¢) vn s H(div, Q) — HY2(D) (22, Thm. 2.5, Cor. 2.8].
The classical trace spaces can be defined based on surface differential operators as

(1.72) HY2(T) = {¢ € H-V2(I) | curlr ¢ € H; Y2(D) } :

(1.7b) H~/2(curlp, T) = {(,b e H, Y4 | curlp ¢ € H-Y2(D) } :

where Ht_l/2 (T') designates the dual of the range of the tangential trace applied to H!(Q). The
mathematical theory of the pointwise trace v is well established, cf. [31, Chap. 3]. That for the
normal component trace 7, is carefully developed in [22, Chap. 1]. Regarding the tangential
trace 7 in (1.6b) and the trace space (1.7b), we refer to the comprehensive and profound analysis
of [15], based on the earlier works [1,13,14].

These important results were generalized to arbitrary dimensions by Weck in [49] using the
framework of differential forms, where pullback by the boundary’s inclusion map provides a unified
description and generalization of the traces (1.6). A similar characterization of the range of the
boundary restriction operator for Lipschitz subdomains of compact manifolds is given in [32],
where a boundary de Rham complex involving surface differential operators is also studied.

One may wonder whether the structures shining through in (1.7a) and (1.7b) hint at a more
general pattern governing the structure of trace spaces. Thus, in this article, we are going to
elaborate this structure in the abstract framework of Hilbert complexes, of which the de Rham
complex is the best-known representative. Since there is no notion of “boundary” in that abstract
framework, we have to detach the concept of a trace space from the idea of a function space on a
boundary. This can be accomplished by adopting a quotient-space view of traces.

Let us sketch this idea for the Euclidean de Rham complex. Since the kernels of the classical
trace operators (1.6a)-(1.6¢) are®

a7 H ()

(1.8a) N(y) = HY(Q) := C°(Q) [31, Thm. 3.40],
(1.8b) N(v.) = Hcurl, Q) == Cge (s et 33, Thm. 3.33],
(1.8¢) N () = H(div, Q) := Cgo()3 ™ 33, Thm. 3.25),

we immediately conclude that these trace operators induce isomorphisms between the classical
trace spaces and the quotient spaces:

(1.92) H'(Q)/H'(Q) = H'/*(T),
(1.9b) H(curl, Q)/H(curl, Q) = H~"/2(curlp, T),
(1.9¢) H(div, Q)/H(div,Q) = H~ /(D).

3We denote by n € L°°(T") the exterior unit normal vector-field on the boundary I
4We write N'(T) and R(T) for the kernel/nullspace and range/image space, respectively, of a linear operator T.
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This paves the way for an alternative characterization of trace spaces independent of the notion
of “function space on I'”. We remark that the quotient space approach to the definition of trace
spaces has also proved successful for the de Rham complex in order to define traces on sets more
complicated than boundaries of Lipschitz domains [17,18].
Classical theory of trace spaces for H(2), H(curl, Q) and H(div,Q) also addresses duality

between trace spaces:

e The L?(T") inner product induces a duality between H/2(T") and H~/2(T"); cf. [26, Chap.

4.2] and [31, Chap. 3].
e The skew-symmetric pairing’

(1.10) (u,v)x := /F(u xn)-vdo

can be extended from L2(TI") x L3(T") to H=Y/?(curly, T') x H™'/2(curlp, T'), allowing the
identification of H~1/?(curlp, T') with its own dual space, cf. [15,16,33].
The following diagram hints that also the possibility to put trace spaces for the 3D de Rham
complex into duality is governed by general rules.

HI(Q) grad H(curl, Q) curl H(diV, Q)
(1.11) 5 . N
| o |
H1/2 (F) H_l/2 (CuI‘h"7 F) L2-self duality H_1/2 (F)

\ /\//
L?-duality

1.3. Goals, outline, and main results. There are obvious parallels in the definitions of the
different trace spaces and their duality relations. One may wonder if this kind of resemblance
between the trace spaces arise only for the de Rham complex or whether it is already manifest in
a more basic/general setting, of which the de Rham complex is just a prominent specimen. That
setting is the framework of Hilbert compleves®, first introduced in [12]. Therefore, the guiding
question behind this work is:

To what extent can results about traces for the de Rham domain complex be trans-
ferred to abstract Hilbert complexes?

Of course, abstract Hilbert complexes know neither domains nor boundaries. Therefore, as already
mentioned above, we cannot expect to arrive at a characterization of trace spaces as function spaces
on a boundary. Yet, a theory based on the quotient space view of trace spaces is feasible. Its
development will be pursued in Section 3. There, we first propose trace operators induced by
“generalized integration by parts formulas” and mapping into dual spaces, and then generalize
(1.9) to a quotient-space understanding of trace spaces.

Next, in Section 4, we shed light on duality relationships between trace spaces and find that
the observation made in (1.11) is a generic pattern; see Theorem 4.8. This even holds in a
setting simpler than Hilbert complexes. “Minimal Hilbert complexes” will only enter the stage
in Section 5 in order to define so-called “surface operators”, which are abstract counterparts of
the classical surface differential operators such as grad and curly. The full structure of Hilbert
complexes is exploited starting from Section 6. Augmenting it by assumptions about the existence
of so-called stable regular decompositions (Assumptions B and C), we obtain characterizations of
traces spaces, in Theorem 6.8 and Theorem 6.9, which reveal that the definitions (1.7a) and (1.7b)
of classical trace spaces reflect a more general pattern. This paves the way for the key insight
expressed in Theorem 7.1 that trace spaces and surface operators are the building blocks of what

5We denote by o the surface measure on the boundary.

6For the functional analytic foundations, we refer to parts of the FA-ToolBox from [38, Sec. 2], which is a
compilation of useful functional analysis results that grew from its use in previous works, cf. [36, Sec. 4.1], [37, Sec.
2], [39, Sec. 2.1], [41, Sec. 2.1], [42, 2.2], [38, Sec. 2] and [35, App. 3]. We find the introduction in [7, Chap. 4] to
be an accessible resource for readers unacquainted with Hilbert complexes, because it reviews in detail the material
more concisely presented in [9, Sec. 3], cf. [8, Sec. 2] and [12].
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we call a trace Hilbert complex, a full-fledged Hilbert complex of unbounded, densely defined, and
closed operators.

Parallel to its development, we will apply our new abstract theory to the de Rham complex
in three-dimensional Euclidean space. We hope that this will motivate some of the assumptions
made on the abstract spaces. The discussion will take the form of an ongoing specialization of the
definitions and results, set apart from the main line of reasoning.
3D de Rham setting I: Traces and integration by parts. The key trace operators and trace spaces
associated with the Euclidean de Rham complex in three space dimensions have already been introduced

n (1.5) and (1.6). We just want to add the well-known fact that the trace operators (1.6a)-(1.6¢) have a
close link with Green’s formulas

(1.12a) (Yu, ynV)r = / gradu - v + udiv(v) dx Yu € H'(Q),Yv € H(div, Q),
Q

(1.12b) (yeu, vev)yx = / curlu-v —u- curlvdx Yu,v € H(curl, Q).
Q

On the left, we denoted the duality pairing between H/(T') and H~Y2(T") by (-, -)r, but wrote (-,-)x for
the skew-symmetric self-duality pairing on H~'/?(curly, "), cf. [15, Lem. 5.6]. A

Finally, we stress that we could have demonstrated the specialization of our results also in the
setting of general exterior calculus, but refrained from it in the interest of readability.

List of symbols

Ag = closed densely defined unbounded operators Section 2.2, (2.5a)
A, = Hilbert space adjoint of Ay Section 2.2, (2.5b)
Ak = closed densely defined unbounded operator Ak C Ag Section 2.3, (2.8a)
AZ = Hilbert space adjoint of Ay, Section 2.3, (2.8Db)
Rp(a;)= Riesz isomorphism D(A:) — D(ALY Section 3.3, (3.12)
T¢ = primal Hilbert trace D(Ag) — D(/—\,’;)’ Section 3.1, (3.3)
T? = dual Hilbert trace D(A%) — D(Ay)’ Section 4.1, (4.2)

T (A1) = quotient space D(Az)/D(A}) Section 3.2, (3.23)
’T(AZ) = quotient space D(A,”;)/D(AZ) Section 4.1, (4.8)

It = isometric isomorphism D(Ay) — R(T%) Section 3.2, (3.39)
15 = isometric isomorphism D(AZ) = R(TY) Section 4.1, (4.19)
(-, -)x = duality pairing Section 4.2, (4.24b)
Kr = isometric isomorphism induced by (-, ) Section 4.2, (4.26)
Pt = orthogonal projection D(A;) — D(A)+ Section 3.1, (3.28)
P = orthogonal projection D(A%) — D(A%)+L Section 4.1, (4.12)
i = canonical quotient map D(Ag) — T (Ax) Section 3.1, (3.28)
7w = canonical quotient map D(AZ) — T(AZ) Section 3.1, (4.12)
W/ = dense inclusion W} < D(Ax) and/or W} — D(A,’;_l) Section 6.1, (6.1)
W, = dual space (W)’ Section 6.1, (6.7)
VOVZ’Jr = intersection space D(Ak DNWE=N(Tr ) NnW; Section 6.3, (6.32)
W' = intersection space D(Ak) NW=N(THNW/ Section 6.3, (6.32)
T;"" = quotient space W+/W” o+ Section 6.4, (6.41b)
T, " = quotient space W+/Wt o+ Section 6.4, (6.41a)
T}~ = dual space (TZ’+)' Section 6.4, (6.41Db)
T, = dual space (T} )’ Section 6.4, (6.41a)
D! = surface operator (AZ_H) :D(A) — D(A,’;H)’ Section 5.1, (5.4a)
D? = surface operator A;_; : D(Ax) — D(Ar_1)’ Section 5.1, (5.4b)
St = surface operator ) Ay : T(Ar) = T (Ary1) Section 5.2, (5.23)
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§Z+1 = surface operator ﬂgAZH : T(A,";) — T(,’i\,”;il) Section 5.2, (5.23)
% = surface operator ﬂ,’;tl Ag: TZ’L — T(0Ak+1) Section 6.4 (6.44)

I = surface operator wiAL | : TZ++1 — T(A}_) Section 6.4, (6.44)
[A)Z = surface operator (%24_1)' CT(AY) — TS, Section 6.4, (6.46)
D = surface operator (S)" : T(Ak+1) — TZ’_ Section 6.4, (6.46)

2. HILBERT COMPLEXES

2.1. Operators on Hilbert spaces. In this article, both bounded and unbounded linear operators
take center stage’. We distinguish them using the following notation. Let X and Y be two Hilbert
spaces equipped with the inner products (-, -)x and (-, )y, respectively. We will consistently write
A:D(A) C X — Y to indicate that A is regarded as an unbounded linear operator from X to Y
with domain D(A), whereas we mean by A : X — Y that A is viewed as a bounded operator from
X to Y defined on the whole space X.

Recall that the difference between A : D(A) C X — Y and A : D(A) = Y comes from whether
the topology of the subspace D(A) C X is given by the norm of X or the graph norm induced by
the inner product (x1,X2)p(a) := (X1,X2)x + (Ax1,AX2)y Vx1,%x2 € D(A).

An unbounded operator A : D(A) C X — Y is said to be closed if and only if its domain D(A)
is a Hilbert space when endowed with the graph norm, cf. [7, Prop. 3.1]. It is densely defined if
D(A) is a dense subset of X. The kernel and range of A, whether it is bounded or not, will be
denoted N (A) and R(A), respectively.

Topological dual spaces will be tagged with prime, e.g. X’. We use angle brackets for duality
pairings, e.g. (¢, x)x/, ¢ € X', x € X. Accordingly, the operator dual to a bounded linear
operator A : X — Y is a bounded operator A’ : Y — X'.

The Hilbert space adjoint of A : D(A) C X — Y is written A* : D(A*) C Y — X. Recall that
it is the unbounded linear operator satisfying

(2.1) A"y, x)x = (y,Ax)y Vy € D(A"),¥x € D(A),

whose domain D(A*) consists of all y € Y for which the linear functional D(A) — R defined
by x — (y,Ax)y is continuous in the X norm, i.e. for every y € D(A"), 3Cy > 0 such that
l(y,Ax)y| < Cy|lx|lx, Vx € D(A). If A is closed and densely defined, then A* is also closed and
densely defined [7, Prop. 3.3]—in which case A*™* = A.

We write A C A and say that an unbounded linear operator A : D(A) C X — Y is an extension
of another unbounded linear operator A : D(A) € X — Y when D(A) € D(A) and Ax, = Ax,
for all x, € D(A).
3D de Rham setting II: Differential operators. We refer to [7, Chap. 3] for the following mappings
properties. The linear differential operators

(2.2a) grad : H'(Q) C L*(Q) — L*(Q),
(2.2b) curl : H(curl, Q) c L*(Q) — L*(Q),
(2.2¢) div : H(div, Q) € L*(Q) — L*(Q),
are densely defined and closed unbounded linear operators. They are extensions of
(2.3a) grad : H'(Q) c L*(Q) — L*(Q),
(2.3b) curl : H(curl, Q) c L*(Q) — L*(Q),
(2.3¢) div : H(div, Q) ¢ L*(Q) — L*(Q).

The L? Hilbert space adjoints of (2.2a)-(2.2c) are
(2.4a) grad® = —div : H(div, Q) ¢ L*(Q) — L*(Q),
(2.4b) curl® = curl : H(curl, Q) ¢ L*(Q) — L*(Q),
(2.4¢) div* = —grad : H'(Q) C L*(Q) — L*(Q),

"Standard references concerning bounded and unbounded linear operators are [29, Chap. 3] and [50, Chap. 7].
We also particularly recommend [7, Chap. 3|, [11, Chap. 1-6] and [46, Chap. 6-8].
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respectively. Then, the adjoint operators of (2.3a)-(2.3c) are obtained using the fact that A*™* = A for all
densely defined and closed unbounded linear operators between Hilbert spaces.
By abuse of notation, we generally write grad = grad, curl = curl and div = div. A

2.2. Definition. A Hilbert complex is a sequence of Hilbert spaces Wy, k € Z, together with a
sequence of closed and densely defined unbounded linear operators Ay : D(Ag) C Wy — Wi
such that R(Ax) C N (Ax11), i.e. Agyp10Ag =0 for all k € Z. Tt can be written as

Ap_2 Ap_1 Ag Akt
(2.5&) e T D(Ak_l) CWp_ 4 — D(Ak) CW, —— D(A]H_l) C Wk-i—l — .,
cf. [7, Def. 4.1]. The associated sequence of adjoint operators spawns the so-called dual Hilbert
complex

(25b) o o D(Af_)) C Wiy D(A;_) C Wi« D(A}) CWipn o -,
Ak_2 Ak_1 Ak Akt

which by (2.1) is itself a Hilbert complex, because Aj,_; oAr = 0 for all k € Z. “Finite” Hilbert
complexes can be embedded into (2.5a) by setting Wy = {0} for all k£ ¢ {0,1,...,N}.

Notice that since R(Ay) C D(Ag41) and R(Aj, ;) C D(A}), the sequences of bounded operators
Ay : D(Ag) —» Wiy and Aj : D(A}) — Wy, also induce Hilbert complexes themselves:

Ak72 Akfl Ak Ak+1
(2.6a) o 7 DAk1) — 7 D(A) T 7 D(Aka) T
(2.6b) e D(AL) e D(AL,)  D(AL) -
Ak—z Ak—l Ak Ak+1

These are examples of bounded Hilbert complexes in which every operator is continuous. We refer
to (2.6a) and (2.6b) as the domain complezes of (2.5a) and (2.5Db).

If the range R(A) is a closed subset of W1 for all k, we say that the Hilbert complex (2.5a)
is closed. If this is the case, then R(A}) is also closed in W, by the closed range theorem [7, Thm.
3.7], rendering the dual complex (2.5b) a closed Hilbert complex too. Furthermore, (2.5a) is
said to be Fredholm if the codimension of R(Ay) is finite in N (Ajp41)—in which case it is also
closed by [7, Thm. 3.8]. Equivalently, a Hilbert complex is Fredholm if the quotient spaces
N(Agt1)/R(A,) and N(A})/R(A;,,) are finite dimensional, in other words, if the cohomology
spaces of (2.5a) and (2.5b) have finite dimension. It is a sufficient condition for a Hilbert complex to
be Fredholm to satisfy the compactness property, that is, the embedding D(Ax) ND(Aj_;) — Wy
is compact for all k € Z.
3D de Rham setting ITI: The L? de Rham complex in R®>. The L? de Rham complex (1.1) is a
standard example of a Hilbert complex, where Ay = 0 and Wy, = {0} is set for k € Z\{0,1,2,3}. From

(2.4) we conclude that its dual complex is represented by the sequence
(2.7)

{0} «— L*()

cf. [7, Sec. 3.4] and [7, Sec. 4.3], and its embedding into our abstract framework is summarized in the
following table:

k| Wy Ay D(Ax) A D(A}) D(AL) ND(As_1)

H(div, Q) € L*(Q) «— H(curl,Q) C L*(Q) «— H'(Q) C L*(Q) «+— {0},

—div —grad

0| L*(Q) grad HY(Q) —div. H(div, Q) HY(Q)

1|L%Q) curl H(curl,Q) curl H(curl,Q) H(curl, Q)N H(div, )
2| L2(Q) div  H(div,Q) -—grad HY(Q)  H(div,Q) N H(curl, Q)
3|1 LX) 0 L*(Q) Id {0} HY(Q)

The de Rham complex satisfies the compactness property, and thus it is Fredholm. Indeed, recall that
Rellich’s compact embedding theorem statesothat the inclusion of H* (Q) and H' () in L*(9) is compact.
We refer to [45] for a proof that H(curl, Q)NH(div, ) and H(div, 2)NH(curl, 2) are compactly embedded
in L2(Q). 4

h
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2.3. Basic setting. Now, let a Hilbert complex as in (2.5a) be given and suppose that the un-
bounded linear operators of a second Hilbert complex

Ap_s ° Ap_1 o Ay ° A1
(2.8a) -+ = D(Ag-1) CWi_1 — D(Ay) C Wi — > D(Apy1) CWpyr — -

are such that Ay C A, ie. D(Ak) C D(Ag) and Ag |D(Ak) = Ag. In other words, for all k € Z, A, is

an extension of Aj,. It is easy to verify that the adjoint operators AZ = AZ : ’D(AZ) C Wi — Wy
involved in the dual complex

(28b) -+ ¢« D(A;_,) C Wiy ¢—— D(A; ;) C Wy ¢ D(A}) C Wiyy e -

AL_s Ak—1 A Akt1

are such that A;, C /—\,”; In particular, the bounded domain complexes

Ap_s N Ap_q o A o Apia
(2.9a) coo = D(Ak=1) — > D(Ax) — > D(Ags1) — -+,
Ak—2 Ak—1 AL Aks1

are examples of Hilbert subcomplexes of the domain Hilbert complexes (2.6a) and (2.8b).

For reference, this basic setting is summarized in the following assumption.
Assumption A.  For all k € Z let Wy, be real Hilbert spaces, and suppose that Ay : D(Ag) C
Wi — Wiy and Ak : D(Ak) C Wy — Wy, are densely defined and closed unbounded linear
operators such that R(Ay) C N(Api1), R(Ar) C N(Ay1), and Ay is an extension of Ay, i.e.
D(AL) C D(Ay) and Apxo = A %o for all xo € D(Ay).

3D de Rham setting IV: Boundary conditions. The Hilbert complex
{0} —— HY(Q) € L2(Q) =% H(curl, Q) € L*(Q) <5 F(div, Q) ¢ L2(Q) 2% £2(Q) —2+ {0}

fulfills the hypothesis on (2.8a) for the L? de Rham complex (1.1). Owing to (2.4a)-(2.4c), its dual complex
is written
(2.10a)

{0} «—— L*(9) «—— H(div,Q) C L*(Q) «— H(curl, Q) C L*(Q) R H' C L*(Q) +—— {0}.

Summing up, the various operators and spaces have the following incarnations for the de Rham complex
in three-dimensional Euclidean space:

k| Wi  Ac DA A D(A}) D(Ar) N D(A}_y)
0| L%(Q) grad  HYQ) —div  H(div, Q) HY(Q)
1|L%Q) curl H(curl,Q) curl H(curl,Q) H(curl, Q)N H(div,)
2 | L%(Q) div  H(div,Q) -—grad HYQ)  H(div,Q) N H(curl, Q)
3L 0 L*(Q) Id {0} HY(Q)

3. TRACE OPERATORS

The following sections lay the foundations of a general quotient-based abstract theory for traces
in Hilbert spaces. To that end, we do not require the full structure of Hilbert complexes, but it
suffices to focus on the following snippet of the Hilbert complexes (2.5a) and (2.8a):

A2 Ak—1 A Art1
e T D(Ak_l) CWy_ 4 — D(Ak) CW, —— D(Ak+1) C Wk+1 —

U U U
A_s o Ap_y 3 A 2 Aptr
S D(Akfl) CWy_ 4 — D(Ak) CcW, —— D(Ak+1) C Wk+1 —_— ..

In the sequel, we fix k € Z and take for granted Assumption A.
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3.1. Hilbert traces. From the estimate
(3.1) (A x,¥)win — ALY w | < Ak xllw Iy lwe s + Ixllw, [[ALY T w,
< [lo@ollylpa;)

we infer that the following definition of a particular notion of a trace makes sense. mklet -n

Definition 3.1. In the setting of Assumption A, the bounded linear operator
(3.2) TL: D(AL) — DAL’

defined for all x € D(Ag) and y € D(A’};) by

(3.3) (Thx,¥) piasy = (A% Y)W — (%ALY )w,

is called the (primal) Hilbert trace associated with the pair of operators Ay and Ay.

It also follows from (3.1) that
(3-4) Tl =1,
where || - || is the operator norm.

Remark 3.2. We point out that defining a trace operator as a mapping into a dual space has
precedents in the theory of Friedrichs operators, has been pursued in [27, Sect. 1.5], [28, Sect. 2],
[21, Sect. 2.2] and [20, Sect. 56.3.2], and is also discussed in [3-5]. In these works, the authors
have dubbed “boundary operators” what we have decided to call “Hilbert traces”. In fact, the
developments of Section 3 and Section 4 can probably be extended to the setting of Friedrichs
operators, but this is outside the scope of this work.

3D de Rham setting V: Hilbert traces. Let us motivate the above notion of trace with classical
examples. Applying Definition 3.1 in the 3D de Rham setting II, we obtain the Hilbert traces

(3.5a) Th = Thiaa : H' () — H(div, Q)’,

(3.5b) T = Tlun : H(curl, Q) — H(curl, Q)’,

(3.5¢) T, =T, :H(div,Q) = H(Q),

defined by

(3.6a) (Toraa Vs WHaiv,0) = (gradv, u)p2(q) + (v,divu) 2o,

(3.6b) (TtunZ, W) H(curl,0) = (curlz, w)y2q) — (2, curl w)p2(qy,

(3.6¢) (Thiou, V) iy = (divu, v)p2g) + (v, grad v)i2 ),

for all v € H', u € H(div, ) and z,w € H(curl, Q).
We recognize on the right hand sides of (3.6a)-(3.6¢) the continuous bilinear forms occurring in Green’s
formulas (1.12a) and (1.12b). Introducing the operators

(3.7)  ~n: HY*(D) = H(div,Q)", ~,: H '?(curly,T') — H(curl,Q)', ~': HY2T) - H(Q),
dual to the classical traces, where we have identified H~'/?(I") with (H'/?(T"))’ through the L?(T)-pairing

on the boundary and H™1/2 (curlp,T') with its own dual through the skew-symmetric pairing defined in
(1.10), we obtain

(3.8) Terad = V1 07, Tewnn =760, Taw =7 0
Observe that, when identifying the reflexive space H(div, ) with its bi-dual H(div, )",
(39) (T;rad)/ = Tfjiv'

The appeal of definitions (3.6a)-(3.6¢) is that they do not explicitly depend on I'. In fact, notice that
they are well-defined for general bounded open sets 2 without any assumption on the regularity of their
boundary I' := 0f2. A

Proposition 3.3. Under Assumption A,
(3.10) N(TL) = D(A).
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Proof. On the one hand, for any x, € D(Ay), it follows from A, C Ay, and (2.1) that

(3.11) <T§CX07y>’D(AZ)/ = (Ax X07y)wk+1 — (%0, ALY )w,, = (A Xo,Y)WkH — (X0, ALY) W,

= (XmAZY)Wk - (XO’ A;;Y)Wk =0
for all y € D(A). This shows that D(Ag) C N(T%).

On the other hand, if x € D(Ay) is such that x € N(T%), then
(3.12) 0= (Thx.¥)pisy = (A Y)wos — (. Aly)w, Yy € DAY).
If we set Cx := [|x[|p(a,), We see that
(3'13) ‘(X’ AZY)WIC‘ = ‘(Ak X, Y)Wk+1| < || Ak X||Wk+1 ||y||Wk+1 < CXHy||Wk+1 Vy € D(AZ>
As explained in Section 2.1, this means that x € D((AZ)*) = D(A,:*) =D(Ap). O
3D de Rham setting VI: Kernels of classical Hilbert traces. Comparing Proposition 3.3 with
(1.8a)-(1.8c), we verify that
(314) N(T;rad) = N(’Y)7 N(Tzurl) = N(’Yt), N(Tzw) - N(’yn)

A

Remark 3.4. Intuitively, we think of a trace operator as a means of imposing “boundary con-
ditions”. The idea behind Definition 3.1 is to impose these boundary conditions on the operator
itself, which is a common strategy in the analysis of variational problems and related operator
equations. In this work, Ay is the operator of interest. We regard Ay as the operator on which
boundary conditions are imposed. From that perspective, the operator A} does not feature boundary

conditions. The right hand side of (3.3) plays a role akin to the bilinear form involved in classical
integration by parts formulas.

3.2. Trace spaces. Recall that by hypothesis, D(A}) C D(A};) The next proposition involves
the annihilator of D(A}) in D(A})":

(3.15) DAL = { 6 € DAL’ | (@.¥)piag) = 0 Wy € DIAY) } € DIALY.

Proposition 3.5. Under Assumption A, we find for the ranges of the Hilbert traces
(3.16) R(TE) = D(A})°.

Proof. Suppose that ¢ € D(A})° and let w € D(A,’;) be its Riesz representative in D(AZ), that is
(3~17) <¢,Y>D(AZ)’ = (W’y)D(AZ) Vy € ID(AZ)

We claim that x := —A,’;w € D(Ag). Indeed, (3.17) implies that for all y,. € D(A}), we have
(3'18) 0= (W>Y*)D(AZ) = (W>y*)Wk+1 + (AZW7AZy*>Wk = (W7Y*>Wk+1 + (AZWa AZ Y*)Wk'
This means

(3.19) (W, ¥ )Wy = (%ALY )w,  Vy« € D(AL)

Therefore, if we set Cx := ||W||w,,,, we find the estimate

(3:20) [ ALy wel = (W, v )wi | S [Wlwi s [1y«llwi, = Cxlly«llwi,. Yy« € D(AY),

which, as explained in Section 2.1, implies that x € D(A;") = D(Ax).

Thus appealing to (2.1) we can rewrite (3.19) as (W, y.)w,., = (A X, ¥+)w, - Since D(A}) is
dense in Wy, 41, we infer Ay x = w. Hence, the inclusion R(T%) D D(A})° is verified by observing
that for all y € D(AZ)7

<T§€X7 y>D(/i\Z)’ = (Ak X, y)wk+1 - (Xv AZY)Wk = (W, Y)Wk-u + (Azwv AZY)Wk

(3.21)
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ie. Tix = ¢.
To show that R(T%) C D(A})°, let ¢ = Tix for some x € D(A;). Then, since A} C A%, we
obtain by (2.1) that for all y,. € D(A})

(3'22) <¢7 Y*>D(,&z)/ = (Ak X, Y*)Wk+1 - (X, '&ZY*)Wk = (X> Alt Y*)Wk - (X’ AZ Y*)Wk =0,
ie. ¢ € 'D(AZ)O. O

Since D(Ay) is a Hilbert subspace of D(Ay), it is closed and we can proceed with the next
definition.

Definition 3.6. In the setting of Definition 3.1, we call trace spaces the quotient spaces
(3.23) T(A) == D(Ax)/D(Ar),

equipped with the quotient norm

(3:24) 1Bl ean) = in(f, )IIX —zllpa,)  Vx € D(Ag).

z2eD(Ag

Remark 3.7. Notice that due to Proposition 3.3,
(3.25) T (Ar) = D(Ay) /N (T}).

In Definition 3.6, the equivalence class in 7 (Ag) of x € D(Ay) is denoted [x] = {x+ 2|z €
D(Ag)}. Write w) : D(Ag) — T(Ay) for the canonical projection (also frequently called quotient
map), i.e. 7wl (x) = [x]. It is an application of a classical theorem of functional analysis that there
exists a bounded orthogonal projection P% : D(A;) — ’D(Ak)l onto the complement space

(3.26) D(Ay)* = {x € D(Ar) | (%,2)p(a,) = 0 ¥z € D(Ay) } C D(Ay)
such that
(3.27) IPexllpean) = Il Vx € D(Ay),

cf. [50, Chap. 3.1] and [11, Chap. 5]. Write 4, : D(A;)L < D(Ag) for canonical inclusion maps.
Since N'(PY) = D(Ax) by (3.27), the bounded linear map Gi : T(Ag) — D(Ag)* defined by
Gl [x] := P{x and involved in the commutative diagram

Pi

D(Ar) D(Ap)*

(3.28) ¥
G,

c

D(Ak)/N(PL) = T(Ax)

as provided by the first isomorphism theogem for modules is a well-defined isometric isomorphism,
cf. [19, Chap. 10.2, Thm. 4]. Since D(Ax)* is closed [50, Chap. 3.1, Thm. 1], it is a Hilbert
space, and therefore so is T (Ay). The quotient norm is induced by the inner product

(3.29) ([x], [2]) 7(ar) = (Pix, PL2)p(a,) V[x], [2] € T(Ax).
Remark 3.8. Notice that N'(PL) = D(A;) = N(T%).

That the projection P}, is orthogonal means that (x — Pi,x,z1)p(a,) = 0 for all x € D(Ay)

and z, € D(Ay)*. In other words, (Id—P{)x € D(A;) for all x € D(A;). Hence, the simple
observation that |d = P! + (Id —P%) shows that any element x € D(A) can be decomposed as

(3.30) X =X] +Xo
where x; € D(Ay)* and x, € D(Ay). It is easy to see that the decomposition (3.30) is unique.

3D de Rham setting VII: Trace spaces. In the 3D de Rham setting V, applying Definition 3.6 leads
to

(3.31a) T(Ao) = T (grad) = H' (Q)/H"(Q2),
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(3.31b) T (A1) = T(curl) = H(curl,Q)/H(curl, Q),
(3.31c) T(A2) = T(div) = H(div,Q)/H(div, Q).

Based on (1.8) the linear mappings

(3.32a) Xgraa : H (Q)/H*(Q) — HY*(I),

(3.32b) Xeurt : H(curl, Q) /H(curl, Q) — H™*/?(curlr, I),
(3.32¢) Xaw : H(div, Q) /H(div, Q) — H'/*(T")

defined by

(3.33a) Xgraa|t]” = Yu Vu e H'(Q),
(3.33b) Xeurt[u] := yiu Vu € H(curl, ),
(3.33¢) Xaiv[V] := YV Vv € H(div, ),

are the Hilbert space isomorphisms induced by the canonical projections involved in the following com-
mutative diagrams, in which < indicates an isomorphism:

H'(Q) s HY*(I) H(curl, Q) 2% H~Y?(curlr,T) H(curl, Q) 2% H~Y*(T)
gradl A’ad curll A’l ﬂ-dlvl A’rl
T (grad) T (curl) T (div)

The trace spaces H/?(I'), H™Y?(curly,T') and H~Y2(T") can therefore be identified with the quotient
spaces T (grad), T (curl) and 7 (div), respectively, as we have already observed in (1.9). Under these iden-
tifications, the bounded inverse theorem guarantees that the quotient spaces are equipped with equivalent
norms. Moreover, due to the Lipschitz regularity of I' and Sobolev extension theorems, the definitions of
T (grad), T (curl) and 7T(div) are intrinsic, in the sense that the quotient spaces H'(R*\Q)/H"'(R*\Q),
H(curl, R*\Q)/H(curl, R*\Q) and H(div, R*\Q)/H(div,R*\Q) are also Hilbert spaces with equivalent
norms [17]. 4

Lemma 3.9. Under Assumption A, if x; € D(Ay)L, then Apx, € D(AZ) and
(3.34) (At Ap+1d)x, = 0.

Proof. Suppose that x; € D(Ak)l-. Since Aj, C Ay, we have by definition that

(3 35) 0= (XJ_7ZO)D(Ak) = (XJ_,ZO)Wk + (Ak x1,Ag ZO)Wk+1
. = (x1,20)w, + (Apxl, fz\k Zo)w,c+1

for all z, € D(Ay,), which means

(3.36) (AL X1, AL Zo) Wiy = — (X1, Z0)w, Vzo € D(Ay).

So by setting Cx, := ||x.||w,, we conclude from the estimate

(337)  [(Akx1, Ak zo)wyp, | = (X1, Z0)wi | < [XLllw,l|Zollw, = Cx, l|Zolw, V2o € D(AL),
that Ay x, € D(A,) = D(A}). Then as in (2.1), the identity (3.34) follows from (3.36). O

Corollary 3.10. Under Assumption A, the linear map Ay : D(Ak)J- — D(AZ) s an isometry.
Proof. Suppose that x; € D(A;)*. Then, by Lemma 3.9,
(3:38) [ Akxcllpiany = Ak xLlRv,., HIALARX LRy, = 1A XL Ry, + I, = [0 1Da,)-

O
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Theorem 3.11. Under Assumption A, the linear map

(3.39) It {T(Ak) = R(TL)

[x] — Tix
s a well-defined isometric isomorphism.

Proof. Since D(Ay) = N(T*) by Proposition 3.3, notice that It : T(A;) — R(TL) is simply the
well-defined induced isomorphism of modules involved in the commutative diagram

T

D(Ax) R(TH)

5

.If,

3 k

D(AR)/N(T}) = T(Ax)

provided by the first isomorphism theorem [19, Chap. 10.2, Thm. 4]. It only remains to show
that it is an isometry.
Let x € D(Ay). By Proposition 3.3,

(3.40) 115 [x] ||D(Z\;)/ = HTZX“D(A;;)/ = || Th(xL + XO)”D(A;)/ = ||T§cxl||p(A2)/~

Using that A;; Apx, = —x, by Lemma 3.9, we can choose y = Ay x, € D(A,’;) to obtain
(Tix1,y)l . (Tix1, Apx)|

ITixillpazy = sup >
(3.41) DAL 0£yeD(A}) ||Y||D(Az) I Ak XJ-HD(Az)
' [(Ar X1, Ak X1 )W,y — (%1, AL Ap X1 )w, | _ “Xi”%(Ak)

AR XLl pas) ALl

Recalling that || Ay x1[lpa-) = [[XLllD(a,) by Corollary 3.10, we arrive at the inequality
k

L2 ar)

(3.42) IThxLllpeasy = = [[xLllpean)-

%1l pear)
Therefore, on the one hand, || I} [x] HD(/S;)' > %1 |pay) = IX]ll7a,) by (3.27).
On the other hand, inserting (3.4) in (3.40) leads to the estimate
(3.43) kB I pagy = ITixellpas) < ITkllIxLllpmn = IxLlpay = 13 lIra-
which concludes the proof. O
It is natural to think of a trace operator as a bounded linear operator from a domain to a trace

space. Therefore, based on the identification provided by Theorem 3.11, we introduce the following
perspective: in the setting of Definition 3.1, we call quotient trace the canonical projection

(3.44) ¢ {D(Ai : F;%Ak) .

Notice that because I}, is an isomorphism, it follows from I% (1%) "' Tix = T{x = I%[x] that
(3.45) mix = (IL) 7' Tix.
3.3. Riesz representatives. Let Rp:) : D(/—\,”;) — D(AZ)’ be the Riesz isomorphism defined by

Roany = (¥:*)p(ar for all y € D(A}), cf. [11, Thm. 5.5]. Notice that in the first part of the
k
proof of Proposition 3.5, we have shown that the following result holds with AZR_1 ¢ € D(Ag).

D(A})

Lemma 3.12. Under Assumption A, if ¢ € D(A})°, then AZR71 @€ D(AR)L with

D(A;,

(3.46) (AcAf +1d)R-L. =0 and T4 (AIRSL @) = —¢.

D(A}) D(A})
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Proof. It only remains to show that in particular A* ¢ e D(Ak)l- Since A C Ak, we find,

D(A )

using (Ag AZ Id) D(;\;)qb =0, that for all x, € D(Ay),

(3 47) (A* R;(A )¢7XO)D(Ak,) - ( D(A )¢7XO) (Ak: Ak; D(A; )¢a Ak XO)Wk+1
= ( 'D(A )¢ Ak‘ XO)Wk+1 - ( 'D(A )¢7 Ak Xo)wk+1 = O

0

Applying (1£)~" on both sides of the second identity in Lemma 3.12, we find using (3.45) a
slightly more explicit expression of the inverse (I%)~!

Lemma 3.13. Under Assumption A, we have

(3.48) (1)1 = —mh, (AfR,L. ) Ve € D(AY)® = R(T}).

D(A})

Remark 3.14. The operators /—\*R Lo R(TE) — D(Ay)L C D(Ay) could be called D(Ay)-

D(AL)
harmonic extension operators.

In summary, we have shown so far in Section 3 that the following diagram is commutative:

4. DUALITY

In this section, we maintain the setting of Assumption A, and we focus on the following snippet
of the dual Hilbert complex (cf. Sections 2.2 and 2.3):

~<“;D(/-\;: 5) C Wiy <7D(/-\k 1)CWk<A—D(A )T Wiiq — -

A:—Q k—l Ak+1
U @] U
o DUAL- Q)kal%D(Ak 1)CWk<—D(A*)CWk+1<T"'
k=2 - k+1

Recall the simple though important observation that, because (AZ)* = AZ* = Ak, we have
Ay C A, = A; C AZ Given two operators Ay : D(Ay) C Wi — Wy and Ay D(Ak) C
Wi — Wi satisfying Assumption A, the Hilbert space adjoints /-\7; : D(AZ) C Wi — Wy and
Ay : D(A)) C Wii1 — W thus also satisfy Assumption A, but with the roles of Wy, and Wy
swapped. Indeed, both AZ and A} are densely defined and closed unbounded linear operators
between the Hilbert spaces and AZ is an extension of A7, i.e. D(A}) C D(A,’;) and AL y. = AZy*
for all y,. € D(Ay,).

In Section 4.1, the dual Hilbert trace T} will be nothing more than the primal Hilbert trace
from Definition 3.1 but associated with the pair of operators A,*C and Aj. Nevertheless, we state
its properties for completeness and to set up notation, because it will be used for the important
duality results of Section 4.2.
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4.1. Dual traces. As before, it follows from (3.1) that the following operator is well-defined.

Definition 4.1. Under Assumption A, we call dual Hilbert trace the bounded operator
(4.1) 7 : D(A}) = D(AL)

defined for all y € D(AL) and x € D(Ay) by

(4.2) (TRY X)p(az)y = (ALY X)w, = (v, Ak X)W, -

Asin (3.4), we have ||T}|| = 1, where | - || is the operator norm. Note that for all x € D(Ay)

o

and y € D(A}),

(4.3) (T, ¥)pan = =% TRy )pgag -

In other formulas,

(4.4) (Ty)' = -Tk and (T0Y = —Tt.

The results of Section 3 can be mirrored by interchanging the roles of Ay and AZ (and the roles
of Ay, and A} accordingly). We translate a few of them without proof.

Proposition 4.2 (cf. Proposition 3.3). Under Assumption A, we have
(4.5) N(T%) = D(AR).

The next proposition involves the annihilator of D(Az) in D(Ag):
(4.6) D(Ay)° :={d € D(A)' | (¢,%5) =0, Vx, € D(Ay) }.
Proposition 4.3 (cf. Proposition 3.5). Under Assumption A, we have

(4.7) R(T}) = D(Ay)°.

Definition 4.4 (cf. Definition 3.6). We call dual trace spaces the quotient spaces

(4.8) T(A}) == D(A})/D(A}),
equipped with the quotient norm
(49) I7agy =, nf, by = 2l vy € DIAY).

Remark 4.5. Just as in Remark 3.7, notice that due to Proposition 4.2,
(4.10) T(A%) = D(AR)/N(T).

In (4.9), we used square brackets to denote the equivalence class in T(AZ) ofy € D(Aj;), ie.
lyl] = {y + 2z« |z. € D(A;)}. We will write 7} : D(A,";) — T(AZ) for the associated canonical
projection (quotient map), i.e. 7} (y) = [y]. Then, as previously detailed in Section 3.2, there
exists a bounded orthogonal projection P? : D(A%) — D(A})+

(4.11) DA = {y € DAL | (3, 5)pia) = 0, Vo € DAY) }

onto the complement space

satisfying ||PZy||D(A:) = H[Y]”T(A;) for all y € D(AZ) We denote by 1 : D(A)+ — D(AZ) the
canonical inclusion maps.
The induced operator G} : T(A%) — D(A;)~* involved in the commutative diagram

n
Pl

D(A})

(4.12) !
x Rt

D(AL)/N(PR) = T(A})

D(AL)*
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is an isometric isomorphism. Accordingly, any y € D(/—\,”;) can be uniquely decomposed as

(4.13) y =Py +y. y« = (Id=P.)y € N(P}) = D(A}).

3D de Rham setting VIII: Classical dual traces. Using (4.4), we find for the de Rham complex
that, after identifying spaces and their biduals,

(4.14) Toraa = =7 ©Yn, Teunt =Yt e, Thw =~V 07

Recalling (1.8a) to (1.8¢), we see from the table of the 3D de Rham setting IV that based on Proposi-
tion 4.2,

(4.15) N(Teraa) = N (), N(Teun) = N(m), N(Tdiv) = N()-
The trace spaces provided by Definition 4.4 in this setting are

(4.16a) T (grad®) = T (div) = H(div, Q)/H(div, Q),

(4.16b) T (curl*?) = T (curl) = H(curl, Q) /H(curl, Q),

(4.16¢) T(div'?) = T(grad) = H'(Q)/H"(Q).

Notice that from (3.9), we also have
(417)  (Ta) = Teraa = —Tiw = ~(Theaa)”  and  (Theaa)' = T = —Tiraa = —(Ti)"

Moreover, we see that the skew-symmetry behind (1.10) is rooted in the fact that the identity A1 = curl =
A7 leads to skew-symmetry of the pairing

(4.18) (x,y) = (curlx,y)r2q) — (%, curly)pz(q).
This is reflected in the observation that (y; o v;) = (T}) = —T} = —74 o 74, which indeed occurs when
duality is taken with respect to the skew-symmetric pairing (1.10). A

Theorem 4.6 (cf. Theorem 3.11). Under Assumption A, the linear map
A* Tn
(4.19) e ) TR = RTE)
[yl = TRy
is a well-defined isometric isomorphism.
We call dual quotient trace the canonical projection (cf. (3.44))
D(A; Ar
(4.20) ap s d DAY = TR
y —~ [yl
Similarly as before, notice that (cf. (3.45))
(4.21) my = ()~ Ty,

and the following diagram commutes:
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4.2. Duality of trace spaces. In this section, we show that the trace spaces T (Aj) and T(/—\,";)
can be put in duality through an isometry. In fact, this follows immediately from a classical result
in functional analysis. Indeed, according to [47, Thm. 4.9], we have the isometric isomorphisms

(422) DAY = (D(AY)/DAL)) and DA = (D(A)/D(AY)) -
Combining these results with propositions 3.5 and 4.3, along with theorems 3.11 and 4.6,
(4.232) T(AK) = R(T}) = DAL = (D(AD/DAY) ) = (T(AD)'
(4:23) T(A}) = R(T}) = D(A0)° = (D(A)/D(AY) = (T(AL)

Nevertheless, we provide a detailed proof below, not only for convenience and completeness,
but also because the exercise is illuminating. We proceed with the definition of a continuous
bilinear form on T (Ay) x T(AZ) and prove that the associated induced linear operator is an
isometry. This pairing will be at the heart of sections 7.2 and 7, where it will be used to prove
that Hilbert complexes affording so-called compact regular decompositions spawn Fredholm trace
Hilbert complexes.

Lemma 4.7. Under Assumption A, the bilinear form

(4.24a) (20 T(AK) X T(A}) = R,
defined by
(4.24b) () YD) e = (A%, Y)wiyy — (5 ALY )w, VX € T(AR), Vly] € T(A}),

is well-defined and continuous with norm < 1.

Proof. Since ([x], [y]), = (T.X,¥)p(a,) it is well-defined thanks to Proposition 3.3 and Propo-
sition 3.5. By the same propositions, the orthogonal decompositions (3.30) and (4.13) yield the
estimate

(Tex, ¥)pany | = [{TiPex, PRy)pa,y |
= ‘(Ak? sza sz)Wk+l - (P];CX7AZ EY)WJ

(4.25) . N . L
< [ Ak Pixllwi IPEY Wiy + IPux]lw, |ALPEY [l w,
< IPLxll o IPE iy = Il 15 .
showing that the bilinear form is continuous with norm < 1. O

The next result shows in particular that 7 (Ax) and T(AZ) can be put in duality through the
bilinear form (-, -)) .

Theorem 4.8. Under Assumption A, the bounded linear operator

A = TALY
(4.26) K’“'{ (x] = ([x], )y

induced by the bilinear form defined in Lemma 4.7 is an isometric isomorphism.

Proof. The key to the proof is that (4.24b) permits us to appeal to Theorem 3.11.
Notice that since R(T%) = D(A},)°, it follows from the orthogonal decomposition (4.13) that K
is the pullback by G} of If, i.e. Ki[x]([y]) = I} [x](G}]y]). We first show that it is an isomorphism.
If Ki[x] = Ki[z], then since G} is an isomorphism onto D(A;)*, it then follows from Propo-
sition 3.5 and decomposition (4.13) that I [x](y) = I'[z](y) for all y € D(A}). But It is also an
isomorphism, so I} [x] = I} [z] implies that x = z and we conclude that Kj, is injective.
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Suppose that ¢ € T(AZ)’ Then the pullback of ¢ by the canonical quotient map 7} : D(/—\,";) —
T (A}) is a bounded linear functional on D(A}), i.e. ¢ on} € D(A})". Indeed, this simply holds
because

(4.27) [o(miy)l < lllmryllra:) < l@lllmzllylpa:) Vy € D(A}).

Moreover, since N(w}') = D(A}), we find in particular that ¢ o w} € D(A})° = R(T%). But I} is
an isomorphism onto R(T%), so there exists [x] € T(A) such that I} [x] = ¢ o w}. Evaluating

(4.28) Ke[x] = li[x] oG} = pormy oG} = ¢

shows that Ky is surjective.
We now prove that Kj is an isometry. Using similar arguments as above, we estimate

(429)  [Klx]ll= sup  [Kilx(yDI=  sup |Gy =G = 17,
[YIET (A%, y1€D(AL)T,
H[Y]HT(A]»;):I HYLHD(AZ):I

O

We have arrived at an integration by parts formula involving the traces from Section 3.1 and
Section 4.1: for all x € D(A;) and y € D(A}),

(4'30) (Ak X, Y)Wk+1 - (X’ A;;)’)Wk = << Ith’ ﬂ-ZY»k'

Theorem 4.8, in combination with (1.12a) and (1.12b), reveals the abstract version of the duality
observed for the de Rham complex in Section 1.

5. OPERATORS ON TRACE SPACES

Starting from this section, we start exploiting more of the structure of Hilbert complexes by
introducing the minimal Hilbert complex setting required to define what we will call surface
operators. We “zoom in” on short snippets of (2.5a) and (2.8a) of the form

Ak_1 Ay Akt Apy2
S D(Ak) cW, —— D(Ak+1) C Wk+1 — D(Ak+2) - Wk+2 — ..

(5.1) U U
A Ajio

Ak_1 o A o Ak-}—l o
= D(Ay) C Wy — = D(Aps1) C Wis1 — 2 D(Apyz) C Wiyp —

We may call the highlighted sequences “minimal Hilbert complexes”. The index k should be
considered arbitrary but fixed in this section.

3D de Rham setting IX: Minimal Hilbert complexes. Based on the 3D de Rham setting I1I and
IV, we obtain two minimal complexes such as (5.1). For k = 0, we have

52) HY(Q) € L2(Q) 2% H(curl, Q) € L2(Q) % 12(q),

curl

HY(Q) € L2(9) =% H(curl, ) € L2(Q) <=5 L2(Q).

For k =1, we get

659 H(curl, Q) € L2(Q) ~2 H(div, Q) € L2(Q) — 2 ¢ L2(Q),

curl

H(curl, Q) ¢ L2(Q) =% H(div, Q) € L3(Q) ——— L3(Q).

The associated dual minimal complexes can be excised from (2.7) and (2.10a). 4
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5.1. Surface operators in domains. Nootice that c}ue to the complex property, we have in
particular that R(Ax) C D(Ags1) and R(A; ;) C D(A}). The following key operators are thus
well-defined.

Definition 5.1. We call surface operators the bounded linear maps

(5.42) D} = (Afy,) s DALY — DAL,

(5.4Db) Diyq := AL : D(Ayi1) — D(Ar),

dual to /&Z_H : D(/&ZH) — D(A,*c) and Ay : D(Ag) = D(Ag41), respectively. Equivalently,
(5.5a) (D}, ¢, Z>.D(A]:+l), = (¢, AZ+1Z>D(,&;)'7 V¢ € D(AL) ,Vz € D(A, 1) C Wi,
(5.5b) (Dri1¥,X)D(AL)y = (U, Ak X)D(A.1) s Vi) € D(Akt1)',Vx € D(Ar) C Wy

Remark 5.2. Recall the distinction made in Section 2.1 between the notation for bounded and
unbounded linear operators. We point out that in Definition 5.1, the operators Ay : D(A} ) —

D(AZ) and A : D(Ax) — D(Ag+1) are bounded.

Remark 5.3. The name ‘surface operators’ was chosen by analogy with standard surface operators
on the boundary of a domain, despite the fact that there is no boundary involved in the above
definition. The relation between Definition 5.1 and standard surface operators is made more
explicit in the two following 3D de Rham settings X and XI.

3D de Rham setting X: Surface operators in domains. In the 3D de Rham setting IX, we find
the surface operators

(5.6a) D{ := curl’ : H(div, Q)" — H(curl, Q)’,

(5.6b) D} := (—grad) : H(curl, Q) — H '(Q),

dual to the bounded operators

(5.7) curl : H(curl, Q) — H(div, Q) and —grad : H'(Q) — H(curl, Q),

where we have written H~'(Q) := H'(Q)". In other words,

(5.8a) (Db, V) si(curt,0y = (@, curl v)maiv,0) Vo € H(div,Q)',¥v € H(curl, Q),

(5.8b) (D19, u) 1.0y = (¢, —gradu)m(cur o) V¢ € H(curl,Q)',Vu € H'(Q).

In the adjoint perspective, the bounded linear operators

(5.9a) T :=grad’ : H(curl, Q) — H (),

(5.9b) D3 := curl : H(div, Q)" — H(curl, )’

are dual to the bounded linear operators

(5.10) grad : H'(Q) — H(curl, Q) and curl : H(curl, Q) — H(div, Q).

That is,

(5.11a) (DY, u) g1y = (¥, gradu)n(curt, o) Vap € H(curl, Q)',Vu € H'(Q),

(5.11Db) (D3, V)H(cur,0) = (¥, curl v) g (div,0) Vap € H(div,Q)’, Vv € H(curl, Q).

VAl

Since

(5.12a) R(Ax) € D(Axs1) = D(Thyy), R(T}) € D(A;) = D(D}),

(5.12b) R(A},1) € D(A}) = D(T}), R(Tiy1) € D(Ak+1) = D(Dfy ),

the linear operators

(5.13a) D! o T4 : D(A) — D(AL,,), Tt 0AL: D(A,) = DAL,

(5.13b) Dis10 Tigr : D(A41) — D(AR), Ti o Aig1 : D(Af1) — D(AR),
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are also well-defined and bounded.

Lemma 5.4. Assumption A implies the following commuting relations:

(5.14) —DLoTL =T,  0A, and Dy 0T, =TroAl,.

Proof. By symmetry, we need to verify only one relation. Recall that because of the complex
property Ay 0A; = 0, we also have Aj o Ay | = 0. Therefore, for all x € D(Ax) C Wy and

o

z € D(A;, ;) C Wyyo, we have on the one hand that

(5 15) <DZTZX’Z>D(AZ+1)/ = <T};X, AIy;-',-1Z>D(,&Z)/ = (Ak X7A2+1Z)Wk+1 - (u’ '&Z'&Z-i-lz)wk
= (Ak X, AZ+1Z)W1€+1 .

On the other hand, we also evaluate

<T2+1 Ak X, Z>D(AZ+1), = (Ak+1 Ak x, Z)Wk+2 - (Ak X, AZ+1Z)Wk+1

(5.16) .
= 7(Ak X, AZ+1Z)W1€+1 :
O
Remark 5.5. Consistent with (4.4), (D}, 0 T;) =Dj,; o Tp,y and D} o T} = (D¢ ;o TR, )"
Lemma 5.4 states that the following diagrams commute:
A . A;+1 -
D(Ax) —— D(Ak+1) D(Agy1) — D(A})
(517) Til TZ+1L TZ_Hl Tﬁl
_Dt _pn
R(T) ——— R(Tipa) R(Ty) —— R(T})

An important consequence of this result is that
(5.18) DL(R(T%)) € R(Thp1) = D(Af41)°,
an observation that is key to the introduction of trace Hilbert complexes in later sections.

3D de Rham setting XI: Commutative relations. In the 3D de Rham setting, it follows from
(4.17) that the four relations obtained from Lemma 5.4 boil down to the single identity

(5.19) grad’~; oy, =+ o yucurl.
In particular, (5.19) states that for all u € H(curl, Q) and v € H'(Q),
. vn-curludo = [ nx (uxn)-(gradv x n)do.
5.20 lud d d
r r

Recall that n - curl = curlr o v; on H(curl, Q), while the L?(T")-dual operator curlr = curl} is such
that grad - xn = curlr oy on H'(Q). Therefore, (5.20) expresses that

(5.21) / ucurlrudo = / curlru-udo Vu e H*(T'), u e H /?(curlp, T).

r r
We conclude that the duality between the surface operators and their surface vector calculus counterparts
in classical trace spaces is indeed captured by the duality in Section 4.2 and Lemma 5.4.

We point out that if one works with the L?(T")-pairing instead of the skew-symmetric pairing (1.10) from
the start, then the two isometrically isomorphic perspectives of tangential and “rotated” tangential traces
from [15] are also captured by the abstract theory. Indeed, by introducing the trace v; : - — - X n, one
obtains T,u,1 = v 0¥, and Tl = —74 0 Y-, which also satisfy (4.4). With these definitions, Lemma 5.4

leads to two identities corresponding to (5.21) and
(5.22) /vdivrvda = / gradpv-vdo Yo e HY*(T), v.e H ?(divr,T),
r r

which is a “rotated” version of (5.21), where y,curl = divr+y, on H(curl, Q) and H'/?(divr, T') is defined
by analogy with (1.7b). A
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5.2. Surface operators in quotient spaces. Let us investigate the properties of the linear
operators between trace spaces induced by the surface operators defined in Section 5.1.

Definition 5.6. We call quotient surface operators the bounded linear maps

ot . {T(Aw = T(Ar+1) . {T(Z\;;H) = T(A})

Ll and SR .
k [x] — 11'2+1 AL x k1

5.23 .
( ) [z] — T AL 2

We verify that S}, is well-defined. The analogous result holds for S}’ 41 by duality. Suppose that
X, € D(/i\k). Harnessing the complex property and the definition (4.24b) of the duality pairing we
evaluate

(5 24) <<7TZ+1 Ay, Xo, [Z]>>k+1 = (Ak-i-l Ag Xo, Z)Wk+2 - (Ak Xo, AZ+1Z)Wk+1
= *(’&k Xo, ’&Z—H Z)Wk+l = 7(’&k+1 '&k Xo, Z)Wk+2 =0

for all z € D(/i\,”;ﬂ) C Wy42. By the duality of 7(Agy1) and ’T(AZ_H) asserted in Theorem 4.8
we conclude that 7, Apx = 0.

From the above, we also find that for all x € D(A;) C Wy and z € D(A}, ) C Wiyo,

(5-25) <<S;f © 7712 X, 7"?-&-1 Z>>k+1 = _(Ak X, '&Z+1Z)Wk+1 = _<<7Tltc X, SZ-H © 771?-',-1 Z>>k
We can view the identity
(5.26) (Sl [20)s 1 = —(x], Sial2)  VIx] € T(AR), V2] € T(AfLy),

as an integration by parts formula in (quotient) trace spaces.
Recalling Section 4.2, we can rewrite (5.26) as

(5.27) Kit10S), = —(Siy1) o K,
which gives rise to the commutative diagram
FI Gy N
T(AL) —= T(Ai)
(528) K T T Kit1

J J
st
T(Ar) —— T(Ags1)

We end this section by putting the results of the subsectionsOS.l and 5.2 together into a single
diagram. On the one hand, for all x € D(A;) and z € D(A}, ), we find from the proof of
Lemma 5.4 that
(5.29) (D} o Tk x, Z>D(A;+1)’ = (Dyy10Tri12,X)D(Ay)

= {(m, x, Shr1omip1z)y = —( o © T X, T Z>>k+1'
On the other hand, we have by definition
(5.30) Spmhx =), Apx and ST 12 = TFZ/&Z+1Z.

Also recall (3.45) and (4.21). In summary, the following diagrams commute:
(5.31)

St o Skt1 o
T(Ak) ——— T(Ars1) T(Atr) ——— T(AD)
X " . "
/ + t AN 7 n n \\
I,’ s Tht1 \\ // Tht1 Tk \
! A ' 1’ A* \\
, . x . .
I D(Ar) —2— D(Apt1) i i D(ALL,) = D(AY) I
1 \ 1
\\\ //l \\ //
n n /
\\\ T’;C TZ+1 /// \\\ Thi1 T ///
b K S D K

7Df, —_Dn
R(TY) —— R(TL,,) R(TE,) — = R(TP)
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6. TRACE SPACES: CHARACTERIZATION BY REGULAR SUBSPACES

6.1. Bounded regular decompositions. In this section, we augment Assumption A. We first
detail results in the setting of Definition 3.1 for primal Hilbert traces, then formulate their analogs
in the dual setting of Definition 4.1. By symmetry, the primal and dual settings are evidently two
faces of the same coin. From an abstract point of view, they are identical. Nevertheless, the dual
setting is presented for convenience. The two settings are covered independently to avoid loosing
sight of the core considerations.

6.1.1. Primal decomposition. Now, we aim at a more detailed characterization of the space D(AZ)’ .
Recall that by the complex property, R(Aj, ;) C D(A}).
We refer to [38, Def. 2.12] for the next assumption, which introduces additional structure.

Assumption B.  For all k € Z, Assumption A holds along with the following hypotheses:

I The Hilbert spaces W,j C Wy, are such that the inclusion maps spawn continuous and
dense embeddings

(6.1) Wi < D(A;_).

II There exist bounded operators
(6.2) Ll DAY — Wi, and Vi DAL = Wi,
such that
(6.3) Y = (Lipr +Ar1Vig1) y Vy € D(AL).

IIT The Hilbert spaces
(6.4) WA = {2 e Wi, | Az e Wi, ]

equipped with the graph inner product defined for all z1,z, € le+2('&2+1) by

(6.5) (21, 22)wy ,Ar, ) = (21 22)wy | F (AZ+1Z1’AZ+1Z2)WLI7
are such that the inclusions WZF+2 C W9 induce continuous and dense embeddings
(6.6) W (A) = D(A)-
We adopt a shorter notation for the dual spaces:
(6.7) W, = (W}), keZ.
Remark 6.1. In Hypothesis I1, (6.3) implies a stable regular decomposition of the form
(6.8) DAY =W + A W, keZ

By stable, we mean that the lifting and potential operators in (6.2) are bounded. We call it regular
due to Hypothesis I, based on which we can itmagine the WkJrs as subspaces of “extra regularity”.

Remark 6.2. The decomposition in (6.3)/(6.8) need not be direct.

Remark 6.3. Assumption B is stated for all k € Z. Strictly speaking, in the setting of a minimal
complex with k € Z fixed, to which we adhere in this section, only one stable regular decomposition
(the one written in (6.3) and involving the reqular spaces Wl—:—&-l and W,‘;_Q) is mecessary for the

characterization of D(A,’;)’ and R(T%).

Lemma 6.4. Under Assumption B, the surface operator D}, : D(AZ)’ — D(/&;’;Jrl)’ defined in
(5.4a) can be extended to a continuous mapping

Dt - Wiy — W%Q(AZH)/
. ¢ <¢7AZ+1' >w* ,

k+1

(6.9)

still designated by the same notation.
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Proof. For all ¢ € W, it follows by definition that Vz € W,':H(A,’;H),

610) (¢ ALazhw. | < 6lw- [Azlwe | < [lw. lzlw:

k1 o2 (Akg1)

0

6.1.2. Dual decomposition. We may also adopt the adjoint perspective. It goes without saying
that the development is completely symmetric to Section 6.1.1. We present it for completeness.

Assumption C. (cf. Assumption B)  For all k € Z, beside Assumption A we stipulate the
following:
I The Hilbert spaces W;f C Wy, are such that the inclusion maps spawn continuous and
dense embeddings

(6.11) W/ < D(Ap).
II There exist bounded operators
(6.12) Ly i D(Aks1) = Wi and Vil : D(Agt1) = Wi
such that
(6.13) y = (L + A Vi) y Vy € D(Ag41).

III The Hilbert spaces
(6.14) WAL = {xe W[ | Akxe W/ 1},
equipped with the graph inner product defined for all x1,x9 € W;:(Ak) by
(6.15) (X17X2)W,j(Ak) = (Xl,XQ)Wk+ + (Apx1,Ag X2)Wk++1a

are such that the inclusions W,j C Wy induce continuous and dense embeddings

Lemma 6.5. Under Assumption C, the surface operator Dy, can be extended to a continuous
mapping

(6.17) Do - {Wk+1 — W (Ar)

e ¢H<¢’Ak'>W7

k+1

Proof. Parallel to the proof of Lemma 6.4, it follows by definition that given ¥ € W |,
618) 1WA | <l [Akxlws < bl [Xlwrag V%€ Wi (AL,

It is not excluded that both assumptions B and C hold, in which case the inclusion
(6.19) Wi = D(A) N D(Akt1)
is assumed to be a dense embedding.

3D de Rham setting XII: Stable regular decompositions. There is some freedom in choosing
the spaces W;, k € Z. For the de Rham complex though, there are obvious candidates satisfying (6.19)
that also satisfy both assumptions B and C: functions in the Sobolev space H'(Q) and vector-fields with
components in H*'(Q), which by Rellich’s lemma [31, Thm. 3.27] are compactly embedded in the spaces
L*(Q) and L?(Q), respectively.

k| 0 1 2 3
Wy L*(Q) L?(Q) L?(Q) L*Q)
Wi H'(Q) H'(Q) H'(Q) HY(Q)

D(AL) | HY(Q) H(curl,Q) H(div,Q) L*Q)
Q

D(A;) | H(div,Q) H(curl, Q) H'(Q) {0}
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It is well-known (cf. [24, Sec.2], [23, Lem. 2.4] and [25, Sec. 3]) that the graph spaces D(Ay) and D(A})
given in the above table admit the stable decompositions

(6.20a) D(As) = D(A}) = H(div, Q) = H'(Q) 4 curl H'(Q),

(6.20b) D(A1) = D(A}) = H(curl, Q) = H'(Q) + grad H' ()

These satisfy assumptions B and C. Moreover, you may recall that

(6.21) H'(Q) < H(curl, Q) N H(div, Q)

is a dense embedding [2, Prop. 2.3]. A

6.2. Characterization of dual spaces. In light of Lemma 6.4, the Hilbert space
(6.22) Wi (DL) = {p e Wiy, [Dip e Wiy},

equipped with the graph norm || - H2 <2+ |IDL - |12, is well-defined under
k41 k+2

Cop =1
Assumption B. In this setting, observe that if p € W +1( t), then based on the decomposition
(6.3), the evaluation

(6.23) D(y) = d(Lh1y) + d(Ar 1 Vi1y) = d(Lh 1) + Did (Vi 1Y)

is well-defined for all y € D(AZ) thanks to the hypothesis that guarantees R(L}, ) C W, and
R(VZH) - le+2‘

Theorem 6.6. Assumption B guarantees the following isomorphism of normed vector spaces,

(6.24) D(AY) = W1 (D).

Proof. Due to (6.1) from Hypothesis I of Assumption B, the restriction of functionals D(Az ) =

W, , is a continuous embedding, so the inclusion D(AL) C W, ,(D}) is immediate from Defi-
nition 5.1.
Moreover, for all ¢ € W, (D},), we estimate using (6.23) that

6 < lellwe, b1y lws,, + IPkBllwe Vi Y llwe,,
< C(H¢||W LT 1D}, ¢||W )HYHD(Z\;;)

for all y € D(/—\,";), where C' > 0 is a constant of continuity related to the boundedness of the
potential and lifting operators in hypothesis IT of Assumption B. We conclude that

(6.25)

(6.26) W, (D}) C D(A}).
Notice that it also follows from (6.25) that
_ [P(y)l
(6.27) ||¢||D(A;)/ = sup. m = C(”‘Mw; + [ID}, ¢||w ) C'||<75||w,€+1 D)
k

for all ¢ € W,:_H(D’,;). In other words, the identity map is continuous as a mapping
(6.28) W, (D)) = D(A}).
Appealing to the bounded inverse theorem verifies the equivalence of norms. O

Similarly, under Assumption C, Lemma 6.5 ensures that the Hilbert space
(6.29) Wi (D) = {9 e W, [Di 9 e Wi},

equipped with the graph norm || - ||Wk+1 (Op,) = II - ”WZH IDf4 1 - ||W;, is well-defined. We

obtain the following analogous result.

Theorem 6.7 (cf. Theorem 6.6). Under Assumption C, we conclude the isomorphism of normed
vector spaces

(6.30) D(Ak+1)" = Wi (Di )
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3D de Rham setting XIII: Characterization of dual spaces. Now, we specialize the theoretical
results of Section 6.2 to the 3D de Rham setting using the table in example XII. We obtain the following
characterization of the dual spaces:

(6.31a) H(curl, Q) = D(A;) = D(A]) = { dcH Q) | grad ¢ frl(Q)} ,
(6.31b) H(div, Q) = D(Ay) = D(A}) = {¢> eH Q) | curl ¢ € ﬁ’l(ﬂ)} .

Note that these characterizations are interesting in their own right. They do not depend on the theory
of traces developed in the previous sections. The take-home message from the de Rham settings XII and
XIIT is that via the decompositions (6.20a) and (6.20b), the dual spaces of H(curl, 2) and H(div, Q) can
be characterized using more regular spaces such as H'(Q) and H'(Q). 4

6.3. Characterization of trace spaces. We have almost reached characterizations of the ranges
of the Hilbert traces R(T%) and R(T}) in terms of the spaces of “extra regularity” provided by
Assumptions B and C. To achieve these new characterizations, we introduce the following spaces
for all k € Z:

(6.32) Wt =W nDAL), and WL = W NnD(A).
Notice that by propositions 4.2 and 3.3, we have

(6.33) Wt =W NN (TE ), and Wht =W nN(TY),
respectively.

Assumption D.  Suppose that Assumption B holds. For all k € 7, we make the hypothesis that
the inclusion map W,j C D(A}_,) spawns a continuous and dense embedding

(6.34) Wit < D(A;_).
The next result involves the annihilator
(6.35) (Wi = {6 € Wiy [ {6.3)w,,, =0, ¥y e Wi}

Theorem 6.8. Taking for granted Assumption D we obtain the characterization
(6:36)  R(TH) = Wi, (D) N (W) = { ¢ € (With)° | Diwp e (Wiih)° |

in the sense of equality of functionals in W _ | and with equivalent norms.

Proof. We already know by Proposition 3.5 that R(T%) = D(A;)°. To verify the equality on the
right, recall that D} (R(T},)) C R(T},,) = D(A;,1)°.

“C”: On the one hand, since D(A})° C ’D(A*) it follows immediately from Theorem 6.6 and
(6.34) that R(T},) € W, ,(D},). Moreover, as WZ:l C D(A},), any functional in the annihilator
of D(A};) will, in particular, vanish on Wk+1’ which implies D(A})° C (WZ:l) :

Thanks to the continuous embedding of Assumption BI and (5.5a) from the definition of the
operator Df, we find for every ¢ € D(A})":

® “P(A* w)|
Iellws, + Dkl = sup ||<>|+ up B
EW:H w Wk++1 WEW;Zrz w W,C‘*'Jr2
=C s W+ sup qunmz\;)”
weD(AL) D(A; weD(Ax fi1) D(A;, )

for some constant C' > 0 independent of ¢.

“D”: On the other hand, it also follows by Theorem 6.6 that any ¢ € W, (D}) N (WZ:l)

is a continuous functional in D(/—\,”;)’ vanishing on WZ++1 By Assumption D WZ_H is densely
embedded in D(A}). Thus, ¢ must also vanish on D(A},) by continuity. We conclude that the
inclusion W, ,(D}) N (W}, jl) C R(T) = D(A})° holds.
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Finally, the estimate (6.25) gives us
¢
||¢||D(/f\,*€)/ < C(”d’”w;+1 + ||Dk¢|‘w,:+2)
with C' > 0 independent of ¢. O
Of course, there is a symmetric statement on the dual side.

Assumption E. (cf. Assumption D) Suppose that Assumption C holds. For all k € Z, we make
the hypothesis that the inclusion map W,:' C D(Ax) spawns a continuous and dense embedding

(6.37) WET < D(A).

Theorem 6.9 (cf. Theorem 6.8). Under Assumption E we have equality in W, .1 with equiv-
alent norms,

(633)  R(Ty) = Wiy (D) N (Wih)° = {w € (WiE) | Dy e (W7 |

where (Wiil)o = {(;5 eEW, ., | (e, y>VV];+1 =0,Vy € W};il} is defined analogously to (6.35).

3D de Rham setting XIV: Characterization of trace spaces. We specialize the theoretical results
of Section 6.3 to the 3D de Rham setting.

k ‘ 0 1 2 3

Wi | L3() L?(Q) L?(Q) L?(Q)
H'(Q) H'(Q) H'(Q) H'(Q)
WLt | AN Q) HY(Q)NH(curl,Q) HY(Q)NH(iv,Q) HY(Q)
HY(Q) HYQ)NH(iv,Q) HY(Q)NH(curl,Q) HY(Q)
Loosely speaking, theorems 6.8 and 6.9 state that the range of the Hilbert trace is a subspace of
functionals in the dual of a regular space W: whose image under the corresponding surface operator also

lies in the dual of WZ'HA Linear functionals in that subspace vanish on a dense subset of the dual trace’s
kernel:

(6.392)  R(Thue) = R(Thuw) = { ¢ c H ' (Q)NnH(curl,Q)° | grad' ¢ € H ()N ﬁﬂ(Q)O} ,
(6.30b)  R(Thraq) = R(Thy) = { ¢ € H'(Q) NH(div, 2)° | curl' ¢ € H'(Q) N H(curl, Q)°} .

One thing immediately apparent is that R(Tgy) = R(Tewn) and R(Thy) = R(Thraa), which is
expected because we already know from previous sections that

(6.40a) R(Truel) = P(A1)° = H(curl, Q) = D(A})° = R(Thur),
(6.40D) R(Thiy) = D(A2)° = H(div, )" = D(A]) = R(Thrada)-

Before we compare these characterizations with (1.7a) and (1.7b), we want to reformulate them in
terms of quotient spaces in the next section. /

6.4. Characterization of trace spaces in quotient spaces. We can reformulate the charac-
terizations of Section 6.3 in terms of quotient spaces. To proceed, let us set

o _ /

(6.41a) T, =W /Wy, T, = (T;%),
n,4 X771, n,— .__ n,+\/
(6.41D) T =W /Wi, T, = (TpyY) .

Under Assumption D (resp. E), it follows by definition of the space VOVZ’+ (resp. Wtk+) that

the dense embedding W} — D(/&z_l) (resp. W, < D(A})) induces a well-defined and dense
embedding

6.42) { T < T(AL_)) (resp. {T’,;+ < T(A) )

[x] — 7 x [x] — mix
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on the quotient spaces. Accordingly, the associated restriction of functionals
A* / Tm— A / Ttv_
(6.43) TR = resp. T(A) = Ty .
Y= { [x] = (%) ¢ = {[x] = ¢(mx) }

is also well-defined and gives rise to dense embeddings.

In the next lemma, we make explicit the mappings induced on the quotient spaces by restricting
the operators '&271 and Ay to W, Those are the restrictions of the surface operators S?_; and
St to TZ’+ and TZ’JF, respectively; cf. Definition 5.6.

Lemma 6.10. Assumptions D and E imply that the mappings

N i Ny A . T+ A
(6.44) AP Sala It Tfl o’:) and SR Sl Tt( 1)
[z ]r—>7rkAk+1z [x]r—H'rkHAkx

)

respectively, are well-defined and continuous.

Proof. Consider the mapping on the left. We know from the complex property for AZ in Assump-
tion A that A 112 € D(A;) for all z € W', ;. We only need to verify that AZHZO € D(A;) for
all z, € WZ _:; = W,‘;_Q ND(Aj,1), but this immediately follows from the complex property for
Aj41, also provided by Assumption A. The proof is similar for S}. O

Using the same strategy as in lemmas 6.4 and 6.5, the mappings
(645)  Dhi=(Sp,) T(AY) = Tp,  and  Df = (84): T(Awn) = Ty,

defined as the bounded operators dual to SZH and Si];’ can be extended, using (6.43), to the
continuous mappings

(6.46) D}, : Ty — Thia Sk’ and Di s Tyhy — T (5L,
involving the dual spaces of the Hilbert spaces

(6.47a) Th(Si) = { [ € T | Sialel € T

(6.47b) T (5 = { X e T} [ Siix] e T,

equipped with the natural graph inner products.
With the operators (6.46), we can reformulate theorems 6.8 and 6.9 using the isometric isomor-
phisms

(6.48) (W /WpH) = (Wph)e and W/ Wit = (Wt
provided by [47, Thm. 4.9].

Theorem 6.11. Under assumptions D and E we have the isomorphisms of Hilbert spaces
(6.492) R(T!) = {(;56 Ty, | Dio € Tk+2} and R(TT) {4)6 TL" | Dlge T‘;;l}

respectively.

3D de Rham setting XV: Characterization of trace spaces as quotient spaces. Recall from
(1.8b) and (1.8¢c) that N'(y:) = H(curl,Q) and N(v,) = H(div,Q). So let us denote the spaces of

H'-regular vector fields with vanishing tangential and normal traces by
(6.50a) H;(Q) =N = H'(Q) N H(curl, Q)

=H'(Q) N H(div, Q),

(’Yt!Hl(Q))
(6.50b) Hi(Q) = NWH’HI(Q))

respectively.
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k 0 1 2 3
W, L2(Q) L2(Q) L2(Q) L2(Q)
Wi H'(Q) H'(Q) H'(Q) H'(Q)

T | HY(Q)/HY Q) HY(Q)/H;
TP | HY(Q)/HY(Q) HY(Q)/HL(Q) HY(Q)/HIQ) HY(Q)/HY(Q)

Reformulating (6.39a) and (6.39b), we obtain

(6.51a) R(Thun) = R(Tewr) = { 6 € (H'()/H:(Q) | grad ¢ € (H'©@)/1'(9))'},

(6.51D) R(Thena) = R(Tii) = { ¢ € (H'(@)/BL(Q)) | curl ¢ € (H'(9)/H} @)}
These characterizations are to be compared with

(6.52a) H2(curly,T) = {(;5 e H, () | curlr ¢ € H™V2(D) } = R(m),

(6.52b) HY*() = {q> e H V(1) | curlr ¢ € H; V/2(I) } —R(v),

where as before the two spaces
(6.53a) HAT) = (H2)) = (v (@)
(6.53b) H2() = (H2() = (nH' (@)

are dual to the more regular spaces v H'(Q) and v, H'(Q), respectively.

In the classical trace spaces, the quotient spaces involved in (6.51a) and (6.51b) are featured implicitly,
because as previously stated in (6.50a) and (6.50b), Hy(©2) and H}L(Q) are kernels which vanish under
application of the traces. In fact, since v : H'(Q) — HY?(T) and v : H'(Q) — H;/*(T") are surjective,
it follows from (6.50a) and (6.50b) that the same argument as in the 3D de Rham setting VII shows that
the traces induce the isomorphisms

(6.54) H,/*(I') ~ H'(Q)/H}(Q) and HY*(I') = HY(Q)/H' (),

which in turn imply isomorphisms between the dual spaces.

We would like to draw the reader’s attention to the fact that it is an annihilator related to the kernel
of the dual trace that is used to characterize the range of the primal trace and vice-versa. This is in
agreement with the characterizations provided in [15], where the range of 7; is characterized using the
dual space (v.H'(Q))’, involving the rotated tangential trace v, discussed in the 3D de Rham setting XI.
As in [15], recall that if the skew-symmetric pairing (1.10) is replaced with the L*(T)-pairing, the dual
trace Tgue, corresponding with the rotated tangential trace (roughly speaking), arises in the abstract
setting of Section 4.1 as dual to T%,,,, which corresponds to .

Finally, notice that the surface operators curlr and curlr are dual to the domain operators on which
the relevant traces are applied, which is in line with (6.51a) and (6.51b), i.e. (cf. [15])

(6.55) curlp oy = (y; 0 V)’ and curlr oy, = (v, o curl)’.

7. TRACE HILBERT COMPLEXES

From now on, we make use of the full setting of Hilbert complexes as presented in Section 2.2.
Both Assumptions D and E are not required for the mere characterization of the trace Hilbert com-
plexes in Section 7.1: each one of these hypotheses suffices for the corresponding characterization.
However, we do rely on both decompositions for the upcoming compactness result in Section 7.2,
where we must take (6.19) for granted.



28 RALF HIPTMAIR, DIRK PAULY, AND ERICK SCHULZ

7.1. Complexes of quotient spaces. It is easy to verify that D}, o D} = 0, D} o D}, ; = 0,
Sji10S, = 0and S} oSp.; = 0. Therefore, we have already seen from (5.31) that Hilbert
complexes give rise to Hilbert complexes in trace spaces. The bounded complexes

D} " D}, " D§c+1 " Dk 42
(7.1a) R(Tk) R(TkJrl) R(Tk+2) A
and
k k+1 k+2 k+3

are isometrically isomorphic to the bounded complexes of quotient spaces

S}C Sfc S;&+1 Stk+2
(7.2a) oo > T (Ak) — > T(Agt1) = T(Akg2) — 7 -+,
and
(7.2b) e TAY) e TR o T(Af) e
k Sk+1 Sk+2 Sk+3

While the bounded domain complexes are interesting in their own right, the rich structure of
Hilbert complexes reveals itself when closed densely defined unbounded operators are introduced.
As stated in [7, Chap. 4], the complex produced by the latter contains more information than the
associated domain complexes. It turns out that the characterizations provided in Section 6 shed
more light on the structure of (7.1a)-(7.2b). The next theorem provides a first characterization of
what we call trace Hilbert complezes.

Theorem 7.1. Under assumptions D and FE respectively, the sequences of unbounded operators
Dt ° n o Dt St o Dt ..
(T3 = R(TY € (W) — R(Thy) © (Wih)® —
and
(7.4) e R(TH) C (W) e R(T}) € (W ))® e -
Dk: Dk+l Dk+2
are Hilbert complezes as defined in Section 2.2.

Proof. By symmetry, it is sufficient to verify the claim for (7.3). In light for (7.1a) and Theorem 6.8,
we simply need to show that D : R(T%) C (Wyf)° — (WZ:Q)O is a densely defined and closed
unbounded linear operator. )

To begin with, from Proposition 3.5 we know that D(D}) = R(T%) = D(A})° C D(A}) is
a oHilbert space. Next, Theorem 6.8 tells us that, indeed, it is a DHilbert space as a subspace of
(WZ++1)O This implies that the operator D}, must be closed on (WZ:I)O

It remains to confirm that R(T%) is dense in (WZJ:E)O To that end we employ two key
mappings:

(I) Recall that since W}, is a Hilbert space and Hilbert spaces are reflexive (cf. [47, Sec.
4.5], [11, Thm. 5.5]), the map
Wli_—&-l — (W)
(7.5) p: g [ Wi R
b — py(®) = ¢(y)

is an isometric isomorphism. Substituting p=*(¢) for y in the definition (py)(¢) = ¢(y),
we find a useful formula involving the inverse:

(7.6) P(¢) = d(p~ ')
for all ¢ € W, and 9 € (W, ,)".
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ince the inclusion — A*) is continuous and dense v Assumption B, the re-
II) Si the inclusi W:H D(A} t dd by A tion B, th
striction of functionals J : 'D(A,’;)’ — W, is also a continuous and dense embedding. In

particular, because R(T%) = D(A})° by Proposition 3.5 and WZ++1 C D(A}) by definition,
it satisfies the important property that J(R(T%)) C (WZ:I)O

To prove density, we show that an arbitrary functional ¢, € ((Wz:l)")’ such that ¢,(J&) =0

for all £ € R(T%) vanishes in ((WZ:I)O)’ . We proceed in three short steps.
1) First, we use the Hahn—Banach theorem to extend 550 to a functional {5 € (W, ). By

definition,
(7.7) dJE) =0 VE € R(TY).
2) Secondly, we set y := p~'dp € W, C D(Af). Based on (7.6), it follows from (7.7) that
(7.8) E(y) = JE(y) = JE(p~') = $(J€) = 0 V¢ € R(T}) = D(AL)°.

In particular, we obtain from (7.8) that y € D(A};). Thus, under the choice made in (6.32),
y € DA NW,, =WpT,
3) Finally, the previous step implies that

(7.9) $(do) = py(¢a) = doly) = 0 o € (Wiiih)°.
Therefore, q~50 = ‘ﬂ(v“v“**)o = 0, which concludes the proof. O
k+1

Now, rewriting the trace Hilbert complexes (7.3) and (7.4) in terms of the isometrically isomor-
phic characterizations given in Theorem 6.11, we obtain the Hilbert complexes

(7.102) DR e B € T 2 T, € T,
' k+13 7k k41 k2Pt k2
and
L= (pn t,— t— /An t—
(7.10b) e TEO) C T T (OF, ) C T
ch Dk+1 Dk+2

7.2. Compactness property. It is well-known that compact embeddings of the regular spaces
W, C Wy in the stable decompositions (6.3) and (6.13) lead to the Hilbert complexes (2.5a) and
(2.8b) being Fredholm. For convenience, we review this result in the next lemma.

Assumption F.  Suppose that the dense inclusions z: : W;r — Wy, are compact for all k € Z.
Lemma 7.2. Under Assumption F, Assumptions B and C guarantee compactness of the inclusions
(7.11) D(AL) ND(Apy1) = Wi and D(Aps1) ND(AL) = Wiy,
respectively.

Proof. By symmetry, it is sufficient to prove that, under Assumption F, it follows from Assumption
C that the dense inclusion D(Ai4+1) N D(A}) — Wy is a compact operator. In particular, let
(ye)eez € D(Ags+1) ND(A}) be an arbitrary sequence that is bounded in D(Ai11) N D(A}). We
only need to show that there exists a subsequence (y¢,),cz that is Cauchy in Wy

By Assumption C, for all £ € Z, there exist pzr € W,jﬂ and xj € W,j such that

(7.12) e =D +ALx) (in particular, p; := L}y, and x; := VZ+1yg).

The norm in D(Ai11) N D(A}) is stronger than the norm in D(Agy1). Therefore, since the de-
composition is stable by hypothesis IT from Assumption C, the sequences (pj)g and (xj)g are
bounded in W:H and W,‘:, respectively. Under Assumption F, we can thus find subsequences
(pz;)p and (XZ)p that are Cauchy in Wy, and Wy, respectively. Evaluating

Iye, = Yo, l¥v,n = (5, = PF Yo, = ¥e ) w,,, + (Ae (5 =%7 ) ye, = ¥e)w,,,
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< Hpé - pe Hwk+1Hy€ yzn||wk+l + (XZI - Xz_ 7A.Z ( - yfw,))w

k

< prn - p[n‘lwk+1 Hyén — Y,

Wi T Hxé - XZ ||Wk H A* (y@n - yfn) ||Wk’
%,_/
—0 as n,m—0 —0 as n,m—0

we arrive at the conclusion once noticing that ||y, —ye,|w,., and || A} (ye, — ¥ye.) [lw, are also
bounded by hypothesis. O

In other words, under Assumption F, the stable decompositions of Section 6.1 imply complex
properties, which as stated in Section 2.2, guarantee that the associated Hilbert complexes are
Fredholm. The goal of this section is to show that this carries over to the trace spaces. Ultimately,
this is because what is essential for Lemma 7.2 to hold is not compactness of the embeddings, but
rather that the potential and lifting operators Ly, and V},, are compact operators.

In order to obtain the complex properties for the trace Hilbert complexes, we find it most
convenient to work with the characterizations provided in Theorem 7.1, because it allows us to
harness the theory developed in Section 3.3. By symmetry, we may focus on (7.3).

For any x € D(Ag), it follows from Assumption C and the commuting relations of Lemma 5.4
that

(7.13) Tix=Tilpx+ T Ak Vix = TiLix —Dj T} Vix

Recall from Lemma 3.12 that the D(Aj)-harmonic extension operators _Ax RD(lA) :R(TE) —
D(Ay) satisfy Tt (—Ar R;(A @) = ¢ for all ¢ € R(T}). Inserting this identity in (7.13) yields the
decomposition

(7.14) ¢ = (~TILLAIR . @) + Df_y (Tho VEAIR . 8)

for all ¢ € R(TY).
Compare (7.14) with the regular decompositions provided in (6.3) and (6.13). In (7.14), the
bounded maps

(7.15) —T}CLZA,CR;M o R(TE) = T(W) € R(TY)
and
(7.16) T VAR L R(TE) = Tho (W) C R(Th)

play the roles of lifting and potential operators. Compactness of these operators as mappings
R(TL) — (W} ) and R(TE) — (W} F)° follows upon observing that under Assumption F, the
map
+
(7.17) T Wy — (WZ+1)
is a compact operator, because the product of two bounded linear operators between normed
spaces is compact if any one of the operands is [30, Thm. 2.16]. To confirm that the operator
(7.17) is compact, it is sufficient to recall from Definition 3.1 that it is the operator associated
with the compact bilinear form (cf. [48, Chap. 3])
WiIxWi, =R
(7.18) k k1 N Y
(X7 y) — (Ak} X, Zk+1y)wk+1 - (zk X, Aky)wk
where, for the sake of clarity, we have introduced the compact inclusions z;: 41 and zg supplied by
Assumption F.
In the next theorem, the unbounded linear operators

(7.19a) (DL)": D ((DR)") € (Wiih)° — (Wih)°,

(7.19D) (DR)*: D((D})") € (W 5))° = (W )°,

are the Hilbert space adjoints of the closed densely defined unbounded operators

(7.20)  DL:R(TH) € (Wih)° = (Wih)° amd DR R(TR) € (W F)° = (W 7)),

respectively.
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Theorem 7.3. Under Assumptions D, E and F, the inclusions
(721)  R(TLND((Df_1)*) = (Wih)° and  R(TP)ND ((Dpy)*) = (WpT)°

are compact.

Proof. We follow the arguments in the proof of Lemma 7.2. Let (¢¢)ecz C R(TE) ND ((D_;)*)
be a bounded sequence in R(T,) ND ((D_,)*).

The goal is to find a subsequence (¢¢,),ez that is Cauchy in (WZ_:E)O Similarly to (7.12), we
use the stable decomposition in trace spaces (7.14):

(7.22) br =€ + D i¢f
for all £ € Z, where

& = —TILAIR L e € TLWE) and &= T VEAIR, L e € TL_ (W),
Since the norm in R(T})ND ((D}_;)*) is stronger than the norm in R(T%), the sequence (¢¢)sez
is bounded in the norm of R(T%). Hence, by compactness of the operators fTZLzAZR;(g;) :
R(TE) — (WZ++1)O and T271V2AZR;(%Z> cR(TY) — (WZ’+)°, there exist subsequences (&Z)pez
and (CZ))peZ that are Cauchy in (W})° and (W}'")°, respectively.

Now, we verify that (¢¢,),cz is indeed Cauchy in (WZL)" We evaluate directly

_ 2
||¢‘€n d)en H(Wliil)o
= (& —¢& o0, — m")(wgg)o + (D (¢F —¢1)  oe, — W’L)(WEIE)"

<li&f - ¢ wrtyelPe, = beullowy by + (¢F = ¢, (DL_)" (¢, — ¢én))(wz,+)o ,

from which we conclude that

||¢€n - ¢y, H(W;jl)o < HEZL - 52;
—0 as m,n—0

+ ”52; - ZL”(WZ’*)" H(DZ—D* (¢, — be,) H(WZ‘Jr)O'

—0 as m,n—0

(Wffl)" ||¢€n - ¢én||(w;;v++l)o

The desired result thus follows because the norms || ¢, — ¢y, || (Wrhye and [|(D}_,)* (¢r,, — @0, || (W7o
are bounded uniformly in ¢,, by hypothesis. O

Corollary 7.4. Under assumptions D, E and F, the trace Hilbert complexes introduced in Theo-
rem 7.1 are Fredholm.

It is particularly interesting that while only one decomposition was sufficient to obtain Lemma 7.2,
we needed both decompositions (assumptions B and C) to achieve a proof of the compactness
property for the trace Hilbert complex: one for the space characterization and the other for the
decomposition formula itself. The question whether it is necessary to have both remains open.
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3D de Rham setting XVI: Trace de Rham complexes. Trace Hilbert complexes for the de Rham
complex in 3D arise from the results of XV:

{o} {o}
D(curl’) c H1(Q) N H(div, Q)° D(eurl) ¢ (H'(@) /H;(Q))’
curl’ lcurl'
~ o /
(7.23) D(grad’) c H(Q) NH(curl,2)°  D(grad) C (Hl(Q) /H,}(Q))
grad’ lgrad'
H(9) 0 H(9)° (n @)/ @)
0 lo
{0} {0}
In light of the de Rham setting XV, they correspond to
(7.24) (0} <5 HY2(T) ¢ H-2(0)™5 =2 (curly, T) € H; V2 =121y % {0}

or its rotated version.

Since by Rellich’s lemma the embeddings H'(Q) — L*(Q) and H*(Q) < L*(Q) are compact, the de
Rham complexes in (1.4) satisfy Assumption F with the regular decompositions presented in the de Rham
setting XII. Therefore, the associated trace de Rham complexes are Fredholm. As a consequence, their
cohomology spaces are finite-dimensional. A

8. CONCLUSION

As we have demonstrated in the present article, it takes only a pair of Hilbert complexes linked
by the sub-complex relationship of their domain complexes to recover essential aspects of the
structures inherent in the trace operators and trace spaces for the de Rham complex. Relying on
notions of trace spaces as dual spaces or quotient spaces, we could establish detailed characteriza-
tions merely assuming the existence of stable regular decompositions induced by bounded lifting
operators. These developments culminated in the discovery of associated trace Hilbert complexes,
which are Fredholm under the mild additional assumption that the lifting operators are compact.

Hilbert complexes have recently moved into the focus of applied mathematicians, since they
underlie a host of PDE-based mathematical models in areas as diverse as linear elasticity, gravity,
and fluid dynamics. The related complexes are known as the elasticity complex, [6, Sect. 11]
and [43], conformal complex, or Stokes complex [10, Sect. 4.4]. These and many more complexes
[40,44] arise from the de Rham complex through the powerful Bernstein-Gelfand-Gelfand (BGG)
construction, as has been shown in [10]. Most likely, many more Hilbert complexes relevant for
mathematical modeling still await discovery.

This backdrop lends relevance to our present work. Omnce the Hilbert complex structure is
established, trace operators and trace spaces become available, which can serve as stepping stones
towards the study of boundary value problems and the development of integral representations.
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