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ABSTRACT. DeepOnets have recently been proposed as a framework for learn-
ing nonlinear operators mapping between infinite dimensional Banach spaces.
We analyze DeepOnets and prove estimates on the resulting approximation
and generalization errors. In particular, we extend the universal approxima-
tion property of DeepOnets to include measurable mappings in non-compact
spaces. By a decomposition of the error into encoding, approximation and re-
construction errors, we prove both lower and upper bounds on the total error,
relating it to the spectral decay properties of the covariance operators, asso-
ciated with the underlying measures. We derive almost optimal error bounds
with very general affine reconstructors and with random sensor locations as
well as bounds on the generalization error, using covering number arguments.

We illustrate our general framework with four prototypical examples of non-
linear operators, namely those arising in a nonlinear forced ODE, an elliptic
PDE with variable coefficients and nonlinear parabolic and hyperbolic PDEs.
In all these examples, we prove that DeepOnets break the curse of dimension-
ality, thus demonstrating the efficient approximation of infinite-dimensional
operators with this machine learning framework.

1. INTRODUCTION

Deep neural networks [I8] have been very successfully used for a diverse range
of regression and classification learning tasks in science and engineering in recent
years [24]. These include image and text classification, computer vision, text and
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2 ERROR ESTIMATES FOR DEEPONETS

speech recognition, natural language processing, autonomous systems and robotics,
game intelligence and protein folding [16].

As deep neural networks are universal approzimators, i.e., they can approximate
any continuous (even measurable) finite-dimensional function to arbitrary accuracy
[2, 20} [T2], it is natural to use them as ansatz spaces for the solutions of partial
differential equations (PDEs). They have been used for solving high-dimensional
parabolic PDEs by emulating explicit representations such as the Feynman-Kac
formula as in [I4, 19, B] and references therein, and as physics informed neural
networks (PINNSs) for solving both forward [41] [42] [32] [34], 36] as well as inverse
[42] 43, 135], 29] problems for a variety of linear and non-linear PDEs.

Deep neural networks are also being widely used in the context of many query
problems for PDEs, such as uncertainty quantification (UQ), optimal control (de-
sign), deterministic and Bayesian inverse problems and PDE constrained optimiza-
tion. In such many query problems, the inputs are functions such as the initial
and boundary data, source terms and/or coefficients in the underlying differential
operators. The outputs are either the solution field (in space-time or at fixed time
instances) or possibly observables (functionals of the solution field). Thus, the in-
put to output map is, in general, a (possibly) non-linear operator, mapping one
function space to another.

Currently, it is standard to approximate the underlying input function with a
finite, but possibly very high-dimensional, parametric representation. Similarly, the
resulting output function is approximated by a finite dimensional representation,
for instance, values on a grid or coefficients of a suitable basis. Thus, the underlying
operator, mapping infinite dimensional spaces, is approximated by a function that
maps a finite but high dimensional input spaces into another finite-dimensional
output space. Consequently, this finite-dimensional map for the resulting paramet-
ric PDE can be learned with standard deep neural networks, as for elliptic and
parabolic PDEs in [44] [37, 38| 22], for transport PDEs [23] and for hyperbolic and
related PDEs [13], BT, B0] and references therein.

However, this finite dimensional parametrization of the underlying infinite di-
mensional problem is subject to the inherent and non-vanishing error both at the
input end, due to the finite dimensional representation as well as at the output end,
on account of numerical errors at finite resolution. More fundamentally, a paramet-
ric representation requires explicit knowledge of the underlying measure on input
space such that a finite dimensional approximation of inputs can be performed.
Such explicit knowledge may not always be available. Finally, the parametric ap-
proach does not cover a large number of situations where the underlying physics, in
the form of governing PDEs, may not even be known explicitly, yet large amounts
of (possibly noisy) data for the input-output mapping is available. It is not obvious
how such a learning task can be performed with standard neural networks.

Hence, operator learning, i.e. learning nonlinear operators mapping one infinite-
dimensional Banach space to another, from data, is increasingly being investigated
in the contexts of PDEs and possibly other fields, see [5] for a recent approach based
on principal component analysis, and [25] and references therein on Fourier neural
operators. A different approach was proposed by Chen and Chen in [8], where they
presented a neural network architecture, termed as operator nets, to approximate
a non-linear operator G : K — K’, where K, K’ are compact subsets of infinite
dimensional Banach spaces, K C C(D), K’ ¢ C(U) with D, U compact domains
in R%, R™, respectively. Then, an operator net can be formulated in terms of two
shallow, i.e., one hidden layer, neural networks. The first is the so-called branch
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net B(u) = (B1(w),. .., Bp(u)), defined for 1 < k < p as,
Bulu) = Y chor | S luta) + 6 | (1)

Here, {z;}1<j<m C D, are the so-called sensors and c};,gii are weights and 6!, are
biases of the neural network.

The second neural network is the so-called trunk net 7(y) = (11(y), ..., (y)),
defined as,

Tk(y) :O—(wk'y'i_ck)? 1<k<p, (12)
for any y € U and with weights wy and biases (;. Here, o is a non-linear activation
function in the branch net and (a possibly different one) in the trunk net (L.2)).
The branch and trunk nets are then combined to approximate the underlying non-
linear operator in the operator net

Gu)y) = Y Br(wm(y), uekK, yeU. (1.3)
k=1

More recently, the authors of [28] replace the shallow branch and trunk nets in the
operator net with deep neural networks to propose deep operator nets (Deep-
Onets in short), which are expected to be more expressive than shallow operator
nets and have already been successfully applied to a variety of problems with differ-
ential equations. These include learning linear and non-linear dynamical systems
and reaction-diffusion PDEs with source terms [28], learning the PDEs governing
electro-convection [33], Navier-Stokes equations in hypersonics with chemistry [0]
and the dynamics of bubble growth [27], among others. A simple example that illus-
trates DeepOnets and their ability to learn an operator efficiently is included
in Appendix |E| (cf. Figure .

Why are DeepOnets able to approximate operators mapping infinite dimensional
spaces, efficiently? A first answer to this question lies in a remarkable universal
approzimation theorem for the operator network first proved by Chen and
Chen in [§], and extended to DeepOnets in [28], where it is shown that as long
as the underlying operator G is continuous and maps a compact subset of the
infinite-dimensional space into another Banach space, there always exists an oper-
ator network of the form , that approximates G to arbitrary precision, i.e. to
any given error tolerance. However, the assumptions on continuity and in particu-
lar, compactness of the input space, in the universal approximation theorem do not
cover most examples of practical interest, such as many of the operators considered
in [28]. Moreover, this universal approximation property does not provide any ex-
plicit information on the computational complexity of the operator network, i.e. no
explicit knowledge of the number of sensors m, number of branch and trunk nets p
and the sizes (number of weights and biases) as well as depths (for DeepOnets) of
these neural networks can be inferred from the universal approximation property.

Given the infinite dimensional setting, it could easily happen that the computa-
tional complexity of the DeepOnet for attaining a given tolerance € scales exponen-
tially in 1/e. This scaling will be referred to as the curse of dimensionality and can
severely inhibit the efficiency of DeepOnets at realistic learning tasks. Although
numerical experiments presented in [28] 6] [33] 27] strongly indicate that DeepOnets
may not suffer from this curse of dimensionality, no rigorous results to this end are
available currently. Moreover, no rigorous results on the DeepOnet generalization
error i.e., the error due to finite sampling of the input space, are available currently.

The above considerations motivate our current paper where we seek to provide
rigorous and explicit bounds on the error incurred by DeepOnets in approximating
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nonlinear operators on Banach spaces. As a first step, we extend the universal
approximation theorem from continuous to measurable operators, while removing
the compactness requirements of [§]. Next, using a very natural decomposition
of DeepOnets (cf Figure 1)) into an encoder that maps the infinite-dimensional
input space into a finite-dimensional space, an approzimator neural network that
maps one finite-dimensional space into another and a trunk net induced affine
reconstructor, that maps a finite dimensional space into the infinite dimensional
output space, we decompose the total DeepOnet approximation error in terms of
the resulting encoding, approximation and reconstruction errors and estimate each
part separately. This allows us to derive rigorous upper as well as lower bounds
on the DeepOnet error, under very general hypotheses on the underlying nonlinear
operator and underlying measures on input Hilbert spaces. In particular, optimal
bounds on the encoding and reconstruction errors stem from a careful analysis of
the eigensystem for the covariance operators, associated with the underlying input
measure.

In addition to our analysis of the encoding, approximation and reconstruction
errors, we illustrate these abstract error estimates with four prototypical differential
equations, namely a nonlinear ODE with a forcing term, a linear elliptic PDE with
variable diffusion coefficients, a semi-linear parabolic PDE (Allen-Cahn equation)
and a quasi-linear hyperbolic PDE (scalar conservation law), thus covering a wide
spectrum of differential equations with different types of inputs and different levels
of Sobolev regularity of the resulting solutions. For each of these four problems, we
rigorously prove that DeepOnets break the curse of dimensionality, thus providing
the first rigorous proofs of their possible efficiency at operator approximation. Fi-
nally, we also provide a rigorous bound for the generalization error of DeepOnets
and show that, despite the underlying infinite dimensional setting, the estimate
on generalization error scales (asymptotically) as 1/ V'N with N being the number
of training samples (up to log terms), which is consistent with the standard finite
dimensional bound with statistical learning theory techniques.

The rest of the paper is organized as follows: In section [2| we formulate the
underlying operator learning problem and introduce DeepOnets. The abstract error
estimates are presented in section [3| and are illustrated on four concrete model
problems in section [l Estimates on the DeepOnet generalization error are derived
in section [f] The proofs of the theoretical results are presented in the appendix.

2. DEEP OPERATOR NETWORKS

Our main aim in this section is to follow [28] and introduce DeepOnets, i.e., deep
version of the shallow operator network (1.3]) for approximating operators. To this
end, we start with a brief recapitulation of what a neural network is.

2.1. Neural Networks. Let R%" and Rt denote the input and output spaces,
respectively. Given any input vector z € R%» a feedforward neural network (also
termed as a multi-layer perceptron), transforms it to an output through layers of
units (neurons) consisting of either affine-linear maps between units (in successive
layers) or scalar non-linear activation functions within units [I8], resulting in the
representation,

Loly)=CgoooCxr_q......... oo oCy000C(y). (2.1)

Here, o refers to the composition of functions and o is a scalar (non-linear) acti-
vation function. A large variety of activation functions have been considered in
the machine learning literature [I8], including adaptive activation functions in [21].
Popular choices for the activation function o in include the sigmoid function,
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the tanh function and the ReL U function defined by,
o(z) = max(z,0). (2.2)
For any 1 < k < K, we define
Crzi, = Wiz + b, for W, € Ré&+1Xdk o e R b e R¥w+1, (2.3)

For consistency of notation, we set dy = d;;, and dg 1 = doyt-

Thus in the terminology of machine learning, the neural network consists
of an input layer, an output layer and (K — 1) hidden layers for some 1 < K € N.
The k-th hidden layer (with dj,1 neurons) is given an input vector z, € R%
and transforms it first by an affine linear map Cj, and then by a nonlinear
(component wise) activation o. A straightforward addition shows that our network

K
contains (dm +dout + >, dk> neurons. We also denote,
k=2
0= {Wk,bk}, (2.4)
to be the concatenated set of (tunable) weights and biases for our network. It is
straightforward to check that § € © ¢ RM with

K

M= (di + iy (2:5)
k=1

Henceforth, the explicit -dependence is suppressed for notational convenience

and we denote the neural network (2.1) as £. We also introduce the following
nomenclature for a deep neural network £,

size(L) := M, depth(L)=K —1, (2.6)

with M (2.5) denoting the total number of tuning parameters (weights and biases)
of the neural network and K — 1 being the number of hidden layers of the network.

2.2. DeepONets. A DeepOnet, as proposed in [28] is a deep neural network ex-
tension of the operator network . Roughly speaking, the shallow branch and
trunk nets in and are replaced by deep neural networks of the form (2.1J).
However, we present a slightly more general form of DeepOnets in this paper, as
compared to the DeepOnets of [28]. To this end, we recall that D C R? and U C R"
are compact domains (e.g. with Lipschitz boundary) and introduce the following
operators (cp. Figure [I)):

e Encoder. Given a set of sensor points x; € D, for 1 < j < m, we define

the linear mapping,

E:C(D)—=R™, &u)=(ulz1),...,u(®m)), (2.7)

as the encoder mapping. Note that the encoder £ is well-defined as one can
evaluate continuous functions pointwise.

e Approximator. Given the above sensor points {z;} for 1 < j < m, the
approrimator is a deep neural network of the form and defined as,

A:R™ = RP, {u; }Ly = { A}y, (2.8)

Note that d;;, = m and d,,; = p in the approximator neural network A of
form . Given the encoder and approximator, we define the branch net
B : C(D) — RP as the composition B(u) = Ao E(u).

e Reconstructor. First, we denote a trunk net T as a neural network

T:R" = ]Rp+17 Yy = (yh cee 7yn) — {Tk(y)}zzo’

with each 74 of the form (2.1)), with d;, = n and dyyt = 1 and for any
yeUCR".
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FIGURE 1. Schematic illustration of the decomposition of a Deep-
Onet into the encoder &£, approximator A and reconstructor R.

Then, we define a 7-induced reconstructor as
P
R=R,:R = C(U), Re(m):=70(y)+ > armi(y)- (2.9)
k=1

Henceforth for notational convenience, we will suppress the 7-dependence
of the T-induced reconstructor and simply label it as R. Note that the re-
constructor is well-defined as the activation function o in is at least
continuous.

Given the above ingredients, we combine them into a DeepOnet as,
N:C(D)—=CWU), N(u)=(RoAof)(u). (2.10)
I.e. a DeepOnet is composed of three components:
(1) Encoding: The encoder mapping & : C(D) — R™, u — {u(x;)}7",
(2) Approximation: The encoded (finite-dimensional) data is approximated by
a neural network mapping A : R™ — RP,

(3) Reconstruction: The result is decoded by R : R? — C(U), {Ap}i_, —
70 + > vy ArTr, with 7 being the trunk net.

A graphical depiction of the constituent parts of a DeepOnet is shown in figure
The only difference between our version of the DeepOnet to the version
presented in the recent paper [28], lies in the fact that we use a more general affine
reconstruction step. In other words, setting 79(y) = 79, for some 75 € R in
recovers the DeepOnet of [28]. We remark in passing that although the above for-
mulation assumes a mapping between (scalar) functions, N : C(D) — C(U), all
results in this work extend trivially to the more general case of DeepOnet approxi-
mations for systems N : C(D;R%) — C(U;R%). For clarity of the exposition and
simplicity of notation, we will focus on the case d,, = d,, = 1, in the following.

We recall that the DeepOnet contains parameters corresponding to the
weights and biases of the approximator neural network A and the trunk net T,
that need to be tuned (trained) such that the DeepOnet approximates the
underlying operator G : X — Y. To this end, we need to define a metric between
G and the DeepOnet N. A natural way to do this, is to fix a probability measure
u € P(X), and to consider the following error:

1/2
G = / / G(u)(y) — N(w)(9) dydu(u)| (2.11)
X U

with A/ being the DeepOnet ([2.10). Note that we have replaced the function spaces
C(D) and C(U) by more general function spaces X and Y, for which we will assume
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that there exists an embedding X< L?(D), Y—L?(U). In particular, for the error
(2.11) to be well-defined, it suffices that

e there exists a Borel set A C X, such that u(A) =1, and A C C(D) so that
E(u) = (u(zr), ..., u(xy)) is well-defined on A,
e The mapping
G: XY,
maps given data u € X to a L?(U) function v(y) = G(u)(y) defined on U,
and G € L?(p) := L*(p; || - || L2(v))» in the sense that

/X 1G (@)1 0y dia(r) < oo.

We formalize these concepts with the following definition:

Definition 2.1 (Data for DeepOnet approximation). Let D € R% U C R" be
bounded domains. Let X, Y be separable Banach spaces with a continuous em-
bedding ¢ : X<L?(D) and 7: Y~L?*(U). We call i, G data for the DeepOnet
approximation problem, provided p € Py(X) is a Borel probability measure on
X, there exists a Borel set A C X, such that pu(A) = 1, A consists of continuous
functions and G : X — Y is a Borel measurable mapping, such that G € L?(pu), i.e.
Ix |\g(u)|\2L2(U) du(u) < co. Here, P2(X) is the set of probability measures with

finite second moments [ [|u|% du(u) < oc.

In the framework of nonlinear operators that arise in differential equations, the
Banach spaces X and Y will be function spaces on D and U, respectively; a typical
example is X, Y = H*(D) for some s > 0, where H*(D) denotes the L2-based
Sobolev space on D. The embeddings ¢ : X<L?*(D), 7: Y<L?*(U) will thus be
canonical, and henceforth, we will identify X ~ +(X), Y ~ 7(Y) as subsets of L%(D)
and L?(U), respectively.

Since the point-wise encoder &(u) = (u(x1),...,u(x,,)) is not well-defined on
spaces such as L?(D), we first show that is nevertheless well-defined. From
Lemma we infer that if A C X is a Borel measurable set such that A C C'(D),
then N = RoAo& : A — L?*(U) is measurable, and possesses a measurable
extension R o Ao & : L2(D) — L?%(U). Clearly, since u(A) = 1, we then have

/ / 1G(u)(5)—(R 0 Ao B) () (y)[* dy du(u)
X JU
- / / 1G(u)(y) — (R o Ao &)(u)(w)|? dy du(w),
AJU

for any extension €. This allows us to define the error (2.11)) uniquely and allows
to formulate the following precise definition of DeepOnets,

Definition 2.2 (DeepONet). Let u, G be given data for the DeepOnet approxi-
mation problem (see Definition . A DeepOnet N, approximating the non-
linear operator G, is a mapping N' : C(D) — L?*(U) of the foom N' = R o
Ao &, where & : (X,|-[|x) = (R™,||-|lez) denotes the encoder given by (2.7),
A (R™ [ |lez) — (RP,||-|ls2) denotes the approximator network (2.8), and R :
(R?, || [lez) = (L*(U), || - || L2(v)) denotes the reconstruction of the form (2.9), in-
duced by the trunk net 7.

3. ERROR BOUNDS FOR DEEPONETS

Our aim in this section is to derive bounds on the error (2.11]) incurred by the
DeepOnet (2.10]) in approximating the underlying nonlinear operator G.
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3.1. An universal approximation theorem. As a first step in showing that the
DeepOnet error can be small, we have the following universal approximation
theorem, that generalizes the universal approximation property of [§] to significantly
more general nonlinear operators,

Theorem 3.1. Let u € P(C(D)) be a probability measure on C(D). Let G :
C(D) — L*(D) be a Borel measurable mapping, with G € L?(u), then for every
€ > 0, there exists an operator network N'= R o Ao &, such that

1/2
16 — Nlzqe = ( [ 1960 - M@= du<u>) <e.

The proof of this theorem is based on an application of Lusin’s Theorem to ap-
proximate measurable maps by continuous maps on compact subsets and then using
the universal approximation theorem of [8]. It is presented in detail in Appendix
[C.T]

Remark 3.2. The universal approximation theorem for DeepOnets of [8] states
that they can approximate continuous operators G uniformly over compact subsets
K C X. In contrast, the above theorem removes both the compactness constraint,
as well as the continuity assumption on G and paves the way for the theorem to be
applied in realistic settings, for instance in the approximation of nonlinear operators
that arise when considering differential equations such as those of [28] and later in
this paper. However, this extension comes at the expense of considering a weaker
distance (L?(u ® d) vs. L°°(u ® dx)) than in [§]. In practice, it is indeed the
L2-distance that is minimized during the training process. Moreover, the above
theorem also allows us to consider cases of practical interest where u is supported
on an unbounded subset, as is e.g. the case when p is a non-degenerate Gaussian
measure, for which we always have supp(u) = X (cp. [47, Theorem 1, and its
corollary]), where

supp(p) = {u € X | u(By(u)) > 0, Vr > 0},

denotes the topological support of p, and B,(u) C X denotes the ball of radius
r around u. Indeed, in most of the numerical examples in [28], the underlying
measure u is a Gaussian measure given by the law of a Gaussian random field.

The universal approximation theorem shows that for any given tolerance e,
there exists a DeepOnet of the form such that the resulting approximation
error is smaller than this tolerance. However, this theorem does not provide
any explicit information about the number of sensors m, the number of branch and
trunk net outputs p or the hyperparameters of the approximator neural network A
and the trunk net 7. As discussed in the introduction, these numbers specify the
complexity of a DeepOnet and we would like to obtain explicit bounds (information)
on the computational complexity of a DeepOnet for achieving a given error tolerance
and ascertain whether DeepOnets are efficient at approximating a given nonlinear
operator G. Given the discussion in the introduction, a key concept with respect
to computational complexity and efficiency of DeepOnet approximation is defined
below,

Definition 3.3. [Curse of Dimensionality for DeepOnets.] Given a DeepOnet N
([2-10), we define the size of the DeepOnet as the sum of the sizes of the approxi-
mator neural network A and the trunk net 7. For a given tolerance € > 0, let N,
be a DeepOunet of size (size(N,)) such that the error is less than e and

size (NVe) ~ O (e77) (3.1)
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for some 9. > 0. Note that the universal approximation theorem guarantees
the existence of such a N; and 9. for every € > 0.

The DeepOnet approximation for a nonlinear operator G, with underlying mea-
sure p (check from Definition is said to incur a curse of dimensionality, if

lim ¥, = +o0. (3.2)
e—0

On the other hand, the DeepOnet approximation is said to break the curse of
dimensionality if there exist DeepOnets N, such,

lim 9, = 9 < +o0. (3.3)
e—0

Roughly speaking, the DeepOnet approximation suffers from a curse of dimen-
sionality if the size of the DeepOnet depends exponentially on the error tolerance,
whereas a polynomial dependence results in an alleviation of the curse of dimen-
sionality. This definition shows the fundamental role played by bounds on the size
of the DeepOnet for obtaining a certain level of error tolerance. We provide such
explicit bounds in the following.

3.2. Decomposition of the DeepOnet approximation error (2.11). As a first
step in obtaining explicit information on the computational complexity, we realize
that given the decomposition of the DeepOnet into an encoder &, approx-
imator A and reconstructor R, it is natural to expect that the total error
also decomposes into errors associated with them.

Given an encoder £ and reconstructor R, we can define (approximate) inverses
D (the decoder) and P (the projector), which are required to satisfy the following
relations exactly

EoD=Id: R" - R™, PoR=Id: RP - RP,
and should satisfy
Dof=Id: X X, RoP=Id:Y =Y.

We note that D and P are not necessarily unique. At this stage, we will require
that the decoder D and projector P are Lipschitz continuous. The following lemma,
proved in Appendix provides some indication, as to how their choice influences
the DeepOnet approximation error for Holder/Lipschitz continuous operators
G. In the following, we will denote for a mapping F : X — Y for arbitrary Banach
spaces X,Y:

Lip,(F: X = Y):= sup [F (u) — F(u')|ly

u,u’ €X ||u—u’||§‘(

, Lip(F) := Lip,(F).

Lemma 3.4. Let o € (0,1]. Let A C X be a Borel measurable set such that
u(A) = 1. Assume that

G:A— L*(U)
is a-Holder continuous (or Lipschitz continuous if & = 1). Then the approximation
error & (2.11) can be bounded as,

& < Lip,(G)Lip(R o P) (&)* + Lip(R)éx + ér, (3.4)
where
Lip,(G) = Lip, (G : (A C X, || - [[x) = (L*(U), |- | L2)))s (3.5)
Lip(R o P) = Lip(Ro P : (L*(U), || | z2wy) = (L2(U), |- l2@))),  (3.6)
Lip(R) = Lip(R : (R, ||+ [le»(gr)) = (L*(O), || - [l 20))5
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and

fe = Do ~ 1,z = [ IPo £~ ulf du(w) (35)

1
2

Fa=14-P 0G0 Dl = ([ 1AW~ PoGoD@E: e diEpn)(w)
(3.9)

W=

Fr = IR0 P ~1d] 1x(g,,0 = ( [ TR Pl d(g#m(u)) - (3.10)

The above Lemma provides us with a clear strategy for estimating the Deep-
Onet error (2.11):

e First, we will bound the encoding/reconstruction errors, providing suitable
estimates for

Do&~1Id, RoP=Id

In this step, we need to choose D, £, R, P in order to minimize the resulting
encoding and reconstruction errors.
e In a second step, we estimate the approximation error

HA —Po g o D||L2((€#,LL)7

for fixed projector P and decoder D. The second step often boils down to
a conventional approximation of a function R”™ — RP by neural networks.

3.3. On the error due to projections of Hilbert spaces onto linear and
affine subspaces. We start with the observation that the encoder £ is a linear
mapping from X to R™. As long as we choose the decoder D to also be a linear
mapping from R™ to X, we see that the encoding error gg (3.8) can be bounded
from below by the following projection error:

Bonos (Vi) = [ int 0= du(o). (3.11)
X veVvV

where V = Im(D).

Hence, we need to study general properties of the projection error gproj(f/; v)
onto a finite-dimensional linear subspace Vcd , for an arbitrary Hilbert space H,
and given a probability measure v € P(H) with finite second moment [}, ||[v|% dv(v).
This study results in the following theorem that characterizes optimal finite-dimensional
subspaces of the Hilbert space H,

Theorem 3.5. Let v € Po(H) be a probability measure on a separable Hilbert
space H. For any p € N, there exists an optimal p-dimensional subspace V,, C H,
such that
Eproj(Vpsv) = Inf  Eproj(Viv).
vy,
dim("}):p

Furthermore, we can characterize the set of optimal subspaces V C H as follows:
Let Ay > A2 > ... denote the distinct eigenvalues of the operator

T— /H (v ® v) dv(v). (3.12)
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Let Fy = {v eH ‘ Tv= ka}, k € N denote the corresponding eigenspaces. Choose
n € N, such that

n—1 n
> dim(Br) <p <) dim(Eg).
k=1 k=1

A p-dimensional subspace V CHis optimal for fpmj(f/; v), if and only if,

n—1 N n
P E.cVcPE
k=1 k=1

For any n € N, there exists a unique optimal subspace V,,, C H, of dimension
Pn = Y p_, dim(E}y). For any optimal subspace V C H, the resulting projection
error is given by

Ereoi(V) =3\, (3.13)
Jj>p
where
M==X Ay, > A p1 =" =Anjgny > -+,
=X\ =X2

are the eigenvalues of T’ repeated according to multiplicity, with n; = dim(E}).

The proof of this theorem is based on a series of highly technical lemmas and
is presented in detail in Appendix The essence of the above theorem is the
connection between optimal linear subspaces (that minimize projection errors) of a
Hilbert space and the eigensystem of its (uncentered) Covariance operator .
Thus given , the study of projection errors with respect to finite-dimensional
linear subspaces requires a careful investigation into the decay of the eigenvalues of
the operator and will be instrumental in providing bounds on the encoding
error and enable us to identify suitable sensors {z;} for defining the encoder
E.

Remark 3.6. We would like to point out that the main observations of Theorem
and in particular, the important identity for the minimal projection error
have previously been observed in [5]. In the finite-dimensional case, the underlying
ideas are well-known in principal component analysis. While the basic ideas are
not new, we nevertheless include Theorem [3.5]in the present work for completeness,
due to its central importance to our discussion.

Similarly, we observe that the trunk-net induced reconstructor R is an
affine mapping between RP and the output Banach space Y. As will be shown in
Lemma the reconstruction error for any R can be bounded from below
by the error with respect to projection onto affine subspaces of the output Hilbert
space. We formalize this notion below.

Given a separable Hilbert space H, let 170 now denote an affine subspace of the
form

~
~

p
Vo=<v= 0—1—5 oV |ag,. ..o €R
j=1

for g, ..., 0, € H. Note that for any v’ € Vo, the set

%4’:{64’

176‘7},
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is a vector space f}, spanned by v1,...,0,. It is easy to see that the vector space

‘A/, associated with the affine space V{ is unique and only depends on IA/O, and not
on a particular choice of the vy, ..., 7.

The following theorem provides a complete characterization of finite-dimensional
optimal affine subspaces of H and the resulting projection error.

Theorem 3.7. Let H be a separable Hilbert space and v € Py(H) be a probability
measure with finite second moment. Let p € N. Let ‘70 be an affine subspace
with associated vector space V such that dim(?) = p. Then there exists a unique
element vy € ‘7}) such that

[E[v] = o = inf [[E[v] -2,
veVy

and the projection error given by,

Eproj (Vo) :/ inf |lv—9|? dv(v) (3.14)
HveVy
can be written as,
Eproj(V) = I|E[v] — Tol|* + / Ain‘fA/ lv — Efv] — 9| dv(v), (3.15)
H ve

Furthermore, the affine space Vj is a minimizer of é/a\pmj(‘/}o) (in the class of affine
subspaces of dimension p), if and only if,

n—1 n
o =E[v], and EPE;cVcPE;.
j=1 j=1
Here E; denote the eigenspaces of the covariance operator

= /H(v —E[v]) ® (v —E[v]) dv(v), (3.16)

associated with the distinct eigenvalues A > Ay > ..., and n € N is chosen such
that

n—1 n
D dim(E;) <p <Y dim(E)).
j=1 j=1
In this case, the projection error is given by
Eproj (Vo) = Y N,
i>p
where

)\1:"':)\711 >An1+1:"':An1+n2>-~'a

=1 =2

are the eigenvalues of I" repeated according to multiplicity, with n; = dim(E;).

The above theorem is proved in Appendix[C.3.2] It is the extension of Theorem
[3:5] to affine subspaces of a Hilbert space. It serves to relate the projection error to
the decay of eigenvalues of the associated covariance operator (3.16)) and will be the

key to proving bounds on the reconstruction error (3.10) and in the identification
of the optimal trunk network for the DeepOnet (2.10)).
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3.4. Bounds on the reconstruction error . In this section, we will apply
results from the previous sub-section to bound the reconstruction error g’\R (13.10)).
We start by recalling that the reconstructor R in the DeepOnet s
affine. The following lemma, whose proof is provided in Appendix identifies
the optimal projector P for a given reconstructor R.

Lemma 3.8.Let R = R, : RP — L?(U) be an affine reconstructor of the
form (2.9), for 7o € L?(U) and linearly independent 1,...,7, € L?(U). Let
v € P2(L*(U)) be a probability measure with finite second moments. Then, the

reconstruction error (3.10]) is minimized in the class of Borel measurable projectors
P:L*(U) — RP, for

Pu) := ((u—70,77), ..., (u—10,7))), (3.17)

where 7{,...,7; € span(7i,...,7,) denotes the dual basis of 71,...,7,, i.e. such
that
<Tg,7’;> =, Vke{l,... p}

In this case, we have

P

RoP(u) =15 + Z(u, Tp )Tk (3.18)

k=1
where
P
o8 =To — Z<TO7TI:>T]€,
k=1

is the projection of 7 onto the orthogonal complement of span(ry, ..., 7,) C L*(U).

Next, we can directly apply Theorem to identify an optimal reconstructor
R, and apply Lemma to identify the associated optimal projector P, in the
following theorem,

Theorem 3.9. Denote v := Gxpu. If the reconstruction R = R, : RP — L%(U) is
fixed to be of the form with 7; € L?(U) for j = 0,...,p, then the reconstruc-
tion error , in the class of affine reconstructions R and arbitrary measurable
projections P : L2(U) — RP, is minimized by the choice

p
R=Rs(ar,...,0p) =To+ Y _ o7, (3.19)
j=1
where
70 =E,[v] = / vdy,
L2(U)
is the mean and 7, j = 1,...,p are p eigenvectors of the covariance operator
= [ 0Bl o (0B dvlo),
Y
corresponding to the p largest eigenvalues Ay > Ay > --- > A, > .... Furthermore,

the optimal reconstruction error satisfies the lower bound

Er> Y M (3.20)
k>p

in terms of the spectrum A; > Ay > ... of " (eigenvalues repeated according to
their multiplicity). Given R, the optimal measurable projection P : L?(U) — RP
is affine and is given by the orthogonal projection

P(U) = (<(’U—?0),?1>7...,<<’U—?0),?1,)). (3.21)
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Given the optimal affine reconstructor (3.19) and the associated optimal projec-
tor (3.21)), we can now provide lower bounds, not just on the reconstruction error
but also on the total error (2.11)) of the resulting DeepOnet (2.10) in the following
theorem,

Theorem 3.10. Let the nonlinear operator G : A C X — Y be a-Hdlder contin-
uous (or Lipschitz continuous if a = 1), where X—L?(D), Y—L?(U). Choose an
arbitrary encoder £ : C(D) — R™, approximator A : R™ — R? and an affine re-
construction R : RP — L2(U), of the form . Then the error , associated
with the DeepOnet N' = R o A o £ satisfies the following two-sided bounds,

I> "k < 6r < & < Lip, (G)Lip(R o P)(&)* + Lip(R)éa + Er,  (3.22)
k>p

where A\; > Ay > A3 > ... denote the eigenvalues of the covariance operator I'g s
of Gup (3.16) (repeated according to their geometric multiplicity).

Proof. We start with a proof of the lower bound in (3.22)). Observing that the
optimal reconstructor is the affine reconstructor (3.19) and the mapping R o P :

L?(U) — L2(U) is the orthogonal projection onto the affine subspace mo+span(ri, . . .

L?(U), one obtains, that for any u € X, we have
IG(u) =R o Ao E(u)lr2w) 2 inf [|G(w) —R(e)lz2w)
=[G(u) =R oPoG(u)lrew),
and hence,
(;Q\: ||g—ROAOS||L2(H)
2 |G —=RoPoGlra
= ||Id -R OP”LQ(Q#M) = g’]g

Hence, the lower bound in (3.22]) simply follows from (3.20)). Estimate (3.4) provides
the upper bound in (3.22)). O

The lower bound in is fundamental as it reveals that the spectral decay
rate for the operator I'g,,,, of the push-forward measure, essentially determines how
low the approximation error of DeepOnets can be for a given output dimension p
of the trunk nets.

After establishing the lower bound on the reconstruction error, we seek to derive
upper bounds on this error. We observe that the optimal reconstructor is given by
eigenfunctions of the covariance operator I" (3.16]). In general, these eigenfunctions
are not neural networks of the form . However, given the fact that neural
networks are universal approximators of functions on finite dimensional spaces,
one can expect that the trunk nets in will approximate these underlying
eigenfunctions to high accuracy. This is indeed established in the following,

Lemma 3.11. Let v € P2(Y") be a probability measure with finite second moments.
Write the covariance operator in the form

oo
Ty =) e(or ® o),
k=1
with A1 > Ay > ... and orthonormal eigenbasis ¢r. Let 7, k = 0,1,...,p, de-
note the optimal choice for an affine reconstruction Ropt, as in Theorem more
precisely, let 7o = E,[v], T = ¢y for k = 1,...,p. Let 79,71,...,7, be the trunk
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net functions of an arbitrary DeepOnet (2.10). The reconstruction error for the
reconstruction R = R:

p
R(oa,...,qp) =T+ E LTk,
k=1

with corresponding (unique optimal) projection P (3.17) satisfies

Er < 1ymnhgwﬂﬁ_mm+/2yk (3.23)
k>p

This lemma is proved in Appendix The estimate shows that an upper
bound on the reconstruction error has two contributions, one of them arises from
the decay rate of the eigenvalues of the covariance operator associated with the
push-forward measure v = Gxu and does not depend on the underlying neural
networks. On the other hand, the second contribution to depends on the
choice and approximation properties of the trunk net in the DeepOnet .

Thus, to bound the reconstruction error, we need some explicit information about
the optimal reconstruction in terms of the eigensystem of the covariance operator.
However in practice, one does not have access to the form of the nonlinear operator
G, but only to measurements of G on a finite number of training samples. Hence, it
may not be possible to determine what the optimal reconstructor for a particular
nonlinear operator G is. Therefore, we have the following lemma that compares
the reconstruction error of the DeepOnet with the reconstruction error that
arises from another, possibly non-optimal choice, of affine reconstructor.

Lemma 3.12. Let v € P2(Y) be a probability measure with finite second moment.
Let 7 = (0,71,...,7p) denote the trunk net functions of a DeepOnet without bias
(10 =0), and with associated reconstruction R = R,:

P
R, ...,ap) = ZOéka-
k=1

Let 7 = (0,71,...,7p) denote the basis functions for a reconstruction R =Rs:
RP — Y without bias (75 = 0), of the form

P
Rou,...,qp) = Za;ﬁk.
k=1

Assume that the functions 71,...,7, € Y are orthonormal. Let P,ﬁ Y - RP
denote the corresponding projection mappings (3.17), and let &z, &% denote the

reconstruction errors of (R, P) and (R, P), respectively. Let ¢ € (0,1/2), p > 1 be
given. If

max |7 — Tllz2 < (3.24)
k=1,...,p

_c

P32’
then we have

ér < &5+ Ce. (3.25)

where C' > 1 depends only on [, , ||ul|* dv(u). Furthermore, we have the estimate

Lip(P), Lip(R) < 2, (3.26)

for the Lipschitz constant of the projection P (cp. (3.17)) and R, respectively, where
Lip(P) = Lip (P : (L*(U), ||+ | 2) = (RP, || - [l¢2)), and Lip(R) = Lip (R : (R, || - | =) = (L*(U), || - [|2))-
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The proof of this lemma is provided in Appendix and we would like to point
out that for simplicity of exposition, we have set the biases 79 = 7o = 0 in the
above. One can readily incorporate these bias terms to derive an analogous version

of the bound (3.25).

We illustrate the comparison principle elucidated in Lemma [3.12| with an exam-
ple. To this end, we set the target space as the n-dimensional torus, i.e. U = [0, 27]"
(or U = T™). With respect to this U, a possible canonical reconstructor is given
by the n-dimensional Fourier reconstruction;

p
RFouricr(alv R ap) = Z ajej(x)v (327)
i=1

where we use the notation introduced in Appendix [A] With respect to this Fourier
reconstructor, we prove in Appendix [C.7] the following estimate on approximation
by trunk neural networks,

Lemma 3.13. Let n,p € N, and consider the Fourier reconstruction Ryourier ON
[0,27]™ ~ T™. There exists a constant C' > 0, independent of p, such that for any
€ € (0,1/2), there exists a trunk net 7 : R"® — RP, with

size(T) < Cp(1 + log(e 'p)?),

depth(7) < C(1 + log(e~'p)?),

and such that

3/2

p jirllaxp HTj — ej”LQ([O’Qﬂ-]n) <e, (3.28)

s

where eq, ..., e, denote the first p elements of the Fourier basis.

Furthermore, the Lipschitz norm of R = R, and of the linear projection P :
L?*(U) — RP associated with the 7-induced reconstruction R, via can be
estimated by

Lip (R : (R, [| - [l2) = (L*(U), [ - |2)) <2,
and
Lip (P : (L*(U), ]| -[lz2) = (R?, || - [|2)) < 2.

Now combining the results of the above Lemma with the estimate (3.25) yields
the following result,

Lemma 3.14. Let n € N and fix v € Po(L?(T")). There exists a constant C' > 0,
depending only on n and fLZ(W) |lu||? dv(u), such that for any e € (0,1/2), there
exists a trunk net 7 : R” — RP, with

size(T) < C(1 + plog(e *p)?),

depth(7) < C(1 + log(e 'p)?),

and such that the reconstruction
p
R:RP — L*(T"), R(a,...,a,) = Zam’k,
k=1

satisfies

ER < ERppunier + O (3.29)
Furthermore, R and the associated projection P : (L2(U), |- |lzz — (R?,||-ls)
(cp. (3.17)) satisfy Lip(R), Lip(P) < 2.
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The significance of bound lies in the fact that it reduces the problem
of estimating the reconstruction error for a DeepOnet to estimating the
reconstruction error for a Fourier reconstructor , which might be much easier
to derive in concrete examples.

3.4.1. On the decay of spectrum for the push-forward measure. From the bound
, it is clear that the decay of eigenvalues of the covariance operator, associated
with the push forward measure G4 plays a crucial role in estimating the total error
(2.11)), and in particular, the reconstruction error .

If G is at least Lipschitz continuous, then

TTo,) = [ o= Bouulollaq, dGm0)

— inf — 0720y d
EEIL%(U)/Lz(U)“} v”LQ(U) (Gy) (v)

inf -3 d .
inf [ 166) =3l duntw)
Making the particular (sub-optimal) choice ¥ := G(E,[u]) € L?(U) and utilizing
the Lipschitz continuity of G, we can estimate the last expression as

< /X 19(0) — G L) P sy i)

< Lip(G)? /X i — By ] 1% ds(u)
= Lip(§)*Tr (Ty,) -

Thus, I'g,,, is a trace-class operator for Lipschitz continuous G, implying that

Z/\k — 0, (asp— 00),
k>p

However, the efficiency of DeepOnets in approximating the nonlinear operator G
relies on the rate of this spectral decay. In particular, an exponential decay of the
eigenvalues would facilitate efficient approximation by DeepOnets.

Clearly, the spectral decay of I'g,, depends on both G and u (possibly in a
complicated manner). If the eigenvalues of I, decay rapidly, e.g. exponentially,
one might hope that the same is true for the eigenvalues of I'g,, ,, under relatively
mild conditions on G. The following lemma, proved in Appendix shows that
this is unfortunately not the case under just the assumption that the operator G is
only Lipschitz continuous,

Lemma 3.15. Let p € Py(X) be any non-degenerate Gaussian measure. Given
any sequence (7 )gen such that

oo
W20, VEEN, Y Ky <oo,
k=1

there exists a Lipschitz continuous map G : X — L?(U), such that the spectrum of
covariance operator I'g,,,, of the push-forward measure Gy pu is given by {7V }ren.

Thus, the above lemma clearly shows that, in general, a nonlinear operator G can
possibly destroy high rates of spectral decay for the covariance operator, associated
with a push-forward measure, even if the eigenvalues of the covariance operator,
associated with the underlying measure p, decay exponentially rapidly.
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However, there are special cases where one can indeed obtain fast rates of spectral
decay for the covariance operator associated with a push-forward measure. We
identify two of these special cases, with wide ranging applicability below.

3.4.2. Reconstruction error for linear operators G : X — Y. If the operator G :
X — Y is a bounded linear operator, then the spectrum of the push-forward
measure Gy can be bounded above by the spectrum of pi. More precisely, we have

Proposition 3.16. Let X be a separable Hilbert space. Let u € P(X) be a
probability measure with finite second moment [ [Ju|% du(u) < oo. Let Ay > Xy >
... denote the eigenvalues of the covariance operator I',, of p, repeated according
to multiplicity. If G : X — L2(U) is a bounded linear operator, then for any p € N,
there exists a p-dimensional affine subspace Wy C L?(U), such that

ot =l dG )@ < 1917 3 M (3.30)

eW,
2(U) weto E>p

Here ||G|| (= Lip(G)) denotes the operator norm of G : X — L*(U). If the affine
reconstruction/projection pair is chosen such that R o P : L3(U) — L?(U) is the
orthogonal projection onto Wy, then the reconstruction error &% is bounded by

Er <11 >

k>p

The proof of this proposition is presented in Appendix

3.4.3. Reconstruction error for operators with smooth image. Another class of op-
erators for which we can readily estimate the spectral decay of the covariance op-
erator associated with the push-forward measure are those operators that map into
smoother (more regular) subspaces of the target space.

As a concrete example, we set U = T" as the periodic torus. Let N € N.
We denote by Py : L*(T") — L?(T™) the orthogonal Fourier projection onto the
Fourier basis

Pyu = Z uger(x),

|kloo <N

where the sum is over k = (k1, ..., k) € Z", such that

|k|loo := max [|k;j] < N.
j=1,...,n

Note that the size of this set is [{k € Z" | |k|oc < N}| = (2N + 1)". Hence, with p
degrees of freedom, we can represent Py for

1 _
p>@N+1)" = N< {@QUJ < pt/m. (3.31)

Given p € N, let P : L?(T") — R? be a mapping encoding all Fourier coefficients
with |k|oe < N, where N < p'/™ is the largest integer satisfying (3.31). Let
RFourier : RP — L?(T™) denote the corresponding Fourier reconstruction (3.27)), so
that Rrourier © P : L2(T") — L2(TV) satisfies Rrourier © P = Py. It is well-known
that for u € H*(T"), we have

||PNU — u||L2(Tn) S NS ||u||H‘s(Tn)
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Hence the resulting reconstruction error éx,.,,..,., is given by,

1
[ 1R o P = 13y d(Gn(u) < 5 [ Nl sy dGon(w)
Y Y

1
st/X”g(u)”?{s(T)du(u).

This elementary calculation leads to the following result,

Proposition 3.17. If G defines a Lipschitz mapping G : L*(T") — H*(T"), for
some s > 0, with

IG(w) [ < ¥(w),

where W(u) > 0is in L*(p), i.e. [y ¥(u)du(u) < oo, then we have the following
estimate on the reconstruction error:

%Mmgmﬂméwmww, (3.32)

where C' = C(n, s) > 0 depends on n, s, but is independent of p.

Combining (3.32)) and (3.29), and setting € = p~5/™ in (3.29)) leads to the follow-
ing Corollary,

Corollary 3.18. For a nonlinear operator G with the same assumptions as in
Proposition [3:17] and for any s > 0, there exists a constant C' > 0, depending on n,
s and [|¥||z1(,), but independent of p, such that for any p € N, there exists a trunk
net 7 : R" — RP (without bias term 79), with

size(T) < Cp(1 + log(p)?),

k (3.33)
depth(7) < C(1 + log(p)*),

and such that the associated reconstruction R : R? — L*(T"), R(a) = > ¥_, axTk
satisfies

Er < Cp=o/™. (3.34)

Furthermore, the reconstruction R and the associated optimal projection P given

by (3.17) satisfy Lip(R), Lip(P) < 2.

Thus, (3.34) provides us with an algebraic rate of decay for the reconstruction
error long as the size of the trunk net scales as in and the nonlin-
ear operator G maps onto the Sobolev space H®. Such nonlinear operators arise
frequently in PDEs as we will see in section

3.5. Bounds on the encoding error . Our aim in this section is to bound
the encoding error , associated with the DeepOnet . We observe from
that the encoding error does not depend on the nonlinear operator G, but only
depends on the underlying probability measure pu. Moreover, we have fixed the
form of the encoder £ to be the point wise evaluation of the input functions
at sensors i.e. points {z;} C D, with 1 < j < m. Thus, key objectives of our
analysis are to determine suitable choices of sensors for a fixed m as well as to find
the appropriate form of a decoder D in order to minimize the encoding error .
To this end, we start with a result that provides a lower bound on the encoding
error:
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Lemma 3.19. Let yu be a probability measure on X = L?(D) with [ [Jull7. du(u) <

oo and [y udp(u) =0. If £ : X — R™ and D : R™ — X are any encoder/decoder
pair with a linear decoder D, then

JELECSCATED yp%
A ,

k>m

Here, \; refers the k-th eigenvalue of the covariance operator I' defined in (3.12))
associated with the measure y. In particular, we then have the lower bound

gg > /Z Ak (3.35)
k>m

Note that the above bound in fact holds for any encoder (not necessarily
linear) as long as the decoder is linear. The proof presented in Appendix relies
on Theorem and from this proof, we can readily see that the restriction on the
zero mean of the measure p can be relaxed by using an affine decoder and Theorem
B.7

The bound provides a lower bound on the encoding error and connects
this error to the spectral decay of the underlying covariance operator, at least for
linear decoders.

Our next aim is to derive upper bounds on the encoding error. To illustrate our
main ideas, we will restrict our discussion to the case X = L?(D). The results are
readily extended to more general spaces, such as Sobolev spaces X = H?(D) for
s > 0. We fix a probability measure ; on L?(D), and write the covariance operator
I" as an eigenfunction decomposition

o0
I'= Z)‘Z(d)f ® (b@)a
=1
where A\; > Ao > ... are the decreasing eigenvalues, and such that the ¢, are an
orthonormal basis of L2(D). We will assume that all ¢, are continuous functions, so
that point-wise evaluation of ¢, makes sense. Note that since the ¢, are orthonormal
in L?(D), they are also linearly independent as elements in C'(D).

Assume now that for some M € N, there exist sensors Xi,..., Xy € D, such
that the matrix ®,; € R™*M with entries
[@ali; = [¢:(X;)], fori=1,....m,j=1,..., M, (3.36)
has full rank, i.e.
det (D, ®%,) # 0. (3.37)
Then we can define a “projection” onto ¢1, ..., ¢, by
u(@) S ((Xa), - u(X) B Y[R Jgu(X)on(), (3.38)
k=1
where
(I)]IL\/I = (‘I’M‘I’;‘\ZY1 Dy, (3.39)

denotes the pseudo-inverse of @, € R™*M | Written in somewhat simpler matrix/vector-
multiplication notation, we might write this projection as

u(a) = (Pu(X), (@),

where X 1= (X1,..., Xn), u(X) = (w(X1),...,u(Xn)) and () = (¢1(x),. .., om(2)).
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Note that for u(z) = ¢;(z), 1 <i < m, we have

M M
D [ @arle;di(X5) =D [ @arlej[®alij = [ParPhyle
j=1 j=1
Hence
m M
) D D [ @arledi(X) [(2u®F) ], drle)
kt=1j=1
= Z [(I)M(I)?\}]f,’b [((PM@,ZI\“/I)_l]kvg ¢k($)
k=1
=Y Sudr(x) = ¢i(x).
k=1

So the map (3.38) clearly provides a projection onto span(¢;; j =1,...,m).

Next, we have the following Lemma, provided in Appendix which charac-
terizes the encoding error (3.8)), associated with the encoder/decoder pair given by
(13-38])-

Lemma 3.20. Let u € P2(L*(D)) be a measure with finite second moments, i.e.
such that fLQ(D) lul|2, du(u) < oo. Let @ be given by (3.36), and assume that

the non-singularity condition (3.37)) holds. Then the encoding error &e for the pair
&, D, defined by (3.38]) can be written as

(2)? = (Gatinsing)® + (61)2,

where

/ 1P Ll du(u) = 3 A

>m

with Pt : L2 — L? the orthogonal projection onto the orthogonal complement of
span(e1, - . ., Om), where @1, ¢2, ... denote a basis of orthonormal eigenfunctions of
the covariance operator I', of u, with corresponding eigenvalues Ay > Ay > ...,
and

o~

(éaaliasing)2 = Z >‘€H(I)-Jt\/j¢f()()||?2 (340)

£>m

Thus, the above Lemma [3:20] provides us a strategy to bound the encoding error
as long as the non-singularity condition on the matrix is satisfied.
Moreover, one component of the encoding error is completely specified in terms
of the spectral decay of the associated covariance operator. However, the other
component measures the error due to aliasing, with the notation being motivated
by an example from Fourier analysis, that is considered in the following subsection.
Hence, bounding the aliasing error and checking the validity of the non-singularity
condition require us to specify the location of sensors.

Given the form of the matrix , it would make sense to relate the sensor
locations with the eigenfunctions of the covariance operator I'. However in general,
we may not have any information on these eigenfunctions ¢, ..., ¢,,, and hence,
finding suitable sensors X1, ..., X satisfying the non-singularity condition
might be a very difficult task. Instead, we propose to choose them iid randomly in
D, allowing for M > m, and study the corresponding random encoder

E(u) = (u(X1),...,u(Xa)),
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with associated decoder D given by . Note that the decoder D is merely
used in the analysis of the encoding error, but its explicit form is not needed,
when DeepOnets are used in practice. In fact, the use of random sensors and the
simplicity of the resulting encoder could constitute one of the key benefits of the
DeepOnets.

More precisely, in the following we fix a probability space (2, Prob), and a se-
quence of iid random variables { X} }ren:

wr (Xi(w), Xo(w), X3(w),...), (we),

such that Xj ~ Unif(D) for all k € N. For any M € N, and w € Q, we can then
study the corresponding encoder & : C(D) — RM,

E(u; Xa(w), -+, X (W) = (u(X1 (W), -+ (X (w)))-

As is common in probability theory, we will usually suppress the argument w, and
write, e.g., X7 instead of X7 (w).

Hence, the matrix @ = [¢:(X;)];; € R™M is a random matrix, depending
on X1,...,Xy. In order for the resulting decoder in to be well-defined, we
need to show that there is a non-zero probability that ®,,®%, is non-singular, for
sufficiently large M.

Moreover, by Lemma the aliasing error depends on

193,06 (X) 17 < @] 1722 | S6(X) -

We note that D
D

H¢—]‘.\4||52—)€2 = ‘D‘ T ?

Omin (ﬁq)M(I)]yj)

can be written in terms of the smallest singular value, i.e. omin (%@M‘I’ﬂ), of

the rescaled matrix %Cb 1 ®T, (the reason for introducing the rescaling |D|/M will

be explained below). Hence, to bound the aliasing error and the overall encoding
error, we will need to provide a lower bound (with high probability) on this smallest
singular value. We investigate these two issues in the following.

First, we note that for iid random sensors X1, ..., Xy, by our definition of @y,
we have

DIy or] _IDIS~,
|:M(PM¢M:| iy = ﬁ j;¢k(X])¢E(XJ)7

and the last sum can be interpreted as a Monte-Carlo estimate of
IDIEG.(X)6(X0] = [ oulan(o) do = b

For such Monte-Carlo estimates, we can rely on well-known bounds from probability
theory and have the following lemma on the bounds for the smallest singular value:

Lemma 3.21. For any m € N, denote

W 1= max lok || Lo -

Let X1,..., X ~ Unif(D) be iid random variables. Define ®; by (3.36). Then
we have

|D| - 1 ) M \?
P min | — PP 1—— <2 - = . 41
rob {a (M Py | < 7 m* exp DlZm (3.41)
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This lemma is proved using the well-know Hoeffding’s inequality and the proof

is presented in Appendix A direct application of the bound (3.41) allows us
3-40

to bound the aliasing error (3.40)) in the following,

Lemma 3.22. Let Xq,..., Xy ~ Unif(D) be iid random variables, uniform on D.
Let u € P(L?(D)) be a probability measure concentrated on continuous functions.
Let A1, Ag, ..., denote the eigenvalues of the covariance operator fu (3-12)) of i, with
associated orthonormal eigenbasis ¢1, ¢2,.... The aliasing error , resulting
from this random choice of sensors, is bounded by

1 D]
Do&(P 2d A .
/1 Wl du) < — ([Blaa) Z@m (oo )

Denote wiy, = maXg<m ||@x| L. Then, with probability

M\
2
Prob Z 1—-2m exp <— <Wn) > y

[ 1P ol dut < 225 ol

£>m

Moreover, let x € N, and define M = M(m) = [k|D|mw? log(m)]. Then, with
probability

we have

Prob >1 —

me—2 ’
it holds that for M iid uniformly chosen random sensors Xi,...,Xy € D, the
encoder
gC(D)%RM’ U(I)H(U(Xl)77u(XM))a
possesses a decoder D given by m, such that

V2ID|

(6e)? < o1

Z Ae(1+ (el )- (3.42)

€>m

This lemma also leads to an immediate corollary, whose proof is provided in

appendix

Corollary 3.23. If the eigenbasis of the covariance operator I' (3.12)), associated
with the underlying measure u, is bounded in L°°, then there exists a constant

C > 1, depending only on sup,cy ||¢¢||z~ and |D|, such that the encoding error
(3-8) with M random sensors satisfies (for almost all M € N):

& (Xy,..., Xu) <C Z Ao, (as M — o0),
£>M/C log(M)

with probability 1 in the iid random sensors X, X, X3, -+ ~ Unif(D).

Thus, for an underlying measure p whose covariance operator has a bounded
eigenbasis, then as the number of randomly chosen sensors increases, the resulting
encoding error goes to zero almost surely. The rate of decay only depends on the
spectral decay of the covariance operator. Moreover, given the lower bound
on the encoding error, we have the remarkably surprising result that randomly
chosen sensor points lead to an optimal (up to a log) decay of the encoding error

(3.8), corresponding to the DeepOnet ([2.10).
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3.5.1. Examples. In this section, we seek to illustrate the estimates on the encoding
error for concrete prototypical examples. We recall that the encoding error
is independent of the operator G, depending only on the probability measure p €
P(X). We assume that X = L?(D) in the following. Assuming furthermore that u
has finite second moments fL2(D) llul|? du(u) < oo, then it is well-known [45] that
by the Karhunen-Loeve expansion, we can write p as the law of a random variable
u=u(-;Z), of the form

u(32) =1+ Y N NZpe, Z=(Z1,%,...), (3.43)
=1

where 7 € L?(D) is the mean, ¢1, ¢2,--- € L?(D) are an orthonormal basis consist-
ing of eigenfunctions of the covariance operator I';, of p, Ay > Ay > ... denote the
corresponding eigenvalues, and Zj, Zs, ... are real-valued random variables satis-
fying
E[Z)] =0, E[ZpZi] = ke, VYVEk,£eN.

In practice, the probability measure p is often specified as the law of an expansion
of the form [45] (see e.g. examples 5 and 6 of [28]). This provides a very
convenient method to sample from the measure p, which is defined on an infinite
dimensional space X.

A particularly important class of measures on infinite-dimensional spaces are the
so-called Gaussian measures [45]. A Gaussian measure pu € P(L?(D)) is uniquely
characterized by its mean u = sz(D) udp(u) € L2(D), and its covariance operator

I = fLQ(D)(u ® u) dp(u), which may, e.g., be expressed in terms of a covariance

integral kernel k(z, ") € L?(D x D), and through which the covariance operator T
is defined by integration against k(z,2’):

I':L?(D) - L*(D), wu(zx)— / k(z, 2" u(z") d'. (3.44)
D

3.5.2. Encoding error for a particular Gaussian measure. For this concrete exam-
ple, we consider a Gaussian measure that was used in the context of DeepOnets in
[28]. For definiteness and simplicity of exposition, we consider the one-dimensional
periodic case by setting D = T = [0, 27] and consider a Gaussian measure 1, defined
on it with the periodization,

kp(wa’) = Y exp (W) (3.45)

he2nZ
of the frequently used covariance kernel

—|z —2|?
k(o) — exp [ 22— TEY
(z,z") = exp < 57
We have the following result, proved in Appendix on the encoder and the
encoding error for this Gaussian measure,

Lemma 3.24. Let u be given by the law of the Gaussian process with covariance

kernel k,(x,z’) (3.45)). Let
2r(j—1)
:vj =,
m
denote equidistant points on [0,27] for m = 2K 4+ 1, K € N. Define the pseudo-
spectral encoder € : L?(T) — R™ by &(u) = (u(x1),...,u(zm)), then a decoder

D :R™ — L?(T) is given via the discrete Fourier transform:

K
D(u, ... um)(x) = Y Gre™?, (3.46)
k=—K
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where
m
1 o
_ § :uje 27’l’1jk.
m 4

The encoding error ) for the resultlng DeepOnet - ) satisfies,

> < \/47refc L/W) (3.47)
\/ |k|>m/2]

Here A\, = /27 £ exp(—(¢k)?/2) are the eigenvalues of the covariance operator (3
for the Gaussian measure and erfc denotes the complementary error functlon7 ie.

exfe(z) : f/

By an asymptotic expansion of erfc(x), the above lemma implies that there exists
a constant C' > 0, such that

& < Cexp (=(lm/2]6)*/4) < Cexp (—ym*?), Vv < Tlﬁ’

(3.48)
i.e., the encoding error decays super-exponentially in this case.

Thus, we have a very fast decay of the encoding error with a pseudo-spectral en-
coder for this Gaussian measure. In view of the earlier discussion in this subsection,
it is natural to examine what happens if the encoder was a random encoder, i.e.
based on pointwise evaluation at uniformly distributed random points in [0, 27].
Given Lemma one would expect a similar super-exponential decay (modulo a

logarithmic correction). This is indeed the case as shown in the following Lemma

(proved in appendix ,

Lemma 3.25. Let p be a Gaussian measure on the one-dimensional periodic torus
D =T = [0,2n], characterized by the covariance kernel (3.45). Let Xy, -+, Xu
be uniformly distributed random sensors on D. There exists a constant v > 0,
such that with probability 1, the encoding error corresponding to the random
encoder (pointwise evaluations at random sensors) is bounded by,

N ,YM2€2
ékgeXp<‘kguwv

Comparing the bounds (3.48) and (3.49)), we see that the random encoder also
decays super-exponentially (up to a log). However, as remarked before, no infor-
mation about the underlying measure is used in defining the random encoder.

(3.49)

3.5.3. Encoding error for a parametrized measure. As a second example, we define
the underlying measure € P(L?(D)), as the law of its Karhunen-Loeve expansion
(3.43) with the following ansatz on the resulting random field,

=3 Viar(a), (3.50)

with ag > 0, ¢y € L*(D) are such that Y ,° | agl|te]|2 < oo is bounded, and where
Yy € [-1, 1] are random variables, distributed according to some measure dp(y) on
y € [-1,1]". In this case, the series in converges uniformly in L?(D) for any
Y= (yj)jEN €1, 1]N7 and

(592 <Y cllvell e

{=1
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For the sake of definiteness, we shall only discuss a prototypical case, where the
(spatial) domain D is either periodic, i.e. D = T, or rectangulaIﬂ D = [0, 274,
and the expansion functions are given by the trigonometric basis {ey}czq, indexed
by k € Z% (check notation from Appendix |[A]). The underlying ideas readily extend
to more general choices of basis functions vy. To be definite, we will assume that
the random field u(z;y) is expanded as

u(w;y) =) + Y ypaer(), (3.51)
kezd
where @ € C*°(D), and such that there exist constants Cy, > 0, £ > 0, such that
|| < Co exp(—llk|os), Ve Z% (3.52)

We furthermore assume that the Y3, € [—1,1], k € Z%, are centered random vari-
ables, implying that E[u] = u. We let u € P(L*(D)) denote the law of the random
variable u(-; (Yy)reze). By the assumed decay (3.52)), we have supp(u) C C°°(D).
We remark that one can also readily consider the setup where the coefficients ay
decay at an algebraic rate. Note that the expansion appears to be similar to
that of the Karhunen-Loeve expansion of the Gaussian measure, considered in the
last section. The main difference lies in the fact that Yj are no longer assumed to
be normally distributed, nor necessarily iid.

Given p as the law of random field as the underlying measure, we need to
construct a suitable encoder and decoder and then estimate the resulting encoding
error (3.8). To this end, we adapt the pseudo-spectral encoder and the resulting
discrete Fourier transform based decoder to the current setup. For multi-
indices 4 = (i1,...,iq) € {0,...,2N}%, let

o 2m 27y 279 2mig
TTONF1  \aNF1 N +1 2N+ 1)

denote the (2N + 1)¢ points on [0, 27]? on an equidistant cartesian grid with grid
size 27 /(2N + 1). In the following, we will denote by Zy the index set

Iy o= {i = (i1, ... iq) |ir € {0,..., 2N}, Vr = 1,...,d}.
Define the encoder £ : C(D) — R™, for m = (2N + 1)¢ = |Ix/|, by
E(u) = (w(@))iezy - (3.53)

To construct a suitable decoder D : R™ — L?(D) corresponding to the en-
coder £ above, we will first recover (an approximation of) the coefficients y from
the encoded values £(u(-;y)). This can be achieved by the following sequence of
mappings:

(1) Subtract the mean @: Define

M:R™ — Rm, (ui)iezN — (u, — U(xi))ieIN- (3.54)
(2) Discrete Fourier transform: Define
_ 2m)? _
FT :R™ — Rm7 (ui)iezN — ( ﬂ-) Z Ug ek(xz) R (355)
R
N ke N

where the set of Fourier wavenumbers k € K is given by
Ky ={k=(ki,....ka)| k€Z? —N <k; <NVj}
Note that we have FT (eg) = e for all k € Ky

LGeneralization to a more general domain of the form D = H?:I [ai, Bi], for a; < B; is straight-
forward.
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(3) Approximation of (y1,...,ym): Given the discrete Fourier coefficients ug =
IT(ﬂ)ka k c ICN, we define (Wlth j = Zd)

Y:R™ = [-1,1)7,

_ . s (3.56)
(Uk) ey = (Yi)jeq = (Shrmk (Yj)>jej’
where
0, (otherwise),

and the shrink-operator shrink : R — [—1,1] ensures that Y}, € [—1,1] for

all k:
shrink(Y) = {§/|Y|7 :i: i 1
Finally, the decoder D : R™ — L?(T%) is defined by the composition
D(us) = u( -, ¥ (us)), (3.58)
where u(-;Y) is given by and
Y (ug) := (¥ o FT o M)(u3). (3.59)

It is easy to see that the main difference between the above encoder/decoder pair
and the pseudo-spectral encoder/decoder of is the non-linear shrink operation
in (3-56), which we introduce to ensure that ¥ € [—1,1]V. As a consequence of this
observation, we find that the usual error estimates for pseudo-spectral methods
imply similar error estimates for the encoding error |Do&(u) —ul| 2. For instance,
we have the following proposition (proved in Appendix ,

Proposition 3.26. Let s > d/2, and assume that v € H®(D). There exists a
constant C' = C(s,d) > 0, such that the encoder/decoder pair (£,D) defined by
(3.53) and ([3.58) satisfy the estimate

Do &(u) — ullr: < ON~*|lul - (3.60)

On the other hand, if the coefficients «aj decay exponentially as in the random
field (3.50)), one can expect exponential decay rates for the encoding error as in the
following Theorem,

Theorem 3.27. Let p € P(L*(D)), with D = T% or D = [0, 27]¢, denote the law of
the random field u(-;Y) defined by (3.51)), with random variables Y = (Y;);c7s €
[-1,1)7, J = Z4, and with a4, satisfying the decay assumption . Given
N € N, consider the encoder/decoder pair (£, D) based on the discrete Fourier
transformation on a regular grid with grid size m = (2N + 1)? on D. Then there

exists constants C,c > 0, independent of m, such that the encoding error g"g for

the encoder/decoder pair £, D defined by (3.53]) and (3.58)), can be bounded by
& < C exp(—ctm'/%). (3.61)

Furthermore, if G : L?(D) — L2(U) is an operator, and F : [-1,1]7 — L2(U),
y — F(y) is defined by

F(y) = G(u(-;y)),
then we have the identity

G oD ((us)iezy) = F(Y (wi)iczy), V¥ (ui)iery € RN ~R™. (3.62)



28 ERROR ESTIMATES FOR DEEPONETS

This theorem, proved in Appendix shows that the encoding error for a
very general form of the underlying measure p, decays exponentially in the number
of sensors and suggests that DeepOnets will have a small encoding error with a few
sensors. The map u +— ?(u) defined by , plays a key role in defining the
decoder as well as the action of operator G on the decoder. It turns out that
this map can be efficiently approximated by a neural network of moderate size as
follows:

Lemma 3.28. Let N € N, and denote m := (2N+1)¢ = |Ky|. Let k: {1,...,m} —
Kxn be a bijection. There exists a constant C' > 0, independent of N, m, such that
for every NN there exists a ReLU neural network A/ : R™ — R™, with

size(N) < C(1 +mlog(m)), depth(N) < C(1+ log(m)),

and such that N'(u) = (Y, (u), ..., }A/K(m)(u)), for all u € R™.

The proof is based on a simple observation that, ¥ = ) o FT o M, with

(1) M an affine mapping, introducing a bias,
(2) FT a linear mapping, implementing the discrete Fourier transform
(3) Y a linear scaling followed by a shrink operation.

The map M can evidently be represented by a neural network of depth = O(1),
and size = O(m). The discrete Fourier transform can be efficiently computed
using the fast Fourier transform (FFT) algorithm in O(N%log(N)) = O(mlog(m))
operations. We note that each step of this recursive algorithm is linear, and requires
O(m) multiplications and O(log(m)) recursive steps to compute the FFT. Each step
in the recursion can be represented exactly by a finite number O(1) of ReLU neural
network layers of size O(m). The O(log(m)) steps in the recursion can thus be
represented by a composition of O(log(m)) neural network layers. Thus, the whole
algorithm can be represented by a neural network of size = O(mlog(m)) and depth
O(log(m)). Finally, the linear scaling step can clearly be represented by a neural
network of depth = O(1) and size = O(m), and the shrink operation can be written
in the form

shrink(Y) =1 — max(0,2 — max(0,14+Y))=1-0(2—-0(1+Y)),
where o(z) = max(0,2) denotes the ReLU activation function. Hence, ) can be
represented by a neural network of size = O(m) and depth = O(1). Combining
these three steps, we conclude that also the composition Y can be represented by
a neural network of size = O(mlog(m)) and depth = O(log(m)). Similarly, any
smooth activation function such as sigmoid or tanh can be used to define a neural
network of the same size to approximate Y.

3.6. Bounds on the approximation error . Given a particular choice of
encoder/decoder and reconstruction/projection pairs (£,D) and (R,P), the ap-
proximation error & A for the approximator A : R™ — RP in the DeepOnet
is a measure for the non-commutativity of the following diagram:

L2(D) —9— L2(U)

/ K
& TD ’Pl IR
Y /
R™ —nifhans RP
i.e., it measures the error in the approximation A =~ P o G o D. Thus, bounding
the approximation error &4 can be viewed as a special instance of the general
problem of the neural network approximation of high-dimensional mappings R™ —

RP. Our aim in this section is to review some of the available results on neural
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network approximation in a finite-dimensional setting and relate it to the problem
of deriving bounds on the approximation error for the DeepOnet . We
start by considering the neural network approximation for regular high-dimensional
mappings.

3.6.1. Regular high-dimensional mappings. Evidently, the neural network approxi-
mation of a mapping G : R™ — R?, z +— G(z) = (G1(2),...,G,(x)) can be carried
out by independently approximating each of the components 3]- :R™ — R by a
neural network A; : R™ — R, and then combining these individual approximations

to a single neural network A : R™ — RP, x — A(z) = (A1 (x),..., Ap(z)), with
P
size(A) = Zsize(Aj) <p max size(A;).
= J=1..p

The approximation of G; : R™ — R (over a bounded domain K C R™) by neural
networks is a fundamental approximation theoretic problem. One approach for
deriving general approximation results relies on the Sobolev regularity of Ej. As a
prototype of the available results in this direction, we cite the following result due
to Yarotsky [50], for G; € WH°([0,1]™),

Theorem 3.29 ([50, Theorem 1]). Let m, k € N be given. There exists a constant
C = C(m,k) > 0, such that for any € € (0,1) and G : [0,1]"™ — R with ||G||yyr. <
1, there exists a ReLU neural network A : [0,1]" — R, with

depth(N) < C(1 +log(e™Y)), size(N) < Ce ™/ F(1 +log(e™1)),

such that
1G(2) = N'(2)[| Lo o,11m) < €.

In the particular case of a Lipschitz mapping G : R™ — R, the upper limit on the
required size of the approximating neural network A is thus O(e~™). In particular,
this size scales exponentially in the input dimension (=number of DeepOnet sensors)
m. By Definition this constitutes a curse of dimensionality as the number of
sensors m need to grow as € — 0 from bounds such as on the encoding error
(3.8). Thus, the above Theorem of Yarotsky may not suffice to find optimal sizes
of the approximator network A in the DeepOnet .

3.6.2. Holomorphic infinite-dimensional mappings. Given this possible curse of di-
mensionality in bounding the approximation error for Lipschitz continuous
maps, we seek to find a class of nonlinear operators G, mapping infinite-dimensional
Banach spaces, for which this curse of dimensionality can be avoided. One possible
class is the class of holomorphic mappings y — F(y), which has been shown in
recent papers [44] [37, B8] to be efficiently approximated by ReLU neural networks,
breaking the curse of dimensionality. For instance, the class of mappings considered
in [38] are infinite dimensional mappings

Fil-1L,1N =V, y=(y)jen > F(y),

where V is a Banach space. To simplify notation, we shall replace N by an arbitrary
countable index set J and consider mappings

F:-L17 =V, y=(y)jes = Fly), (3.63)

in the following. In this context, we require the following definition [38]:
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Definition 3.30 ((b, €)-admissibility). Let V' be a Banach space. Let b = (b;);en
be a given sequence of monotonically decreasing positive reals b; > 0 such that
b € (P(N) for some p € (0,1]. Let x : N — J be an enumeration of the index set J.
A poly-radius p = (p;)jes € (1,00)7 is called (b, €; k)-admissible for some € > 0, if

> bilpegy —1) < e

JEN

We further recall that for a radius p > 1, the Bernstein ellipse £, C C is defined

by
z—l—z‘l
{2

We define holomorphy, following [38, Definition 3.3] as:

0<]z| < ,0}. (3.64)

Definition 3.31 ((b,€)-holomorphy). Let V' be a Banach space. Let k : N = J
be an enumeration of the index set J. A continuous mapping F : [-1,1]7 — V is
called (b, ¢, k)-holomorphic, if there exists a constant C = C(F), such that the
following holds: For every (b, ¢, k)-admissible p with &, := Hjej &y C C7, there

exists an extension JF : &p — V¢, such that
z — F(z) is holomorphic (3.65)

as a function of each z; € E,, j € J, and such that

sup H]?(z)‘
z€E,

L, SO, (3.66)

Here V¢ denotes the complexification of the (real) Banach space V.

We remark that such holomorphic operators arise naturally in the context of
elliptic and parabolic PDEs, for instance as the data to solution map of diffusion
equations with random coefficients [44] and references therein. We see further
examples of these operators in the next section.

We can now state the following result which follows from [38, Theorem 4.11] (our
statement here is closer to the formulation of [44], Theorem 3.9]):

Theorem 3.32. Let V be a Banach space. Let F : [-1,1]7 — V be a (b, ¢, k)-
holomorphic map for some b € £7(N) and ¢ € (0, 1), and an enumeration x : N — 7.
Then there exists a constant C' > 0, such that for every N € N, there exists an
index set

Ax C {u = (v1,v9,...) € HjejNO v; # 0 for finitely many j € j},

with [Ax| = N, a finite set of coefficients {cy},en, C V, and a ReLU network
N RN 5 Ry s {NL(y) }oeny with

size(N) < C(1+ N log(N)loglog(N)),

depth(NV) < C(1 + log(IV) loglog(NV)),
and such that

< CN'Ya, (3.67)
y

sup
ye[-1,1]7

F@W) = D cawNoWey - Un(v))

vEAN

The following corollary of the above theorem, proved in Appendix [C.18] enables
us to apply the result of the theorem to the specific structure of the approximator
neural network A and the resulting approximation error (3.9 for our DeepOnet
@-10).
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Corollary 3.33. Let V be a Banach space. Let F : [~1,1]7 — V be a (b, ¢, x)-
holomorphic map for some b € ¢4(N) and ¢ € (0,1), where x : N — 7 is an
enumeration of J. In particular, it is assumed that {b;},;cn is a monotonically
decreasing sequence. If P : V — RP is a continuous linear mapping, then there

exists a constant C' > 0, such that for every m € N, there exists a ReLU network
N :R™ — RP, with
size(N') < C(1 + pmlog(m)loglog(m)),
depth(N) < C(1 + log(m) loglog(m)),
and such that
sup [P o F(y) = N(Yu()s - - - s Yu(m)le2wey < CIP|m™,
ye[le]J

1

where s :=¢~' —1> 0 and ||P|| = ||P|lv—¢ denotes the operator norm.

With the above setup, we recall that maps of the form arise naturally
from general nonlinear operators G : X — L?(U), u + G(u), when the probability
measure p € P(X) is given in the parametrized form (3.50). As in the subsection
we will focus on the case where either D = T is periodic, or D = [0,27]¢ is a
rectangular domain and an expansion in terms of the standard Fourier basis
{€k }reza. If the underlying measure p can be written as the law of a random field in
the parametrized form with exponentially decaying coefficients , then
we can define a “parametrized version” of the operator G by the following mapping
F:[-1,1)7 —= L3(U), J = Z%, defined by

Fly) =G (u(-;y)), (3.68)

for y = (yx)peze € [-1,1)7.

To show how the neural network approximation of such F : [-1,1]7 — L?(U) re-
lates to the approximator network A4 : R”™ — RP, we recall that the encoder/decoder
pair (£,D) of sectionwas constructed in terms of an approximate sensor data-

to-parameter mapping w := (u;)iezy — Y () such that (cf. Theorem [3.27)
(GoD)(u) = F(Y(u), YuecR™ (3.69)

Let P : L2(U) — RP be the projection mapping corresponding to a reconstruction
R : R — L?(U), and let the neural network A/ be constructed as in Corollary
corresponding to an enumeration s : N — Z¢, which enumerates k € Z¢ with
increasing |k|oo, i.e., such that j — |k(j)|s iS monotonically increasing. Then,
it is straightforward to see that for m = (2N + 1)¢, the Fourier wavenumbers
k(1),...,k(m) € Z? correspond precisely to the Fourier wavenumbers in

Ky ={keZ|klw < N}.

In this case, we define

~

A(u) = N(Yn(l) (u), ey Yﬁ(m)(u)), (3.70)
which we shall also denote more compactly as A(u) = N(Y,(u)), where Y, =

(}A/N(l), e }A/H(m)). We now note the following theorem, proved in Appendix
on the approximation of A:

Theorem 3.34. Let F : [-1,1]7 — L2(U) be (b, ¢, x)-holomorphic with b € ¢¢(N)
and  : N — J an enumeration, and assume that F is given by (3.68)). Assume that
the encoder/decoder pair is constructed as in section |3.5.3} so that (3.69) holds.
Given an affine reconstruction R : R? — L3(U), let P : L*(U) — RP denote the
corresponding optimal linear projection . Then given k € N, there exists a
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constant Cj > 0, independent of m, p, such that the approximator A : R™ — RP
defined by (3.70]) can be represented by a neural network with

size(A) < Cx(1 + mplog(m)loglog(m)),
depth(A) < Ci(1 4 mlog(m)loglog(m)).

and such that the approximation error & "4 can be estimated by
Ea < Ci||P|m,

where ||P|| = ||P||r2(v)—re is the operator norm of P.

Thus, the above theorem shows that an approximator neural network A of log-
linear size in the product of the number of sensors m and number of trunk nets
p can lead to very small approximation error if the underlying operator G yields
a holomorphic reduction . This will allow us to overcome the curse of di-
mensionality for the approximation error for the DeepOnet in many

cases.

4. ERROR BOUNDS ON DEEPONETS IN CONCRETE EXAMPLES.

In the last section, we decomposed the error that a DeepOnet
incurs in approximating a nonlinear operator G : X — Y, with an underlying
measure 4 € P(X), into the encoding error (3.8), the reconstruction error
and approximation error . We provided explicit bounds on each of these three
errors. In particular, the encoding error was estimated in terms of the spectral
decay of the underlying covariance operator of the measure p and it was shown
that under a boundedness assumption on the eigenfunctions, even a random choice
of sensor points provided an optimal encoding error (modulo a log term). More
judicious choices of sensor points, for instance with the pseudo-spectral encoder
, allowed us to recover optimal (up to constants) encoding error. Similarly, we
showed that the reconstruction error relies on the spectral decay properties of
the covariance operator with respect to the push-forward measure G4 and can be
bounded by using the smoothness of the operator G as in . Finally, estimating
the approximation error boils down to a neural network approximation of
finite, but high, dimensional mappings and one can use either Sobolev regularity or
if available, holomorphy, of the map P oG oD to bound this component. The above
discussion provides the following workflow to bound the DeepOnet error in
concrete cases, i.e., for concrete instances of the operator G and the underlying
measure f:

e For a given measure u, estimate the spectral decay rate for the associated
covariance operator. Use random sensors in the case of no further informa-
tion about the measure to obtain almost optimal bounds on the encoding
error. If more information is available, one can use bespoke sensor points
to obtain optimal bounds on the encoding error.

e For a given operator G, use smoothness of the operator to estimate the
reconstruction error as in .

e For the approximation error , use the regularity, in particular possible
holomorphy, of the operator G to estimate this error.

The simplest examples for G correspond to those cases where it is a bounded linear
operator. In this case, the above workflow is carried out in Appendix [D] where we
show that DeepOnet approximation of these general linear operators depends on
the spectral decay of the underlying measure p and on the approximation property
of the trunk net 7. However for nonlinear operators G, one has to carry out the
above workflow in each specific case. To this end, we will illustrate this workflow
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for four concrete examples of nonlinear operators, that are chosen to represent
different types of differential equations, namely, a nonlinear ODE, an elliptic PDE,
a nonlinear parabolic and a nonlinear hyperbolic PDE. Within each class, we choose
a concrete example that is widely agreed as a prototype for this class of problems.

4.1. A nonlinear ODE: Gravity pendulum with external force.

4.1.1. Problem formulation. We consider the following nonlinear ODE system, al-
ready considered in the context of approximation by DeepOnets in [28]:

d’l)l .

— =2,

dt (4.1)
dva .

=7 sin(v1) + u(t).

with initial condition v(0) = 0 and where v > 0 is a parameter. Let us denote

v = (v1,v2),
0= (Lnon) V0= (i)

so that equation can be written in the form
dv
i
In , v1, U2 are the angle and angular velocity of the pendulum and the constant
~ denotes a frequency parameter. The dynamics of the pendulum is driven by an
external force v = u(t). It is straightforward to see that for each » > 0, there exists
a constant C,. > 0, such that

g(v) +U, v(0)=0. (4.2)

g | Lo ) < Co, (4.3)

where g" denotes the r-th derivative.

With the external force u as the input, the output of the system is the solution
vector v(t) and the underlying nonlinear operator is given by G : L%([0,T]) —
L2([0,T]), u — G(u) = v. The following Lemma, proved in Appendix provides
a precise characterization of this operator.

Lemma 4.1. There exists a constant C' = C(||g!V)||p~,T) > 0, such that for any
two u,u’ € L2([0,T]), we have

1G(uw) — G(u') | 2o,y < Cllu— /|| L2(j0,1))-

In particular, G : L?([0,7T]) — L?([0,T)), mapping u(t) — v(t), with v being the
solution of the ODE (4.2)), is Lipschitz continuous.

Next, in order to define the data for the the DeepOnet approximation (see Defi-
nition , we need to specify an underlying measure p € P(L?([0,7])). Following
the discussion in the previous section and for the sake of definiteness, we choose a
parametrized measure p, as considered in section [3.5.3] as a law of a random field
u, that can be expanded in the form

ut;Y) =Y Yiagey (2;“) , telo,T), (4.4)

kEZ

where eg(x), k € Z, denotes the one-dimensional standard Fourier basis on [0, 27]
(with notation of Appendix and the coefficients o > 0 decay to zero. We will
assume that there exist constants Cy, £ > 0, such that

ap < Cyexp(—|k|f).

Furthermore, we assume that the {Y}xecz are iid random variables on [—1,1].
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With the above data for the DeepOnet approximation problem, we will pro-
vide explicit bounds on the total error for a DeepOnet approximating
the operator G. Following the workflow outlined above, we proceed to bound the
following sources of error.

4.1.2. Bounds on the encoding error . Given the underlying measure p defined
as the law of the random field , we choose the encoder-decoder pair as used
in section i.e., the encoder is the pointwise evaluation on equidistant
points ty, ..., t;, on [0, T] and the corresponding decoder is given by . A direct
application of Theorem yields the following bound on the encoding error,

Proposition 4.2. Let p € P(L?([0,T])) denote the law of the random field u(-;Y")
defined by . Given N € N consider the encoder/decoder pair (£, D) with
m = 2N + 1 grid points and given by and (3.58), respectively. Then, there
exists a constant C' > 0, independent of m, such that the encoding error @25 (13-8)
can be bounded by

e < Cexp(—L|m/2]).
Furthermore, denoting by F : [-1,1]% — L2([0,T)), y — F(y), the mapping
Fly) = G(u(-;y)), (4.5)

we have the identity G o D(u) = F(Y (u)), for all u € R™.

Moreover, as in Lemma Y in (4.5) can be represented by a neural network,
in the sense that Y, = 0, for |k| > N, and there exists a neural network N with
size(N) = O(mlog(m)), depth(N) = O(log(m)),
and N(u) = (Y_n(u),...,Yo(u),...,Yn(w)), for all u € R™.
4.1.3. Bounds on the reconstruction error (3.10). Following our program outlined
above, we will bound the reconstruction error (3.10) for a DeepOnet approximation

the operator G for the forced pendulum by appealing to the smoothness of the
image Im(G) of G. To this end, we have the following lemma, proved in Appendix

Lemma 4.3. Let T > 0, and consider the solution v(t) of for t € (0,77,
where g(v) satisfies L°>°-bound for all k € N, £ > 1. Then for any k € N,
there exists a constant Ay > 0 (possibly depending on g and T, in addition to k,
but independent of ), such that

o™ e < A (14 [lullf)

Here

k
lallgge =D [1u |22 o,1y-
=0

Given the desired smoothness of the image of the operator G, we need to find a
suitable reconstructor (2.9). To this end, we will use Legendre polynomials to build
our reconstructor and have the following result, proved in Appendix

Lemma 4.4.1f 7., kK = 1,...,p are the first p Legendre polynomials, then the
reconstruction error &% for the reconstruction mapping

p
a=(ay,...,ap) = R(a) = Zalﬁk,
k=1
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induced by the trunk net 7 = (0,71,...,7,), satisfies

R o 1/2
et ( /X A+ s o) du(u>) .

For some constant C = C(k,T) > 0. In particular, if u € P(L?*(D)) is con-
centrated on H*(D) and fLQ(D) [|w||2k, dp(u) < oo, then there exists a constant
C =C(T,k,u) > 0 independent of p, such that

é/a\ﬁ < Cpik.

From [37, Proposition 2.10], we have the following result; for any p € N, ¢ €
(0, 1), there exists a ReLU neural network L : [0, 7] — RP, t +— Ls(t) = (L1,5(t), .., Lps(t)),
which approximates the first p Legendre polynomials L1 (¢), ..., L,(t) with

max |[|L; — Lyjs|[re <6,
Jj=1,...p

and for a constant C' > 0, independent of § and p, it holds
size(Ls) < Cp® 4 p*log(671). depth(Ls) < C(1 +log(p))(p + log(671)),
We will leverage the above neural network to find a suitable trunk net for the

DeepOnet approximation of the operator G for the forced pendulum. To this end,
let R denote the reconstruction

p
R(Oé) = Z aka,
k=1

where T, = Li(t) denotes the k-th Legendre polynomial. By Lemma for any
r € N, there exists C' > 0, depending on r but independent of p, such that we have
&% < Cp™", for all p € N. Choosing 7 = Ls as above with § = p~"3/2 it follows
that for any p € N, there exists a trunk net T with

3/2

p”" max |7 — Tkl 2o,y <P ")

and
size(T) = O(p®). depth(7) = O(plog(p)).
From Lemma [3.12] it follows that for the reconstruction R : R? — L2([0,77),

P
R(a) = Z LTk,
k=1

induced by the trunk net 7 = (0,7,...,7,), we have
Er < é’)ﬁ +p3/2 kiI}aXp |7 — 7-k||L2([O,T]) <Cp™".

We summarize these observations in the following proposition,

Proposition 4.5. Let pu denote the law of the random field u(-;Y") given by .
For any r € N, there exists a constant C > 0, depending on T, y and r, but
independent of p, such that for any p € N, there exists a trunk neural network
7:00,T] = RPTL s (10(8), ..., 7p(8)), with

size(T7) < C(1+p®), depth(T) < C(1 + plog(p))),

such that the reconstruction error 5"\73 with corresponding projection P, satisfies
the bound

Er <Cp", (peN). (4.6)
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Furthermore, for any p € N, the reconstruction R and the projection satisfy the
uniform bound Lip(R), Lip(P) < 2, where

Lip(R) = Lip (R : (R, || -[lez) — (L*([0, 7)), || - [| =)

Lip(P) = Lip (P« (L*([0, T]). || - [ £2) — (RP, ]| -[|¢2)) -

Thus, we observe from (4.6)) that the reconstruction error for a DeepOnet can be
made very small for a moderate number of trunk nets. Moreover, the corresponding
size of the trunk net is moderate in the number of trunk nets.

4.1.4. Bounds on the approzimation error (3.9). Following our workflow, we will
derive bounds on the approximation error or a DeepOnet approximat-
ing the operator G for the forced gravity pendulum by showing that the correspond-
ing operator is holomorphic in the sense of Definition [3.31

To this end, we assume that

u(t) =u(t;y) =Y yrarer(t), (y = (y;)jen), (4.7)
k=1

can be expanded by the Fourier basis functions e, € L?([0,77), such that
agllex|lLe < Cae_‘kw <1, VkeZ. (4.8)

Letting s : N — Z denote the enumeration of appendix with j — |k(J)| increas-
ing, we define a monotonically decreasing sequence (b;);en by

b := Cpe IFOIE, (4.9)
We will show that that the mapping
F [_1a1]N_>L2([07T])7 va(y)»

where v(y) solves the gravity pendulum equation (4.2) with forcing U(t;y) =
(0,u(t;y)) can be extended to a holomorphic mapping on suitable (admissible)
poly-ellipses E, = H;’il E, cCN

F: H E, — LA([0,T]), =z~ v(2),
j=1
where p = (pj;)jen, p; > 1 for all j € N. For p > 1, E, C C denotes the (interior of
the) Bernstein ellipse (cp. (3.64])). It is straightforward to see that,

E, c {z € C||Re(2)| < p, |Im(2)| < p — 1}. (4.10)

To prove the existence of an analytic continuation to suitable poly-ellipses E,
our first goal is to show that there exists a § > 0, such that the ODE-system
has a complex-valued solution v : [0,7] — C? for any forcing U : [0,T] — C? with
Im(U(t))] < . To this end, we first note that the complex-valued ODE (4.2)) is
equivalent to the following system for v(t) = v, (t)+iv;(t), with v, = (vp1,0r2),v; =
(vi,lvvi,Q) : [O,T} — R2:

dv,

Y = gr(vra vi) + Re(U)7 UT(O) = 0’

dt (4.11)
d’UZ' .

7 = gi(vp,v;) + Im(U), v;(0) =0,

where U(t) = (0,u(t)), u: [0,7] — C and

(U, 0;) = Ur.2 (v, v;) = Yi2
riUrs Vi) = —vsin(vy 1) cosh(v; 1) )’ gikUns Vi) = —vcos(vy,1) sinh(v; 1) )
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We note that the second equation of (4.11]) implies that

|U2 |</ |gl 'Ur Uz |d8+/ |Im |d3

S/ (lvi(s)| + | sinh(v; 1 (s ds+/ [Tm(u(s))| ds.
0

Furthermore, we have

| sinh(z)| = ‘/OE cosh(§) df‘ < || ‘gs‘,gp‘)lcosh(f) < |xlel®!,

for any = € R. We thus conclude that

Jos(1)] < / (o) (14 7€l 1) as + / [ (u(s))] ds, (4.12)

for all ¢ € [0, 7.
The above estimate paves the way for the following lemma, proved in Appen-

dix [E.4] on the boundedness of the 1mag1nary part of the solution of the complex
extenswn of the forced gravity pendulum (|4 .

Lemma 4.6. Let u(t) € L*°(]0,T]). Assume that the solution of (4.11) exists
on [0,7Tp] for some 0 < Ty < T. There exists a constant 6 > 0, such that if
Supgepo,r] Im(u(s))| < 0, then supyejo 7, [vi(s)| < 1.

This lemma allows us to prove the following lemma (see the detailed proof in
Appendix |E.5)), which establishes global solutions for the complex extension of the

forced pendulum (4.11)),

Lemma 4.7. 1f § is chosen as in Lemma and if [[Tm(u)|[ £ (j0,77) < 0, then the
maximal existence interval of the solution of the ODE system (4.11)) contains [0, T7,
and sup,¢(o, 7 [vi(t)] < 1.

Now assume that u(t) = u(t; z) is parametrized as in (4.7)). If z € E, belongs to
a poly-ellipse in CV, then clearly

[Im(w)]| e < Z|Im (z)| ollexlze <> (pr(y — b (4.13)
k=1 <b; i=1
(k=r(j))
We recall (cp. Definition [3.30), that a sequence p = (p;);en, with p; > 1 for all
j € Nis called (b, d, x)-admissible, if

> bilpagy — 1) <6, (4.14)
j=1

where b; is defined by (4.9), and where 0 > 0 is chosen as in Lemma It is now
clear from Lemma that for any z € E, with (b, §, k)-admissible p, the solution
v(z) € C([0,T);C?) of ([4.11)) is well-defined. Hence, we can define a mapping

oo
F:E,= H E, = L£([0,T)), F(z):=uv(z), (4.15)
j=1
where v(z) is the solution of (4.11)) with forcing U(t) = (u(t),0), where u(t) =
u(t; z) is given by (4.7). This allows us to prove in Appendix the following
lemma on the holomorphy of the map F (4.15)),
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Lemma 4.8. The mapping F defined by (4.15) is (b, d, k)-holomorphic, according
to Definition [3.31} i.e., for each index j € N, the componentwise mapping

EPj — L(IQI([O’T])’ Zj Hf(z)a

where the z, € E,, for k # j are held fixed, is (complex-)differentiable. Moreover,
there exists a constant C' > 0, such that for any admissible p, we have

sup [|F(2)l Lz (po,m)) < C-
zcE,

As a consequence of Lemma [4.8] we can now state the following approximation
result, which follows from the general approximation result for (b, €, £)-holomorphic
mappings, Theorem

Proposition 4.9. Let (€, D) denote the encoder/decoder pair (3.53)), (3.58)) with
m sensors, let (R,P) denote the reconstruction/projection pair, constructed in
Proposition for a given p € N. For any k € N, there exists a constant C' > 0,
depending on k, the final time T and the probability measure u, but independent
of m and p, such that there exists a neural approximator network A : R™ — RP?
with

size(A) < C(1 + pmlog(m)loglog(m)),

depth(A) < C(1 + log(m) loglog(m)),

and such that the approximation error

&y = (/Rm |A(u) =P oGoD(u)|i d(E#ﬂ)(u)>1/2 )

can be estimated by
gA < cm™k.

The proof follows from a direct application of Theorem [3.34] with the observation
that |P|| = Lip(P) < 2 in Proposition [4.5|is bounded independently of m and p.

4.1.5. Bounds on the DeepOnet approzimation error (2.11]). We combine proposi-
tions to state the following theorem on the DeepOnet error (2.11)) for

the forced gravity pendulum;

Theorem 4.10. Consider the DeepOnet approximation problem for the gravity
pendulum , where the forcing u(t) is distributed according to a probability
measure p € P(L*([0,T])) given as the law of the random field (4.4). For any
k,r € N, there exists a constant C = C'(k,r) > 0, and a constant ¢ > 0, independent
of m, p, such that for any m, p € N, there exists a DeepOnet with trunk net
7 and branch net 3, such that

size(T) < C(1+p%), depth(r) < C(1+ plog(p)),
and

size(B) < C(1 + pmlog(m) loglog(m)),
depth(8) < C(1 + log(m) loglog(m)),

and such that the DeepOnet approximation error (2.11)) is bounded by
E<Ce ™ 4 Cm™F +Cp . (4.16)
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Remark 4.11. Theorem guarantees that for e > 0, a DeepOnet approximation
error of & ~ ¢ can be achieved provided that m > max (¢~ !log(e~1), e~ /%) and
p > e /7. As long as the intuitively obvious restriction that mf > 1 is satisfied,
i.e., that the sensors can resolve the typical length scale ¢, these requirements can
be achieved provided that m > e~ /¥ and p > e¢~/7. In this case, an error & <e
can be achieved by a DeepOnet with size of the order of

size(T,3) ~ e /T (672/7, + e Yk log(e1) log log(efl)) . (4.17)

As the k,r € N were arbitrary, this shows that the required size only grows sub-
algebraically with e 1 — o0, i.e. the required size scales asymptotically < e~ 1/%, as
e — 0, for any s > 0. Given Definition [3.3] this clearly implies that the DeepOnet
approximation for this problem does not suffer from the curse of dimensionality.

We however point out that the implied constants in these asymptotic estimates
depend on k,r. In particular, these constants might deteriorate as k,r — oo.
On the other hand, we can fix k,r to be large and conclude from the complexity
estimate that the complexity of the DeepOnet in this case can only grow
algebraically with the error tolerance e. Given Definition (cp. equation (3.3)),
this suffices to prove that a DeepOnet can approximate the operator G in the
forced gravity pendulum problem with the measure p by breaking the curse
of dimensionality.

Remark 4.12. In [28], the authors used a Gaussian measure, with a covariance
kernel , as the underlying measure p for the forced gravity pendulum. An esti-
mate, analogous to can be proved in this case, but with a super-exponential
decay of the encoding error with respect to the number of sensors m, given the
bound . However, the overall complexity still has sub-algebraic asymptotic
growth in e~ !, as the other error terms scale exactly as in .

A different underlying measure u results from choosing an algebraic decay of the
coefficients ay, in . Clearly, the bound will also hold in this case but
with an algebraic decay in the encoding error. Nevertheless, the total complexity
of the problem still scales algebraically (polynomially) with the error tolerance e
and shows that the resulting DeepOnet breaks the curse of dimensionality also in
this case.

Remark 4.13. The estimates on the sizes of the trunk and branch nets rely on
expressivity results for ReLU deep neural networks in approximating holomorphic
functions [37]. These in turn, depend on the results of [50] for approximation of
functions using ReLU networks. These approximation results may not necessarily
be optimal and might suggest networks of larger size as well as depth, than what is
needed in practice [28]. Moreover, the constants in complexity estimate de-
pend on the final time T" and can grow exponentially in 7' (with a familiar argument
based on the Gronwall’s inquality).

4.2. An elliptic PDE: Multi-d diffusion with variable coefficients.

4.2.1. Problem formulation. We will consider the following very popular model
problem for elliptic PDEs with unknown diffusion coefficients [9] and references
therein. For the sake of definiteness and simplicity, we shall assume a periodic
domain D = T% in the following. We consider an elliptic PDE with variable coeffi-
cients a:

-V - (a(z)Vu(z)) = f(z), (4.18)
for w € H'(D) with suitable boundary conditions, and for fixed f € H~1(D).
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We also fix a probability measure p on the coefficients a on L?(D), such that
supp(p) C L>°(D). To ensure coercivity of the problem (4.18]), we will assume that

n({a € L*(D)]0 < Aa) < Ala) < oo}) =1,

where
Aa) := eisellr)lf a(x), (4.19)
A(a) := esssupa(x) (4.20)
xeD

denote the essential infimum and supremum of a, respectively. To ensure unique-
ness of solutions to , we require that u € H}(T?) have zero mean, i.e., that
Jpa u(x) dz = 0.

We note that the variable coefficient ¢ can model the rock permeability in a
Darcy flow with u modeling the pressure and f a source/injection term. Similarly, a
may model variable conductivity in a medium with u modeling the temperature. In
many applications, one is interested in inferring the solution u for a given coefficient
a as the input. Thus, the nonlinear operator G maps the input coefficient a into the
solution field u of the PDE . The well-definedness of this operator is given in
the following Lemma (proved in appendix ,

Lemma 4.14. Assume that the coefficients a,a’ € C(T9) satisfy the uniform co-
ercivity assumption
0< X< inf a(z), inf d'(z).
z€eTd z€eTd
Let u,u’ € H(}(']I‘d) denote the solution to with coefficients a, a’, respectively,
and with the same right-hand side f € L?(T?). There exists a constant C' =
C(A T || fll2(ray), such that

lu— || p2(pey < Clla — a'|| oo (ray.

In particular the operator G : X — L2(T9), a + u, is Lipschitz continuous for any
set X C C(T?), and satisfying the coercivity assumption.

By Sobolev embedding, Lemma [£.14] ensures the well-definedness, and Lipschitz
continuity, of the operator G : H*(T9) — L2(T%) for any s > d/2. We complete
the data for a DeepOnet approximation problem (Definition by specifying an
underlying measure u. Following standard practice [9] and references therein, and
aided by the fact that we enforce periodic boundary conditions, the underlying
measure p is the law of a random field a, that is expanded in terms of the Fourier
basis. More precisely, we assume that we can write a in the following form

a(z,Y) =a(z) + Z apYier(x), (4.21)
kezd

with notation from Appendix and where for simplicity a(z) = 1 is assumed to be
constant. Furthermore, we will consider the case of smooth coefficients x — a(x;Y),
which is ensured by requiring that there exist constants C, > 0 and ¢ > 1, such
that

|| < Cyexp(—Llk|so), Yk e Z4. (4.22)
Let us define b = (by, bs,...) € (1(N) by
by i= Ca exp(—L(7)]c), (4.23)

where k¥ : N — Z% is the enumeration for the standard Fourier basis, defined
in appendix [A] Note that by assumption on the enumeration x, we have that
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b1 > by > ... is a monotonically decreasing sequence. In the following, we will as-
sume throughout that ||b||,» < 1, ensuring the uniform coercivity condition A(a) > A
for some A > 0 and all random coefficients a = a(-;Y) in ({.I8). In ([{:22), the
parameter ¢ > 0 can be interpreted as the correlation length scale of the random
coefficients. We furthermore assume that the Y; € [—1, 1] are centered random vari-
ables, implying that Ea] = @. We let u € P(L?*(T%)) denote the law of the random
coefficient . By the assumed decay , we have supp(u) € C*(T?).

Given the above setup, our aim is to find a DeepOnet (2.10)) which approximates
the underlying G, corresponding to the elliptic PDE (4.18]) efficiently. To this end,
we will follow the program outlined at the beginning of this section, and bound
the encoding, reconstruction and approximation errors, separately in the following
sections.

4.2.2. Bounds on the encoding error (3.8). We are almost in the setup that was
already considered in section [3.5.3] with the only difference that we now consider
X = H*(T?) for a fixed s > d/2, instead of X = L?(T?). We can again consider the
Fourier based encoder/decoder pair (£, D) given by (3.53) and (3.58), respectively.
Applying a straightforward extension of Theorem [3.27/to H*(T?), we observe that
due to the exponential decay of the (Fourier) coefficients oy, the exponential de-
cay of the pseudo-spectral projection continues to hold also in the H*(T¢)-norm,

yielding the following error estimate for the encoding error &s:

Proposition 4.15. Given m € N, let (£,D) denote the the Fourier based en-

coder/decoder pair (£,D) given by (3.53) and (3.58)), respectively. There exists a
constant C' > 0, depending on C,, £ > 0 and on s > d/2, but independent of m,

and a universal constant ¢ > 0, independent of m such that
R 1/2
ée = (/ |IDo&(u) — UH%IS(W) du(u)) < Cexp(—ctm*/?). (4.24)
X

4.2.3. Bounds on the reconstruction error , We follow the program outlined
at the beginning of this section and bound the reconstruction error via smoothness
of the image of the operator G for the elliptic PDE (4.18]). To this end, we have
the following Lemma (proved in Appendix ,

Lemma 4.16. Let £ € N. Let u be a solution of (4.18), with coefficient a €
C*>(T%), right-hand side f € H*(T?) and A\ = mingcpa a(x) > 0. Then for any
k € N, there exists a constant C' > 0, depending only on k and A, such that

lull e < ClFIZe (1+ lallEs) -

Given the above smoothness estimate, one can directly apply Proposition [3.17]
and Corollary to obtain the following bound on the reconstruction error,

Proposition 4.17. Let u € P(L%*(T%)) be a probability measure with supp(u) C
C*(T?) N L?(T?). Assume that there exists Ao > 0, such that p(A(a) > \g) = 1,
and that [, ||a||%kk(w) dp(a) < co. Define an operator G : C(T%) — L?(T?) by
a — u = G(a), where u is the solution of (4.18)) with a smooth right-hand side
f € C*(T?). Then there exists a constant C(k, ||f|/cx, ) > 0, depending only on
[ fllcx, k, and p, such that for any p € N, there exists a trunk net 7 : U C R™ — RP,
y—= 1Y) =(0,7(y),...,7(y)) with

size(T) < Cp(1 +1log(p)?), depth(T) < C(1 + log(p)?),
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such that the corresponding reconstruction
P
R:RP — LX(T%) ~ L2([0,27]Y), R(a):= Y a;7,
j=1

satisfies the following reconstruction error bound:
Er < C(k ||f | cn, ) p~*/e. (4.25)

Furthermore, the reconstruction R and the associated projection P : L?(T%) — RP
given by (3.17) satisfy Lip(R), Lip(P) < 2.

4.2.4. Bounds on the approximation error (3.9). For choices of the encoder £ in
Proposition [4.15] and the reconstructor R in Proposition [£.17} the approximation
error with approximator network A is given by

[ 14(@) - P oG o Dla)|* diEpm(es),

where the decoder D is given by , and the projector P has a Lipschitz constant
bounded by Lip(P) < 2.

From [9, Theorem 1.3] (see also [44, Example 2.2] for a more detailed discussion
relevant to the present setting), it follows that the mapping

Fi[-1,1N = LX(TY), Y = G(a(-;Y)),

is (b, €, k)-holomorphic according to our Definition with b defined by ,
provided that € < 1 — ||b||s1, and where & : N — Z? denotes the enumeration of the
standard Fourier basis (cp. appendix [A]). Following the discussion in section m
such F can be efficiently approximated by neural networks. In particular, we can
directly apply Theorem together with the observation that ||P|| = Lip(P) < 2
is bounded independently of m and p, to conclude the following bound on the
approximation error ,

Proposition 4.18. Let the operator G be defined as mapping the coefficient a to
the solution u of the elliptic PDE and the measure z be the law of the random
field ([£.21). Let the encoder € : C(T?) — R™ be given by and the decoder
D :R™ — L?(T?) be given by . Let the reconstruction/projection pair (R, P)
be given as in Proposition for given p € N. Then for any k € N, there exists
a constant C' > 0, depending on k, but independent of the trunk net size p and
number of sensors m, such that for any m, p € N, there exists an approximator
network A, with

size(A) < C (1 + pmlog(m)loglog(m)),
depth(A) < C (1 + log(m) loglog(m)) (4.26)
and approximation error
Eq<Cmk, (4.27)

4.2.5. Bounds on the DeepOnet approzimation error (2.11). Finally, combining the
results of Propositions we conclude that

Theorem 4.19. For any k,r € N, there exists a constant C' > 0, such that for any
m,p € N, there exists a DeepOnet N' = R o Ao £ with m sensors, a trunk net
T =(0,71,...,7p) with p outputs and branch net 3 = (0, 41, ..., 5p), such that
size(3) < C(1 4 pmlog(m)loglog(m)),
depth(8) < C(1 + log(m) loglog(m)),
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and

size(T) < C(1 + plog(p)?)
depth(7) < C(1 + log(p)?)
such that the DeepOnet approximation error ([2.11)) satisfies

E<Ce ™ L omF+CpT. (4.28)

As the bound (4.28)) is very similar to the bound (4.16)), we can directly apply
the discussion in Remark [I.11] to derive the following complexity estimate

size(T,8) ~ e /7 (672/7” + e Yk log(e1) log log(e*1)> . (4.29)

To derive (£29), we choose m ~ ¢~1/¥ sensors, and we assume that we are in the
regime, where e=etm'’" « =k ~ ¢. This clearly requires that m > £~¢|log(e)|?,
i.e., that the m sensors resolve scales of length ¢ > 0 in the d-dimensional domain
D = [0,2n]%. This is a reasonable assumption in low dimensions d € {1,2, 3} of the
domain D, where this is practically feasible.

As the k,r € N were arbitrary, this shows that the required size only grows sub-
algebraically with e=! — co. Thus from Definition we can conclude that there
exists a DeepOnet , which breaks the curse of dimensionality in approximating
the nonlinear operator G mapping the coefficient a to the solution u of the elliptic
PDE (4.18)).

4.3. Nonlinear parabolic PDE: A reaction-diffusion equation. As a proto-
type for nonlinear reaction-diffusion parabolic type PDEs, we consider the following
version of the well-known Allen-Cahn equation which arises in the study of phase
transitions in materials such as alloys,

v
A
ar ~ Avt I, (4.30)
v(t =0) = u,
where the non-linearity is given by f(v) = v — v3. For the sake of simplicity,

the Allen-Cahn PDE is supplemented with periodic boundary conditions
on the space-time domain [0,7] x T?. For initial data u = u(z) drawn from a
probability measure p € P(L?(T4)), our aim in this section will be to consider the
DeepOnet approximation of the data-to-solution mapping G : L?(T%) — L?(T),
u — G(u) :=v(t =T), where v solves (4.30).

As a first step, we need to show that the operator G is well-defined. To this end,
we recall some well-known existence and boundedness results for the Allen-Cahn

equation (4.30)),

Theorem 4.20 (see e.g. [49, Cor. 1]). Let v(z,t) solve (4.30), with initial data
u. If the initial data satisfies ||ullp~ < 1, then the solution of (4.30) satisfies
lo(t)|[Le <1 forall t € [0,T].

Note that the Allen-Cahn equation is the L2-gradient flow of a Ginzburg-
Landau energy functional with a double-well potential. Normalizing the wells, it
makes sense to consider the initial data such that —1 < w(z) < 1 and the above
theorem guarantees that the maximum principle holds. Using standard parabolic
regularity theory, in appendix [E.I1] we prove the following regularity result for the
Allen-Cahn equation,
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Theorem 4.21. There exists an increasing function 7 : [0, 00) — [0, 00), s — 7(s),
with the following property: If u € C*%(T%), a € (0,1), is initial data for the
Allen-Cahn equation with a-Hoélder continuous 4th derivatives, and such that
lullL= < 1, then the solution v of has Hoélder continuous partial derivatives

akJrZ,U

— Viy,...iee{l,....d}, 2%k+0<4
otkoz;, ... 0z, T vie € {1,...,d}, 2k + 0 <4,

and-”””cﬂlﬁ(wgqug defined by

vl e (o,1)xTey = max lv(-,2)llez o, + e v, )l cacrey, (4.31)

can be bounded from above

[vlleea qo.rxray < 0 ([lullcae(ray) - (4.32)

As a corollary of the above theorems, we can show in Appendix the fol-
lowing Lipschitz continuity of the solution mapping at time T: u — v(T).

Corollary 4.22. Let o € (0,1). Let u,u’ € C**(T%) be such that ||u|| e, ||u/[| L~ <
1. Let v,v" € C%(T) denote the solution of (.30 with initial data u,u’, respec-
tively. There exists a constant C' = C(T') > 0, such that

[v(T) = o' (T)|| L2(ray < Cllu — u'|| 2 (7).

It follows from Corollary that the mapping C**(T9) N Bf® — L%(T9),
u +— v(T), where Bf® = {u € C**(T%) | |ufL~ <1} admits a unique Lipschitz
continuous extension

G: LA (T4 N B — L*(TY), ww G(u) = v(T),

with Lip(G) < C = e*T. In the following, we will discuss the approximation of
this mapping G by DeepOnets (2.10)). To this end, we assume that the underlying
measure p satisfies

supp(p) C {u € L*(T%) [ullz= <1} C LEnLe. (4.33)
Motivated by the a priori estimates of Theorems and we shall assume
that the initial measure p is the law of a random field u of the form
u(z) = Z arYier(z), (4.34)
kezd

in terms of the Fourier basis e, (cf. Appendix [A) and with Y; € [-1,1] are iid
random variables. To ensure sufficient smoothness of the solutions, we further
assume that

x| < Cexp (—lkl), VEeZY, (4.35)

for some C > 0, and length scale £ > 0; Note that (4.35) in particular implies that
u € CH*(T?) for some a > 0. Furthermore, we shall assume that

7 ] <1, (4.36)

kezd

so that |u(z)| < 1 for all x € T
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4.3.1. Bounds on the encoding error (3.8). With measure p defined by (4.34)), we
can readily apply Theorem [3:27] to obtain the following bounds on the encoding
error:

Proposition 4.23. Let d € {2,3}. Let u € P(L?*(T?)) denote the law of the
random field (4.34) with coefficients oy, satisfying the decay and boundedness as-
sumptions (4.35)), . For N € N, let x;, i = 1,...,m = (2N + 1)¢ be an
enumeration of the grid points of a regular cartesian grid on T?. Define the en-
coder £ : C(T4) — R™ by

E(U) - (u(x1)7 cee ,U((Em)),

and define the corresponding decoder D : R™ — L?(T%) by Fourier interpolation
onto Fourier modes |k|oo < N. Then the encoding error for the encoder/decoder
pair (£,D) can be bounded by

& < C exp(—ctm'/?),

for some constants C, ¢ > 0, independent of V.

4.3.2. Bounds on the reconstruction error (3.10). To bound the reconstruction er-
ror, we recall that for u € C*%(T%), we have G(u) = v(T) € C*(T¢), by Theorem

with

1G(w)llcaray < n ([ullgae(ray) <7 sup |lul|ga.a(ray | < oo,
u€supp(p)
uniformly bounded from above. It follows that ||G(u)|| g+ < M is uniformly bounded,
and by (3.32), the reconstruction error for the Fourier reconstructor /projector pair
onto the standard Fourier basis ey, ..., e, satisfies

(ga\RFourier < Cp_4/d~
From Lemma [3.13] we obtain:

Proposition 4.24. There exists a constant C' > 0, independent of p, such that for
any p € N, there exists a trunk net 7 : U = T¢ ¢ R? — RP, with

size(T) < Cp(1 + log(p)?),
depth(7) < C(1 + log(p)?),

and such that the reconstruction error for R : RP — L2(T%), R(ay,...,qp) =
> b _, axTy, can be bounded by

Er < Cp~4/d. (4.37)

Furthermore, we have Lip(R), Lip(P) < 2, where P : L?(T") — RP denotes the
optimal projection ([3.17) associated with R.

4.3.3. Bounds on the approrimation error . For the last two concrete exam-
ples, bounds on the approximation error leveraged the fact that the underlying
operator G was holomorphic in an appropriate sense. However, it is unclear if the
operator G for the Allen-Cahn equation is holomorphic. In fact, we have
only provided that it is Lipschitz continuous. Hence, the approximator network
Ax~PoGoD:R™ — RP approximates a m-dimensional Lipschitz function. Gen-
eral neural network approximation results for such mappings [50] imply that for a
fixed M > 0, there exists a neural network A with size(A) = O(pe~'/™), such that
[A—=PoGoD|pe—nmm) <€
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Recall that the total error (2.11)) for the DeepOnet is given by (3.22) with a =1
as G is Lipschitz. In this case from Proposition [£.23] we have that

& S exp(—cm),

we require at least m ~ log(e~!) sensors to achieve an encoding error g"g < e
Therefore, the general results of [50] would suggest that the required size of the
approximator network A scales at best like e~11°8(6)| where we note that the expo-
nent |log(e)| — oo as e — 0. Hence, by our Definition such a DeepOnet would
incur the curse of dimensionality.

Is it possible for us to break this curse of dimensionality for the Allen-Cahn
equation? It turns out that the approach of a recent paper [13] might suggest a way
around the obstacle discussed above. Following [13], we will leverage the fact that
neural networks can emulate conventional numerical methods for approximating a
PDE. To this end, we will consider the following finite difference scheme:

4.3.4. A convergence finite difference scheme for the Allen-Cahn equation. In [46],
it has been shown that an implicit-explicit finite difference scheme of the following
form

n+1 n
converges to the exact solution as At,Ah — 0. Here U™ = (U},...,U}), m ~
(Az)~? are approximate values of the solution at time t = t,,, i.e. U &~ u(wx;,t,),
with x;, i =1,...,m = (2N + 1)% an enumeration of a cartesian grid with grid size
Az on T¢. The values of U° at t = 0 are initialized as
U = u(x;).

The evaluation of the nonlinearity is carried out pointwise, f(U™) = (f(UT),..., f(UR)).
Da, denotes the discrete matrix of the Laplace operator, whose one-dimensional
analogue in the presence of periodic boundary conditions is given by

-2 1 1

1

Aae =3

1 1 -2
For d = 2 dimensions, we can write
DA;c :AA(I:®1+I®AAQL’7

where [ is the m X m unit-matrix ® denotes the Kronecker product. For d = 3, we
have
Daz =M @I QT+ TR A, QT+ TR T @ Apg.
For our purposes, we simply note that the update rule of the numerical scheme
of [46] can be written in the form

U™ = Rarae (UM +ALF(UT), UP =u(z), i=1,...,m. (4.38)

where Ratar = (I — AtDa,)"! is a m x m matrix. We furthermore note the
following result of [46]:

Theorem 4.25 ([46, Thm. 2.1]). Consider the Allen-Cahn problem with pe-
riodic boundary conditions. If the initial value is bounded by 1, i.e. max,cga |u(x)| <
1, then the numerical solution of the fully discrete scheme (4.38]) is also bounded
by 1 in the sense that |[U" || < 1 for all n > 0, provided that the stepsize satisfies
0<At< 3.
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We also prove in Appendix the following convergence result for the scheme

(639,

Theorem 4.26. Consider the Allen-Cahn problem with periodic boundary
conditions. Assume that the solution v € C24 ([0, T] x T), there exists a constant
C > 0 independent of v, At and Az, such that the error E := |U* — v(z;,t,)|,
i=1,...,m is bounded by

[E™leee < (At + Az?) exp (Ot [0l ¢ ((0,1)xT9)) -

Next, we proceed to bound the approximation error . To provide an upper
bound on the size of the approximator network A, we next show that the numerical
scheme (4.38) can be efficiently approximated by a suitable neural network. By
“efficient”, we imply that the required size of the neural network A increases at
most polynomially with the number of sensor points m, rather than exponentially.
We begin with the following observation, proved in Appendix

Lemma 4.27. Let f(v) = v — v3 be the nonlinearity in the Allen-Cahn equation
(4.30). There exist constants C, M > 0, such that for any ¢ € (0, 1), there exists
a ReLU neural network g. : R — R, & — g.(&) with size(g.) < C(1 + |log(e)|),
depth(g.) < C(1+ |log(e)]), and such that

sup [f(n) —ge(n)| <e,
nel—1,1]

and Lip(g.) < M.

Thus, the above lemma shows that there exists a small neural network with ReLLU
activation function that approximates the nonlinearity in the Allen-Cahn equations
to high accuracy. In fact, if we use a smooth, i.e. C® activation function, one can
see from Remark in Appendix that an even smaller network (with size
that does not need to increase with increasing accuracy) suffices to represent this
nonlinearity accurately. However, we stick to ReLU activation functions here for
definiteness. Given € > 0, let g. : R — R be a ReLU neural network as in Lemma
[4.27 It is now clear that if g.(n) is represented by a (small) neural network, then
there exists a larger neural network N, such that

N@°) =0",
where 17’“, k=1,...,n is determined by the recursion relation
U = Rag.ac ((7’“ + Atgg(ﬁ’“))
U° e R™.

More precisely, we have the following lemma, proved in Appendix[E.I3] for the em-
ulation of the finite difference scheme (4.39)) with a suitable ReLU neural network,

(4.39)

Lemma 4.28. There exists a constant C' > 0, such that for any m € N, € > 0, there
exists a neural network A" with size(N) < Cn(m? 4+ m|log(e)|), and depth(N) <
C(1 + n|loge|), such that A(U°) = U™, maps any initial data U° € R™ to the
solution U™ of the recursion .

Finally, we estimate the error i.e. difference between the result U™ of the exact
update rule for the numerical scheme (4.38]), and the approximate neural network

version (|4.39) U™ in the following Lemma (proved in Appendix .
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Lemma 4.29. Let U™, U™ be obtained by (4.38)) and (4.39)), respectively, with
initial data U = U such that ||[U°]|s~ < 1, and Lip(g.) < M. Then

U™ = T e < TeM e,

where T = n At.

After having emulated the finite difference scheme (4.38) with a ReLU neural
network and estimated the error in doing so, we are in a position to state the bounds
on the approximation error in the following proposition, proved in Appendix [E.15]

Proposition 4.30. Let p be given as the law of . Let the encoder/decoder
pair £, D be given as in Proposition for some m € N. Let R be given as in
Proposition for p € N. There exists a constant C' > 0, independent of m and
p, such that there exists a neural network A : R™ — RP, such that

size(A) < C(14+m? 24 £ mp), depth(A) < C(1 +m?%log(m)),

and
6/0:4 < Cm~Y1,

Remark 4.31. Choosing the number of trunk nets p < m!'+2/¢, it follows from
the previous proposition that an approximation error A of order € can be achieved,
¢ i.e. a neural network of size

size(A) = O(e72(4+D))  depth(A) = O(e2|log(e)]).

with m ~ e~

This is polynomial in ¢! (recall that d = 2,3 is a fixed constant independent of
the accuracy €), and hence does not suffer from the curse of dimensionality for
the infinite-dimensional approximation problem (cp. Definition . We would
nevertheless expect that sharper error estimates could be obtained by basing the
neural network emulation result on higher-order finite difference methods. In the
present work, our main objective is to show that neural networks can break the
curse of dimensionality, rather than attempting to establish optimal complexity
bounds.

4.3.5. Bounds on the DeepOnet approximation error (2.11). Combining Proposi-
tions [4:30] we can now state the following theorem

Theorem 4.32. Consider the DeepOnet approximation problem for the Allen-
Cahn equation , where the initial data u is distributed according to a prob-
ability measure p € P(L?(T?)) is the law of the random field (4.34). There exist
constants C, ¢ > 0, such that for any m, p € N, there exists a DeepOnet
with trunk net 7 and branch net 3, such that

size(T) < C(1+plog(p)?), depth(r) < C(1 + log(p)?),
and

size(8) < C(1 4+ m*T2/4 4 pm),
depth(B) < C(1 + log(m) loglog(m)),

and such that the DeepOnet approximation ([2.11)) is bounded by
&< Cexp(—ctm* ) + Cp~4/1 4 Cm=1/4, (4.40)
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Remark 4.33. The bound guarantees that for e > 0, a DeepOnet approxi-
mation error of & ~ ¢ can be achieved provided that m > max(£~%log(e~1)4, e=9)
and p > e~ 4% Assuming that m'/4¢ > 1 is satisfied, i.e., that the sensors can
resolve the typical correlation length scale ¢ in the d-dimensional domain D = T¢,
this can be ensured provided that m > e~ and p > e~ %*. In this case, an error
& < € can thus be achieved with an overall DeepOnet size of order

size(T, B) < e Y log(e71)? 4 ¢ HIHD < (2dHD), (4.41)

For the cases of interest, d = 2,3, this upper bound on the required size of the
DeepOnet thus scales as size < €79, and size < e~8, respectively. This shows that
the required size scales at worst algebraically in e~!, thus breaking the curse of
dimensionality, as per Definition As already pointed out in Remark the
explicit exponents —6 and —8 may be considerably improved if the emulation result
were based on a higher-order order numerical scheme in place of the low-order finite

difference scheme (|4.38]).

4.4. Nonlinear hyperbolic PDE: Scalar conservation laws. As a final con-
crete example in this paper, we will consider this prototypical example of nonlinear
hyperbolic PDEs. We remark that the image of the underlying operator G in the
previous three examples consisted of smooth functions. On the other hand, it is
well known that solutions of conservation laws can be discontinuous, on account
of the formation of shock waves. Thus, one of our objectives in this section is to
show that DeepOnets can even approximate nonlinear operators, that map into
discontinuous functions, efficiently.

4.4.1. Problem formulation. We consider a scalar conservation law on a one-dimensional
domain D C R:

(4.42)

O + 0.(f(v)) =0,
v(t =0) = u,

with initial data v drawn from some underlying measure u, and with a given flux
function f € C?(R). For simplicity, we will assume that D = T = [0, 27, and
periodic boundary conditions for . Our results are however readily generalized
to other boundary conditions and to several space dimensions. Solutions of
are interpreted in the weak sense, imposing the entropy conditions

On(v) + 0zq(v) <0, (in the distributional sense)
for all entropy/entropy flux pairs (1, ¢), consisting of a convex C*-function 7 : R —
R and the corresponding flux ¢ : R — R with derivative satisfying ¢’ (u) = f/(u)n’(u)
for all u € R.
Under these conditions, it is well known [I7] that the solution v of (4.42) is

unique for any initial data u € L'(T) N L>(T), and the solution operator S; is
contractive as a function L*(T) — L*(T) for any t € [0, o0):

[1Se(w) = Se (W)l iery < llw— || piry,  Vu,u' € LY(T) N L=(T). (4.43)
We note that S; : BV(T) — BV(T), maps functions of bounded variation to func-

tions of bounded variation, in fact we have

1St (w)llBv < [lulBv. (4.44)

Here, we denote || - ||lpv = || - |2 + TV(-), as the BV-norm with TV (w) representing
the total variation of a function w [I7]. Furthermore, S;(u) satisfies the maximum
principle, so that

[Se(u)ll oo (m) < lluf|e-
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Next, in order to specify the DeepOnet approximation problem (cf. Definition
, we take the nonlinear operator G : L*(D) — L*(D) as G(u) := Sp(u), mapping
the initial data u of the scalar conservation law to the solution Sy(u) =
v(-,t =T) at the final time 7" > 0. Clearly, given the L!-contractivity , the
operator G is well-defined and Lipschitz continuous.

Defining the set

BV := {u € BV(T) | ||ulsv < M}, (4.45)

we will consider any measure p that satisfies u(BVy) = 1, as the underlying
measure for the DeepOnet approximation problem.

4.4.2. DeepOnet approzimation in the Banach space L'(D). So far, we have only
considered the DeepOnet approximation of operators, defined on the Hilbert spaces.
However, given the fact that the solution operator S; and the resulting operator
G are contractive on the Banach space L!(D), it is very natural to consider the
DeepOnet approximation problem in this function space. Thus, we need to modify
the definition of the DeepOnet error and define its L!-version by,

Eu= [ 16~ N (W dutw), (4.46)
L1(D)
with the DeepOnet N (2.10]) approximating the operator G. It is of the form,
N=RoAo&, (4.47)

with R : RP — C(D) is the usual affine reconstruction defined in based on
the trunk network =, A : R™ — RP is the approximator neural network used
to define the branch network 3, and we have introduced a generalized encoder
& : LY(D) — R™, which is defined by taking local averages in cells C1, ..., C,, C D:

Elu) = (7[0 1 w(z)dz, . .. ][C m u(z) d:z:) , (4.48)

with cells Cq, ..., C,, given by
Cj:=[z; — Ax/2,z; + Az/2], (for j=1,...,m), (4.49)

where 1, ..., z,, denote m equidistant sensors on the periodic domain D = T, with
Az = 27 /m. Note that the encoder & is well-defined (and in fact continuous) for
any u € L'(D). In particular, this encoding allows us to consider discontinuous
initial data w, and thus we do not need to assume that the underlying measure p
is concentrated on C(D). This choice of encoder constitutes a key difference with
pointwise encoder &, considered in section [2| and all the previous examples.

Given this architecture for the DeepOnet , we aim to bound the result-
ing approximation error . As we are no longer in the Hilbert space setting,
we cannot directly appeal to the abstract error estimates of section [3] nor follow
the program outlined at the beginning of this section. Nevertheless, we will still
follow a key idea from the last subsection, namely emulating numerical schemes
approximating the underlying PDEs with neural networks. To this end, we recall
a straightforward adaptation of the results of a recent paper [I3];

Theorem 4.34. Let M > 0 be given. Consider initial data u € BV, for the
scalar conservation law with flux function f € C?*(R). Let the operator
G(u) = Sr(u) be given by mapping u + v(T, -), where v solves ([£.42)). There
exists a constant C' = C(T, ||f|lc2) > 0, such that for any m € N, there exists a
neural network N : R” — R™ with

size(N) < Cm®?,  depth(N) < Cm,
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such that

G(w) - Y NE@)1e()| <
Jj=1 L1(D)
Here o > 0 is the convergence rate of the well-known Lax-Friedrichs scheme [17]
and 1¢;, (-) denotes the indicator function of the cell C; (cp. ([£.49)). For the neural
network A we furthermore have

IN(E(w))]le=e < M, for all u € BV .

Remark 4.35. The worst-case estimate for the convergence rate a of the Lax-
Friedrichs scheme guarantees that o > % [I7]. However, in practice, the observed
convergence rate is often higher, o ~ 1.

The proof of Theorem [£.34]is based on the fact that neural networks can emulate
the Lax-Friedrichs difference scheme for . In fact, the neural network N
constructed in [I3] is an exact form of the Lax-Friedrichs scheme applied to a scalar
conservation law , but with a neural network approximated flux f% f, and
satisfying a suitable CFL condition. The bound on [|N(E(u))|[¢=~ < M therefore
follows from the fact that ||u||L~ < |Ju||sy < M and the fact that the Lax-Friedrichs
scheme satisfies the maximum principle.

To obtain a DeepOnet approximation result from we have the following
simple Lemma (proved in Appendix [E.16]), on the approximation of characteristic
functions by ReLU neural networks,

Lemma 4.36. There exists a constant C' > 0, such that for any a,b € R, a < b,
and € > 0, there exists a ReLU neural network Xfa K R — R, with

size(X[q) < C,  depth(xf, ;) =1,

and

Xfa,0) — Lot ) < €

This allows us to prove in Appendix our main approximation result for the
DeepOnet approximation problem (4.46|) for scalar conservation laws,

Theorem 4.37. Let u € P(L'(D)) be a probability measure such that there exists
M > 0 such that u(BVjs) = 1. Let the underlying operator G map the initial data
u to the solution (at final time) v(.,T') of the scalar conservation law (£.42)). Let
the encoder & of the DeepOnet be given by with m equidistant cells
C; . There exists a constant C' > 0, independent of m and p, such that for
any m, p € N, there exists a DeepOnet (7, 3) with trunk net 7 : R? — C(D), and
branch net B : L'(D) — RP, of the form B(u) = A(£(u)) for a neural network
A:R™ — RP, with

size(8) < Cm®/2,  depth(8) < Cm,

and
size(T) < Cp, depth(7) = C,
such that

&1 < Cmax (1 - %, o) +Come, (4.50)

with the DeepOnet approximation error (ga\Ll defined in (4.46]).
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Remark 4.38. To achieve an error ng ~ €, the estimate provided by The-
oremshows that it is sufficient that p > (1 — €)m, i.e. p ~m, and m > e/,
Thus, a DeepOnet approximation error of order € can be achieved with a DeepOnet
(B, T) of size

size(B) ~ e %/2% size(T) ~ e 1/, (4.51)
For the worst-case rate of a = 1/2, this yields a total DeepOnet size of order ~ €°.
For more realistic values of o & 1, we require a size of order ~ ¢~2-5. Clearly, this
scales polynomially in e~!, and thus DeepOnets can efficiently approximate the so-
lution operator for scalar conservation laws by breaking the curse of dimensionality,
see Definition 3.3

4.4.3. A lower bound on the DeepOnet approzimation error. Theorem shows
that with the natural scaling , p = m, we have ng < Cp~™®, where a > 0 is the
convergence rate of the Lax-Friedrichs scheme, and p € N is the output dimension
of the branch/trunk net 3, 7. The goal of this section is to present an example of
a measure u € BV, for which we also have a lower bound of the form é/;Ll >pt
and demonstrate that the DeepOnet approximation, as described above, is almost
optimal.

To this end, we will rely on the lower bound for the (L2-based) error

& > éADR > 1/X:]Dp Ak, of Theorem [3.10 Recall & denotes the DeepOnet error

[.11)) in the L? norm, £’AR denotes the reconstruction error and A\ > Ay > ...
denote the eigenvalues of the covariance operator I' = ['u®u du(u), associated with
the measure pu.

To provide a concrete example which exhibits the decay <§L1 < Cp~" in terms of
the output dimension p of the trunk net, we now consider the measure u € P(L?(T))
given as the law

1

p=law{—sin(- — ) |Z ~ Unif(T)}, (4.52)
for the Burgers’ equation, i.e., scalar conservation law (4.42)),

o+ 9, (v2/2) =0,
! (v/2) (4.53)
v(t =0) = u.
Let vg(x,t) denote the solution of (4.53)) with initial data
vo(x,t = 0) = up(z) := —sin(z).

The characteristic starting at xo for this data is given by
x(t;xg) = xo — sin(zp)t.
By the method of characteristics, the solution v(z, ) can be expressed in the form
v(x(t),t) = uop(zo),

for any ¢t > 0 which is sufficiently small such that the mapping xzo — x(¢;z¢) is
one-to-one. Since

ox

— =1 —cos(zy)t,

o (20)
it follows that a classical solution exists for any ¢ < 1, but the characteristics cross
at time ¢ = 1, corresponding to the formation of a stationary shock wave at o = 0.

The size of the jump of v(x,t) at x = 0 at the particular ¢t = 7/2 is given by
v(0+,7/2) — v(0—,7/2) = 2,

corresponding to the time ¢, at which the characteristics emanating from z¢ = +7/2
reach the stationary shock at the origin. Furthermore, the function v(z,t) is smooth
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on T\ {0}. From basic properties of the Fourier coefficients of functions with jump-
discontinuities, we can conclude

Lemma 4.39. The solution vy (z) := v(x,t) at time ¢ = 7/2 of the Burgers equation
(4.53) with initial data ug(z) = —sin(x), has Fourier coefficients with asymptotic
decay

. I . —i 1
k) = 5 [ ol dxzwk+o(k), (k = o).

Based on this lemma, we can now estimate the spectral decay of the covariance
operator I'g, ;, of the push-forward measure G4 pu:

Lemma 4.40. Let G(u) := v;, where v(z,t) = v(z) is the solution of the inviscid
Burgers equation with initial data u, evaluated at time ¢ = 7/2. Let u be given as
the law (4.52)). Then the eigenfunctions of I'g,,,, is given by the standard Fourier
basis ey, k € N, with eigenvalues

1 1

The proof of this lemma relies on the observation that Gxp is a translation-
invariant measure on L?(T), and hence, the integral kernel representing its covari-
ance operator I'g,, , is stationary. In particular, this implies that the eigenfunctions
of I'g,, are given by the standard Fourier basis. Furthermore, the asymptotics of
the eigenvalues A, ox k=2, as k — oo can in this case be determined explicitly, based
on Lemma [£:39] The details of the argument are provided in appendix

As a consequence of Lemma we can now state the following result:

Theorem 4.41. Let p € P(L?*(T)) be given by the law ([4.52). Let u — G(u)
denote the operator, mapping initial data u(x) to the solution vi(z) = v(x,t) at
time ¢t = /2, where v solves the inviscid Burgers equation . Then there
exists a universal constant C' > 0 (depending only on p, but independent of the

neural network architecture), such that the DeepOnet approximation error & for
any trunk net of size p is bounded from below by

&>

gla

Proof. By Theorem the DeepOnet error & satisfies the lower bound

&> ZM,

k>p
where A\; > A2 > ... denote the ordered (repeated) eigenvalues of the covariance
operator I'g,,, corresponding to a complete orthonormal eigenbasis ¢1, ¢2,... of

Ig,u. By Lemma the asymptotic decay of the eigenvalues can be estimated
from below by A\ > (%)2, for a suitable constant ¢ > 0. It follows that

_ T_cC
E> > e > = >—,
k>p k>pk \/ﬁ

for some C > 0, as claimed. O
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Remark 4.42. Note that since —sin(z — Z) = sin(Z) cos(x) — cos(Z) sin(z), the
probability measure p of Theoremis supported on a (compact subset of a) two-
dimensional subspace span(cos(z),sin(z)) C L?(T). In particular, the spectrum of
T, decays at an arbitrarily fast rate, asymptotically (since almost all eigenvalues
are zero), and the encoding error can be made to vanish, c;(;g = 0, with a suitable
choice of only two sensors x1, x2. Nevertheless, Theorem shows that the push-
forward measure Gxp under the inviscid Burgers equation is sufficiently complex
that the reconstruction error c?R cannot decay faster than p~'/2 in the dimension
of the reconstruction space p. In particular, the fast spectral decay of p does not
imply a similarly fast spectral decay of G4 p under the inviscid Burgers dynamics.

We use the above result to claim that the L!-error éSLl satisfies the following
lower bound:

Theorem 4.43. Let € P(BV ) denote the probability measure (4.52)). Let z;[”\y
be the DeepOnet approximation error given by (4.46). Let M > 0. Then there
exists a constant C' = C (M) > 0, independent of p, such that

N C
& :/ 1G(u) = N ()| L1 (ry dpa(u) > —
BV p

for any DeepOnet N’ =R o Ao &, such that sup,cqupp() IV (W)l < M.

Remark 4.44. Although we do not have a proof, it appears reasonable to conjec-
ture that the L!-optimal DeepOnet approximations of G satisfy a uniform bound of
the form sup,cqupp(u) IV (W) || Lo (r) < M for some M > 0, independent of p. If this
is indeed the case, then Theorem [I.43] is valid without the additional assumption
on SupuESUpp(,u) ||N(U)||Loo <M.

Clearly, the DeepOnet constructed in Theorem [£.37] belongs to the class of Deep-
Onets, satsifying a bound sup,¢ , [V (u)|| 1y < M (in fact, with M = M). Thus,
we cannot expect to improve the upper bound to a convergence rate o > 1.

Proof. Let X denote the support of u, let R be any reconstruction. Following the
argument of Theorem [3.10} we have

S M < (Br)? < /X 1G(u) — N ()12 ) ds(w).

k>p

By Theorem we have 37, Ap > Cp~!, for an absolute constant C' > 0. We
now note the following interpolation inequality

1G(u) = N (@) 721y < N1G(w) = N (@) L1y [1G (1) = N (u)]| oo 7).

If uw € BVyy, then [[ul[= < M and hence also [|G(u)| (1) < M. Furthermore, by
assumption, we have ||V (u)| pe(r) < M. Thus, we conclude that

C _
=< Q1) [ 1600 =N lcr dutw)

for any such DeepOnet A (u). This clearly implies that claimed lower bound. O
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5. ON THE GENERALIZATION ERROR FOR DEEPONETS

In section [3] and with the concrete examples in section [l we have shown that
there exists a DeepOnet N of the form which approximates an underlying
operator G efficiently, i.e., the DeepOnet approximation error can be made
small without incurring the curse of dimensionality in terms of the complexity of
the DeepOnet . However, in practice, one needs to train the DeepOnet
by using a gradient descent algorithm to find neural network parameters (weights
and biases for the trunk and branch nets) that minimize the loss function

)= [ [ 16606) ~ M@ dyano), (1)

which is related to the approximation error & by &= \/Z (cf. )

However the loss function £ cannot be computed exactly, and is usually approx-
imated by sampling in both the target space y € U and the input function space
u € L?. As is standard in deep learning [I8], one can follow [28] and take N, iid
samples Uy, ...,Un, ~ p (with underlying measure p for the DeepOnet approxi-
mation problem), and for each sample U; to evaluate G(U;) : U — R at N, points

le, cee YjNy with corresponding weights wf > 0, leading to the following empirical

loss ENH,Ny = E, for the DeepOnet N/ = R o A o £ approximation of G:

N, Ny
. 1 o5 , 2
Ly, V) = 5= wy |GWU;)(YR) = N(U;)(YY) (5.2)
Yoj=1k=1
If we denote A(u,y) := |G(u)(y) — N (u)(y)|?, then can be written in the form
N.
. 1 N
Lr.v,(N) = 57 DL (AU, ), (5.3)
u 5
N,
LA, ) = > wlAU;, ), (5.4)
k=1

So far, we have not specified how the ij, k=1,...,Ny,,j=1,...,N, are to be
chosen. As we want the innermost sum to be an approximation

Ny NS .
(AW, ) / AU, ) dy,

we propose two intuitive options:
(1) Choose Y]’“ to be random variables, independent of all U;, and drawn iid
uniform on U, i.e.

K N v _ Ul
Y~ Unif(U) iid, wj=—, (5.5)

Z

forj=1,...,N,, k=1,...,N,.
(2) Letyr, € U, wy, > 0, for k =1,..., N,, be the evaluation points and weights
of a suitable quadrature rule on U. Then choose

ij:yk, wfzwk for k=1,...,N,. (5.6)

5.1. Deterministic choice of ij . Ifthe G(u) and M (u) have bounded k-th deriva-
tives in gy, uniformly for all u € supp(u), then a suitable choice of the quadrature
points and weights yg, wi in (5.6 can lead to a quadrature error

Imew»LAwwmﬂsomwwmmmNﬁm (5.7)
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Thus, for small dimensions (e.g. n = 1,2,3), and sufficiently regular G(u), one
might expect a deterministic quadrature rule to significantly outperform a random
sampling in y. Note that if y — A(U,y) possesses a complex analytic extension to
a neighbourhood of U for suitable U and quadrature (e.g. U is a torus, and the
quadrature is given by the trapezoidal rule), then the error in in fact decays
exponentially in N,. This might be of relevance for problems such as the forced
gravity pendulum in section and the elliptic PDE considered in section
We will be interested in the difference EANM N, WN) — L(N) in the following. We

denote . o
Evo) = 33 [ 16W)0) =N W) d

We can decompose the difference Ly, | N,(N) — L(N) as follows:
Ly W) = ZON) = |Exuv, V) = Zvy o) + [Ev o W) = £V

Then, for any parametrized network Ny = > "7 _, Bi(u; 0)74(y; 6) with parameter 6,
we have (for a suitable choice of quadrature points)

N’U.

>

1

EN“,N?, (Np) — EN“,,OO(NO)‘ <

INv (A (U;, ~))—/ Ae(Uj,y)dy‘
U

2~
W.

IN
5\~

CllAe(U;, Merwy N, "

j=1

p
<C [g<u>|éw> + ) 1Bk 0)]2 ) 7i( -;e>||%k(m] N,k
k=1

Thus, if
Sup||Tk ek @y < Co,
sup |3 (- 10)7 < (u),
G En (o) < ®(u),
for some integrable W(u) > 0, such that E,[¥(u)] < co, then we can estimate

E [sgp B, (A6) — v )| < N0

for some C' > 0 depending on k, the quadrature points, ¥, the upper bound Cy and
i, but independent of N,.

5.2. Random choice of Uj, ij . However, in addition to the sampling in the

target space ij € U, one also needs to sample from the underlying input function
space U; € X C L*(D). Random sampling is the only viable option for this infinite
dimensional space. For the sake of simplicity of notation and exposition, we will
choose N € N, and N, = N, N, = 1 in : i.e., choose mutually independent
random variables U;, Y;, j = 1,..., N, such that

Ui,..., Uy ~pareiid, Yi,...,Yy ~ Unif(U) are iid. (5.8)

Let ZN = ZNu,h i.e.

U] & )
N) =55 DO 16U (V) = N (U Y)P, (5.9)
j=1
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be the corresponding empirical loss. We note that the random variables (U;,Y;),
j=1,..., N areiid random variables with joint distribution (U;,Y;) ~ p®@Unif(U).

Fix a DeepOnet neural network architecture of the form with parameters
(weights and biases in the corresponding trunk and branch nets) 6 — Ny. We
assume that the weights and biases are bounded, 6 € [-B, B]% for B > 0, and
some large dg € N, representing the number of tuning parameters in the DeepOnet
Ny. Let Ny = N7 denote an optimizer of the empirical loss L among all choices
of the weights and biases 6, let N be an optimizer of the loss function L= (6? )2

(5.1). The quantity
(Ggen)? = £ (M) = £ (V) (5.10)
with £ (J\A/ N) denoting the empirical loss (5.2), is referred to as the generalization

error. It provides a measure of how far the empirical optimizer N N of EN is from
being an optimizer of L. The generalization error has been studied in detail for
conventional neural networks defined on finite-dimensional spaces. In the present
section, we consider the extension of these results to the setting of DeepOnets,
which are defined on infinite-dimensional spaces.

Let us make the following assumptions:

Assumption 5.1 (Boundedness). We assume that there exists a function ¥ :
L?(D) — [0,00), (u) — ¥(u), such that

G(w)(y)] < ¥(u), sup  |Np(u)(y)| < ¥(u),

0e[—B,B]%
for all u € L?(D), y € U, and there exist constants C, k > 0, such that
U(u) < C(1+ JJul|pz)”. (5.11)

Assumption 5.2 (Lipschitz continuity). There exists a function ® : L?(D) —
[0,00), u +— ®(u), such that

Wo(u)(y) — Nor(u)(y)| < @(w)[| = 6l
for all uw € L*(D), y € U, and
®(u) < C(1+ ull22)",
for the same constants C, k > 0 as in (5.11)).

Note that both the boundedness and Lipschitz continuity assumptions are sat-
isfied for the concrete examples of operators G considered in section [4]

To simplify the notation for the following estimates, we denote by Z; = (U;,Y;)
a (joint) random variable on L?(D) x U, and by a slight abuse of notation we write
G(Z;) = GU;)Y;), No(Z;) = Np(U;)(Y;). Recall that with the random choice
(5.8), the Z; are iid random variables. We denote

N
1
=+ 2_19(2)) = No(Z)) . (5.12)
j=1
We have the following bound on the generalization error (5.10)),

Theorem 5.3. Let N and Ny denote the minimizer of the loss (5.1) and empirical

loss (5.9), respectively. If the assumptions and hold, then the generalization
error ((5.10) is bounded by

E HE(/\?N) - E(/\Af)H (1 + Cdy log(CB\/N)2“+1/2) , (5.13)

T
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where C' = C(u, ¥, ®) is a constant independent of B, dyp and N and & is specified

in 10,

The proof of Theorem relies on a series of technical lemmas and is detailed
in Appendix [F]

Remark 5.4. The generalization error bound shows that even if the under-
lying approximation problem is in infinite dimensions, the DeepOnet generalization
error , at worst, scales (up to a log) with the standard Monte Carlo scaling
of 1/ VN in the number of samples N from the infinite dimensional input space.
Thus, one can reduce the generalization error by increasing the number of samples,
even in this infinite dimensional setting. In particular, the curse of dimensionality
is also overcome for the generalization error.

Remark 5.5. A careful observation of the bound on the generalization error
(5.10]) reveals that the bound depends explicitly on the number of parameters dy
of the DeepOnet . As we have seen in the previous sections, one might
need a large number of parameters in order to reduce the approximation error
to the desired tolerance. Thus, this estimate, like all estimates based on
covering number and other statistical learning theory techniques [10], applies in
the underparametrized regime i.e N > dy.

Remark 5.6. The bound can also blow up if the bound on weights B — oo.
However, we note that this blowup is modulated by a log and the weights can indeed
be unbounded asymptotically i.e B ~ eV for some r < 1 /2 will still result in a
decay of the error with increasing N. Given that such an exponential blowup may
not occur in practice, it is reasonable to assume that the explicit dependence on
the weight bounds may not affect the decay rate of the generalization error. This
also holds if the bound on weights B, blows up as B ~ d,’, for some 9 > 0. Given
the log-term in (5.13)), this blow up of weights will only translate into a dp log(dp)-
dependence of the generalization error. As long as one is in the under-parametrized
regime, this dependence does not affect the overall decay of the generalization error
as N — oo.

6. DISCUSSION

Operators, mapping infinite-dimensional Banach spaces, arise naturally in the
study of differential equations. Learning such operators from data using neural
networks can be very challenging on account of the underlying infinite-dimensional
setup. In this paper, we analyze a neural network architecture termed DeepOnets
for approximating such operators. DeepOnets are a recent extension [28] of operator
networks, first considered in [8] and have been recently successfully applied in many
different contexts [28] [33] [6, 27] and references therein. However, apart from the
universal approximation result of [§] and its extension to DeepOnets in [28], very
few rigorous results for DeepOnets are available currently. In particular, given the
underlying infinite-dimensional setup, it is essential to demonstrate that DeepOnets
can overcome the curse of dimensionality (see Definition .

Our main aim in this article has been to analyze a form of DeepOnets and
prove rigorous bounds on the error , incurred by a DeepOnet in approximating
a nonlinear operator G, with an underlying measure p (see Definition [2.1]). To this
end, we have presented the following results in the paper:

e We extend the universal approximation theorem of [§ to Theorem

where we show that given any measurable operator G : X — Y, for X =
C(D),Y = L*(U), with respect to an underlying measure p € P(X), there
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exists a DeepOnet of the form , which can approximate it to arbitrary
accuracy. In particular, we remove the continuity (of G) and compactness
(of subsets of X) assumptions of [8] and pave the way for the application
of DeepOnets to approximate operators that arise in applications of PDEs
to fields such as hypersonics [33].

e We provide an upper bound (3.4) on the DeepOnet error by de-
composing it into three parts, i.e., an encoding error stemming from
the encoder £, an approximation error that arises from the approximator
neural network A that maps between finite-dimensional spaces and a re-
construction error (3.10), corresponding to the trunk net induced affine
reconstructor R

e In Theorem we prove lower bounds on the reconstruction error
by utilizing optimal errors for projections on finite dimensional affine sub-
spaces of separable Hilbert spaces (Theorem [3.7]). This allows us in The-
orem to prove two-sided bounds on the DeepOnet error . In
particular, the lower bound is explicitly given in terms of the decay of the
eigenvalues of the covariance operator , associated with the push-
forward measure Gup . Moreover, this construction also allows us
to infer the number of trunk nets p and that these trunk nets should ap-
proximate the eigenfunctions of the covariance operator in-order to obtain
optimal reconstruction errors. Furthermore, we also provide bounds
on the reconstruction error that leverage the Sobolev regularity of the image
of the nonlinear operator G.

e To control the encoding error corresponding to the encoder £, which is
a pointwise evaluation of the input at m sensor locations, we construct a de-
coder D (approximate inverse of the encoder) . We show in Corollary
that sensors chosen at random on the underlying domain D suffice to
provide an almost optimal (optimal modulo a log) bound on the encoding
error. This further highlights the fact that DeepOnets allow for a general
approximation framework , i.e., no explicit information is needed about the
location of sensor points and they can be chosen randomly.

e Finally, estimating the approximation error reduces to deriving bounds
on a neural network .4 that maps one finite (but possibly very-high) dimen-
sional space to another. Hence, standard neural network approximation re-
sults such as from [50] can be applied. In particular, approximation results
for holomorphic maps, such as those derived in [44], [37) 8] are important
in this context.

The above results provide a workflow for deriving bounds on DeepOnet approx-
imation for general nonlinear operators G with underlying measures p, which is
outlined at the beginning of section |4f We illustrate this program with very general
bounded linear operators and with the following four concrete examples of nonlin-
ear operators, each corresponding to a differential equation that serves as a model
for a large class of related problems:

e First, we consider the forced gravity pendulum , with the operator G
mapping the forcing term into the solution of the ODE and a parametrized
random field defining the underlying measure. We bound the reconstruc-
tion error by smoothness of the image of G and the encoding error decays
exponentially in the number of sensors on account of the decay of eigenval-
ues of the covariance operator associated with the underlying measure. The
approximation error is bounded by showing that the operator allows for a
complex analytic extension. Combining these ingredients in Theorem
we prove an error bound on the DeepOnet approximation error. In
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particular, it is shown in that the size of the DeepOnet (total num-
ber of parameters in the trunk and branch nets) only grow sub-algebraically
with respect to the error tolerance.

e As a second example, we consider the standard elliptic PDE with a
variable coefficient a, which, for instance, arises in the modeling of ground-
water Darcy flow. The nonlinear operator G in this case maps the coefficient
to the solution of the elliptic PDE and the underlying measure is the law of
the random field (4.21)). Again, we utilize the spectral properties of the un-
derlying covariance operator, smoothness of the image of G and holomorphy
of an associated map to prove the bound on the DeepOnet approxi-
mation error. As in the case of the forced gravity pendulum, we show that
the size of the DeepOnet only grows sub-algebraically with decreasing error
tolerance.

e As a third example, we consider the Allen-Cahn equation that models
phase transitions, as a model for nonlinear parabolic PDEs of the reaction-
diffusion type. The operator G maps the initial data into the solution (at
a given time) for the Allen-Cahn equation. In this case, no holomorphic
extension of the underlying mapping is available. Nevertheless, we use
a novel strategy to emulate a convergent finite difference scheme (4.38)
by neural networks and derive an upper bound on the DeepOnet
approximation error. In particular, the size of the DeepOnet only grows
polynomially with respect to decreasing error tolerance.

e In the final example, we consider a scalar conservation law as a
prototype for nonlinear hyperbolic PDEs. In this case, the operator G is
defined as the mapping between the initial data and the entropy solution
of the conservation law at a given time. This example differs from the
other three in two crucial respects. First, the underlying solutions are
discontinuous and thus a pointwise evaluation based encoder cannot be
used and is replaced by local averages (4.48)). Second, the operator G is
contractive (hence Lipschitz continuous) in L'. Thus, the usual Hilbert
space setup, will a priori, will lead to sub-optimal error bounds. Hence,
we adapt our theory to an L'-Banach space version and are able to prove
the upper bound on the resulting DeepOnet approximation error
(4.46)). This bound also allows us to conclude in that the size of
the DeepOnet only grows polynomially with respect to the error tolerance.
Moreover, we also construct an explicit example to show a lower bound
in Theorem [4.43| on the DeepOnet error in this case. This shows that the
derived upper bounds are almost optimal for scalar conservation laws.

Hence, in all the four concrete examples which cover a large spectrum of nonlinear
operators arising in the study of differential equations, we prove that there exist
DeepOnets, which break the curse of dimensionality in approximating the under-
lying operators. These examples and the underlying abstract theory provide a
comprehensive study of the approximation error (2.11)) for DeepOnets.

Moreover, we also study the generalization err that arises from replac-
ing the loss function (population risk) with its sampled version, the so-called
empirical loss (empirical risk) that is used during training. Under very gen-
eral assumptions on the underlying operator G and the approximating branch and
trunk nets, we apply covering number estimates to prove the bound on the
generalization error. In spite of the overall infinite-dimensional setup, this bound
shows that the generalization errors decays (up to a log) with the reciprocal of the
square-root of the total number of samples in the input function space, thus also
overcoming the curse of dimensionality in this respect.
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Thus, the analysis and results of this paper clearly prove that DeepOnets can
efficiently approximate operators in very general settings that includes many exam-
ples of PDEs. The analysis also reveals some reasons for why DeepOnets can work
so well in practical applications and as building blocks for complex multi-physics
systems, such as in the DeepM&Mnet architectures introduced in [33,[6]. The main
reason is the generality and flexibility of DeepOnets. In particular no a priori
information about the underlying measure and operator are mecessary at an algo-
rithmic level, apart from being able to sample from the underlying measure. Given
our analysis, one can even use a small number of randomly distributed sensors to
achieve almost optimal encoding error. Similarly, a small number of trunk-nets with
a very general neural network architecture, will be able to learn the eigenfunctions
of the underlying covariance operator such that an optimal reconstruction error is
attained with resulting affine reconstructor (2.9). Finally, the branch nets can be
trained simultaneously to minimize the approximation error.

At this point, we contrast DeepOnets with other recently proposed frameworks
for operator learning. In particular, we focus on a recent paper [5], where the
authors present an operator learning framework based on a principal component
analysis (PCA) autoencoder for both the encoding and reconstruction steps. Thus,
in that approach, one has to explicitly construct an approximate eigenbasis of the
empirical covariance operator for the input measure and its push-forward with
respect to the underlying operator. Neural networks are only used to approximate
the operator on PCA projected finite-dimensional spaces. In contrast, DeepOnets
do not require any explicit knowledge of the covariance operator. In fact, our
analysis shows that DeepOnets implicitly and concurrently learn a suitable basis
in output space along with an approximation of the projected operator. Although,
many elements of our analysis overlap with that of [5], we provide significantly
more general results, including the alleviation of the curse of dimensionality for
DeepOnets. Moreover, our analysis can be readily extended to the framework of
[5] to prove the mitigation of the curse of dimensionality in that context.

It is also instructive to compare our error bounds with the numerical results of
[28] B3] 6, 27]. In particular for the forced gravity pendulum, the authors of [2§]
considered a Gaussian random field with covariance kernel, similar to 7 as
the underlying measure and observed an exponential decay of the test error with
respect to the number of sensors (see Figure |2| (B) for a simpler example). Indeed,
this observation is consistent with both the exponential decay of the encoding error
(13.48) and the spectral decay of the overall error , as long as the correlation
scale is resolved, i.e. m ~ 1/¢, which is also observed in the numerical experiments
of [28]. On the other hand, the decay of the generalization error with respect to
the number of training samples, both in examples considered in [28] as well as in
figure [2| (C,D) shows a very interesting behavior. For a small number of samples,
the training error decays exponentially enabling fast training for DeepOnets. Only
for a relatively large number of training samples, the generalization error decays
algebraically with respect to the number of training samples, at a rate consistent
with the error bound . This bi-phasic behavior of the generalization error is
certainly not explained by the bound and will be a topic of future work.

The methods and results of this paper can be extended in different directions.
We can apply the abstract framework presented in section [3] to other examples of
differential equations, for instance the Navier-Stokes equations of fluid dynamics.
Although we showed that the curse of dimensionality is broken by DeepOnets for all
the examples that we consider, it is unclear if our bounds on computational com-
plexity of DeepOnets are sharp. We show almost sharpness for scalar conservation
laws and given the sub-algebraic decay of DeepOnet size, we believe that the results



62 ERROR ESTIMATES FOR DEEPONETS

for the pendulum and elliptic PDE are also optimal. However, there is certainly
room for a sharp estimate for the Allen-Chan equation. Finally, one can readily
extend DeepOnets, for instance by endowing them with a recurrent structure, to
approximate the whole time-series for a time-parametrized operator, such as the
solution operators of time-dependent PDEs. Extending the rigorous results of this
paper to cover this recurrent case will also be considered in the future. Another
possible avenue of future work is the extension of the approximation results in this
paper to the case of multiple nonlinear operators (MNOs), already considered in
[1], where the authors prove an universal approximation property, similar to [] for
these operators.
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APPENDIX A. NOTATION FOR STANDARD FOURIER BASIS

In several instances in this paper, we employ the following “standard” real
Fourier basis {e }rczqe in d dimensions: For k = (ky,...,kq) € Z%, we define

cos(k-x), (k1 >0),

sin(k - z), (k1 <0), (A1)

€er =
where the factor C, > 0 ensures that ey, is properly normalized, i.e. that |lex||;2(1e) =
1, or explicitly,
1 f2, (40,
e |1 (k=0)

We note that the basis {ej }eze simply consists of the real and imaginary parts of
the complex Fourier basis {e?*'*}; .

On occasion, it will also be convenient to write the standard Fourier basis in
the form {e;};en (indexed by integer j € N, rather than k € Z%). In this case, we
identify

Cr =

ej(z) == e (z), (JE€N),
where k : N — Z is a fixed enumeration of Z¢, with the property that j — |k(5)|co
is monotonically increasing, i.e. such that j < j' implies that |K(j)|co < [K(J")]cos
where

[Bloo = max k|, k= (k... ka) €z (A.2)

)

APPENDIX B. ON THE DEFINITION OF ERROR (2.11)

We need the following lemma in order to conclude that the error (2.11)) is well-
defined on L?(D), even if the encoder £ is only well-defined on continuous functions.

Lemma B.1. Let £ : C(D) — R™ denote the point-wise encoder u — £(u) =
(u(z1),...,u(zm)), for some x1,...,2, € D. There exists a Borel measurable
extension £ : L?(D) — R™, such that £(u) = £(u) for any u € C(D) N L*(D).

Proof. Tt suffices to consider the case m = 1. In this case, we note that £(u) =
lim supy,_, o, Ek(u) for any v € C'(D), where

&y LA(D) = R, &p(u) = ][ u(y) dy,
By (z1)



ERROR ESTIMATES FOR DEEPONETS 65

is continuous for any k& € N. In particular, it follows that for u € L?(D), the
functional _ B
£ :L*(D) — [~o0,00], E(u) = limsup & (u),

k—o0
is Borel measurable. We can now define a measurable extension £ of £ by e.g.
setting

APPENDIX C. PROOFS OF RESULTS IN SECTION [3]
C.1. Proof of Theorem [B.1l

Proof. Let € > 0 be given. By assumption G : C(D) — L2?(U) is a measurable
mapping, G € L?(u), where u € P(C(D)). We have to show that there exists a
DeepOnet N =R o Ao &, such that

||g 7N||L2(u) < €.
Given M > 0, define Gy, by clipping G at size M > 0, i.e. define
W G(u), w (G L2y < M),
Gur(u) := G(u
M=, ([G(u)|z2) > M).
G ()l 2w 1o
so that ||Gas(u)| p2y < M for all w € C(D). Then

1G = N2y < N1G = Garllzzuy + 190 — Nl 2205 (C.1)

and the first term goes to 0 by the dominated convergence theorem and the fact
that Gps(u) — G pointwise, as M — co. We can thus choose M > €, such that

1G — Gurllr2( < €/3. (C.2)

It now remains to approximate Gps by a suitable DeepOnet N, where G, is
bounded.

Next, we note that C(D) and L?*(U) are Polish spaces (separable, complete
metric spaces). This allows us to invoke Lusin’s theorem, which shows that there
exists a compact set K C C(D), such that the restriction Gyr|x of Gy to K,

Gulr : K — L*(U),

is continuous, and such that u(C(D)\ K) < (¢/9M)?.
Next, fix an orthonormal basis ¢1, @2, ¢3,--- C L?(U) consisting of continuous
functions. For p € N, let P, : L?(U) — C(U) denote the projection onto ¢1, ..., dp,

i.e.
P

Py(v) = Z(Uv Dr) Prc-
k=1

We note that P, : L?(U) — C(U) is continuous for any fixed p. Let now K’ :=
G (K) denote the image of the compact set K under Gyy. Since Gur|x : K — L2(U)
is continuous, K’ is compact as a subset of L?(U). By the compactness of K,
there exists p € N, such that max,cg ||[v — P,(v)|| < ¢/6. We conclude that the
composition G := P,oGy : K — C(U), with K C C(D) a compact subset is
continuous, and

max ‘gM(u) - é(u)‘

ueK

poqeny = M 1Gas (1) = Py o Gar ()70

= max v = Pp(0)ll 21y < €/6-
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We can apply the universal approximation theorem of continuous operators on
compact subsets of [8] to the continuous mapping G : K ¢ C(D) — C(U) to
conclude that there exists an operator network A with a single hidden layer in the
approximator network and a single hidden layer in the trunk network (and with
7o = 0), such that

sup ||G(u) — N'(w)| 220y < €/6.
ueK
Note that this implies in particular that

IN ()| 20y < 1Ga (@)l 2oy + 190 (@) = Gu)l| 2y + G (w) — N ()| 20ry
<M+¢e/6+¢€/6 <2M,

for all u € K. By composition with additional neural network ReLU-layers, it is
not hard to see that there exists a “clipped” DeepOnet N, such that

N(@u) =N(u), ifueK, and IN(u)|| L2y < 2M, VueX,

i.e. such that N (u) agrees with N'(u) for u € K, and is globally upper bounded by
N ()| 2y < 2M. Tt follows that for this clipped DeepOnet N, we have

1G0r = Nlz2y < NGar = Nllp2 sy + 1190 2 (usx\ ) + IV 22 x50
S HgM *N”LZ(H;K) +3M}L(X \ K)1/2
<|1Gn = N2y +€/3, (C.3)

and
G _NHL?(;L;K) =[|Gnm _/\N/HLZ(MK)
< max {1Gar(u) — G(w) 20y + 19(w) — N (w) 2y} (C-4)

< €/3.
Hence, by (C.3) and (C.4)), we have

||QM _N||L2(u) < 26/3. (05)
Combining (C.5)) and (C.2)), we conclude that the DeepOnet N satisfies

1G = Nllr2(u) < 2€¢/3+€¢/3=¢€

C.2. Proof of Lemma [3.4]

Proof. This estimate follows by a suitable decomposition of the difference. We write

N—-G=RoAoE-G=[RoAoE—-RoPoG|+[RoPoG—G]
=[RoAocE—-—RoPoGoDof]
+[Ro7)ogoDog—Ro7)og]
+[Ro7?og—g]
=T+ T, + Ts.
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We can now estimate the norm of each of the three terms, as follows:

1/2
||T1||L2(M):</ ||ROAO(€—ROPOgODOé‘”%g(U)d/J)
X
1/2
< Lip(R) ( [ Meg=Pogodoclp, du)

1/2
~Lip(R) ([ 14~ P0G DlEe dlEps) )
=Lip(R)IA =P oG oDl L2,

In the second line above, we denote

Lip(R) = Lip (R : (R, || - [lz(ze)) = (L2(U), || L2 w))) -

For the second term, we obtain

1/2
Tallzsgo = ( [ IRoPoGoDoE ~RaPOGIE ) dn
1/2
<LipRoP) ([ 160D o€~ Gl du)

/2
< Lip(R o P)Lip, (G (/ |Do& —1d||%¥ ) ,
where
Lip(RoP) = Lip(Ro P : (LQ(U% [ - ||L2(U)) — (LQ(U), [ - ||L2(U)>)7
Lip,(G) = Lip,(G : (A C X, |- [I) = (L*(U), | - lz2w))),

and a € (0, 1]. Since a € (0, 1], we can estimate the last term by Jensen’s inequality
to obtain:

/2
T2 2 (uy < Lip(R o P)Lip, (G </ |IDo& — Id|| )

a/2
< Lip(R o P)Lip, (0) [ Do -1 d
X
= Lip(R o P)Lip,(G)||Do & — Id||%2(u)
Finally for the third term, we have (by the definition of the push-forward)

1/2
I3l = ( [ 1RoP oGl du)

1/2
(/ HROP*IdH%Z(U) d@##))
L2(U)

== ||RO P - Id||L2(g##).

O

C.3. Proof of Theorem The proof of Theorem is a consequence of the
following series of lemmas.

Lemma C.1. Given a separable Hilbert space H and a p-dimensional subspace
V C H, we have

Foe V) = [ ol auto) Z / (0.3 dpv), (C.6)
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where U;, ¢ = 1,...,p is any orthonormal basis of V. In particular, minimizing
&proj is equivalent to maximizing

Z/ 0,30 diae) = > [I(BL, ) + (3,753 (.7)
where
r= [ (0Bl ® (0~ Elu) du(v).

Proof. Let v;, i =1,...,p be any orthonormal basis of V. Then

P
E v, ;)
k=1

and since v — Y, (v, 7;) v; is perpendicular to all ¥;, we have

P P
Z v, 0;) Z(v,i)\i)i)}

= 1nf ||v—v||2+z v, ;)]
k=1

This is equivalent to . Furthermore, for any ¢ = 1,...,p, we have

[ NP ante) = [ 10— Bl + (Bl 5 dutv)
/{Iv— )P + 200 — Ele] B)(ERL ) + (€], 5P} duv)
= [ {60~ B3P + [(EI0) 8P} due)

= (0;, T0;) + [(E[v], i) |>.

2

inf [|[v— 9| =
veV

2

lvl* =

O

Lemma C.2. The covariance operator I' of a probability measure v € Py(H) is a
compact, self-adjoint operator. In particular, there exists a discrete set of (unique)

eigenvalues A\; > Ay > ..., and orthogonal subspaces E1, Es, ..., such that
H=@E;, and T'=> X;Pg,.
j=1 j=1

Here Pg : H — E denotes the orthogonal projection onto the subspace E C H.

Proof. The proof can e.g. be found in [39, Appendix E,F]. O

As an immediate corollary, we also obtain

Lemma C.3. For any v € Py(H), the operator

r= /H(v ®v) dv(v),

is a self-adjoint, compact operator, and hence it also possesses an eigendecomposi-
tion as in Lemma [C.2



ERROR ESTIMATES FOR DEEPONETS 69

Proof. We can write T' =T + E[v] ® E[v], where E[v] := [, vdv(v) is the expected
value under v. It is now immediate that I is self-adjoint, since both I' and E[v] @ E[v]
are self-adjoint. Furthermore, T is also compact, since I' = I' + E[v] ® E[v] is the
sum of a compact operator I" and the finite-rank operator E[v] ® E[v]. O

The next lemma shows that the quantity (C.7) to be maximized can be written
in an equivalent form, which only involves the orthogonal projection onto V,.

Lemma C.4.Let T =T + E[v] ® E[v]. Let ¢, (k € N), be an orthonormal
basis of eigenvectors of I' with corresponding eigenvalues A;. Let vy, ...,7, be any
orthonormal basis of V,,. Then

P

> @,T0) =Y Al Pr, x| (C.8)

j=1 k=1

Here Py, : H — V), denotes the orthogonal projection onto V.

Proof. Let u1,...,u, € V, be an orthonormal basis V,,. Let A\; > Ay > ... denote
the eigenvalues of I' with corresponding orthonormal eigenbasis ¢1, ¢o, . ... Then
(o]
uj = Z(Uj»¢k>¢k7
k=1
and hence

j=1 j=1 k=1

= Z Z<ujv ¢k> <UJ, F¢k>
j=1k=1

=D M luy, dn)?
j=1k=1
oo P )

=2 M| D lug on)]
k=1 j=1

d

Lemma C.5.If V, is a minimizing subspace, i.e. a subspace which minimizes
éaproj, then

n—1 n
PBE cv, cPE;, (C.9)
j=1 j=1
where n is chosen such that
n—1 n—1 n
dim (P B;) = Y dim(5) < p< Y- dim(E;) = dim (D B, ).
j=1 j=1 Jj=1
Here, the E; denote the eigenspaces of

T=T+Ep]®E[] =) X;Pg,,
j=1
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corresponding to the (distinct) eigenvalues A\; > Ay > A3 > ... of .

Proof. Let V,, C H be a minimizer of é”Aproj with respect to v of dimension dim(V},) =
p. For each eigenspace E; of I', denote

p;j = dim(Ej),
and define pg := 0. Now, we choose an orthonormal eigenbasis ¢1, ¢a, ... of I, with
corresponding eigenvalues A\; > Ay > ..., such that

Ej :Span(¢pj_1+1a"'v¢pj)v (.7 GN)
Note that the eigenvalues thus satisfy
A==y, > A 41 = =Ap, > ...

=X =X3
By Lemma and Vjp is a maximizer of the mapping

Ve 3 [[Poon|”,
k=1

among all p-dimensional subspaces V C X. Givena p-dimensional subspace Vcx ,

let uy,...,u, be an orthonormal basis of V. We note that
[e%e} 5 oo p p
2
Do IPoonll” =323l du)* =D llsl* = .
k=1 k=1j=1 j=1

And for all k£ € N, we have
2
0<|[Ppgxl” < 1.
Thus, for any p-dimensional subspace, the coefficients
ap = ap(V) = |Pooi|? (keN),
belong to the set

Ap = {O‘ = (o) ren

ar € [0,1}V/€€N, Zak Zp}.

k=1

And we are interested in the maximizer V = V, of

(ar(V))ken = Z A (V).
k=1

We now make the following claim:

Claim. For any (aj)ken € Ap, we have

[e’e} b
Z Aoy < Z Ak (C.10)
k=1 k=1
with equality, if and only if
. n—1
1, (itk <y pj) ,

ap = . n
0, (ifk>37p5),

where n is chosen such that

n—1 n
D <p<)
j=1 j=1
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Before provmg the above claim, we show that it implies . Indeed, for the
subspace V= span(é1, . . ., ¢p), we clearly have

L, (k<p),
(V) = | Ppdll? = { (k<)
p
and hence
[e'e] =N p
> (V)= A,
k=1 k=1

achieves the upper bound in (C.10). If V,, is another optimizer, then we must thus
also have

oo p
Z Akak(Vp) = Z >\k-
k=1 k=1

The claim then implies that

1, (itk <y pj) :

1Py, ¢wl|* = . n
0, [(ifk> ijlpj) .

The latter is equivalent to the statement that

n—1
o € Vp, for k < ij, and ¢ L V,, for k> Zp],
j=1 j=1

i.e. that
n—1 [eS)
@PE cV,, and P E; LV,
j=1 j=n+1

Thus, assuming the claim (C.10]), it follows that for any optimal subspace V), we
must have

n—1 n
PBE cv, cPE;.
j=1 j=1

We finally need to prove the claim: To prove the inequality (C.10), we simply
note that

00 14 0 p p

Z)\kak_z/\k ZZ)\kOék—Z/\kak_Z)\k(l_ak)

k=1 k=1 = = =
_Z)\kak_z/\k 1_ak

k>p

Since the sequence of eigenvalues Ay is monotonically decreasing and oy > 0, 1 —
ag > 0, we have

p
Z/\kozk<2/\ ag, and Z/\k 1—04;g Z 1—0%

k>p k>p
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and hence

p p
Z)\kak — Z)\k(l —ag) < Z)\pak — Z)\p(l — ag)
k=1 k=1

k>p k>p
P
= Z ApQp — pAp + Z ApQrg;
k>p k=1
=X (Z o —p)
k=1
= 0.

The last line follows from the fact that >, ax = p, for any (ag)ken € A,. We

thus conclude that
o P
Z Agay < Z Ak
k=1 k=1

for all (ag)gen € Ap. Furthermore, if Y72 | Mgy, = > 7_; Ak, then in all the above
estimates, we must have equality. In particular, we must have

b p
Z)\kak :Z)\pak, Z)\k(l—ak) ZZ)\p(l—ak).
k=1 k=1

k>p k>p

The first equality is only possible, if a = 0, for any k € N, such that Ay < A, i.e.
we must have

ap =0, ifk>) p;
j=1

The second equality is only possible, if oy, = 1, for any k& € N, such that Ay > A,

i.e. we must have
n—1

ap=1, ifk<> p;
j=1
This concludes the proof. O

Remark C.6. It is also straight-forward to check that if VCcHisa p-dimensional

subspace, such that
n—1 n
P E.cV cPE
k=1 k=1

where )
Z dim(Ey) <p < Z dim(Ey),
k=1 k=1

then

[es] P
D Ml Poorl® =D Ak,
k=1 k=1

i.c. V is optimal for (?Proj(‘?; v), in this case.
From the last lemma, we immediately have the following corollary.

Corollary C.7. For any n € N, the minimizing subspace V), of éaAProj(Vp;V) of
dimension

p= Z dim(Ey),
k=1

is unique.
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Proof. By Lemma if V,, is any minimizer of g"\proj, then

V, C B Ex.
k=1
Since dim(V,) = p = >"}_, dim(E%), by assumption, it follows that V,, = @;_, Ex
is uniquely determined by the eigenspaces F1, ..., E,. 0

C.3.1. Proof of Theorem[3.5.

Proof. The existence and characterization of optimal subspaces Visa consequence
of Lemma and Remark Uniqueness of the optimal subspace V,, C H for
Pn = Y p_y dim(E}y) is proved in Corollary Finally, the identity for the pro-

jection error ;ﬁ\proj(f}) = > k>p Ak for the optimal subspace V), = span(é1, ..., ¢p),
with ¢), denote the eigenfunctions of the uncentered covariance operator I' corre-
sponding to decreasing eigenvalues \; > Ay > ..., follows from

Bones (V /HM”M §:/| 612 du(v)
z_p:éi’ufsbz
iiMfiMMWMQ
—ZM—ZM—ZM

k>p

C.3.2. Proof of Theorem|[3.7.

Proof. Since Vj is a finite-dimensional affine subspace, the existence and uniqueness
of

Do € argmin |E[v] — 9],
ﬁEVO

is straight-forward. We also note that E[v] — 7y L V. We can now write

Fowos(Vo) = [ int 0= d(v)

H veV,

:/ inf [Jv— 5o — ] dv(v)
H

’U

:/i@ww—mw—ﬂ—mm—%mwww
H

eV

= [ int {1l — ol — 2(v — Bfo] - . B[] - o)

H ve
o — Efe] - 32} dvv)

Since E[v] — Ty L @ for all 5 € V, we have

2(v — E[v] — 9, E[v] — 0p) = 2(v — E[v], E[v] — D),
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and thus

Eproj (Vo) = /vaf {IE[v] — Bol|* — 2(v — E[v], E[v] — o)
+||v — E[v] — §||2} dv(v)
S ALCER
H
— 2/H<v — E[v], E[v] — vg) dv(v)

—Efv] — 912 dv(v).
+/Hmf||v E[v] - ]2 dv(v)

vev

The first term is independent of v, the second term averages to zero. Hence, we
finally obtain

Eoroj (Vo) = |E[v] — Dol + / inf ||v — E[v] — 0] dv(v).
H

’U

Note now if ‘A/O is an affine subspace with associated vector space V for which the
first term is not equal to 0, then the affine subspace Vj := E[v] + V satisfies

Boeai (V) = [ int flo ~ Blo] ~ 3 dv(v)
HveVvV
< 1B =l + [ i o~ Ble] - 3P dv(v)
HveV
= &proj (Vo).

Thus, if Vo is a minimizer among affine subspaces, then we must have vy = E[v].
Next, define a measure v € P(H) by

/@(v)dﬁ(v) ::/ O(v—E[v]))dv(v), V® e L*(H).
H H

Then [}, vdr(v) =0, and

/ inf |[v — E[v] — ]|? dv(v) :/ inf [jv — ]2 dv(v),
H9eV HveV

e

is the projection error éapro_](v v) of the p-dimensional vector space V with respect
to the _measure V. Since Vo is a minimizer, we must have that V is a minimizer of
é”proJ( ) among p-dimensional subspaces. By Lemma it follows that

n—1 n
PE cvcPeE;,
j=1 j=1
where E; denote the eigenspaces of the covariance operator of 7, given by
/ vRudr(v) = / (v—E[v])) ® (v—E[])dv(v) =T,
H H

and corresponding to distinct eigenvalues A\; > Ay > ... of I', as claimed. This
concludes the proof of this theorem. O
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C.4. Proof of Lemma [3.8]

Proof. Let V = span(ty,...,7p). We first note that since we have a direct sum
L?(U) = V+ @V, we can decompose any u € L?(U) uniquely as

P
u=u" + E ATk,
k=1

for coefficients ay,...,a, € R. Let 7{,...,7; € span(i,...,7,) denote the dual
basis of 71, ...,7,. Taking the inner product of the last identity with 7, it follows
that

(7, u) = (17, ut) + Zak<7';,7-k> = ay,
k=1
where we have used that ut L V 5 77, and (7, 7) = 0. Applying this identity,
we now note that

RoP(u —7'0+Z ke = 74 +Z w)lk + (75, 70)) T,

and

P
uw=ut+ Z(T,j,u)rk.

k=1

Hence
P

RoP(u)—u=r1; —uJ‘—FZ )| + (17,70 — >)7'k-
The norm of the last term is clearly mlmmlzed if the sum over k = 1, ..., p vanishes.

This is the case, provided that

[P(U)]k:<7']:7u—7'0>, (k:17ap)
The claim follows. O

C.5. Proof of Lemma [3.11]

Proof. Denote Vy := Im(R) the affine image of R = R,. Taking into account
Theorem we obtain

(&) = / |RoP —1d|2, dv
Y Yy

= inf [IE,[o] — 072 + Y MlIR o Py, — dillzs

veVop k=1
< |Ev[v] = 7ollZ: + > Xellm — Sll2s + > MR o Py — OrllZ2
k<p k>p
p
= |17 — moll72 + > Al - TillZs + > XellR o Py, — 17
k=1 k>p
o
<70 — To||2L§ + <Z )\k) S sup |7 — Tk||L2 + Z Ak
k=1 P k>p
<[+T(T,)] sup 7 — Tall7z + Y Mo
k=0,1,...,p Y k>p

Taking square roots of both sides, the claimed estimate (3.23)) now follows from the
trivial inequality va + b < \/a + Vb for a,b>0. O
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C.6. Proof of Lemma [3.12]

Proof. By the triangle inequality, we have

L o 1/2
Er < E5 + (/ IR oP(u) —RoPu)|. du(u)) :
L2

Note that by the assumed orthonormality of the 7, the projection can be written
as follows (cp. (3.18)))

NE

RoPu) = (Tr ).
k=1
Furthermore, in terms of the dual basis 77,...,7; € Y, we have
P
RoP(u) = Z<T,:, U) T
k=1

In terms of this expansion we can again use the triangle inequality to obtain

([ 1RoPw - Ro PR aviuw)”

< ; (/[ Wz~ Gl du(u>)1/2

1

(C.11)

Since
(e w) Tk — (T, ) Tiell 22 < (70, w) (T — T[22 + ({75 — T, ) Tk [| L2

< mllezllullrzliTe = Tellze + 17 = Tellz lull 2 17e ]l 2,
(C.12)

we next wish to establish that under the assumptions of this lemma, we can bound
I = Fallue < OV max[lm; = Flo
for some absolute constant C' > 0, independent of k and p. To see this, we note
that for any k,j =1,...,p, we have (1, 7;) = d;, and hence
(7 = 7h)s T5) = (75 T5) = 0wy = (730, T3) — (7, 75) = (730, (75 = 75))-

If u € Y is arbitrary, then we obtain from the above identity

M»s

(7 = 7)) = | p_(T5, w{(7 = Th), T5)

1

<.
Il

<7~—j’u><7-l:77-j - Tj>

I
.M@

Jj=1
1/2 1/2
p p
<Y 17wl ol T =)
j=1 j=1
< flullee Iriloe VB max s = 7llue. (C.13)

By assumption, we have that

N =

VP max |7 =72 <e<
j=1,...,p
It follows that for any £k =1,...,p, we have

7 = Tell2 = Sup (7 = s w)| < ellmillee < ellmy = Tolle + e ll7ell 2,
Ul >
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and hence
7 = Fillze < T lellze = 7= <2
Note also that this implies
I76lle < 17— Tellez + (Telle < 2e+1 < 2. (C.14)

It now follows from (C.12), that

i)

i )7 = iy )il 2 < 2l (<f+ 1) max |7, %jnm.)

< Alullrevp max fl7; — 7|z

Substitution in (C.11)), finally yields

. . 1/2
fos gt ([ i) 5w Iy -l
2 j=1,...,p

1/2
Ci=4 ( [l du(u)) ,
L2

Br < 8+ Cp*? max ||rj - Fllie < &g + Ce,
J=L1..p

Letting

we conclude that

as claimed.
To prove the Lipschitz bound on P : L?(U) — RP, let u,u’ € L?(U) be given,
and denote w = u — v/. Then

p 1/2
IP(u) = Pz = <Z| Ty W )
k=1

p 1/2 » 1/2
< <ZI<T;2‘ —?k,w>|2> + <Z|<?k7w>2>
k=1 k=1

By (C.13)) and (C.14), we can bound each term in the first sum by

(7 = Ty w)] < 2P max |17j — Tl [lull ..

Hence,

.....

As the 7 are orthonormal by assumption, the second sum can be estimated simply
by

» 1/2
<Z<?kvw>|2> < ”w”Lz.

k=1

Recalling that w = u — v/, it follows that

1P~ Pl < (1420 max =z ) = o]

< (1420) flu— 'l 2 < 2fu— ' 2.
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As u,u’ € L?(U) were arbitrary, the claimed estimate for Lip(P) follows. Similarly,
we can estimate for the reconstruction:

p
IR() = R(a) 2 = ||>_(an — )7

k=1 L2

p p

Zak—ak Tk Zak—ak Tk—Fk)

k=1 L2 k=1 L2
p

<lla=a'lee + > low — g lIme = Tl 2

k=1

.....

<(1+e) ||0< - O/||e2 < 2[la — a2
Thus, Lip(R) < 2. O
C.7. Proof of Lemma [3.13l

Proof. We note that each element in the (real) trigonometric basis e1,..., e, can
be expressed in the form

ej(x) =cos(k-x), or e;(x)=sin(k-x),

for k = k(j) € Z™ with |k|c < N, where N is chosen as the smallest natural
number such that p < (2N + 1)". It follows from

|k - 2| < nlkloo|Z|oo < 270N,
that if C., S, : R — R are neural networks, such that

sup [Ce(§) — cos(§)], [Se(§) —sin(§)] <e, (C.15)
£€(0,2mnN]

then the map
2 (50) - )izt (CR() - ), Sk () - 2t
can be represented by a neural network 7 with a size bounded by
size(T) = O(psize(Ce) + psize(S.)),
depth(N) = O (max (depth(C.), depth(S,))) .
By [15, Theorem II1.9], there exist C., S, satisfying , with
size(C. ), size(S.) = O(log(e™1)? + log(N)),
depth(C.), depth(S.) = O(log(e™1)? + log(N)).

Finally, we note that log(N) ~ 1/nlog(p) = O(log(p )) We thus conclude that for
any € > 0, there exists a neural network 7¢c = (7c1,...,7¢ ), such that

175 = €jllL=(o2mm <€
forall j=1,...,p, and
size(Tc) = O(p (log(p) + log(e™1)?),
depth(7¢) = O(log(p) + log(e~")?).
To satisfy the estimate , we set T = T_/,3/2, for which we have
size(T) = O(p log(e™'p)?),
depth(7) = O(log(e'p)?).
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and
;Dax[|7j — ejl| Lo o,z < €.

C.8. Proof of Lemma [3.15]
Proof. Lemma follows form the following two claims:

Claim. If 11 is a non-degenerate Gaussian, then there exists a Lipschitz continuous
mapping P : X — [0,1], such that Pxu = dz is the uniform measure on [0, 1].

Claim. If Y is an infinite-dimensional Hilbert space with orthonormal basis {ej } ken,
and v, > 0, k € N, a sequence, such that

oo
Z k21, < o0,
k=1

then there exists a Lipschitz continuous mapping G : [0,1] — Y, such that the
covariance operator of Ggdx is given by

oo
Payde = Z’Yk(ek ® ey).
k=1

The sought-after map G can then be defined as G = Go P : X — Y, where
P:X —[0,1] and G : [0,1] = Y are defined as in the above claims.

To prove the first claim, we simply note that since p is a non-degenerate Gauss-
ian measure, there exists a one-dimensional projection L : X — R, such that

Lyp = N(m,0?) is a non-degenerate Gaussian with mean m € R, and variance

0% > 0. Upon performing a translation by p and scaling by 1/0, we obtain an

affine mapping L : X — R, such that Z#,u = N(0,1). We finally note that the
error function

erf(z) : —u?/2 du,

1 T
= — e
V 271' [oo
maps the standard Gaussian distribution to the uniform distribution on [0,1]. And
hence, we have (erf o L)xu = dx on [0, 1].
To prove the second claim, we show that the function

G:[0,1] =Y, G(x):= Z V/ 27k cos(2mka) ey,
k=1
possesses the desired properties: We first note that

10:G(x) [} = (2m)% > 27k?|sin(2rka)|* < (2m)? Y | 29,k* < +o0,
k=1 k=1
is uniformly bounded in z by assumption on ~;. In particular, it follows that
x +— G(x) is Lipschitz continuous. Furthermore, we have

oo 1
/ u@ud(Gyudr) = Z 2V VTR / cos(2mkx) cos(2mk’x) (e ® epr) dx
Y 0

kk'=1

= Z'Yk(ek ® e).
k=1
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C.9. Proof of Proposition [3.16

Proof. Let vq,...,v, € X denote pairwise orthogonal eigenvectors corresponding
to the first p eigenvalues Ay, ..., A, of the covariance operator I',. It follows from
Theorem that the p-dimensional affine subspace Vj, given by Vo = vy + V,
where vg = E,[u] and V' = span(vy, ..., v,), satisfies
inf ||v —ul|® du(u) = Aj.
[ ing o=l d(u) >

Let Wy := G(Vp). Since G : X — Y is linear, Wy is an affine subspace of dimension
at most p. If dim(Wy) < p, we extend Wy to an affine subspace W C Y, such that
Wo C W and dim(W) = p, else set W := Wy. Then, irrespective of the choice of
the extension, we have

[t o=l @) < [ int ol d(Gpn(w)
y wEW Y 0

w we W,
- /X it e = Gl duw)
= [ inf 160) = G dutw

< [ inf |G2lv—ul} d
< [ inf 1910 =l dutw)

=617 >_ A

j>p

as claimed. Finally, we note that if (R, P) are chosen such that RoP : Y — Y is
the orthogonal projection onto W, then

(@) = [ IRoPw) =l dGpn(w) = [ inf o=l dGyntu).

C.10. Proof of Lemma [3.191

Proof. Since D : R™ — X is assumed to be linear, there exist ¢1,...,¢, € X,
such that

m
Dl tm) = Y ki
k=1

Let U := span(¢1,...,%m,) C X. Since U is a subspace of X of dimension at most
m, we have

[ Ipoe 1l du= [ it a3 dutw
b'e T X’uEU @

> inf / inf [ju— |2, du(u).
UcX; X aeU *
dim(U)=m

By Theorem the infimum on the last line is attained for the subspace U spanned
by the orthonormal eigenfunctions ¢1, . . ., ¢, of the uncentered covariance operator
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I',, of p. For this space, we have

[t = e = [Pt Z / [ty 6691 ()

uelU

= Tr(T) - Z<¢k,r¢k>

—ZAI@_i/\k
:Z)\k.

k>m

Thus, we conclude that

/ HDOE*IdHLQ du > Z Ak
k>m
C.11. Proof of Lemma [3.20l

Proof. Since D o £ is the identity on span(¢y, ..., ¢m), we have
Dof—-Id=DofoP:— Pt

Furthermore, since Im(D) C span(é1,. .., ¢m), we also have D o £(Piu) L Pilu,
for all u € L2. Hence

2= [ Do ~ Tl dutu)
X xT
= [ Do EPk) = Pul; dutw

/ ID o E(PLu)|2 dyu(u / 1P Lul2: du(u)

= (é()ahasmg)2 = ((gl)z

The aliasing error

d]l&bll’lg / ||D o 8 ||L2 d,U/( )

can be re-written as followsﬂ Let ¢1,¢a,... denote the eigenfunctions of the co-
variance operator of u, I'ér = Ardg, where Ay > Ay > .... First, we note that
there exist random variables Z, (not necessarily iid), with

E[Z¢Zy] = bor,

such that the random variable

> Ve Zer ~
=1

2we assume Jx wdp(u) = 0, but this is not essential here
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is distributed according to u. Then, we have
oo 2 2
SN VAZPEg > VN Zidn
{=1 {>m
> VANMEZiZe] (Ge,d0) = D VA dep

0,0/ >m 0,0'>m

= A

With @)/ = (¢:(X;)) € R™M a matrix such that det(®,®%,) # 0, the aliasing
error is given by

2

[ 1Pl dutw =B |30 DI IREERTES
k=1 j=1

>m

_ZH%Hz Z (@14 [ @]y x

J,j'=1
> VA E[ZeZp] do(X;) b (X;)
0,0">m
—Z lokll® > [@Tki [ @k > Nede(X;)de(X;)
J,j'=1 £>m
m m 2
=D M) ( [(I)T]kj¢€(Xj)>
>m k=1 \ j=1

Denote ¢p(X) := (¢¢(X1),...,0¢(Xm)). Then we can write the last line equiva-
lently in the form

ahabmg / HDO(‘: ||L2 d:U/ Z )‘ZH(I)T(bZ ||227

>m

as claimed. O

C.12. Proof of Lemma [3.21]

Proof. The minimal singular value of Ay, = ‘<I> m®T, is given by

Omin (AM) = inf <'U,AM’U>

loll2=1
= oinf v, 10) = (0, (1 = A)o)]
V2=
=1— sup (v,(1 - Ap)v)
loll2=1

zl_amax(l_AM)-

The maximal singular value (=spectral norm) of 1 — Ay, € R™*™ can be estimated
from above by

Omax (1 *AZ\/I) < ||1 - AMHF7

where we denote, for any matrix A = (a;5), by ||A||r the Frobenius norm,

m
IAle = | D lagl?

i,j=1

1/2
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Note that for all 4,5 € {1,...,m}, we have that the (¢, ) entry of 1 — A,/ is given
by

D m
0ij — % > 0i(Xk) i (Xi).
k=1

With Yy, = —|D|¢i(Xk)¢;(Xk), this can be written in the form

1 m
7 > Yk - E[Yi,
k=1

where the Y} are iid random variables bounded by |D|w2,. It follows from Hoeffd-
ing’s inequality that for any § > 0, we have

1 — 2M2 52
Equivalently, for any 4,5 € {1,...,m} we have:
2M?252
It now follows that
Prob[||]1 — Ap||7 > 6] = Prob Z [(1-— AM)ij\Q > §2
ij=1

i,j=1,...,m

< Prob { max |(1— An)ij| > Ti]

é
<m? max Prob [|(1 — An)ij| > m}

t,j=1,...,m

Ms \?
< 2m? 2| ———
= eXp( <|Dw3nm> )

Choosing § = 1/\/57 we have

P o =148 2 2 (- () )

| Dlw?,m

and thus, from opin(An) =1 — omax(1 — Apr), also

Prob {O’min (Ap) <1-— 1/\/5} < 2m2exp ( ( M )2> .

| Dlwi,m

C.13. Proof of Corollary

Proof. Let

V2 max(|D|, 1)
V2 -1

By assumption, we have C' < oo, and we also note that C > 1. Let (Q,P) be

the probability space Q = [],=, D, with probability measure P = [],=, Unif(D),

such that the iid random variables Xi, Xs,... are given by projection onto the

corresponding factor

C= sup(1 + [|ge[[ 7 )-
teN

Xy :Q%I& Xg(w):wg,

where w = (w1, ws,...,) € .
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By Lemma[3.22] if we choose M (m) = [Crkmlog(m)], with x = 4, then we have

Prob [{w \ Ee(X1 (W), X () < C o Ag}] >1-2m™2 (C.16)
where @gg = éAag(Xl, ..., Xpr) is the random encoding error based on the sensors
Xq,...,Xn. We note that asymptotically as m — oo, we have

M ~ Crmlog(m) 2 Crm,

and hence log(M) 2 log(Ck) + log(m) > log(m), where we used that C > 1 and
k =4, so that log(Ck) > 0 in the last estimate. In particular, this implies that

M/log(M) < [Crkmlog(m)] /log(m) = Ckm.

It follows that, by possibly enlarging the constant C' > 1, we have

Z /\ZZZ)\Za

{>M/C log(M) £>m
and using also (C.16)), we conclude that for sufficiently large C, we have

~ log(M)?
Prob [{w | &e(X1, ., Xar) < C X o agjonogon A f] 2 1~ c%,

for all M € N. In particular, the probability that

GeXi, Xu)>C D gy
£>M/C log(M)

for infinitely many M, can be bounded by

Prob [@?"g(Xh o X)) > CZ£>M/Clog(M) A¢ infinitely often]

< lim sup Prob U w é;g(Xl(w),...,XM(w)) >C Z pY)
Mo—o0 M>Mo £>M/C log(M)

< lim sup Z Prob [{w %(Xl(w),...,XM(w))>C Z hY)

Mo— o0

M> Mo £>M/C log(M) ]
log(M)?
< C'limsup Z Ogj\(/‘[72)
Mo—ro0 M> My

=0.
Thus, for almost all w € €, we have

Se(Xi(w),.... Xuw) <C > A,
¢>M/C log(M)

for all sufficiently large M > 0. (]
C.14. Proof of Lemma [3.24]

Proof. The starting point is the claim that if the covariance operator I' be given by
(3.45)), the eigenfunctions and eigenvalues (¢, A;) of I' are given by

bp(x) = e N = V20 e~ R/, (k€Z). (C.17)
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To see this, we note that

27 27
/ kp(l’, $/)¢k(58/) dx’ = Z / ef(mfmlfh)z/@ﬂ)e*ikm/ dz’
0 he2rz’ 0

= 2/ (20%) ,—ika' g0
:/ o= (@27 /(207) =ik’ g

_ mge—(zw e—ikx7
where we used that the Fourier transform on the real line R
Flulr) = [ @) dat,
satisfies
Flu(- = 2)][k] = Flu](k) e~ ™,

and we recall that for o > 0, the Fourier transform of a Gaussian is

Flexp(—ax?)](k) = \/Zexp(—k2/4a).

For simplicity, assume m = 2K + 1 for K € N. Recall that the decoder D for
encoder & is the discrete Fourier transform (3.46)), it is straightforward to check that
EoD =1d, so (£,D) is an admissible encoder/decoder pair, and by the definition

B3 of &:
G < [ Do~ dutw)
X x
Let Px : L2 — L2 denote the orthogonal projection onto span(e’**; |k| < K),
and denote by P : L2 — L2 the orthogonal projection onto the orthogonal com-

plement, so that Id = Px + PIJ(-. We note that D o £ is linear and we have
(Do &)(e ™) = ke for all |k| < K (where m = 2K +1). From this, it follows that

Do —1d=[Do&oPk — Px|+ [Do&oPg — Pg]
=Dofo Py — P
= PgxoDo&o Py — Pg,

where we used that D = Pk o D. The two terms on the last line are obviously
perpendicular to each other. Hence

IDo€&~1d|Z: = Do & o Pili: + || PicllZs- (C.18)
We note that the non-vanishing of the first term in [C.18]is due to aliasing, i.e. the
fact that for any point on the grid z;, j = 1,...,m, we have
ehri = ghtam)z; - for all g € Z.
Therefore, the higher-order modes e*** for |k| > K map under & to
g(ezk:p) — g(eikow%

where kg € {—K,..., K} is the unique value such that there exists ¢ € Z with
ko =k + qm.

As the functions z — e*** k € Z, are the eigenfunctions of the covariance

operator of u. Let Ag, kK € Z, denote the corresponding eigenvalues. By the
Karhunen-Loeve expansion for the Gaussian measure u, we can now write

ikx

[ 1P —1a; du = B[P0 £() - X

=E {HD 0 & (PEX) ||2Li} +E [IIP;%(X)IIig} )
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where

X = Z kaeik$,

keZ
and the Xj ~ N(0,1) are iid Gaussian random variables with unit variance. Due
to aliasing, we have

K

Dol (PgX)= ) >V koram Xk rqm | e™o".

ko=—K \q€Z\{0}

And
2
K

E[IDog (PEX) 2] =B 3 | 3 VAkramXeotam

ko=—K \qeZ\{0}

K
Z E Z \/)‘k0+qm \/Ako+q’kao+qkao+Q’m

ko=—K 9,9’ €Z\{0}

K
Z Z \/)‘koJrqm \/)‘koJrq’m]E [Xko+qkao+q’m] .

ko=—K q,q’€Z\{0}

As the X, are iid with zero mean and unit variance, we have

1, k=Fk
E X X =0k =4 .
[ X5 X ] k.k {O, k£ I

Thus,

K
E [”D o& (PI%X) ||%§} = Z Z \/)‘ko+qm\/>‘ko+q’m5q7q’

ko=—K q,q'€Z\{0}

K
Z Z )‘ko-i-qm

ko=—K qeZ\{0}

> A

|k|>K

On the other hand, it is easy to see that

EIPEXI3:] = > M

|k|>K

We thus conclude that

[P0 —1a3, du =B [IDo & (PEX) 3] + B 1P (0N

=2 Z Ab.

|k|>K

Recalling that by (C.17)), we have
A = V2m/ e_(ék)2/2,
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we finally obtain

23 he—2var 3 re (e

|k|>K \k\>K

<om/2— / e~ (/2 g 4y

— 4r {f/ ~(tz/V2)? d(&v/\[)}

C.15. Proof of Lemma [3.25]

Proof. By Lemma [3.24] the eigenfunctions of the covariance operator are ¢y, = ey,
the standard Fourier basis. By Corollary there exists a constant C > 1,
depending on |D| and supyey ||¢x |z < 2(27)~%, such that with probability 1 in
the random sensors X1, X5, X3, -+ € D, we have for almost all M € N:

& < C oo
k>M/C log(M)
By Lemma [3.24] (cp. (3.47), (3.48)), we have

M?2¢? 1
S AeSew (—m?) V<=
k>M/C log(M) ¢ IOg(M) 16

The implied constant here only depends on the value of ¥ and on |D|. Thus,
choosing e.g. 7 = 1/20 and noting that |D| = 2 is a fixed constant, we conclude
that

~ M?¢?
Ee <C Y
e ( ’VIog(MV) |
for v = 1/(20C?), where the constant C' > 0 is independent of £ and M. O

C.16. Proof of Proposition |3.26

Proof. Fixu =u(-;Y) forsome Y € [-1,1]7. Let ¥ = Y (£(u)) be given by (3.59).
Let Y be given by (3.57)), such that

Y; = shrink(Y;), VjeJ =2z
We note that since Y; € [—1,1] for all j € J, we have

’Y Y)_’Y—shrmk ‘ VjieJ =14

But, by definition of Yj, we have that
w5 Y (Ew)) = Y Vi(Ew)aje; = Y e,
jezd jezd

is the pseudo-spectral Fourier projection of u onto {e;};ex,y. In particular, it
follows from standard estimates for the pseudo-spectral projection that for u €
H*(T9), with s > n/2, we have

Hu( YY) —u( .;?(E(U))Hp < Cllulls N,
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for some C' = C(s) > 0, and hence also

2 2

2

~ ~

JuC V) —u(: D), = 3 [m -1 o3
JjEZA
~ |2
<) Y=Y o
JEZA

= [ut ) —u(: 7

L2
< Clluflas N7°

C.17. Proof of Theorem

Proof. We note that since m = (2N 4 1)%, we have N > m!/¢. Thus, it suffices
to show that & < Cexp(—cN) for some constants ¢,C' independent of N. We
now note that if Y = (Y});cs are distributed according to the probability measure

peP(-1,17), and if Y = Y(E(u) and Y = Y (E(u)) are given by (3.59), [3.57),

respectively, then

G = [ Do £) ~ulfs dute)

:/ a5 7) — u( V)22 dp(Y)
L2(D)

As in the proof of Proposition [3.26] in appendix [C.16] we see that — due to the
exponential decay < exp(—|k|¢) of the Fourier coeflicients of u(-;Y") — there exist
C,c > 0, independent of N and Y € [~1,1]7, such that the last term can be
estimated by

< [ [Cexp(~etN) dply)
L2(p)

= [Cexp(—ctN)]?.
This shows that éA"g < Cexp(—c/N). And we recall that N < m!'/? by definition
of m = (2N + 1)%.

Finally, if
Fly) = G(u(-;y)),
then for any w = (u;)icz,, we have by the definition of D(u) = u(-;Y (u)) (cp.
B59))
GoD(w) =G (u(-, ¥ (w)) = F(V(w)).

C.18. Proof of Corollary

Proof. Let N be a neural network satisfying the estimates of Theorem with
N :=m. Then

N=PoN = Z (Pcw) No (Y(1ys -+ Un(n))

veEAN cRp

is a linear combination of the neural network output of N , with coefficients in RP.
In particular, by adding a linear output layer of size O(pN) to the network N, we
can represent A/ as a neural network with

~

size(N) < size(N) + pN, depth(N) < depth(N) + 1.
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The claimed bounds on the size of A/ thus readily follow from the corresponding
bounds for A. Furthermore, we have for any y € [—-1,1]7:

[P o F@) = N@stys - w0l = [P o F @) = P o N @airys - v

S| O R

02

The claimed error estimate thus follows from the error estimate in Theorem [3.32]
O

C.19. Proof of Theorem [3.34]

Proof. The proof of this theorem requires the following simple Lemma on Neural
Network Calculus,

Lemma C.8. Let A : R? — R™t, A5 : R™ — R™ be two neural networks. Then
the composition N' = A3 o N7 : R™ — R"2 can be represented by a neural network
N with

size(N) = size(N7) + size(N2), depth(N) = depth(N7) + depth(N2).

C.19.1. Proof of the Theorem [3.3]} From the network size bounds of Corollary
[3:33] \V is a neural network of size

size(N) < C(1 + mplog(m) loglog(m))),
depth(N) < C(1 + log(m) loglog(m))).
with a constant C' > 0, independent of m, p. By Lemma the map u — ?K(u)

can be represented by a neural network of size

~ ~

size(Y,) < C(1 4+ mlog(m)), depth(Y,) < C(1+ log(m)),

for a constant C' > 0, independent of m. Since the definition of ?N does not involve
the projection P at all, the constant is also independent of p. By the composition
Lemma it follows that w — A(u) = (M oY,)(u) can be represented by a neural
network with

size(A) = size(N) + size(Y,.), depth(A) = depth(N) + depth(Y,.).

We also note that the following estimate for the approximation error & A

(6)? = / 1P oG oD(w) — A(w)|2 d(Exp) ()
L2(D)

< sup |[PoGoD(u)— Au)|p

u€supp ()

= sup ||730.7:(?(U)) *N(f/(u))H?Z

u€supp(u)

By Corollary [3:33| we can further estimate the last term by

< sup ||Po}'(y)—N(y,{(l)7...,y,€(m))||§2
ye[-1,1]7

1
<C|P| m~2%, where s:=~-—1>0,
q

provided that aj, € £9(Z%) with ¢ € (0,1). But by the exponential decay assumption
(3-52)), we have oy, € ¢9(Z%) for any ¢ € (0,1). The claim follows. O
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APPENDIX D. DEEPONET APPROXIMATION OF LINEAR OPERATORS

In this section, we will illustrate the ability of a DeepOnet to approximate
bounded linear operators efficienty. A simple numerical example of the DeepOnet
approximation of a linear functional G : C([0,1]?) — R is presented in Figure
below.

2 10—2 k‘-_\\‘:\\
1 B 10
K=l 1
s 0 L 8] ——— :iza
wn 10 Lu
1 = —— N _u=256
10711 { ==— N_u=512
-2 —— N u=4096
-14 15| IS | 1
10 10 20 30
vm
(B)
107! 101
-4 -4
o 10 o 10
o ]
W 17 E 107 { —— m=256
g ) —— m=512
10-10 = p10] —— m=1024
—-= xexp(—VNy,) =
1013 -13 T 1
1077 5 10 15 20
\f‘Nu
(c) (D)

FiGURE 2. Illustration of a DeepOnet (—, with p =1 and
o(x) = z) approximating the operator G : C([0,1]?) — R, defined
as G(u) := [, u(z)dz, with integration domain A (shown in red
in (A)), with underlying measure being the law of a Gaussian ran-
dom field with covariance kernel k(z,y) = exp(—|z —y|?/2(?), with
¢ =0.1. m sensor points z1, ..., Z, are drawn at random from the
uniform distribution on [0, 1]? and the DeepOnet is trained by min-
imizing the mean square loss function, with respect to N,, samples,
drawn from the underlying measure. (A) Illustration of a typical
sample drawn from the Gaussian random field. (B) Convergence
of the test mean squared error (computed with respect to 10240
test samples) as m — oo, for different numbers of training samples
N,. We observe a clear exponential decay of error wrt m as well
as “resonances” at m = N, (double descent). (C) Convergence of
the test MSE as N,, — oo, for different numbers of random sensor
points x1,...,Zy,. (D) semilog plot of the MSE loss as N, — oo
where one observes that the test error decays as exp(—v/N, ) when
N, < m. Note that similar behavior of the error is seen for more
complicated operators in [28].

Of particular interest is the observed exponential decay in the DeepOnet approx-
imation error as the number of sensors m — oo, which has also been observed for
other (linear and even non-linear) problems in [28]. Can the theoretical framework
developed in the present work explain such behaviour? To answer this question, a
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general error estimate for the DeepOnet approximation of linear operators is de-
rived in Theorem The estimate is then applied to a prototypical elliptic PDE
(cf. example [D.4). In the following, we consider the following setup:

Setup D.1. We consider data for the DeepOnet approximation problem u, G (cp.
Definition , where

e G:L*(D)— L*(U) is a bounded linear mapping,
p € Po(L?(D)) is a probability measure with mean 0, and with uniformly
bounded eigenfunctions of the covariance operator I',,
for m € N, the sensors 1, ..., z,, ~ Unif(D) are drawn iid random,
for p € N, we denote by 7x, £k = 0,...,p, the optimal choice for an affine
reconstruction Ry = Rept for the push-forward measure Gy, as in Theo-
rem [3.9 i.e., in the present case, 7o = 0, and T, k = 1,...,p, are the first
p eigenfunctions of the covariance operator I'g,, ;.

Under the above assumptions, we then have

Theorem D.2. Consider the setup[D.1} Let m,p € N denote the number of sensors
and the output dimension of the branch/trunk nets (3, 7), respectively. Let T be a
trunk-net approximation of 7, such that the associated reconstruction R = R, and
projection P satisfy Lip(R), Lip(R o P) < 2. For m € N, we define the (random)
encoder & : u+— (u(x1),...,u(xy)). Then, with probability 1 in the choice of the
random sensor points, there exists a constant C' > 0, depending only on p and the
measure of the domain |D|, such that for any m, p € N there exists a shallow ReL.U
approximator net A4 : R™ — RP with

size(A) <2(2+m)p, depth(A) <1,

and such that the DeepOnet N’ = R, o0.A0&, with branch net 8 = Ao & and trunk
net 7 satisfies the following asymptotic DeepOnet approximation error estimate

for almost all m, as m — oo.

Proof. By the DeepOnet error decomposition of Lemma [3.4] and the assumed Lip-
schitz bounds Lip(R), Lip(R o P) < 2, we have

& < 2||G||&x + 284 + br.

We first observe that for any choice of the (affine) encoder/decoder and reconstruc-
tion/projection pairs (£, D), (R, P), and for a linear mapping G there exists an
exact, affine approzimator A : R™ — RP, such that A(u) = P o G o D(u) for all
u € R™. Furthermore, A can be represented by a shallow ReLLU neural net of the
claimed size, on account of the fact that Az + b = o(Ax +b) — o(—(Az + b)) has
an exact representation for the ReLU activation function o(x) = max(z,0). Thus,
the approximation error & "4 can be made to vanish in this case, 3 24 =0.

Under the assumptions of this theorem, the random encoding error has been
estimated in Corollary [3:23] where it is shown that there exists a constant C' > 1,
depending only on the uniform upper bound of the eigenfunctions of I';,, and on
|D|, such that (for almost all m € N):

& <C Z Ae, (D.2)

£>m/C log(m)



92 ERROR ESTIMATES FOR DEEPONETS

as m — oo, with probability 1 in the iid random sensors xi, s, - ~ Unif(D).
Here, C = C(|D|, u) is a constant.
Finally, we estimate the reconstruction error &z: By Lemma we have

gR < \/1 +Tr(Fg##) ki%axpﬂ?k — Tk”LQ(U) + /Z )\g#”,

k>p

where )\f#” > )\g#“ > ... denote the eigenvalues of the covariance operator I'g,, ,,
of the push-forward measure G4 pu. By Proposition [3.16 we can estimate

STAT <GPS A

k>p k>p

in terms of the the eigenvalues A\; > Ay > ..., of the covariance operator I',, of p,
and in particular Tr(T'g,, ) < ||G||*Tx(T,,) < C||G||*, where C' = C () depends only
on p. It thus, follows that there exists a constant C' = C(u), such that

Er < C\/1+[G] kir(l)apo’T\k—TkHLz(U)—l— D Xep (D.3)

L>p

Combining (D.2)) and (D.3|) with the error decomposition, and taking into account
that &4 = 0, yields the desired result. O

Remark D.3. From the proof of Theorem it is clear that to achieve the error
bound (D.1]), we can replace the shallow ReLU approximator net .4, by a single-layer
affine approximator A : R™ — RP, A(u) := A-u + b, where A € RP*™_ p ¢ R™.
This clearly corresponds to the use of the linear activation function o(z) = = in
the branch net. In contrast, the activation function in the trunk net must be kept
non-linear to be able to approximate the optimal trunk net 7.

Ezxzample D.4. To illustrate Theorem we consider the following example of
a linear operator G : L?(T%) — L?(T9), f — v, mapping the source term f to the
solution of the PDE Av = f — de fdx, with periodic boundary conditions and
imposing de vdx = 0. It is well-known that this operator is bounded; in fact, we
have ||G|| < 1. We fix the initial measure u € P(L%(T¢)) as a Gaussian random
field, with Karhunen-Loeve expansion

f=> arXyex,

kezd

where |ai| < exp(—£|k|) have exponential decay with typical length scale £ > 0,
{ex }xeza is the standard Fourier basis on T¢, and the X}, ~ N(0, 1) are iid Gaussian
random variables. In this case, the eigenfunctions of the associated covariance
operator I';, of p are given by the ey, with corresponding eigenvalues oy, k € 78,
In particular, it follows that there exists constants C,c¢ > 0, depending only on d
and ¢, such that the last two terms in can be bounded from above by

1/d
_epl/d __emt
SCexp( cp )JrCexp( log(m)l/d>'

In particular, Theoremimplies that for any fixed o > 0, and with p ~ log(e 1)<,
m ~ log(e~1)?(1+9) " we can achieve an overall DeepOnet approximation error

&S e+ max le; — 7ll2 s
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where we have taken into account that the Fourier basis e; is an eigenbasis also for
the push-forward measure G4 . Furthermore, it follows from Lemma [3.T3} that for
any fixed o > 0, there exists a trunk net = with asymptotic size (as e — 0)

size(T) < log(e7 )2+ depth(7) < log(e~ 1)+, (D.4)

and such that maxp—o,...p[le; — 7jl|z2(r) < €. Thus, for the present example, an

overall DeepOnet error & < e can be achieved with a DeepOnet (3, 7) with trunk
net 7 satisfying the size bounds (D.4)), and a branch net 3 of size

size(8) < log(e™1)***7,  depth(B) < 1, (D.5)

for any fixed o > 0. The implied constants here depend on the length scale £ > 0,
the dimension d and the additional parameter o > 0, which was introduced to avoid
the appearance of multiple logarithms.

APPENDIX E. PROOFS OF RESULTS IN SECTION []
E.1. Proof of Lemma (4.1l

Proof. Let v,v’ solve (4.2) with forcing wu, u’, respectively. Then we can write

d(v—1")

g =G, v)(v—"2")+ (u—1u'), (E.1)

where
1
G(v,v") = / gV (sv+ (1 — s)v') ds,
0
so that |G(v,v")| < [|g™V||z for all v,v’. Tt follows readily from (E.IJ) that
d
Do < Clo o/ Ju

for some C' > 0 depending only on [|g("||z~. Gronwall’s inequality then implies
that

t
o= PO < [ P s < fu— oy 7
The claim follows by integration over ¢ € [0,T]. O

E.2. Proof of Lemma [4.3]

Proof. We first show that there exists a constant C' > 0, depending only on the
final time T, such that

o]z < Cllull 2

To this end, we simply note that integrating (4.2) from 0 to 7" and taking into
account that v(0) = 0, we have

t t
MMSAM@@WBﬁAW@MS
t
smmthW@wmw@wmmm

t
SQ/W@W+ﬁWMmm
0

Gronwall’s inequality implies that

|’U(t>| < \/T||u||L2([07T])€ClT, Vte [O,T].
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Thus, ||v||ze(o,r)) < Cllullr2(0,r), Where C = VT exp(C1T) depends only on T.
For general k € N, we take k derivatives of (4.2) to find:

Zo® = g0 @) o™ + P (LoD} o HTL) +u®. (E:2)

Here, P, = Py, ({gV};Z], {v*}}Z]) is a polynomial of the following form

k-1 N,
P (16O Yt ) = 300 w) | 3 Cun [ o)
=1 v j=1

The sum in the parentheses is over the (finite) set of v = (v1,...,7n,), 77 € N,
satisfying

Ni=k 1<y <k Vi=1..,N,.

The coefficients Cy~ are combinatorial coefficients that depend only on k, and
which can in principle be determined for any given k. We will prove the claimed
estimate on |[v(®)|| = by induction on k = 1,2,.... We will first estimate the
size of the polynomial P: To this end, note that for £k = 1, the sum defining P
is necessarily empty and thus, we have P, = 0. For k£ > 1, we assume that the
claimed inequality for ||v(*)|| = has already been proven to hold for derivatives
v(%) of order v; <k —1. In this case, we can estimate

k—1 N,
1Pl <D 19N | D 1Ceq T 10 |
=1 ~ j=1

and

H [0 g < HAW, (1 flull g )™
Jj=1

N,
<[4 @+ llullg)
] 1

N,

k
H (1 + flullgx)

Thus, taking into account that the derivatives g()(v) of order £ < k—1 are assumed
to be uniformly bounded, |¢(® (v)| < Cj, we can now estimate

|Pel < CQ A [lullfe), (k> 1),

where C' = C'(k,g) > 0 is a constant depending only on k and g. As pointed out
above, this inequality for P, holds trivially also for k = 1, since P, = 0, in this
case. Inserting the above estimate in (E.2)), and integrating over [0, t], we obtain

t T
B (@) < (19| 1~ / ) (s)] ds + C(1 + [lull o) + / [u® ()] ds
0

<ck/ 0™ (8)] ds + C(1 + [[ull gr0)* + VT ge.

Increasing the constant C' if necessary, we can absorb the last term in the second
term and conclude that there exists a constant C = C(k, g,T) > 0, such that

t
W) (1)) < G / ) ()] ds + C(1 + ull o).
0
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Gronwall’s inequality now yields
(@) < Ce T (1 + [|uf gr)*,
for all ¢t € [0,T]. Hence, for Ay = Ce®*T | we have
[0 oo 0,77y < Ar(L A+ [Jullx)¥,
where Ay is independent of w. O

E.3. Proof of Lemma [4.4]

Proof. The Legendre polynomials form an orthonormal basis of L2([0,T]). For
p €N, let P, : L*([0,T]) — L3([0,T]) denote the orthogonal projection onto the
span of the first p Legendre polynomials, span(7i, ..., 7,). By [7, Theorem 2.3], for
any k € N, there exists a constant C = C (T, k) > 0, such that

lu = Poull L2 qo,17) < Cp " lull e o, 19)-

Thus, if R = R+ is the reconstruction with trunk net 7 = (0,71, ...,7p), and if P
denotes the corresponding optimal projection (3.17)), then P, =R o P, and

~ 1/2
SR = (/X IR 0 P(v) = vl Z2j0,1)) d(g#u)(v))
C ) 1/2
< 5 ([ oy 4G

C 1/2
= ([ 18 oy )

By Lemma we can furthermore estimate ||v| gx < C(1 + |Jul|g+)*, for some
constant C' > 0, depending on T and k. Hence, we find

~ C 2%k 1/2
ézzspk(/x (1+ ull e go.20)) du(U)> ,

where C'= C(k,T) > 0 is a constant independent of p. O

E.4. Proof of Lemma [4.6l
Proof. We have by (4.12)

i (1)) < o+ / Jui(s)16(s) ds,

where a = ||Im(u)|| LT, and B(s) = v(1 + exp(|v;(s)|)). By Gronwall’s inequality,

it follows that
t
lv;(t)] < aexp </ B(s) ds>
0

t
= | Tm(u)|[ LT exp (/ v (1 —|—e|”1‘,(3)|) ds) _
0

1
0= .
2T exp(y(1+¢)T)
We claim that if ||Im(u)||p= < 6, then |v;(¢)] < 1 for all ¢t € [0,7]. Suppose this
was not the case. If there exists ¢ € [0, T] such that |v;(¢)] > 1, then the set
Bi={t € [0,T]||vi(t)] > 1}
is nonempty. Let ty be given by

Let

t() = inf B.
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By the continuity of ¢t — v;(¢t), B is a closed set. In particular, this implies that
to € B. Since v;(0) = 0, we must have to > 0, and |v;(¢)| < 1 for all t € [0,¢7). But
then,

to
|’Ui(t0)| S ||Im(u)HLooTexp </ Yy (1 + e‘Ui(s)‘) d8>
0

< [[Im(u)|[L T'exp(v(1 + €)T)
< dTexp(y(1+e)T)
1
<=
S35 < 1,

leads to a contradiction to the assumption that |v;(to)| > 1. Thus, we conclude
that the set B must in fact be empty, i.e. that

lvi(s)| <1, forall se€[0,T].

E.5. Proof of Lemma

Proof. We argue by contradiction. Suppose the claim is not true. Then there exists
u:[0,T] = C, u € L*>([0,T]), and 0 < T3 < T such that the solutiorﬁ of (4.11))
is defined on [0,T4), but lim; ~p, |v(t)| = co. Since the right-hand side of (4.11) is
uniformly Lipschitz continuous in v,, this can only be the case, if lim; ~p, |v;(t)| =
oo. In particular, there exists To < T3, such that |v;(Tp)| > 1. But then, this would
imply the existence of a solution of , which is defined on [0,Tp], for which
sup,epo,r) Im(u(s))| < 6, and such that we have sup ¢ 1 [vi(s)| > |vi(To)| > 1.
This is clearly in contradiction with Lemma [£.6] By contradiction, it thus follows
that we must have Ty = T, and hence the solution of exists on [0, 7] for any
u € L([0,T7), with [[Im(u)|zec(jo,7)) < 0. Furthermore, it follows from Lemma
that sup,ejo 7y [vi(s)| <1 in this case. O

E.6. Proof of Lemma (4.8

Proof. Fix 2z, € E,, for k # j. For z; € E,;, and by slight abuse of notation,
let us denote the forcing by wu(t, z;) = u(t, z), and the corresponding solution of
the pendulum equations by v(t, z;) = F(z)(t), where z = (2¢)een. Then
the claim is that z; — v(t, z;) is complex-differentiable in z; € £,,. We note that
v(t, zj) is the unique fixed point of

t
olt, ) = / G, 27, v(s, 2;)) ds,

where G(t,zj,v) := g(v) + u(t, z;). To show boundedness, we note that by (4.13)),
the assumed (b, 6)-admissibility of p and Lemma[4.7] the solution ¢ — v(t, z;) exists
for any 2; € E,,, and that sup,c(o 77 [Im(v(t, 2;))| < 1. But then, also the real part
v, (t) := Re(v(t, z;)) is bounded, because from (4.11]), we conclude that

dv,.(t)

221 < g (0 (0) 0i(0))| + [Re(U 1))
< [or(t)] + K cosh([vi(t)[) + [Re(U(2))]
< Jvr(8)| + k cosh(1) + [Re(U)]| o< (jo,17)
which implies by Gronwall’s inequality that

[0, (8)] < (kcosh(1) + [[Re(U)]| <o, e

3We note that short-time existence follows from the fact that the right-hand side is locally
Lipschitz continuous in v, so that 77 > 0.
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for all ¢t € [0,T]. We furthermore note that

oo o0
IRe(U) || (topy < Y [Re(ar) ekl = ) [Re(ze) b
k=1 k=1

< Zpkbk = Zbk + Z(Pk — 1)by,
k=1 =1 k=1

< [[bller vy + 0 < o0,

is uniformly bounded for all z € E, for any admissible p. This shows that

sup [[v]lzz(0,77) < sup \FT”U”LW([O,T])
z€lE, z€k,

< sup VT|vp||pos(po.r)) + sup VT||vi]| zo(jo.17)
E z€E,

zck,
< TVTe” (ycosh(1) + |[b]lay + 6) + VT
=:C,

is uniformly bounded for all (b, €)-admissible p.

Finally, we prove the holomorphy of z; — v(t, z;): By definition, z; — u(t, z;)
is an affine function. Hence z; — G(t, zj,v) is also an affine function of z;, and in
particular differentiable in z;. Since v(t, z;) exists and is bounded for all z; € E, ,
it then follows from the general theory of parametric ODEs that 0. v(t, z;) exists
and that

t
0z,v(t, z;) = / {ELJ.G(s,zj,v(s,zj)) + avG(s,zjm(s?zj))azjv(s,z]-)} ds.
0
This implies that z; — v(t, z;) is a holomorphic mapping. O
E.7. Proof of Lemma [4.14]

Proof. The difference w = u — v’ is a solution of the equation
V- (aVw) =V - (aVu) — V- (aVu')
=f—V-(aVu)
=V (dVu') =V (aVu)
=V ((d —a)Vu).
By elliptic theory, we thus have
lu— 'l L2p) = wllr2py < IV - (@' — ) V') [ 5-1(p)
< i@’ = a)Vu'|l2(py < |l = all 0y VW[ L2 (D)

< lla" = allze ) llv' g oy < lla” = all L) CllfllL2(p)-

E.8. Proof of Lemma [4.16]

Proof. 1t is well-known that if u is a solution of (4.18)), with smooth coefficient a(z)
and right-hand side f € H*, then v € H**!'. The main point of this lemma is
the explicit dependence on the norm of a, which will be required to estimate the
reconstruction error. Let k = (kq,..., k) € Nj* denote any multi-index. Then by

differentiation of (4.18)), we find

V- (a(z)VOFu) = -V - (Z (27) 8f_la(x)vaﬁu> +0Ff. (E.3)

<k
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where ¢ runs over all indices £ = (¢1,...,4,,) € No, such that ¢; < k; for all
j=1,...,m, with a strict inequality for at least one j. We also write
k ‘v (K
(0)-11()
j=1

Integrating (E.3) against 0%u, with k := |k| = ky + - - - + ki, it follows that

NIVokul2; < / o(2)| VO () ? de

T

<a Y [ ok -ta)][votuta)]| [Voku(w)| ds

<k
+ [ 1ok ekl do
T'VL
< Cillallon llull e | VOFull 2 + 1105 fll 2 [ful v
Using the inequality ab < 27'ea? + (2¢)~1b? for a,b, e > 0, we find
Cillal
2

2
A A 1
S ) + SV ORI + S 10812 + ol

NIVokul2, < =2

and hence | ||2
U gr
R

Summing the last estimate over all |k| = k, and increasing the constant Cy, if
necessary, we obtain

[ullfeer < CrlllallEn + Dllullzre + 117,

where the new constant Cy, = Ci(k, ) now depends on both k£ and A. Repeating
the same argument for any ¢ < k, we also find

lullZreer < Celllalle + Dlullze + 11£117:
< C(lallge +D)llullzre + 117,

with €7 := maxy<y Cy a fixed constant depending only on k and X. Writing the
last inequality in the form

IVoFulZ: < (Cillalgr +1)

lullFers < Allullzge + [1£1172,
it follows by induction on £ =0, ..., k, that
k—1
el Fss < AF[lullFn + [1£1172 Y A%
£=0
For k = 0, we have the well-known bound [[u[%, < C”| f||2. with C” = C"(\).
We may wlog assume C” > 1. In particular, we then conclude that

k
lull e < CTIIFIZ2 DAY
£=0

where A := C’(||la||gx + 1). Finally, for fixed k, we note that since C" = C’(k, \),
C" = C"(N), there exists a constant C' depending only on k and A, but independent
of ||a||cx, such that
k k
CrY AT=C"Cy (L lallgs)’ < CL+ fafEh).
=0 =0
For such C = C(k, \) > 0, we conclude that

lullFpues < ClFITe 1+ llalE),
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as claimed. 0

E.9. Proof of Theorem To prove Theorem |4.21] we recall some notions
and results from the theory of second order parabolic equations (cp. [26]). First,
let U = [0,7] x T? denote the domain of the solution of the parabolic equation

(4.30). We denote by (cp. [26, p. 46])
chU) = {vecC) ‘ [V|(k,a) <0}, k€N, ae(0,1),
the parabolic Holder space on U, where
Wl kay = Y sup|0S07v] + [v] (k)
B+2j<k
and
Loy = Y [050]0]a,
B+2j=k
and where the parabolic Holder semi-norm [w], of a function w is defined by
t —w(t',x’
O 1 1 B (20 T
(b2)eU (2 A () (l2 =2/ + [t = t'[1/2)

We then have the following Schauder estimate:

Lemma E.1 (Schauder estimate). Let a € (0,1). For any k € N, there exists a
constant C' > 0, such that if v is a solution to

o — Av = f,
v(t=0) =0,
with f € C(»*)(U), then
v(k+2,0) < Clfl(k,0) + lullorsziaray.
Proof. For k = 0, this follows e.g. from [26, Theorem 4.28]. For k > 0, we note
that the coefficients in equation d,v — Av = f are constant, and hence we can apply

the base-case to partial derivatives of the equation (more precisely, finite-difference
approximations thereof, and take the limit). O

We also note the following strong LP estimate for parabolic equations:

Lemma E.2. Let p € [2,00). There exists a constant C > 0, such that if v €
L>=([0,T] x T9) is a weak solution of dyv — Av = f, for f € L>(T%), and with
initial data v(¢t = 0) = u, then

[ollwrro,ryxmay < C (I1fllLe + l[ullw2p(ray) -

Proof. Theorem 7.32 of [26] provides a sharper estimate, from which the claim
readily follows. O

Corollary E.3. Let d € {2,3}. There exists a constant C' > 0, and « € (0, 1),
such that if f € L, and v € C*([0,T] x T%), and if v solves d;v — Av = f, with
initial data v(t = 0) = u, then

[0,y < C (If L + lullezray) -

Proof. This follows directly from Lemma and the fact that by Sobolev embed-
ding, we have W1P—C% for a« <1— (d+1)/p for p > d + 1. O
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Proof of Theorem[{.21} The claim follows from a bootstrap argument: From the
a priori estimate of Theorem [£.20] for the Allen-Cahn equation, we know that for
initial data ||ul|p~ < 1, we have |[v(t)||p~ < 1 for all ¢ € [0,7]. In particular, it
follows that |f| = |f(v)] < C is bounded in L*>. Thus, v solves

{Qtv —Av = f,

v(t =0) = u, (B4)

with source term f € L. By the strong LP estimate (cp. Corollary [E.3)), and
the assumed smoothness of u € C*% it follows that v € C*([0,T] x T¢) for some
a € (0,1). In turn this implies the following chain of improved regularity based on
the Schauder estimate of Lemma and using also the fact that u € C*<(T9) for
all k < 4:
veCY(U) = f(v) €C*(U) = vel>* ()
= f(v) €C**(U) = v el (U).

Thus, we conclude that if u € C*%(T9), then we must have v € C**(U). Further-
more, it follows from the estimates of Corollary Lemma [E]] that there in fact

exists a constant o = o(||ul|ce.a) > 0, depending on the C*“-norm of the initial
data wu, such that

[v](4,0) < o(l[ullca.o(ray)-
Clearly, we have [[v||cw.2 @) < |[v]4,a) for any @ > 0. The claimed estimate thus
follows. O
E.10. Proof of Corollary

Proof. Since we have |[v(t)]| poo(ra), [V (t)][Loe(ray for all £ € [0,T7], the difference
w = v —v’, solves the following equation

Oyw = Aw + F(v,v")w,

where F(a,b) := 1 —a? — ab — b*. Tt follows from the uniform boundedness of
v,v" that |F(v,v")| < 4 is uniformly bounded. Multiplying the equation by w and
integrating over x, we obtain

ﬁ w2dx§8/ w? dz.
dt Td Td

And hence, by Gronwall’s inequality, we must have ||w(t)[|2, < [Jw(0)]|3-€ for all
t € [0,T]. We conclude that

[0(T) = v (T) || L2 (ray < €T lJu — v/ || p2(pa)-

E.11. Proof of Theorem [4.26l

Proof. Our main observation is that the local truncation error for the scheme (4.38|),
given by

rfjn = (I — AtDAx)’U(tn,Ij) - (U(tn,ilij) =+ At (v(tn_l,xj) — U(tn_l,ilfj)g) s
has a Taylor expansion

Ov(tn—_1,2;)
T .— At [ =223/
J ! < ot

+ At R(At, Ax),

 AVtrsy) — (Wtri2y) — ot x»S))
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)

where [[v]|¢.a (jo,77xa) is defined by ([4:31). We note that in contrast to our esti-
mate, the remainder term was bounded in [46] by the larger norm [|v|[c2 ([0, 7,04 (14)) -
In view of the available a priori estimates for parabolic equations, the parabolic
norm |[v|| ¢, (jo,7)xT4) appears better adapted to the problem, and provides a less
restrictive convergence result for the scheme. The remainder of the proof is the
same as in [46, Theorem 4.1]. O

where similar to [40], the remainder term R(At, Az) can be estimated by

ot?
<C (At + sz) HU||C(2,4)([O’T]XTd)7

IR(AL, Az)| < C <At Hg:

Al H

8xk

E.12. Proof of Lemma [4.27L

Proof. By a result of Yarotsky [60, Prop. 2, 3], there exists a constant C’ > 0,
such that for any € > 0, there exists a ReLU network x : [-2,2] — R, such that
size(x) < C'(|log(€)| + 1), and
sup [X (&) — &nl < ¢/2.

£&mel-2,2]
In fact, the mapping constructed in [50] is based on the identity &n = 1 ((€ 4 n)? — &2 —
and finding a suitable neural network approximation f,,(x) ~ 22, of the form [50,
paragraph above eq. (3)] f(z) =z — > 1", 27%%g,(z), with m = O(|log(e)|) and
with g5 a s-fold iteration of the following sawtooch function g(x):

2x, x<%,
xTr) = (xr) = O---0 xX).
g(x) {2(1_@7 2> 1 gs(z) = (g 9)(x)
s times

It is then immediate that Lip(gs) < Lip(g)® < 2° and hence Lip(f,) < 1+
S 27%Lip(gs) <14 > 00,275 < 2. It is then readily seen that there exists a
constant M > 0, independent of €, such that

Lip(x : [-2,2]* =) < M.
in addition to the approximation property

sup  [x(&,n) — &l < €/2.
5;776[_171]2

In particular, with the mapping constructed above, we then have sup, ¢;_1 1) |%(n,n)—

n?| < €, and from the assumption that € < 1, it follows that x(n,n) — 1 € [~2,2]
for all n € [—1,1]. Observing that £3 — & = £(¢2 — 1), we find for any n € [—1,1]

1 (n, (X(n,m) — 1)) — (* = )| < |% (0, (x(n,m) = 1)) —n(x(n,n) — 1)
+|n~nn)f1)*n(n -1)|

< s |>< n,§) — n¢|
ge[—-2

+|n\|X n,m) —n?|

<2 sup |x(n,&) —n¢
enel-1,1]

< €.

To finish the proof, we note that if (£,7) — x(&,7) is represented by a ReLU neural
network of size < C’(|log(€)| + 1), then the function

ge(n) := max (—1, min (17 X (77, (i(n,n) — 1))))

n?),
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can be represented by a ReLU neural network of size < C'(]log(e)| + 1), where C is
a constant multiple of C’, and we have g.(n) € [-1,1] for all € R. Furthermore,
since n® —n € [—1,1] for all n € [—1,1], it also follows from the above estimate that
sup |ge(n) — (1’ —m)| < e.
ne[-1,1]
O

Remark E.4. If we consider neural networks g with any smooth (e.g. o € C3(R))
non-linear activation function o : R — R, then the previous approximation result
can be considerably improved [40, Prop. 3.4]: Indeed, by assumption on o there
exists a point zo € R, such that ¢(z¢) # 0. Then for h > 0, n € [—1,1], we have
by Taylor expansion

o(xzg 4+ nh) — 20(xg) + o(xg — nh)
o (Io)h2
as h — 0, uniformly in € [—1,1]. In particular, it follows that for smooth o there
exists a neural network architecture of fized size, such that and for any h > 0, there
is neural network g : [-1,1] — R, n — g(n), such that |g(n) — n*| < Ch for all
n € [-1,1]. As a consequence, using the representation [50]

=n?+0(h),

1
zy==((z+y)* —2> -y,

2
it follows that there exists a constant C' > 0, such that for any € > 0, there exists
a neural network x, : [—1,1]?> = R of size size(x.) < C, such that

sup | e (z,y) — 2yl <e.
z,y€[-1,1]

But then, arguing as in the proof of Lemma [£:27] we find that for any e > 0, the
function g.(z) = X(Xe(z,2),2) — x can be represented by a neural network, with
a neural network size, size(g.) < C’, which is uniformly bounded in € > 0, and such

that SUPye[—1,1] lge(n) — (773 -n)| <e

E.13. Proof of Lemma [4.28l

Proof. By Lemma the non-linearity in (4.39) can be represented by a neural
network with size bounded by

size(ge) < C(1+ |log(e)[), depth(ge) < C(1 + [log(e)]).
It follows that the mapping
(l?lk, cey (77’;) — (gE (ﬁf) ey Qe ((77’%)) =: GE([}’“)7
can be represented by a neural network G, : R™ — R™, with
size(G.) = O(m|log(e)|), depth(G.) = O(]log(e)]).

Since the identity mapping U* — U* can be represented by a ReLU network with
size = O(m), depth = O(1), there exists a neural network with size = O(m|log(e)l),
depth = O(|loge|), which represents

U* — U + AtG(U").
Finally, we note that
U* + AtG(U*) — Rap.at(U* + AtG(U")),

is simply a matrix-vector multiplication of a fized matrix Raz a¢ = (I—-At D Az) L E
R™*™ (independent of U*), with a vector in R™. This operation can be represented
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by a ReLU neural network layer with size = O(m?), depth = O(1). We conclude
that the composition

U s UF + ALG(U%) > Rapa (ﬁk AL GE(T}’“)> — gkH,

can be represented by a neural network N :R™ — R™ with
size(N) = O(m? + m|loge|), depth(N) = O(|loge]).

Since U° = Ul oo o U™ involves the composition of n such steps, we
conclude that U® — U™ can be represented by a neural network A" = ANoNo---oN :
R™ — R™ (n iterations) with

size(N) = O(n(m? 4+ m|loge|)), depth(N) = O(n|log(e)]).

E.14. Proof of Lemma [4.29]
Proof. We note that
Uk — TR = Ragoac (Uk —U*+ At {gE(U’“) - ge(f]k)D
+ AtRag ar ([9(U") = F(UM)]) .

We note that ||U¥||s~ < 1 for all k > 0, by Theorem Furthermore, it has been
shown in [46] that ||Raz atlleee—ee < 1. It follows that

|Razac ([9:UF) = FO]) e < sup ge(n) = f(n)] < e

ne(—1,1]
Denote now EF = ||[U* — U¥||ge, for k=0, ...,n. Then
E*T < ||Rag,axllew e (E® + At Lip(ge) EF) + At e
< (1+ AtLip(g.)) E* + Ate.

Summing over k = 1,...,¢, and taking into account that E° = 0, we find for any
¢e{l1,...,n} that
-1

E@ _ EO +Z[Ek+1 o Ek]
k=0
-1
< Te+ At Lip(ge)E*.
k=1

By the Gronwall inequality, it follows that

E" < eTexp(Lip(g.)T).
The result follows from Lip(g.) < M. O
E.15. Proof of Proposition [4.30

Proof. By definition, the approximator neural network A should provide an ap-
proximation A =~ P o G o D. Our goal is to construct A based on the neu-
ral network approximation of the convergent numerical scheme . To
this end, we first note that by Lemmas there exists a constant C' =
C(suPyesupp(y) llullcza, T) > 0, independent of m, n and ¢, and a neural network
N with

size(N) < C(1 +n(m? +m|log(e)])), depth(N) < C(1 + n|log(e)]),



104 ERROR ESTIMATES FOR DEEPONETS

such that for any u € supp(u), we have
max |Nj(u) —v(zj, T)| < Ce+ Az +T/n),

J

where u = (u(x1),...,u(z;)) = E(u). We note that for the present choice of the
x; as nodes on an equidistant grid, we have Az ~ m~2/4. Thus, we choose n =
[Tm?/ 4], e = m~2/? to conclude that there exists a neural network N : R™ — R™,
such that

size(N) < C(1 +m?T2/4),  depth(N) < C(1 + m?/?1og(m)), (E.5)
and

‘max  |Nj(u) —v(z;, T)| < Cm~ 4, (E.6)

j=1,....m
Given the grid points z;, we note that we can define a linear mapping
L:R™ = C(D), v=(vi,...,0m)+— L(v)(x),

by employing local linear interpolation of the values v; on the mesh z;, i.e. such
that L(v)(z;) = v;. Given the projection operator P, we define a linear mapping
L :R™ — RP by L(v) := PoL(v). With these definitions, we now set A := LoN =
P o LoN. We note that since £ = P o £ is a linear mapping R™ — RP, and since
N is a neural network with size bounded by , we can represent A as a neural
network with

size(A) = O(m?>*?/4 + mp),
depth(A) = O(m? ?log(m) + 1) = O(m? “1og(m)).

Furthermore, for this choice of A, we have
02 = [ 1AW = PoGo D) dEm(w)
— [ JAeew - PogeDe W) dut
supp(p)
— [ IPeLoRog - PoGoDo )l dulw)
supp(u)

Furthermore, we can estimate the integrand for any u € supp(u):

~

|[PoLoNo&(u)—PoGoDol&(u)e
<Pl L2y @) |L o N o E(u) = G o Do E(u)|| 2w
<|ILoNo&(u) —GoDo&(u)| 2w

If we denote by x — v(z,T) = G(u) the solution at ¢ = T of the Allen-Cahn
equation (4.30) with initial data u, and u = (u(x1),...,u(xm)) = E(u), then we
have

£ o./i\/'of(u) —Go DoE(u)||L2(U)
< Lo N(u) — G| 2w + 1G(w) — G o Do E(w)| 2w

< CO|LoN(u) — G(w)| =)+ ClIG(u) —GoDo 6(u>|\mU(>~ |
E.7

~

To estimate the first term, we note that since £ o N (u) and v(-,T) = G(u) are
Lipschitz continuous functions with Lipschitz constant that can be bounded by
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[ullca.e for a fixed a € (0,1), as in Theorem [4.21] we have
1£ 0 N'(w) = G(u) | () < C(llullcae) Az
e |£o M) - G()(a)

= Cllullese) Az +  max |Nj(w) —v(z;,7)|

X
m

< Cm~V4,

In the last step, we used the fact that Az < m~/? and .

To estimate the other second term in , we note that the numerical scheme
applied to u and D o £(u) starts from the same discrete initial data £(u) =
(u(zy),...,u(zm)), since £o D =1d, by assumption. It then follows from the error
estimate of Theorem and the fact that the Lipschitz constant of G(u) and
G o Do &(u) are bounded in terms of ||ul|ca.a, that

IG(u) =G oD o E(u)|p < Om~ 17+ jdnax |G (u)(2;) — G oDo&(u)(x;)]

m

<COm Y4 CAz? < Cm~ V4,

The constant C' = C'(u) > 0 depends on u only through |u||ce.«. In particular,
there exists a constant C’ > 0, such that C(|lul|ca.a < C' for all u € supp(u).
Combining the above estimates, we can now estimate

c?A < C'm~Y,

To conclude, we have shown that there exists an approximator network A : R™ —
RP, for p = m, such that

size(A) = O(m>**¥ % 4 mp),  depth(A) = O(m? % log(m)),
and &4 = O(m~1/4). O
E.16. Proof of Lemma [4.36]

Proof. Let o(r) = max(z,0) be the ReLU activation function. We assume wlog
that € < b — a (otherwise decrease €). We note that

Xfa,p)(2) = o(r—a)—o(x—a-— 6/2)6;-20'(1‘ —b)—o(x—b- 6/2)7

is continuous, satisfies
. 0, z¢la,b],
Xla,b] (z) =
1, x€la+¢€/2,b—€/2],
and is linear on [a,a + €/2] and [b — ¢/2,b]. In particular, it follows that
IXfap) = Lamllzr @) < lla,a+€/2]] +][b—€/2,b]| = e.

Furthermore, Xfa ] is represented by the same neural network architecture for any
choice of a, b, e. O

E.17. Proof of Theorem

Proof. By Theorem there exists a constant C' > 0, and a neural network
N :R™ S R™, with

size(N) < Cm ™52, depth(NV) < Cm, (E.8)
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such that for any u € BV, we have

m
- C
G(u) = > N;(Ew) 1, (+) S
=t LY(D)
We now define A : R™ — RP by A(u) := (Ni(u),...,Ny(u)), where we formally
set N; =0, if j > m. Foreach j =1,...,m, let 7;(y) := Xg,» where ¢ is a neural
network approximation of 1¢; as in Lemma[d.36] i.e. such that
size(t;) < C, depth(r;) =1, (E.9)
such that
Imj —1c;llzr <efor j=1,...,m.
For j > m, we define 7; = 0, corresponding to an approximation of C; := ) for
j > m. Note that we clearly obtain from (E.9) for the trunk net 7 = (7q,...,7,):
size(T) < Cp, depth(r) = 1. (E.10)

Similarly, we define for j = 1,...,p the branch net 8 = (81,...,05,) b
e A
By , we note that
size(B) < Cm™%/2,  depth(B) < Cm, (E.11)
Then, clearly we have

G(w) = Y- 8wm| < | - >N EWI,

=1

<

Lt Lt
+ 2 NG EW)I e, =75
j=1
+ > WGE@) el
Jj=p+1
The first term can be estimated by Cm ™. Each term in the sum for j =1,...,p

can be estimated by

lo, — 75 =1,.
mq—mm—{”@ il )}Sa

0, (j > m)

by choice of the 7;. We also note that |[N;(E(u))| < M for all u € BV, (cp.
Theorem |4.34)). Hence, we have

> INGE)I e, =75l < Mpe,
=1

Finally, the last sum over j = p+ 1,...,m, if non-empty, can be estimated by
m m
_ 2T M
> WE@lhe |l < > =
j=p+1 j=p+1
2r M

= max(m — p,0)

— 27 M max (1 - 3,0) .
m
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In particular, we conclude that there exists a constant C' > 0, independent of p and
m, such that for any € > 0, there exists a DeepOnet (3, 7) with size bounded by

(E1T) and (E10), such that

P
g(u)fZﬂj(u)Tj SC’m*aJGCeJrCmax(lf%,O), Yu € BV .
J=1 Lt

Since € > 0 is arbitrary, we may set ¢ = m~®p~!, and absorb the second term in

the first. Integrating against p with u(BVys) =1, we find that
/ 1G(w) — RoAoE(u)|,, du(u) < Cm™* + C max (1 _ E,O> ,
LY(D) m

where we recall that, by definition, we have
P
RoAo&(u) = Zﬁj(u)rj.
j=1

The claimed estimate on ong thus follows with trunk and branch net complexity

bounds (E.10) and (E.11)). O
E.18. Proof of Lemma [4.40L

Proof. We first note that the covariance operator I'g,,,, can be represented in the

form
27

(Lgypu)(x) = k(z, x")u(a") da’,
0
where

ke = [ et dGan) )

- / G () (@)G (u) (&) dia(u).
L2(T)

Next, we note that for any functional F € L (i), we have
1 2w N .
Flu)dp(u) = o— [ Flu(- —7))dz,
L2(T) 2w 0
and the solution with initial data ug(x — Z) at t = 7/2 is given by G(u(- — Z)) =
vi(z — ). It follows that
2m

[, Gw@e e = o= [ gt - @6 -2
L2(T) 0
1o e
=5 ; ve(x — T)ve (2" — T) dz.

By a change of variables, we thus find

27
Kr,a') = o / ole = )u(a’ — ) o
27
= QL v — 2" + &) () d€
™Jo

=gz —2'),

where
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is written as a convolution. In particular, k(x,2') = g(z —2') is a stationary kernel.
From the stationarity of k(x,z’), it follows that the eigenfunctions of k(z,x’) are
givrn by the Fourier basis {ey }rez, with corresponding eigenvalues

Ak = (2m)g(k),
where g(k) denotes the k-th Fourier coefficient of g. Finally, we note that

Aw:@ﬂﬁ@=ﬁmmﬁzwiﬂ+o<;>.

APPENDIX F. PROOF OF THEOREM [5.3]

We note that, since N is a minimizer of /3, and Ny is a minimizer of £ N, We
have the following well-known bound:

£ () ~E (W) =2 (W) ~£ ()

where the supremum is taken over all admissible § € [~ B, B]%. Starting from this
bound, the proof of Theorem [5.3] relies on the following lemmas, which follow very
closely the argument in [48, Chapter 5.3] (see also [IT], []).

Lemma F.1. Under assumptions [5.1] and [5.2] we have

<+ S w002, | 10— 9w

Jj=1

B

Proof. We have

1Sg" — Si7| < 1G(Z;) — No(Z;)” = 1G(Z;) — Nor(Z5)1?|

<
Il
—

=

(21G(Z)] + INo(Z)| + [Nor (Z5)]) INo(Z;) = Nor (25)]

IA
=
NE

<.
Il
a

AW(Z)112(Z;)]16 = 6" o=

IA
=

<
Il
—

=] -

N
Z ZN®(Z)] | 16 = 6'lle=,

as claimed. O

Lemma F.2.1f 0,...,0k are such that for all § € [—~B, B]?, there exists j with
160 —6;le=~ < e, then
1/p

1/p
E| sup [S) —E[SY)"| <8E[vdP)"+E [_max ‘Sév IE[SQ]” .
0c[—B,B]¢ Jj=1
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Proof. Fix e > 0. Define a mapping j : [-B, B]* = N, by j(0) = min {j € {1,...,K}|]0 — 6;] < €}

Then, we have

1/p
E| sup |S5 —E[Sy]P <E sup |53 = 53!, | + [Sfie) — ElSj(a)]
o[- B,B]4 0€[—B,B]4 3 / /
pq1/p
+[ELs3,,,, - Bl )
N N
<E <j_nﬁ%?fK SNy — EIS2s)|
p1 /P
+* E:W II®(Z;)] )
1/p
<
S E |:J maXK ’S@ [Sg ]’ :|
+ 2 Z (Zppr)”
N o
+8eB[|W(21)0(21) 77,
as claimed. O

Lemma F.3. Let K € N and let 64,...,0 € [—B,B]d9 be given. Then, for any
p > 1, we have

N NP e 1/ N Ny [P1Y/P
_ < P _
E L—I??TK |55 — ELs3)| ] < K7 max B Hsej E[ng]’ |

Proof. This follows readily from the fact that for any measurable X1,..., Xg, we
have

K
E max X P <E X, P ]EXp<K max E[| X;|7].
. J J

=1,

ooy K

j=1 j=1

Lemma F.4. Let 2 < p < co. For any 0 € [-B, B]% we have

16/p — TE [|w[2] /7
VN '

e [|sy ~Esp1P] " <

Proof. 1t follows from [48, Corollary 5.18], with S = + Zjvzl X, X; =19(Z;) -
No(Z )| , that
N r)MP < . 1P1L/p
B (153~ BISIP)” < 20| o B - BLGIP.

But by the boundedness assumption [5.1] we have
X5 < 2G(Z5)” +2IN6(Z))|* < 4](Z;)[.
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Hence
E[|X; — E[XGP]Y7 < 8E[|W(Z,)[*P)"/P = 8E[|¥|*]'/7,

where the last equality follows from the fact that the Z; are iid. Hence

1/p — 2p11/p
E[|S§V—E[ng]|p]/ < 1ovP i]/EN[\P' I

Lemma F.5. Let € > 0 be given. Let p > 2. Then we have

1/p
PP 2 1
E| sup [|SY —E[SN|"| <16||w 2p<e|<1> o+ YPW L2 o )
LE[B’BW\ Y - Eisy) @l (e + Y

where K (€) denotes the e-covering number of [—B, B]%.

Proof. Denote K := K (¢) the covering number of [~B, B]%. Then, by the defini-
tion of a covering number, there exist 0y, ..., 0k, such that for any 6 € [-B, B]%,
there exists j € {1,..., K}, such that |§ — §,] <e. By Lemma we have

1/p 1/p
E| swp [S)-E [SZ,VHP] < SB[ U|]V/P +E {_r{laxK ]sgj ) [Séﬂ H

6e[—-B,B]% Jj=1,...,

We estimate the first term by
BeE[|UP[']/P < 8eE[| W[/ *PE[|®[*F]"/% = 8e|| ¥ 20| 2
By Lemma and Lemma [F-4] we can estimate the last term

P}l/p

e s —2 s8] ] < 0 s s [53)

16K/ /pE [|w[2] /"
<
VN
16K /P /p || W72,
VN '

Substitution of these upper bounds now yields

16K/7 /p[|V]]3.,
VN '
The claimed bound follows. O

p11/P
£ | max, [s5-E[s][7] < sl el +

7j=1,....K

We also remark the following well-known fact:

Lemma F.6. The covering number of [—B, B]¢ satisfies

K(e) < (OB)d,

€

for some constant C' > 0, independent of ¢, B and d.

Proof. For a proof, see e.g. [48] Lemma 5.11]. O



ERROR ESTIMATES FOR DEEPONETS 111

Often, one can prove a bound of the form
Gu) < W(u,y) <O (1+ [lullzz)”,

and for Gaussian measures p, we note that there exists o > 0, such that
2
/ Ml du(u) < oo.
L3

We next want to derive some estimates on ||¥||z», as a function of p.

Lemma F.7. Let p > 1, a > 0. The mapping

[0,00) = R, 2 plog(l+z) — az?

satisfies the upper bound

plog(l + z) — ax? < plog (1 + ;) .
a

Lemma F.8.If A= [, exp(allul|7.) du(u) < oo, then

1/p
(/Lz (1+ flullz2)™ dM(U)> <a(1+2)

Proof. We have
(1 + |Jull£2)" = exp (kplog(1 + |lul|z2))

cellull?

= exp (rplog(1 + [lull 12) — o|ul|?)

<exp| sup aplog(l+x) — az? eollull®
z€[0,00)

From Lemma it follows that
Kp
(Ll < (14 Z2) 7 el

Thus, we conclude that

1/p K K
1 ) < AP (1 @) <A(1 @)
([astuiye) " <avm (14 22) <4 (1+ 2",

for all p > 1, where in the last step, we have used that

A= [ explalulfta) dutw > 1
for any a > 0. O
Proof of Theorem[5.3 Note that
EN) - £ <2 sup

0e[—B,B]%

Ln(Ny) — E(Ng)‘ :
We now claim that

2K+1/2
E sup ) , o (F.1)

0c[—B,B]%

Ln(Ng) — 2(/\/9))] < \/(% (1 + dglog(CBVN)

for C = C(a, k, ¥, ®), from which the claimed bound on the generalization error
follows. To prove the claimed inequality (F.1J), we note that

Ln(Np) — L(Ng) = S} —E[S]].
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By Lemma [F.5] and we have for any p > 2 and € > 0:

1/p do/
CB\“"" \/p||¥] L2
E| sup |[SY—E[SM"| <1692 | €]|®] 120 + <> v =)
ocl_B.B]l | 0 [ 0 ]| L L € /N

By assumption on ¥, ®, there exist constants C' > 0, x > 0, such that
W (w, )], [(u,y)| < C(A + [Jul|L2)". (F.2)
By Lemma [F.8] we can thus estimate
1) z2r, [@]lL2e < C (1 +y5p)",

for constants C, v > 0, depending only the measure p and the constant C' appearing
in the upper bound (F.2)). In particular, we have

1/p do/

" CB\"'" /p
sup SN —E[SY]["] < 16C%(1+ ykp)® e+<) Y,
0€[—B,B]% | 0 [ 0 ” ( ) € v N

for some constants C,y > 0, independent of «, u, B, dg, N, ¢ >0 and p > 2.
We now choose € = ﬁ, so that

cB\™" p 1 ( do /p

e+ — Yo = — (14 (CBVYN ) .
( ¢ ) 75~ 7w L (eBvR) e

Next, let p = dp log(CBvN). We may wlog assume that p > 2 (otherwise, increase

the constant C'). Then,

(C’B\/N)de/p\/ﬁ:exp (W]W’)\/];_e dglog(CB\/N),

E

and thus we conclude that

e+ (?)de/p\/\/jgv < % <1 +e/dy 1og(CB\/N).) .

On the other hand, we have
2Kk
(14 yrp)** = (1 + ykdy log(C BV N)) .

Increasing the constant C' > 0, if necessary, we can further estimate
2K+1/2

(14 idy log(CB\/N))% (1 +er/dy 1og(CB\/N).) < C (1+dylog(CBVN)) ,

where C' > 0 depends on k, v, p and the constant appearing in , but is
independent of dy, B and N. We can express this dependence in the form C' =
C(p, ¥, ®) > 0, as the constants x and v depend on the Gaussian tail of 4 and the
upper bound on ¥, .

To conclude, we have shown that there exists a constant C = C(u, ¥, ®) > 0,
such that for any dy, B and N, we have

E l sup  |Ly(Np) — E(Ng)‘ =E sup |85 —E[S7] |]
0c[-B,B]d0 9€[-B,B]%
1/p
<E sup ‘Sév —-E [Sév]’p]
0e[—B,B]%
C 2r41/2

This is the claimed inequality (F.2]). O
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