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Abstract

We illustrate the general point of view developed in [SIAM J. Math. Anal., 51(6),
4356-4381] that can be described as a variation of Helgason’s theory of dual G-
homogeneous pairs (X, E) and which allows us to prove intertwining properties and
inversion formulae of many existing Radon transforms. Here we analyze in detail one
of the important aspects in the theory of dual pairs, namely the injectivity of the
map label-to-manifold § — é and we prove that it is a necessary condition for the
irreducibility of the quasi-regular representation of G on L?(Z). We further explain
how the theory in [STAM J. Math. Anal., 51(6), 4356-4381] applies to the classical
Radon and X-ray transforms in R3.

Key words. Homogeneous spaces, Radon transform, dual pairs, square-integrable represen-
tations, inversion formula, wavelets, shearlets.
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1 Introduction

The circle of ideas and problems that may be collectively named “Radon transform theory”
was born at least a century ago [20] but still abounds with questions and new perspectives
that range from very concrete computation-oriented tasks to geometric or representation
theoretic issues. We may describe the heart of the matter by paraphrasing Gelfand [10]:

“Let X be some space and in it let there be given certain manifolds which we shall
suppose to be analytic and dependent analytically on parameters &1, ..., &, that is {£(§) =

(&1, ..., &)}, With a function f on X we associate its integrals over these manifolds:

RI(E) = f f(2)dme ().
é

We then ask whether it is possible to determine f knowing the integrals R f(£).”

Among the many generalizations and theorems that may be subsumed in this basic, yet
profound, mathematical sketch, it is certainly worth mentioning Helgason’s contribution,
inspired [14] by work of Fritz John’s, in turn triggered by Radon’s original result [20]
dating back to 1917. In particular, Helgason developed the notion of dual pairs and double
fibrations, whereby (Lie) groups and homogeneous spaces thereof stand at center stage. His
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basic observation comes by inspecting John’s inversion formula for the integral transform—
nowadays the prototypical Radon transform-defined by integration over planes in R®. The
inversion takes the form

f(x) = —S%Ax<f Rf(n,n- X)dn),
32

where (n,t) — Rf(n,t) is the function on S? x R given by the integral of f over the plane
én,t ={xeR?:n-x =t}, A, is the Laplacian and dn is the Riemannian measure on the
sphere S2. This formula, observes Helgason [14], “involves two dual integrations, Rf is the
integral over the set of points in a plane and then dn, the integral over the set of planes
through a point.” Furthermore, the domain X on which the functions of interest are defined
(here X = R3) and the set = of relevant manifolds (here the two-dimensional planes) are
homogeneous spaces of the same group G, namely the group of isometries of R3, and enjoy
a sort of duality, well captured by the differential-geometric notion of incidence that was
introduced by Chern [6].

Helgason proceeds on developing this duality in group-theoretic terms, emphasizing a
remarkable formal symmetry, according to which the objects of interest come naturally
in pairs, one living in X and its twin in =. Most notably, each point £ € E (the pair
(&1,€) = (n,t) in our basic example) labels one of the actual submanifolds € of X on
which the relevant integrals are to be taken (the plane £(n,t)). Conversely, with each
point z € X it is natural to associate the “sheaf” of planes passing through it. In the
example above, this is precisely the set x = {£(n,x-n) : n € S2} over which the integral of
R f is taken.

In the abstract setting developed by Helgason, the whole construction enjoys natural
properties as long as the mappings £ — é and x — & are both injective, requirement
that is then built into the definition of dual pair and expressed algebraically. Note that
in the above example, the map (n,t) — £(n,t) is two-to-one and this lack of injectivity
is reflected by the fact that Rf is an even function. The central object is of course the
Radon transform

RI(E) = ff(x) dme(z)
é

for integrable functions on X, where m¢ is a suitable measure on é .

Utilizing a variation of this framework, which is recalled in full detail below, we have
addressed [1] some issues that are naturally expressed in this language. Our main contribu-
tion (see Theorem 1) is a general result concerning the “unitarization” of R from L*(X, dz)
to L?(Z,d¢) and the fact that the resulting unitary operator intertwines the quasi regular
representations 7 and 7 of G on L?(X,dx) and L?(Z,d¢), respectively. This unitarization
really means first pre-composing the closure of R with a suitable pseudo-differential oper-
ator and then extending this composition to a unitary map, as is done in the existing and
well-known precedecessors of Theorem 1, such as those in [13] and in [23]. The represen-
tations 7 and 7 of course play a central role and are assumed to be irreducible, and 7 is
assumed to be square integrable (see assumptions A4) and A5) below). The combination
of unitary extension and intertwining leads to an interesting inversion formula for the true
Radon transform, see Theorem 2.

Compared to [1], the present article adopts a slightly different, though fully compatible,
formalism in the sense that we take here the point of view that seems most natural in
applications. Indeed, the space X where the signals of interest are defined and the set
of submanifolds of X where integrals are to be taken are both in the foreground, and
the group G of geometric actions that one wants to consider comes next, taylored to the
problem at hand. In this regard, it is important to observe that, in principle, there are
many different realizations of X as homogeneous space, and the choice of G is tantamount
to choosing the particular set of transformations (or symmetries) that one wants to focus
on. What is of course essential is that they are plentiful enough. As for the submanifolds,
we observe that in most applications one has in mind a prototypical submanifold éo. We



thus choose and fix fo, which we refer to as the root submanifold, as the image of the base
point 7o € X under the action of some closed subgroup H of G. Thus & = H [zo], and
the other submanifolds are obtained by exploiting the fact that X is a transitive G-space.
This entails that X is covered with all the shifted versions of fo by means of the geometric
transformations given by the elements of G. Incidentally, in this way one often achieves
families of foliations, and in most cases this leads to a natural splitting of the parameters
in =, those that label the foliation and those that select the leaf in the foliation.

Although largely inspired by the work of Helgason, our approach is different in several
ways that are discussed in detail in Section 2. His construction rests not only on the strict
invariance of the measures on X, Z and & (versus relative invariance as in our construction)
but on the fact that the correspondence & — f between “labels” in the transitive G-space
E and submanifolds of X is assumed to be injective. In the present article we investigate
this issue in detail and focus on the subgroup H of G that fixes &, in principle larger than
H. We find (Proposition 5) that the map £ — f is injective if and only if H=H and we
further show in Theorem 7 that, under reasonable assumptions on H if this equality fails,
then 7 cannot be irreducible. This implies that in order for assumption A5) to be fulfilled,
one must choose H as large as possible among those subgroups of G that fill out éo by
acting on xg. Our theory is then illustrated with the help of two examples, namely the
classical Radon transform and the X-ray transform in R3, both analyzed with the group
SIM(3) of rotations, dilations and translations. Again, this is different from Helgason’s
standard choice, the isometry group M(3).

The paper is organized as follows. In Section 2 we set up the context and recall the main
results of [1]. In Section 3 we present a rather detailed analysis of the relations existing
between the objects naturally arising from an arbitrary choice of H and those that come
from the maximal choice H. This leads to the main contribution of this work, namely the
fact that a gap between H and H implies that the quasi regular representation 7 of G on
L?(Z) cannot be irreducible. Section 4 illustrates our theory with two classical examples
in three-dimensional Euclidean space.

2 The framework

In this section we introduce the setting and the main result of [1].

2.1 Notation

We briefly introduce the notation. We set R* = R\{0} and R* = (0, +o0). The Euclidean
norm of a vector v € R? is denoted by |v| and its scalar product with w € R? by v - w.
For any p € [1, +o0] we denote by LP(R?) the Banach space of functions f: R? — C that
are p-integrable with respect to the Lebesgue measure dz and, if p = 2, the corresponding
scalar product and norm are (-,-) and | - |, respectively. If E is a Borel subset of R, |E|

denotes its Lebesgue measure. The Fourier transform is denoted by F both on L?(R¢) and
on L'(RY), where it is defined by

w) = Jf(x)e*%“”dx, f e LYRY).

If G is a locally compact second countable (Icsc) group, we denote by L?(G, ug) the Hilbert
space of square-integrable functions with respect to a left Haar measure ug on G. If X is
a lesc transitive G-space with origin xg, we denote by g[z] the action of G on X. A Borel
measure v on X is relatively invariant if there exists a positive character a of G such that
for any measurable set E € X and g € G it holds v(¢[E]) = a(g)v(E). Furthermore, a
Borel section is a measurable map s: X — G satisfying s(x)[xo] = = and s(z¢) = e, with
e the neutral element of G; a Borel section always exists since G is second countable 25,
Theorem 5.11]. We denote the (real) general linear group of size d x d by GL(d, R).



Given two unitary representations 7,7 of G' acting on two Hilbert spaces H and 7%,
respectively, a densely defined closed operator T: H — H is called semi-invariant with
weight ( if it satisfies

#g)Tn(g) =Cg)T, geG, (1)

where ( is a character of G, see [7].

2.2 Setting and assumptions

The Radon transform of a signal f: X — C is defined as the integral of f over a suitable
family {f} of subsets of X indexed by a label £ € =.

In this paper, we assume that the input space X is a lcsc space and the signals are
elements of the Hilbert space L?(X, dz), where dz is a given measure on X, defined on the
Borel o-algebra of X and finite on compact subsets.

Following Helgason’s approach, the family {f } is defined by first choosing a lcsc group
G acting on X by a continuous action

(9,2) — g[z] (2)

in such a way that X becomes a transitive G-space. Then, we fix an origin zo € X, a closed
subgroup H of G and we define the root &y of the family {¢} as

€0 = H[xo], (3)

which is a closed H-invariant subset of X, by [13, Lemma 1.1]. Denote the set of left cosets
by Z = G/H and define for each £ = gH € = the closed subset of X

é = Q[éto] = gH[xo], (4)

which is independent of the choice of the representative g € G of £ € G/H.
In order to view the roles played by X and = as somewhat symmetric, we introduce
the stability subgroup of G at z¢

K = {k‘E G: k[xo] = .’Eo}7

which is a closed subgroup of G such that X can be identified with G/K by means of the
map
G/K 3 gK — g[zo] € X.

Conversely, we regard = as a transitive lcsc space with respect to the continuous action of
G given by

9&=(99)H E{=gHeE (5)
and we choose, as origin, the point §y = eH, which makes (3) and (4) consistent with each

other (see Lemma 3 below).
With this setting, we need the following conditions to hold true:

A1) the measure dz is relatively G-invariant with character o and there exists a relatively
invariant measure d¢ on = with character ;

A2) there exists a relatively H-invariant measure mg on fo with character ~;

A3) there exist a Borel section o: Z — G for the action (5) and a character ¢ of G such
that

(o (€)lga(g7".€) = lg), geG €T (6)

A4) the quasi-regular representation 7 of G acting on L?(X,dx) as

m(9)f(x) = alg) 2 (g~ [x]),

is irreducible and square-integrable;



A5) the quasi-regular representation 7 of G acting on L?(Z,d€) as

#(9)F (&) = Blg) /*F(g7".€),
is irreducible;

A6) there exists a non-trivial r-invariant subspace A < L?(X,dx) such that for all f € A

Fo(©)[]) € L' (€o,mo) for almost all € € =, (7a)
Rf = [ £(o0)ehdmo(o) € *(E.de), (1)
€o

and the adjoint of the operator R: A — L?(Z,d¢) has non-trivial domain.

We add a few comments. The assumption that the measure dz is (relatively) invariant
ensures that the group G acts also on the signals by means of the unitary representation
.

It is worth observing that (7a) is independent of the section o. Indeed, if ¢’ is another
section, by assumption A2) we have

f (0" (€)[e])dmo(x) = j F(0(€)(€) 1o’ (&) [a]) [dmo ()
& &
— 1 (0'(€) 10 () j |Fo(©)[2]) [dmo(z),
&

since o (&)~ 1o’ (&) € H.
By means of the section o, the family {£} is given by

£=a(9] = X, (8)

and the map z — o(€)[z] is a Borel bijection from & onto &, so that (7b) reads as

RF(E) = f f(@)dme(z), (9)
é

where mg¢ is the image measure of mg under the above bijection. Hence for any signal
belonging to A, the map Rf is precisely the Radon transform of f. Note that A is a
dense subspace of L?(X,dx) by irreducibility of 7 and this property also guarantees that
the adjoint of R is uniquely defined.

Given the space of signals L2(X, dz), there are possibly many different pairs (G, H) that
give rise to the same family {£} of subsets and (essentially) to the same Radon trasform
R. In this paper, G is chosen in such a way that 7 is a square-integrable representation,
so that there exists a self-adjoint operator

C: domC ¢ L*(X,dz) — L*(X,dx),

semi-invariant with weight Az, where A is the modular function of G. Hence, for all
1 € dom C with |Cvy| = 1, the voice transform V,

(Viﬁf)(g) = <f»7T(9)1/1>» ge G,

is an isometry from L?(X,dz) into L?(G, ). In this case the vector 1 is called admissible
and we have the weakly-convergent reproducing formula

f = j Vo) (@)m(@)¢ duclo). (10)
G



see, for example, [8, Theorem 2.25]). Eq. (10) is at the basis of our reconstruction for-
mula (14).

We stress that in Helgason’s approach, the representation 7 is not directly considered,
and hence there is no need to require it to be either irreducible or square-integrable. This
entails a larger freedom in the choice of the group G.

We recall that, since X, = and fo are transitive spaces, there always exist quasi-invariant
measures on these three spaces. In Helgason’s approach, it is assumed that the measures
are invariant, so that they are unique up to a constant. In this paper, we only require that
dz, d¢ and mg are relatively invariant. In particular, mg is not uniquely given (up to a
constant) and the definition of the Radon transform depends not only on the family {¢},
but also on the measure mg and the section o. Since mg is not invariant, Assumption A3)
is needed to ensure the right covariance properties of the Radon transform and in many
examples it can be easily satisfied by a suitable choice of the section o.

2.3 The Unitarization Theorem and Inversion Formula

The isometric extension problem for the Radon transform was actually addressed and
implicitly solved by Helgason in the general context of symmetric spaces, see [12, Corollary
3.11]. However, as a consequence of the intertwining properties of the Radon transform it
is possible to provide an alternative proof of the following result, see [1].

Theorem 1. Under the above assumptions,
(i) the Radon transform R: A — L?(Z,d¢) admits a unique closure R;
(ii) the closure R satisfies

Rn(g) = x(9)"'7(9)R, (11)
for all g € G, where x is the character given by
x(9) = a(9)?B(g) " *1(go(g™"60)) (12)

(iii) there exists a unique positive self-adjoint operator
Z: dom(Z) 2 ImR — L*(E,d¢),

semi-invariant with weight ¢ = X' with the property that the composite operator
IR extends to a unitary operator Q: L*(X,dx) — L%(Z,d¢) intertwining ™ and 7,
namely

#(9)Qm(g) ' =Q, geG. (13)

It follows that the representations m and 7 are equivalent, so that 7 is square-integrable,
too.

Since Q is unitary and satisfies (39) and 7 is square-integrable, it is possible to prove
the following inversion formula for the Radon transform, [1].

Theorem 2. Let ¢ € L?(X,dx) be an admissible vector for the representation m such that
QY edomZ, and set W =T Q. Then, for any f € domR,

f = [ @ RL 7@V 790 duc(o). (14
G
where the integral is weakly convergent,and
112 = [ XIS 0 0)Pluto). (15)
G

If, in addition, ¢ € dom R, then ¥ = I>Ra).

Note that the datum Rf is analyzed by the family {#(g)¥},ec and the signal f is
reconstructed by a different family, namely {7(g)¢}4ec. The idea to exploit the theory of
the continuous wavelet transform to derive inversion formulae for the Radon transform is
not new, we refer to [4, 15, 16, 19, 22, 26, 27]-to name a few.



3 Dual pairs and irreducibility

In this section, we show the relation between our setting and the notion of dual pairs

introduced by Helgason [13] and the connection with the assumption on the irreducibility.

If we identify X and = with the corresponding homogenous spaces G/K and G/H, so that

¢ = g1 H for some g € G, then a point 2 = g, K belongs to ¢ if and only if g2 K ng1 H # &,

which is the notion of incidence introduced by Chern in [6] and adopted by Helgason.
Interchanging the roles of X and =, we can define

[1]

jOIK.gogE, fZS(CC).f()g

)

where s: X — G is any section for the action (2). The notion of incidence makes clear the
following duality relation R
rzeé — Eex.
Furthermore, if Z( admits a relatively invariant measure 79, we can define the back-
projection of a function f: Z — C as

R¥ (x) f F(5(2).€)diing(€) = Jf(&)dmx(o

provided that the integral converges, where r, is the image measure of my under the
bijection £ — s(z).£ from i( onto .

The pair (X, Z) is called a dual pair by Helgason if both the map £ — é and the map
x — & are injective. Below we provide an alternative characterization of injectivity. We
need some preliminary facts.

Lemma 3. Forallge G and (€ =
glél = g
Proof. For ge G and &£ = ¢'H € =, by equations (4) and (5) it holds that

This concludes the proof. O

Lemma 4. The set

H = {geG|gl] = &}
is a closed subgroup of G and HoH.

Proof. Clearly, Hisa subgroup of G and H > H. We prove that it is closed. Let (g,), be
a sequence of H converging to g and x € §07 then (gn[z]), is a sequence of fo converging
to glz] € 50 since the action is continuous and 50 is closed. Then, g[fo] c 50. The same
argument applied to the sequence (g, 1), in H , which converges to g~ !, yields 971[50] c fo,
namely, §o < g[&]. O

The next proposition provides an alternative characterization of the injectivity in terms
of H. More precisely, the map § — ¢ is injective if and only if H is chosen as the maximal
subgroups fixing &;. The reader is referred to Section 4 below for two examples of this
aspect.

Proposition 5. The map £ — é 1s ingective if and only zfﬁ' =H.

Proof. Given {;,f’ € E, the condition £ = £ is equivalent to o (&) 1o (&)[&] = &o, ie.,
o(¢)ta(§) e H.

On the other hand, since £ = 0 (§).§p and ¢’ = o(&’).£o, the condition £ = ¢’ is equivalent
to 0(§).§o = 0 (¢')-o, te., 0(¢) 1o (€) € H.



IfH = ﬁ,Nit follows that é = g’ ifand only if £ =¢'. If H # ﬁ, then since H is always
contained in H, there exists g € H\H. Then, by Lemma 3,

€0 = 9l&] = 940
However, g.£y # &y because g ¢ H. O

[112

Since H is closed, we can consider the transitive space = = G/H and, since H is a

closed subgroup of H , the map

~
—
—

(1]

., j(gH)=gH,

—

7
is a continuous surjection intertwining the actions of G on = and ﬁ, i.e.
i(9.6) =9.3(&), geG,{eE,

where the action of = is still denoted by g.g . Furthermore, for all E = gf[ € ﬁ, we define

§= Qﬁ[%]

Corollary 6. For all £ e =

and the map g'—> 5 is injective.

Proof. Fix £ = gH € =, then

§(€) = gHl[xo) = g(HH)[x0] = gH[éo] = g[&0] = €,
where the second equality holds true since HH = H whereas the fourth equality isAdue to
the definition of H. If {0 = j(&) = H is the origin of %, from (16), it follows that {0 = &,
so that H = H and the injectivity follows from Prop. 5 with H replaced by H. O

3.1 Irreducibility

In this section we show that if H is a proper subgroup of H , then 7 is not irreducible. To
prove the claim we need that H satisfies the same assumptions made on H and that there
is the appropriate compatibility between the two subgroups. N

As in A1), we first suppose that G/H has a G-relatively invariant measure d¢ with the
same character 8 of d€. Since [ satisfies

_ Ay ~ _ Au(h)
then
Ap(h) = Az(h),  heH. (18)

Eq. (18) implies that there exists an invariant measure w on H /H, see [5, Corollary 2
Section 2, No. 6 INT VII.43].

Note that on is a transitive space with respect to the action of H. As in Ass. A2), we
also assume that the measure my is relatively H-invariant with character 7. Note that

() =A(h),  hed.
Finally, strengthening the analogous of A3) for é, we suppose that o is such that
Fo(€) () = 1, (19)

for every &£, &' € E with j(§) = j(¢').
The main result of this work reads as follows.



Theorem 7. Under the above assumptions, if 7t is irreducible, then H = H and the map
& — £ is injective.

The rest of this section is devoted to the proof of this result.

To prove our main result we recall the following disintegration formula. We adopt the
notation of [5, Definition 1, Section 2, No. 2 INTVIL31]|. Given a character 8 of G and
a closed subgroup Gy of G, we denote by 3 - ua/paG, the unique measure on the quotient
space G/Gy such that for all compactly supported continuous functions f: G — C

j B(9)/ (9)duc(g) = f f Flah)dugy (h) | d (8 - pe/1ay) (9Go).

G/Go Go

Observe first that, according to [5, Theorem 3, Section 2, No. 6 INT VII.43], the relatively

invariant measures d¢ and d¢ are proportional to (B-pa)/ugg and (B-pug)/pw, respectively.
Furthermore, note that the map

(G,H) > (g9,h) > ghe@G

defines a continuous and proper right action of H onto G. The measure B - ug is right
relatively H-invariant with character Az. Then by [5, Corollary 1, Section 2, No. 8
INT VII45|, there exists a positive constant C' > 0 such that, for any f € L'(Z,d¢)

ff )de = OJ | 1E@nswum) | (20)

H/H

(1)

where 5: = — G is a section and the value f(N(g)h &o) depends only on the left coset hH
since H is the stablhty subgroup at ;. The right hand side is well defined since there is a
negligible set E < = such that if 5 ¢ E, the map

H/H 5hH — f(&(f)h{o) eC
is integrable with respect to w, and the almost everywhere defined function

GG

H/H

[I]?

is integrable with respect to dg . Furthermore, (20) is equivalent to

[reac-c| ff ) |dE (21)
E g \j©=

where Vg is the image measure of w under the map
H/H 5 hH — §(£)h.& € 2,

which is a homeomorphism from H/H onto the closed subset j~* (§ ). In partlcular it holds
true that the support of each Vg is j *1(5) As a consequence, a subset EcZis negligible

with respect to df if and only 1f ) ) is negligible with respect to d&.
The next lemma shows that the Radon transform R f(£) depends only on j(§).

1]e

Lemma 8. For all f € A, there exists F:Z 5 Canda negligible set E < E such that
j~Y(E) is negligible and

~

RIE) =F(j(€),  £¢i 7 E). (22)

Furthermore, for every £1,&3 € =

G=& = Rf(&)=Rf&)



Proof. Given f € A, define

E ={¢eZ: f(a(&)[]) ¢ L' (é0,m0)}.

By (7a), the set F is negligible. For any two points £, ¢’ € = such that j(§) = j(£'), taking
into account that o(¢/)~1o(¢) € H and by assumption (19), it holds that

RI(E) = f (0 (©)(&) " o (€ [x]) dmo(x)

— §(o(€) 1o (¢)) Jf(a(ﬁ))[x]) dmo(x)
&

= (o) o (©))RF(E)
=Rf(E),

so that either £, ¢ E or &, € E and the claim follows with E = j(E) because E =
7~ Y(j(E)). Since E is negligible, so is E as a consequence of (21), as already observed.
The last part immediately follows from Corollary 6. O

As shown by the following corollary, F' is the Radon transform of f associated to the pair

~

(X,E), which trivially satisfies A1) to A4), whereas the definition of the Radon trasform
requires only (7a).

1]

Corollary 9. Let q: Z — Z be a measurable section such that q(go) = &. Then o =
coq: & — G is a measurable section. Furthermore, the pair (X,Z) satisfies A3) and (7a)
for all f € A and, denoting the corresponding Radon transform by R, for all f € A,

RF(E) =Rf(j(E)  ae €,

and

(e

RF(€)=RfE) ae Ee

Proof. Let p: G — Z and p: G — Z be the canonical projections, then p = jop. We
readily derive

ped=jo(poo)og=joqg=1d,  (j(&)) = a(é) =€,

so that & is a measurable section from = to G.

~

From (6), with £ = ¢(§) and g € G we get

u(g) = v(o(a(©) go (g™ q(€)))
= 3(F@ g (357" (€)1 ) o(e)
=3(3(&) g5 (g7 ))F(a(€) " a(¢")
=5(5(&)'g5(g7".9))

where ¢ = q(g71.€) and &” = g~1.q(€) are such that j(&') = j(€") so that the last equality
is a consequence of (19). Hence, Assumption A3) holds true.

We now prove (7a) for . Take f € A. Let E < = be the negligible set given by
Lemma 8. Note that if £ ¢ £ then q(g) ¢ j_l(E). Thus, for € ¢ E we have

f FEE) ] [dmo(x) = f |F(o(a@)])ldmo(z) < +o0,
éo o

10



and so f(&(E)[]) e L' (£, mo). Similarly, for £ ¢ E we have

ﬁﬂé:=jf@@ﬂﬂmmam:1ﬁﬂdm@ﬂﬂMmdm:=Rﬂ«5»
& &

Finally, for £ = §(€) with € ¢ j71(E) we have j(q(g)) = ¢, and so Lemma 8 yields

RIG() = Rf(E),
as desired. 0

Lemma 10. The space
L2(2,dE)o = {F € L*(B,d¢) | F(€) = F(j(€)) for a.e. €€ E for some F: E — C}
s a closed w-invariant subspace. Hence, if 7 is irreducible, then
L*(E,d€)o = L*(E, df). (23)

Proof. We first observe that, given F € L?(Z,d¢)g, by construction there exists F:Z-5C
such that F' and Fo 7 are equal almost everywhere. Hence, we can always assume that
F=Foj.

Let (F},) be a sequence in L?(Z,d¢)o converging to F' € L%(Z,d¢). As observed, we can
assume that F, = F, o j where F,: = — C. Since F, converges to F', possibly passing to
a subsequence, there exists a negligible set E such that

lim F,(§) = lim F,(j(&) =F(E), E¢E.

n——+0o0 n——+0o0
Define F: = — C as

F(§) = =

N { lim F,(§) €£ej(E\B),
0 £¢ j(E\E).

Then by construction

F(&) =F(j(¢), ¢¢E.

It follows that L?(Z,d¢)o is closed. We now prove that it is #-invariant. Given g € G, for
all F e L2(Z,d¢)o

so that L2(Z,d¢)g is #-invariant.

Assume that 7 is irreducible, then L%(Z,d¢) is zero or the full space. Since A is not
trivial, there exists a non-zero f € A such that Rf € L?(Z,d¢)o by (22). Furthermore,
Rf # 0since ZRf = Qf # 0 because Q is an isometry. Hence L?(Z,d¢)o is non-trivial
and L2(Z, d€)o = L2(E, d¢). O

The proof of Theorem 7 will be an immediate consequence of Proposition 5 and of the
following result.

Proposition 11. Assume that H +# H, then 7 is not irreducible.

Proof. Suppose by contradiction that # is irreducible, then L?(Z,d¢)y = L*(Z,d¢) by
Lemma 10.

11



[1]x

Figure 1: The setup considered in the proof of Proposition 11.

We first prove that w is a finite measure. Fix f € L'(Z,d¢) n L?(Z,d€) such that f is
positive and f # 0, then there exists F': = — C such that F(j(€)) = f(&) for all £ ¢ E
where E c = is negligible. Hence, by (21)

O<Jf £)de = JF
i(6)=¢

= CJF(E) ve(2)df < 0.

| Pl |a

g
m
Q

[I]Z%

[1e

It follows that there exists a negligible subset E < = such that for all E ¢ E, Vg(E) is finite.
By construction of vg as image measure

ve(E) = w(H/H) < +0,  Ee

[I]e

For every £ € Z, the map hH — (5(£)h).& is a homeomorphism from H/H onto j~ ().
Thus, since H/H is not a singleton, there exist &;, & € j71(€) such that & # & and, hence,
two disjoint compact neighbourhoods Vgl7 Vg of &1 and &, respectively (see Figure 1). Since

the support of v is 571(£), then

z/~(v§) >0, vx(VZ) > 0. (24)

Let now K < = be a compact set of positive measure,
Z={(eE:j(§)eK, §EV(£)},
and f be the corresponding characteristic function of Z. By applying (21) we obtain
0<J|f €)|2d¢ = Jf )¢ = cf Cw(H/H)Jd§~<+oo,
K

which is finite since w(H/H) < +o and K is compact. We can apply (21) since f is
positive [5, item c), Corollary 1, Section 2, No. 8 INT VIL.45]. Hence f € L3(Z,d¢) and,
as above, there exists F': © — C such that F(j(&)) = f(§) for all £ ¢ E' where E' < Z is
negligible. Since E’ is negligible, by (21) applied to the characteristic function of E’ there
exists a negligible subset E’ < = such that

ve (B ni @) =0, ¢ (25)

12



Choose an arbitrary ge K\E’ By (24) and (25), for i = 1,2 there exists £ € Vg\E’ such
that j(¢') = E’. Thus

1 ifi=1,
0 ifi=2,

which is absurd. O

4 3D-signals: Radon and ray transforms

4.1 The Radon transform on R?
4.1.1 Groups and spaces

The Radon transform on R? of a signal f is defined as the integral of f over the set of
planes in R3. We show that this is an example of our construction.

The input space is X = R3 and the group is SIM(3), the semi-direct product R?® x K,
with K = {aR € GL(3,R) : R € SO(3),a € Ry }. Under the identification K ~ SO(3) x R,
we write (b, R, a) for the elements in SIM(3) and the group law becomes

(b, R,a)(b’,R';a’) = (b + aRb',RR,ad’).
A left Haar measure of SIM(3) is given by
du(b, R,a) = a~*dbdRda, (26)

where db and da are the Lebesgue measures on R and R, respectively, and dR is a Haar
measure of SO(3). The group SIM(3) acts on R? by the canonical action

(b, R,a)[x] = b + aRx, (b, R,a) € SIM(3), x € R.

The isotropy at the origin xg = 0 is the subgroup {(0,%) : k € K} which we identify with
K, so that X ~ SIM(3)/K. Furthermore, the Lebesgue measure dx on R? is a relatively
SIM(3)-invariant measure with positive character a(b, R,a) = a®. It remains to choose the
closed subgroup H of SIM(3) in such a way that {E } is the set of planes in R3. We consider
H = (R? x {0}) x (O(2) x Ry), where O(2) denotes the subgroup of rotations leaving the
plane z = 0 invariant, i.e. it consists of the matrices of the form

_[BRiRy 0
r= | 4

where Ry € SO(2), Ry is the identity and R_ = [ % ]. By (3), the root manifold is the
zy-plane . ,
§o = H[xo] = {xeR®: x-e3 = 0}

and it is easy to verify that mg = dxdy is a relatively H-invariant measure on éo with
character (b, R,a) = a®. Furthermore, for each ¢ = (b, R,a)H € = = SIM(3)/H, by (4)
we compute A .

¢ =(b,R,a)[é] = {x € R*: Re3 - x = Res - b},

which is the plane perpendicular to the vector Res and passing through b. It is worth
observing that H is the maximal closed subgroup of SIM(3) which satisfies h[fo] =&
for every h € H and then, by Proposition 5, the map & —>~é is injective. Had we chosen
H' = (R? x {0}) x (SO(2) x R ), we would have had H' < H and, indeed, the map &' — ¢’
would not have been injective, since every plane would have been labeled by two different
3

We identify the coset space = = SIM(3)/H with the set [0,7)2 x R, where

[0,m)3 = ([0,7) x (0,7)) U {(0,0)},

13



and we write
n(f,p) = (sin ¢ cos @, sin @ sin h, cos p)

for every (6,¢) € [0,7)2. The group SIM(3) acts on [0,7)2 x R by the transitive action
(b,R,a).(0,¢,t) = (0r, or, Rn(b, ¢) - n(0r, or)(at + Rn(b, ¢) - b)),

where (Or,or) € [0,7)% is such that Rn(f,¢) = +n(fr,pr). Since the stability sub-
group at (0,0,0) is H, then SIM(3)/H =~ [0,7)2 x R under the canonical isomorphism
(b,R,a)H — (b, R,a).(0,0,0).

We endow = with the measure d¢ = sin ¢ dfdpdt, where df, dy and dt are the Lebesgue
measure on [0, 7) and R, respectively. It is easy to verify that d¢ is a relatively SIM(3)-
invariant measure on = with positive character S(b, R, a) = a.

4.1.2 The representations

The group SIM(3) acts on L?(R?) by means of the unitary representation 7 defined by

(b, R,a)f(x) = a”% f(a ' R™' (x = b)), (27)

The dual action R?® x K 3 (n,k) — 'kn has a single open orbit @ = R3 for e3 of full
measure and the stabilizer Ko, ~ SO(2) x {1} is compact. Then, the representation 7 is
irreducible and square-integrable, see [2].

Furthermore, the quasi-regular representation 7 of SIM(3) acting on L?(Z,d¢) as

t—n(@,gp)-b>’

,fr(bv Ra a)F(07 ®s t) = a’_%F <9R1 y PR-1, R_ln(aa 90) : n(aR*1 ) @R*l) a

is irreducible, too. As a consequence, Theorem 7 guarantees that the map & — é is injective.
Let us consider again the situation with the choice H' = (R? x {0}) x (SO(2) x R;). In
this case, 2’ = SIM(3)/H’ may be identified with S? x R, and we have already observed
that the map

€ =(mt)—Eay = {xeR:n-x =t}

is not injective, since (nj,%;) and (ng,ts) identify the same plane if
(Ill, tl) = i(l’lg, tg). (28)

In the notation of Section 3, this corresponds to j(ny,t;) = j(ng,t2). According to Theo-
rem 7, this implies that the corresponding quasi-regular representation 7/ cannot be irre-
ducible. Let us verify this explicitly, in order to visualise the link between the irreducibility
of 7/ and the injectivity of £ — £’ in this example. By arguing as above, it is easy to prove
that

~ t—n-b
(b, R,a)F(n,t) = a *F <R1n, n) .
a

Thus, using the notation of Lemma 10, the set
LA(Z,d¢")o = {F e L*(Z,d¢') : F(ny,t1) = F(ng,ts) if (28) holds}

is a closed 7’-invariant proper subspace of L?(Z/,d¢’). Hence, 7’ is not irreducible.

4.1.3 The Radon transform

In order to define the Radon transform we need to endow each é with a suitable measure.
Since the measure mg is H-relatively invariant, the choice of the representative of £ is
crucial. We fix the Borel section

0:E— G, a(0,¢,t) = (tn(0,¢), Re ,, 1),

14



with Ry, € SO(3) such that Ry ,es = n(f,p). We observe that, since v extends to a
positive character of G, assumption (A4) is implied by the stronger condition (o (§)) =1
for every £ € 2. Then, we compute the Radon transform by (9) obtaining

R0, .1) = j F(tn(0,0) + Ro.y (., 0))dady, (20)
RQ

which is the integral of f on the plane of equation n(f,¢) - x = t. As a consequence of
Fubini theorem, equation (29) makes sense for instance if f € L*(R?).

We recall a crucial result in Radon transform theory in its standard version, known as
Fourier slice theorem. We denote by I the identity operator.

Proposition 12. For every f € L'(R3)
I F)R[(0,¢,7) = Ff(rn(b,¢)), (30)
for all (0,¢,7) € [0,m)2 x R.

Here the Fourier transform on the right-hand side is in R®, whereas the operator JF
on the left-hand side is one-dimensional and acts on the variabile t. We repeat this slight
abuse of notation in other formulas below.

We show that assumption A6) holds true. Let S? be the sphere in R® and denote by
S(R?) and S(S? x R) the Schwartz spaces of rapidly decreasing functions on R3 and on
S? x R, respectively, and by S’(R?) and S’(S? x R) the corresponding spaces of tempered
distributions; see [13, Chapter 1.2| for the definition on S? x R.

We extend the Radon transform R as an even function on S? and we denote it by R,
ie.

Ref(“? t) = ,R’f(elh Pu, - n(au’ @u)t)v
where (0, pu) € [0, )2 is such that n(0y, pu) = tu.

We recall that, since R, is a continuous map from S(R?) into S(S? x R) (see [11]),
given F € §'(S? x R), the tempered distribution R¥ F': S(R?) — C given by

<RZ¢F7f>:<F,Ref>

is well-defined. If F € S§(S? x R), by Theorem 1.4 in [18, Chapter 2|, the tempered
distribution FR¥ F is represented by the function

FREF(v) = V[P [I @ F)F(v/Iv], [v]) + (I @ F)F(=v/Iv], = |v])]. (31)
By equation (31), R¥ F is in L?(R®) provided that

f P )dt =0,  meN. (32)
R

We fix a non-zero F' € §(S? x R) which satisfies (32) and the symmetry condition F(u,t) =
F(—u, —t) and we denote its restriction to [0,7)2 x R by Fyp, that is

FO(97 907 t) = F(n(67 (p)? t)7
for every (6, ¢,t) € [0,7)2 x R. Then, there exists a positive constant C such that
1
B0, R r2(j0.m3 x| = 5B Ref)rzsxm| = KRZF, [l < C|fl,
for any f € S(R?). Therefore, if we take fo € S(R?) and define the vector subspace

A = span{r(g) fo : g € G} < S(R?), then the domain of the adjoint of the restriction of R
to A is non-trivial since Fy € dom(R*) and assumption A6) holds true.
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4.1.4 The unitarization theorem

By Theorem 1, the Radon transform R: A — L?(Z,d¢) admits a unique closure R which
satisfies o o
Rnr(b,R,a) = x(b,R,a) *#(b,R,a)R, (b,R,a) € G, (33)

where x(b, R,a) = a since a(b, R,a) = a3, 8(b,R,a) = a and v(b, R,a) = a?. Further-
more, there exists a unique positive self-adjoint operator

Z: dom(Z) 2 ImR — L*(E,d¢),

semi-invariant with weight x(b, R, a)~! = a~! with the property that the composite oper-
ator ZR extends to a unitary operator Q: L?(X,dx) — L2(Z,d¢) intertwining 7 and #,
namely

7(9)Qm(g) ' =Q, geG. (34)

We can provide an explicit formula for Z.
Consider the subspace
D ={feLl*[0,7)2 xR): f IT12/(I ® F)f(8,0,7)|?sinpdfdedr < +oo}

[0,7)3 xR
and define the operator J: D — L2([0,7)2 x R) by
I®F)TfO,0,7) =T F)f(0,0,7), (35)

a Fourier multiplier with respect to the variable . A direct calculation shows that J is
a densely defined positive self-adjoint injective operator and is semi-invariant with weight
¢(9) = x(g)~' = a~t. By |7, Theorem 1], there exists ¢ > 0 such that Z = ¢J and we
now show that ¢ = 1. Take a non-zero function f € A. Then, by Plancherel theorem and
Proposition 12 we have that

I£12 = IZR A 172 g0,m2 xmy = 1T @ FIYT R 12 (10,m)2 <)

c? J (I ® F)RL(O,p,7)?|7|? sin ¢ dddedr

[0,m)3 xR

|
o

2 J | Ff(mn(8, ©))|?|7|? sin p dOdpd T
[O,ﬂ')i xR

I

Thus, we obtain ¢ = 1.

4.1.5 The inversion formula
By Theorem 2, for any f € A we have the reconstruction formula
f= f a” (R f,7(b, R,a)¥) 12z ae)¥(a 'R~} (x — b))dbdRda,
STM(3)

where the integral is weakly convergent and where we used that y(b, R,a) = a, the ex-
pression of the Haar measure of SIM(3) given in (26) and the expression of 7 given in

(27).
4.2 The X-ray transform.

The X-ray transform in the Euclidean 3-space maps a function on R? into the set of integrals
over the lines and the X-ray reconstruction problem consists in reconstructing a signal f
by means of its line integrals.
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4.2.1 Groups and spaces

Take the same group G = SIM(3) as in subsection 4.1, namely G = R®x K, with K = {aR €
GL(3,R) : R € SO(3),a € R, }. Firstly, we choose X = R3 and, for what concerns this
space, we keep the notation as in subsection 4.1. Then, we consider the space Z = G/H,
where H = ({(0,0)} x R) x (xR4). By (3), the root manifold is then

£ = {tes: te R}

and it is easy to verify that mo = dt is a relatively H-invariant measure on éo with character
(b, R,a) = a. Furthermore, for each £ = (b, R,a)H € E, by (4) we compute

£ =(b,R,a)[&] = {tRes +b: t € R},

which is the line parallel to the vector Res and passing through the point b. It is worth
observing that H is the maximal closed subgroup of SIM(3) which satisfies h[éo] = 4:0 for
every h € H and then, by Proposition 5, the map & — f is injective.

The coset space = = SIM(3)/H can be identified with the set T = {(6,p,t) : (0,¢) €
[0,7)%, t € (0, p)1}, where (0, )" denotes the plane passing through the origin and per-
pendicular to the vector n(f, ), i.e. the plane of equation n(f,¢) - x = 0. The group
SIM(3) acts on T by the action

(b,R,a).(0,p,t) = (Or, r,t + aRb — (n(0r, vRr) - (t + aRb))n(br, pr)),

where we recall that (Or,pr) € [0,7)2 is such that Rn(f,p) = tn(fg,¢r). Since the
stability subgroup at (0,0,0) is H, then SIM(3)/H ~ T under the canonical isomorphism
(b,R,a)H — (b, R,a).(0,0,0).

We endow = with the measure dé = sinpdfdpdt, with df, dy and dt being the

Lebesgue measure on [0,7) and R3, respectively. It is easy to verify that d¢ is a relatively

SIM(3)-invariant measure on = with positive character 8(b, R,a) = a3.

4.2.2 The representations

We recall that the group SIM(3) acts on L?(R?) by means of the unitary irreducible rep-
resentation 7 defined by

7(b,R,a)f(x) = a2 f(a 'R} (x — b)).
Furthermore, the quasi-regular representation # of SIM(3) acting on L?(Z,d¢) as
(b, R,a)F(0,p,t) =
a iF (0r-1,0r-1,a 'Rt —=b) — (m(Op-1,0r-1) - a "Rt = b))n(Op-1,0r-1)),
is irreducible, too.
4.2.3 The Radon transform
We fix a Borel section
0:2—G, o(f,0,t) = (t, Ro,p, 1),

with Ry, € SO(3) such that Ry ,es = n(d,¢). We observe that, since v extends to a
positive character of G, assumption (A4) is implied by the stronger condition (o (§)) =1
for every £ € Z. Then, we compute by (9) the Radon transform between the SIM(3)-
transitive spaces X and = obtaining

R0, 0.t) = f F(n(0, ) + t)dt, (36)
R
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which is the integral of f over the line parallel to the vector n(f, ¢) and passing through
the point t € R3. Let us now determine a suitable m-invariant subspace A of L?(R?) as in
(AT7). In order to do that, it is useful to derive a Fourier slice theorem for R.

For any f € S(R?), by Theorem 1.1 in [18, Chapter 2|, we have

I®F)Rf(0,0.v) = Ff(v), ve( o)t (37)

As a consequence, by Plancherel theorem and formula (2.8) in [18, Chapter 7], we obtain

el = | | | 10©FIRAO.00)Psinpavasay
(8,0)+
= Jﬂ fr f | Ff(v)]?sin p dvddde
o (0,)*
(1FWE
vl

R3

By using spherical coordinates, we obtain

Wﬂ%a=LLJVﬂm@@mewwww
R

< f: Lﬁ J | Ff(mn(0,9))|* sin ¢ drdfde

IrI<1

" Lﬂ Lﬁ f [TI|F £ (rn(8, 9))|? sin p drdody

|7|>1
<Al fIF + /15 < +o0,

which proves that Rf € L?(Z) for any f € S(R?) and we set A = S(R3). Next, we show
that R, regarded as an operator from A to L?(Z) is closable. By [21, Theorem VIIL.1], this

—

is equivalent to proving that the adjoint of Rf: A — L%(Z) is densely defined. Suppose
that (f,), S A is a sequence such that f,, — f in L2(R?®) and Rf,, — g in L?(Z). Since
I ® F is unitary from L?(Z) onto L*(Z), we have that (I ® F)Rf, — (I ® F)g in L*(Z).
Since f,, € A, by (37), for every (6,¢) € [0,7)2

I®@F)Rfn(0,0,v) = Ffu(v), ve(b et
Hence, passing to a subsequence if necessary,
Ffav) > (IQF)g(0,¢,v)

for almost every (0, ) € [0,7)2 and v € (0, ¢)*. Therefore, for almost every (6, ¢) € [0,7)2
and v e (0, 0)*

(I®]:>g(97907v) = nl_l)r_{_laoffn(v) = ]:f(V),

where the last equality holds true using a subsequence if necessary. Therefore, if (hy,), € A
is another sequence such that h, — f in L?(R?®) and Rh,, — h in L?(Z), then, for almost
every (0,¢) € [0,7)2 and v e (0, ¢)*

(I®F)h(b,p,v) = Ff(v).

Therefore,

(I®F)g0,0,v) =T QF)h(0,¢p,v)

for almost every (6,¢) € [0,7)2 and v € (6,¢)*. Then lim, oo Rfp = limy—sio0 Rhy,
and R is closable. We denote its closure by R.
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4.2.4 The unitarization theorem

By Theorem 1, the Radon transform R: A — L?(Z,d¢) admits a unique closure R which
satisfies o o
Rnr(b,R,a) = x(b,R,a) *#(b,R,a)R, (b,R,a) € G, (38)

where x(b, R,a) = a since a(b, R,a) = a®, 8(b,R,a) = a and (b, R,a) = a®. Further-
more, there exists a unique positive self-adjoint operator

Z: dom(Z) 2 ImR — L*(E,d¢),

semi-invariant with weight x(b, R, a)~! = a~! with the property that the composite oper-
ator ZR extends to a unitary operator Q: L?(X,dz) — L?(Z,d¢) intertwining 7 and 7,
namely

7(9)Qm(g) ' =Q, geG. (39)

We can provide an explicit formula for Z. Consider the subspace
D={felL?*Z): f ITI|(I ® F)f(0,p,7)|?sinpdfdedr < +o0}
[0,m)5 < (0,0)+

and define the operator J: D — L%(Z) by

(I®F)Tf(0,0,7) = |TEIRF)f(O,0,7), (40)

a Fourier multiplier with respect to the variable ¢t. A direct calculation shows that [J is
a densely defined positive self-adjoint injective operator and is semi-invariant with weight
¢(g9) = x(9)~* = a~2. By [7, Theorem 1], there exists ¢ > 0 such that Z = ¢J and we
now show that ¢ = 1. Consider a non-zero function f € A. Then, by Plancherel theorem,
equation (37) and formula (2.8) in [18, Chapter 7|, we obtain

[ = 1ZRf|72z) = AT @ F)TRS iz

=c? f (I ® F)RL(O,0,7)?|7|sin o dfdpdr

[0,m)F x (8,)*

I
Q

2 J | Ff(7)|?|7|sin ¢ dddedT
[0,7)% x (8,9)+

= AIfI*.

Thus, ¢ = 1 and this concludes the proof.

4.2.5 The inversion formula
By Theorem 2, for any f € S(R?), taking into account equations (26) and (27) and that

x(b, R,a) = aZ, the reconstruction formula (14) reads

f= f a *(Rf,#(b,R,a)¥) 12z ae)t(a "R~ (x — b))dbd Rda,

STM(3)

where the integral is weakly convergent.
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