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Abstract

We present an extension of the convergence analysis for Richardson-extrapolated polyno-
mial lattice rules from [Josef Dick, Takashi Goda and Takehito Yoshiki: Richardson extrapola-
tion of polynomial lattice rules, STAM J. Numer. Anal. 57(2019) 44-69] for high-dimensional,
numerical integration to classes of integrand functions with quantified smoothness and Quasi-
Monte Carlo (“QMC” for short) integration rules with so-called smoothness-driven, product
and order dependent (SPOD for short) weights. We establish in particular sufficient conditions
for the existence of an asymptotic expansion of the QMC integration error with respect to suit-
able powers of N, the number of QMC integration nodes. We derive a dimension-separated
criterion for a fast component-by-component (“CBC” for short) construction algorithm for
the computation of the QMC generating vector with quadratic scaling with respect to the
integration dimension s.

We prove that the proposed QMC integration strategies a) are free from the curse of dimen-
sionality, b) afford higher-order convergence rates subject to suitable summability conditions
on the QMC weights, c) allow for certain classes of high-dimensional integrands functions
a computable, asymptotically exact numerical estimate of the QMC quadrature error, with
reliability and efficiency independent of the dimension of the integration domain and d) ac-
commodate fast, FFT-based matrix-vector multiplication from [Dick, Josef; Kuo, Frances Y.;
Le Gia, Quoc T.; Schwab, Christoph: Fast QMC matrix-vector multiplication. STAM J. Sci.
Comput. 37 (2015), no. 3, A1436-A1450] when applied to parametric operator equations.

The integration methods are applicable for large classes of many-parametric integrand
functions with quantified parametric smoothness. We verify all hypotheses and present nu-
merical examples arising from the Galerkin Finite-Element discretization of a model, linear
parametric elliptic PDE illustrating a) - d). We verify computationally the scaling of the fast
CBC construction algorithm with SPOD QMC weights, and examine the extrapolation-based
a-posteriori numerical estimation of the QMC quadrature error. We find in examples with
parameter spaces of dimension s = 10, ..., 128 that the extrapolation-based, computable QMC
integration error indicator has an efficiency index between 0.9 and 1.1, for a moderate number
N of QMC points.

Key Words: High-dimensional Quadrature, Quasi-Monte Carlo, Richardson Extrapolation, A-
posterior Error Estimation
AMS Subject Classification: 65C05, 656N30, 35J25



1 Introduction

The efficient numerical analysis of partial differential equations (PDEs for short) with distributed
uncertain inputs, i.e. uncertain input data from function spaces, has emerged as one key element
in the field of computational uncertainty quantification.

We consider a physical process described by a governing equation (assumed to be known),
the forward model P. We assume that P depends on empirical input data to be determined
by observations or experiments, and therefore prone to (observational) uncertainty. For a given
instance of such uncertain input ¢ into P, we consider a parametric operator equation of generic
form: given ¢ € L, find u € X such that

P(u,p) =0 inY' 1)

Here, L, X,Y are suitable Banach spaces. We assume that the forward model is locally well-posed,
i.e. it is well-posed for a (assumed known) nominal input g € L and the unique solution u € X
is assumed to depend continuously on the data i) € L, i.e. the data-to-solution map S : L — X,
where S : ¢ — wu, is assumed to be locally Lipschitz continuous as a map from L to X, on a
(sufficiently small) neighborhood of 1y € L. More precisely, we assume that (1) is well-posed for
all ©» € Br(vo) C L, with the usual notation of Bgr(¢) denoting an open ball of radius R > 0
about v in a Banach space (here: L).

The numerical analysis of (1) will require further hypotheses. We assume that all admissible
inputs ¢ € Bpg(¢o) C L for (1) are parametrized in terms of an affine representation system
¥ = {9;},;>1, where the index j ranges over a set {1 : s} := {1,2,...,s} C N (understood as
all of N in the case that s = co0). Then, we consider (1) for input data ¢ € Bgr(¢y) C L of
affine-parametric form

YY) = o+ Y yivy, (2)
i>1
where the parameter sequence y := (y;);>1 C U lies in the parameter domain U = [—1/2,1/2]°,

and where the parameter dimension s € N is either finite or, in case that sequences of parameters
are considered, infinite, in which case s = oo. Inserting the affine-parametric representation (2)
into the forward operator equation (1), we obtain the parametric forward operator equation: given
y € U, find u(y) € X such that

P (u(y),?(y) =0 inY" (3)

Examples of affine-parametric representations (2) comprise in particular so-called Karhunen-
Loeve (KL for short) expansions of random fields ¢, but also multiresolution representations of
.

The purpose of the present paper is to study the numerical approximation of integrals over
(functionals of) parametric solution families of the parametric operator equations (3) on possibly
high-dimensional parameter spaces U. Our goal is an accurate numerical approximation, with low
computational cost, of the quantity

L(GW) = [ Gt o)y~ 5 3 Glunu)) = Quis(Glun) Q)

yn€P

for some 5 < s, § < 00, where uy, is the finite element solution of (3) for the case where ¢ depends
only on the first § elements of y. Here, the linear functional G € X’ shall be referred to as Quantity
of Interest (“Qol” for short).

The sampling set P C [—1/2,1/2]% in (4) in the present shall be a deterministic QMC point set
of cardinality N. Specifically, we choose P to be the extrapolated polynomial lattice as proposed



recently in [9]. For the numerical approximation of (4), the parametric solution w of (3) must
be approximated numerically by discretizing the operator equation (3) for each instance of the
parameter sequence y. We denote by h a generic discretization parameter that describes, for
example, the meshwidth of a Galerkin discretization of the parametric problem.

In recent years, the mathematical analysis of QMC integration methods as applied to PDEs
with distributed uncertain inputs (such as diffusion coefficient fields in heterogeneous media, spa-
tiotemporally varying source term and boundary data, etc.) has seen significant development,
starting with [30, 21]. However, the Richardson extrapolation method based on an asymptotic
expansion of the QMC integration error, which was first proposed in [9], has not been studied so
far in the context of PDEs with random coeflicients. It allows one to obtain QMC integration rules
which achieve convergence rates greater than 1 independently of the dimension s of the integration
domain thereby overcoming the curse of dimensionality, for certain classes of smooth integrands.
In the present paper we develop the Richardson extrapolation for QMC from [9] further and apply
it to PDEs with random coefficients.

1.1 Contributions

The contributions of the present paper are as follows.

Firstly, we extend the QMC error analysis for extrapolated polynomial lattice rules given in
[9] for the function space setting with so-called “product weights ” to the more general, so-called
“smoothness-driven, product and order dependent weights” (SPOD weights, for short). The main
result, Theorem 2.4, constitutes an extension of [9] to the case of SPOD weights. We remark
that both, product and SPOD weights do appear in partial differential equations with parametric
random field input data. We refer to the discussion in [17, 16], depending on the support properties
of the representation system for the parametric input data: localized supports allow for the use
of product weights whereas globally supported representation systems (such as Karhunen-Loeve
eigensystems [36], or reduced basis representations computed by greedy searches [35]) entail SPOD
type QMC weights in order to ensure the maximal (dimension-independent) convergence rates for
given sparsity of the coeflicient representation.

Secondly, we show that the asymptotic expansion of the QMC quadrature error which is fur-
nished by the QMC theory allows for computable, a posteriori estimation of the QMC integration
error. Under suitable hypotheses on the parametric integrand functions that we verify for a model,
parametric elliptic PDE with uncertain coefficient, we prove that the computable QMC quadra-
ture error estimate is asymptotically exact. Furthermore, the efficiency of the extrapolation-based,
computable QMC integration error estimator is independent of the dimension s of the QMC inte-
gration domain. In numerical experiments we show that very good efficiencies, i.e., ratios between
numerically estimated QMC integration error and the exact value of the integral, between 0.9 and
1.1, are achieved already with a moderate number of QMC lattice points, with performance which
is uniform in the quadrature dimension s = 16, ...., 128.

Thirdly, we argue that the particular structure of the lattice points employed in the base QMC
integration rule, on which the extrapolation process is based, facilitates higher order QMC quadra-
ture and a so-called fast matriz-vector multiplication, which is accelerated by FFT algorithms, as
proposed in [11] for first order lattice QMC integration rules as used here. Extension of [11] to
higher order QMC quadrature rules, such as the interlaced polynomial lattice rules (IPLs) in [10],
was not feasible due to digit interlacing used in the construction of the generating vectors for these
higher order QMC integration techniques. The extrapolation-based QMC algorithms proposed
here and in [9] do allow us to achieve higher order, dimension-independent QMC convergence rates
while at the same time facilitating use of FFT accelerated matrix-vector multiplication. In numer-
ical experiments for a linear, affine-parametric elliptic model PDE, we find significant quantitative
advantages of the FFT accelerated algorithms.



1.2 Outline

The outline of this paper is as follows. In Section 2, we recapitulate the function space setting and
the basic results from [9] on extrapolated polynomial lattice rules. The main result is contained in
Theorem 2.4 in Section 2.

In Section 3, we verify the assumptions in Theorem 2.4 for a particular, model class of operator
equations (1), namely a linear, elliptic diffusion problem in a bounded, physical domain D. Section 4
will present a novel, computable a posteriori QMC integration error estimator and establishes its
asymptotic exactness. Section 5 is devoted to several sets of numerical experiments, indicating
the sharpness of the summability conditions of the extrapolated lattice rules based on SPOD
QMC weights, establishing the viability and the asymptotic exactness of the computable QMC a-
posterior error estimators and demonstrating an application to a model, linear elliptic parametric
PDE problem in two space dimensions. Section 6 will present several conclusions and perspectives
for further work.

2 Richardson extrapolation of polynomial lattice rules for
SPOD weights

In this section, to prepare the subsequent developments of the present paper, we recall the setting
of [9] and the references there in Sections 2.1-2.3. Then in Sections 2.4 and 2.5, we develop the
extension of the Richardson extrapolation of the QMC error, that was developed in [9] for product
weights, to SPOD weights.

Throughout this section, we assume that the parametric dimension s € N is arbitrary.

2.1 Polynomial lattice rules

Polynomial lattice rules provide a special construction of QMC quadrature rules introduced by
Niederreiter [33] and employed in many instances, for a comprehensive overview we refer to [13].
In the following let b > 2 be a prime number, F; be the finite field with b elements, Fy[z] be the
set of all polynomials with coefficients in Fj, and F,((x~!)) be the set of all formal Laurent series
Py a;x"%, w € Z, and with coefficients a; in F,. We identify the integers 0,1,...,b — 1 with
the elements in the finite field 0,1,...,b — 1 (mod b). For an integer 0 < n < b™ given by the
base b expansion n = ng +nib+ -+ + npy_16™ L with ng, ..., nm_1 € {0,1,...,b— 1}, we define
n(z) € Fy[x] given by n(z) = ng+niz+- - +ny,_12™ 1, where we now consider ng, ..., 7,1 € Fp.

Definition 2.1. Let m > 2 be an integer and p € Fplx] be a polynomial with deg(p) = m. Let
q = (q1,...,9s) be a vector of polynomials over Fy with degree degq; < m. We define the map

Vs Fp((271) = [0,1) by
U, (_Z aixi> = Z a;b~".

i=max{l,w}

For 0 <n <bd™, we put

Then the point set P(p,q) ={xo,x1,...,xTpm_1} is called a polynomial lattice point set and a QMC
rule using this point set is called a polynomial lattice rule.
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Since our integrands are defined on [—3, £]° rather than [0, 1]*, we sometimes use the point sets
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In the analysis of the following sections, we will denote by P+ (p, q) C N§ the dual lattice of P(p, q),
defined as in [9, Definition 2.6]. Moreover, we denote P;-(p, q) := {k, € NI¥l : (k,,0) € PX(p, q)}.

2.2 Extrapolated polynomial lattice rules and CBC construction

Given 1 < r,q < 00, a set of positive weights ¥ = (Yu)ucn,juj<oc and o € Ny > 2, the QMC error
analysis is based on the weighted unanchored Sobolev space Wi o ~.,q,» Which is equipped with the
norm

IFlsamar={ > w2 2 /

uC{l:s} vCu L} lel 7/ [-2:3]"!

r/q\ /"

q
[ A
,%’%]s—\u\
)

These function spaces were also found to be crucial in the mathematical convergence rate analysis
for so-called interlaced polynomial lattice rules (IPLs for short) in [10, 8, 12] and the references
there. Assume that the integrand F' has finite norm [|F||s a,~,q,» < 00. Then in [9, Equation (3.1)]
it was shown that the following equality holds

b™—1

1
Ques(F) =30 > Flan Z bm +Sp7,l(qm)(F) + Ry, (6)

n=0

where PPy, @m) ={®0, T1,...,Tpym_1} is the polynomial lattice with generating vector g, and
modulus p,,, and Qpm s is the corresponding rule on the nodes P(p.,, @¢n). We have that o (F)
depends on the function F' and 7 but not on the polynomial lattice point set, Rs o m decays with
order b=, and Sy, (gm)(F') depends on the polynomial lattice rule and the integrand F (see
(49) below for a precise definition). The work [9] uses a so-called component-by-component (CBC)
algorithm to find a sequence of polynomial lattices PP, @), m € N, such that Sy, (gm)(F) is of
order Csb=*m+9  for some constant Cs > 0 and any 6 > 0, where the constant Cs goes to oo as
§ — 0%. Sy, (gm)(F) is also related to the search criterion By (Pom, (q1,m» - - - 4d—1,m» Gd,m)) defined
n (12) below.
Given m € N, the CBC algorithm consists of the steps:

1. Initialize p € Fy[z] irreducible of degree m and ¢f = 1,

2. Ford=2,...,s, define ¢ = argming, cp, 12\ {0}, deg(ga)<m B, (p, (gF, - .51, 4q))-

Moreover, a suitable reformulation of the criterion B, allows to accelerate the argmin search
using FFT, in the case of product or SPOD weights [34, 29, 10]. Its analysis in the present setting
is subject of Section 2.5.

The only terms in (6), which are not of order b=*™*9 § > 0, are Zf;ll Ugf,f). The basic idea
of the Richardson extrapolation rests on the following formula

bem,s(F) B Qbm—l,s(F)
b— 1

Z b —-b" + bSpm (qm)(F) - Spm71(qul)(F) + bRs,a,m - Rs,a,mfl
b”“" b—1 b—1 b—1 '

s (F) =

bm,s

(7)



Since the term in the sum for 7 = 1 now cancels out, we get that Qz(>2) s(F) —I(F) converges with

order b=2™*9 for any § > 0. Hence we have improved the convergence rate of our approximation
algorithm. Repeated application of this idea, namely,

T (F) - QL. ()

(t+1) F
(F) o ,

b",s

m—-—oa+7<n<m,

then yields an integration rule Ql(fn))s which achieves a convergence rate of the integration error

of order Csb=*™*° for any § > 0. Here, we set Q(l) = Qpm . Therefore, we can rewrite the

bm s

extrapolated sequence as linear combinations of the original sequence

(03

9 (F) =3 al®Qyn o1 o (F), (8)
=1
for some constants a(Ta) which are independent of b, m, s (these constants arise from the Richardson
extrapolation, see [9, Section 2.4]). In Section 4 we show that this method also yields a computable
a-posteriori estimation of the integration error.

2.3 Previous results

In [9, Section 3.4], it is shown that for every @ € N, a > 2, and for every prime basis b € N, there
exists an extrapolated polynomial lattice rule Qg?n)’s such that, for all 1/a < A < 1 and for every
integrand function F' € W o ,q,00, there exists a constant C' > 0 independent of m, F' and of the
integration dimension s such that

1F sy ,00
1(F) = Q) (F)] £ OB (o + Horace) (9)

where the constant C' depends only on b and o and
/X

Toam = | 2 MOMEN| L Hiygeo= Y wla+ DD (0)
uC{1:s} uC{l:s}

In [9, Theorem 4.1], it was shown for product weights v = [[;¢, 7; that it is possible to construct
a generating vector with a so-called fast CBC algorithm satisfying (9). Moreover, it is sufficient to
have (v;); € ¢*(N) for some A > 1/a to obtain the convergence rate O(b~™/*), which is free from
the curse of dimensionality, i.e. it holds with rate and constant independent of the parametric
dimension s.

Here, we extend this result to SPOD weights. We recall that the error bound in [9] was restricted
to product weights due to a technical obstruction (see [9, Remark 4.2]).

2.4 Extrapolated polynomial lattice rule error analysis with SPOD weights

We use Richardson extrapolation in the context of PDEs with random coefficients, which are rep-
resented by dictionaries with globally supported elements. Such representations arise, for example,
in parametric input functions which are obtained from reduced basis (RB) or from model order
reduction (MOR) approaches which typically result in parsimonius representation of input mani-
folds in terms of globally supported basis functions. We refer to [26, 35] and the references there
for such representations of distributed, parametric inputs.



We need a corresponding error bound also for SPOD weights 7, in the weighted norm (5),
where
= >l +e)y [Ty, (11)
ve{l:a}lul JEU

where 3 = (3;);en is a sequence of non-increasing, non-negative real numbers, ¢; is a non-negative
integer, and ¢z, c3 > 0 are real numbers.
In [9, Theorem 3.1] it was shown that the following quantity, for d € N,d < s

B’Y(pma (QLMa <oy 4d—1,m, qd,m)) = Z ’VHC(IJu‘ Z b*Ma(ku), (12)
@#ug{l:d} ky EPI,% (an7(q1,1n7'“7Qd71,m7qd,m))
JjEu:b™k;
where p,,, € Fp[z] is the modulus of degree m and the generating vector (¢1,m, - - -, ds—1,m,ds,m) €

(Fp[x])® depends on m, is the main term in the bound on the QMC integration error for Richardson-
extrapolated lattice QMC integration rules, i.e.

«

|Is (F) bm s Z (a)| an T+1, (Q1 m—7+1y-++yds—1,m—7+1; QS,m—T-l-l)) + Rs,a,bm*‘ﬂrl) .

(13)
The second term in the above bound, arising from R o pm in (6) is bounded up to a constant
independent of s, F' and the number of QMC points, by

b= [ F'lls,cv,q,00His 0,005

where H, - 4. given in (10), and hence already converges with the optimal rate. Since the second
term Ry o pm is independent of the choice of (q1, ..., ¢s—1,¢s), we focus on B~. In the following we
show that there is a component- by—component algorithm for SPOD Welghts such that B~ (p, q) is

bounded by C(b™ — 1)1/’\‘]S Ay, Where JS Ay is similar to J, x4 given in (10).
We need the following lemma, which is [20, Lemma 7].

Lemma 2.2. Fora>2 and 1/a < XA <1, we have

oo B a—1 w b—1 b)\a_l o .
;b Ao (k) _ ZH([)M_ > (b/\a_b)l_[l(b)\i_l> =: Fy .

w=11i=1

We obtain the following extension of [9, Theorem 4.1] to SPOD weights.

Lemma 2.3. Let 3 be a sequence of non-increasing, non-negative real numbers. For u C N with
[u| < oo let vy, be given by (11).

Let a,s € N, b be a prime number and let p € Fy[z] be an irreducible polynomial of degree
m € N. Assume that qf,q5,...,¢ € Fpla] were constructed using a component-by-component
algorithm based on the criterion (12).

Then, for any 1/a < A <1 with E = Cyc3Eq 1™ we have

/A

o A
By(p,q") < W Z 7302‘11‘E‘;,|,\ H (1 + EZ ((+ Cl/a)625j)y>

uC{1:s} jeu v=1

The proof follows along the lines of the proof of [9, Theorem 4], with some modifications to
avoid the obstruction outlined in [9, Remark 4.2].



Proof. Without loss of generality we may assume that the modulus p € Fp[z] is monic. We prove
the result by induction on s. The dual polynomial lattice for ¢* = 1 is given by

Pr(p,1) ={keNg:tr,(k) =0 (modp)} ={keNy:b™"|k}.

Hence we have
By(p,1) = Cam > e =0,
keP*(p,1)\{0}
bk

Now assume that we have already fixed the first d — 1 components ¢5_; = (¢},...,q5_;) €
(Gz’m)d’l, 2 < d < s of the generating vector, such that

- A
(Bolp @) < s vscé'“E;tAH(HEZ«Hcl/a)%)”)

uC{1:d—1} jéu v=1

holds for any 1/ac < A < 1. Put g4 = (g;j_,,q4) with g4 € G}, = {q € Fp[z]: deg(q) < m}\ {0}.
Then we have

By(p,q4) = Z Y, O Z p—He (ko)

PAuC{1:d—1} ku€P; (p.qa)
Jjcu: bk;
D M@l > pteBuie)
P#uC{1:d—1} kuuga} €PIay (P1ga)
Jjeu: b™Mk;
b kg
+ D @O > prtte i)
uC{l:d—1} kuu{d}EPj'U{d} (p,qaq)
b'm)[kd
= By(p,qi_1) + Z %U{d}CL:lHl Z Z p e (ki)
PAuC{1:d—1} ku€P; (p.q;_,) ka€N
Jjeu: br; O Ikd
D ot > pHalbuots)
uC{l:d—1} kuu{d}erU{d} (p,qa)
bm,)[kd

" . —1 +c + v €2 va
By(p,qi_1) | 1+ Z b e ka) Z ( - d)> Cuc3fB

kq€EN va=1 =1 +a)
b kg
=:A(Ba)
+ Z ’Yuu{d}claqu Z bfua(kuu(d}), (14)
uC{l:d—1} kuu{d}ep.%u{d,} (p,qq)
b kg

where the second equality stems from the fact that since b™ | kg, we have tr,,(kq) = 0 and thus
trm (kuugay) - (@5, qa) = trm(ky) - @;, which yields

{kuugay € P, u{d}(pan) o™ | ka} = {(ku, ka) € N gy, PuL(FH(I;71)7bm | ka}.



In the last step we used the estimate

o Y (wl+eny |[Lesy| 30 (e ot gy,

ve{l:a}lvl jEuU va=1

Tt is clear that the first term of (14) does not depend on the choice of ¢4. Thus, denoting the
second term of (14) by

wp,qul(qd) = Z ’YuU{d}C(IJLu‘+1 Z biu'u(kuu{d})’
uC{1l:d—1} kuu{d}EP‘fu{d}(Pan)
b kg

we have

*: 1 B = 1 * .
gq = arg win (P, q4) arg min Vg, (qa)

b,m b,m

Using Jensen’s inequality, as long as 1/a < A < 1, we have

(1/1p,q2,1 (q;))’\
1

< pm — 1 Z (wp,q;,l(Qd))A
9a€Gy
1 —
= b — 1 Z Z in\u{d}cé\(‘u‘ﬂ) Z p— A a(kuugay)
44 €T m uC =1} kuugay €Pilgay (P.4a)
b e
- 1 Z ’yl)l\u{d}cé(‘u‘—i_l) Z b_)‘/‘a(kuu{d})
b - 1 ug{l:d—l} kuu{d}eNlu‘Jrl
b kg
x ) L.
2a€Gy

trm(ku)-q:+trm(kdjqd20 (mod p)
Since b™ 1 kq, we have tr,, (kq) # 0. For k, € P(p,q}_,), it follows from the definition of the dual
polynomial lattice that tr,, (k) - g; =0 (mod p), and thus there is no polynomial g4 € Gj,, such
that the condition tr,,(kq)gs = 0 (mod p) is satisfied. For ky ¢ Pi-(p,q}_,), there exists exactly
one gq € Gy, such that tr,,,(ka)ga = — trm(ky) - @ (mod p). From these facts and Lemma 2.2,
we obtain

' 1 .
(l/fp,q;_l(q(i))/\ < b 1 Z 'yi‘u{d}cg(lulﬂ) Z Z p~Mia(kuka)

uC{1l:d—1} k,eNlvl ;C#LGkN
ku Pl (pogg_y) b 1

1 “u _
S o Z Wﬁu{d}cé(lul—‘rl) Z b Apra (Fu) Z b Ao (Kka)
uC{1l:d—1} k, NIl kdi
b kq
1 |u|+1
S LY ol
uC{1l:d—1}

We now study the expression A(5y) from (14) in more detail. The sum over kq is bounded by
Eq 1 from Lemma 2.2. Then we have

A(Ba) <CacsEan > [ Balald = 1) + e1 + ).

vg=1/4=1



Hence

[0

e} vq
A(Ba) < CacsBan Y [[ Balad +ci + 0 — ) < CacsBana®? Y ((d+ c1/a)Ba)"

l/d:1 =1 l/dzl

To simplify the notation we collect all the constants in a new constant £ = Cc3Fq 10
Finally by applying Jensen’s inequality to (14) and using Lemma 2.2, we have

o A
(By(p, @) < (By(p.qi-1) <1 +EY ((d+ 01/04)”/521)”>

Vdil

1 11
Tym o > @ CaIER
uC{1:d—1}
1 o *
<Ly el ] (1 FEY (G cl/arw) .
uC{1l:d} je{1:d}\u v=1
This completes the proof. O

Theorem 2.4. Let co > 0 and B be a sequence of non-increasing, non-negative real numbers such

that
(oo}
ch2,8j < Q.
j=1

Foru C N with |u| < oo let y, be given by (11). Let « € N, b be a prime number and p € Fylx] be an
irreducible polynomial of degree m € N. Assume that qf,q3, . ..,q" € Fy[z] were constructed using
a component-by-component algorithm based on the criterion (12). Then, for any 1/a < A <1 we

have
1/2

. K
By(p,q") < (DD E 7302‘11'1;(':')\
uC{l:s}

where the constant K := Hj’;l L+ EY0_((j+c1/a)?2B;)") is independent of b,m, s, .
Proof. We bound the term

H<1+EZ (j + c1/a)B)) ) H<1+EZ +c1/a02/3)>

igu v=1

<exp EZZ((j—i—cMa)”@-)" < 00,

v=1j=1

where we used the inequality log(1 4 ) < x for # > 0. The assumption > 7%, (j 4 c1/a)%f; < 00
implies that 372 ((j + c1/a)®f;)" < oo for any v > 1. Further we have for any j € N that

(j+ecr/a)? < (1+4er/a)=je.

Hence Z;‘;l JB; < oo implies that Z;il(j +ec1/a)? B < oo O
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Theorem 2.5. Let B be a sequence of non-increasing, non-negative real numbers. Let co > 0 and
0 <p <1/(1+ecp) such that 3772, B < 0o. For u C N with [u| < oo let v, be given by (11). Let
a=1+[1/p], b be a prime number and p € Fy[x] be an irreducible polynomial of degree m € N.
Assume that ¢5,q5,...,q% € Fylx] were constructed using a component-by-component algorithm
based on the criterion (12). Then for any p < X < 1/cq there is a constant C'(X) > 0, which does
not depend on s, m, such that

o o G
B"/(paq )S bm//\

Proof. The bound on the sum ) WﬁCélu‘E(‘:t‘)\ follows as in [10, Section 3]. In order to obtain

a bound which is independent of the dimension, we need to bound ZucN Ju|<oo Vi C’)‘Iu‘EM Let

B := max{1, 03CaEi{>)\‘} and define 41,42, ... to be the sequence

B517B/817"'7B/817B527B@27"'7Bﬂ27"'

o times o times

e, 71 = =730 = Bf1, Jay1 = -+ = J2a = BBz, .... Then 377, B7 < oo if and only if
> 521 7)< oo. We have

STopadEM < N ST (vl + ey [[ BB

uCN uCN ve{l:a}lvl JEU
Ju|<oo Ju|<oo
0
o0 oo
A )\ ~ A
< 2 Wel+ el [[7) < 3 (@re)™g | D7
vCN JjEL =0 j=1
[o|<oo

As long as A > p, the sum S = 27 1 7] < 00. From Stirling’s formula we have

(€4 ep)!)e2? _ 0+ cl)(€+C1+1/2)cQ>\e—ec2,\

/! (Er1/26—14

v(éJrCl)ch,\ (1—ca)) (£+cl)(cl+1/2)c2A
- Yz e 01/2 ’

as { — oo.

This expression converges to 0 superexponentially fast as long as coA < 1. Hence

T 2 EN, < o (15)

uCN
Ju|<oo

for any p <A < 1/co. We now show that 7%, 7 < oo for some 0 < p < 1/(1 + ¢z) implies that
Z;’;l j¢Bj < 00. We have jf% < 25:1 B? and therefore 3; < Cj~/P where C' = (Z;’;l ﬁ;’)l/f’.

Hence - -
ijﬁj < Cchzfl/P'
j=1 j=1
Now p < 1/(1 4 ¢2) implies that ¢ —1/p < —1 and the result follows. O

Remark 2.6. To have a guaranteed convergence rate of the QMC approximation of 1/\, we have
the constraints

e 1/a < X\ <1, coming from the CBC' construction

11



e p< CQ%, to verify the summability hypothesis of Theorem 2.4

e p< A< é, for the summability required in Theorem 2.5.

Therefore, in the case co = 1 and o = 2, we also obtain convergence order arbitrarily close to
O(N_Q) provided that p < %

Remark 2.7 (Low summability — Part I). Under the same assumptions of Lemma 2.3, we also
have, the estimate

S wCHEY. (16)

1
) <
B’y(p7q ) < bm—1
uC{1:s}

Therefore, following the arguments from Theorem 2.5, given SPOD weights (11) such that ca = 1
and B € (1(N) with the smallness condition (analogous to [10, Equation (3.42)])

1

||16H81(N) < ozmax{l,03C’aEa71}’ (17)
this yields
o0 oo e
Z %ijlE(';‘l < Z w amax{l,csCoEq1} Zﬁj < 00. (18)
ug{l:s} /=0 : j=1

The same argument applies to Hs ~ q oo from (10). Hence, we obtain at least first order convergence
of the QMC quadrature with extrapolated polynomial lattices. In particular, the constraint B €

P(N), p< 1+102 = % can be omitted in this case.

Proof of (16). In the proof of Lemma 2.3 we observe

By(p,qa) = By(p.qi1) + Z Yuuay CHIH! Z Z bt kuka)

P#uC{1l:d—1} kuEPf(p,qj;,l) kﬁiLEN
Fjeu: bk O lka

+ D o > bt o)

uC{l:d—-1} k‘uu{d}ep‘fu{d}(pﬂd)
b™ kg

=: By(p,qj_1) + Pp.q; , + wp,qj;,l(Qd)> (19)

where the first two terms of (19) do not depend on the choice of ¢4. In the same lemma we also
show that for the choice ¢4 = ¢ ,

x 1 B
wp’qul(qd) < pmo— 1 Z ,YuU{d}C(l)?lJrlEa,l Z b 'ua(ku).

uC{1:d—1} k,eNltl
kP (pai_1)

Next, using the estimate fiq (kb™) > m + uq (k) for all k£ € N and Lemma 2.2, we bound

Spas = D @Ot 3T ek N pua ke

0AuC{l:d—1} ku€P (p,aj ) ke
djeu: bm')(k]‘
<pm Z 'Yuu{d}CLqu Z p—Ha(ku) Z p—Ha (k)
P£uC{1:d—1} ku€P(p,q;_;) keN
Jjeu: b™k;
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=p ™ Z Vuu{d}c(‘lu‘JrlEa,l Z bf"”(k“), (20)
0£uC{1:d—1} ku€P;(p,a;_1)
Jj€u: bk;

Therefore, we obtain

* 1 —
¢p7q;71(qd) + ¢pqu§,1 S m Z quU{d}C‘aul'i'lEa,l Z b Ha (k)
uC{1l:d—1} ky ENlul
1 +1
= 2 i CRTEN
uC{l:d—1}

and with the inductive hypothesis this completes the proof. O

Remark 2.8 (Low summability — Part II). Applying the same estimate pq(kb™) > m + pa(k)
to A(Baq) defined in (14), we observe that the result of Lemma 2.3 is valid with the constant E
replaced by Eb~™. Hence, under the additional assumption that s < b™ < oo, the (dimension
independent) convergence B (p, q*) < C(p)b=™/? from Theorem 2.5 is also attained for B € (7(N),
pE [c;‘_l,é), due to (15) and

« (03
11 (1 FEVT (G 61/0)6251')”) < exp (EZm%@(((j + Cl/a*%)”) -
jef{lishu v=1 =17
Since in practical applications the parameter space U is truncated to finite dimension s < oo, the

growth m > logy s is a mild requirement that can be enforced easily in many situations, in particular
in the parametric PDE setting of Theorem 3.8 below.

2.5 Fast component-by-component construction

We want to apply the fast CBC construction for SPOD weights for the construction of extrapolated
polynomial lattice rules from [9]. The criterion in (12) is of the same form as the criterion E?2(z)
in [29, Section 5], so the fast CBC construction with POD weights can be performed in the same
way as described there.

The general form of the SPOD weights (11) can be written as vg = 1 and, for any ) # u C {1 :

s}y
w= >, T I %),

ve{l:a}lul Jj€supp(v)
where supp(v) = {j € {1: s} : v;(v;) # 0}, and where v;(v;) is a non-negative real number which
may depend on v; (cf. (36)).

The POD weights v, := T’y Hjeu «v; correspond to the case of @ = 1. For applications to PDEs
with globally supported uncertain coefficients, we have @ = « as in (11). However, in order to have
greater flexibility of the results in this section, we distinguish « corresponding to the maximum
derivative order in (5) and appearing in the Walsh bound, from & for the parameter in the SPOD
weights. By choosing the parameter & = 1 we obtain results for POD weights and by setting @ = «
we obtain results for SPOD weights.

As in [9, p.64], we perform the CBC construction for d =1, ..., s by adding the terms that do
not depend on the new component gg. We thus employ the following search criterion in the CBC
algorithm,

By(p,qa) == By(poaa) + Y wCh Y prelkd)

P£uC{1:d} ky€P; (p,qa)
Vieu: b™|k;

13



D D e D W

P#uC{1:d} ku€P;(p,qa)
Therefore, using the dual lattice property we get

b™—1

(P, qa) Z STkt > bR wal g, o) (yn)

n=0 (AuC{1:d} k, €Nlul

b —1
= bim SO L) waly (g ).

n=0 P#uC{1:d} jEukeN

Define wo(y) :== > jen b~#«(k) waly (y) and Ty := 1. Following the fast CBC construction in
[10] we obtain

b™m—1

By(p,q4) = —1+* S>3 > T JTuw) Cawalyn,)
n=0 uC{l:d} ve{l:a}lul JEU
bm—1 ad

:_14_7 Z ZI‘[ Z H ¥ (V1) Cawa (Yn,j)-

n=0 1=0  pc{0:a}*j€supp(v)
lv|=1

Employing the convention that Ug(n) := 1 for all d € Ny, and Ug;(n) := 0 for all | > ad, the

definition
Uni(n)=T0 >[I 2%®)Cawalyn,) (21)
ueli?zoi}dﬁsupp( v)
implies
b —1 ad
By(p,qa) _—1“?722[](11 (22)
n=0 =0

We now isolate the summands that do not depend on the last component of the generating vector,
that is the summands corresponding to v with vy = 0. With the conventions above we obtain a
recursive formula

min(&,l)

Ugi(n) =Ug—1,(n) + T Z Ya(Va)Cawa (Yn,d)

vg=1

x Z H 5 (V) Catwa (Yn,;)

ve{0:a}?~! jEsupp(v)

lv|=l—vq
min(&,l) I,
=Ug-1(n) + Wa(Yn.a) > 7alva)Ca T Ud—1,1-v4(n)
Vdil vd
=Uqg—1,(n) + wa(yYn,a)Va(n), (23)
where we defined
min(&,l) I,
Vai(n) == Z Ya(vd)Co=——Ud-1,1—1,(n). (24)
vg=1 Fliyd
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Therefore, the only term dependent on g4 in (22) is

S e (32)) e

where 24 is computed in F,((z~1)), i.e., with slight abuse of notation we identify n € {1 : o™ — 1}
with n(z) € Fy[z] defined in Section 2.1. Note that n = 0 is not included. Therefore, there exists
a permutation IT of n € {1:b™ — 1} that allows us to rewrite g4II(n) = ¢g*¢~™ (mod p) for some
primitive element g € (Fp[z]/p) \ {0}, obtaining

b%—:l o (Um (gp—)> im(mn)). (25)

n=1

Here, the values wq (v, (g™ /p)) can be efficiently precomputed for n = 1,...,6™ — 1 in O(amb™)
operations, as shown in [6, Theorem 2]. Next, the convolution above can be evaluated for all
zg = 0,...,0™ — 1 with FFT in O(mb™) operations. We then choose ¢, i.e. 2 that realizes
the minimum. Next we compute Ug;(n), Vg (n) Vi=1,...,ad,Vn=10,...,b™ — 1 in C’)(d2dbm)
operations. Iterating over d = 1,...,s, the computational cost for the CBC algorithm is then
O(a?s*b™ + (s + a)mb™). Moreover, we can overwrite the quantities Uy, (n), Va,(n) as d increases;
therefore, we require O(asb™) memory. The vector wq(vm(g"™/p)) can be stored with O(b™)
memory. The cases of POD and SPOD weights are both covered, with @ = 1 and & = «a,

respectively.
To apply Richardson extrapolation, we need to construct polynomial lattice rules with « con-
secutive sizes of nodes b=+ . b™, so that we construct in total N = ™t 4™ QMC

points. Since

Z(s +a)(m—7+ )" < (s +a)mN < (s +a)Nlog, N

T=1
we have proven that the total cost is
O(a*s’N + (s + a)Nlog N) operations and O(&sN) memory. (26)

Remark 2.9. The error bound does not apply for a = 1, since we require 1/a < X\ < 1. Moreover,
for applications to parametric PDEs with global support of the fluctuations we usually have o = &,
to bound the derivatives of the solution up to order a. Therefore, Richardson extrapolation is not
relevant for such PDE applications in the case of POD weights. In the following sections we will
always work with o = a.

Remark 2.10. The result (26) compares favorably to interlaced polynomial lattice (IPL) rules:
IPL rules require O(a2$2N + asN log N) operations for SPOD weights (see, e.g., [10, 18, 19]).

3 Linear affine-parametric PDEs

The error analysis of the extrapolated lattice rules for QMC integration of the previous section
is now applied to forward UQ for a model linear, elliptic countably parametric PDE. Specifically,
we consider the following model parametric elliptic PDE on a bounded physical domain D C R?,
de{l1,2,3}

(27)

—div (a(z,y)Vu(z,y)) = f(z) €D
u(z,y) =0 x € 0D

15



where y € U := [—%, %]N denotes the sequence of parameters of the uncertain diffusion coefficient.
We describe the uncertainty through an affine-parametric structure of the coefficients
a(z,y) =a(x)+ Y yjvi(z) foryeU (28)
j>1

for a sequence (¥;);>1 C L*(D). Examples of such sequences include Karhunen-Loeve expansions
[36], which are generally described by globally supported functions, as well as locally supported
bases as, for example, splines or wavelets. The former case will lead to the choice of SPOD weights,
which is subject of Section 3.1. The latter will be analyzed in Section 3.2. Following the arguments
in [17], in this case the QMC theory based on (5) for product weights will be sufficient.

For f € L?(D) and for a(-,y) € L>(D) for all y € U, we consider its variational formulation

/ a(z,y)Vu(z,y) - Vo(z)de = / f(x)v(z)dz Yo € HY(D). (29)
D D

To state its variational form, we introduce the space V := Hg (D), with dual V' := H~1(D) with
respect to the pivot space L?(D).
For any f € V', we can write the above equation in the generic form

ay(u(-,y),v) = (fiw)y YweV, (30)
where brackets denote the duality pairing in V' and

ay (v, w) = /Da(x,y)Vv(:E) - Vw(z)dz (31)

is a bilinear form in V.

3.1 Globally supported fluctuations

In order to verify well-posedness of (30), we impose a set of additional assumptions. First, we
assume in (32) nominal invertibility, i.e. there are constants Gmin < Gmax such that

0 < Gmin < () < Gmax foraa. z€D. (32)
The smallness of the fluctuation in (32) with respect to the nominal operator is given by

”wj ”Loo(D)

1Bllgry <2 for  Bj:= ,VjieN. (33)

Amin

With these assumptions we have that a(x,y) > amm > 0 a.e. € D and for all y € U where
Amin = Gmin(1 = [[Bll ) /2)- A direct application of the Lax-Milgram lemma verifies that these

conditions are sufficient for existence and uniqueness of solutions u(-,y) € V for all y € U.
Furthermore, we have the uniform a-priori estimate

/1l
sup [[u(-, y)|ly, < =
yeU min

Moreover, we choose an ordering of the functions v;, j € N, such that the sequence 3 is monoton-
ically non-increasing and we assume that

B eP(N), pe(0,1). (34)
The following theorem was obtained in [7, Theorem 4.3]. Such bounds on the derivatives with

respect to the parameters allow to control the norm (5) of F(y) = G(u(y)).
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Theorem 3.1. Under the assumptions (32), (33), for all f € V' the partial derivatives of the
parametric solution u of (27), (28) satisfy

£l

Gmin

Y < 13v
ZlelgH( yu) (W), < V18

Corollary 3.2. Let a,s € N and f,G € V'. Assume that 3 is a non-increasing sequence satisfying
(32), (33) and define the positive SPOD weights v = (Yu)ucn,juj<oc 0¥ (cf. [10])

Yu = Z |y|!H25(Vj,a)ﬁ;j

ve{l:a}l J€Eu

where 6(v;, ) = 1 if v; = a and 0 otherwise. Then there exist a positive constant C' only dependent
on the data f,G and a such that the solution uw € V of (27) satisfies

1G] <C. (35)

s,a,y,1l,00 —

Proof. Theorem 3.1 implies the bound

1G(Wlg 0100 < NGy CSUP vt Z ol vi=al sug H@Zu(,y)“v
uC{l:s ve{l:a}tl S

Gl £l . vyoo) s
D SR 21 | s

Ay .
i uC{lish ve{l:a}vl JjEU

which leads to the choice of SPOD weights for v,. Thus, [|G(u)ll, , 41,00 is bounded independently

ofsbyC;:M. "

Qmin

Proposition 3.3. Let f,G € V' and s € N be given. Assume that 3 is a non-increasing sequence
satisfying (32), (33), (34) with p € (0,1/2). Then, there exist extrapolated polynomial lattice rules

constructed with a CBC' algorithm and with o = L%J + 1 such that

(I, = QG| < ONF,

where the constant C' is independent of s. If instead p € [1/2,1), the same holds if additionally
N > s.

Proof. By Corollary 3.2, ||G(u)]| is bounded independently of s for the SPOD weights

s,a,7,1,00

T S ECRrD ()

ve{l:a}vl JjEu

We can then apply Theorem 2.5 or Remark 2.8, so that we can construct a QMC rule such that
By(p,q) < C(p)N~/? with C(p) independent of s. Moreover, the residual term Hy ~ 1,00 in (9)
is also bounded independently of s, since p < 1. Therefore, the claim follows by inserting these
estimates into equation (13). O
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3.2 Locally supported fluctuations
In this section, motivated by the results in [17, 16], we replace the assumptions (33) and (34) on
the diffusion coefficient in (27), (28) by the following bound that takes into account possible local
support of the (¢;);>1
Zj21 |1/’j|/5j
2a

<k <L (37)
L*(D)

Here, we assume that (j3;); is a non-increasing sequence in ¢?(N) for some p € (0, 1), with 8; < 1.
Again we assume the invertibility of the nominal operator in (32). Under these assumptions it was
proved in [17] that the problem is well-posed for every y € U and that, for any n € (k,1) there
holds

26; \"”
oyt < Clrivictv [T (22) ot
JEU

This bound on the derivatives is of product form. Defining F'(y) := G(u(-,y)), for r = co and any
q € [1, 00], there holds

1/q

”FHs,a,'y,q,oo < sup '71?1 Z / 2|{j6u vi=ell ’aZF(y)’q dy
uC{l:s} ve{l:a}lul 272

_ o 2 a
<Clflv Gl swp o7t > T[22 K @n) Vj!}

ve{l:a}lul jEu

5 v 1/q
23.: q
= |l 1G]y s?p}wH(EZ?“”“) [(fn) ']) ~

jEu \v=1

1/q

We now consider two methods for obtaining upper bounds on these expressions which are adapted
to particular integrand classes.
Method 1: (conservative upper bound) Set ¢ = 1, i.e. ||F|[s a,v,q,00 < || F|ls,a,4,1,00 and choose

product weights
T ::HZ?“M)( )

jeuv=1

Method 2: (sharper bound) the inequality above is valid for all ¢ € [1, o0]; therefore, we let

g = oo to minimize the weights. Then

o 25 v q\ /4 25 Qﬁ 1/q
(s () ) -n () ] S 1) )

28, \"

Yy = H max (1—j77> 1/!} .

jeu \v=1 JEU
JEU

that leads to the definition

Note that method 2 results in a better constant but the convergence rate of the QMC approximation
does not improve. Moreover, both methods above result in product weights, so that we can apply
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the results from [9]: J; x4 and Hy 5 oo,00 are bounded independently of s if and only if
Z ’yﬁ‘C’;‘MEEt‘)\ < o0 and Z Yu(a+ D)HDM < o0,
[u|<oo [u|<oo

Since A < 1, the first condition is stronger than the second. Let K be a generic constant, then we
verify both as follows:

L,
23,
> b= 30 I e, |(£2)
|u|<oo |uj<oo jEU o !
- Av
20,
c o | K max alse i v
=~ p j;l,:l,...,a [(1—77> ( ) ‘|

[ Av
cop |KY (&) (WS B
v=1

Jj=21
The value v = 1 gives the asymptotically largest summand; hence the decay rate of the QMC
error of O(N~1/?) follows provided that (5;); € £*(N), that imposes A > p. Since we also have the
constraint A > 1/« we get the rate O(N G p), with constant independent of s, using extrapolation

of order a =1+ EJ Observe that, conversely to Proposition 3.3, we do not require p < % in this
case.

3.3 Galerkin discretization

We consider a bounded polygon D C R%, d = 2 with corners &1, .., &y and we fix w € R satisfying

w < ma::,; 7 where 6; is the interior angle of D corresponding to §;. In addition, given the weight

function

J
rp(x) := H |z — &
j=1

and k € Ny, we can define the Kondrat’ev spaces K¥ (D) C Hf

1 .(D) via the norm

k
lelles oy == D [|l07olrls'™|

|a|=0

L*(D)

and the space W¥°°(D) with the norm

k
ooy = 3 |10l

|a|=0

L>=(D)’

where we used the multiindex notation for derivatives with respect to x. We assume that there
are t,t' € N such that

f € Iciill (D)7 G e ’CZ:}(DL Slelg ||a('>y)||wt’°°(D) < 00.
Yy

The regularity theory in [2, Theorem 4.4] implies that the solution of (27) satisfies

21618 [[u(, y)”}CZ:}I(D) <C Hf”/c;—_ll(D) J (39)
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as the full regularity shift of the elliptic operator holds in the weighted spaces (38) uniformly in the
parameter y € U. In what follows, we will write V{ := K!2) (D) and V* := K% (D). We define a
sequence of nested, conforming, finite-dimensional FEM spaces {Var},,, dim(Vas) = M, Vay C V.
Then we consider the Galerkin discretization of the parametric, elliptic PDE (27): find

up (-, y) € Vi such that ay(ua(-,y),v) = (f,v)y,, Yve V. (40)

This problem is also well posed due to the Lax-Milgram lemma and conformity of the FEM spaces,
and we have the uniform stability estimate

fllv
sup sup [lua (-, y)lly < il :
U a

MeNye min

Furthermore, there exists a constant C' > 0, independent of M and y, such that there holds
quasi-optimality

[u(y) —um(y)lly <C inf lu(y) —omlly - (41)
vnm EVM
It was shown in [3] that suitably graded meshes can give an explicit construction of the spaces Vyy,

satisfying the approximation property,

Lnf o= vully < CM ol (42)
for d = 2 and a constant C independent of v. This is done with piecewise polynomials of degree ¢
in each element.

For the case of a polyhedron D C R?, in space dimension d = 3 with plane faces, the definition
of the solution space V[ is more involved. It considers anisotropic regularity [4, 5, 1, 23]. Therefore,
the approximation property (42) for ¢ > 2 holds, provided that the data f belongs to the space
Vt = H*1(D) [5, Theorem 8.1], while the case t = 1 and less regular f was covered in [1, Theorem
4.6]. In both cases, the regular, simplicial triangulations of D which enter the construction of the
Lagrangian FE spaces Vs must be graded towards the corners and, in space dimension d = 3, also
anisotropically towards the edges of the domain (see [1] and the references there).

Combining the estimates (39), (41) and (42) we obtain the following bound for the Galerkin
error.

Proposition 3.4. Let f € V! and u be the exact solution of (27) for d = 2,3. Then, there exists
a suitably graded mesh such that the corresponding Galerkin solution up; on the space Vs satisfies

SlelgHU(wy) —un ()l < OMTA|f |y (43)
Yy

for all M. Moreover, for a G € Vf, an Aubin-Nitsche duality argument implies that there exists a
constant C' > 0 independent of M such that

sup [G(u(,9) = Glouns ()| < OM = 7 Gy (44)
Yy

in the family of FE spaces Vi of piecewise polynomials of degree max(t,t’).

Remark 3.5. Corollary 3.2 also holds for Galerkin solutions uy; with the same choice of weights.
This follows from the fact that the proof of 3.1 only uses the variational formulation of the PDE.
Therefore, restricting the test space to the finite dimensional space Vs leads to the same upper
bound on the derivatives yun (-, y).
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3.4 Dimension truncation

Since the parameter space is infinite dimensional, the first step in approximating integrals of the
goal functional is a truncation of the expansion for the fluctuation. In our setting, a complete
theory is already available from [30, 31, 15]. Given y = (y1,¥2,...) € U, define ys := (y1,-..,Ys)
and us(-,y) = u(-, (¥s,0,0,...)) be the solution of (27) with truncated expansion of the uncertain
coefficient. We recall here the main results of [15, Proposition 3, Theorem 1].

Theorem 3.6. Under assumptions (32) and (33), there exists a constant C such that for every
feV, everyy € U and s € N, we have

Ju(-y) —usC,y)lly < C“aﬂﬁsﬁl/pfl)_

min

Moreover, there exists another constant C such that, if also G e V',

|Ioo(G(u)) — Ié(G(u))| < C’MS—@M)—D.

Amin

Remark 3.7. For any fixred s € N, since [—%, %}S X {O}N\{lzs} C U, then equation (44) is also

valid for the solution us(-,y) of the truncated problem.

3.5 Combined QMCFEM error bound

In the following theorem we summarize the preceding bounds on the QMC quadrature error,
Galerkin error and dimension truncation error.

Theorem 3.8. Let s € N. For 0 < t,t <1, let a(-,y) € Wh(D), f € Vt,G € V! and assume
that (32) holds. Let B be a non-increasing sequence satisfying (33) and (34) for some p € (0,1/2).

Then, there exists an extrapolated polynomial lattice rule of order oo =1+ L{%J such that

Lo (G () = QWL (Guan))| < C | fllys Iy (M= EH/E 4 N7UP 4 g=R/071)

for a constant C' > 0 independent of s, N, M and of the data f,G. If instead p € [1/2,1), the same
holds if additionally N > s.

Proof. We separate the sources of error so that
Le(G(w)) = QLG uan))| SHael(Gw)) = (G W) + [1(G(w) — QFA(G(w)

@il Gw) - QLG ),

Since (44) holds, we can bound the Galerkin error as follows
QWL (G —uan)| < CMEOE £ Gl

On the other hand, since V* C V' with continuous embedding, we bound the truncation error and
the QMC error using Theorem 3.6 and Proposition 3.3 and the claim follows. O

Coupling the number of degrees of freedom in the FEM space and the number of QMC samples
should be done according to

NP o M=(+D/d = @/p=D) — O (¢)

21



where ¢ is a prescribed error tolerance. Note that, for given p € [1/2,1), the requirement N > s is
thus readily satisfied. Therefore, assuming that the QMC points have been precomputed and that
the solution of the linear FE system can be done in O(M) operations using sparse matrices, the
computational work of the single level QMCFEM algorithm is

Work = O(Worka + g—p{_:—d/(t-i-t/))) .

Here work, is the cost for the assembly of all the linear FEM systems. In particular, the affine-
parametric structure (28) implies that

Alyn) = A+ 4o ¥, V¥n€0,... 0" -1,
j=1

where A and U, are the stiffness matrices corresponding to @ and ; respectively. The ¥; are
usually sparse and have O(M) non-zero entries. Moreover, since they have the same sparsity

pattern as A, dependent on the FEM basis, but not on n, we get
work = (’)(sa’p’d/(tﬂl)) = O(afp*p/(Q*p)*d/(tH/)) . (45)

On the other hand, the main motivation to introduce Richardson extrapolation in [9] was the
possibility to extend the fast matrix-vector multiplication in [11] to higher-order QMC quadrature.
This is due to the fact that extrapolated lattice rules are linear combinations of first order polyno-
mial lattice rules, see Section 2.2. As a consequence, the fast QMC matrix vector product can be
used to reduce the complexity of the computation of the parametric stiffness matrices A(y) corre-
sponding to the PDE coefficient in (28). Using the standard approach, the overall computational
cost is O(Mb™s); however, the computation can be carried out in O(Mmb™) operations plus at
most O(M (s — 1)) additions with FFT (see [11, Section 3.2] for more details). On the other hand,
this requires to store all the stiffness matrices in O(Mb™) memory.

If we repeat the same steps for every m’ = m — a +1,...,m and then we combine the partial
results Ql()l), J(F), it is immediate to verify that the overall computational cost of the fast matrix-
vector multiplication for extrapolated lattice rules is O(M N log N) plus at most O(M (s — 1))
additions — that can be avoided when the generating vector has no repeated components — and
O(MN) memory, with N = b™ + ... + ™=+ This is advantageous for N < 2%, which holds in
our setting since N ~ s>~P. As a result, we obtain the following work vs error rate that improves
(45)

work = O(log(s_l)s_p_d/(t"’t/)) . (46)

4 A-posteriori QMC error estimator

It is often required to control the (relative) error of a numerical approximation, aiming at an
accuracy up to a predefined tolerance tol > 0. In the context of QMC integration using extrapolated
polynomial lattice rules, we want to verify that

L(F) - QW.(F)

< tol
[1s(F)|

with reasonable computational effort. We show that it is possible to compute an estimate of the
error that is asymptotically exact and we can use this quantity as a valid stopping criterion for the
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QMC approximation. The key to numerical extrapolation of the QMC approximating sequence
l(;i),s(F ), for m € N, is the availability of the asymptotic Euler-MacLaurin expansion of the QMC
rule. We therefore think of Richardson extrapolation of order o as an application of correction

terms to the sequence (Q,()},Z <)Jmen, based on previously computed quantities. We collect these

corrections in the value AQZS?L)’S, defined by the relation

o= QU+ AQ . (47)

In particular, we interpret AQ%?,‘L) . as an indicator of how far the originally computed QMC quadra-

ture Qbm lies from the exact integral, provided that we have F' € W; 4 4,4,00 50 that the Euler-
MacLaurin formula holds. This indicator is evaluated in the extrapolation algorithm with negligible
overhead. Let us now proceed to the detailed derivation. We adopt the notation of Section 2.2.
Fix a natural prime number b > 2. Let furthermore P, := P(p, g) be a polynomial lattice point
set with deg(p) = m and g constructed with the CBC algorithm of Section 2.4, and denote by

ngz s the corresponding QMC rule, obtained by shifting the points y,, = x,, — % to the hypercube

[—1/2,1/2]°. In the following theorem, the term on the right hand side of (48) is (up to the
(2)

remainder term O(+)) a computable expression for AQy.. .
Theorem 4.1. Let an integration dimension s € N be given, and also a > 2,1 < ¢ < 00, ¥ = (Vu)u
be a set of positive product weights vu = [[;c, ;. with (v;)jen € LP(N) for all p > 1/2, and let

F € Ws.a.4.q,00- Then, for all fived n € N and for all e > 0
1 L n—2m
L(F) - Q) (F) = Tl ol (F) = Q. () + 0" ) asm — 00, (48)
with constant in the O(-) notation independent of s. Furthermore, for weights in SPOD form

(11) with ¢; € Ng,co € N, the same estimate holds if we assume (5;)jen € P(N) for some
0<p<1/(1+ca).

Proof. For any F' € W; o .~,q,00 the Euler-MacLaurin formula holds for regular s-dimensional grids
[9, Equation 3.1] which gives the following asymptotic expansion for the QMC integral

o (F) = L(F)+ Y Flk) Z ) R (49)
keP,\{0}
3j: ™tk
where the coefficients o, (F) are defined in [9, Theorem 3.4]. Here, Pt is the dual lattice of Py,
and R o pm = O(b~™%). Moreover, in [9, Theorem 3.6] it was shown that, for product weights, a
suitable CBC constructed generating vector g satisfies for all A > 1/«

1/A
S

N 1 )\
Z |F(k)| < WHF”s,amqm H (14+77CLEa )
keP, \{0} J=1
3j: bk,

If (7;)jen € ¢P(N) Vp > 1/2, then the right-hand side decays at least with rate O (b~™(279)) for
all € > 0, with constant independent of s. The same decay property is satisfied for SPOD weights,
with the constraint (53;);en € ¢(N) for some p < 1+c < 1 (see Theorem 2.5). Therefore, if we
collect the higher order terms

5m = Rs7a7bm + Z F(
keprP-\{o}

m

3j: bk

b*rm
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we get that d,, = O(b*2m+5) for any ¢ > 0. Applying the Euler-MacLaurin formula (49) for
distinct values m, m’ € N with m = m’ + n, we have

b J(F) = QL) (F) = au(F)(B ™ = b7 ) = b + 6,

which yields

bm
o1(F) = 1 (L () = QL. L (F)) + 0@ +9).

bm
Thus, defining &1 (F) := T ( I()}H)S(F) - }()}n)_n7s(F)>, we get from (49) that

G1(F) + O(bn—m+e)

L(F) = Qi (F) = b -
1
T 1( l(’g’gs(F) - l(zif?fn,s(F)) + O(b”_2m+5)
and the proof is complete. .

In a similar fashion, we can approximate the relative error: if the exact integral is unknown,

we can compare the absolute error with the approximate integral Qbm s(F); then we obtain, for
the choice n =1

L(F) — ,EQ,S(F)’ \Q,‘,Qs )= Q- (F) .
I,(F))| ‘Qbms j+0(b— ) roET)
1 e - Qb )
~ L iy (50)

which is an a-posteriori QMC error estimator, asymptotically exact for m — oco. Furthermore, if
(1)
Qp (F

A straightforward application of Theorem 4.1 implies the following result.

)| # 0 then the approximation above is accurate up to O(b~2m*<).

Corollary 4. 2 Under the assumptzons of Theorem 4.1, for the computable QMC quadrature error

estimator AQbm = ,gm J(F) — Qbm X S( ), we have asymptotic exactness, i.e.
1
Aqp ()|
o —1 asm — oo. (51)
1(F) - Q4 ,(P)|
Remark 4.3. If we assume that o > 3 and we employ « different values m, ..., m—a+1, we can
analogously approximate the quantities o1,...,04—1, by solving a linear system with o variables

up to higher order terms. For the numerical extrapolation process, however, the knowledge of the
numerical values of o1,...,04_1 1S not required.

The above approach can be extended to Qbm JforT=1,2,...,a—1, since Qbm s also satisfies
an expansion of the form (49), i.e

b o(F) = L(F) + Z ) b
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where 6 ,, decays with order b=—™/P*¢ independently of the dimension. See (7) for the case 7 = 2.
Hence we have

T 1 T T Tn—m
1(F) = Q1) ((F) = o= (@4 ,(F) = QQTL. [(F) + O (b7 /7¢) s m s 00, (52)
In the same way, we can also extend Corollary 4.2 to obtain for any 7 =1,2,...,a — 1 that

- 1)*1‘62,();)78(1?) - Qf;?fl,s(ﬂ\
1,(F) — Q) (F)‘

— 1, asm — oo.

)

bm,’s

Notice that in a general setting for integrands with smoothness «, this only works for 7 =
1,2,...,a—1, since the sum Zf;ll o (F)b~™™ is restricted by the smoothness of F, i.e. 0,(F) is
in general not defined anymore. However, in the context of PDEs with random coefficients, it is
known that the integrands are actually infinitely many times differentiable, the limiting factor in
this context is the dependence on the dimension. Hence, the formula (49) also holds with the sum
extended to Y.7_, o, (F)b~"™. Hence in this special situation, (52) also holds for 7 = a.

5 Numerical experiments

In this section we present some numerical examples to illustrate applications of extrapolated poly-
nomial lattice rules. In all experiments which we report here, we employ polynomial lattice rules
constructed with base b = 2.

5.1 Fast CBC construction

As a first example, we measure the computational cost of the fast CBC algorithm to compute
the generating vector of the polynomial lattice rule, for the choice of SPOD weights considered
here. We are in particular interested in the verification of the cost of the CBC construction in (26)
using FFT with respect to the integration dimension s. The computations were performed with
MATLAB 2018a on the ETH Euler cluster!, enforcing single thread computations by activating
the option -singleCompThread.

We observe the asymptotic rate of (’)(52) for every fixed m, which confirms our analysis.

5.2 Explicit parametric integrand

We perform numerical integration of the following explicit parametric integrand function over

U =[-1/2,1/2]° for a range of integration dimensions s
—1
Fly)=|1+0> iy (53)
j=1

for a parameter 7 > 1 and a constant ¢ > 0, that can be chosen so that the function is bounded
uniformly in y. In particular, we have the constraint o < 2/{(n) with ¢ denoting the Riemann
zeta function. From [19, Section 4.1.1] we know

02 F(y)| < sup |F(y)|[v|!8” with  B; = sup |F(y)|oj " (54)
yeU yeU

Thttps://scicomp.ethz.ch/wiki/Euler
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Figure 1:
Fast CBC construction: runtimes in sec-
onds, versus number of dimensions, for
a = 2, SPOD weights with ¢; = 0,c2 =
l,c3 =1and B; = 0.2j~2 for the choices
m = 4,8,12,16 marked by circle, cross,
square and down-triangle, respectively.

time(sec)

Therefore, the parametric integrand function F' defined in (53) belongs to the weighted, unanchored
Sobolev space Ws o ~,1,00 With SPOD weights

T I ECRr D )

ve{l:a}vl JjEu

We have B8 € P(N) for p > 1/n. In the first experiment we work with s = 16. The reference value
for the exact integral I,(F) was computed by adaptive Smolyak with tolerance tol = 10~ [19,
Table 9.2], for the case n = 2, and by 22° points of an interlaced polynomial lattice of order 2, for
n = 3. In the same work it was also shown that it is advantageous to set the multiplicative constant
in B; below the value suggested by the theory. Therefore, we perform the fast CBC construction
with the weights 7, obtained replacing §8; by the choice Bj = 0.257".

In Figure 2, we observe that the error decay reaches O(N’z'm) for o = 0.1 and reduces slightly
as o gets larger, for the choice = 3. In Figure 3 we set = 2, so that we do not have a theoretical
convergence of O(N _2+E) for any £ > 0, but only for N sufficiently large (cp. Remark 2.8); the
optimal rate is obtained for sufficiently small values of o, showing robustness of extrapolation for
« = 2. Finally, convergence for varying dimension s is shown in Figure 4.

5.3 A-posteriori QMC Quadrature Error Estimation

We illustrate the efficiency of the a-posteriori computable QMC integration error estimator of
Section 4 with an example for the same integrand (53), considering various choices of QMC weights,
always with quadrature dimension s = 16.

We observe in Figure 5 that the ratio (51) converges to 1 for n > 2, which is the sufficient
condition for the existence of the first term of the Euler-MacLaurin expansion. Furthermore, for
n = 1.9, the estimator is still a good upper bound for the error, while as the summability decreases
the estimator becomes less reliable. An analogous experiment employing the estimator AQZ(J?Q) , for
« = 3 and the same summability is displayed in Figure 6. Here, we cannot expect to catch the
coefficient o9(F') in the estimator because n < 3; however, the ratio converges faster to 1 in the
case 1 = 2.5.

Finally, the dimension independent convergence of the a-posteriori estimator to the QMC error
is shown in Figure 7 up to dimension s = 128.
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Figure 2:

Relative integration error versus num-
ber of QMC points. Extrapolated lat-
tice rules with SPOD weights determined
by the sequence 0.2, n = 3, a = 2,
s = 16. The choices ¢ = 0.1,0.2,0.5,1
are marked by circle, cross, square and
down-triangle, respectively.

Figure 3:

Relative integration error versus num-
ber of QMC points. Extrapolated lat-
tice rules with SPOD weights determined
by the sequence 0.2, n = a = 2,
s = 16. The choices 0 = 0.1,0.2,0.5,1
are marked by circle, cross, square and
down-triangle, respectively.

1010k N 4

1012k 4

10—\4 L L L
10’ 102 108 104 108

5.4 Fast Matrix-vector multiplication

We compare the run times of the standard matrix-vector multiplication with the fast algorithm
proposed in [11]. This algorithm is based on FFT, as explained in Section 3.5. All timings are
performed in MATLAB R2019a, on an Intel(R) Core(TM) i7-7700T CPU @2.90GHz using the
timeit tool. Since we need to compute « terms of a sequence to perform extrapolation, in each
measurement we sum the runtimes corresponding to all « terms involved; here, we set a = 2. On
the interval D = (0, 1) we consider the model problem from Section 3 where we define the functions

sin(jmx)
Vi

;(x) = . J=12,.. (56)

with 7 = 2.1. Thus, the summability exponent of the sequence (3;);>1 satisfies p < 1/2. Based
on Theorem 3.8, with first order, conforming FEM (d =t = ¢/ = 1), we expect a dimension-
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10°F

Figure 4:

Relative integration error versus num-
ber of QMC points. Extrapolated lattice
rules with SPOD weights determined by
the sequence 0.257"7, n = 2.5, o = 2,
o = 0.5. The choices s = 16, 32,64,128
are marked by circle, cross, square and
down-triangle, respectively.

104 L

10°F

108 L

109k

10—10 L
Figure 5:
QMC efficiency index (i.e., ratio between
12k the QMC a-posteriori integration error
estimator and actual integration error),
1151 versus number of QMC points, for the
’ choices n = 1.5,1.9,2.1,2.5 marked by
circle, cross, square and down-triangle
11f .
respectively. Here, « = 2, ¢ = 1,
s = 16, SPOD weights generated by the
1.05 .
sequence 0.257".
1k ]
0.95 b
091 b
085 |5 L L L L L

10t 10? 10° 10* 10°

independent convergence rate arbitrarily close to C’)(N 2L M2+ 5_3). Equilibrating the (upper
bounds on the) error contributions, we arrive at the choice N ~ M ~ s%/2. On the other hand, if

d = 2 or if we are interested in the FEM error measured in the H!(D) norm instead of the Qol,
we have (’)(N_2 + M+ 8_3), which in turn implies N ~ M? ~ s%/2.
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Figure 6:

1.25
V\ QMC efficiency index (i.e., ratio between
12+ \ the QMC a-posteriori integration error
" X estimator and actual integration error),
1151 X / versus number of QMC points, for the
K x. [\ choices n = 1.5,1.9,2.1,2.5 marked by
o /] ~ /o circle, cross, square and down-triangle
AN '/// BN ) \ [ sl respectively. Here, a = 3, ¢ = 1,
/ \v h g/ \ s = 16, SPOD weights generated by the
1.05 - / — / | sequence 0.2577.
L O o
TN e A/
09 \ /
i1
0.85 ‘ ‘ ‘
10’ 102 10° 10* 10°
Figure 7:
QMC efficiency index (i.e., ratio between
the QMC a-posteriori integration error
estimator and actual integration error),
t2r versus number of QMC points, for s =
16, 32, 64, 128 dimensions marked by cir-
cle, cross, square and down-triangle re-
1151 spectively. Here, a = 2, ¢ = 1, n =
2.5, SPOD weights generated by the se-
quence 0.25~". Reference values in high
dimension are computed with 220 IPL
T points with interlacing factor 2.
1.05
1k
1(;‘ 1(;2 1(;3 154 10°
Times (sec)
M=N,s= [N [ M =[N, s = [N?*] | M = N?%,s = [N?/?]
N Slow Fast Slow Fast Slow Fast
48 0.0009 0.0014 0.0012 0.0021 0.0015 | 0.0057
96 0.0013 0.0016 0.0020 0.0052 0.0053 | 0.0371
192 0.0022 0.0046 0.0047 0.0412 0.3618 | 0.6595
384 0.0060 0.0111 0.1009 0.2000 5.3307 | 4.1966
768 0.0134 0.0349 1.8550 1.2186
1536 0.0573 0.1484 18.6773 | 6.5630
3072 1.8559 0.8218
6144 17.9490 2.6575
12288 118.2711 | 14.5797

Table 1: Runtimes, in seconds, of the slow and fast matrix-vector multiplication for three sets of choices for N, M, s.




The results in Table 1 show a benefit of the fast MV algorithm for large values of the parameter
dimension s and of N when M = N or M ~ N3/2. On the other hand, the memory demand
increases with (’)(N 3) for the fast algorithm when M = N?2. This limits the range of N in the
numerical experiments, for this choice of M. Moreover, compared to the numerical experiments in
[11], we require stronger summability to achieve higher order convergence rates, which results in
lower dimensionality of the problem and consequently smaller benefits of the fast algorithm.

5.5 Elliptic parametric PDE

We consider QMC-FE forward UQ for the model, linear, affine-parametric elliptic PDE (27) on
the convex physical domain D = (0,1)? with deterministic source f = 1, Qol G(u) := fD u and
with affine-parametric diffusion coefficient

a(z,y) =1+ yi(x), zeD.
j=1
Here ¢;(z) := ¢r(z) = m sin(kymzy) sin(kamr2), s = 16 and the ordering is defined by k < k
- _ 1TR2
when k? + k2 < k? + k2 and is arbitrary when equality holds. We prescribe the asymptotic decay
1931l ooy ~ 37"
Due to the smoothness of f and of the parametric coefficient, i.e. a(-,y) € WH°(D) for all
y which is implied by the preceding assumptions, the convexity of the physical domain D implies
u(-,y) € H?*(D). This, in turn, ensures first order convergence in H!(D) of the P1-FEM on
shape-regular, quasiuniform partitions of D into triangles.

100
Figure 8:
1071 ] Relative error versus number of QMC
points. Extrapolated lattice rules with
SPOD weights determined by the se-
102 E quence 0.257", n=a =2, s = 16 and
M ~ N? for all N. The reference value
s was computed using 212 IPL points with
10 E interlacing factor 2.
1074 E
10°® E
10—6 L L
10" 102 103 104

The resulting convergence of the QMCFEM algorithm is displayed in Figure 8, which confirms
the accurate order of (’)(N _2).
6 Conclusion
We extended the error analysis for extrapolated polynomial lattice rules from [9] to classes of

integrand functions with so-called SPOD QMC weights. Such classes typically arise in the com-
putational uncertainty quantification for partial differential equations with distributed uncertain
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input data which is parametrized in terms of a representation system with globally supported (in
the physical domain D) elements (we remark that the setting for integrand functions with product
weights which was considered in [9] does accomodate inputs given in terms of locally supported
representation systems. See, e.g., [17, 24]) .

We considered only the mathematical analysis of so-called single-level QMC FEM. It is, how-
ever, possible to obtain significant gains in error vs. work by combining the presently considered
extrapolation methods with a multi-level discretization in physical space. We refer to [31, 12, §]
and to the references there.

The analysis of QMC integration with higher-order, extrapolated polynomial lattice rules in
the present paper extends the work [9] to SPOD weights. Under the provision of sufficient summa-
bility of higher derivatives of the parametric integrand functions F'(y), we proved that there exist
Richardson-extrapolated QMC integration schemes which afford, with N QMC integration points,
convergence rate of O(N~%) for any a € N. In numerical experiments, however, we find the extrap-
olation formulas resulting from our analysis to be feasible only for moderate values of a = 2,3, 4.
Considerably higher orders of integration are, in our view, theoretically justified, but are practi-
cally not feasible due to several reasons: first, large values of a require rather strong summability
of the partial derivatives of the integrand function F' as expressed in terms of the norm (5). This,
in turn, implies that integrands in the class have low effective integration dimension (although
formally depending on infinitely many co-ordinates y; € y).

The presently developed Richardson extrapolated lattice rules afford convergence rates greater
than 1 (under the provision of sufficient integrand sparsity, as quantified by the weighted function
spaces (5)) without the curse of dimensionality and accomodate, due to the structure of their gen-
erating vectors, so-called fast matriz-vector multiplication developed for first order QMC methods
in [11] for the efficient numerical evaluation of parametric solutions of the discretized PDEs at
lattice point parameter inputs. QMC quadratures based on so-called interlaced polynomial lattice
rules (IPLs) also afford higher order convergence rates without incurring the curse of dimensional-
ity [10, 8]. However, the digit interlacing at the root of their construction precludes the Fast MV
multiplication. The presently considered extrapolated polynomial lattice rules are, therefore, the
first approach which allows to combine higher order convergence of the QMC integration with the
computational advantages of the Fast MV multiplication.

In addition, we showed that the Richardson expansion of the QMC quadrature error can be
leveraged to afford an asymptotically exact, computable estimate of the QMC quadrature error.

The analysis of extrapolated polynomial lattice rules in the present paper was developed only
for forward uncertainty quantification for model, affine-parametric, linear elliptic boundary value
problems, and for single-level Galerkin FEM discretizations of these. Natural extensions of the
presently proposed analysis include multi-level QMC-FEM for such problems (e.g. [12, 16, 22]),
Bayesian inverse problems (e.g. [8]), and non-affine parametric dependence of the forward PDEs
on the parameters (e.g. [14, 25, 27, 28]). Furthermore, the presently proposed, extrapolation-based
computable a-posteriori quadrature error estimator may be combined with a-posteriori discretiza-
tion error estimators for the parametric PDE [32].
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