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hp-FEM for reaction-diffusion equations.
I1: Robust exponential convergence for multiple length scales in corner
domains. §

Lehel Banjait and Jens M. Melenk§ and Christoph Schwab{
[Received on 1 December 2021]

In bounded, polygonal domains £ C R2 with Lipschitz boundary 9 consisting of a finite number of
Jordan curves admitting analytic parametrizations, we analyze hp-FEM discretizations of linear, second
order, singularly perturbed reaction diffusion equations on so-called geometric boundary layer meshes.
We prove, under suitable analyticity assumptions on the data, that these hp-FEM afford exponential
convergence in the natural “energy” norm of the problem, as long as the geometric boundary layer mesh
can resolve the smallest length scale present in the problem. Numerical experiments confirm the robust
exponential convergence of the proposed 4p-FEM.

Keywords: anisotropic hp-refinement, geometric corner refinement, exponential convergence.

1. Introduction

The need for accurate numerical approximations of solutions to singularly perturbed partial differential
equations in nonsmooth domains arises in a wide range of applications, e.g., in structural mechanics in
the theory of plates and shells as well as fluid mechanics in vicous, incompressible flow. Typically, these
solutions feature singularities near regions of nonsmoothness of the geometry as well as boundary layers
induced by the singular perturbation nature of the equation. These boundary layers occur frequently on
multiple length scales. We mention dimensionally reduced models of curved thin solids (“shells”) in
so-called “bending-dominated” states (see, e.g., Chaussade-Beaudouin et al. (2017) and the references
there for a detailed discussion of possible length scales), and linear, elliptic reaction-diffusion boundary
value problems that result from implicit time-discretizations of parabolic evolution equations and, more
recently, from discretizations of fractional powers of elliptic operators (see, e.g., Banjai et al. (2019);
Melenk & Rieder (2021) and the references there). Advection-diffusion problems often have layers with
complicated structure in particular near points where the boundary becomes characteristic. Interaction
of corner singularities and layers arise also in electromagnetics in so-called eddy-current models (where
the small parameter is a complex number) (see, e.g., Buret et al. (2012) and the references there).

High order methods for singularly perturbed problems can lead to exponential convergence on spe-
cially designed meshes to capture boundary layers of a given scale, Schwab & Suri (1996); Melenk &
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Schwab (1998); Melenk (1997); Melenk & Schwab (1999); Melenk (2002) and the references there.
These references focus on boundary layers on a single scale on smooth geometries. In nonsmooth ge-
ometries, the interaction of corner singularities and layers is highly non-trivial and correspondingly the
design of meshes or numerical methods is challenging. In the present work, we propose geometric
boundary layer meshes (GBLM) that are geometrically refined towards both corners and edges of the
domain. Such meshes are capable to resolve boundary layers of any length scale down to a minimal one
that depends the refinement level of the GBLM. The geometric refinement towards corners also allows
for simultaneously resolving corner singularities, typical of elliptic problems in corner domains.

For analysis purposes, our GBLM are constructed in a patch-based fashion in that the actual mesh
is defined as the push-forwards of finitely many reference refinement configurations. Our convergence
analysis focuses on the approximation of typical corner layers and boundary layers of any length scale
on these patches and could be applied whenever the solution structure in terms of such components is
available. Such structural information is made available in Melenk (2002) for a singularly perturbed
scalar reaction-diffusion problem in polygons. Based on that detailed regularity analysis, we are able to
provide a full convergence analysis of the Ap-FEM for that scalar singularly perturbed model problem
in polygons and show exponential convergence on the GBLM proposed here. Thus, the present work
extends in the scalar reaction-diffusion case the hp-error analysis of Part I, Melenk & Schwab (1998), to
polygons. However, the scope of the mesh design principles presented here is wider as they are applica-
ble to more complex singularly perturbed PDEs with multiple scales, see Arnold & Falk (1996); Gerdes
et al. (1998); Chaussade-Beaudouin et al. (2017); Gie et al. (2018) and the references there. We under-
line the success of the GBLM with a numerical example from fractional diffusion in polygons, where
the numerical solution involves solving a collection of local singularly perturbed reaction-diffusion
problems with a wide range of boundary layer length scales.

1.1 Model reaction-diffusion problem

In a bounded domain Q C R2, which is assumed to be scaled to unit size, and for a parameter 0 < € < 1,
we consider the hp-FE approximation of the model reaction-diffusion Dirichlet problem

—&2V - (A(X)Vue) +c(X)ug = f  inQ, ue=0 onodQ. (1.1)

We assume

A, ¢, f analytic on Q, independent of &, B B (12)
A symmetric, positive definite uniformly in 2, ¢ > ¢ > 0 on 2. )
To design H} (€)-conforming, ip-FE approximations of the solutions {u : 0 < € < 1} of (1.1) under
the analyticity assumptions (1.2) which converge exponentially in the £-dependent energy norm || o [|¢ o
given by

IR0 = €2Vvli2aqy + IV - vEH'(), (1.3)

is the purpose of the present paper. We prove in particular in Theorem 4.1 a robust exponential conver-
gence error bound, i.e., all constants in the exponential convergence bound do not depend on € > 0.

We again emphasize that we consider (1.1) for illustration. The scope of the robust exponential /p
convergence rate bounds below extends well beyond (1.1) to more complex, singularly perturbed PDE
such as those in Arnold & Falk (1996); Gerdes et al. (1998); Chaussade-Beaudouin et al. (2017).
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FIG. 1. Example of a curvilinear polygon Q.

1.2 Geometric Preliminaries

In (1.2), the domain  C R? is a curvilinear polygonal domain, schematically depicted in Fig. 1. Specif-
ically, the boundary d is assumed to consist of J € N closed curves I (). Each curve I') in turn is
(@)

assumed to be partitioned into finitely many open, disjoint, analytic arcs F/ , in the sense that there are

numbers J; € N such that

Ji .
ro=Jr?, i=1,..J.
=1

Here, analytic arcs Fj(l) admit nondegenerate, analytic parametrizations, i.e.,

1}<i>:{x§i)(6)|6€(0,1)}7 i=1,.d, j=1,..J.

with the coordinate functions xy), yy) of x\/ (8) = (x§i> (9),y5-i) (0)) assumed to be (real) analytic func-

J
tions of 6 € [0,1] and such that

2
>0, j=1,....J;, i=1,...,.J.
0€[0,1] } ] !

: d o[ 1d o
min { 297 (6)’ +17gYi (8)

We denote 81";0 = {Aﬁ’zl ,Ay)} where A.S.ill = xy) (0) and Ay) = xy) (1). For each boundary component

'), we enumerate {Ag-i) }j’: | cyclically, counterclockwise by indexing with j modulo J;, thereby iden-
(M) ._ A0 0] (¥

tifying in particular A; j+s- The interior angle at A} is denoted ;" € (0,27). For notational

simplicity, we assume henceforth that J = 1, i.e., dQ consists of a single component of connectedness.
We write A = A;l), I; for 1'}-“), Xj= xﬁ.l), yj= yﬁ-l). Then, in a vicinity of any point x € d, a curvilinear
polygon Q is analytically diffeomorphic to either a half-space, or to a plane sector with vertex situated
at the origin.

1.3 Contributions
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The principal contribution of the present paper is the development of the GBLM in Section 2.3 and the
proof that these meshes allow to approximate boundary layers as well as corner layers at an exponential
rate in Section 3. As an important application, we show in Section 4 robust, exponential convergence
of a class of hp-FEM approximations of the singular perturbation problem (1.1) under the analyticity
assumptions (1.2), in curvilinear polygons €2 as described in Section 1.2. The convergence proof in
Sections 3 and 4 is done under a scale resolution condition that corresponds, roughly speaking, to the
hp-FE partitions resolving the shortest length scale that occurs in the solution ue, and it is strongly based
on parameter-explicit, analytic regularity results for the parametric solution family {u, : 0 <e < 1} C
H& () of (1.1), which were obtained by one of the authors in Melenk (2002). Importantly, and distinct
from earlier work on robust exponential #p-FE convergence for (1.1), a patch-based convergence proof
is developed which also enables an algorithmic, patchwise-structured anisotropic mesh specification,
described in Section 2, which is applicable in domains 2 of the generality admitted in Section 1.2.
As we show in numerical experiments in Section 5, the mesh generator Netgen Schoberl (1997) does
produce automatically, i.e., without “expert pruning”, anisotropic, geometric meshes in 2 with the
required boundary and corner refinement capable to deliver robust exponential convergence.

1.4 Outline of this paper

In Section 2, we introduce the geometric mesh families in €2 that underlie our robust exponential con-
vergence results. The meshes require concurrent anisotropic geometric partitions of € towards the
boundary d€ and isotropic geometric refinement towards the corners A;. We define these meshes in
a macro-element fashion based on an initial, coarse regular partition of the physical domain £ into a
macro-triangulation consisting of a regular, finite, and fixed partition of the physical domain € that
is described in Section 2.1. Its elements will be referred to as (macro) patches and are assumed to be
images of a finite number of quadrilateral reference patches under analytic patch maps. The reference
patches are key in ensuring robust exponential convergence rate bounds of our ~p-FEM approxima-
tion. Following earlier work Melenk (1997); Melenk & Schwab (1999); Melenk (2002), we consider
so-called geometric boundary layer meshes, denoted by ﬁgﬁgfc. We introduce these in Def. 2.2. Unlike
the so-called “two-element” meshes considered earlier in Schwab er al. (1998a,b), which are designed
to approximate only a single small scale in a robust way, the presently considered geometric boundary
layer meshes afford robust exponential convergence rates of Ap-FEM also in the presence of multiple
physical length scales. This situation arises in a number of applications (e.g., Chaussade-Beaudouin
et al. (2017); Banjai et al. (2019)). Section 2.3 introduces the geometric boundary layer mesh, first on
the reference patches, and then in Section 2.4 in curvilinear polygons.

Section 3 is devoted to the polynomial approximation of functions on geometric boundary layer
meshes. The approximation is based on Gauss-Lobatto interpolation operators in the reference triangle,
indicated by A\, and in the reference square, indicated by O, in Section 3.1. These are then assembled
into (nodal) patch approximation operators on the geometric boundary layer patches in Section 3.2.
Then, the robust hp-approximation of corner singularities and boundary layer functions is proved. These
functions are the key solution components of singularly perturbed problems in polygons such as the
model problem (1.1).

Section 4 assembles the patch zp-approximation results and interpolants into a global approximation
operator, and presents the main result of this paper: robust exponential convergence rate bounds for the
global hp-interpolation of the solution of (1.1) assembled from the patch approximations.

Section 5 presents several illustrative numerical experiments in polygons, which underline the the-
oretical results. Besides singular perturbation problems with single scales we include an example from
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fractional diffusion whose numerical treatment naturally leads to a collection of singularly perturbed
problems with multiple scales. All our numerical examples are based on hp-meshes that are furnished
by the automated mesh generation procedure Netgen Schoberl (1997) to make the point that the some-
what technical construction of geometric boundary layer meshes is, in principle, available and feasible
automatically. Appendix A contains proofs of auxiliary results on analytic regularity estimates under
analytic changes of variables. Appendix B collects (mostly known) results on univariate polynomial
approximation for convenient reference in the main text.

1.5 Notation

We employ standard notation for Sobolev spaces. Constants C, ¥, b > 0 may be different in different
instances. However, they will be independent of parameters of interest such as € € (0, 1], the polynomial
degree ¢, and the element under consideration The notation V"u stands for the collection of all partial
derivatives of order n and |V"u|> = Yial=n gi |D°‘u|2 Points in R? will be denoted depending on the
context as either x = (x,y) (physical domain) or X = (X,y) (patch domains) or X = (x,y) (reference
domains). We abbreviate {x = 0}, {y = 0}, and {x = y} for the line segments {x = (0,y) |0 <y < 1},
{x= )70)|0 <xX< 1}, and {x = (X,5)|0 <X =y < 1}, respectively. We write {y < x} for {x =
(x y)|0 <y <X < 1}. The origin will be denoted 0 = (0,0). The reference square and triangle are
S:= (0,1)% and T := {(x,y)|0 <x< 1,0 <y < x}. The region covered by the reference patch will be

denoted S := S = (0,1)2. It will be convenient to introduce T := T and set TP := §\ T. We denote the
space of polynomials of total degree ¢ by Py = span{x'y/ |0 < i+ j < ¢}; the tensor product space Qq
is Q, = span{x'y’ |0 < i,j < ¢}.

2. Macro triangulation. Geometric boundary layer mesh (GBLM)

Our robust exponentially convergent 4p approximation is based on so-called geometric boundary layer
meshes, denoted by %ﬁgfc. To facilitate our error analysis, the ﬁgég,'fa are generated as push-forwards

of a small number of so-called reference patches, which are partitions of S, under the patch maps. The
images of S under the patch maps form a (coarse) macro triangulation of 2 satisfying some minimal
conditions, which are described in Section 2.1. This concept was also used in the context of 4p-FEM for
singular perturbations in (Melenk, 2002, Sec. 3.3.3) and in Melenk & Xenophontos (2016); Faustmann
& Melenk (2017).

2.1 Macro triangulations

We assume given a fixed macro-triangulation 7% = {K/// | K" e T } of Q consisting of curvilinear

quadrilaterals K*# with bijective element maps F, KA S — K-# that are analytic in S and that in addition
satisfy the usual compatibility conditions. Le., the partition .7+# does not have hanging nodes and, for
any two distinct elements K{” , K‘z//l € .7 that share an edge e, their respective element maps induce
compatible parametrizations of e (cf., e.g., (Melenk, 2002, Def. 2.4.1) for the precise conditions).

Each element of the fixed macro-triangulation .77 is further subdivided according to one of the
refinement patterns in Definition 2.1 (see also (Melenk, 2002, Sec. 3.3.3) or Faustmann & Melenk
(2017)). The actual triangulation is then obtained by transplanting refinement patterns on the square
reference patch S into the physical domain £ by the element maps F.» of the macro- triangulation
resulting in the physical triangulation 7 . _For any element K’ € 7, the element maps F : K — K are
then concatenations of affine maps Ak : K — K, which realize the mapping from Ke {S T} to the



6 of 40

y y y
o-BL,L ..
Tgeoo 9;5&?0 trivial patch
~ X X ~ X
Y 4 T.Ln Y ?M,L,n
“8€0,0 geo,o
S = (0,0%)? - S1=(0,0%)? _ -
> X ZBLL X
FIG. 2. Catalog I} of mesh patches of GBLM 7. Top row: boundary layer patch .74, 5 with L layers of geometric refinement

towards {y = 0}; corner patch Z,¢)'s with n layers of geometric refinement towards (0,0); trivial patch. Bottom row: tensor patch

Li‘:fc’," with n layers of isotropic geometric refinement towards (0,0) and L layers of anisotropic geometric refinement towards

5 C
8

{X¥=0} and {y = 0}; mixed patch %2"(,013" with L layers of refinement towards {y = 0} and n layers of refinement towards (0,0).
Geometric entities shown in boldface indicate parts of S that are mapped to d€2. Patch meshes are transported into the curvilinear
polygon £ shown in Fig. 1 via analytic patch maps Fy.» .

elements in the patch refinement pattern, and the analytic patch maps Fy.». That is, the element maps
have the form Fx = Fy.» o Ak for an affine Ag. Throughout the article, we will denote by Kc {§, T }
the reference element corresponding to an element K of a triangulation, and we will denote by K the
elements of the triangulation of the reference patterns. Points in the reference patch S are denoted
X = (%,y) € S; variables (x,y) are employed to indicate points in £, and X = (&) are used for points of
the reference square S = (0,1)2 and reference triangle 7 = {(%,5)|0 <y <X < 1}.

2.2 Refinement patterns in the reference configuration (patch catalog J3)

The admissible patch refinement patterns are collected in a catalog 3 and are depicted in Fig. 2. They are
based on geometric refinement towards a vertex and/or an edge; the parameter L controls the number
of layers of refinement towards an edge whereas the natural number n > L measures the number of
geometric refinements towards vertices.

DEFINITION 2.1 (catalog ‘B of refinement patterns) Given o € (0,1), L, n € Ny with n > L the catalog
B of admissible refinement patterns consists of the following patches:

1. The trivial patch: The reference square S is not further refined. The corresponding triangulation
of S consists of the single element: .7 = {S}.

2. The geometric boundary layer patch %E(,Lé : S is refined anisotropically towards {y =0} into L
elements as depicted in Fig. 2 (top left). The mesh i?,',‘é is characterized by the nodes (0,0),
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y ¥ y

={0<x<ol, ZMbalf L ZChalf ZChayefip.n
0<y< )‘{} geo,.o geo, geo,
,_\ .
T
Vi

X _ X X
FIG. 3. From left to right: half-patches 75,9,,]?1“ o %Enhg" " and E‘gfj‘f,‘f'ﬂ“"". They are given by the elements of figo‘f’g and

%TZJ,A‘," below the diagonal {y = X} and the mirror image of Z,, FChaltn o the diagonal {5 = X7}

T| Bl B|B| B S
B —
T| B| M M

Hlw |zl
- o w|w| = =

B

FIG. 4. Left panel: example of an L-shaped domain decomposed into 27 patches (7', B, M, C indicate tensor, boundary layer,
mixed, corner patches; empty squares stand for trivial patches). Right panel: Zoom-in near the reentrant corner.

(0,06%), (1,6'),i=0,...,L, and the corresponding rectangular elements generated by these nodes.

3. The geometric corner patch ;;ng’c: S is refined isotropically towards (0,0) as depicted in Fig. 2

(top middle). Specifically, the reference geometric corner patch mesh 9;5(}70 in S with geometric
refinement towards (0,0) and n layers is given by triangles and based on the nodes (0,0), and
(0,06%), (6',0), (6/,6'),i=0,1,...,n

4. The tensor product patch @;,Lc',"' S is triangulated in S := (0,6%)2 and S, :=§ \ S separately as
depicted in Fig. 2 (bottom left). The triangulation of S, is a scaled version of jgeo o L and based

on the nodes (0,6%), (67,0, i =L,...,n. The triangulation of S, is based on the nodes (o', 67),
i,j=0,...,L

5. The mixed patches @;%ﬂ The triangulation consists of both anisotropic elements and isotropic
elements as depicted in Fig. 2 (bottom right) and is obtained by triangulating the regions Sy =
(0,652, 8, := (S\Sl) N{y <z}, S3:= 8\ (5] US,) separately. The set S is a scaled version of
ﬂSO"GL based on the nodes (0,07), (67,0), i = L,...,n. The triangulation of S is based on the
nodes (07,0), (6',67),0<i<L,i< j<Land consists of rectangles and triangles, and only the

triangles abut on the diagonall{f = y}. The triangulation of S5 consists of triangles only and is
based on the nodes (0,0"), (¢,6'),i=0,...,L.
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REMARK 2.1 We kept the catalog *J3 of admissible patch refinement patterns in Definition 2.1 small in
order to reduce the number of cases to be discussed for the Ap-FE error bounds. A larger number of
refinement patterns provides greater flexibility in the mesh generation. In particular, the reference patch
meshes of Def. 2.1 do not contain general quadrilaterals but only rectangles; this restriction is not es-
sential but simplifies the Ap-FE error analysis. Also certain types of anisotropic triangles (e.g., splitting
anisotropic rectangles along the diagonal), which are altogether excluded in the present analysis, could
be accommodated at the expense of additional technicalities.

The addition of the diagonal line in the reference corner, tensor, and mixed patches is done to be able
to apply the regularity theory of Melenk (2002). It is likely not necessary in actual computations. We
also mention that with additional constraints on the macro triangulation .7-# the diagonal line could be
dispensed with in certain situations as is illustrated in Section 2.4. "

2.3 Geometric boundary layer mesh

The following definition of the geometric boundary layer mesh ﬂglg,",'fc formalizes the patchwise con-
struction of meshes on 2 based on transplanting meshes of the reference configurations to £ via the
patch maps Fy.».

DEFINITION 2.2 (geometric boundary layer mesh ygﬁgfc in Q) Let .7 be a fixed macro-triangulation
consisting of quadrilaterals with analytic element maps that satisfy (Melenk, 2002, Def. 2.4.1).

Given o € (0,1), L, n € Ny with n > L, a regular mesh ygl;’orfa in Q is called a geometric boundary
layer mesh if the following conditions are satisfied:

L. Z,ﬁ;,’fc is obtained by refining each element K# € .7/ according to one of the refinement pat-
terns given in Definition 2.1 using the given parameters o, L, and n.

2. The resulting mesh ﬂgﬁ’orfc is a regular triangulation of €2, i.e., it does not have hanging nodes.
Since the element maps for the refinement patterns are assumed to be affine, this requirement
ensures that the resulting triangulation satisfies (Melenk, 2002, Def. 2.4.1).

For each macro-patch K4 € .77 | exactly one of the following cases is possible:
3. K7 N9 = 0. Then the trivial patch is selected as the reference patch.
4. K7NoQisa single point. Then two cases can occur:
(a) K7NoQ = {A;} for a vertex A of Q. Then the corresponding reference patch is the corner
patch 9;5&’?0 with 7 layers of refinement towards 0. Additionally, Fy.»(0) =A;.

(b) K#NdQ ={P}, where P is not a vertex of Q. Then the refinement pattern is the corner patch

;;Sg’)‘g with L layers of geometric mesh refinement towards 0. Additionally, it is assumed that
Fyn(0)=PecoQ.

5. K”N9Q =eforan edge e of K/ and neither endpoint of e is a vertex of 2. Then the refinement
pattern is the boundary layer patch %E’(I; L and additionally F, v ({y=0}) C Q.

6. K7 N9Q =e for an edge e of K/ and exactly one endpoint of ¢ is a vertex A j of . Then the

refinement pattern is the mixed layer patch ﬂ;ﬁ;” and additionally Fy.» ({y =0}) C dQ as well

as Fr.v (0) =Aj.
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7. Exactly two edges of a macro-element K are situated on Q. Then the refinement pattern is the
tensor patch %‘er(;{f&". Additionally, it is assumed that Fy..» ({y =0}) C 0Q, Fx.« ({x=0}) C 92,

and Fy.»(0) = A; for a vertex A; of Q.
Finally, the following technical condition ensures the existence of certain meshlines:

8. For each vertex A; of £, introduce a set of lines

(= U {Fea{5 =0} Fen({F= 0} Fu ((F= 1 1.
KA . Aj EW
Let I}, I';;1 be the two boundary arcs of €2 that meet at A;. Then there exists a line e € £ such
that the interior angles (e, I) and Z(e,I) are both less than 7.

REMARK 2.2 The last condition, requirement 8. in Definition 2.2, is merely a technical condition that
results from our applying the regularity theory for singular perturbations of Melenk (2002). Very likely,
it could be dropped.

The condition that Fy.»(0) € dQ or that Fr.»({y = 0}) C dQ are not conditions on the patch
geometry but on the maps Fy.». They are not essential but introduced for notational simplicity. They
could be enforced by suitably concatenating the maps F ,,.» with an orthogonal transformation. "

REMARK 2.3 The meshes %Ig(’,’fc are refined towards both vertices and edges of 2. The parameter
L € Ny measures the number of layers of geometric refinement towards d£ whereas the parameter
n € N characterizes the number of layers of geometric refinement towards the vertices. For L = 0 (or,

more generally, L fixed), the meshes ﬂgg’,ﬁc, n=1,2,..., realize the “geometric meshes” introduced
in Babuska & Guo (1986a,b) (see also (Schwab, 1998, Sec. 4.4.1)) for the hp-FEM applied to elliptic
boundary value problems with piecewise analytic data. "

EXAMPLE 2.3 Fig. 4 (left and middle) shows an example of an L-shaped domain with macro triangula-
tion and suitable refinement patterns. "

2.4 Geometric boundary layer meshes in curvilinear polygons

Geometric boundary layer meshes can be constructed in various ways. A first approach, which is in
line with the illustration in Fig. 4, is to create one layer of quadrilateral elements that partition a tubular
neighborhood T of dQ. Each quadrilateral K should fall into one of the following 3 categories: a)
KNoQ is an edge of K; b) KN A consists of two contiguous edges and the shared vertex is a vertex of
Q;c) KNAA is a vertex of Q. In the second step, refinement patterns from Definition 2.2 are applied to
each quadrilateral. In the final step, Q' := Q\ T, is triangulated under the constraint that the boundary
nodes of the triangulation of £’ on dQ’ coincide with the nodes of the triangulation of T}, that also
lie on dQ’. This triangulation of Q' could be chosen to consist of triangles (and/or quadrilaterals).
All elements of that triangulation will be denoted “trivial patches”; we mention without proof that the
approximation result holds also if we include “trivial” triangles in the list of refinement patterns.

Geometric boundary layer meshes can also be constructed for general (curvilinear) polygons 2
starting from any regular initial triangulation .7 of Q. This triangulation .79 is assumed to consist of
(curvilinear) triangles with analytic element maps and satisfying the “usual” conditions for triangula-
tions as spelled out in (Melenk, 2002, Def. 2.4.1). Then, the geometric boundary layer mesh is generated
in 3 steps (cf. Fig. 5):
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FIG. 5. Generating a boundary layer mesh from a regular triangulation .7°: solid lines are the triangulation .7°, dashed lines

connect edge midpoints with element barycenters to create a mesh c0n51st1ng of quadrilaterals. B stands for boundary layer patches

ZE‘,‘; , M for mixed patches ,721 %n CL for corner layer patches qu &, C" for corner layer patches <7gm o> empty quadrilaterals

are trivial patches.

1. (Ensure condition 8 of Def. 2.2) For each vertex A ; of Q verify if an edge e of .7 0 splits the inte-
rior angle at A ; into two angles each less than 7. If not, then suitably split an appropriate triangle
abuting on A into two triangles (so that the newly introduced edge will satisfy this condition) and
remove the newly introduced hanging node by a mesh closure. The resulting triangulation has
again analytic element maps and satisfies (Melenk, 2002, Def. 2.4.1); it is again denoted .7°°.

2. (Create a macro triangulation .7+ consisting of quadrilaterals only.) Split each triangle K € T0
into 3 quadrilaterals as follows: split the reference triangle 7" into 3 quadrilaterals fi, i=1,2,3,
characterized by the vertices of T, its barycenter, and by the 3 midpoints of the edges of T.
The element maps of the 3 quadrﬂaterals FK(K-), i =1,2,3, are obtained by concatenating the
bilinear bijections Fy S — K with Fx. The triangulation .7# of Q obtained in this way realizes
a decomposition of Q into (curvilinear) quadrilaterals, and the element maps satisfy (Melenk,
2002, Def. 2.4.1).

3. (Generate the geometric boundary layer mesh.) The refinement pattern for each K € 7% is
determined since K falls into exactly one of the categories 3—7 of Definition 2.2 as can be seen
by the following observations: a) At most 2 edges of K are on d € (since the two edges that meet
in the barycenter of the parent triangle cannot be on d€). b) If two edges of K are situated on
0, then they have to be subsets of the two edges of the parent triangle with common vertex V;
since .7¥ is a regular triangulation, the common vertex V has to be a vertex of . Additionally,
if necessary, the assumptions on where the reference element vertex 0 and/or the edges {y = 0},
{X = 0} are mapped can be ensured by suitably adjusting the element map with the aid of an
orthogonal transformation of S. Finally, condition 8 of Def. 2.2 is satisfied by step 1.

It remains to see that after selecting the refinement patterns the resulting triangulation satisfies (Melenk,
2002, Def. 2.4.1). This follows from the fact that the parameters o, L, n are the same for all macro
elements and the structure of the refinement patterns: If an edge e of the macro triangulation inherits a
further refinement from a refinement pattern, then the edge either lies on dQ (which is immaterial for
the question of satisfying (Melenk, 2002, Def. 2.4.1)) or it is in £ and exactly one of its endpoints V
lies on dQ2. This edge e is shared by two macro elements. If V is a vertex of £, then the refinement
patterns are such that the induced 1D-mesh on e is the same geometric mesh with # layers for both macro
elements. If V € 9 is not a vertex of £, then the induced 1D-mesh on e is the same geometric mesh
with L layers for both macro elements. Hence, the resulting mesh satisfies (Melenk, 2002, Def. 2.4.1).
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2.5 Properties of the mesh patches

We note that parts of the mixed patch, the tensor patch, and the corner patch are identical or at least
structurally similar. For the analysis of the approximation properties of zp-FEM on geometric boundary
layer meshes it is therefore convenient to single out these meshes:

DEFINITION 2.4 (half-patches, cf. Fig. 3) The mixed half-patch jge(,l}alf L and the corner half-patch
%Sahf}]f" on T = {(%,5)|0 <X < 1,0 < § < X} are obtained by restricting ,272/'0%” and %S;,’fc to 7. The

Sflipped corner half-patch %E}ff,lf’ﬂip’" on TP := {(X3)|0 < X< 1,X <y < 1} is obtained by reflecting

2,5;3?,”’" at the diagonal {(%,X)|X € (0,1)} of S.

We will approximate functions on boundary layer meshes %ﬁ;’fa with the aid of an elementwise
defined operator I1,. To estimate the total error in [%-based norms, the elemental error contributions are
summed up on each mesh patch separately. The following Lemma 2.1 provides tools to conveniently
do that. In order to formulate Lemma 2.1, we introduce some additional notation, which represents the
pull-back of the parts of the boundary of the reference patch that is mapped to €2 and is marked by
bold lines or dots in Figs. 2 and 3:

FC = FC7half = FC7half,ﬂip = {0}, (213)
ret=r":=r"".= (=0}, (2.1b)
T.={F=0}u{x=0}uU{0}. (2.1c)

LEMMA 2.1 (properties of mesh patches) The reference patches (cf. Def. 2.1) and half patches (cf.
Def. 2.4) have the following properties:

(1) The triangular elements K of the reference patches are shape regular with shape regularity constant
depending solely on o. For the rectangular elements K of the reference patches, the element maps
Ag : K — K are affine with

K hg 5 ’
where hz P h < 1 are the side lengths (in y and x-direction) of K. We denote
hﬁ,mm : mm{th, K,§}7 hK I max{th7 K&}. (2.2)

(i1) There is cgist > 0 dependmg only on ¢ such that for all triangular elements K of a reference patch
7 or a half- patch T the following dichotomy holds: with 1z = diam (K K),

either?ﬂf#@ or dlst(K I') > caisthg,

and
1—* c {FC’FC7half’FC,half,ﬂ1p’I—~T’I—~M ,FM’half,FBL}

for
o >Cn  >Chalfn ZChalfflipn >Tn SMLn >MhalfLn ZBLL
y € {<7geo (o) jgeo (o %6076 ’ %60,67 <7geo,0 ) %EO,G I %60,6 9

respectively.
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(iii) There is c4ist > 0 depending only on o such that for all rectangular elements K of a reference patch
 or half-patch .7, the following dichotomy holds:

Either KNI =0 or dist(I?,F) > chisthz

K,min’
where
e {FT71—~M’1—~M,half’1—~BL}
for
T € {Tio. Tuos' Tuios " Tyeo )
respectively.

(iv) There is cgist > 0 depending only on ¢ such that for all rectangular elements K of a mixed patch,
a mixed half-patch, or a tensor patch there holds dist(K,0) > cgish % max:

(v) There is C > 0 depending only on ¢ such that for all elements K of a reference patch or half-patch
there holds dist(K,0) < CdiamK.

(vi) Let § > 0 and consider a reference patch or half-patch. Let 72 be the collection of triangles of
that reference patch or half-patch that do not abut on the vertex 0. Then, there exists a constant
C > 0 depending solely on 6§ and ¢ such that

Yy n<c
Kegt

(vii) Let 0 > 0 and consider a reference mixed patch, tensor patch, mixed half-patch or corner half-
patch. Let .75 be the collection of rectangles of that reference patch. Then there exists a constant
C > 0 depending solely on § and the parameter ¢ such that

hE ,min h5
K ,max

<C.

Kez0 K,max

(viii) Let 6 € (0,1}, o > 0, and consider a reference patch or half-patch. Let T2 be the collection of
triangles of that reference patch or half-patch that do not abut on the vertex 0. Then, there holds,
with a C > 0 depending solely on J, o, and o,

Vee (0,1]: Y (hg/e)’e ™kl <C.
KeT?2

(ix) Let 0 € (0,1], & > 0, and consider a reference mixed patch, mixed half-patch, or a reference tensor

patch. Let .75 be the collection of rectangles of that reference patch. Then there exists a constant
C > 0 depending solely on 8, ¢, and ¢ such that

hs .
Vee(0,1: Y KM Je)le Mkanl® < C.
Kez0 I?,max ’
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Proof. Ttems (i)—(v) follow by construction.
Since items (vi), (vii) are shown by similar arguments, we only prove the case of (vii) for the specific

case of the mixed patch as shown in Fig. 2, bottom right panel. Inspection of that panel shows that for
each K € 75 we have h Romin = h k5 and h Romax : h R Additionally, the elements can be enumerated
asKij,i=1,...,L, j=1,...,iwith hg, , .~ 0", hg,

i,

Ly~ ol~J. Hence,
Jo

igl-i . L ‘
Yy e ol <Y g0 <. (2.3)
j=1

hl?,min h5
K,

-

Il
_

<
- -~ max ™
Ke70 K,max i

The proof of items (viii), (ix) is also done in similar ways. Therefore, we will only show (ix). The key
observation is that by comparing sums with integrals, there is a constant C > 0 depending solely on J,
o, and o such that

oo

vee (0,1: Y (o'/e)’e e <. 2.4)
i=0
The proof of (ix) now follows by a reasoning similar to that in (2.3). O

3. Approximation on the reference elements and on the reference configurations

In Sec. 3.1 we construct polynomial approximation operators on the reference square and triangle that
coincide with the Gauss-Lobatto interpolant on the edges, which affords convenient H'-conforming
approximations. Sec. 3.2 studies the approximation properties of spaces of piecewise polynomials on the
reference patches. It is shown that functions of boundary layer or corner layer type can be approximated
at exponential rates, robustly in the parameter € that characterizes the strength of the layer.

3.1 Polynomial approximation operators on the reference element

We introduce polynomial approximation operators on the reference triangle T in Lemma 3.1 and the
reference square S in Lemma 3.2. Before actually doing so, we highlight a technical detail: the triangular
elements (on the reference patches) are shape-regular so that isotropic scaling arguments can be brought
to bear; only the rectangles (of the reference patches) may be anisotropic, for which tensor product
polynomial approximation operators (specifically, the Gauss-Lobatto interpolation operator) are used
for their favorable anisotropic scaling properties.

LEMMA 3.1 (element-by-element approximation on triangles) Let T be the reference triangle. Then for
every g € N, there exists a linear operator flqA : CO(T) — P, with the following properties:

(i) For each edge ¢ of T, (IAIqA u)|. coincides with the Gauss-Lobatto interpolant i, (u|.) of degree ¢
on edge e.

(ii) (projection property) ﬁqA v=vforallveP,.
(iii) (stability) There exists a constant C > 0 such that for every g € N there holds
Loo /7y . A R 4 ~
Yue W (T): [|u—1I1, ””lew(r) < Cq ||VMHL°°(T)7

Vu e C(T): I —HunHL,,(f) < Cq[|ul] = 7
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(iv) Let A be one of the vertices of 7 and 8 € [0,1). Then there is C > 0 (depending only on f8) such
that, provided the right-hand side is finite,

= TI3ul e ) + =TI ] 1 ) < C* [ st )PVl o7

(v) Letu € C=(T) satisty, for some C,, y > 0 and for some h, £ € (0, 1],
Vn € Np: ||V"u||Lm(f) <Gy R max{n+1,e 1",

Then there are §, C, C', 11, b > 0 depending solely on 7 such that, under the provision that the

scale resolution condition P
— <6 3.1
q€

is satisfied, there holds

Il — T2 ul| <CG (h )q+l+(h >q+1 < CCue P min{1,h/e}
u— u o (T X u NS u€ 5 .
¢ TIwi=(T) h+n q€n

Proof. The operator IATqA is taken as the one defined in (Melenk, 2002, Thm. 3.2.20), where items
(i)—(iii) are shown (the W *-estimate follows with an additional polynomial inverse estimate). Item (iv)
is taken from (Melenk, 2002, Prop. 3.2.21). For Item (v), we note that the projection property of (ii)
and the stability assertions (iii) reduce the error estimate to a best approximation problem, which can be
taken from (Melenk & Sauter, 2010, Lemma C.2). O
LEMMA 3.2 (approximation properties of the Gauss-Lobatto interpolant) Let S be the reference square.

For each ¢ € N the tensor-product Gauss-Lobatto interpolation operator ﬁqD : C0(§ ) — Qq satisfies the
following:

(i) (projection property) ﬁqu =vforallv € Q.

(i1) For each edge e, the restriction (I?I;'u) |e coincides with the univariate Gauss-Lobatto interpolant
ig(ul.) one.

(iii) (stability)

=

Yu e CO(S): ||M—ﬁquu||m(§) <C‘1H”||Lw(§)=
Vu e C! (A)I |0z (u _ﬁq‘]”)HLw@ < Cq4||3xu||Lm(§),
Vue C'(S): 195(u =TI )] o 5) < €| Dyl v -

(iv) Let u € C=(S) satisfy for some C,, ¥ > 0, &, &, hy, hy € (0,1] and all (n,m) € N3

||8§”8yfu||m(§) < Gy By max{n + 1,8;l "max{m+1,e '}". (3.2)

Then there are constants &, C, 1, b > 0 depending solely on ¥ such that under the scale-resolution
condition N P

= +-2LK$ (3.3)

X
gec  q&
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there holds
19x(u— AZu) - g

<CC,— |g + + + ,
“e _x<hx+n> &qn hy+1 gqn/) |

95— IZ0) o 5,

h he \9H! he \7T hy \? hy \?
e |(itm) *lem) olata) (o) |
& i he+1 ExqM hy +n &qn |

H”_qu’/‘HLw@

h q+1 h q+1 he q+1 NCa
< |(ify) +lam) *GE) (em) |
he+1 &qn hy +n &qn

Proof. Ttems (i), (ii) are well-known. We let A, denote the Lebesgue constant of the univariate Gauss-
Lobatto interpolation operator of polynomial degree g € N (cf Lemma A.2). The L”-stability in (iii)
follows from tensor product arguments, viz. ||H ull 128 S A [[ue]] 1=(5) and the (generous) bound A2 <
Cq for g > 1. For the remalmng estimates, we mtroduce the tensor product Gauss-Lobatto 1nterpolat10n
operator H =igQig=1;® 1,1, where we use the superscipts X and y to emphasize the variable with
respect to Wthh the univariate Gauss-Lobatto interpolant acts. From

u—i) @ itu=u—(108)u+10 (u— it @u)
we get in view of the univariate stability bound Lemma A.2

196 — iy ® i) 5 S Ag Sop nf inf || 95ue(x, -) = vl[1=(0,1)

+q°A; sup lnf [19%(u(-,3) =)= (0.1)3 (3.4)
y€(0,1)VE

an analogous estimate holds for d, (u — i“q? ® iyu). The estimate (3.4) gives the stability estimates in W1
of (iii) by selecting v = 0 in the infima. The estimate (3.4) reduces the question of approximation on
Sto questions of univariate polynomial approximation. The pertinent approximation results to prove
item (iv) are given in Lemma A.1. [l

3.2 Approximation on the reference patches

In this section, we study the approximation of functions on the reference patches (or the half-patches)
described in Defs. 2.1, 2.4. The non-trivial reference patches consist of meshes that are refined towards
0, which can resolve algebraic singularities at 0, and meshes that are anisotropically refined towards
the edge {y = 0}, which can resolve algebraic singularities at {y = 0} or boundary layers. We show
exponential approximability of functions that have algebraic singularities at 0 or boundary layers at
{y' = 0}. Throughout this section, we will use the notation

7(+) :=dist(0,-). (3.5)
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In this section, we present piecewise polynomial approximations on reference patches using the follow-
ing elementwise defined interpolation operator:

[ {ﬁqA (uoAg) if K is a triangle A G36)

II)|zu:=4 ~ ~
()l I (uoAg) if K is a rectangle O,

where Ay K-+ K=A; (K ) C S is the affine bijection between the reference element and the corre-
spondlng element on the reference patch. The edge-traces of the interpolators Hq and Hq coincide

with the univariate Gauss-Lobatto interpolation operator on the edges of K. Hence, H I_conformity of
the elementwise defined operator I, is ensured. We will frequently use the stability estimates

1Tl = ) < € llull o ) IVl = ) < C4* | Vull o iy €X))

these estimates are easily seen to hold for triangles with the isotropic scaling property and Lemma 3.1,
(iii). The anisotropic nature of the rectangles is accounted for by separately scaling the bounds for the
partial derivatives in Lemma 3.2, (iii).

3.2.1 hp-FE approximation of corner singularity functions.

LEMMA 3.3 (approximation of corner singularity functions)

(i) Let 7 € {@,]}fl“” Z,S(,hf,lf” 9;5(,";}“ Alipn %(,"G, v }- Let O be the region covered by the
elements of 7, ie., let 0 =Sif 7 € {Z),w o+ Tged, g} is a full reference patch, & = T if T €
{%Ohf,lfn ;’;ﬂ,}};ﬂ“"} is a reference half-patch, and ¢ = TP if 7 = 9;0}%“ P et i be
analytic on & and assume there exist constants € € (0,1], B € [0,1), ¥, C, > 0 such that for all

peNpandallx €S
[VP(u(x) —u(0))] < Cusflyp(?(i)/e)lfﬁﬂi)*” max{p + 1,7(x)/e}" . (3.8)

Then, there are constants C, b, ¥ > 0 depending only on 7, ¢, and 3 (in particular, independent of
€, n, L) such that under the scale resolution condition

qge > K 3.9)
there holds

it — il =) + |1V (@ — T, | 2 <cxr(qo<1ﬁ>+e W) (3.10)

(i) Let 7 € {:7v BLL §}. Let & be analytic on S and assume that there are constants C,, ¥ > 0 such
that for all p € Ny
V7] o 5) < Cuy? max{p+1,e71}7 "L, (3.11)

Then there are constants C, b, k > 0 depending only on ¥ and o (in particular, they are independent
of € and L) such that under the constraint (3.9) there holds
|| — I, ]

(5 < CCue ™. (3.12)
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Proof. Proof of (i): Step 1: Elements abutting on 0: Only triangles /A may abut on 0. Let K be such a
triangle. From (3.8) and estimating (generously) max{1,7(-)/e}*> < €73, we get the existence of C > 0
independent of € € (0, 1] with

VXeK: VX)) <C(FRX) PP, (3.13)
By scaling this bound and invoking Lemma 3.1, (iv), we get with hg := diamK for any fixed E € (B,1)

- o~ - =~ 1—B 11 ~B e~
it = il e ) + |V @ = Ty 12 ) < Ca*h P [[7 V2l o (3.14)

(3<13) cqthl B —5+ﬁhﬁ B qgéKquws—ﬁh;{ﬁ < P BB,

Step 2: Elements not abutting on 0: From Lemma 2.1, (v) we get 7(-) < hg = diamK on K. The
regularity assumption (3.8) then implies that there exist (suitably adjusted) constants C, ¥ such that for
all p € Ny

IV? @ = (0) oz, < CY'e PR PF P max{p+1,67'}7 . (3.15)

We now consider the approximation on triangles and rectangles separately. B
Step 2.1: K is a triangle /\. Lemma 2.1, (ii) implies in particular that 2z < 7(-) on K. Scaling the

bounds (3.15) to the reference element K = T therefore gives for i := oA g» Where Az K — K is the
affine element map for K, the existence of constants C, Y > 0 such that

WpeNo: [[VP(—(0))] ) < CYe Pl P max{p+1,67'}. (3.16)
In order to be able to apply the approximation properties of Lemma 3.1, we note

max{p+1,e"}" =max{(p+1)",e P (p+1)"P(p+1)"}

1/€)P
—(p+l)pmax{1,£_p(p+1)_p}g(p—i—l)pmax{l,( /f) }
p!
qe=K
< (p+1)Pe /e < (p+1)Pel/¥, (3.17)
Inserting (3.17) into (3.16) yields that there are constants C > 0, ¥ > 0 such that
¥peNo: [[VP(@—it(0))]| ) < Ce” e Pri Py (p+ 1) (3.18)

We are in a position to apply Lemma 3.1. The parameter & in (3.1) is determined by 7. In view of
g€ > k, we can ensure condition (3.1) by selecting k sufficiently large to obtain from Lemma 3.1 with
some b > 0 depending only on y

i — T4 Loy < Ch' P od/kg=3+B p=ba
g “liwle=(K) K

We may assume that K is so large that 1/k —b < —b/2 to estimate e?/¥e~?7 < ¢=9%/2, Finally, in view
of g& > Kk, we can also absorb the factor € 3+ﬁ <g- B in the exponentially decaying one by adjusting
b. Upon scaling from K to K we get the existence of constants b, C > 0 such that

g eN: i — Myil o ) + |V (i — Ty || o) < Ch Pe. (3.19)
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Step 2.2: K is a rectangle O. We argue as in the case of a triangle in Step 2.1. Starting point is
again the regularity assertion (3.8). The rectangle K has side lengths hy ; < hg < 1. From Lemma 2.1,
(iv) we have hg_y < hgf < CF(+) on K. Hence, the (anisotropic) scaling to the reference square S of the
estimates (3.8) yields, for all (n,m) € N(z), in view of (3.17)

”a;na)n(ﬁ_u( )) <C873+ﬁh1 ﬁ}/t+mhm~hn J’l~(;l+m> q/K(n+m)n+n1

||L°° KX Ky K

(49)
< 8—3+ﬁh;2—f/3,yn+meq/1<n!m!’ (3.20)

where we again suitably adjusted the value of y. Lemma 3.2 (with i, = hg ~/ hz kxS <land g =¢, =1
there) yields with the regularity estimates (3.20) the existence of constants C, b > 0 such that for all
g€ Ny

1~ 2@ oy + 106(@— Py < CE 3B Pet,

~ B0 —34B,1-B Ky e b
195 (@ =TT )| ) < C > P th g,

where the factor e?/ ¥ was absorbed again in the exponentially decaying term by taking x sufficiently
large. We obtain on S

~ = _ 1-B _pg 12K - _
5(i — Ty o5y < Ce P Ji e shic i Tf el /h,?i/h,thg_’fe bi. (3.21a)

195 — T, 2 5) < C g 5 /h”h;( Beta, (3.21b)

~ ~ 1— _
(@~ )| - 5) < Chi Pe™, (3.21¢)

where again we adjusted the values of the constants b, C in the estimates to absorb algebraic factors in
q.

Step 3: Summation of the elemental errors: We note that the element size sz of the elements abutting
on 0 is hgz ~ ¢". For the finitely many contributions from the (triangular) elements K touching 0 we
have by (3.14) the existence of C > 0 such that for every g > 1

27”'7*1:[45”?,1(,}) (3% Cq'%c 2n(1-P)
K: 0eK

The sum of squared error contributions over all triangular elements not touching 0 is also bounded by
e~2b4 by combining (3.19) and Lemma 2.1, (vi). Likewise, the sum over all rectangular elements is
bounded by e 2bq by combining (3.21) and Lemma 2.1, (vii).

Proof of (ii): The proof is similar to the proof of case (i) and can be obtained from it by formally
setting B = 0 and 7 = 1 and dropping the error contribution ¢’ 0"(1=P) that is due to the small elements
touching 0. 0

3.2.2  hp-FE approximation of boundary layer functions.

LEMMA 3.4 (approximation of boundary layer functions) Fix ¢; > 0.
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(i) Let 7 € {ﬂge(,ﬁ?l“" :,E,,Lé} Let 7' C 7 andlet 6 == interior(U{Eﬂ? € ?}) be the union of

the elements of 7. Let if be analytic on & and satisfy for some C,, 7, @ > 0, € € (0, 1] and for all
(m,n) € N3 and all X = (X,y) € O

|0292ii(X)| < Gy ™" m! max{n,e " }"e” /e, (3.22)
Assume that L is such that the scale resolution condition
ol <cie (3.23)
is satisfied. Then there are constants C, b > 0 depending only on ¥, @, c1, ¢ such that

Vg € N: ||~ ill| =) + €|V (i — IT,) || 1=(¢y < CCue 4. (3.24)

(ii) Let 7" C %‘,?Oh?}f" r 7" C ygeo“iﬂf Mpn 1ot 0 = interior(U{EH? € f?v”}) be the union of the
elements of 7. Let ii be analytic on & and satisfy for some C,, 7, o > 0, € € (0, 1]

VpeNgVXe O: |VPiu(X)| < Cuy’ max{p,e ' }Pe" ¥ R/E, (3.25)
Assume that » is such that ¢; > 0, n € N satisfies the scale scale resolution condition
o" <€ (3.26)
is satisfied. Then, there are constants C, b > 0 (depending only on v, &, c1, 0) such that

Vg € N: ||i— ill| =) + €|V (i — I,) || 1=(y < CCue 4. (3.27)

Proof. Proof of (ii): We only consider the case .7 %Soh;lf " as the case 7" C %Ej}?,“’ﬂw is handled

similarly. We note that the patch %Sohclf’” consists of triangles only, which are all shape-regular. Let

KC Obea triangle and let hy = diam K. In the case that K touches 0, the condition (3.26) implies that

hg S 0" S ci€ so that

hy 1

K< (3.28)
g€ ~ q’

Hence, for every fixed choice of the constant ¢; there exists go = go(c1) € N (independent of €) such

that for every g > g one has the scale resolution condition (3.1). Then, Lemma 3.1, (v) implies for

suitable b > 0 (independent of €)

1= Tt )+ 11V (7 = i) ) S € (3.29)

If K does not touch 0, we distinguish between two further cases. In the first case, we assume that
hg/(q€) < 6 and proceed as above: The scale resolution condition (3.1) is satisfied, and we arrive again

at (3.29). In the case hz/(g€) > &, we note that Lemma 2.1, (ii) implies dist(K,0) > c2hg > c20ge.
Hence, by the decay properties of # in (3.25) we have

8] ) + €| Villl o ) < Ce™@2"1® < Cem @242, (3.30)
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In view of the stability properties (3.7), we conclude
8 — Tyt e o) + €NV (1= Tyi0) [ ) S €. (3.31)

Proof of (i): We distinguish between triangular and rectangular elements.

Approximation of u on triangular elements K: Triangular elements do not appear in boundary layer
SBLL ZM,half,Ln ZM,half,Ln .
patches ygw o butonly in Tes 5 . For patches <7ge,, o inspection (cf. Fig. 3) shows that two types

of triangles occur: the first type are the triangles K in T \ T; on which one has F(x,y) ~ ¥ (uniformly
in L, n). The second type are the triangles in 77. For the first type, we have from (3.22) the regularity
assertion (with suitably adjusted C,, ¥, & independent of €)

VWeKVneNy: |V'i(X)| < Y max{n,e ' }le”9N/E,

This is the same regularity assumption that underlies the proof of part (ii) of the lemma so that the
same arguments can be brought to bear as in the case of part (ii). For the second type of triangles, i.e.,
KCTiC (0, 6%)2, the resolution assumption (3.23) implies for the element size hg < ol < e. Hence,
again Lemma 3.1, (v) is applicable and yields the desired exponential approx1mat10n

Approximation of u on rectangular elements K: The case of rectangular elements K with side lengths

hz  is similar to the case of triangles. We note that the patches 95,30 o and 9;,';@2?1“ " are such that

hz
Kx> 'Ky
h Ry < hg kxS < 1. The anisotropic scaling from K to K and the regularity assumption (3.22) show that the

pull-back 7 to K satisfies for all (m,n) € N3
n —adist(K {7=0 _
197 @l ) < Ce *EA=N g iy i max{n+ 1,67}

That is, « satisfies the analytic regularity condition (3.2) with &, = €, & = 1, hy = hj ® hy = hg and

C, = Ce’“d‘“(’( Ay=0})/¢  We observe that the resolution condition (3.3) can be achieved if K touches
the line {y = 0} in view of (3.23) provided that g > go > 1 for suitable go (depending on ¢y, o, 7). If
K does not touch the line {y' = 0}, then two cases may occur: If the resolution condition (3.3) is still
satisfied then we obtain again exponential convergence. If not, we note that h~ < h~ ~and that we may

assume hy /g < 8/2 by assuming g > qo > 1 (note: trivially, hg - <1 so that qo = 2/6 will work).
Furthermore, Lemma 2.1, (iii) reveals again that dist(K, {y = 0}) > c3hg 5 since hg </ (eq) > 8/2 we
get dist(K, {3 = 0})/& > qc38 /2. Hence, exp(—adist(K,{y = 0})/¢) < exp( qoic28/2) and we may
argue as in the case of triangles that u is exponentially (in ¢) small on K. The stability of II, given in
(3.7) then concludes the argument. Il

3.2.3  hp-FE approximation of corner layer functions.

LEMMA 3.5 (approximation of corner layer functions) Fix c¢; > 0. Let T € {%eoﬁlfL'",%g??f’",

%J??fﬂ'p", 250’,[0, eeoo ) Let T'C 7 and let 0 = 1nter10r(U{K|K € 9’}) be the union of the
elements of 7. Let u be analytic on ¢ and satisfy for some § € [0,1), € € (0,1],C,, ¥, & >0

Vel VpeNy: |VPu(R)| < CeP1yP (7)) B -Pple= @ ®/e, (3.32)
Assume that n € N is such that the scale resolution condition

6" < cle. (3.33)
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is satisfied. Then there are constants C, b > 0 depending only on ¥, &, ¢, 0, and 8 (in particular, they
are independent of €, ¢, n, L) such that for all g € N

|7 — Tl (o) < CC. (e_bq+q483_16"<1_3)) , (3.34)

J— 77 2 —_— 2 7 u - q . .
it~ il 2 + €|V (@ — ) 120 < CC, e(e b +q4£ﬁ’16”(1*ﬁ)> (3.35)

In the estimates (3.34), (3.35) the term q48ﬁ ~157(1-B) can be dropped if & does not touch 0.

Proof. The approximation of functions of corner layer type u proceeds structurally along the same lines
as in the case of the singularity functions in Lemma 3.3. We distinguish between the elements touching
0 and the remaining ones. N

K touches 0: Selecting B € (B,1) we obtain by arguing as in (3.14)

~ o ~ =~ 1 ~ _
1~ gl ey + IV~ )2y S 1 PG P VPl oy S o (e /) P (336)

Since hy < 0" for elements K touching 0, their contributions lead to the term ¢*ef~16"(1-F).

K does not touch 0: We distinguish between triangular and rectangular elements.

Step 1: K is a triangular element: As in the case of the approximation in Lemma 3.3, we get from
Lemma 3.1, (v) and scaling that (for suitably adjusted C, @)

| = Tyl o ) + |V (= Ty || ) < Clhg /€)' P e e xle. (3.37)

Step 2: K is a rectangular element: We recall hg - <hg.<1. By Lemma 2.1, (iv) we have 7(-) ~ hz

KX
on K. As in the case of Lemma 3.3 we observe for the pull-back to the reference element K

X

V(m,n) € Ng: (|0 05a] ) < C(h,}x/s)‘*ﬁe’“”f-f/ gW’"mm%;’S’"*”WL

Ky
Using Lemma 3.2, (iv) (with &, = ¢, = 1 and hy, = h3 ~/th, = 1 there), we arrive at
i — ﬁ”ﬁ”m %) < Clhg/e)' Pebieisle, (3.38)
(10 = ~/g) Pe e TRIT .
el — [Z0) | o) < Clhg /€)' Pebae*ksl® (3.39)
h"“, —oh~
05— HDA)||LM < Clhg/e)' P h’%}e*bqe hie /e, (3.40)
Kx

Step 3 (L™-bound): Since supt>0t1’ﬁe” < oo, the L”-estimates follow easily from (3.36), (3.37), (3.38).
Step 4 (energy norm estimate): Proceeding as in Step 3 of the proof of Lemma 3.3 we set e :=

u— flqﬁ and get, using hg < € for the elements abutting on 0:

Y IIEKH g TE IIVEKII
K: K abuts on 0
(3.36)
¢ L (Raed)g/e P S geBorih)
K: K abuts on 0
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FIG. 6. Left: boundary fitted coordinates y; : (p;,0;) — (x,y). Right: typical situation at a reentrant corner: boundary fitted

coordinates (p;,0;) and (p;11,0;+1) are valid in the regions £;, 2,1, respectively. I:J and 1:j+l are analytic continuations of I},
I+1. The analytic arc I} is such that the angles Z(I/,I}) and Z(I11,I}) are both less than 7.

For the remaining elements, we consider the triangular elements and the rectangular ones. In both cases,
we employ the simple observation

legllo ) S hellell=z) = €7 el =()- (3.41)

The sum over all triangles, collected in T a yields by combining (3.37) and (3.41) with Lemma 2.1,
(viii)

X leglzaz) +€ Nkl ) S €%

KeTh

Likewise, the sum over all rectangular elements, collected in Tt 5, yields by combining Lemma 2.1, (ix)
with (3.38), (3.41) for the Lz-part and with (3.39), (3.40) for the Hl-part

Z ||e1?Hi2(1}> + 82”8[?"?{1(1}) S ghe .
KegU

This concludes the proof. d

4. hp-FE approximation of singularly perturbed problems on geometric boundary layer meshes

The principal result of the present paper is a robust, exponential approximation result for solutions of
the singular perturbation problem (1.1), (1.2) in curvilinear polygonal domains from spaces based on
geometric boundary layer meshes that are able to resolve the length scales present in the problem. The
meshes are independent of € but subject to the (weak) scale resolution condition (4.1).

THEOREM 4.1 Let the Lipschitz domain £ C R? be a curvilinear polygon with J vertices as described
in Section 1.2. Let A, ¢, f satisfy (1.2). Fix ¢; > 0. Let ﬂg’g*o’f(, be a geometric boundary layer mesh in
sense of Definition 2.2.

Then there are constants C, b >0, 8 € [0, 1) depending solely on the data A, c, f, Q, on the parameter
c1, on the (fixed) macro-triangulation 7%, and on & € (0, 1) such that the following holds: If € € (0, 1]
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FIG. 7. The subdomains £2; on which the boundary layer expansion uEBL is defined in terms of boundary fitted coordinates (p;, 6;).

and L satisfy the scale resolution condition
L
o
ry < ci, 4.1)

then for every g, n € N the solution ug € H} () of (1.1) can be approximated from S¢ (€2, %Ig‘gfc) such
that

inf e —v||e.0 < Cq° [Sﬁd(lfﬁ)” +e7bq} , 4.2)
veSt (2. 7o) '
N :=dimS§(£, Zglg;,'fc) < C(qu2 card 77 + ng*J). 4.3)

Proof.  Before proving the result, let us comment on the scale resolution (4.1) and its relation to
previous scale resolution conditions (3.9), (3.33), and (3.23). Condition (4.1) ensures that L layers of
anisotropic refinement towards the boundary are performed, which is the condition (3.23) needed to
resolve functions of boundary layer type. Since n > L (by Def. 2.2), condition (4.1) also enforces the
condition (3.33), which provides the approximation of corner layer functions. Finally, the situation (3.9)
is of a different nature as in that case, the polynomial degree is so large that already very coarse meshes
can resolve the boundary layers.

We employ the analytic, parametric regularity theory for the solution u presented in (Melenk, 2002,
Thms. 2.3.1, 2.3.4). The infimum in (4.2) is estimated with the aid of the interpolation operator I1, that
is defined elementwise by

A s .
()| o Fic i {Hq (uoFx) if K is a triangle

ﬁq'j (uoFx) if K is arectangle.

Here, the operator ﬁqA is defined in Lemma 3.1 and the operator ﬁqD in Lemma 3.2. Since ICIqA and fIqD
reduce to the Gauss-Lobatto interpolation operator on the edges of the reference element, the operator
IT, indeed maps into Sg(.Q, ﬂgﬁ;,’fc). We recall that the element maps Fk have the form

Fx = Fg.u 0Ag,

where Ag : K — K := AK(I? )= F 1K) C S is an affine bijection. Indeed, for triangular elements it is

clear that Ag is affine and for rectangular elements, this follows from the special form of the reference
patches (cf. also Lemma 2.1, (i)).
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The notation # denotes the pull-back of u to the reference element, i.e., & := u|g o Fx whereas
U= (uoFyun)|lg=1io AIEI is the corresponding function on K. We recall the notation II, from (3.6)
and note that on a macro-element K# we have

(Iyu) o Fy.r = ﬁqﬁ.
For k € Ny we have for all elements K € K-/ with K = F. LK)

Vo € HEK): o Fea gy ~ Ml @)
Vv e W= (K): HVOFK,//HWk,m(E) ~ [[vllwres (k) (4.4b)

where in both cases the constants implied in ~ depend solely on k and the macro-element K “  The
equivalences (4.4) show that the approximation error v — II,v on K is equivalent to the corresponding
error v — IT,v on K.

The approximation theory distinguishes between the “asymptotic case” g€ > k of large polynomial
degree ¢ and the “preasymptotic case” g€ < k, where the parameter k¥ > 0 (depending only on A, ¢, f,
Q, the macro-triangulation, and o) is of size O(1) and will be determined in the course of the analysis
of the “asymptotic case” in Step L.

Step I: Asymptotic case g€ > k. We consider mesh patches K-# that abut on a vertex A ;j and those
with a positive distance from the vertices separately in Steps 1.1 and 1.2.

Step L.1: K abuts on a vertex A j: The regularity of (Melenk, 2002, Thm. 2.3.1) asserts the ex-
istence of C, y > 0, B; € [0,1) such that with r;(-) := dist(-,A ), there holds for every p € Ny and for
every 0 < e <1

VP (ue () — ue(A;))| < CyPe ™" min{1,r;() e} Pi(r;(-)) P max{p+1,r;()/e}"*". 4.5)

Recall from (3.5) that 7(-) = dist(-,0). Set e := ue 0 Fy.r. Note Fx.x (0) = A and 7(X) ~ rj(Fx.« (X)).
The analyticity of Fy.» and Lemma A.2 imply, for suitably modified constants C, y independent of
€ € (0,1], for every p € Ny holds on K

|VP (e (-) — (0))| < CyPe! min{l,'f/s}l’ﬁj (7)) P max{p+1,7(-)/e}" L. (4.6)
Lemma 3.3 then yields
[[ute — ﬁﬂs“m(xﬁ) + ||V (il — ,iie ) =y < Cq° (G“‘ﬁ.i)” +e—b‘1>

provided that x is chosen sufficiently large (depending on 7).
Step 1.2: K7 does not abut on a vertex A ;- (Melenk, 2002, Thm. 2.3.1) asserts

vx e K7 VpeNp: |VPu(x)| < Cy’max{p+1,e 1}7+? 4.7)

for constants C, y > 0 independent of € € (0,1]. Since K-/ is a trivial patch, it consists of a single
(curvilinear) quadrilateral. The analyticity of Fy.» = Fx and Lemma A.2 imply, for suitably modified
C, yindependent of € € (0, 1], that

VReS VpeNy: |VPiu(R)| <Cy’max{p+1,e 1}P*2. 4.8)
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Lemma 3.2 then implies that there are C, b > 0 such that for sufficiently large, fixed x and for every
€ € (0,1] and every ¢ € N holds
1@~ Lyl ey + 1 9@ — G| 5y < Ce ™

Step 1.3: Combining the approximation results of Steps I.1, 1.2 for the finitely many patches leads to
the desired estimate (4.2).

Step II: Preasymptotic case g€ < k. The parameter k has been fixed in Step I through the appeal
to Lemmas 3.3 and 3.2. In the regime g€ < k, we employ the regularity theory of (Melenk, 2002,
Thm. 2.3.4), which furnishes the decomposition ue = we + ¥BLubt 4+ y“tut + re into a smooth part
we, a boundary layer part 5%, a corner layer part uS", and a small remainder re; the functions yBt, y <t
are suitable localizations near the boundary and the vertices of 2. We approximate each of these four
contributions in turn.

Step I1.1: Approximation of we. By (Melenk, 2002, Thm. 2.3.4) the smooth part we is analytic on Q
with constants independent of €. Therefore, one can show ||we — qugHWl,m(Q) < Ce™"4 using similar
techniques as in the asymptotic case above (essentially, setting € = 1 there and ignoring the special
treatment of the elements abutting on the vertices of Q).

Step 11.2: Approximation of xBLuEL.

Step I1.2.a: Regularity of uB“: The regularity of uB' in (Melenk, 2002, Thm. 2.3.4) is described in
terms of boundary fitted coordinates (cf. Fig. 6). Associated with each edge I are fitted coordinates
(pj,0;), where p; is the distance from the analytic continuation 1:1 of the boundary arc I}, and 0; is
a parametrization of I';. The map y; : (p;,0;) — (x,y) € Q is analytic with an analytic inverse. An
analytic arc Fj’ emanates from each vertex A;, which can be chosen arbitrarily but is assumed to be
such that the angles between I; and FJ-’ and between I and Fj’ are both less than 7. Condition 8§ of
Definition 2.2 ensures that Fj’ can be chosen to be a meshline of a boundary layer mesh since it can be

chosen as the image of an edge of Sora diagonal of S under a patch map.

The regions Q; C {x € | dist(x,I}) < &} for a sufficiently small & are confined by the lines I}, I/,
and l"j’_1 as shown in Fig. 7. By (Melenk, 2002, Thm. 2.3.4), the function ueBL is analytic on each £;
and satisfies there, for constants C, ¥, o > 0 independent of € € (0,1] and all (m,n) € Ny,

n am. BL (Melenk, 2002, Thm. 2.3.4) —nptm —ap; /e
‘8p_,-86j”s oy;(p), 6))| < Ce "y""mle” P

< CY™ max{n+m, e} mePi/¢ 4.9)

Finally, the cut-off function Bt is supported by U ;Q; and is identically 1 near Q.

Step 11.2.b: Approximation of xB-uB' far from dQ: In the interest of simplicity of notation, we
make the assumption that patches K% touching 0 are fully contained in the tubular neighborhood
U J{Tj of Q. Since patches K/ not touching 9 have a positive distance from 9, the function
xBLuBl is exponentially small (in 1/€) there; in view of the stability (3.7) (and thus the stability of I1,)
2B uBE — IT, (X BuB" ) ||y 1. (k) < Ce b/ for K € K% Since /K < 1/ the error contribution of these
patches is controlled in the desired fashion.

Step I1.2.c: Approximation of xB“uB" near dQ: Let K7 be a patch touching dQ. Consider, for a
fixed j the pull-back Fe /1, (K/// N ;). By the assumptions of the boundary layer mesh (Def. 2.2) this

pull back is either empty, the full square S, half the square T = {X = (%,7) |0 <X < 1,0 < 5 < &}, or the
other half TP = {X = (x,7) [0 <X < 1, x <y < 1}.
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To fix ideas, let us assume that K7 is a mixed patch. The reference mixed patch restricted to T is
the half-patch ZMhaltLn and ts restriction to TP js 7 Chaltflipn We approximate (xBuBl) o Fy.. on

these two parts separately, starting with the approximation on 7. The assumptions on boundary layer
meshes (Def. 2.2) allow us to assume that ., (T) C Q; for some j. We recall that Fy.» maps the edge

{y=0} of T to (a subset of) 9, which corresponds to p; = 0 in the boundary fitted coordinates. The
shape-regularity of Fy., implies that 1;/].’1 o Fy.« has the form

3 (%,y) = (pj,0;) = (Op(x,y), 0(x.)) (4.10)

for a pair of functions p, 8 with p > pg > 0. The analyticity of 1//]-’1 and Fy.» implies that p and 6 are
in fact analytic on T. Hence, the transformed function

gt = ug o Fyu = ug oo (v o Fyu) (4.11)

admits by Lemma A.1 and (4.9) the analytic regularity
Y(m,n) NG V(EF) €T: [ordriE (%,5)| < Cy" "mimax{n+1,e" }"e /e, (4.12)

where the constants C, ¥, b > 0 are independent of € € (0,1]. We decompose the set of elements
FMAEL into two sets T) := {K € g™t | 7B 2 = 1} and Z3 := Ty ™"\ Z1. For the ele-
ments of ?1, Lemma 3.4, (i) and (4.12) give that there are C, b > 0 such that for every g € N and every
Keg

2" — Iy (FP Y gy + €V (BT — Ty (R G o < Ce ™. (13)

For the elements of the set 7, we use (4.10) to see that K € 75 implies dist(K,{y = 0}) > ¢ for
some ¢ > 0 that depends solely on Fy.» and y;. Hence, the smoothness of 2B and (4.12) provide

|| 2B I-||W1 & S < Ce /% for suitable C, b > 0 and every K € :?; Hence, the stability properties of
Hq provided in (3.7) and g/x < 1/€ imply for all Ke %

l7BLaB — - (iBLﬁ?L)”Lw(k)_’_SHV@BL@L (XBLI;?L))HLM < Ce ™. (4.14)

Let us now sketch the arguments for the approximation of ¥BLuE- on 71, For notational s1mphclty,
assume that Fy.» (T™P) C Q;. (If Fy.,(T™P) C Q; for some different j, then replace j with j in
what follows.) The regularity assertion (4.12) is still valid. Next, one observes that on TP one has

y ~7(x,y) = dist((¥,y),0). Hence, recalling (4.12), uE" satisfies, for suitable C, b > 0 and for all p € Ny,
|VPEEL (1) < Cmax{p+1,e'}Pe " 0)/E  on Tfip, (4.15)

Replacing the appeal to Lemma 3.4, (i) with a reference to Lemma 3.4, (ii), we may argue as above to
obtain B
125 a8t — I, 2P i || o ) + €|V (X 0 — I, 758" ) || (Tfip) < <Ce™

This concludes the arguments for the approximation of - on a mixed patch @,%” The approxima-

. ZC, =T, -
tion on corner patches %65,76, tensor patches %e,f(,, or boundary layer patches ﬁge,m is similar.
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Step I1.3: Approximation of x“tuS*: Structurally, the proof is similar to the procedure in Step I1.2.
From (Melenk, 2002, Thm. 2.3.4) we have in a neighborhood B; of vertex A; that u L satisfies on
(Bj N .Qj) U (Bj N 'Qj+1) with rj(-) = diSt(~,Aj)

VpeNp: |[VPuSt()| < CyPplePi=t(r;(-) P Piemoril)/e, (4.16)

where C, o > 0 and f3; € [0, 1) are independent of € € (0,1]. Let K- be a patch abutting on A;. Such
a patch has to be either a corner patch or a mixed patch. Then K7 N £; (and similarly K- 4 NQ 1)
consists of one or two half-patches that are push-forwards of T’ e {@,k}?lf oLon 9;0“;’,” " %Ohf,lf Aip, "

For simplicity of exposition, assume that K-/ C B ;. By the analyticity of the patch- map Fy.«, the shape
regularity of Fy.» together with .~ (0) = A, and by Lemma A.2, we get that uSt = u Lo Fy.x satisfies

on 0 := FI;;Z(K'///H.QJ-)
VpeNy: |[VPaS()| < Cy?plefi=t (7)) =P~Big= @ 0)/e, 4.17)

with possibly adjusted values for C, 7, & > 0. We also note that the pull-back ¥" is smooth and
identically 1 near 0. Hence, using Lemma 3.5 we obtain

CLagt — I, (2 )l o) + €|V (Xt — Ty (7)) Il

< C(Ee*bq—i—sﬁfq ol *ﬁj)) .

X

Step 11.4: Approximation of r¢: We approximate re by zero. We note that (Melenk, 2002, Thm. 2.3.4)
asserts that re[po = 0 and that [|r¢|| 1) < Ce™ b/€ for suitable C, b > 0 independent of € € (0,1]. [

COROLLARY 4.1 Assume the hypotheses on €2 and the data A, ¢, f as in Theorem 4.1. Let %ﬁ;’fc be a
geometric boundary layer mesh as in Definition 2.2.

Then, for every fixed 0 < 0 < 1 and ¢y > 0 there exist constants C, b > 0 such that, for every
0 < & < 1, with the choices g ~n > L > ¢;|logég|, the solution u, € H(} () of (1.1) can be approximated
from S{ (2, ygﬁgfc) at an exponential rate:

inf g —v]jeq <Cexp(—=bVN), N =dim(SH(Q2, Ti's))-

L.
veSH(Q, Tyens)

REMARK 4.1 In addition to the approximation in the energy norm in Cor. 4.1, exponential approxima-
tion results in the so-called “balanced norm” v||f/E = £||Vv||12‘2(9) + ||v|\1%2(9) (or even in H'(Q)) are
possible under slightly stronger conditions: for sufficiently large Cy, the constraint g ~n > L > C}|logé€|
yields

inf  |jue —v|| z o < Cexp(—b'VN)
esy@ st

for suitable &' > 0 since a factor £ /2 can be compensated by the exponentially decaying terms ¢ ~? N
in Cor. 4.1. .

Theorem 4.1 is restricted to € € (0,1]. For € > 1, (1.1) is a regularly perturbed elliptic boundary
value problem and exponential convergence of 2p-FEM with mere geometric corner refinement follows
by standard results Schwab (1998); Melenk (2002).
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PROPOSITION 4.2 Assume the hypotheses on 2 and the data A, ¢, f as in Theorem 4.1. Let ﬂgﬁ;,'fg be
a geometric boundary layer mesh. Then, there are constants C, b > 0, § € [0, 1) depending solely on A,
¢, f, the analyticity properties of the patch maps for the macro-triangulation, and ¢ such that for any
€ > 1, the solution u, of (1.1) satisfies for every n, L, g € N

inf  flue — g < Ce? (q9o<‘*ﬁ)" + e’bq) . 4.18)
ves§(2. %er's)

Proof. The solution ug € H} () satisfies
—V - (AVug) + € 2cus =e°f inH '(Q). (4.19)

For € > 1, the term £~ 2¢ represents a regular perturbation and the analytic regularity theory for linear,
second order elliptic boundary value problems (e.g. Babuska & Guo (1988) and the references there)
is applicable. The resulting regularity assertions are then those employed in the “asymptotic case” in
the proof of Theorem 4.1 with &€ = 1 there. The factor €2 in (4.18) is a reflection of the fact that the
right-hand side of (4.19) include the factor g2 Il

5. Numerical experiments
5.1 &-independent discretizations for single scale examples

For 0 < & < 1 and f = 1 we consider the Dirichlet problem: find u, € H} () such that
—&’Aug+ue = f in H1(Q).

Here, the domain € is either the unit square Q; = (0, 1)2, the so-called “L-shaped domain” €2, C R2
determined by the vertices {(0,0),(1,0),(1,1),(—1,1),(=1,—1),(0,—1)}, the square domain with a
slit 3 = (—1,1)2\ (—1,0] x {0}, or the quadrilateral 4 with corners the same as £; but with curved
sides depicted in Figure 11. The curved sides are cubic splines, e.g., one of the sides is the cubic spline
going through the points (0,0), (0.5,0.25), and (1.0,0.0). The other three sides are determined by the
corners and the additional points (0.75,0.5), (0.5,0.75) and (0.25,0.5).

In Figures 8-11 we show examples of the meshes used in our computations on the four domains.
These are constructed using the NGSolve/Netgen package Schoberl (1997). For the square domain
Q = Q the resulting mesh is the geometric boundary layer mesh %Le’oljg with L =4 and o = 0.25.
The same parameters are used in NGSolve/Netgen to construct the meshes for the other three domains,
with the resulting meshes differing slightly from the strict definition of ﬂgﬁ’f,g near the re-entrant cor-

ners. Nevertheless, we denote these meshes also by %ﬁ’ofo and make use of the finite element spaces

Sg(Q7 %Ie‘;,]jc). We also mention that in accordance with Remark 2.2, the meshes shown in Figs. 8-11
do not satisfy requirement 8 of Definition 2.2.

For each p = 1,2,3,..., we use the finite element space Sg(£2, Zﬁfc) with uniform polynomial
order ¢ = p and with L = p refinement levels towards boundaries and corners with refinement factor
o = 0.25. We denote by u} € S)(Q, 75 5) the corresponding finite element solution. We measure the
error in energy norm

1/2
ermor = (€219 (e )l + e~ 2(0) 5.
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FIG. 8. Right panel: Convergence in the energy norm (5.1) for the square domain for different values of € and ¢ =L =n = p.
Left panel: a Netgen-generated mesh used for the computations.

where uﬁ denotes the discrete solution. In place of the (unknown, for the considered examples) exact
solution u we use a numerical approximation on a sufficiently fine mesh. The plots of the estimated
numerical errors for the four domains are depicted in Figures 8—11. Evidently, exponential convergence
occurs. In agreement with the theoretical analysis, the experimentally observed exponential convergence
has two regimes: (i) an asymptotic regime in which the scale resolution condition o? < ¢ is satisfied
and (ii) a pre-asymptotic regime with ¢” 2 €.

The observed exponential convergence in the preasymptotic regime (not rigorously shown in Theo-
rem 4.1) is plausible for the following reason: the approximation error for boundary layer functions is
dominated by the error on the elements touching the boundary and is of size O(G"/ 2) for every p € N.
The approximation error of the corner layer functions is likewise dominated by the error on the elements
abutting on the vertices of Q and is of size O(c”(!~P)) for every p € N and some fixed B € [0,1).

5.2 Fractional Laplacian — a multiscale example

One of our main motivations in investigating the singularly perturbed reaction diffusion equations is to
be able to prove exponential convergence of Ap-FEM in Q for spectral fractional diffusion combined
with discretized Caffarelli-Silvestre extension or the Balakrishnan representation. For details we refer
the reader to Banjai et al. (2020). Here we describe how application of a quadrature formula to the
Balakrishnan representation leads to a sequence of singularly perturbed problems with a range of scale
parameters € and then apply the 4p-FEM to each of the problems.
Let .# := —V-AV with A symmetric and uniformly positive definite in . We denote by { A4, ¢k }xen C

R-¢ x H} () a sequence of eigenpairs of ., normalized such that { }rcy is an orthonormal basis of
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FIG. 9. Right panel: Convergence in the energy norm (5.1) for the L-shaped domain for different values of € and ¢ =L =n = p.
Left panel: a Netgen-generated mesh used for the computations.
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FIG. 10. Right panel: Convergence in the energy norm (5.1) for the slit domain for different values of € and ¢ = L = n = p. Left

panel: a Netgen-generated mesh used for the computations.
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FIG. 11. Right panel: Convergence in the energy norm (5.1) for the domain with curved boundaries for different values of € and
g =L =n= p. Left panel: a Netgen-generated mesh used for the computations.

L?() and an orthogonal basis of H{ (£2) under the respective inner products
(u,v)12(0) = / u(x)v(x)dx and a(u,v) := / AVu(x) - Vv(x) dx.
Q Q

We introduce, for o € R, the spaces

He(Q2) = {V =Y v Vlle ) = Y ATV < °°}~ (5.2)
k=1 k=1

For ¢ > 0, the spaces H () are domain spaces of the fractional powers of .% and H~° (£) are the cor-
responding dual spaces. Namely, for s € (0, 1], the spectral fractional operator .£*: H*(Q) — H™*(Q)
is defined by

Ly = Zl,ka(pk, forv € H'(Q2).
k=1

The fractional diffusion problem may now be stated as: Given a fractional order s € (0,1) and
feH™¥(R), find u € H'(Q) such that

Lu=f inQ. (5.3)

One approach to this problem going back to Balakrishnan (1960) utilizes the following representation
of the solution operator of (5.3):

oo

£ = n 'sin(ns) / AT (M4 .2) 1 dA = 7 sin(ns) / e V(I+e.2) dy. (5.4)

0 —
In Bonito et al. (2019); Bonito & Pasciak (2015) an exponentially convergent, so-called sinc quadrature
approximation of (5.4) (see, e.g., Stenger (1993) for details) and an A-version Finite Element projec-
tion in Q2 was used to obtain numerical approximations of (5.3). The result of the quadrature is the
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approximation

O (L) f =csk ¥ 2 (I1+e2.2) ' f, (5.5)

liI<K

where K € N, k = K~!/2, and ¢ := ¢ /%/2. In (Bonito et al., 2019, Thm. 3.2) it is shown that for
feL*(Q)andforevery 0 < B <s,s€(0,1)

(2L = 0 (L)) Fllges () < Cexp(=bVE) I fll12(q)

for some constants b, C > 0 depending on f3, s, and Q.

To produce a fully discrete solution we make use of the hp-FEM with the same space Sh (2, 70 )
for all the 2K + 1 reaction diffusion problems and choose K proportional to p*. We set wﬁ? € Sg (Q, Z’e’f c)
to be the solution of

gawh V) + Whv)g) = (f V)@,  forallveSH(R, 7kls).

The discrete solution of (5.3) is then given by

Q;S(.,fhp)f = cpk Z S;SW?.

ljI<K

With this choice of Ap-FEM space and f analytic on £, it is shown in Banjai et al. (2020) (under the
assumption of analyticity of A(x)) that for given ¢; > 0, there are constants ', C > 0 depending on
o and s, such that under the scale condition 6? < cle"/l?/ 2 the error of the full discretization can be
bounded as

1L f = O (Lip) f lms(@) < Cexp(=b'p).

Thus, as K is chosen proportional to p?, the error is O(e’hﬂ‘/?) with 2K 4 1 reaction diffusion systems
needed to be solved.

We illustrate this result with a numerical example, where we let 2 = ©; = (0, 1)? be the unit square
from the previous section, f = 1, and the diffusion coefficient

{ 1 i —5)2—4%)>0

A(x) :=
4 otherwise

(5.6)

The diffusion coefficient is discontinuous, thus the problem at hand is beyond the available theory.
Nevertheless, the elliptic problems I+ 812.,2” can be expected to have layers at the boundary as well as
the lines x; = 1/2 and x, = 1/2 and singularities at the vertices of Q as well as (1/2,1/2), Kellogg
(7475). We will see that exponential convergence is again obtained if additional refinement towards
the discontinuity is made. Namely, we again make use of the automatic mesh generation of the NG-
Solve/Netgen package Schoberl (1997), but this time also refine towards the lines of discontinuity of
A, i.e, for x; = 1/2 and x, = 1/2. This automatically provides a geometric refinement towards (2, é)

where an algebraic singularity arises. The geometric boundary layer mesh with L = 4 refinements and
o = 0.25 is shown in the left panel of Figure 12. A plot of the solution for s = 0.2 is shown on the right

of the same figure. It clearly shows the need for the additional refinement.
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FIG. 12. Left: Netgen generated mesh with geometric refinement towards the boundaries as well as the lines of discontinuity of
the diffusion coefficient (5.6). Right: solution of the fractional diffusion problem (5.3) with s = 0.2 and diffusion coefficient (5.6).

Instead of using the symmetric approximation (5.5), we follow Bonito et al. (2019) and use the
refined quadrature rule
__ ksin(rs) &

- er(I+62)7'f, (5.7)

(="K,

with € = ¢~7%/2 and the number of quadrature points chosen as

2 2
T T
= tae] e[
as in Banjai ef al. (2020), for the given polynomial order p > 1, we set k = % p
As the exact solution is not available, we make use of a numerical solution on a finer mesh denoted by

ull and bound the error in the energy norm (5.1) via the computable right-hand side of the interpolation
inequality

-1

h h h h 1— h h
””k - ”ﬁne”Hs(Q)S‘luk - ”ﬁne||L2<s_Q) ””k - ”ﬁnc”}sr-[l Q)

The results of the numerical experiment for s = 0.2 and s = 0.8 are shown in Figure 13. The exponential
convergence against the polynomial order p and /M, with Njs being the number of linear systems,
illustrates the fact that the fixed 2p-FEM space has good approximation properties for reaction diffusion
problems with a wide range of parameters £; = e~/%/2_ For further numerical examples of exponential
convergence of this approach, we refer to Banjai et al. (2020).

6. Conclusions

We established robust exponential convergence of hp-FEM for solutions of elliptic singular perturbation
problems in polygons. These solutions contain, usually, boundary layers, corner singularities and com-
binations of the two. We admitted possibly multiple length scales, and built the #p-FE approximations
on (patches of) geometric boundary layer meshes as described in Section 2, and depicted in Fig. 2. The
hp-FEM on this class of partitions is capable to resolve exponential boundary- and corner-layers with
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FIG. 13. Convergence in the energy norm (5.1) of the sinc-Balakrishnan, 2p-FEM discretization for fractional diffusion (5.3) with
the discontinuous diffusion coefficient (5.6) on the unit square. On the left panel, the convergence is shown against the polynomial
order p and on the right panel against /N5 with Njs the number of reaction diffusion problems solved.

multiple physical length scales under a scale resolution condition that incorporates the smallest physical
length scale. The number of geometric mesh refinements to achieve this grows only logarithmically
with respect to the smallest length scale. The proposed, spectral numerical boundary layer resolution by
hp-FEM is based on boundary fitted, structured mesh-patches in the physical domain 2. They are push-
forwards from a finite catalog *J3 of canonical, highly structured, anisotropic reference mesh patterns.
The key feature of these meshes is the possibly anisotropic geometric refinement towards geometric
entities such as corners and edges. Meshes with such properties are available in industrical CAD/CAM
environments such as NGSolve Schoberl (1997, 2014). For deployment, it only requires (a lower bound
on) the smallest physical length-scale €. This can often be deduced from heuristic, physical consid-
erations, e.g. scaling or dimensional analysis. The methodology should be contrasted with so-called
“augmented/enriched spectral discretizations” proposed even recently in Gie et al. (2018); Chekroun
et al. (2020) and in references there. For this numerical approach, explicit, functional forms of bound-
ary and corner layer components of the solution are required. The analytic derivation of closed forms
for such solution components in general geometries for possibly nonlinear PDEs requires an elaborate
asymptotic analysis that may be impossible. It is not necessary in the present approach.

As we explained in the numerical experiments section patch-structured meshes as required here can
be generated, in general geometries, by specialized mesh generators such as Netgen Schoberl (1997).
We hasten to add, however, that our analysis can readily be extended to cover more general partitions,
such as geometric boundary layer meshes that also contain anisotropic triangles.

A focus of the present work was on robust exponential convergence rate bounds for singular per-
turbation problems in nonsmooth domains by /p finite element methods. We proved that they afford
robust, exponential convergence on patchwise structured meshes with possibly anisotropic, geometric
refinement towards the “support set” (i.e., the subset of  off which the layer components decay ex-
ponentially), of the boundary and corner layers. As a rule, robust exponential convergence requires
genuine hp-FE capabilities, i.e., simultaneous mesh refinement and polynomial degree increase, as fea-
tured in the p-FE spaces {S{ (2, 7 s )} p=1 used in our numerical experiments. Although we mainly
considered the model linear, second order elliptic singular perturbation problem (1.1), corresponding
solution families are known to arise for several common models in solid and fluid mechanics, see, e.g.,
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Arnold & Falk (1996); Gerdes et al. (1998); Chaussade-Beaudouin et al. (2017); Gie et al. (2018) and
the references there.

The present hp-error analysis implies exponential upper bounds on Kolmogorov N-widths of solu-
tion sets {ue : 0 < € < 1} of (1.1). We recall that, for a normed linear space X (with norm || o ||x) and
for a subset B C X, the N-width is given by

dy(B,X) = infsup inf [|f—gl|x, (6.1)
En fEBgEEN

where the first infimum is taken over all subspaces Ey of X of dimension N € N. Subspace sequences
{En}n>1 which attain the rates of dy(B,X) in (6.1) can be realized numerically by non-polynomial,
so-called reduced bases (see Quarteroni et al. (2016)).

In (6.1) we choose (X, || o ||x) = (H} (22),] o |le.o) with the energy norm | o || o of (1.3). Given
a complex neighborhood G C C? of Q we take B C X as the set of solutions of (1.1) corresponding
right-hand sides f that admit a holomorphic extension to G with || f||;=() < 1. From Corollary 4.1,
with Ey = S§(Q, ,Z,ﬁ;,'fa) we obtain dy(B,X) < exp(—b+/N) with a continuous, piecewise polynomial
interpolant to bound the inner infimum in (6.1). Remark that (Melenk, 2000, Theorem 3.2) stipulates
for (1.1) the (sharp) majorization dy(A,X) < exp(—b'y/N) with b’ > 0 possibly different from b and
with nonpolynomial Ey, but with &' and the constant hidden in < independent of €. For analytic 0.
and a single, known boundary layer length scale € € (0, 1], this rate is attained by 2p-FEM on so-called
minimal boundary layer meshes (e.g. Schwab et al. (1998a); Melenk & Schwab (1998)) which are
&-dependent, however.

The underlying concept of using patchwise structured meshes to approximate parametric solution
families to linear, elliptic singularly perturbed boundary value problems extends also to A-version FEM.
Here, in patches abutting on the boundary analogs of so-called “Shishkin meshes”, see, e.g., Shishkin
(1987), (Roos et al., 2008, Sec. 3.5.2), could be employed to achieve robust, algebraic rates of conver-
gence under weaker, finite order differentiability assumptions on the data A, ¢, and f than the presently
assumed analyticity in Q of these data. The present results will constitute a foundation for proving
exponential convergence of several hp discretizations of (spectral) fractional diffusion problems as pre-
sented in Banjai et al. (2019) in curvilinear polygonal domains 2. Details will be developed in Banjai
et al. (2020).

The model problem (1.1) considers homogeneous Dirichlet boundary conditions. The approxima-
tion result Theorem 4.1 relies on the regularity results of Melenk (2002), which decomposes the solution
(1.1) into boundary and corner layer components. Similar decompositions can be expected to hold also
for other boundary conditions. Then the approximation results of Section 3 are applicable indicating that
hp-FEM on similarly patchwise structured meshes will likewise lead to robust exponential convergence.

A. Analytic changes of variables

The following lemma shows how boundary layer functions are transformed under the patch maps if the
edge {y =0} of S is mapped to a subset of JQ:

LEMMA A.1 Let G, C R x R* be a domain. Let the map M : (%,y) — (0,p) be of the form M(X,y) =
(6(X,5),yP(x,y)) for some functions 6, 3 > py > 0 that are analytic on closure(G,), i.e., there are
constants Cyy, Yy > 0 such that ||V”é||Lm<Gx>, VPl 1=(G,) < Cuyyn! for all n € Ny. Let O, C Gy be
open and let &' be an open neighborhood of M(&)). Let u be analytic on & and assume that, for some
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function C,, and some constants b > 0, v > 0, there holds
V(m,n) NG V(p,0) € O |92du(8,p)| < Cu(8,p)e P/EY " mimax{n, e }".

Then there are constants &', 7 > 0 (depending only on b, ¥, and M) such that the function & := uo M
satisfies with the notation (p, 8) = M(X,y)

Y(m,n) €NG V(X5) € Ot |02IN(X,5)| < Cu(B,p)e "y M mimax{n, e }".
Proof. The proof uses arguments employed in (Melenk, 2002, Sec. 4.3). Consider a fixed (X,y) € O,
and set (6’,p") = M(X,y). Then (6,p) — u(0,p) is holomorphic on the polydisc
Byy(68") X By /) (p') C C?
with the bound
1
1—7&

Since the functions é, P are holomorphic on the closure of M(G,), there are Cy, d > 0 (independent of
(x,¥) € G) such that for &}, §, € B5(0) C C there holds

0G+C1,y+6)—0EY)| <CilG]+1&0,
|+ &) (x+ 81,y + &) =3P (X)) < C1 (|G| +18&]) + &,

and we may assume that & > 0 is such that for {;, & € Bs(0) we have M(x+ &1,y + &) € By /(2 (8') x
B\ /(2y¢)(P’)- This implies in view of (A.1) the bounds

(6" + 810"+ &) < Culp', 0)e 70

1
: Al

u(x+ 81,y + &) = [uMx+ 81,5+ &))| (A2)
< CC,(0,p")e P/ E exp(CryI ol /€) exp(CL1F 181 +1a]] f€).- (A.3)

For ), 8 < 6 Cauchy’s integral formula for derivatives gives

oo ! U
;la)gzﬁ(fj)z—aloﬁ/ / M(X+C1>y+c2) dc1d§2
G1€985,(0) ) G285, (0) (

471-2 _C1)06|+1(_C2)062+1
so that

. 17¢ 01! 0!
4 0% (%, y)] < CCu(p',0")e PP /85%575‘2 exp(C178,/€) exp(CLyy (8, + &) /€)
1 %

Selecting &; = 8 := bpy/(4C1) and & = min{(|oz| + 1)€,8} yields the desired result with &' = b/2
since C1)~1(51+62)/£ < 25C1)7/£ < 25C1p//p0=b/2. O

The following lemma shows how functions that may have a singular behavior are transformed under
analytic changes of variables:

LEMMA A.2 ((Melenk, 2002, Lemma 4.3.3)) Let G C R? be a domain and M : G — R2 be analytic on
closure(G). Let & C G be open and & be an open neighborhood of M(&). Let u be analytic on & and
assume that for some (positive) function A, r: ¢ — R and some y > 0 there holds

YneNy Vxe 0: |V'u(x)| <AX)Y'max{(n+1)/r(x),e '}". (A4
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Then the function u := uo M is analytic on ¢ and there are constants C, ¥ > 0 depending solely on M
and ¥ such that for each X € & there holds with the notation x = M(X)

VneNy: |V'u(X)| < CA(x)7" max{(n+1)/r(x),e"'}".

Proof. The statement is taken from (Melenk, 2002, Lemma 4.3.3) except that we explicitly allow r to
be a function of x. The proof is similar to that of Lemma A.1. We fix X € G and set x = M(X). The
assumption (A.4) implies that u has a holomorphic extension to B..,(y)(x) C C? with ¢ > 0 depending

solely on y. Additionally, we have the bound for z € B(x)(x) C C? (we write r = r(x))

=

(x| <A Zonll|z|n|V”u(x)| <¢|—77m

for suitable C, C'. The analyticity of M on closure(G) implies the existence of 6§ > 0 (independent of
X = (X,y) € G) such that

+exp(C'lz|/€)] .

M(f+B5r(O)ay+BSr(0)) C B%cr(x) (X)

For o € N3 let 6 := min{&r(x), (|| + 1)e}. The Cauchy integral theorem for derivatives gives

s loty! UuM(X+(z1,22)))
03 9% u(x,y S / /
¢ (%.7) 42 ) caBy(0) Jmycasgo) (—21)% T (—z2) %2t

so that we get
|0519%2i1(%,5)| S 01061071 [1+exp(C'0/¢)]
< Joftmax{(8r(x)) ", (|| + 1)~ 'e 1 [1+exp(C'lal)]

which proves the asserted estimate. (]

B. Univariate Approximation

LEMMA A.1 Let] = (—1,1) and u € C™(I) satisfy, for some constants C,, %, > 0, for some A € (0,1],
€ € (0,1] the bound
VneNo: [|D"ullp=(r) < Cul(Yuh)" max{n,e ' }". (A1)

Then there are constants C, 17, 6 > 0 depending solely on 7, such that under the constraint

h
eq

h q+1 h q+1
Vq eN: vlenlfg ||M7VHW1-°°(I) < CCM <<m) + (T]Sq) ) . (AS)

Proof. We start with the observation that Taylor’s theorem yields for x > 0

<o (A2)

there holds

1 q n 1 X xq+1
y lo_ooyx@_ 1 / (—1)le dt < o, (A4)
w1 M =R ¢
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Case 1: Let ey,h < 1/2. Then the Taylor series of u about xy = 0 converges in I and the Taylor
polyomials 7; € P, satisfy the error bounds

= [D"u(0 = n, (Wh/€)"
=Ty < ¥ Mgcu Y (neh) +M
n=g+1 n n=q+1 "
AD (e (/)™ e
X u 1— (}/ueh) q'

o (200} +C(Ph/(q)) 19/

(A.8)
<

for suitable 7 > 7,. The assumption (A.2) allows us to estimate e?//€ < ¢%39 and the desired result
follows for the L™-estimate. An analogous argument applies for the W!*-estimate.

Case 2: Let 1 > h > 1/(2e%,). Introduce for p > 1 the ellipse &, := {z € C|]z— 1]+ |z + 1| <
p+1/p} and set Gi(I) := UyerB(x). By geometric considerations (e.g., with the aid of (Bérm e al.,
2005, Lemma 3.14)) one has &1+« C G(I). Taylor’s theorem gives that u is holomorphic on Gy /() (I)
and for every x < 1/(y,h) we have

=

1 _ 1
||MHLN(GK) < Cungba(h}/MK)"maX{n,E l}n §CM m +eXp(K‘}/uh/£) . (AS)

Well-established polynomial approximation results (see, e.g., (Apel & Melenk, 2018, Thm. 6)) then
yield for fixed x > 0 the existence of p; = p;(x) > 1 such that

vienIPf HllfVHWl,oo([) < Ccupfq||”HL°°(G,() < CCupfqu%*h/e < CCup;quYu6q~
q

Fix 1 < py < p1. Then we may select § > O sufficiently small so that there exists a constant C > 0 such
that

o —q
VgeN: Vlenpfq [t =il < CCupy ™.

Using /1 > 1/(2eY,) and suitably choosing 17, we can estimate
_ h a
q < —— .
P (h +n )
O

LEMMA A.2 (stability of the 1d-Gauss-Lobatto (GL) interpolant) Let / = [—1,1]. There exists a con-
stant C > 0 such that for any g € N, the Gauss-Lobatto interpolation operator i : CO(I ) — P, satisfies:

=gl < (1+Ag) inf lla—=vllzepy, Aq=Cln(g+1), (A6)
q

= igu) =y < CO1+ % Ag) inf 16— 1= A7)
velg

Proof. The bound (A.6) follows from the projection property of the Gauss-Lobatto interpolation; the
logarithmic growth of the Lebesgue constant A, is shown in Siindermann (1983).
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For (A.7), we estimate for arbitrary v € P,

1 = igua) [l =1y < 112t =)=y + (g (=) =)
SN =Y oy + @ llig e =)=ty < =) o) + 4> Agllu=vlli=y-

Constraining v to satisfy v(—1) = u(—1) the result follows from a Poincaré inequality. [ Finally, we
recall two inequalities of Stirling’s type.

L en™ 12 (A.8)

VneN: 2nnn+l/267n n
2@ (g )t > (2) ) () (A9)

<
VneNy YaeNy: aln!>

(A.8) follows from Robbins (1955). In A.9, the first bound follows from the binomial formula )}, ("'}) xV =
(1 +x)™ and the second bound follows from (A.8).
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