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Abstract

When sources of energy gain and loss are introduced to a wave-scattering system, the
underlying mathematical formulation will be non-Hermitian. This paves the way for the ex-
istence of exceptional points, where eigenmodes are linearly dependent. The primary goal of
this work is to study the existence of exceptional points in high-contrast subwavelength meta-
materials. We begin by studying a parity—time-symmetric pair of subwavelength resonators
and prove that this system supports asymptotic exceptional points. These are points at which
the subwavelength eigenvalues and eigenvectors coincide at leading order in the asymptotic
parameters. We then investigate further properties of parity—time-symmetric subwavelength
metamaterials. First, we study the exotic scattering behaviour of a metascreen composed
of repeating parity—time-symmetric pairs of subwavelength resonators. We prove that the
non-Hermitian nature of this structure means that it exhibits asymptotic unidirectional reflec-
tionless transmission at certain frequencies and demonstrate extraordinary transmission close
to these frequencies. Thereafter, we consider cavities containing many small resonators and
use homogenization theory to show that non-Hermitian behaviour can be replicated at the
macroscale.

Mathematics Subject Classification (MSC2000): 35J05, 35C20, 35P20.

Keywords: PT symmetry, exceptional points, subwavelength resonance, metamaterials, unidi-
rectional reflection, extraordinary transmission, homogenization

1 Introduction

Exceptional points are parameter values at which a system’s eigenvalues and their associated eigen-
vectors simultaneously coincide. This phenomenon has been observed in a variety of quantum-
mechanical, optical, acoustic and photonic settings. We will investigate exceptional points in a
setting where the underlying system is non-Hermitian, in the hope of finding linearly dependent
eigenvectors. A prominent class of non-Hermitian systems where exceptional points are well known
to occur are structures with so-called parity-time or PT symmetry [22, 25, 35, 38]. The exceptional
points in such systems originate from the fact that the spectrum of a PT-symmetric operator is
conjugate symmetric. In this work, we study the occurrence of exceptional points in structures
composed of subwavelength resonators. These are material inclusions with parameters that dif-
fer greatly from those of the background medium, the large material contrast meaning that they
experience resonant behaviour in response to critical wavelengths much greater than their size.
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Such structures, often known as subwavelength metamaterials to highlight their complex micro-
scopic structure, can exhibit exotic scattering properties and appear in a variety of photonic and
phononic applications [8, 28, 32, 37].

We begin by studying a pair of high-contrast subwavelength resonators. This two-body system,
which is often known as a dimer, is known to exhibit two subwavelength resonant modes [10]. We
examine the case of non-real material parameters, which corresponds to systems with gain and loss
(represented, respectively, by positive or negative imaginary parts), see Figure 1. The geometry
and material parameters are chosen so that the structure is P7T-symmetric, which means that the
structure is symmetric and that the gain on one resonator has the same magnitude as the loss on
the other. This model problem is a mathematically concise characterization of physical models.
Structures based on the principles explored in this work have been implemented in acoustics [45, 48]
as well as in optics and photonics [17, 35, 38]. In practice, implementing gain in physical systems
is difficult (whereas loss arises through damping). This can be achieved either through the use
of amplification [40, 48] or by considering a “passive” version of the structure, where loss and
greater loss are used to model gain and loss, respectively, along with an overall damping factor
[38]. For our model problem, we will prove that the resonant modes can be approximated by the
eigenstates of a 2 X 2 matrix, known as the weighted capacitance matriz (Theorem 2.3). Then, we
show that if these parameters are suitably tuned then the two eigenvalues and eigenvectors of the
weighted capacitance matrix coincide, giving what we will refer to as an asymptotic exceptional
point (Theorem 2.4).

Due to energy input and output in non-Hermitian systems, standard energy conservation re-
lations no longer apply. This can result in exotic scattering behaviour and “generalized energy
conservation” relations [23]. While being impossible in Hermitian systems, P7T-symmetric struc-
tures can have frequencies at which the reflection is zero when the wave is impinging from one
side, but non-zero when the wave is impinging from the opposite side [31, 34, 46]. We will refer to
such case as unidirectional reflectionless transmission, or unidirectional reflection for short. Also,
since energy conservation no longer applies, the scattering coefficients are not bounded by unity,
and could possibly be very large. We refer to this as extraordinary transmission, which has been
demonstrated to occur in both optical and acoustic systems [44, 45, 47].

We study unidirectional reflection and extraordinary transmission in an unbounded, P7T-
symmetric structure at subwavelength frequencies. This structure is composed of periodically
repeating P7T-symmetric dimers in a thin sheet, a metascreen (see Figure 3). We will show, in
particular, that the reflection coefficients approximately vanish for frequencies close to a critical
frequency (Theorem 3.18). Moreover, as the magnitude of the gain and loss increases, there is a
shift in these approximate zeros: the zero of one of the reflection coefficients will be shifted upwards
and the other will be shifted downwards. Additionally, for a certain magnitude of the gain/loss,
extraordinary transmission will occur at the critical frequency. We emphasize that, unlike previous
work based on coupled-mode approximations [31, 41] or perturbation theory [46] which are more
formal, the methods presented here provide a mathematically rigorous framework for unidirectional
reflectionless transmission. Furthermore, the obtained results are valid even in regimes with large
gain and loss.

Structures that are poised at an exceptional point have also applications in enhanced sensors.
These sensors can detect a variety of phenomena such as vibrations, changes in temperature and the
presence of small particles such as viruses and nanoparticles. Such phenomena will induce changes
in the properties of the sensor, which allows them to be measured. Typically, these changes will
be proportional to the strength of the perturbation which is measured. However, in the case of
a sensor that is poised at an exceptional point, the higher-order nature of the singularity means
that the output will be greatly enhanced. In particular, an N*"-order exceptional point (where N
eigenmodes coincide) will generally lead to an output that scales with the N*! root of the strength of
the perturbation, meaning that it is greatly enhanced for small perturbations [3, 17, 26, 33, 42, 43].

We will analyse the macroscopic properties of bounded metamaterials composed of a large
number of subwavelength resonators with complex material coefficients. In particular, we consider
cavities filled with large numbers of small resonators and use homogenization theory to derive
effective material properties as the resonators become infinitesimally small. We show that a cavity
of resonators with ‘fixed sign’ (i.e. all gain or all loss) converges to an effective system whose
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Figure 1: Two subwavelength resonators D1 and D2 with wave speeds vi,v2, and wave speed v in the
surrounding material. The contrast between the i™ resonator and the surrounding material is described by
di, which is assumed to be small. This system is PT -symmetric if D1 = —D2 and vf(Sl = 1)%62.

material parameters retain this property. We also observe that a structure that is P7T-symmetric
at the microscale will have real-valued material parameters at the macroscale (Theorem 4.4).

The results of this paper on exceptional points pave the way for the mathematical analysis of
the phenomenon of topologically protected edge states in systems of subwavelength resonators with
gain and loss. In [11], it is demonstrated that localized edge modes appear in a periodic structure
of subwavelength resonators with a defect in the gain/loss distribution. Similarly to the Hermitian
case (see, for instance, [4, 19, 20, 21]), these edge modes can be attributed to the winding of the
eigenmodes. In the non-Hermitian case the topological invariants fail to be quantized, but can
nevertheless predict the existence of localized edge modes. Moreover, the new expansions of the
Green’s functions obtained in Section 3, which are uniformly valid when the frequency and the
quasiperiodicity approach zero, turn out to be the key for demonstrating Fano-type resonances
(see, for instance, [30]) in periodic systems of subwavelength resonators [2].

2 Exceptional points of two resonators

We will, first, study a structure composed of two resonators D;, Dy C R? which are connected
domains such that 0D; € C**,0 < s < 1. The dimer D is defined as D = D; U Dy. We assume
that the wave speed v; inside the i*" resonator D; is complex while the wave speed v in the
surrounding material is real. Denoting the frequency of the waves by w > 0, we define the wave
numbers, for i = 1,2, as

k=

w w
= k= —.
v V;

We denote the material contrast parameters of the two resonators by §;, ¢ = 1,2, which are also
complex-valued and will be assumed to be small in modulus. We study the scattering problem

Au+E*u =0 in R®\ D,
Au+ E2u=0 in D;, i=1,2,
uly —ul- =0 on 0D,
0 0 2.1
528 M —0 onaD;, i=1,2 21)
ov|, ov|_
u(z) — u™(z) satisfies the Sommerfeld radiation
condition as |z| — oo,

where |, and |_ denote the limits from the outside and inside of D. Here, u'® is the incident field
which we assume satisfies Au™ 4+ k%u™ = 0 in R? and the Sommerfeld radiation condition is given
by
li 2 ik)u=o (2.2)
which corresponds to the case where u radiates energy outwards (and not inwards).
Next, we describe the PT-symmetry of the problem. The parity operator P : R? — R? and
the time-reversal operator 7 : C — C are given, respectively, by

Pz) = —=z, T(z) ==



We assume that the dimer D is PT-symmetric, by which we mean that
Dl = PDQ, and U%(sl = T(Ug(sg)

We will see in Section 2.2 that this is the assumption required to ensure that the differential system
is PT-symmetric at leading order. We define § := |§;|, and assume that

dkl, 6= 0(5)7 v; = O(l)

The assumption that ¢ is small means that we are studying high-contrast resonators. We introduce
the notation
0361 := a + ib, 026y := a — ib,

for positive, real-valued parameters a and b. Under the sign convention fixed by (2.2), the parameter
b represents the magnitude of the gain and loss, which are imposed on Dy and D5 respectively.

Using analytic continuation, one can prove that the resolvent associated with the scattering
problem (2.1) is meromorphic function of w in C. We say that a frequency w is a resonant frequency
if the real part of w is positive and there is a non-zero solution to the problem (2.1) with u™ = 0.
Moreover, we say that the resonant frequency w is a subwavelength resonant frequency if w depends
continuously on § and w — 0 as 4 — 0. We remark that, since the wave speed has order one as
6 — 0, a subwavelength frequency corresponds to a wavelength much larger than the size of D
when ¢ is small enough.

We will assume that the frequency w scales as w = 0(51/2) when § — 0 (in previous work e.g.
[7, 10], this was found to be the scaling of the subwavelength resonant frequencies). In this limit,
we will assume that Vu'®| = O(w).

The scattering problem (2.1) has been designed as a model problem for subwavelength res-
onators whose materials contrast greatly with the background medium. This formulation has been
used to study the propagation of acoustic waves in bubbly media, in which case J; represents the
contrast between the density inside and outside the resonator D; [7, 24].  This is also a useful
model problem for gaining intuition into the behaviour of photonic systems. The methods used
here can be easily modified to study a two-dimensional version of (2.1) (as in [7, Appendix B]),
which describes the propagation of polarized electromagnetic waves, see e.g. [8, 13]. In the case
of electromagnetic waves, §; describes the contrast in either the electric permittivity or magnetic
permeability, depending on the polarization.

2.1 Layer potential theory on bounded domains

The solutions to the Helmholtz problem (2.1) can be effectively studied using representations in
terms of integral operators. In particular, let S¥, be the single layer potential, defined by

Shlgl(x) = /6 GHa= 9ol doly). a R (2.3)

where G*(z) is the outgoing Helmholtz Green’s function, given by

i eik|a:| 3

Here, “outgoing” refers to the fact that G* satisfies the Sommerfeld radiation condition (2.2).
For the single layer potential corresponding to the Laplace equation, S%, we will omit the
superscript and write Sp. We will use the same notation for the restriction of Sp to 0D, which is
an operator Sp : L?(0D) — H'(OD) and is well known to be invertible [12, Lemma 2.26]. Here,
H(OD) is the space of functions that are square integrable on 9D and have a weak first derivative
that is also square integrable.
The Neumann-Poincaré operator K" : L2(8D) — L2(8D) is defined by

K" lola) = | 5GMe =)oty dota). @ €D,




where 0/0v, denotes the outward normal derivative at « € 9D.
The behaviour of S¥ on the boundary 9D is described by the following relations, often known
as jump relations,

Sploll, = Splel|_, (2.4)

and 5 )
sbie], = (57 +K57) el 25

where |+ denote the limits from outside and inside D. When k is small, the single layer potential
satisfies [8, Lemma 2.43]
S¥ =8Sp +kSp1 + O(k?), (2.6)

where the error term is with respect to the operator norm ||.||z(z2(ap), 51 (o)), and the operator
Sp1: L*(0D) — HY(OD) is given by

1
= — d D.
Spaldl(@) = g7 [ odo. aeo
Moreover, we have [8, Lemma 2.44]
KK = K% + k2Kpo + k*Kp s + O(kY), (2.7)

where the error term is with respect to the operator norm ||.||z(z2(op),z2(ap)) and where

i

Kpaldl(z) = — /a D(x‘y)'”wz;)da(y), K ald](2) (2= y) - vadly) do(y).
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We also have the following lemma from [10].

Lemma 2.1. For any ¢ € L?*(0D) we have, fori=1,2,

[ (grexp)tar=o. [ (Grecp) o= [ pan
oD, \ 2 ap; \2 oD;

i|D;
Kpeleldo = —/ Sple] dz, Kpsle] do = %
D; 8D; T Jop

(2.8)
pdo.
aD;

A thorough presentation of other properties of the layer potential operators and their use in
wave-scattering problems can be found in e.g. [8, 36].

2.2 Capacitance matrix analysis

Our approach to solving (2.1) is to study the weighted capacitance matriz. We will see that the
eigenstates of this 2 x 2 matrix characterize, at leading order in §, the resonant modes of the
system. This approach offers a rigorous discrete approximation to the differential problem.

In order to introduce the notion of capacitance, we define the functions v;, for j = 1,2, as

1/1]‘ = Sgl[anj]v (29)

where X4 : R® — {0,1} is used to denote the characteristic function of a set A C R3. The
functions ¢; and 15 form a basis for ker (—11 + K},) (indeed, this follows from (2.5) and the fact
that the constant functions are the Neumann eigenfunctions of —A in D with zero eigenvalue).
The capacitance coefficients Cj;, for ¢, 7 = 1,2, are then defined as

Cij =— ¥; do,
8Di

and the capacitance matrix is the matrix C = (Cj;). Finally, we define the weighted capacitance
matrix C¥ = (C};) as

25,C11 v26,C 2
CY=VC = (Ul 111 G “), V= (”151 0 ) (2.10)

?1%52021 11%52022 0 ”%52



This has been weighted to account for the different material parameters inside the different res-
onators, see e.g. [5, 10] for other variants in slightly different settings. It is well known that
Cy = C12, C12 < 0 and Cq1; > —C1a, while the symmetry assumption D; = PDs implies that
Cy1 = Oy (see e.g. [10, 18, 29]).

We define the functions SY’, S5 as

_ ) Shlal(x), xeR3\D,

B {S,’_?; [o)(x), z€ Dy, i=1,2.

w _ Sk [1#1](33)» xGR?’\b, w
S7(@) = {Sg Wi](x), €D, i=1,2, 55 (@)

Lemma 2.2. Asw — 0, the solution to the scattering problem (2.1) can be written as

u—u" = qSf + @255 = Sp [Sp'[u"]] + Ow),

for constants q1 and gz which satisfy the problem

261 [,p. Sp'u™] do
C? — w?|Dy|I QI>:_ Py O(s 3. 2.11
( . | 1‘ ) (92 U§52 f(’)Dz Sz_)l[um] do * ( v ) ( )

Proof. The solutions can be represented as

(2.12)

L Jun@) + Shll(@), = eR°\D,
Sp [9)(x), r€eD;, i=1,2,

for some surface potentials (¢,1) € L?(0D) x L?(0D), which must be chosen so that u satisfies
the transmission conditions across dD. Using the jump conditions (2.4) and (2.5), we see that in
order to satisfy the transmission conditions, the layer densities ¢ and 1 must satisfy

SE o] — Sh[y] =w'™ on dD;,
. auin

1 ki, x 5 1 k,* _ s Yv )
<—21+ICD >[¢>] 6Z<2I+ICD>[1/J]—51 5 " 0D;,

for i = 1,2, where I is the identity operator on L?(0D). From the asymptotic expansions (2.6)
and (2.7) and the assumption that Vui“|D = O(w) we have that

Sp[p —¢] = u™ + O(w) on dD; U D, (2.13)
2
(-é] +Kh + jz/cm) [¢] — 6 (;1 + IC*D> [4)] = O(6w +w?) on dD;.

From (2.13) and the fact that Sp is invertible we can see that
Y =¢— Sy u"] + O(w). (2.14)

Thus, we are left with the equations

1 2 1 1 .
(—2I + K:B + %KDQ —0; <2I + ICB)) [(ﬁ] = —0; <2I + ICE) SBl[Um] + O(&u + OJ3), (2.15)

on 0D;,i = 1,2. Integrating (2.15) over D;, and using Lemma 2.1 gives us that
—w? / Spl¢] dz — v?6; / ¢ do = —v?6; / Sy [u™] do + O(0w + w®).
D; oD; oD;

At leading order, (2.15) says that (—31 + K7},) [¢] = 0 so, since 11 and 13, defined by (2.9), form
a basis for ker (—%I + ICE) (see, for instance, [8]), the solution can be written as

¢ = qib1 + @2 + O(W* +0), (2.16)



for constants ¢1, g2 = O(1). Making this substitution we reach the problem

0201 [, Sptui] do
Cv —W2|DyI) (1) = — [ Lo TD T o5 3). 2.17
( <1D) <QZ> <v§(52 Jon, Spt[ui] do + 00w +w?) (2.17)

The result now follows from (2.12) combined with the expressions for ¢, in (2.14), (2.16) and
(2.17). O

Theorem 2.3. As § — 0, the subwavelength resonant frequencies satisfy the asymptotic formula

/\.
wi =] —=—+0(), i=12,
| D1 (0)

where |D1| is the volume of a single resonator and the branch of the square root is chosen with
positive real part. Here, \; are the eigenvalues of the weighted capacitance matriz C*.

Proof. If v = 0, we find from Lemma 2.2 that there is a non-zero solution ¢i, g2 to the eigenvalue
problem (2.11) precisely when w?|D| is an eigenvalue of CV. O

1

Let \j,v; = :; denote an eigenpair of C¥. From Theorem 2.3, and from (2.16) and (2.12),

it follows that the Isubwavelength resonant frequencies and corresponding eigenmodes satisfy the
asymptotic formulas

wi = wio) +0(5), wu;= ul(-o) +0(6Y%), asé—0,

Ai
wio) =y =, uz(-o) = v;SY +viSYy.
| D |

We can compute that the eigenvalues of the matrix C are given by

where

A= aCy + (~1)/a2C%, — 1(CE — Cy). (2.18)

We then have the following theorem on the dimer’s asymptotic exceptional points, which occur
when A\; = As.

Theorem 2.4. There is a magnitude by = by(a) > 0 of the gain/loss such that the resonator dimer
has an asymptotic exceptional point. Specifically, at b = by,

O =al?, = R,
for some constant K, while

if b<bo: w§0) and wgo) are real, and w§0) < wgo),

if b> bg: w§0) and wéo) are non-real, and wgo) = E.

Proof. Combining Theorem 2.3 and (2.18), we find that by is given by
aCha
VCh - O
which corresponds to the point where C* has a double eigenvalue corresponding to a one-dimensional
eigenspace. The remaining statements are straightforward to check. O

by =

Remark 2.5. Theorem 2.4 states that the exceptional point occurs only at leading order in 4.
This is not due to a limitation of the method and we do not, in fact, expect the system to exhibit
an exact exceptional point. This is a consequence of the radiation condition, which means the
differential operator corresponding to the problem (2.1) is not PT -symmetric (even in the case
b = 0 the resonant frequencies have small but non-zero imaginary parts [10]). However, the discrete
approximation given by the weighted capacitance matriz is indeed PT -symmetric. The approximate
nature of the exceptional point can be observed from the simulations presented in Figure 2.
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Figure 2: Plot of the real part (blue) and imaginary part (red) of the resonant frequencies of the dimer
as the gain/loss parameter b increases. The asymptotic exceptional point occurs at by =~ 0.5 x 107%, at
which point the frequencies coincide to leading order. For b smaller than bo, the frequencies are real, while
for b larger than by the frequencies are conjugate to each other, again to leading order. Here, we simulate
spherical resonators with unit radius, separation distance 2 and material parameters a = 2 x 10™* and
v=1.

Lemma 2.6. Ifb # by, the eigenmodes u; corresponding to the resonant frequencies w;, fori = 1,2,
are given by

u; = viSY +vi8y + 0(61/?),
2

as & — 0, where v; = (Vzl Vi)T (using superscript T to denote the matriz transpose) are the

eigenvectors of C given by
_( —Ci2 N
Vi = (Cu—,ui)’ fi = (a+7ib)

2.3 Numerical computations

Figure 2 shows the two resonant frequencies wy and ws as functions of b. For b = by, the resonant
frequencies coincide at leading order in §. The leading-order terms are real for b < by and complex
conjugates with zero real part for larger b. These numerical simulations were performed on spherical
resonators using the multipole expansion method, which is outlined in [4, Appendix A].

3 PT-symmetric metascreens

Here, we study a metascreen consisting of periodically repeated P7T-symmetric dimers. There are
multiple goals. First, we will derive results analogous to those in Section 2, which characterize
the band structure and exceptional points of the metascreen. Thereafter, we will solve the plane-
wave scattering problem for the metascreen. Using this, we will prove that the metascreen exhibits
asymptotic unidirectional reflectionless transmission. In other words, there are frequencies at which
an incoming wave from one side will have zero reflection at leading order, while an incoming wave
from the opposite side has non-zero reflection. Moreover, we will demonstrate that at a specific
magnitude of the gain/loss, the peak transmittance will be extraordinarily large.

3.1 Scattering problem for the metascreen

We consider a structure composed of P7T-symmetric dimers in a two dimensional square lattice
with period L > 0. The lattice is given by A := LZ? and we assume that the structure is periodic



Figure 3: A sketch of a PT -symmetric metascreen with an incident plane wave u'™. Here, + and — denote
opposite signs of the imaginary part of the material coefficients.

with unit cell Y = [-L/2,L/2] x [-L/2,L/2] x R. We adopt the notation from Section 2 where D
is a pair of resonators D; with material parameters v26;, for i = 1, 2:

D=DyUDy, 96 =a+ib, vidy=a— ib.

Additionally, we now assume that D is contained inside Y. We define the periodically repeated
resonators as
C;, = U Di—i-(ml,mg,O), 1 =1,2, C=CLUCs.

(m1,m2)EA

The metascreen is sketched in Figure 3.

The dual lattice A* of A is defined as A* = (2r/L)A. The torus Y* := R?/A* is known as
the Brillouin zone. A function f(y), y € R?, is said to be a-quasiperiodic, with quasiperiodicity
a € Y*, if eT 1Y f(y) is periodic as a function of y.

We study the scattering problem

Au+k*u =0 in R3\ C,

Au+k2u =0 inC, i=1,2,

uly —ul-=0 on OC,

i%+—%=o on 0C;, i=1,2, 3.1)
u(z) — u™(z) satisfies the outgoing a-quasiperiodic

radiation condition as |z3| — oco.

Here, u'™ is the incident field and the outgoing quasiperiodic radiation condition loosely states that
u(z) — u™(x) behaves as a superposition of outgoing plane waves sufficiently far away from the
metascreen. More specifically, for |x3] > M for some M > 0, u — u™ a Rayleigh expansion given
by [15, 16]

Z Ag 0T ay > M,

u(z) — u(z) = { 1N )
@) =@ = 08N e o
qeEN*

for some coefficients Aq 4, Ay —, where, for ¢ = (¢1,¢2) and o = (a1, a2),

ar +q1 a1+ qq
kot = Qg + q2 , k,_ = Qg + qo

q,
VI —Ja+qP ~VE=Tat P



Here, the square-root is chosen with positive imaginary part. We seek solutions w which are
a-quasiperiodic in (z1, z2) for some «, i.e.

u(x + (my,me,0)) = eia'(ml’m)u(m)a (my,ma) € A.

If ui™ = 0, these a-quasiperiodic solutions are the Bloch modes of the metascreen, while if u!" is a
plane wave, we will seek solutions at « specified by the wave vector of ui".

We will study the scattering problem (3.1) using a layer potential formulation analogously as
in Section 2. For a € Y*, the quasiperiodic Green’s function G**(z) is defined as the solution to

AGOH(@) + G (@)= 3 8(x — (my,ma, 0))e e (mama),

(m1,m2)EA

along with the outgoing quasiperiodic radiation condition, where §(z) denotes the Dirac delta
distribution. In this work, we will mostly focus on the case k # |a + ¢| for all ¢ € A*, in which
G** can be written as

eik|x—(m1 ,m2,0)|

Z 4|z — (ml,m270)|e

(m1,mz)EA

Ga’k(.’L‘,y) N iou(ml,mg)7 (3.2)

where the series in the spatial representation (3.2) converges uniformly for x in compact sets of
R3, 2 # 0 (see e.g [8, Section 2.12], or [39] for a more general review). Then, again assuming that
k # |a + q| for all ¢ € A*, we define the quasiperiodic single layer potential Sg’k by

S @ = [ 6He =)o) doly). @ e R

oD

On the boundary of D, it satisfies the jump relations
Sp¥l], =Sy el on oD, (3.3)

and

%sgvkw]]i = (%1 + (/C;%*) [¢] on D, (3.4)

where (ICBa’k)* is the quasiperiodic Neumann-Poincaré operator, given by

K 8@) = [ 26— y)ély) doly).

oD 81/:8

Lemma 3.1. The quasiperiodic single layer potential Sg’k : L?(0D) — H(OD) is invertible if k
is small enough and k # |a+ q| for all g € A*.

Proof. If ¢ € L2(8D) satisfies S%"[¢] = 0 on D, then u := S%¥[g] satisfies Au + k*u = 0 in
Y\ dD. Since 0 is not a Dirichlet eigenvalue of —A in D, and neither a Dirichlet eigenvalue of —A
on Y \ D with quasiperiodic conditions on 9Y, it follows that u = 0 for small enough k. Then,
from the jump condition (3.3) we have ¢ = Ou/dv|; — du/Ov|_ = 0, which proves the claim. [

Remark 3.2. Throughout Section 3, we study the problem in three spatial dimensions. However,
all the arguments carry over to the case of two spatial dimensions with a one-dimensional screen
of resonators, producing similar results. Indeed, the numerical simulations used to create Figures 4
and 5 are performed on an arrays of circular resonators that are the two-dimensional analogues of
those which are analysed here.
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3.2 Band structure and exceptional points

In this section, we study the resonance problem, or in other words, the problem (3.1) with u™® = 0.
Moreover, we study the regime when w — 0 while |a] > ¢ > 0 for some ¢ independent on w. By
modifying the arguments used to derive (A.6) and (A.7) of [9], we can obtain asymptotic expansions
for a three-dimensional structure with two-dimensional periodicity. In particular, we have that as
k—0
SHF =850 L O(k?), (3.5)
and
(Kp)" = (Kp™)* + O(k?). (3.6)
Here, the error terms are with respect to the operator norms, and are uniform for |a| > ¢ > 0. As
in Section 2, we define the quasiperiodic capacitance coefficients C, for 4,7 = 1,2, as
Cij=— - v do, ¥ = (SH°) " [Xop,- (3.7)
The quasiperiodic capacitance matriz C® is defined as the matrix C* = (Cf‘j), while the weighted
quasiperiodic capacitance matrix C"® is defined as

cre =Vvee,
with V as in (2.10). As we shall see, the capacitance matrix gives the leading-order approximation
of the solution to the resonance problem (3.1). We have the following lemma from [4, Lemma 3.1].
Lemma 3.3. We have
11=0C3%€R, Cty = C5y.
Directly following the arguments of Section 2, but instead using the jump conditions (3.3),

(3.4) and the asymptotic expansions (3.5), (3.6), we can show the following theorem on the band
structure of the metascreen, which is the analogue of Theorem 2.3.

Theorem 3.4. As 6 — 0, the quasiperiodic resonant frequencies satisfy the asymptotic formula
«

¢ ;
Wl = L4 0%, i=1,2,
K3 |D1| ( )

where |D1]| is the volume of a single resonator. Here, A} are the eigenvalues of the weighted
quasiperiodic capacitance matrix CV*.

Remark 3.5. The error in Theorem 3.4 is an order of magnitude smaller than in Theorem 2.3,
which was the equivalent result for a finite system of just two resonators. This is a consequence
of the fact that the O(k) term in the expansion (3.5) of the quasiperiodic single layer potential is
zero.

Analogously to the case of a single dimer studied in Section 2, the eigenvalues of the weighted
quasiperiodic capacitance matrix are given by

A = aCty £/ a?|CRy|? = B2 ((Cy)? — [CRu]?), (3.8)
meaning the asymptotic exceptional point occurs when b = bg(«), given by

[0
bo(Oé) _ a‘C12| .
V(C1)? = 1O ?
The exceptional point now depends both on the geometry and on «, and will therefore correspond
to a point in the band structure. This is illustrated in Figure 4, which shows the band structure of
a PT-symmetric metascreen. The computations were performed using the multipole discretization
as outlined in [9, Appendix C]. Close to the origin of the Brillouin zone the system is always
below the asymptotic exceptional point. For larger o and for large enough b, there will be a point
ag where b = by(ag). For « above this point, the band structure of the system has a non-zero
imaginary part and the two bands are complex-conjugated to leading order in §. We remark that
the error term is visibly much smaller in this case than it was for a system of two resonators
(Figure 2), as discussed in Remark 3.5.
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Figure 4: Plot of the real parts (blue) and imaginary parts (red) of the band structure of the metascreen.
The exceptional point is a point (a,w) at which the frequencies coincide to leading order. Here, we simulate
a two-dimensional problem using circular resonators with period L = 1, separation distance 0.5L, radius
0.15L and material parameters a = 2 x 107%b = 1 x 107* and v = 1. These points correspond to
§~22-107*. Moreover, T and M indicate, respectively, the points o = 0 and o = /L.

3.3 Periodic Green’s functions and capacitance matrix

We will now study the layer potentials and capacitance coefficients when both w and « approach
zero. We consider k € R and study the regime when |a| < k < infgep-\ (o} | + ¢|, which is not
encompassed by the analysis in Section 3.2. In this case, it was shown in [6] that the quasiperiodic
Green’s function admits the spectral representation

el (@1,@2) piks|zs| ellata) (z1,22) o=/ |atq|?—k?|z3]|

Gk (z) = B —— Z 5
2iks L ey 2L2\/|a + q? — k2

where k3 = \/k2 — |a|2. The series in (3.9) converges uniformly for z in compact sets of R?, x # 0,
and k # |a + ¢| for all ¢ € A* (again, see e.g. [8]).
In the case when k = a = 0, we call G%° the periodic Green’s function and we have [6]

xr
SCECEIDY

qeA*\{0}

(3.9)

el 7 (T1,72) o —lql|z3]

2L2|q]

(3.10)

In the subsequent sections, we are interested in the case when the incident wave has a fixed direction
of incidence and a frequency w in the subwavelength regime. We therefore set k = w, « = wag and
w3 = /1 — |ap|? for some «p independent of w (here, o represents the incident direction). When
w — 0, we have

1

G0) = Sz T E )+

Qo - (x17x2)

SwsL? + WG (x) + O(w?). (3.11)

Here, G° is a function independent of w, which can be written [6]

i (wslzs| + ag - (21, 22))*

G (@) = dws L2

+ ag - g1 (),
where g; () is a vector-valued function independent of o and w, satisfying

91(96173”2,553) = 91($17$2, —553)7 91(551,5527953) = —91(—551, —$27$3)-
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From (3.11) we in particular observe that the Green’s function has a singularity of order w=!. This
fact makes the subsequent analysis qualitatively similar to the case of finite resonator systems in
two dimensions, studied for example in [1, 7].

We define the operators S%* : L2(OD) — H'(8D) and (K,*")* : L2(0D) — L*(dD) as

830 (] (x) = S0 () - W /6 pdot /8 i %w(y) dofy),  (3.12)

and

(5™ felta) = () el - 25t [ pa

Here, 81%’0 and (IC%O)* denote the periodic single-layer potential and Neumann-Poicaré operators
associated to GO0, while v, = (Ve,1, Va2, Vg,3) denotes the outwards pointing normal of D at .
Moreover, we define the operators S : L*(9D) — H'(9D) and (K57)* : L*(0D) — L*(dD) as

Siel(x) = /8 R Gz —y)oly) doly),  (KpY) [ol(x) := i G1°(z —y)o(y) do(y).

oD Ovy

Using (3.11) we can prove the following asymptotic expansions (following the arguments used to
derive [6, eq. (3.23)])

SEI = SpT WS+ OWR), (K5 0%)T = (Kp0®) +w(Kp) +0@w?),  (313)

as w — 0, where the error terms are with respect to corresponding operator norms. Similarly to
Lemma 2.1, we have the following lemma.

Lemma 3.6. For any ¢ € L?(0D) we have, fori = 1,2,

_1 A*Oé,k * _ —Q\* _ 1‘D1|
[ (5w oo [ gy = 0 [ o

Proof. For any ¢ € L?(dD) we have [8]

/8D7¢ (_;I + UC%OV) [p] do =0,

and since f ap Ve do(z) = 0, the first equation follows. To prove the second equation, we use the
first equation to conclude that, as w — 0,

/aDi (‘if * “CBMW)*‘) (eldo=w [ (53" [¢]+ 0. (3.14)

i

On the other hand, using the jump condition and integration by parts we have that

1 —wa,w\ * wa,w wag,w
[ (5t sy ) elao = [ aspidar= o [ syl
oD; D; D;

i|Dy] 9
= do + O(w?). 3.15
v 2wsL? Jap #do+0(w) (8.15)
Since (3.14) and (3.15) hold for any small w, we obtain the second equation. O

The periodic single-layer potential could fail to be invertible and its kernel is described in the
next lemma.

Lemma 3.7. The dimension of kerS%O is at most one. Moreover, if ¢ € kerS%’O satisfies
Jop ¢ do =0, then ¢ = 0.

13



Proof. For small but non-zero k we know from Lemma 3.1 that S%k is invertible, and therefore,

by (3.13), S%’k is also invertible for small k. We can write S%" as

4 i
SO0 ] — GOk / do,
D Pl =Sp [l + TN R
or, in other words, S%’O is a rank-1 perturbation of the invertible operator S%k. This shows that
dim ker 8103’0 < 1 and, moreover, that any non-zero ¢ € ker 8%’0 satisfies f(’)D pdo #0. O

Lemma 3.8. IfS%O[tp} = KXgp for some constant K and some p € L*(0D) satisfying [, edo =
0, then ¢ = 0.

Proof. For z € R\ C, define V(z) := S;°[¢](x). Then V solves the following differential problem,

AV =0 in R?\ C,
V. =K ac,
+ o (3.16)
V(z+ (m1,m2,0)) =V(z) for all (my,ma) € A,
V(z) = £Ve as x3 — +oo,

for some constant V,,. Moreover, using the jump relations and integration by parts, we have that
/ pdo=K IVV|*dz = 0.
aD Y\D

If K # 0, it follows from (3.16) that fy\D |[VV|?dx # 0. In other words we must have K = 0 and,
since faD pdo =0, it follows from Lemma 3.7 that ¢ = 0. O

Let LZ(dD) be the mean-zero space defined as

Lg(ap){feLQ(aD) ‘ fda()}.

oD

By Lemma 3.7 and Lemma 3.8, S%O is invertible from LZ(0D) onto its image, which does not
contain the constant functions.

We will now define the analogous capacitance coefficients in the periodic setting. We begin
with the following lemma.

Lemma 3.9. For any ag € Y* with |ag| < 1, (S’BO“’"”) is a holomorphic operator-valued
function of w in a neighbourhood of w = 0.

Proof. We know that S’gao’w is a meromorphic operator-valued function of w with a pole at w = 0.

. —1
From [8, Corollary 1.10], we find that (SB“O’“’) is also meromorphic for w in a neighbourhood

of 0. It remains to show that the principal part vanishes.

To reach a contradiction, we assume that (Sgao’w> is singular as w — 0, which means that

there is some ¢, depending on w, such that ||¢||29p) = O(1) while ||3Ba°’w[¢>]||H1(aD) = O(w).
We can rewrite ¢ as ¢ = ¢o + ¢1 where ¢q is non-zero and independent of w, while ¢; = O(w).
Then the singular part of Sgk must vanish on ¢y, t.e.,

¢0 do = 0.
oD

Substituting into (3.12) we find that, for some constant K, we have S%O[d)o] = KXpp. It then
follows from Lemma 3.8 that ¢y = 0, which contradicts the fact that ||¢|| = O(1). O

14



We can now define the periodic capacitance coefficients C?j. For a € Y™, we let

. -1
P = (Sg’w) [Xop,]-
Then, if o = way for some fixed ag with |ag| < 1, we have the following expansion from Lemma 3.9,

WP = 0+ w0 + Ow?), (3.17)
as w — 0, for some ¢, 1™ € L2(D) independent of w. We then define
0
Ch=—[ )do. (3.18)
oD;

We call the matrix C° = (C};) the periodic capacitance matriz (not to be confused with the
quasiperiodic capacitance matrix, studied in Section 3.2). The periodic capacitance matrix might
a priori depend on «ay, but we will later see that, under an extra symmetry condition, ﬁ’? and C°
are independent of «y.

Lemma 3.10. The periodic capacitance matriz C° is a real matriz given by

1 -1

Proof. Since S5*“[1)***] is bounded as w — 0, the singular part of S5 must vanish on 9?2,
or in other words

YY) do = 0.
oD
From this it follows that C% = —C% for i = 1,2. From the condition S5**“[¢**“] = Xap,, we
have that
1 D a - (Y1,92)
Yo = 0070 / Lao g4 / ’ Yy)d 3.19
0D; D [’(/)z] + 21’(1}3.[/2 oD ¢z o+ oD 2’(1)3.[/2 wz (y) U(y)a ( )
or, in other words, that S%’O[w?] = Xop, + KXpp for some constant K. Summing over the
resonators, we find that Sy°[)? + 93] = KXsp. By Lemma 3.8 we find that K = 0 and that
Uy = . (3.20)
It follows that CY; = —C%; for j = 1,2, which proves the expression of C?. It remains to prove
that CY, is real. Taking the complex conjugate of (3.19) we find that Sy°[¢/? — ¢0] = KXpp for
some new constant K. From Lemma 3.8 we find that ¢ = 4?, and hence C{; = CY,. O

Lemma 3.11. As w — 0, we have
(S57) ™ Xon,] = ¥ +wip;* + O(w?),

where

-1
l,ao _ 71« Swag,w g 1.0
djj o_wj 0_(SD0 ) Sloql}j'

Proof. From (3.13), and using the Neumann series, we have

(S50 on = (850) " an ] - (S50) 7 (850) Do ) + O?),
=9 +wp; ™ + 0w,

which proves the claim. O
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Analogously to before, we define the weighted periodic capacitance matrix as
cv =veL.
From Lemma 3.10, we find that the eigenvalues A}, \9 and corresponding eigenvectors v{,vJ of
Cv0 are given by
1 - ib
N=0, AJ=2aCY, V0= (1> vl ( (@t )) .

As we shall see, the weighted periodic capacitance matrix asymptotically describes the resonant
frequencies and the scattered field to leading order. In addition, we will need to consider two
sources of higher-order effects. Firstly, we define the vector-valued coefficients c; as

ci= [yl doty), =12 (3.21)
oD

From (3.20) we have that ¢; = —cy. Secondly, we define the matrix C1*0 = (C’Zl]a”) as

lao _ Lo
C’ij = — wj do,
oD;

for i, j = 1,2. Corresponding weighted matrix C?-1>@0 = (C’fj’l’ao) is defined as
cv-bao — yolao,

The next lemma describes some of the structure of C1:®o.

Lemma 3.12. We have

w;’ao do = 1@10‘0 do +O(w) and Y + 9y do = 2iws L2
oD oD oD

Proof. Using the fact that the L2(8D)-dual of %% is S5, we have

| (ssee) st = [ st (857) ol do = O

Moreover, since ¥ = —19 we have
D+ Py do = | ™+ 4y do = 2iwsL?,
oD oD
where the last step follows from (3.19) together with (3.20). This proves the claim. O

Remark 3.13. [t is straightforward to generalise Lemma 3.10 to a general number N of resonators
inside the unit cell. The weighted periodic capacitance matriz CV° will always have one vanishing
eigenvalue. This corresponds to the well-known fact that the first band function w$ satisfies w9 = 0
corresponding to monopole modes v = (1,...,1)T € RN. The other eigenvalues of C*° describe
the values of the other band functions ws,ws, ...,ws around a = 0.

3.4 Plane wave scattering problem

We assume that the incident field ui™ is a plane wave with frequency w € R and wave vector
k= (k1 ko kg)T. Again, superscript T denotes the transpose operator. In other words,

(@) =Tk =k=2
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where |k| denotes the Euclidean norm of k. For simplicity, we assume that the units are chosen
such that v = 1. We will consider the subwavelength regime, i.e. when § — 0 and w = O(§'/?).
In this limit, we assume that the incident direction w of k is fixed, i.e. that k scales as

k=ww, w=|[ ws |, w3>0 s==I1,

where w is independent of w. We define

_ kl _ *
a= <k2>—wa0€Y.

We define the functions S7, for j = 1,2, as

sy = [SBTW +wu (@), @ €RINC,
J SEM WY+ wp (@), wEeC;, i=1,2

Proposition 3.14. Let A\, v be the second eigenpair of CV°, and let X = w?|D1|. Assume that

Im(dTCv1b20vY) # 0, where d = (_11) Then, for w € R in the subwavelength regime such that
A=\ + X\, where \* = O(w?), the solution to the scattering problem (3.1) can be written as

. -1 .
u—u" = —(a+1ib)uST" + (a — ib)uSy"" — Sg’k (Sg’k) [u™] + O(w?),

where p is given by

0101 [y, (5‘%’]’3)71 [u'] do
V355 fam (Sg’k)71 [u'] do

_ d'p
W= d™ (wCv oo — 3 1) e

+ O(w), p=—

Here, the error terms are uniform with respect to A* in a neighbourhood of 0.

Proof. The solutions to (3.1) can be represented as

. {uin(x) + S W(z), = eR3\C, (3.22)

SE (), e, i=1,2,

for some surface densities (¢,1) € L?(0D) x L?(0D), which must be chosen so that u satisfies the
transmission conditions across D. Using the jump conditions (3.3) and (3.4), we see that this
implies that the layer densities ¢ and 1 satisfies

Sklg] — SYF[] = u™  on D, (3.23)

ou™

(_;H /c,“;"*> (9] — 4 (;H <ICD°“’“>*) =0,

on 0D;, (3.24)

for ¢ = 1,2. Using the asymptotic expansions (3.13) and (2.7) we have from (3.24) that, on 9D;,

w w

1 2 3 1 - —a ko x —a,ky\*
(3.25)

? K2

Integrating over 9D;, using Lemmas 2.1 and 3.6 along with (2.8), gives us that

S'D» . D
‘13” [ vao—s6 [ wdo—s P

z 2
v; 4m Jop aD; 2w3Ll?® Jop

—j—; /DvSD[gb] dz + Y do = O(6w? +w*). (3.26)
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At leading order, (3.25) says that (7%1 + IC,*D) [#] = 0 so, in light of the fact that ¥ and s
form a basis for ker (7%1 + ICB), ¢ can be written as

b= q1 + @2 + O(w® +0), (3.27)

for constants g1, g2 = O(1). Using (2.6), we can expand Sk [¢);] as

) wCa
SEw;] = Xop, — Pp

X O(w?
Sriv, oD T G

where Capp = 2(C11 + Ci2). From (3.23), we then find that

o wCa wCa
Sp’k[l/f] = XoD, (ql — (1 + ¢2) 87ri§1D) + Xop, (Q2 — (1 +q2) 87rizI;)2D) + O(w? +6),

and then from Lemma 3.11 that

0 0
v (0 wute - S (1 12))

8mi 1 Vo

wCapp <1,/1(1) n wfg

e (d]g * WQ/}%,QO a U1 (%

)> - (5;;”“)_1 W] + O(w? + ). (3.28)

-1
Substituting (3.27) and (3.28) into (3.26), and using the fact that [, (sgv’“) ("] do = O(w),

we reach the problem

v30, faD1 (Sg’k>_1 [u'] do

, WL + O(6w? + w), (3.29)
V302 [5p, (SD ) [u™] do

q2

(C"° =\ + E) (‘h) ——

where A\ = w?|D|, while E = (E; ;) = O(éw + w?), 4,7 = 1,2 is the matrix given by

E;;

8mi (o (%1} (%)

0 v,0
wCa Dilw? C% c
_ Pp (l | e S V) _ U?(Siw wJLOZO do.
oD;

We write ¢ = (&) and denote the right-hand side of (3.29) by p. Recall that we are working in

the subwavelength regime w = O(6'/?). Assuming A = A\ + \*, where \* = O(w?), we can rewrite
(3.29) into
(C"° = NI+ E—)X1I)g=p. (3.30)

Using the second eigenvector v§ of C%:?, we can find a constant y such that
— 0
9= V3 + qo,

for some qq satisfying v - go = 0.
Next, we compute p. Since u'™ is a plane wave with wave vector k = ww, we have

u(z) =1 +wiw -z + O(w?), z€dD.

Using duality, we have that

/aD,. (Sg,k)*l [uin] do = /aD un (Sga,k)*l Xop,] do = O(w).

We conclude that ¢ = O(w?). Therefore, the leading order of (3.30) shows that ¢o = O(w). We
are now able to compute p. Letting d = (_11), it is straightforward to compute

pd™(E — NIV =d p+ O(w?).
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We can simplify

Evg _ _waapDC?l a—lb + a+1b 1 —|—Q)Cv’l’aov(2),
47 V1 V2 1

Then
dY'(E = MNI)v) =d" (wCh" — X*I) V9.
From the assumption Im(dTC1*:0v9) # 0, and since \* is real, we find that ‘dT (wC-o0 — X*T) v8| >
w3K > 0 for some constant K, for all \* in a neighbourhood of 0. We then have
H dT (wCU,l,ao _ )\*I)
uniformly for A* in a neighbourhood of 0. Then, combining (3.22) and (3.28), we find that for
z € R3,

V0 + O(w),

. N
u(z) = u"(z) = —p(a +ib)ST(@) + pla — 18)S5(2) - SE* (SFF) T [W")(@) + Ow?),
(we emphasise that there is no cancellation in the last term for x ¢ 9D). This proves the claim. O

Remark 3.15. If w is instead close to the first resonant frequency w9 = 0, the solution q to (3.30)
will be approzimated by the first eigenvector v{. Consequently, it can be shown that ¢ vanishes
to high order. In other words, the incoming wave is largely unaffected by the metascreen and the

scattered field is small.

3.5 Unidirectional reflection and extraordinary transmission

In this section, we prove that there is a frequency such that the metascreen’s reflection coefficient
is asymptotically close to zero when the incident wave is from one side and non-zero when the
incident wave is from the other side of the screen. We will also demonstrate the occurrence of
extraordinary transmission. The main results are stated in Theorem 3.18.

We begin by studying the radiative behaviour of the basis functions S7"“ and S5, in terms of
which the scattered field is expressed. The quasiperiodic radiation condition implies that the single
layer potential behaves as a superposition of outgoing plane waves as |z3| — co. Throughout this
section, we will use ~ to denote equality up to exponentially decaying factors, i.e. for functions
f,g € C(R) we have f(z) ~ g(x),z — oo if and only if

(@) 9(@)] = O(e™ %) as & — 0,
for some constant K > 0. The following result describes the radiative behaviour of the single layer

potential in the case of a single propagating mode, and is a direct consequence of the expansion of
the Green’s function in (3.9).

Proposition 3.16. Assume that |a| < k < inf,ep«\joy |+ ¢q|. Then, as |r3| — oo, the quasiperi-
odic single layer potential satisfies

eik+~:r ikl
9iks L2 /aD e W) o), @5 = oo,
a,k
SD [(b] ~
eik,-z i
k3 L2 /aD e doly), @5 oo

Here, k3 = \/k? — |a|? while k; = (o, k3)™ and k_ = (o, —k3)T.
We define the coefficients
1 —iki-y ( 0 La ) ;
= 1 ) o d =1,2.
SNE /a e Vi(y) +wp;*(y)) doly), j=1,

By Proposition 3.16, the basis functions S;"%, S5"® for the scattered field satisfies the radiative
behaviour

R+

ST~ Ry pe® T mg — foc. (3.31)
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3.5.1 Scattering matrix and unidirectional reflectionless transmission

Recall that we are considering the limit when § — 0 and supposing that w = O(\/g) The condition
lof < k < infjezz\ g0y [27IL — a| will be satisfied for small enough w, so the scattered wave will
behave as a single plane wave as |z3| — oo. If the incident field is given by

Um(!E) _ Clelk,-x +C2elk+-x’

the total field will behave as

. ) 3.32
6261k+-z _|_dQelk_-m7 T3 — —00, ( )

(Z;) =5 (2) 9= (:I i:) : (3.33)

S is known as the scattering matrix. The reflection and transmission coefficients r,,t; are the
coefficients of the outgoing part of the field in the case u™(z) = €'*-"? i.e. when the incident field
is a plane wave from the positive a3 direction (and reversely for r_,¢_). Next, we will compute
the scattering matrix in the asymptotic limit specified in Section 3.4.

For simplicity, we set u™ = e with k = k, or k = k_, and then use linearity to obtain the
full scattering matrix. From Proposition 3.14, we know that the scattered field is given by

_ {cleik"” +die* T xe — o0,

where

. -1 .
u—u = —(a +ib)pST + (a — ib)uSs — SIF (sgv’“) W] + O(w?). (3.34)

As w — 0, we have the following asymptotic behaviour of

1 0 1 . w 1
- = —_— ] - k . O - ‘aO‘O

Rj+ ks L2 /8D V5 (y) do(y) SN /8D ik - yy;(y) do(y) + Tl Jop ¢ do + O(w)
o ki - Cj 1 1,0
T + s L2 /BD P do + O(w).

Moreover,
# —ik4-y ( cowy—1 [ in o L/ 1,a0 1,a0 B
ks L2 /aDe (Sp”) " [u ]da(y)72ik:3L2 . (7#1 + 9y ) do 4+ O(w) =1+ O(w).

Therefore, from Proposition 3.16, (3.31) and (3.34), the scattered field satisfies

in paky -cp ki@
u—u"~ <k3L2 —ipb—1+ O(w)) erET (3.35)
=: (Gsr(\*) + O(w)) ek, (3.36)

as x3 — Foo. Here s denotes the sign of the third component of k (recall that u depends on k).
From (3.32) and (3.35), it follows that the scattering matrix, defined in (3.33), can be written as

5= (1 f &i(f (i) : 2f+(§(§)) +O0(w). (3.37)

Up to this point, the only assumption we have made on the resonators’ geometry is that they
are symmetric under the parity operator P. In order to simplify the above expressions, we will
additionally assume that the resonators have an in-plane parity symmetry Ps, i.e. that

PsD; =Dy, i =1,2, where Pa(x1, 22, 23) = (—x1, —T2, T3).
We then have the following result on the capacitance coefficients.

Lemma 3.17. Assume that PoD; = D;, i =1,2.
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(i) 1/)?, and consequently C?j and c;, are independent of ay.

0 0
C|1 = 0 s Cy = 0 s
(& —C

: 2 : 2
Lao _ _dwsLl” /1 1Y iwsc 1 -1
=y <1 1) "2z 11 ) TOWk

Proof of (i). Using the symmetries described by P and by P, and using the fact that ¢ = —9
we have

(i) For some ¢ € R we have

and

Wy) =~ (PPay), 1™ (y) = ™ (PPay), (3.38)
for 7 = 1,2. Using the first identity, we have for ¢ = 1, 2,

€;:Cj = / PPa(yi) ¢ (PPay) do(y) = —/ yp) do = —e; - ¢, (3.39)
oD aD
where e; is the i*" standard vector. Using the second identity of (3.38), we have

P do = [ 3 do. (3.40)
oD oD
Using (3.39) and (3.40), we find from (3.19) that

1 1 1 1
S%O[@b?} = §X8D1 - §X8D27 S%’OWS] = _§X6D1 + §X6D2'

Since 8103’0 is injective on L3(9D), and S%O does not depend on g, we conclude that wJQ does not
depend on «p. O

Proof of (#i). In the proof of Lemma 3.10 it was proved that w;-), and hence c;, is real-valued. The
first statement of (i) now follows from (3.39) and the fact that ¢c; = —co.

Next, we prove the second statement of (). Since Sp*®“[1)**] = Xap, we use the asymptotic
expansions in Section 3.3 to conclude that

e 71, a-(T1,T “1.a o
Slo),o[ %ao_ %’ 0]:KX3D+MAD< %:0_ é, 0) do

= KXsp,

for some constant K, where we have used (3.40) in the last step. From Lemma 3.8 it follows that

Lo _ 910
=

Then, using Lemma 3.12, we can write the matrix C1®° as
: 2
Lao . dwsl” (1 1 1 -1
C = 5 (1 1 +h 11 + O(w),

= /6 Spptl do

where

The only remaining task is to explicitly compute h. To this end, we write the kernel function G7°
of §7° as
G1(x) = Ku(z) + K3° (2) + K5 (o),

and hence

h:/ / (Ki(z —y) + K3°(z —y) + K5° (2 — )9} (2)4! (y) do (@) do(y),
oD JoOD
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iwsa? o i|les|(zy,x o ioz-x,x2
Ki(z) = =223 Kg“(x)zao-(Hngzg)Jrgl(x))a Kgo(x):%'

Next, we will show that only Kj gives a non-zero contribution to h. Firstly, we observe that
K5°(Pax) = —K5°(x) while ¢ (Pax) = ¢{(x). Therefore

/ / K$ (2 — gl ()i (y) do(a) do(y) = 0.
oD JoD

Secondly, we study the contribution of K3. We have

i

Kgo(l’—y) = W

(@0 o2, 2))? =2 a0 - (e2,2)) (a0 - (1,92)) + (a0~ (1, 92))%)

and hence

[ [ R = pud@do) dote) doty) =
oD JOD

o ([ @0 e ot dow) [ wfar+ [ a0 tnm) st o) [ oo

oD

—2 [ oo ors)ifle) doe) [ ao-(nm)ido) da<y>) .

The first two terms in the right-hand side vanish since [, oD Y do = 0, while the last term vanishes
since e; - ¢; = 0 for ¢ = 1,2. We conclude that only K; has a non-zero contribution to h. We have

i’(l)g

Ki(z—vy) = 172

(23 — 2z3y3 +93) ,

so analogously to K3, we can use the fact that fé)D ¥ do = 0 to conclude that

h:ADadmu—wW@WﬂmwuyM@: Eﬁ/ m%@ﬂd@/‘%w@de

T 9712
2L% Jap oD
iwsc?

S 2r2

This proves the claim. O

Theorem 3.18. Assume that PoD; = Dy, fori = 1,2, and that |bL?| # |ac|. Let A\ = w?|Dy|, and
assume that w is in the subwavelength regime such that A = XJ+ \* for \* = O(w®). We then have
the following asymptotic expansion of the scattering matrix:

1 X = 2kgbe ik (BE 4 45
ihs (P2 = 52) = A ks (B2 492) A"+ 2kghe

a

S = + O(w),

where the error term is uniform with respect to A* in a neighbourhood of 0. In particular, we have
r+ # r_, and to leading order r1 and r_ wvanish, respectively, at \* = Ay and \* = A_ given by

Ay = 2ksbe, A_ = —2ksbc.
Proof. We begin by computing p. We have

ok -1 in in —ok -1 . 0 1,—« 2
/ (SD’ ) [u"] do = u (SD ’ ) [Xop,] do = ik -z, do +w P, do + O(w?)
aD, aD aD oD
=iks (L* — (—1)"sc) + O(w?),
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where, as before, s denotes the sign of the third component of k. Then we find that
dTp = —2iks (sac+ibL?) + O(w*).
Moreover, writing f(A*) = d* (wCh** — X\*I) v we have
a’c?
FON) = —2iks (b2L2 - LQ) +2a\* + O(w").
We can then compute G as

2ks

Gso(NY) = “FOWI?

(sac+ibL?) (cac —ibL*) — 1+ O(w).

Then, to leading order we have

GV = Go(V). G (X) = Gy (V) =~
If b # 0, it is clear that r # r_. Simplifying these expressions, we have
G (A7) = —2% (A" + 2kgbe) + O(w).
f¥)
To leading order, we then have the following expressions for ¢+ and ry:
o A — 2ksbe . ks (% + “T)
F T (PE ) x TR (EE ) a
. i (“ +L) | R T
iks (5 = ) = A iks (V5= = ) = A
The expression for S and the zeros of ry follow directly from this. O

Remark 3.19. There are two subwavelength frequency regimes not covered in Theorem 3.18: when
w is close to the first band at w{ = 0 or when w is well-separated from the two bands. When w is
close to W, Remark 3.15 tells us thatt, =t_ =1 and ry =r_ = 0. When w is well-separated
from W9 and wg, the solution q to (3.30) will be small. Consequently, it is easy to show that t
and t_ will be small, while ry and r_ have magnitude close to 1. These regimes are demonstrated
i Figure 5.

Remark 3.20. The assumption |bL?| # |ac| comes from the condition ITm(d*C?1:@0v3) # 0 in
Proposition 3.14. At the critical point b = £75, the denominator of S will vanish at \* = 0.
Around this point, we therefore expect the transmittance and reflectance to be very large, corre-
sponding to extraordinary transmission. This is demonstrated numerically in Figure 6.

Remark 3.21. Throughout this section, we use the classical convention for the scattering matriz
S, defined in (3.33). If we instead define S = S(\*) by

_ t_;,_ T_—
s= (7).
we see that the points \* = Ay and \* = A_ represent exceptional points of S (see, for example,

[27] for further elaborations on the connection between unidirectional reflection and exceptional
points).

Remark 3.22. In the case that b = 0, i.e. without gain and loss, it is well known that ry = r_
and t4 =t_, which is consistent with the fact that G4_ = G_4 and G441 = G__ in this case.
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Figure 5: Plot of the transmittance Ty = |t+|* (blue) and reflectance Ry = |ri|® (red) as functions of
the frequency. The inlay shows the behaviour around the critical frequency range and demonstrates both
unidirectional reflection and extraordinary transmission. Here, we simulate a two-dimensional problem with
the same parameters and the same frequency range as Figure 4, with incident direction w = % (—\/?:7 :I:l)T.

3.5.2 Numerical illustration

Figure 5 shows the transmittance Ty = [t4|? and reflectance R+ = |ry|? as functions of the
frequency. The computations were performed using the multipole discretization (see, for example,
[8]), independently of the asymptotic analysis in the previous subsections. As is well known for
PT-symmetric structures (see e.g. [46]), the two transmission coefficients ¢4 and ¢_ coincide. The
figure clearly shows the shifted zeros of the reflectances close to the second resonant frequency. For
a frequency at one of these zeros, the system will exhibit unidirectional reflectionless transmission.

Due to the gain and loss, the reflectance and transmittance satisfy the “generalized” energy
conservation relation [23]

RiR_+2/T,T_ —-T.T_ =1,

which, in particular, allows the scattering matrix to be non-unitary and allows the reflectance or
transmittance to exceed 1. In Figure 6, the peak transmittance is plotted as a function of the
gain/loss parameter b, which clearly demonstrates the extraordinary transmission.
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Figure 6: Plot of the peak transmittance as a function of the gain/loss parameter. The extraordinarily high
transmittance at b = |%| is clearly demonstrated. Here, we simulate a two-dimensional problem with the
same parameters as Figure 4 and Figure 5.
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Figure 7: A pair of PT -symmetric cavities of many small resonators. Here, + and — denote opposite signs
of the imaginary part of the material coefficients.

4 Resonator cavities

In this section, we examine the properties of finite metamaterials taking the form of cavities filled
with a large number of small subwavelength resonators with non-real material parameters. While
the pair of high-contrast resonators in Section 2 interacts with wavelengths much larger than their
size, we would like to design these cavities so that they might exhibit similar exceptional behaviour
in response to wavelengths of the same order as their dimensions. We study this system using a
homogenization approach, deriving the effective equations as the size of the resonators becomes
small and the number of resonators becomes large.

4.1 Homogenization of non-Hermitian cavities

We first derive a version of Lemma 2.2 which describes how an asymptotically small resonator
D§ = rDg+ z (where Dy is some fixed, connected domain) scatters an incoming field. So that the
resonant frequencies are of order 1, we will assume that if the size of the resonator » — 0 then the
material parameters of its interior are given by

V360 = rla +ir?terp, (4.1)

for some fixed 0 < £; < 1 and real-valued constants a,b = O(1). We will fix ¢ > 0 and consider
the cases b > 0 (gain on each small resonator) and b < 0 (loss on each small resonator) separately.
We study the scattering problem

Au+k*u =0 in R3\ Dy,
Au+kiu=0 in D,
uly —ul- =0 on 0D,
0 0 4.2
o — <2 =0 onoDp, (4.2)
ov n ov|_
u(z) — u'™(z) satisfies the Sommerfeld radiation
condition as |z| — oo,

where §p < 1 and kg = w/vg.

Lemma 4.1. Let Dy C R3 be some fized resonator (whose boundary satisfies 9Dy € C** for some
0 < s < 1) and define the small resonator D{, for some small v > 0, as

Dy =1rDg + z,
where z € R® is the new centre of Di. Assume that the material parameters within D} satisfy
(4.1) and that w? — (w*)? = Cre' for some fized C € C, where
(w*)2 _ (a+ir°1b)Capp, ’
| Dol

As r — 0, the solution to the Helmholtz problem (4.2) for scattering by D} can be written as

2

: w
u(w) - u(z) = rCapp, —

— =Gz -2z r27en),
G e = ) + 06
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Proof. The solutions to the scattering problem can be represented as

_ {um(m)w’cg[wux), z € R¥\ Dy,
Sh[0](), z € D,

where k1 = w/v1, for some surface potentials (¢,1) € L*(0Dy) x L*(0D}), which must be chosen
so that u satisfies the transmission conditions across 0.Dj.

We wish to replicate Lemma 2.2 in the present setting, using asymptotic expansions in terms
of r < 1 (and § = O(r?)), while w = O(1). We have, as r — 0, that

Spyl¢ — vl =™+ O(r) on 9D,

1 w? 1
(—21 + K:*DS + UQICDS"Q) [¢] — 50 (2I + IC*D{J) [w] = 0(7”2) on 6D6
1
Repeating the arguments of Lemma 2.2, we find that the solution to the scattering problem can
be written as . .
u—u" =qSp; — SJ%S [850} [um]] + O(r),

where o
St Xopg]| (), =€ R3\ Dy,

0 0
Spr |SprXopg]| (z), = € Dy,

0

and ¢ = q(w) satisfies

<w2|D6| — v2do / Sp; Xony] da> q=—vidy Spy[u™]do +O(r").
oD{

0 oDy
Let
Capp, = — 853 [Xop,] do,
Do
then we have that
85} [Xop;] do = —rCapp,, SB} [u™] do = —rCapDouin(z) + O(r?),
opy " ° ony °

Spr = —rCapp,G*(z — 2) + O(r?),
She [55(,} [ui“]} = —rCapp, u™(2)G¥(z — 2) + O(r?),
from which the result follows. O

We now wish to consider a spherical domain £ which contains a (large) number of small,
identical resonators (e.g. Q4 or Q_ in Figure 7). If Dy is a fixed domain, then for some r > 0 the
N resonators are given, for 1 < j < N, by

rnN _ N
Do,j =rDy + 25",

for positions z]N . We will always assume that r is sufficiently small such that the resonators are

not overlapping and that DS’N = U§V=1 DS;V € (). We choose the number of resonators N so that
there exists some positive number A such that

rITEIN = Al (4.3)

The choice of A will be an important subtlety in the major theorem of this section.
We will find the effective equation in the specific case that the frequency w = O(1) satisfies

9 aCapD0

w* = Dy (4.4)
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In this case, we are able to use a result from [14] which says that, since the resonators are small,
we can use the point-scatter approximation from Lemma 4.1 to describe how they interact with
incoming waves. To do so, we must make some extra assumptions on the regularity of the distri-
bution {Z]N :1 < j < N} so that the system is well behaved as N — oo (under the assumption
(4.3)). In particular, we assume that there exists some constant 1 such that for any N it holds
that

min [zY — 2| >

n
nir 2 R (4.5)

and, further, there exists some 0 < gy < 1 and constants C;, Co > 0 such that for all h > 2pN—1/3,

1
Z g < CiN[h| 7%, uniformly for all x € Q, (4.6)
\:c—z§v|2h| —Y; |
1
Z TN < CyN]|h|, uniformly for all x € Q. (4.7)
T —y;

217N*1/3§\z—z§v|§3h

Finally, we will also need that
9 1= - —>0. (48)

If we represent the field that is scattered by the collection of resonators DS’N = Ujvzl Dg;v as

Ny = |+ S, B D,
St 6N (@), ve DN,

for some YV, ¢V € L2 (3D6’N), then we have the following lemma, which follows from [14, Propo-
sition 3.1]. This justifies using a point-scatter approximation to describe the total incident field
acting on the resonator ngv and the scattered field due to DS:;Y, defined respectively as

N N
uf N = 4y jsD7 N and  u” = sj’gg,év[w].
i#j ;
Lemma 4.2. Under the assumptions (4.4)—(4.8), it holds that the total incident field acting on
r,N . . N
the resonator Dy} is given, at z;', by
2

in, N . w
s () =u™(z)) + Z rCapp,

k( N N\, in/ N
2P G ¢ e~

J J

up to an error of order O(N~%2). Similarly, it holds that the scattered field due to the resonator
ng\/ is given, at x such that |x — ZJN| >, by

N w k in, N
ui™ (z) = rCapp w?—iG (z — 2M)ul™ (=),

up to an error of order O(N~°2 + r|x — Z§V|_1)~

In order for the sums in Lemma 4.2 to be well behaved as N — oo, we make one additional
assumption on the regularity of the distribution: that there exists a real-valued function V € C*(Q)
such that for any f € C%®(Q), with 0 < a < 1, there is a constant C3 such that

max |55 2 G — ) — [ G — V) f0) | < G llone: (49

1<j<N —
i#]

Remark 4.3. It will hold that V > 0. If the resonators centres {z =1,...,N} are uniformly

distributed, then V will be a positive constant, V= | g
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Under all these assumptions, we are able to derive effective equations for the system with an
arbitrarily large number of small resonators. If we let 3 € (0, %), then we will seek effective
equations on the set given by

YV ={zeR: |z —2|>N="forall1<j <N},

which is the set of points that are sufficiently far from the resonators, so avoid the singularities of
the Green’s function.

Theorem 4.4. Under the assumptions (4.3)—(4.9), the solution u™ to the scattering problem (4.2)
with the system of resonators DS’N = U;VZI D(T);V converges to the solution of

(A +k? — %V(x)) u(z) =0, z€Q,
(A + k%) u(z) =0, reR3\Q,

u|_ = u| on 0%,

+

as N — oo, together with a radiation condition governing the behaviour in the far field, which says
that uniformly for all x € YEJ;[ it holds that

1-¢ 1—eg

[uN () — u(x)| < CN~mn{ T e e T )

If a > 0 and b < 0, then this convergence holds regardless of the choice of A. If b > 0, then there
exists at least one A € R for which the solution converges.

Proof. This follows by modifying the results of [14]. Much of this is straightforward, the important
subtlety being to show that the operator

Tlfl(e) = 2522 [ G =) V) )

is such that I — 7T is invertible. Since 7T is compact, I — T is of Fredholm type so is invertible if
and only if it is injective. Consider, first, the case that a > 0 and b < 0 and suppose f € C%%(Q)
is such that (I — 7T)[f] = 0. Applying A + k2, we see that
iAaC ~
Af = —k%“r%Vf in Q

)

from which we see that

of - {AaC _
—/Q|Vf|2dx+/maffda:—k2/9|f|2dx+labapDU/§2V|f2dx. (4.10)

174
From [36] we know that
of =
I —fdo > 4.11
m/(9Q 31/f o >0, (4.11)

with equality only if f = 0. Since V > 0 we have also that fQ ‘7|f|2 dz > 0 so taking the imaginary
part of (4.10) gives us that

OSIm/ a—f?daz AaC&pDO/ ‘7|f\2dx§0,
a0 ov b Q
hence f = 0.

Conversely, if b > 0 then we must take more care to choose the constant A to guarantee
invertibility. Assume, for contradiction, that we cannot choose A such that I — 7T is invertible.
Then, we can choose a sequence of real numbers {A,, : n € N} such that A,, — 0 and for each n
there exists 0 # f, € H'(Q) such that (I — T)f, = 0. Hence, it holds that g, := fn/[|fullzr1 ()
satisfies )

{Agn +k2g, — 2rfCPR g () in 0,

4.12
% = Ni(gn) on 09, )
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Figure 8: A cavity containing many small PT -symmetric pairs of resonators. Here, + and — denote
opposite signs of the imaginary part of the material coefficients. Microscopic PT -symmetry does not lead
to useful symmetry at the macroscale, since this property is lost under homogenization.

where N, is the Dirichlet-to-Neumann map on the exterior of Q, defined as N [g] := 24| 5 Where

v solves (A + k?)v = 0 on R?\ Q with v = ¢ on 9 and the Sommerfeld radiation condition at
infinity. Since {g, : n € N} is bounded in H*({), which is compactly embedded into L?(2), there
exists some g € H!(Q) such that (passing to a subsequence) g,, — ¢ in L().

We want to show that, in fact, g, converges strongly to g in H'(Q) and that g = 0, which will
contradict the fact that ||gn|lgiq = 1 for all n. Studying the limiting form of (4.12), we see that
the limit g is the restriction of w to Q, where w is the solution to (A + k?)w = 0 on R? with the
Sommerfeld radiation condition at infinity. This is well known to have a unique solution given by
w = 0, hence g = w|g = 0. Analogous to (4.10), it holds for each n that

agn iA,,aC _
f/ Vgnl? dx+/ ig*nda:%/ \gn\2dx+w/wgn|2 dz,
Q on Ov Q b Q

and we know from [36] that

Ogn __
R YIngdo <0, 4.13
/m g do (4.13)

/|Vgn|2dx§k2/|gn|2dx.
Q Q

Therefore, Vg,, — 0 in L?(Q) so we have that g, — 0 in H'(Q2), which gives the desired contra-
diction.

Once we know that I — 7 is invertible, we can see that the limiting system is well posed and
the rest of the argument (in particular, proving that the field given by Lemma 4.2 converges to
the limiting system) follows from [14]. O

so we see that

Remark 4.5. The assumption (4.4) is important so that the frequency w is close to the resonant
frequency w*. In particular, the difference is such that w? — (w*)? = O(rt). This means that
the behaviour will be dominated by the monopole resonant modes of each small resonator. If we
relaxed this assumption, then other coupled modes might be excited, invalidating the use of the
point-interaction approximation from Lemma 4.2.

Remark 4.6. The assumption that Q is spherical is needed so that we are able to infer (4.11) and
(4.13) from the results of [36].

4.2 Effective medium for PT-symmetric pairs

It is interesting to compare the results of Section 4.1 to the corresponding behaviour of a cavity
filled with a large collection of small P7T-symmetric pairs of resonators, as depicted in Figure 8.
This setting does not provide an approach to designing non-Hermitian cavities, so we avoid doing
any rigorous homogenization in this case. However, interesting behaviour is seen when each pair
is poised at an asymptotic exceptional point (¢f. similar analysis of the real-valued case in [10]).

Recall the PT-symmetric resonator pair D = D1 U Dy from Section 2. We will define the small
dimer D" = D7 U D3, for some small r > 0, as

D" =rD+ z,
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where z € R3 is the new centre of D". We re-use the notation for the material parameters from
Section 2 but, in order for resonance to occur at O(1) frequencies, scale the material parameters
so that

vi6y = ria 4 ir?b, V369 := ria — ir?b, (4.14)

for real-valued constants a,b = O(1). In this case, we have chosen both the real and imaginary
parts of v24d; to be O(r?) since they need to have the same asymptotic behaviour in order for the
resonator pair to support an asymptotic exceptional point, as predicted by Theorem 2.4.

We must first replicate Lemma 2.2 in the present setting, using asymptotic expansions in terms
ofr < 1 (and § = O(r?)), whilew = O(1). We have, as 7 — 0, that the solution to the problem (2.1)
for scattering by D" can be represented in the form (2.12) with densities ¢, € L?(0D") x L?(0D")
which satisfy

Sprl¢ —¥] =u™ +O(r), on dD]UIDS,

1 2 1
(-21 + K + 2‘)’2/6”,2) [6] — 6 (21 + /c;g,,,> [¥] = O(r?), on dD}, j=1,2,

J

Repeating the arguments of Lemma 2.2, we find that the solution to the scattering problem can
be written as _ .
u—u" = qSHe 1 + @SHr o — She [Spru™]] + O(r), (4.15)

where
She |Spton; ] (@), = € RI\DT,

SPe (x) =
P Sk [Sptony)| (2), weDp, i=12,

and the constants ¢; and ¢y satisfy

r2(a +1ib L SHHu™ do
(C%T - wleﬂI) (gi) = (TQEG, _ lb; L{ZZi Sg} Liin} dO’) + O("A)' (416)

We now wish to compute expressions for ¢; and g2 in the case that we are at the asymptotic
exceptional point, meaning that b = by as specified by Theorem 2.4. In this case, C}. is non-
Hermitian and has one eigenvalue with a one-dimensional eigenspace. We will use the Jordan
decomposition for C'},,. Using the notation C;; to denote the capacitance coefficients of the original
fixed dimer D, as defined in Section 2, the eigenvalue of C%. is given by r3\; where A\; = aCy;.
We have that

Ch. = SIS, (4.17)

where

iC i(a+ibo)
0 rM\ e 0 % 2(a + ibo)

Using (4.17) and writing A = r~3w?|D}| = w?|Dy|, the formula (4.16) gives us that

- - - - r?(a +1 “Hyin] do
() == (70 ) s (e g ) 0
r*(a =1d) Jopr Sprlu o

. 0 r=3(A — A)~!
i.€. -
ib » Sor[u™] d
(‘11> — (Q” Q”) (@ +10) Jon; el[uin] ") +o0), (4.18)
q2 Q21 Q22) \ (a—1ib) faD; Spr[u™] do
where
. 1 1 . 1
Q11 =1b0011()\_)\1)2 + P Q12=C12(a+lbo)m7
_ b3CH 1 . 1 1
Qa1 = (a+i00)Cra = )2 Q2 = —lboCn()\i WE + T
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Lemma 4.7. Asr — 0, the solution to the Helmholtz problem (2.1) for scattering by the small
PT -symmetric dimer D" = rD + z with fized frequency w = O(1) can be written as

u(z) — u(x) = rm(w)G*(2)u™(0) + O(?),

where, if wy = \/aC11|D1|71,

m(w) = Cap

a2011012 1 aCapD 1 +1
D1 (@? —wP)? 2Dy w? - w? '

Proof. The terms in (4.15) and (4.18) can be further simplified using scaling properties analogous
to (4.1). Note that, thanks to the assumed symmetry PD = D, it holds that Capp = 2(C11+C12).
Then, we have that

Sgi[uin] do = —r%CapDuin(O) + O(rz),

BD]T
Sj“)r’j(x) = 77'%CapDGlC x) + O(rz),
She [Spru™]] (z) = —rCappu™(0)G* () + O(r?). O

Remark 4.8. [t is interesting to consider using Lemma 4.7 as the starting point for a similar
homogenization argument to the one we applied to cavities of single resonators in Section 2. Define
N small resonator pairs as Dév =rD + zJN Allowing a formal argument (and assuming all
the required conditions to guarantee e.g. the wvalidity of the point-scatter approximation and the
convergence of the microfield to the effective one), we observe that as N — oo we should obtain
the homogenized equation

(A + k> = Am(k/v)V(z))u(z) =0, z€Q,
(A +E?) u(z) =0, reR3\Q,
U{_ = UL_ on 09,

where m is specified in Lemma 4.7 and V is a function that depends on the resonators’ positions.
Both m and V' are real valued, meaning this effective equation has purely real parameters.

5 Concluding remarks

In this work, we have studied non-Hermitian systems of high-contrast subwavelength resonators
with parity—time symmetry. We have proved the existence of asymptotic exceptional points in a
system of two resonators. More precisely, we have proved that there is a value of the gain/loss
parameter such that the resonant frequencies and eigenmodes coincide at leading order (in terms of
the material contrast). Moreover, we have studied a metascreen of PT-symmetric resonators. We
proved that the two reflection coefficients asymptotically vanish at distinct frequencies, which allows
for unidirectional reflectionless transmission. Additionally, we have showed that extraordinarily
high transmittance can occur for a specific magnitude of the gain/loss. Finally, we have proved
that large ensembles of non-Hermitian resonators collectively behave as non-Hermitian systems,
meaning they might, for example, support exceptional points on a macroscopic scale. Our results in
this work are fundamental to understanding not only wave scattering by systems of non-Hermitian
subwavelength resonators but also Fano-type resonances in periodic systems.
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