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Abstract

When sources of energy gain and loss are introduced to a wave-scattering system, the
underlying mathematical formulation will be non-Hermitian. This paves the way for the exis-
tence of exceptional points, where eigenmodes are linearly dependent. The primary goal of this
work is to study the existence of exceptional points in high-contrast subwavelength metama-
terials. We begin by studying a parity—time-symmetric pair of subwavelength resonators and
prove that this system supports asymptotic exceptional points. We then investigate further
properties of parity—time-symmetric subwavelength metamaterials. First, we study cavities of
many small resonators and use homogenization theory to show that non-Hermitian behaviour
can be replicated at the macroscale. Thereafter, we model a metascreen of subwavelength
resonators which we prove exhibits asymptotic unidirectional reflectionless transmission at
certain frequencies, and demonstrate extraordinary transmission close to these frequencies.

Mathematics Subject Classification (MSC2000): 35J05, 35C20, 35P20.

Keywords: P7T symmetry, exceptional points, subwavelength resonance, metamaterials, unidi-
rectional reflection, extraordinary transmission, homogenization

1 Introduction

Exceptional points are parameter values at which a system’s eigenvalues and their associated
eigenvectors simultaneously coincide. This phenomenon has been observed in a variety of quantum-
mechanical, optical, acoustic and photonic settings. Crucially, exceptional points can only occur
when the underlying system is non-Hermitian, as the eigenvectors are linearly independent oth-
erwise. A prominent class of non-Hermitian systems where exceptional points are well known to
occur are structures with so-called parity-time or PT symmetry [12, 15, 24, 28]. The exceptional
points in such systems originate from the fact that the spectrum of a P7-symmetric operator is
conjugate symmetric. In this work, we study the occurrence of exceptional points in structures
composed of subwavelength resonators. These are material inclusions with parameters that dif-
fer greatly from those of the background medium, the large material contrast meaning that they
experience resonant behaviour in response to critical wavelengths much greater than their size.
Such structures, often known as subwavelength metamaterials to highlight their complex micro-
scopic structure, can exhibit exotic scattering properties and appear in a variety of photonic and
phononic applications [7, 18, 21, 27].

We begin by studying a pair of high-contrast subwavelength resonators. This two-body system,
which is often known as a dimer, is known to exhibit two subwavelength resonant modes [8]. We
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examine the case of non-real material parameters, which corresponds to systems with gain and
loss. The geometry and material parameters are chosen so that the structure is P7-symmetric,
which means that the structure is symmetric and that the gain and loss are balanced. We will
prove that the resonant modes can be approximated by the eigenstates of a 2 X 2-matrix, known as
the weighted capacitance matriz. Then, we show that if these parameters are suitably tuned then
the two eigenvalues and eigenvectors of the weighted capacitance matrix coincide, giving what we
will refer to as an asymptotic exceptional point.

Structures that are poised at an exceptional point have applications in enhanced sensors. Typi-
cally, a small perturbation in the vicinity of a sensor induces a measurable effect that is proportional
to the strength of the perturbation. However, in the case of a sensor that is poised at an exceptional
point, the higher-order nature of the singularity means that the output will be greatly enhanced.
In particular, an N*f-order exceptional point (one where N eigenmodes coincide) will generally
lead to an output that scales with the N*" root of the strength of the perturbation, and thus is
greatly enhanced for small perturbations [2, 10, 16, 22, 30, 31].

We will analyse the macroscopic properties of bounded metamaterials composed of a large
number of subwavelength resonators with complex material coefficients. In particular, we consider
cavities filled with large numbers of small resonators and use homogenization theory to derive
effective material properties as the resonators become infinitesimally small. We show that a cavity
of resonators with ‘fixed sign’ (i.e. all gain or all loss) converges to an effective system whose
material parameters retain this property. We also observe that a structure that is P7T-symmetric
at the microscale will have real-valued material parameters at the macroscale, after homogenization
[26].

The subwavelength resonators we study here have broken Hermiticity due to the gain and
loss. In particular, this implies that standard energy conservation relations no longer apply, which
can result in exotic scattering behaviour [13]. While being impossible in Hermitian systems, P7-
symmetric structures can have frequencies at which the reflection is zero when the wave is impinging
from one side, but non-zero when the wave is impinging from the opposite side [20, 23, 34]. We
will refer to such case as unidirectional reflectionless transmission, or unidirectional reflection for
short. Also, since energy conservation no longer applies, the scattering coefficients are not bounded
by unity, and could possibly be very large. We refer to this as extraordinary transmission, which
has been demonstrated to occur in both optical and acoustic systems [32, 33, 35].

We study unidirectional reflection and extraordinary transmission in an unbounded, P7T-
symmetric structure at subwavelength frequencies. This structure is composed of periodically
repeating PT-symmetric dimers in a thin sheet, a metascreen. We will show, in particular, that
the reflection coefficients approximately vanish for frequencies close to the second band function.
Moreover, as the magnitude of the gain and loss increases, there is a shift in these approximate
zeros: the zero of one of the reflection coefficients will be shifted upwards and the other will be
shifted downwards. Additionally, for a certain magnitude of the gain/loss, extraordinary transmis-
sion will occur at the middle point between the zeros. We emphasize that, unlike previous work
based on coupled-mode approximations [20, 29] or perturbation theory [34] which are more for-
mal, the methods presented here provide a mathematically rigorous framework for unidirectional
reflectionless transmission. Furthermore, the obtained results are valid even in regimes with large
gain and loss.

2 Exceptional points of two resonators

We will, first, study a structure composed of two resonators D;, Dy C R?® which are connected
domains such that 9D; € C1*,0 < s < 1. The dimer D is defined as D = D; U Dy. We
assume that the wave speed v; inside the i*" resonator D; is complex while the wave speed v in
the surrounding material is real. Denoting the frequency of the waves by w, we define the wave
numbers, for i = 1,2, as

k=2 k=2
v V;



D1 D2

Figure 1: Two subwavelength resonators D1 and D2 with wave speeds vi,v2, and wave speed v in the
surrounding material. The contrast between the i™ resonator and the surrounding material is described by
6i. This system is PT -symmetric if D1 = —D2 and vf51 = U%(Sz.

We denote the material contrast parameters of the two resonators by §;, i = 1,2, which are also
complex-valued. For w € C, we study the scattering problem

Au+k*u =0 in R?\ D,
Au+Ku=0 in D;, i=1,2,
uly —ul-=0 on 0D,
2.1
51% 7@ =0 on 8D1, i:1,2, ( )
ov n ov|_
u(z) — u'™(z) satisfies the Sommerfeld radiation
condition as |z| — oo,

where | and |— denote the limits from the outside and inside of D. Here, u®™ is the incident field
which we assume satisfies Au'™ + k?u™ = 0 in R? and Vu™ ’ p = O(w). We restrict to frequencies
such that Re(k), Re(k;) > 0, whereby the Sommerfeld radiation condition is given by

9
li I ik )u= 2.2
el 200 = (MI lk> v=0 22)

which corresponds to the case where u radiates energy outwards (and not inwards).
Next, we describe the PT-symmetry of the problem. The parity operator P : R3 — R? and
the time-reversal operator 7 : C — C are given, respectively, by

P(z) = —=z, T(z) =z
We assume that the dimer D is PT-symmetric, by which we mean that
Dl = PDQ, and 1)%51 = ’7'(11552)

We will see shortly that this indeed is the assumption required to ensure that the system is P7T-
symmetric, at leading order. We define ¢ := |41/, and assume that

dkl, 6= 0(6), v; = 0(1)

The assumption that ¢ is small means that we are studying high-contrast resonators. We introduce
the notation
0361 = a+1ib, 11%52 = a —1ib,

for real-valued parameters a and b. The parameter b can be interpreted as the magnitude of the
gain and the loss.

We say that a frequency w is a resonant frequency if the real part of w is positive and there is a
non-zero solution to the problem (2.1) with u!® = 0. Moreover, we say that the resonant frequency
w is a subwavelength resonant frequency if w — 0 as § — 0.

The scattering problem (2.1) is a model problem for subwavelength resonators with high-
contrast materials. It can be used as a model for studying P7 -symmetric systems in both photonics
and phononics (see e.g. [14]).



2.1 Layer potential theory on bounded domains

The solutions to the Helmholtz problem (2.1) can be effectively studied using representations in
terms of integral operators. In particular, let S¥ be the single layer potential, defined by

Shlol(e) = [ GHa—9)o() doty), o < B, (23)
D
where G*(x) is the outgoing Helmholtz Green’s function, given by
G* ot R3, Re(k) > 0
(l‘) = _m, x e y e( ) = U.

Here, “outgoing” refers to the fact that G* satisfies the Sommerfeld radiation condition (2.2).
For the single layer potential corresponding to the Laplace equation, S%, we will omit the
superscript and write Sp. It is well known that the trace operator Sp : L?(0D) — H'(dD) is
invertible, where H'(0D) is the space of functions that are square integrable on D and have a
weak first derivative that is also square integrable.
The Neumann-Poincaré operator ICIB* : L2(0D) — L?(0D) is defined by

K5 0] () = /a ) 0 Gha —y)ly) doly). =€ oD,

where 0/0v, denotes the outward normal derivative at « € 9D.
The behaviour of S¥ on the boundary 9D is described by the following relations, often known
as jump relations,

Shloll, = Shlol] . (2.4)

and 5 )
sbie], = (57 + K57 ) el (2.5

where |+ denote the limits from outside and inside D. When k is small, the single layer potential

satisfies
S¥ =Sp +kSp1 + O(k?), (2.6)

where the error term is with respect to the operator norm || z(z2(ap),H1 (o)), and the operator
Sp1: L*(0D) — HY(OD) is given by

1
= — d D.
Sp.1[¢)(z) prll ¢ do, red
Moreover, we have ‘
K = K% + k2Kpo + k*Kp s + O(kY), (2.7)

where the error term is with respect to the operator norm ||.||z(z2(ap),z2(ap)) and where

K ald)(x) = — /8 D@—y)'%(ymg(y), Kpaldl@) = - [ (@ —v) ved(y) do(y).

s |z =yl T lon aD
We have the following lemma from [8].

Lemma 2.1. For any ¢ € L?(0D) we have, fori = 1,2,

1 1
[ (grexp)tar—o. [ (Grecs) o= [ pan
op; \ 2 ap; \2 aD;

i|D;
Kpale] do = —/ Sply] dx, Kpsle)do = % pdo.
D; aD; ™ JobD

(2.8)

0D;

A thorough presentation of other properties of layer potential operator and their use in wave-
scattering problems can be found in e.g. [7].



2.2 Capacitance matrix analysis

Our approach to solving (2.1) is to study the weighted capacitance matriz. We will see that the
eigenstates of this 2 x 2-matrix characterize, at leading order in §, the resonant modes of the
system. This approach offers a rigorous discrete approximation to the differential problem.

In order to introduce the notion of capacitance, we define the functions v;, for j = 1,2, as

¥; = Sp' [xon,],

where x4 : R® — {0,1} is used to denote the characteristic function of a set A C R3. Tt is
well-known that 1; and 15 form a basis for ker (—%I + ICE). The capacitance coeflicients Cj;, for
1,7 = 1,2, are then defined as

Cij =— Y do,
oD;

and the capacitance matrix is the matrix C = (Cj;). Finally, we define the weighted capacitance
matrix CV = (C};) as

2 2

. v701C11 0761012 vi6; 0

s <v26 O wnem) V0 as) (29)
502021 1502022 292

This has been weighted to account for the different material parameters inside the different res-
onators, see e.g. [4, 8] for other variants in slightly different settings. It is well known that
Cy = Cia, C12 < 0 and Cy1; > —C1a, while the symmetry assumption D; = PDs implies that
Cy1 = Oy (see e.g. [8, 11, 19)).

We define the functions 5%, S5 as

sow)_ {Shl@. 2eB\D, oy _ {Shll@). =BT,
! Sg[¢1](x)v LL‘GDi, 7;:1727 ? S%[¢2](m)’ xEDi7 i = 1’2
Lemma 2.2. As w — 0, the solution to the scattering problem (2.1) can be written as
u—u" = qSY + 255 — Sp [Sp'[u™]] + O(w),
for constants q1 and q which satisfy, up to an error of order O(dw + w?3), the problem
vi6 S5 u] do
(C¥ — w?| Dy |I) (ql) =3 oo, ?1[ ) ] . (2.10)
q2 v302 [4p, Sp [u™] do
Proof. The solutions can be represented as

w— {“i"(ff) +Sh[¥)(z), = €R3\D,

Splel(), veD;, i=12 (2.11)

for some surface potentials (¢,1) € L?(0D) x L?(0D), which must be chosen so that u satisfies
the transmission conditions across dD. Using the jump conditions (2.4) and (2.5), we see that in
order to satisfy the transmission conditions, the layer densities ¢ and 1 must satisfy
Splél - Splwl =u™ on dD;,
auin

1 ki, 5. 1 k% _ 5 )
(—2I+ICD ) [¢] — 6 <2I—|—ICD > [¥] = ¢; 5 " 0D;,

for i = 1,2, where I is the identity operator on L?(0D). From the asymptotic expansions (2.6)
and (2.7) and the assumption that Vu™ = O(w) we have that

Sp[p — ¥] = u™ 4+ O(w) on dD; U Dy, (2.12)

1 2 1
(—21 FKH+ Z’QICD,Q) (6] — 6 (21 + 1c;5> [] = O(6w +w®) on dD;.



From (2.12) and the fact that Sp is invertible we can see that
b =¢—Sp'[u"] +Ow). (2.13)

Thus, we are left with the equations

1 2 1 1 ,
(—21 + KE + %K:DQ — 51 (21 + KE)) [(ﬂ = —(Si (21 + IC*D) SBI[UML] + O(6w +w3), (2.14)

on 9D;,i = 1,2. Integrating (2.14) over dD;, and using Lemma 2.1 gives us that

—w? Spl¢] dz — v?6; ¢ do = —v2s; Spl[u™] do + O(6w + w?).
D; aD; 9D;
At leading order, (2.14) says that (—%I—i—ICB) [#] = 0 so, since 11 and 1y form a basis for
ker (—11 + K7,), the solution can be written as

¢ = qh1 + q2v2 + O(w” 4 6), (2.15)
for constants g1, g2 = O(1). Making this substitution we reach, up to an error of order O(dw +w?),
the problem

v36 S5 u] do
(CV — w?| D) (q) _ (V0 op, S 17147 (2.16)
q2 v302 [4p, Sp [u™] do

The result now follows from (2.11) combined with the expressions for ¢, in (2.13), (2.15) and
(2.16). O

Theorem 2.3. As d — 0, the subwavelength resonant frequencies satisfy the asymptotic formula

)\.
wi =] —==+0(), i=12,
| D1 (0)

where |D1| is the volume of a single resonator and the branch of the square root is chosen with
positive real part. Here, \; are the eigenvalues of the weighted capacitance matriz CV.

Proof. If u'™ = 0, we find from Lemma 2.2 that there is a non-zero solution ¢, g to the eigenvalue
problem (2.10) precisely when w?| D] is an eigenvalue of CV. O

The eigenvalues of the matrix C are given by

A= aCn + (—1)1\a2Ch — 02(C}, — C3). (2.17)

The following theorem describes the asymptotic exceptional point of the resonator dimer, which
occurs when \; = \g.

Theorem 2.4. There is a magnitude by = by(a) > 0 of the gain/loss such that the resonator dimer
has an asymptotic exceptional point: the frequencies wy and ws, and corresponding eigenmodes,
coincide to leading order in §. Moreover, to leading order in §, we have

Case b < by : w1 and we are real, and wy < wa,

Case b > by : w1 and wy are non-real, and w; = Ws.
Proof. Combining Theorem 2.3 and (2.17), we find that by is given by
aCh
VCh - O
which corresponds to the point where C” has a double eigenvalue corresponding to a one-dimensional

eigenspace. From (2.15), it follows that the eigenmodes are linearly dependent. The remaining
statements are straightforward to check. O

bo =



Remark 2.5. Theorem 2.4 states that the exceptional point occurs only at leading order in 6.
This is not due to a limitation of the method and we do not, in fact, expect the system to exhibit
an exact exceptional point. This is a consequence of the radiation condition, which means the
differential operator corresponding to the problem (2.1) is not PT-symmetric (even in the case
b = 0 the resonant frequencies have small but non-zero imaginary parts [8]). However, the discrete
approximation given by the weighted capacitance matriz is indeed PT -symmetric. The approximate
nature of the exceptional point can be observed from the simulations presented in Figure 2.

Lemma 2.6. If b # by, the eigenmodes u; corresponding to the resonant frequencies w;,i = 1,2
are given by
u; = viSY 4 v2iSY + 06/,

where v; = (v}

o ) i VZ-Z)T (using superscript T to denote the matrix transpose) are the eigenvectors
0 given by

V,< —Ci2 > N
f\Cu i)’ Fi= a+ib)

2.3 Numerical computations

0.02 - —

Frequency w

-0.01 s \ \ \
0 0.2 0.4 0.6 0.8 1

Gain/Loss b x107*

Figure 2: Plot of the real part (blue) and imaginary part (red) of the resonant frequencies of the dimer
as the gain/loss parameter b increases. The asymptotic exceptional point occurs at by =~ 0.5 x 107*, at
which point the frequencies coincide to leading order. For b smaller than bo, the frequencies are real, while
for b larger than by the frequencies are conjugate to each other, again to leading order. Here, we simulate
spherical resonators with unit radius, separation distance 2 and material parameters a = 2 x 10™* and
v=1.

Figure 2 shows the two resonant frequencies w; and wy as functions of b. For b = by, the
resonant frequencies coincide at leading order in §. The leading order terms are real for b < by and
complex conjugates with zero real part for larger b. These numerical simulations were performed on
spherical resonators using the multipole expansion method, which is outlined in [3, Appendix A].

3 Resonator cavities

In this section, we examine the properties of finite metamaterials taking the form of cavities filled
with a large number of small subwavelength resonators with non-real material parameters. While
the pair of high-contrast resonators in Section 2 interacts with wavelengths much larger than their
size, we would like to design these cavities so that they might exhibit similar exceptional behaviour
in response to wavelengths of the same order as their dimensions. We study this system using a
homogenization approach, deriving the effective equations as the size of the resonators becomes
small and the number of resonators becomes large.



Figure 3: A pair of PT -symmetric cavities of many small resonators. Here, + and — denote opposite signs
of the imaginary part of the material coefficients.

3.1 Non-Hermitian cavities

We first derive a version of Lemma 2.2 which describes how an asymptotically small resonator
Dj = rDg+ z (where Dy is some fixed, connected domain) scatters an incoming field. So that the
resonant frequencies are of order 1, we will assume that if the size of the resonator » — 0 then the
material parameters of its interior are given by

Va8 == r2a + ir*TeD, (3.1)

for some fixed 0 < £; < 1 and real-valued constants a,b = O(1). We will fix ¢ > 0 and consider
the cases b > 0 and b < 0 separately. We study the scattering problem

Au+k*u=0 in R?\ Dy,
Au+kiu=0 in D,
uly —ul- =0 on 0Dy,
0 0 3.2
ol L - 0 on 0Dy, (3.2)
ov + ov|_
u(z) — u™(z) satisfies the Sommerfeld radiation
condition as |z| — oo,

where dp < 1 and ko = w/vo with Re(k), Re(ko) > 0.

Lemma 3.1. Let Dy C R3 be some fized resonator (whose boundary satisfies 9Dy € C** for some
0 < s < 1) and define the small resonator Df, for some small r > 0, as

Dy =1Dy + z,

where z € R? is the new centre of Df. Assume that the material parameters within D}y satisfy
(3.1) and that w? — (w*)? = Cre* for some fived C € C, where

(a+ir°tb)Capp,

"= | Dol

As r — 0, the solution to the Helmholtz problem (3.2) for scattering by D} can be written as
. w2
u(z) —u'"(x) = rCapp, 2

@

Proof. The solutions to the scattering problem can be represented as

GF(x — 2)u™(2) + O(r*>~°1).

L [ @+ Sh @), @ eR\D,
" sl v e Dy,

where k1 = w/v1, for some surface potentials (¢,1) € L?(0Dy) x L*(0D}), which must be chosen
so that u satisfies the transmission conditions across 0Dj.



We wish to replicate Lemma 2.2 in the present setting, using asymptotic expansions in terms
of r < 1 (and § = O(r?)), while w = O(1). We have, as 7 — 0, that

Spylé —¢] =u™ +O(r) on 9D,

1 2 1
(—21 +Kpy + :QICDS,Q) (6] — & (21 + /cgg) [4] = O(*) on 0D
1

Repeating the arguments of Lemma 2.2, we find that the solution to the scattering problem can
be written as ' 4
u— " = SE, — Sk, [SL;g [um]} +0(r),

where _
Sk, [Spr [xopg]| (x), =€ R*\ Dg,

0

Spy; |SpiIxeny]| (z), @ € Dy,

and ¢ = g(w) satisfies

—w?|D§| — vddo / Sprlxepg] do | ¢ = —v3do Spr[u™ do + O(r?).
opy ° opy °
Let

Capp, = — M)SBﬂXm%}wn
0

then we have that
SB(,} [Xopg] do = —rCapp, , 855 [u"] do = —rCapp, u'™(z) + O(r?),
oDy oDy
Spr = —rCapp,G*(z — 2) + O(r?),

Sga {85(% [u’”]} = —rCapp,u™(2)G*(z — z) + O(r?),
from which the result follows. [

We now wish to consider a spherical domain §2 which contains a (large) number of small,
identical resonators (e.g. €4 or Q_ in Figure 3). If Dy is a fixed domain, then for some r > 0 the
N resonators are given, for 1 < j < N, by

r,N __ N
DO,j = TD() +Zj s

for positions sz . We will always assume that r is sufficiently small such that the resonators are

not overlapping and that DS’N = UjN:1 DS;V € Q). We choose the number of resonators IV so that
there exists some positive number A such that

TN = A (3.3)

The choice of A will be an important subtlety in the major theorem of this section.
We will find the effective equation in the specific case that the frequency w = O(1) satisfies

C
wzfﬁ%h. (3.4)

In this case, we are able to use a result from [9] which says that, since the resonators are small,
we can use the point-scatter approximation from Lemma 3.1 to describe how they interact with
incoming waves. To do so, we must make some extra assumptions on the regularity of the distri-
bution {Z]N :1 < j < N} so that the system is well behaved as N — oo (under the assumption



(3.3)). In particular, we assume that there exists some constant n such that for any N it holds
that

min |z — 2| > (3.5)
1]

/s
N1/3’
and, further, there exists some 0 < g9 < 1 and constants Cy,Cy > 0 such that for all h > 2pN~1/3,

1
Z P < CyN|h|™%°,  uniformly for all z € Q, (3.6)
le—2|>h J
1
> P < CyN|h|,  uniformly for all z € Q. (3.7)
x — Y-

2nN-1/3<|e—2N|<3h J

Finally, we will also need that
€1 o
= - —>0. 3.8
1-— €1 3 ( )
r N

If we represent the field that is scattered by the collection of resonators DS’N = Uévzl Dy as

IS

u(x) + 8P, [¥N](x), = eR3\ Dy,
S*o ([N )(x), x € DS’N,

N
Dy

uN (x) =

for some N, N € LQ(aDS’N)7 then we have the following lemma, which follows from [9, Propo-
sition 3.1]. This justifies using a point-scatter approximation to describe the total incident field
acting on the resonator DS;V and the scattered field due to Dg’év, defined respectively as
in,N ; k N s, N k N
" :um_FZSDg;f.V[w ] and  uj :SD[)':;VW ]
i#j
Lemma 3.2. Under the assumptions (3.4)—(3.8), it holds that the total incident field acting on
r,N . . N
the resonator Dy, 1s given, at z;°, by

w2

in,N (N in( N k(N _ _Ny, in( N
u;" () = u" (2 )—l—ZrCapDo T (w*)QG (2" =2 )u™(z)),
i#E]
up to an error of order O(N~2). Similarly, it holds that the scattered field due to the resonator
ngv is given, at x such that |z — zN|[>r, by
i . Myl ()

’LL‘7 (l‘) = ’I“C&pD mgk(lﬁ - Z] g j

up to an error of order O(N~—2 4 r|x — Z§V|71)-

In order for the sums in Lemma 3.2 to be well behaved as N — oo, we make one additional
assumption on the regularity of the distribution: that there exists a real-valued function V € C*(Q)
such that for any f € C%*(Q), with 0 < a < 1, there is a constant C3 such that

max |5 306G — G - [ GHEY — 0PI < o fllene@. (39

1<G<N —
i#]

Remark 3.3. It will hold that V > 0. If the resonators’ centres {sz :j=1,...,N} are uniformly

distributed, then V will be a positive constant, V= Iﬁl\

Under all these assumptions, we are able to derive effective equations for the system with an
arbitrarily large number of small resonators. If we let 3 € (0, %), then we will seek effective
equations on the set given by

YN = {zeR3:jo— 2N > N5 forall 1< j < N},

which is the set of points that are sufficiently far from the resonators, so avoid the singularities of
the Green’s function.

10



Theorem 3.4. Under the assumptions (3.3)—(3.9), the solution u™N to the scattering problem (3.2)
with the system of resonators DS’N = U;V:1 ngv converges to the solution of

(A + k% — %‘N/(aﬁv ulx) =0, z€Q,
(A+ k) u(z) =0, reR3\Q,

as N — 00, together with a radiation condition governing the behaviour in the far field, which says
that uniformly for all x € YEJSV it holds that

[N (2) = u(@)| < CN7 {5

If a > 0 and b < 0, then this convergence holds regardless of the choice of A. If b > 0, then there
exists at least one A € R for which the solution converges.

Proof. This follows by modifying the results of [9]. Much of this is straightforward, the important
subtlety being to show that the operator

iAaCapp,

; G (@ —y)V(y)f(y) dy,
Q

Tlf(z) ==

is such that I — T is invertible. Since 7T is compact, I — T is of Fredholm type so is invertible if
and only if it is injective. Consider, first, the case that a > 0 and b < 0 and suppose f € C%%(Q)
is such that (I — 7)[f] = 0. Applying A + k2, we see that

iAaC ~
Af = —12f + %Vf in Q.
from which we see that

of- iAaC _
—/Q|Vf|2dx+/m&{fda:—k2/9|f|2dx+wbapD”/QV|f2dx. (3.10)

From [25] we know that
of =
I —fdo > A1
m/mayf o >0, (3.11)

with equality only if f = 0. Since 1% > 0 we have also that fQ ‘~/|f|2 dz > 0 so taking the imaginary
part of (3.10) gives us that

_ AaC ~
oglm/ gfdozm/Vmgdng,
6Q8V b 9]

hence f = 0.

Conversely, if b > 0 then we must take more care to choose the constant A to guarantee
invertibility. Assume, for contradiction, that we cannot choose A such that I — 7T is invertible.
Then, we can choose a sequence of real numbers {A,, : n € N} such that A,, — 0 and for each n
there exists 0 # f, € H'(Q) such that (I — T)f, = 0. Hence, it holds that g, := f/| fullz1 ()
satisfies

Agn + kg, — 7iA”aiapD“ Vg, =0 inQ, (3.12)
% = Nx(gn) on 09, '
where N, is the Dirichlet-to-Neumann map on the exterior of Q, defined as N [g] := 24| 5 Where

v solves (A + k?)v = 0 on R?\ Q with v = ¢ on 9 and the Sommerfeld radiation condition at
infinity. Since {g, : n € N} is bounded in H'(), which is compactly embedded into L?(2), there
exists some g € H*(2) such that (passing to a subsequence) g, — g in L?(Q).

We want to show that, in fact, g, converges strongly to g in H'(Q) and that g = 0, which will
contradict the fact that ||gn| g1q = 1 for all n. Studying the limiting form of (3.12), we see that
the limit g is the restriction of w to 2, where w is the solution to (A + k?)w = 0 on R? with the
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Sommerfeld radiation condition at infinity. This is well known to have a unique solution given by
w = 0, hence g = w|g = 0. Analogous to (3.10), it holds for each n that

OGn iA,aCa ~
- [P ass [ g — i [ g do s 22T [ g, as,
Q o ov Q Q

and we know from [25] that

Ogn__
Re/ ——9, do <0, 3.13
o O (3.13)

/|Vgn|2dx§k2/|gn|2dx.
Q Q

Therefore, Vg, — 0 in L?(Q2) so we have that g, — 0 in H'(Q), which gives the desired contra-
diction.

Once we know that I — 7 is invertible, we can see that the limiting system is well posed and
the rest of the argument (in particular, proving that the field given by Lemma 3.2 converges to
the limiting system) follows from [9]. O

so we see that

Remark 3.5. The assumption (3.4) is important so that the frequency w is close to the resonant
frequency w*. In particular, the difference is such that w? — (w*)? = O(rt). This means that
the behaviour will be dominated by the monopole resonant modes of each small resonator. If we
relaxed this assumption, then other coupled modes might be excited, invalidating the use of the
point-interaction approximation from Lemma 3.2.

Remark 3.6. The assumption that Q is spherical is needed so that we are able to infer (3.11) and
(3.13) from the results of [25].

3.2 Homogenization of P7-symmetric pairs

Figure 4: A cavity containing many small PT -symmetric pairs of resonators. Here, + and — denote
opposite signs of the imaginary part of the material coefficients. Microscopic PT -symmetry is lost under
homogenization.

It is interesting to consider how a cavity filled with a large collection of small P7T-symmetric
pairs of resonators would behave, as depicted in Figure 4. In particular, interesting behaviour
is seen when each pair is poised at an asymptotic exceptional point (cf. similar analysis of the
real-valued case in [8]).

Recall the PT-symmetric resonator pair D = Dy U D5 from Section 2. We will define the small
dimer D" = D] U D3, for some small r > 0, as

D" =rD+ 2z,

where z € R3 is the new centre of D". We re-use the notation for the material parameters from
Section 2 but, in order for resonance to occur at O(1) frequencies, scale the material parameters
so that

2

11551 = r2a +1ir?b, 11%52 = r2a —ir?b, (3.14)
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for real-valued constants a,b = O(1). In this case, we have chosen both the real and imaginary
parts of v24; to be O(r?) since they need to have the same asymptotic behaviour in order for the
resonator pair to support an asymptotic exceptional point, as predicted by Theorem 2.4.

We must first replicate Lemma 2.2 in the present setting, using asymptotic expansions in terms
of r < 1 (and § = O(r?)), whilew = O(1). We have, as r — 0, that the solution to the problem (2.1)
for scattering by D" can be represented in the form (2.11) with densities ¢, v € L?(0D") x L2(0D")
which satisfy

Sprl¢p —¢] =u" + O(r), on 0D} UID3,

1 2 1
(—21+ICET + LQ;ICDrQ) [(b] — 5]' (21+IC* T> [’Lﬂ] = O(TQ), on 8D]T, j = 1,2.
J

Repeating the arguments of Lemma 2.2, we find that the solution to the scattering problem can

be written as ' 4
u—u" =qSpr1+q@Spr o — Spr [Spr[u™])] + O(r), (3.15)

where o
Shr [353 [XaD;]] (z), zeR3\Dr,

S8, () =
T\ 86 [Sptiveny ]| (), we Dy i1,

and the constants ¢q; and gy satisfy

) X r2(a +ib) [, Spt[u™] do A
(©he —fIr) (1) = - <( s ﬁz gk da) vort. @10

We now wish to compute expressions for ¢; and g2 in the case that we are at the asymptotic
exceptional point, meaning that b = by as specified by Theorem 2.4. In this case, C}, is non-
Hermitian and has one eigenvalue with a one-dimensional eigenspace. We will use the Jordan
decomposition for C'},,. Using the notation C;; to denote the capacitance coefficients of the original
fixed dimer D, as defined in Section 2, the eigenvalue of C?,. is given by r3\; where A\; = aCy;.
We have that

cy, =S8JS™, (3.17)

ic i(a+ibo)
J— (7‘3)\1 31 ) . §= ;2"%12 rzbogu 7 s1—_ |, 0 rboCﬁ .
0 X\ e 0 Irbeluy 302011 r?(a + ibo)

1

where

Using (3.17) and writing A = r~3w?|D}| = w?|Dy|, the formula (3.16) gives us that

<q1> g (r‘3()\1 Y L p /\)—2) - <r2(a +10) [y 55% '] da> Lo,

02 0 r=3(\ — )7t r?(a — ib) faDg Spr[u] do
i.€. y
a+1ib » Spru] do
o) _ -t Q11 Q12 ( : )faDl ?1[ _ } +O(r), (3.18)
q2 Q21 Q22) \ (a—ib) faD; Spr[u™ do
where
. 1 1 . 1
Q11 2150011()\7)\1)2 + DY Qm:C’12(a-|—lbo)()\77)\l)27
b2C? 1 ) 1 1
Q21 = = Q22 = —ibgC11 +

(a+ib0)012 ()\—)\1)27 ()\—)\1)2 /\—)\1.
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Lemma 3.7. Asr — 0, the solution to the Helmholtz problem (2.1) for scattering by the small
PT -symmetric dimer D" = rD + z with fized frequency w = O(1) can be written as

u(@) — u'™(z) = rm(w)G*(z)u™(0) + O(r?),

where, if wy = y/aC11|D1|71,

m(w) = Capp (

a2011012 1 aCapD 1 +1
D1 (@? —wP)? 2Dy w? - w? '

Proof. The terms in (3.15) and (3.18) can be further simplified using scaling properties analogous
to (3.1). Note that, thanks to the assumed symmetry PD = D, it holds that Capp, = 2(C11+Ci2).
Then, we have that

Spru™] do = —riCappu™(0) + O(r?),

BDJT.
Spe j(x) = —r§CappG*(z) + O(1?),
S]fy [85} [u”’H () = —rCapDum(O)Gk(x) + O(TQ). O

Remark 3.8. [t is interesting to consider using Lemma 3.7 as the starting point for a similar
homogenization argument to the one we applied to cavities of single resonators in the previous
section. Define N small resonator pairs as Dév =rD + zJN Allowing a formal argument (and
assuming all the required conditions to guarantee e.g. the validity of the point-scatter approrimation
and the convergence of the microfield to the effective one), we observe that as N — oo we should
obtain the homogenized equation

(A + K> = Am(k/v)V(z))u(z) =0, z€Q,
(A+ k) u(z) =0, reR3\ Q,

where m is specified in Lemma 3.7 and V is a function that depends on the resonators’ positions.
Both m and V' are real valued, meaning this effective equation has purely real parameters.

4 PT-symmetric metascreens

Here, we study a metascreen consisting of periodically repeated P7T -symmetric dimers. There are
multiple goals. First, we will derive results analogous to those in Section 2, which characterize
the band structure and exceptional points of the metascreen. Thereafter, we will solve the plane-
wave scattering problem for the metascreen. Using this, we will prove that the metascreen exhibits
asymptotic unidirectional reflectionless transmission. In other words, there are frequencies at which
an incoming wave from one side will have zero reflection at leading order, while an incoming wave
from the opposite side has non-zero reflection. Moreover, we will demonstrate that at a specific
magnitude of the gain/loss, the peak transmittance will be extraordinarily large.

4.1 Scattering problem for the metascreen

We consider a structure composed of P7T-symmetric dimers in a two dimensional square lattice
with period L > 0. The lattice is given by A := LZ? and we assume that the structure is periodic
with unit cell Y = [-L/2,L/2] x [-L/2,L/2] x R. We adopt the notation from Section 2 where D
is a pair of unscaled resonators D; with material parameters v24;, for i = 1, 2:

D = D1 U Do, v%élza—i—ib, v%%za—ib.

Additionally, we now assume that D is contained inside Y. We define the periodically repeated
resonators as
Ci= U D; + (m1,my,0), i =1,2, C =C1 UCs.

(m1,mz)EA
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Figure 5: A PT -symmetric metascreen with an incident plane wave u'™. Here, + and — denote opposite
signs of the imaginary part of the material coefficients.

The dual lattice A* of A is defined as A* = (2r/L)A. The torus Y* := R?/A* is known as
the Brillouin zone. A function f(y), y € R?, is said to be a-quasiperiodic, with quasiperiodicity
a € Y, if eT 1Y f(y) is periodic as a function of y.

We study the scattering problem

Au+ k*u=0 in R3\ C,
Au A+ Eu =0 inC;, i=1,2,
uly —ul- =0 on OC,
P 9 4.1
qu _7’& =0 onaci, i=1,2, ( )
ov " ov|_
u(z) — u'™(z) satisfies the outgoing quasiperiodic
radiation condition as |z3| — oco.

Here, u" is the incident field and the outgoing quasiperiodic radiation condition states that u(z) —
u"(x) behaves as a superposition of outgoing plane waves as |x3| — oo. We seek solutions u which
are a-quasiperiodic in (1, z2) for some «, i.e.

u(x + (my,mg,0)) = @ mm2y () (my,my) € A.

If u™ = 0, these a-quasiperiodic solutions are the Bloch modes of the metascreen, while if u*" is
a plane wave, we will seek solutions at « specified by the wave vector of u'™ (see e.g. [7]).

We will study the scattering problem (4.1) using a layer potential formulation analogously as
in Section 2. For a € Y*, the quasiperiodic Green’s function G**(x) is defined as the solution to

AGYF (z) + K G () = Z §(x — (my,my,0))e > (m1m2),

(m1,m2)€EA

along with the outgoing quasiperiodic radiation condition, where J(z) denotes the Dirac delta
distribution. G** can be written as

GY*(z,y) == — Z

(m1,mz)€EA

ikl (ma,ms.0)]

glor(mama) (4.2)

4|z — (mq, ma,0)]

where the series in the spatial representation (4.2) converges uniformly for x in compact sets of
R3, 2 # 0, and k # |a + ¢| for all ¢ € A* (see e.g [7, Section 2.12]). We define the quasiperiodic

single layer potential Sg’k by

SSF () = /a G e =)o) doy). @ <R
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On the boundary of D, it satisfies the jump relations
Spell, = Sp*[el| on 0D, (43)

and 5
a,k
ov Sp

], = (i;I + (ICDQ”“)*> (¢ on D, (4.4)

where (ICBa’k)* is the quasiperiodic Neumann-Poincaré operator, given by

(5™ (el) = [ G )oy) do(y)

Lemma 4.1. The quasiperiodic single layer potential Sg’k : L2(0D) — HY (D) is invertible if k
is small enough and k # |a + q| for all g € A*.

Proof. If ¢ € L*(0D) satisfies Sy [p] = 0 on 9D, then u := S3“[¢] satisfies Au + k?u = 0 in
Y\ 9D. Since 0 is not a Dirichlet eigenvalue of —A in D, and neither a Dirichlet eigenvalue of —A
on Y \ D with quasiperiodic conditions on dY, it follows that w = 0 for small enough k. Then,
from the jump condition (4.3) we have p = Ou/0v|L — du/dv|_ = 0, which proves the claim. [

Remark 4.2. Throughout Section 4, we study the problem in three spatial dimensions. However,
all the arguments carry over to the case of two spatial dimensions with a one-dimensional screen
of resonators, producing similar results. Indeed, the numerical simulations used to create Figures 6
and 7 are performed on an arrays of circular resonators that are the two-dimensional analogues of
those which are analysed here.

4.2 Band structure and exceptional points

In this section, we study the resonance problem, or in other words, the problem (4.1) with u‘® = 0.
Moreover, we study the regime when w — 0 while |a| > ¢ > 0 for some ¢ independent on w. In
this regime, we have the asymptotic expansions [7]

Syt =857+ 0(k?), (4.5)

and
(Kp™) = (Kp™")" + O(k?). (4.6)

Here, the error terms are with respect to the operator norms, and are uniform for |a| > ¢ > 0. As

in Section 2, we define the quasiperiodic capacitance coefficients Cf, for 4,5 = 1,2, as

Cf == | W§do, 5 =(S5")" [xon,] (4.7)

The quasiperiodic capacitance matriz C® is defined as the matrix C* = (C’?j), while the weighted
quasiperiodic capacitance matrix C"® is defined as

oV — Vca’

with V as in (2.9). As we shall see, the capacitance matrix gives the leading order approximation
of the solution to the resonance problem (4.1). We have the following lemma from [3, Lemma 3.1].

Lemma 4.3. We have L
Ch =0y eR, Chy = C8.

Directly following the arguments of Section 2, but instead using the jump conditions (4.3),
(4.4) and the asymptotic expansions (4.5), (4.6), we can show the following theorem on the band
structure of the metascreen, which is the analogue of Theorem 2.3.
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Theorem 4.4. As § — 0, the quasiperiodic resonant frequencies satisfy the asymptotic formula

A\
W = [ 24 0(0), i=1,2,
| Dy Q

where |D1]| is the volume of a single resonator. Here, A} are the eigenvalues of the weighted
quasiperiodic capacitance matriz C* <.

Analogously to the case of a single dimer studied in Section 2, the eigenvalues of the weighted
quasiperiodic capacitance matrix are given by

Al =aCty £4/a?|C]? — b2((cil1)2 —[C 2)» (4.8)

meaning the asymptotic exceptional point occurs when b = by(«), given by
alCty|

VI(CP)? = |C[?
The exceptional point now depends both on the geometry and on «, and will therefore correspond
to a point in the band structure. This is illustrated in Figure 6, which shows the band structure of
a PT-symmetric metascreen. The computations were performed using the multipole discretization
(see e.g. [7]). Close to the origin of the Brillouin zone the system is always below the exceptional
point. For larger v and for large enough b, there will be a point where b = by(«). For a above

this point, the band structure of the system has a non-zero imaginary part and the two bands are
complex-conjugated.

bo(a) =

0.15

Real part
————— Imaginary part

Frequency w

-0.05 .
M

Quasi-periodicity o

Figure 6: Plot of the real parts (blue) and imaginary parts (red) of the band structure of the metascreen.
The exceptional point is a point (o, w), at which the frequencies coincide to leading order. Here, we simulate
a two-dimensional problem using circular resonators with period L = 1, separation distance 0.5L, radius
0.15L and material parameters a =2 x 107* b =1x 10"% and v = 1.

4.3 Periodic Green’s functions and capacitance matrix

We will now study the layer potentials and capacitance coefficients when both w and a approach
zero. We consider k € R and study the regime when |a| < k < infgep-\ (o} | + ¢|, which is not
encompassed by the analysis in Section 4.2. In this case, it was shown in [5] that the quasiperiodic
Green’s function admits the spectral representation

Ga7k(l‘) _ B Z ellata) (z1,22) o=/ |atql?—k?|z3]|
i 2 2 2 _ 1.2
2iks L seAN(0} 2L \/‘Oé'i‘q‘ k

ei(x'(rl,rQ)eik3|rc3|

, (4.9)
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where k3 = \/k? — |a|2. The series in (4.9) converges uniformly for  in compact sets of R, x # 0,
and k # |a+ g| for all ¢ € A* (again, see e.g. [7]).
In the case when k = a = 0, we call G%° the periodic Green’s function and we have [5]

xr
@ =y Y

qeA*\{0}

ela(z1,22) o —ql|z3]

2L2|q]

(4.10)

In the subsequent sections, we are interested in the case when the incident wave has a fixed direction
of incidence and a frequency w in the subwavelength regime. We therefore set k = w, o = way and

1 — |ag|? for some g independent of w (here, «g represents the incident direction). When
w — 0, we have

ag - (x1,x2)

1
GWeo.w _
(l’) 2’(1)3.[/2

= Sowi? +G%0(x) +

+ WG (x) + O(w?). (4.11)
Here, G{° is a function independent of w, which can be written [5]

i(ws|zs| + o - (33‘1,.732))2

G (@) = 4wy L2

+ ag - g1(x),
where g1(x) is a vector-valued function independent of o and w, satisfying

91(21, T2, 23) = g1(x1, 02, —73), g1(w1, T2, 73) = —g1 (=1, —T2,73).

From (4.11) we in particular observe that the Green’s function has a singularity of order w='. This
fact makes the subsequent analysis qualitatively similar to the case of finite resonator systems in
two dimensions, studied for example in [1, 6].

We define the operators S&* : L2(0D) — H' (D) and (K,**)* : L2(8D) — L2(dD) as

S5 lel(e) =Sl - R [ paos [ 0o a0),  (a2)

and

A—Ot,k * _ 0,0 * « - (V$717Va:,2)
5"y lelle) = (03 el(w) - e [ paa
Here, v, = (Vg 1, Vg 2, Vs ,3) denotes the outwards pointing normal of D at x. Moreover, we define
the operators St : L*(0D) — H'(9D) and (K,%)* : L*(9D) — L*(0D) as

Si[el(x) = / Gi'(x —y)oly) doly),  (KpY) [ol(x) :== J G1°(z —y)o(y) do(y).

dD oD vy

In view of (4.11) we have the following asymptotic expansions
S5 = S5 H WS OWY),  (Kp*™®) = (K5 ) +w(KpY)" +0W?), (413)

as w — 0, where the error terms are with respect to corresponding operator norms. Similarly to
Lemma 2.1, we have the following lemma.

Lemma 4.5. For any ¢ € L?(0D) we have, fori = 1,2,

1 c—a,k *> / —ag\* 1‘D1|
——I+ (K5 do =0, K57 = do.
[ (5 @ty ) [ oy =g [ o

i

Proof. For any ¢ € L?*(0D) we have [7]
1
[ (51 0 ) ias =0,
oD,
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and since f op Ve do(x) = 0, the first equation follows. To prove the second equation, we use the
first equation to conclude that, as w — 0,

/api (_;I * <’CDW°’“)*> [l do = w/ (Kp) [l + 0(w?). (4.14)

On the other hand, using the jump condition and integration by parts we have that

1
/ <1 + (/CB”“°’“>*> ] do = / ASE™ ] dz = ~w? / Sp* el da
op; \ 2 Di b

i|E1| 2
=w pdo + O(w?). 4.1
2’(,03[12 oD ( ) ( 5)

Since (4.14) and (4.15) hold for any small w, we obtain the second equation. O

The periodic single-layer potential could fail to be invertible and its kernel is described in the
next lemma.

Lemma 4.6. The dimension of kerS%O is at most one. Moreover, if ¢ € kerSOD’O satisfies
Jop @ do =0, then ¢ = 0.

Proof. For small but non-zero k we know from Lemma 4.1 that S%’k is invertible, and therefore,
by (4.13), S’%’k is also invertible for small k. We can write S%’O as

B =S+ g [ e
or, in other words, S%’O is a rank-1 perturbation of the invertible operator S%k. This shows that

dim ker S%O <1 and, moreover, that any non-zero ¢ € ker S%’O satisfies |, op P do #0. O

Lemma 4.7. IfS%O[gp} = Kxap for some constant K and some ¢ € L?(0D) satisfying f@D pdo =
0, then ¢ = 0.

Proof. For z € R3\C, define V(z) := S%°[¢](x). Then V solves the following differential problem,

AV =0 in R3\ C,
V - K aC?
+ o (4.16)
V(z + (m1,m2,0)) =V(z) forall (my,ma) € A,
V(z) - Ve as 3 — +00,

for some constant V... Moreover, using the jump relations and integration by parts, we have that
/ pdo =K IVV|*dx = 0.
aD Y\D

If K # 0, it follows from (4.16) that fy\D |[VV|?dz # 0. In other words we must have K = 0 and,
since faD pdo =0, it follows from Lemma 4.6 that ¢ = 0. O

Let L3(0D) be the mean-zero space defined as

Lg(aD)z{feLQ(aD) ‘ fdazO}.

oD

By Lemma 4.6 and Lemma 4.7, S3° is invertible from L2(9D) onto its image, which does not
contain the constant functions.

We will now define the analogous capacitance coefficients in the periodic setting. We begin
with the following lemma.
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Lemma 4.8. For any ag € Y* with |ag| < 1, (5’;30‘0’“’) is a holomorphic operator-valued

function of w in a neighbourhood of w = 0.
Proof. We know that Sgao’w is a meromorphic operator-valued function of w with a pole at w = 0.

From [7, Corollary 1.10], we find that (SBO‘O’“) is also meromorphic for w in a neighbourhood

of 0. It remains to show that the principal part vanishes.

To reach a contradiction, we assume that (Sga"’w> is singular as w — 0, which means that

there is some ¢, depending on w, such that ||¢||29p) = O(1) while ||3;a°’“[¢]||H1(aD) = O(w).
We can rewrite ¢ as ¢ = ¢o + ¢1 where ¢q is non-zero and independent of w, while ¢; = O(w).
Then the singular part of Sg’k must vanish on ¢y, t.e.,

¢0 do =0.
oD

Substituting into (4.12) we find that, for some constant K, we have S%O[qi)o] = Kxsp. It then
follows from Lemma 4.7 that ¢y = 0, which contradicts the fact that ||¢|| = O(1). O

We can now define the periodic capacitance coefficients C?j. For a € Y, we let

So,w -1
P = (SD’ ) [xop]-
Then, if o = way for some fixed ag with |ag| < 1, we have the following expansion from Lemma 4.8,

B = g0+l 1 OW?), (417)
as w — 0, for some Y, 7&1-1’0‘0 € L?(0D) independent of w. We then define
Ch=— [ 4fdo (4.18)
8Di

We call the matrix CY = (C%) the periodic capacitance matriz (not to be confused with the
quasiperiodic capacitance matrix, studied in Section 4.2). The periodic capacitance matrix might
a priori depend on «q, but we will later see that, under an extra symmetry condition, ¢? and C°
are independent of «p.

Lemma 4.9. The periodic capacitance matriz C° is a real matriz given by

1 -1
00:()91(_1 1).

Proof. Since S’ga“w[wfao’w] is bounded as w — 0, the singular part of S%** must vanish on 1Y,
or in other words

¢ do = 0.
oD
From this it follows that C% = —C% for i = 1,2. From the condition S5**“[¢**“] = xap,, we
have that
1 p ao - (y1,92)
— §007,0 / Lao 4 / ’ O(y) d 4.19
XoD; D ['(/)z] + 2111}3[/2 oD % o+ oD 2’(1}3.[/2 wz (y) U(y)7 ( )
or, in other words, that S,%’OW? ] = xop, + Kxap for some constant K. Summing over the
resonators, we find that 8103’0[1/}? + 9] = Kxop- By Lemma 4.7 we find that K = 0 and that
Yy = —vh. (4.20)
It follows that C?j = fC’gj for j = 1,2, which proves the expression of C°. It remains to prove
that CY, is real. Taking the complex conjugate of (4.19) we find that S5°[9 — 1!17?] = Kxpp for
some new constant K. From Lemma 4.7 we find that ¢ = ¢?, and hence CY;, = CY,. O
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Lemma 4.10. Asw — 0, we have
wag,wy—1 «
(Sp2) ™ [xon,] = ¥ +wip;*® + O(w?),
where .
Uyt = = (S5) S,

Proof. From (4.13), and using the Neumann series, we have

(S5 o, = (850) ™ Do, — w0 (S50) 850 (8570) xom, ] + 0w,
=90 + wy; + O(w?),
which proves the claim. O
Analogously to before, we define the weighted periodic capacitance matrix as
cv0 =vCo.
From Lemma 4.9, we find that the eigenvalues A\?, \J and corresponding eigenvectors v{, v of €V
are given by
N=0, =20t V0= G) - (‘g“ji;“) .

As we shall see, the weighted periodic capacitance matrix asymptotically describes the resonant

frequencies and the scattered field to leading order. In addition, we will need to consider two
sources of higher-order effects. Firstly, we define the vector-valued coefficients c; as

o= [ wl)dow). i=12 (421)
aD
From (4.20) we have that ¢; = —cy. Secondly, we define the matrix C1*0 = (C’ilj’o‘o) as
l,« 1,
Cy; 0= — (r °do,
oD;

for i,j = 1,2. Corresponding weighted matrix Cv'1:*0 = ( fj’l’ao) is defined as

C«v,l,ao — Vcl,ag
The next lemma describes some of the structure of C1@o,

Lemma 4.11. We have

¢ do= [ ;7 do+Ow) and Y 4+ do = 2iws L.
oD oD oD

Proof. Using the fact that the L?(9D)-dual of S’g’k is 5’5“”“, we have

Lo (s5ee) st = [ sl (855) ol do = OGw)

Moreover, since 9§ = —99 we have

PrO 4Py do = [ PP 4 3 do = 2ws L2,
oD oD

where the last step follows from (4.19) together with (4.20). This proves the claim. O

Remark 4.12. [t is straightforward to generalise Lemma 4.9 to a general number N of resonators
inside the unit cell. The weighted periodic capacitance matriz CV° will always have one vanishing
eigenvalue. This corresponds to the well-known fact that the first band function w$ satisfies w) = 0
corresponding to monopole modes v§ = (1,...,1)T € RN. The other eigenvalues of C*° describe
the values of the other band functions w§,w§, ...,wy around a = 0.
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4.4 Plane wave scattering problem

We assume that the incident field u'® is a plane wave with frequency w € R and wave vector
k= (k1 ko kg)T. Again, superscript T denotes the transpose operator. In other words,

; ; w
u'™(z) = X, k| =k=—,
v
where |k| denotes the Euclidean norm of k. For simplicity, we assume that the units are chosen

such that v = 1. We will consider the subwavelength regime, i.e. when § — 0 and w = O(6%/?).
In this limit, we assume that the incident direction w of k is fixed, i.e. that k scales as

k=ww, w=| wy |, ws>0, s==1,

where w is independent of w. We define

_ kl _ *
a= <k2>wa0€Y.

We define the functions S5°*, for j = 1,2, as

s () = LSBT0 F v ™N(@), @ eRINE,
) SHUWY +wiy ™) (@), weCii=12

Proposition 4.13. Let A\, vY be the second eigenpair of CV°, and let A = w?|D|. Assume that

Im(dTCvbov) £ 0, where d = (,11). Then, for w € R in the subwavelength regime such that
A=A+ \*, where A\* = O(w?), the solution to the scattering problem (4.1) can be written as

. -1
u—u™ = —(a+ib)uSH + (a — ib)uSs — Sp* (sg”“) [w'"] + O(w?),
where p is given by
—1 )
’U%(Sl faDl (S%’k> [u’tn] do
0309 faD2 (Sg’k) [u] do

Here, the error terms are uniform with respect to A* in a neighbourhood of 0.

_ d'p
H=dm (wCvteo = 3 1)v8

+ O(w), p=—

Proof. The solutions to (4.1) can be represented as

w = {um(x) JrSg’kw](x)’ z e R3\C,

Sylol(x), v €C, i=1,2, (4.22)

for some surface densities (¢,1) € L?(0D) x L?(dD), which must be chosen so that u satisfies the
transmission conditions across OD. Using the jump conditions (4.3) and (4.4), we see that this
implies that the layer densities ¢ and 1 satisfies

Spl¢) = S5 W] = u™  on D;, (4.23)
I [¢] — 6; Iy (K52 ) [w] = 5, 2" aD; (4.24)
B D i3 D = %5, on iy .
for i = 1,2. Using the asymptotic expansions (4.13) and (2.7) we have from (4.24) that, on 9D,
1 . w? w3 1 PR —akyx 2, 4
ol Kb+ 5Kp2+ —5Kps | [0] =6 ( 51+ (Kp™")" +w(Kpy7)" | [W] = O(0w” + ).

(4.25)
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Integrating over dD;, using Lemmas 2.1 and 4.5 along with (2.8), gives us that

w? w3 i| Dy iw| D |
—— | Splo]de+ ——= do —§; do —6; do = O(6w? +w?). (4.26
v} /Di o] x+”§ am BD¢ ’ aDi¢ T2 aDw 7 (0" + ). (4.26)

At leading order, (4.25) says that (—31 4+ K},) [¢] = 0 so, in light of the fact that 11 and 1
form a basis for ker (—%I + ICB), ¢ can be written as

¢ = qub1 + qab2 + O(w® +6), (4.27)

for constants ¢1,¢2 = O(1). Using (2.6), we can expand Sj’% [¢,] as

. wCap
Sg [wj] = XoD; — 87TiU-DX8D + O(LUQ),

where Capp, = 2(C11 + Ci2). From (4.23), we then find that

T B wCapp, B wCapyp, 2
Sy Y] = xap, (ql (g1 + @2) Sior ) + XD, (qz (¢ +q2)78mv2 ) + O(w” +9),

and then from Lemma 4.10 that

V= (¢?+w¢}»ao _ wCapp <w? N wS))

8mi 1 Vo

wCapp (1/)? n 1/)78

1,
T <¢g Tty - 8mi V1 Vo

>) - (Sg*’“)_l (W] + O(w? + ). (4.28)

-1 )
Substituting (4.27) and (4.28) into (4.26), and using the fact that [, (Sg’k) [u*"] do = O(w),

we reach, up to an error of order O(dw? + w*), the problem

Vi1 fop, (sg”@) i) do
v302 [5p, (Sg’k) - [u™] do

(C"0 =M+ E) (Q1> =

, 4.29
0 (4.29)

where A = w?| Dy, while E = (E; j) = O(éw +w?), 4,7 = 1,2 is the matrix given by

5J :

8mi V; U1 Vg

wCa Dilw? %% ¢yl
E; = p (I 1| el a2 _ v?éiw w]l_,ao do.
oD;

We write ¢ = (&) and denote the right-hand side of (4.29) by p. Recall that we are working in
the subwavelength regime w = O(6'/2). Assuming A = A\ + \*, where \* = O(w?), we can rewrite
(4.29) into

(C"° = NI+ E—\1I)qg=p. (4.30)

Using the second eigenvector v§ of C?:?, we can find a constant y such that
_ 0
q = pva +qo;

for some qq satisfying v - go = 0.
Next, we compute p. Since u'" is a plane wave with wave vector k = ww, we have

u'™(z) =1+ wiw -z + Ow?), =€ dD.

Using duality, we have that

/a ) (s%’k)fl "] do = /a L (35“”“)71 [on,] do = O(w).
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We conclude that ¢ = O(w?). Therefore, the leading order of (4.30) shows that ¢o = O(w). We
are now able to compute u. Letting d = (_11), it is straightforward to compute

pd™(E — N I)v9 =d"p+ O(w?).

We can simplify

B = _waapDC’?1 (a —ib L@ + ib> (1) + WO b0y,

A V1 Vg 1

Then
dY(E = MNI)v) =d" (wCh 0 — X*I) VY.
From the assumption Im(dTC1?:@0v3) # 0, and since \* is real, we find that |dT (wCh a0 — \*]) v8| >
w3K > 0 for some constant K, for all \* in a neighbourhood of 0. We then have
= (wCvLao — X\*T) v

+O0(w),

uniformly for A* in a neighbourhood of 0. Then, combining (4.22) and (4.28), we find that for
z € R3,

u() — (@) = —pla +D)SP (@) + pla — 10)S5 () — S5* (S51) T ) (@) + O()

(we emphasise that there is no cancellation in the last term for x ¢ dD). This proves the claim. [

Remark 4.14. Ifw is instead close to the first resonant frequency wl = 0, the solution q to (4.30)
will be approzimated by the first eigenvector v{. Consequently, it can be shown that ¢ vanishes
to high order. In other words, the incoming wave is largely unaffected by the metascreen and the

scattered field is small.

4.5 Unidirectional reflection and extraordinary transmission

In this section, we prove that there is a frequency such that the metascreen has zero reflection
when the incident wave is from one side and non-zero reflection when the incident wave is from the
other side of the screen. We will also demonstrate the occurrence of extraordinary transmission.
The main results are stated in Theorem 4.17.

We begin by studying the radiative behaviour of the basis functions ST and S5, in terms of
which the scattered field is expressed. The quasiperiodic radiation condition implies that the single
layer potential behaves as a superposition of outgoing plane waves as |z3| — co. Throughout this
section, we will use ~ to denote equality up to exponentially decaying factors, i.e. for functions
f,g € C(R) we have f(z) ~ g(x),z — oo if and only if

|[f(@) = g(2)| = O(e™"7) as & — o,

for some constant K > 0. The following result describes the radiative behaviour of the single layer
potential in the case of a single propagating mode, and is a direct consequence of the expansion of
the Green’s function in (4.9).

Proposition 4.15. Assume that o < k < infgep\joy |+ q|. Then, as |x3] — oo, the quasiperi-

odic single layer potential satisfies
ik, -z
i/ e Yo (y) do(y), T3 — 00,
2iksL? Jop

Sptlel~ g
elk, -z

—ik_ .
Hal? /BD e Yo(y) do(y), T3 — —00.
Here, ks = \/k? — |a|? while ky = (a, k3) and k_ = (a, —k3).
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We define the coefficients

1 / o—ikey (z[;?(y) +wwjl.’a° (y)> do(y), i=1,2.

Riyt— ——
IE T 9012 Jop
By Proposition 4.15, the basis functions S7"%, S5 for the scattered field satisfies the radiative
behaviour _
ST~ Ry pe® T my — foc. (4.31)

4.5.1 Scattering matrix and unidirectional reflectionless transmission

Recall that we are considering the limit when § — 0 and supposing that w = O(+v/3). The condition
laf < k < infjezz\foy [27IL — o will be satisfied for small enough w, so the scattered wave will
behave as a single plane wave as |z3| — oco. If the incident field is given by

Uln(l') — Clelk_-x + C2€1k_¢_-:c7

the total field will behave as

N {cleik"” +die* T xe — o0, (4.32)

ik - ik
c2e T+ dye™ T, 13 — —00,

(@)=s@) s=(r 1) s

S is known as the scattering matrix. The reflection and transmission coeflicients r,t; are the
coefficients of the outgoing part of the field in the case u'™(x) = e!¥=* i.e. when the incident field
is a plane wave from the positive x3 direction (and reversely for r_,¢_). Next, we will compute
the scattering matrix in the asymptotic limit specified in Section 4.4.

For simplicity, we set v’ = ¥ with k = k; or k = k_, and then use linearity to obtain the
full scattering matrix. From Proposition 4.13, we know that the scattered field is given by

where

. -1
w— ™ = —(a+ib)uST + (a — ib)usSy — S (sg”@) [wi™] + O(w?). (4.34)

As w — 0, we have the following asymptotic behaviour of

1 1 w
Rip—=—— Oy) do(y) — ——— [ iky - y92(y) d v Lo 4o 1 O
PE T 9k, L2 /aD ¥;(y) do(y) ks L2 /aD iky - yj(y) do(y) + ks L? Jop ¥, o+ O(w)
ki -cj 1 Lo
= — 0 d .
Dksl? | ZiwsL? /SD ¥y do + Ofw)
Moreover,
1 —ik4 -y a,wy—1 i w / 1. 1.
- i ) in] g -~ Ket) @0 ) g -1 )
ks L2 /aD € (Sp™) [l da(y) 2ksl? Jop (% + 15 ) o+ O(w) +O(w)

Therefore, from Proposition 4.15, (4.31) and (4.34), the scattered field satisfies

u—u'" e~ (lm]l;iLQCl —ipb—1+4 O(w)) elks (4.35)
3
=1 (Gsx (X)) + O(w))ek=", (4.36)

as x3 — Foo. Here s denotes the sign of the third component of k (recall that p depends on k).
From (4.32) and (4.35), it follows that the scattering matrix, defined in (4.33), can be written as

G (\)  1+Ge (V)
o= (1+G+——(A*) G+_+(+A*) >+O(W)- (4.37)

25



Up to this point, the only assumption we have made on the resonators’ geometry is that they
are symmetric under the parity operator P. In order to simplify the above expressions, we will
additionally assume that the resonators have an in-plane parity symmetry Ps, i.e. that

PoD; =D;, i=1,2, where Po(x1,x2,x3) = (—21, —T2, T3).
We then have the following result on the capacitance coefficients.
Lemma 4.16. Assume that PoD; = D;, i =1,2.

(i) 1/)?, and consequently C?j and c;, are independent of ay.
0 0

Clz(O), CQZ(O)a
c —C

. 2 . 2
Lao 71w3L L1y iwge 1 -1
C = 5 <1 1 572 \ -1 1 + O(w).

Proof of (i). Using the symmetries described by P and by Ps, and using the fact that ¢ = —J
we have

(ii) For some ¢ € R we have

and

V) = —0Y(PPay), 1™ (y) = by ™ (PPay), (4.38)
for j = 1,2. Using the first identity, we have for i = 1, 2,

€ -cj = /BD sz(yi)w?(PP2y) do(y) = — /6D yit/)? do = —e; - cj, (4.39)

where e; is the i'! standard vector. Using the second identity of (4.38), we have

P do = | 3 do. (4.40)
oD oD

Using (4.39) and (4.40), we find from (4.19) that

1 1 1 1
S%OW?} = §X8D1 - §X6D27 S%OWg] = —§XaD1 + §X8D2-

Since S%’O is injective on L3(0D), and S%O does not depend on «ag, we conclude that 1/);) does not
depend on «p. O

Proof of (#). In the proof of Lemma 4.9 it was proved that 1/)?, and hence c;, is real-valued. The
first statement of (%) now follows from (4.39) and the fact that ¢; = —ca.
To prove the second statement of (ii), we use (4.40) to conclude that

i 7 a- (T, R .
S%O[ %70‘0 _wé,ao] = KX[‘)D + 2(]€;L22)/8D( iuaﬂ _wé,ao) do

= KXxop,

for some constant K. From Lemma 4.7 it follows that

7lao 71,00
1 - Y2 .

Then, using Lemma 4.11, we can write the matrix C1® as
: 2
l,a0 __ 71’[1)3.[/ 1 1 1 —1
C = > (1 1 +h 1 + O(w),

h= /d Sppt do,

where
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The only remaining task is to explicitly compute h. To this end, we write the kernel function G7°
of ST as
GY°(z) = Ki(x) + K3° () + K3 (),

and hence

= [ (e =)+ K5 - 9) + K5 - ) )ed) doo) doty),
oD JoD

L, . . 2
iwsx ilzs|(z1,x2) i(a - (z1,22))
Kl(x) = 4L23’ Kgo(x) = Qo ( 212 +gl(x) ) K??o(m) = dws L2 :

Next, we will show that only K; gives a non-zero contribution to h. Firstly, we observe that

K$°(Pax) = —K5°(z) while ¢{(Pax) = 19(z). Therefore

[ Ksrta - @is) dota) daty) =0
oD JoD

Secondly, we study the contribution of K3. We have
i

Kgo(m_y) = 4U/3L2

(@0 - (@1,22))* = 2 (00 - (w1,22)) (0 - (42,92)) + (00~ (v1.2))°)

and hence

/BD /BD Kélo S y)w? (:C)w? (y) do(z) do(y) =

1

e a'$1x22?$0.’b (1)0' O['1,22(1) g (1)0'
iz ([ o et o) [ s [ o traw)P il ast) [ uta

oD

~2 [ an (o)l @) do(@) [ an-(nm)edo) da(y>) .

The first two terms in the right-hand side vanish since [}, 1 do = 0, while the last term vanishes
since e; - ¢; = 0 for ¢ = 1,2. We conclude that only K; has a non-zero contribution to A. We have

i’LU3

Ki(r—y) = 412

(23 — 2z3y3 +43)

so analogously to K3, we can use the fact that faD ¥ do = 0 to conclude that

h:/aD 8DK1(xfy)w?(:c)¢?(y) do(z) do(y) = %/ i ) dg(;,;)/ ys1(y) do(y)

2L? Jop aD
iwsc?
212

This proves the claim. O

Theorem 4.17. Assume that PoD; = D;, i = 1,2 and that |bL?| # |ac|. Let A = w?|Dy|, and
assume that w is in the subwavelength regime such that X = Ay +\* for \* = O(w?). We then have
the following asymptotic expansion of the scattering matrix:

1 X = 2kgbe ik (BE 4 45
ihs (P2 = 55) =X ks (B2 422) X"+ 2hghe

a

S:

+ O(w),

where the error term is uniform with respect to A* in a neighbourhood of 0. In particular, we have
ry #r_, and to leading order v and r_ wvanish, respectively, at \* = Ay and \* = A_ given by

Ay = 2ksbe, A_ = —2ksbe.
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Proof. We begin by computing p. We have

AN ; A 1
[o(s5) wmdo = [ wm(s57) honldo = [ ikeaufdotw [ uldo s 0w?)
oD; oD oD oD
= iksc+iksL? + O(w?).

Then we find that
d'p = —2ik; (sac +ibL?) + O(w").
Moreover, writing f(A*) = d* (wC1¥ — X\*T) vJ we have
a?c?
FO) = —2iks (b2L2 - L2) + 2a\* + O(w").

We can then compute G as

2k
Gso (X)) = _]”(T;LQ (sac+ibL?) (cac —ibL?) — 1+ O(w).
Then, to leading order we have
. . . . 8ksabc
GoeN) =G (V). Gan(X) = Goa () = =
If b # 0, it is clear that 4 # r_. Simplifying these expressions, we have
—2a
Giz(\") = A" £ 2k3be) + O(w).
To leading order, we then have the following expressions for ¢4 and ry:
: b2L? ac?
o A* — 2kgbe L lkS(a +ﬁ)
T (EE ) & Tk (EE ) x
iks (V2 + 5 ) N+ 2kghe
ty = , r_ = .
f T (FE ) v iy (P — )
The expression for S and the zeros of r4 follow directly from this. O

Remark 4.18. There are two subwavelength frequency regimes not covered in Theorem 4.17: when
w is close to the first band function W = 0 or when w is well-separated from the two band functions.
When w is close to w, Remark 4.14 tells us thatt, =t_ =1 and ry =r_ = 0. When w is well-
separated from w9 and wg, the solution q to (4.30) will be small. Consequently, it is easy to show
that ty and t— will be small, while ry and r_ have magnitude close to 1. These regimes are
demonstrated in Figure 7.

Remark 4.19. The assumption |bL?| # |ac| comes from the condition ITm(d*C?1:@0v9) # 0 in
Proposition 4.13. At the critical point b = £75, the denominator of S will vanish at \* = 0.
Around this point, we therefore expect the transmittance and reflectance to be very large, corre-
sponding to extraordinary transmission. This is numerically demonstrated in Figure 8.

Remark 4.20. Throughout this section, we use the classical convention for the scattering matriz
S, defined in (4.33). If we instead define S = S(\*) by

o t_;,_ T_
s=(= 1)

we see that the points \* = Ay and \* = A_ represent exceptional points of S (see, for example,
[17] for further elaborations on the connection between unidirectional reflection and exceptional
points).

Remark 4.21. In the case that b = 0, i.e. without gain and loss, it is well-known that ry = r_
and t4 =t_, which is consistent with the fact that G,._ = G_4 and G441 = G__ in this case.
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4.5.2 Numerical illustration
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Figure 7: Plot of the transmittance Ty = |t+|* (blue) and reflectance Ry = |r4|® (red) as functions of
the frequency. The inlay shows the behaviour around the critical frequency range and demonstrates both
unidirectional reflection and extraordinary transmission. Here, we simulate a two-dimensional problem with
the same parameters and the same frequency range as Figure 6, with incident direction w = % (—\/?:7 :I:l)T.

Figure 7 shows the transmittance T4 = [t+|? and reflectance Ry = |r4|? as functions of the
frequency. The computations were performed using the multipole discretization (see, for example,
[7]), independently of the asymptotic analysis in the previous sections. As is well known for PT-
symmetric structures (see e.g. [34]), the two transmission coefficients ¢4 and ¢_ coincide. The
figure clearly shows the shifted zeros of the reflectances close to the second resonant frequency. For
a frequency at one of these zeros, the system will exhibit unidirectional reflectionless transmission.

Due to the gain and loss, the reflectance and transmittance satisfy the “generalized” energy
conservation relation [13]

RyR_+2y/T,T_ —T,T_ =1,

which, in particular, allows the scattering matrix to be non-unitary and allows the reflectance or
transmittance to exceed 1. In Figure 8, the peak transmittance is plotted as a function of the
gain/loss parameter b, which clearly demonstrates the extraordinary transmission.
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Gain/loss parameter b x107*

Figure 8: Plot of the peak transmittance as a function of the gain/loss parameter. The extraordinarily high
transmittance at b = ‘%‘ is clearly demonstrated. Here, we simulate a two-dimensional problem with the
same parameters as Figure 6 and Figure 7.
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5 Concluding remarks

In this work, we have studied non-Hermitian systems of high-contrast subwavelength resonators
with parity—time symmetry. We have proved the existence of asymptotic exceptional points in a
system of two resonators. More precisely, we have proved that there is a value of the gain/loss
parameter such that the resonant frequencies and eigenmodes coincide at leading order (in terms
of the material contrast). Moreover, we have proved that large ensembles of non-Hermitian res-
onators collectively behave as non-Hermitian systems, meaning they might, for example, support
exceptional points on a macroscopic scale. Finally, we have studied a metascreen of PT-symmetric
resonators. We proved that the two reflection coefficients asymptotically vanish at distinct fre-
quencies, which allows for unidirectional reflectionless transmission, and also showed that, for a
specific magnitude of the gain/loss, extraordinarily high transmittance can occur for frequencies
close to the second band function.
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