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Abstract

Robustly manipulating waves on subwavelength scales can be achieved by, firstly, designing a
structure with a subwavelength band gap and, secondly, introducing a defect so that eigenfrequencies
fall within the band gap. Such frequencies are well known to correspond to localized modes. We study
a one-dimensional array of subwavelength resonators, proving that there is a subwavelength band gap,
and showing that by introducing a dislocation we can place localized modes at any point within the
band gap. We complement this analysis by studying the stability properties of the corresponding finite
array of resonators, demonstrating the value of being able to customize the position of eigenvalues
within the band gap.
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Keywords: subwavelength resonance, subwavelength phononic and photonic crystals, topological meta-
materials, protected edge states, dislocation.

1 Introduction

Recent breakthroughs in the field of wave manipulation have led to the creation of structures that can
guide, localize, and trap waves at subwavelength scales (i.e. at spatial scales that are significantly smaller
than the operating wavelength) |2l [4, [6] 1], 37, 4447, [49, 54 [55]. The building blocks of these structures
are subwavelength resonators: objects exhibiting resonant phenomena in response to wavelengths much
greater than their size. Examples include plasmonic particles, Minnaert bubbles, and high-index dielectric
particles. The highly contrasting material parameters (relative to the background medium) of these
objects are the crucial mechanism responsible for their subwavelength response (see e.g. [5]). The goal
for researchers, now, is to develop robust versions of these designs, that retain their wave-manipulation
properties even in the presence of structural imperfections [3} [38] 39 58| 59].

An approach to creating materials with low-frequency localized modes is to start with an array of
subwavelength resonators that exhibits a subwavelength band gap, that is, a range of frequencies within
the subwavelength regime that cannot propagate through the material. We then introduce a defect to
the structure. If done correctly, this perturbation creates subwavelength resonant frequencies that are
inside the band gap and correspond to resonant modes whose amplitude decays exponentially away from
the defect [6l [T, 16], 45, 5I]. We will refer to these resonant frequencies as mid-gap frequencies and the
associated modes as localized modes.

It is widely understood that both the rate at which the localized mode decays and the stability of the
mid-gap frequency depend on the location of the frequency within the band gap [I8] 43]. Typically, the
localization is stronger if the frequency is closer to the middle of the band gap. Moreover, eigenvalues
in the middle of the band gap are more robust to imperfections of the material, particularly since a
small perturbation is likely to keep the eigenvalue inside the band gap. With this in mind, our aim is to
introduce defects in such a way that we are able to place a mid-gap frequency at any given point in the
subwavelength band gap, enabling controllable and robust wave guiding at subwavelength scales.

In this work, we will begin with a one-dimensional array of pairs of subwavelength resonators which,
we prove, exhibits a band gap within the subwavelength regime. We will then introduce a defect by
adding a dislocation within one of the resonator pairs (see Figure [1]). We will see that, as a result of this
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Figure 1: We start with an array of pairs of subwavelength resonators, known to have a subwavelength band gap.
A dislocation (with size d > 0) is introduced to create mid-gap frequencies.

dislocation, mid-gap frequencies enter the band gap from either side and converge to a single frequency,
within the band gap, as the dislocation becomes arbitrarily large (see Figure .

The localized modes studied in this work are, in particular, edge modes. Localized modes are known
as edge modes when the defect responsible for their existence is the interface between two materials with
different bulk inderes. Edge modes will propagate along the interface without entering the bulk of the
material. The bulk index of a material is a topological quantity associated with a periodic structure
and it is well known that the interface of two such materials supports robust edge modes [3, 14, [30-
32, 48, B0, B3, 57, B0O]. A typical example of an edge mode is that occurring at the edge of a material
with nonzero bulk index (which is the interface with the absence of material, which has a bulk index of
zero). It is in this sense that the two localized modes studied here are edge modes, since it was proved in
[3] that the corresponding array of resonator pairs has nonzero bulk index.

There are a plethora of different ways to introduce an interface capable of supporting edge modes. An
example from the setting of the Schrédinger operator, which is the quantum mechanical analogue of the
structure analysed here, is to introduce dislocations to periodic potentials. This has been widely studied
in both one [19, 22| [40], 4T] and two dimensions [33H36]. There are some important differences between the
dislocation of an array of resonators (as studied here) and the dislocation of a periodic potential. Most
notably, when a periodic potential is dislocated the original configuration will be recovered periodically.
Then, a quantity of interest is the edge index, which can be defined as the net number of eigenvalues
which cross a band gap over a period of dislocation (see for example [I5] [19]) If the edge index is nonzero,
it means that a mid-gap frequency can be placed at any given position within the band gap (which, we
said, is our goal). Moreover, according to the bulk-edge correspondence [19-21, 26H28], the edge index
coincides with the bulk index of the structure without dislocation.

In our setting we will not periodically recover the original structure as we increase the dislocation and
will, instead, produce two coupled half-space arrays. As the dislocation is increased, the coupling between
the two halves will diminish and both mid-gap frequencies will converge to a single frequency. This single
frequency corresponds to the edge mode of a half-space array, the existence of which is predicted by the
bulk-edge correspondence. There are two main results of our analysis of the dislocated infinite structure.
Firstly, we will show that when a dislocation is introduced, a mid-gap frequency enters the band gap
from each edge (Theorem . Following this, we prove that there are two mid-gap frequencies which
converge to a single frequency within the band gap as the dislocation becomes large (Theorem .
These two frequencies correspond to the hybridized modes of two semi-infinite arrays.

Physical realizations of the infinite structures studied here are arrays of finitely many resonators, cor-
responding to truncated versions of the infinite structures. To complement the aforementioned analysis,
we also study a finite array of resonator pairs to which a dislocation is introduced (Section . We show
that, similar to the infinite structure, the finite array decouples into two half-systems as the dislocation
increases which hybridize for intermediate dislocations. We also conduct a stability analysis to demon-
strate that the edge-mode frequencies are the most stable (with respect to physical imperfections) and
achieve optimal stability when the frequency is in the middle of the band gap.

2 Preliminaries

In this section, we briefly review the layer potential operators and Floquet-Bloch theory that will be used
in the subsequent analysis. More details on this material can, for example, be found in [7].



mid-gap frequencies
subwavelength sal 1
band gap

regime —

\
r

d

Figure 2: As the dislocation size d increases from zero, a mid-gap frequency appears from each edge of the
subwavelength band gap. These two frequencies converge to a single value within the subwavelength band gap as
d — o0.

2.1 Layer potential techniques

Let Q € R3 be a bounded domain such that 9 is of class C** for some 0 < s < 1. Let G and G* be
the Laplace and outgoing Helmholtz Green’s functions, respectively, defined by

ciklz—y]

G*(z,y) = , zyeRY £y k>0

dmlz —y

We define the single layer potential Sf : L?(92) — H (R3) by

S§1o)(x) = QQGk(w,yW(y)dff(y), z € R®.

Here, the space H (R?®) consists of functions that are square integrable on every compact subset of
R3 and have a weak first derivative that is also square integrable. It is well known that the trace
82 L2(09)) — H'(9Q) is an invertible operator. Here H'(9Q) denotes the set of functions that are
square integrable on 02 and have a weak first derivative that is also square integrable.

We also define the Neumann-Poincaré operator Ké’* : L2(09Q) — L%(09) by

0

K [6)(z) = /8 GG o) day), € 00,

where 9/0v, denotes the outward normal derivative at « € 9D.
The following so-called jump relations describe the behaviour of the trace of S& on the boundary OS2
(see, for example, [7]):
S§loll, = SSlell

and 5 )
sostlal], = (2574 K87 6l

where |4 and |_ are used to denote the limits from outside and inside 2, respectively, and I is the identity.

2.2 Floquet-Bloch theory and quasiperiodic layer potentials

A function f(z) € L?(R) is said to be a-quasiperiodic, with quasiperiodicity o € R, if e~%% f(x) is
periodic. If the period is L € RT, the quasiperiodicity « is an element of the torus Y* := R/%WZ ~
(—m/L,m/L], known as the Brillouin zone. Given a function f € L?(R), the Floquet transform of f is
defined as ‘
Flfl(z,a) = Z f(z — Lm)ettem,
meZ

F|f] is always a-quasiperiodic in = and periodic in a. Let Yy = [-L/2,L/2) be the unit cell for the
a-quasiperiodicity in z. The Floquet transform is an invertible map F : L?(R) — L?(Yy x Y*), with
inverse (see, for instance, [7, [42])

1

T or

Fgl(x) /Y g(z,a)da, z€R,

where g(z, ) is the quasiperiodic extension of g for = outside of the unit cell Yj.



We will consider a three-dimensional problem which is periodic in one dimension. Define the unit cell
Y as Y := Yy x R%. The quasiperiodic Green’s function G**(z,y), for ,y € R3, is defined as the Floquet
transform of G*(z,y) in the x; direction with fixed y, i.e.,

G k zkr\z y—(Lm,0,0)| oL
(@,9) Z47T|x— LmOO)|e '

Let 2 be as above but with the additional assumption that Q € Y. The quasiperiodic single layer
potential Sg’k is defined analogously to Sg, by

S8 1) () = /a G @)oly) doly), € R,

It is known that S§° : L2(9Q) — H'(9N) is invertible if a # 0 [7]. There are also jump relations for the
quasiperiodic single layer potential, given by

So™ 10l = 85" 18], (2.1)
and D ) )
S-S [gzb]‘i - (i2l+ (/CJ”“)*) (6] on A, (2.2)
where (K,**)* is the quasiperiodic Neumann-Poincaré operator, given by
(3™ (0lw) = [5G w.9)o(s) do).

The quasiperiodic single layer potential satisfies the following low-frequency expansion [7]:

Sot =83 + O(k?). (2.3)

3 Infinite dislocated system

We will now study the problem of the dislocation of an infinite array of resonators. We will show that, in
the case corresponding to nonzero bulk index, there are two mid-gap frequencies. These cover an interval
in the middle of the band gap as the dislocation is varied. In Section [3.I] we study the periodic system,
i.e. the system without dislocation, and prove that it has a subwavelength band gap. In Section [3.2]
we study the dislocated system in the asymptotic case when the dislocation d is arbitrarily small. We
show that as the dislocation increases from zero, two mid-gap frequencies appear, one from each edge of
the band gap. In Section [3:3] we study the case when the dislocation size is an integer number of unit
cell lengths, using the fact that this special case is equivalent to removing a finite number of resonators
from the periodic structure. Here, we prove the existence of two mid-gap frequencies in the simplest case
d = L, which corresponds to removing two resonators. We also show that as d — oo, the two mid-gap
frequencies must converge to a single value. Finally, in Section we study the dislocated system for
a general dislocation that is larger than the width of one resonator. These values of d include those in
Section [3:3] but the corresponding integral operator is much harder to analyse. The main goal of this
section is to prove that for these dislocations all mid-gap frequencies will be bounded away from the edges
of the band gap, meaning that the mid-gap frequencies found in Section [3.3] will remain within the band
gap. Moreover, these frequencies, as functions of d, will fill an interval in the middle of the band gap.
We first describe the geometry of the periodic structure, i.e. the case without dislocation, depicted
in Figure[3| Let Y = [~L, L] x R? be the unit cell, ¥; = [~L,0] x R?, and Y5 = [0, L] x R2. For j = 1,2,
we assume that Y; contains a resonator D; such that dD; € C1* for some 0 < s < 1. We denote a pair
of resonators, a so-called dimer, by D = Dy U Dy. We assume that the resonators in each dimer are
separated by distance [, and that each individual resonator has reflection symmetry. More precisely, we
assume that
R1D, = Dy, RoD =D, (3.1)

where R; is the reflection in the plane {—1/2} x R? and Ry is the reflection in the plane {0} x R?. Observe
that Ry := RoRj Ry describes reflection in the plane {I/2} x R?, and therefore the assumptions also
imply that

RoDy = Ds.
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Figure 3: Example of the array in the case d = 0. The resonators are drawn to illustrate the symmetry assumptions.

Starting from the periodic system, we assume that half of this structure is dislocated along the x;-
axis. Let v = (1,0,0) and let d denote the dislocation size. We then define the periodic and dislocated
systems, respectively, as

C= J Dy, cd=< U D;ﬂ)u( U D;"+dv>.
il mely i
Here, we use the notation
D" =Dj+mLv, j=1,2, melZ,

for the resonators in the m'™ unit cell. We introduce the notation Iy = I/L, i.e. ly is the ratio of the
separation of the resonators to the unit cell length. There are two fundamentally different cases: Iy < 1/2
and lg > 1/2. In the first case, the dislocation occurs between dimers of resonators, keeping each pair of
resonators intact. The second case corresponds to the dislocation occurring within a dimer, splitting one
pair of resonators into two “edge” resonators. The case Iy > 1/2 was illustrated in Figure |1} and we will
show that this is the only case with mid-gap frequencies.

Wave propagation inside the infinite dislocated system is modelled by the Helmholtz problem

Au+ w?u =0 in R?\ 0Cy,
uly —ul- =0 on 0Cy,
0 0 .2
5—“ A 0 on 0Cy, (3.2)
ovl, Ov|_
u(x1, 2, x3) satisfies the outgoing radiation condition as :r% + gcg — 0.

Here, 0/0v denotes the outward normal derivative and |+ indicates the limits from outside and inside
D, respectively. Moreover, w is the frequency of the incident waves which is assumed to be small, such
that we are in a subwavelength regime. We refer to [T, 29] for the definition of the outgoing radiation
condition for the scattering from compactly perturbed periodic structures. The material parameter §
represents the material contrast between the resonators and the background.

In order for subwavelength resonant modes to exist, we assume that § satisfies the high-contrast
condition

o< 1.

We say that a resonant frequency w is subwavelength if w scales as O(ﬁ) as & — 0.

We denote the spectrum corresponding to the problem by A(d). By a mid-gap frequency, we
mean a value w > 0 that is in the subwavelength regime and is such that w € A(d) but w ¢ A(0).
Here, the condition w ¢ A(0) means that w is within the band gap of the periodic system. It is worth
emphasizing that, due to radiation in xs- and x3-directions, the resonant frequencies are complex with
negative imaginary parts. Nevertheless, as we will see in Theorem [3.2] the resonant frequencies are real
at leading order so we consider only their real parts in this work.

3.1 Periodic system

This section concerns the infinite system in the case of no dislocation. We first state some preliminary
results from [3] concerning the capacitance matrix. In Section we prove the existence of a band gap



between the first and the second band, which is a strengthening of a result from [3]. Moreover, we derive
the asymptotic behaviour of the integral operator corresponding to the periodic problem as the frequency
w approaches the first or the second band.

Taking the Floquet transform of the solution u to , the a-quasiperiodic component u® satisfies
the Helmholtz problem

Au® + wiu =0 in Y\ oD,
utly —u¥-=0 on 9D,
al — ai =0 ondD,
ov |, ov (3.3)

e~ NPy *(xq, 29, 2x3)  is periodic in zq,
u®(xq, 2, T3) satisfies the a-quasiperiodic outgoing radiation condition
as \/x3 + a3 — oo.

We refer to [7] for the definition of the a-quasiperiodic outgoing radiation condition. Next, we formulate
the quasiperiodic resonance problem as an integral equation. The solution u® of can be
represented as
Sl%l [(ﬂll’z](x)v x € Dy,
u(2) = { 88,l68")(@),  weDs,
Spele*l(x),  xeY\D,

for some densities ¢ € L2(OD1), ¢5" € L*(ODy) and ¢*° € L*(OD) (here, the superscripts i and o
indicate inside and outside, respectively). Throughout, we will identify L?(0D) = L*(0D;) x L*(0Ds).
With this identification, we write ¢* = (7", $5™").

Using the jump relations and , it can be shown that is equivalent to the boundary

integral equation
A%(w, §)[®%] = 0,

where )
Sf) _Sg,w ¢a,i
A*(w,6) = S % —a,w)* ’ q)a:<ao)7 3.4
0 <—§I+’CD’ _5(;“(@»))) o 4
and
sw _ (Sp, 0 Sk ICg’l* 0
S-(5 8) m (T L), o)

Remark 3.1. Here, we use the standard single-layer potential to represent the solution inside the res-
onators. This leads to a block 2 x 2 integral equation, which might seem more complicated than the
scalar integral equation studied in [3]. However, this representation will, in fact, simplify the analysis of
the fictitious sources used later in this paper. Another advantage of this representation is that it easily
generalizes to the case of different wave speeds inside and outside the resonators.

3.1.1 Quasiperiodic capacitance matrix

In this section, we state some results from [3] on the quasiperiodic capacitance matrix. Let Vi be the
solution to

Ve =6 on 0D,
e Vi (w1, 22, 3) is periodic in zq,

Vi (w1, x9,23) = O (W) as \/r3 + 3 — oo, uniformly in z1,
23

where 9;; is the Kronecker delta. We then define the quasiperiodic capacitance matrix C'“ = (C’%) by
= / VVe-VVide, d,5=1,2.
Y\D

The main motivation for studying the capacitance matrix is given in the following theorem, proved in
I8, [10, [12].



Theorem 3.2. The characteristic values w§ = w$(8), j = 1,2, of the operator A%(w,d), defined in (3.4),
can be approximated as

ol [P5 os
wy = |D1|+ ()’

where A§, j =1,2, are eigenvalues of the quasiperiodic capacitance matriz C*.

In other words, this theorem says that the continuous spectral problem (3.3)) can be approximated,
to leading order in §, by the discrete eigenvalue problem for C“.

Lemma 3.3. The matrix C* is Hermitian with constant diagonal, i.e.,
Ch =C% eR, Cj=0Cg eC.

Using the jump conditions, in the case a # 0, it can be shown that the capacitance coefficients C
are also given by

Cza] = - wja dO', ivj:1727
oD;

where 9§ are defined by
vy = (S5°) ' [xop,]

Since C'* is Hermitian, the following lemma follows directly.

Lemma 3.4. The eigenvalues and corresponding eigenvectors of the quasiperiodic capacitance matriz are

given by
«@ « « a 1 761‘0&
12011—|012|a (bi>_ﬁ< 1 >,

(e} « « a 1 ezea
)‘2:Cll+|012|7 (b;)z\/ﬁ(l)’

where, for a such that C7y # 0, 0, € [0,27) is defined to be such that

«

i, _ Cio
.

O

Using these eigenvectors, we define bases {uf, u$}, {x¥, x§} of ker (—%I + (K%fa) )

and ker (—%I + IC%O‘), respectively, as
(=€ vl +v5), uf = —= (¢ +95),

(—ew“XaDl + XoD,) ; Xe = (ei(’“XaDl + XoDs,) -

Sl =Sl

K2

Observe that (x{,u$) = —d; ;A for 4, j = 1,2. Here, (-,-) denotes the L?(dD) inner product

() = /a oty do(y).

In the dilute regime, the capacitance coefficients can be computed explicitly. In this regime, we assume
that the two resonators can be expressed as a rescaling of the two fixed domains By and Bs:

l l
Dl = EBl — §V, D2 = EBQ + §V, (36)

for some small parameter £ > 0.
We define the capacitance Capp, of the fixed domains as

Capp, = — Y, do,
OB;



where ¢p, 1= (8% ) '[xap,]- Due to symmetry, the capacitance is the same for the two cases i = 1,2,
and therefore will simply be denoted by Capp. Rescaling the domain, we have that

Cap.p, =eCapp i =1,2.
Similarly, by rescaling, we find that the capacitance coefficients satisfy
IG5l <eC 4,5=1,2, (3.7)
for some constant C' independent of o € Y*.

Lemma 3.5. We assume that the resonators are in the dilute regime specified by (3.6)). Then, for every
€0 > 0 and p € N there exists a constant A, such that we have the following asymptotics of the capacitance
matriz Cf for e <eg:

N (sCap )2 eimaL
Cyy = eCapp — 47TB Z ] + o(g?),
m##0
a _ (503@3)2 = eimok 2
012 B 471- m;oo |mL + ll + 0(6 )’

uniformly in o for |a| > ApeP.

Lemma is a slight generalisation of a result from [3], and shows, essentially, that for smaller ¢, the
asymptotic formulas are valid for a closer to 0. Lemma can be proved by following the steps in [3]
under the additional observation that the sums have a logarithmic behaviour as o — 0:

ezmaL

——— = —log (2 —2cos(al)).
- g ( (aL))

3.1.2 Bandgap opening and singularity of A~

The next theorem describes the subwavelength band gap opening and the edge points of the bands.

Theorem 3.6. In the dilute regime, we have

L . L
max A§ = AT/, min g = A3/,
agy* agy*

for € small enough.

Proof. Observe first that if lj > 1/2, we can redefine the unit cell so that [y < 1/2, without changing the
band structure. Therefore, it is enough to consider the case [y < 1/2. We have

? = Olal - |C1a2|
< Cf; +Re (Cry)
1

= icapaD7

where Cap§, is the capacitance of D defined by

Capp = [ (55)7" [vow] o
oD

Using the variational characterization of Cap},, in the same way as in [12], it is shown that the maximum
of Capf, is attained at o« = w/L. Moreover, in the dilute regime, CfQ/ “is a non-positive real number [3].
We therefore have

™ 1 T
)\1/[/ _ QcapD/L’

so the maximum of A} is attained at o = 7/L.
We now turn to the second eigenvalue \§. Similarly, we have

5 =C71 +[Ch
>CY —Re(Ch). (3.8)



We can formulate a variational characterization for Cf; —Re (Cf5) in terms of the Dirichlet energy. Let C3°
be the set of functions in C°°(Y’) that can be extended to a-quasiperiodic functions in C*°(R?) decaying

as O ((23 + 23)7'/2) as /22 + 2% — oo. Let
1 1 2 | .2
H=<veH,(Y) ’ v(x1,22,23) =0 [ —] as /23 + 25 -
Vi + a3

and let H,, be the closure of C3° in H. Then define (see, for instance, [52])

1 1
Vo=<v€EH,|v=—-—=0n0D1,v=—o0n0Ds ;.
{ V2 RN 2}
We then have the variational characterization
C% — Re (C%) = min / Vo2 da. (3.9)
vE€Va Jy\D

Indeed, the minimizer vy satisfies Avg = 0 in Y \ D, and therefore vy = % (=V* + V§). Equation (3.9)
then follows by expanding the integral.

Define V = Ugey*Va. From (3.9) we find

min [C{ﬁ —Re (c;g)] = glei\r}/yw |Vo|? dz.

Because of the symmetry of D, the corresponding minimizer v, is an odd function in z. In other words,
vy is a 7/L-quasiperiodic function, and so

. a « /L /L
min {CH - Re(C’u)} = 0T/* ~Re (012/ ) . (3.10)

At o =7w/L, (3.8)) is an equality. This, together with (3.10)), proves that the minimum of \§ is attained
at « =x/L. O

Corollary 3.7. In the dilute regime and with § is sufficiently small, there exists a subwavelength band
gap between the first two bands if lo # 1/2, i.e.

max w{ < min w$,
a€Y* a€Y*

for e and & small enough.

Proof. From [3], we know that if Iy # 1/2 then )\f/L < )\;/L. Hence, Theorem [3.6| gives us that

max A{ < min Ag.
aEY* a€EY

The result then follows from Theorem provided that ¢ is sufficiently small. O

Next, we will explicitly describe the behaviour of (A%(w,8))”" as w approaches the edge of the first
or the second band. The results are similar to Lemmas 4.1 and 4.2 of [II], but generalized to the case
when D consists of two connected domains of general shape. Throughout the remainder of this section,
we assume that |a| > ag > 0 for some «ay.

Using uf, ug, x{, and x§ as defined in Section we decompose the operator %I + (ICBO"O)* as

1 —a,0n %
§I+<KD ,0) :Pa+Qaa

where (8 ) (08 )
X )" X )" —Q, *
Po = =200l = S8, Qo= 5+ (Kp™)" = Pa.
1 2
Then it follows that Q,[uf] = 0 and Q% [x®] = 0 for ¢ = 1,2. Here, * denotes the adjoint operator. As
we will see, the reason for using this decomposition is that @, will only contribute to higher-order terms

when computing the inverse (A%(w,d)) ™.




We consider the limit as § goes to zero. Recall that for w inside the corresponding band gap, we have
w = O(v/3). Then we can decompose the operator A®(w, §) as

o _ Sy =S\ (0 0\ (0 0 3
A(”"S)_<—;J+/€g* 0 ) ‘5(0 Pa> 5(0 Qa)+0(6 )-

_ 8% 8o B (0 0
Ap(w) = (—;I—l—/@g’* 0 > ) Ai(w,0) =164, (O Pa> :

Analogously to u$ and u$, we introduce the basis {u1,us} of ker (—%I + I@%*> as follows

We define

Uy = (—em"i/h + ¢2) ) Uz = (eiga wl + ¢2) ’

Sl
Sl

where ; are defined by
;= (Sp,) ™' [xan,]-
We then have the following result.

Lemma 3.8. (i) Forw #0, Ap: (LQ(GD))2 — (L2(8D))2 is invertible, and as w — 0,

. . 1
0 ~ {xapy, >1/}12+ (XoDys )12 40 ()
Aal _ w |D1| w
-1 a « ’
. «,0 2 . <X8D1a >¢1 + <X§D25 >¢2 1
(SD ) +0(w5) w?|Dy| +0 w
where |D1| denotes the volume of Dy.
(ii) For w # w®, Ay : L>(0D) — L*(dD) is invertible, and as w — 0 and § — 0,
o (1 —P(PH)!
ATt = * | +0w),
where
g a a L 4 « a « a
P = m(@(u'ﬁh + (X5, )uz), Py =1+ m(()ﬁfﬁh + (x5, )us).

Proof of (i). Using block matrix inversion, we find that

1 A -1
0 (—2I+IC“5*>

Ayt = . .
a,wy—1 a,w\—1 Sw S0,k
— (5™ (s (—pT k)

: (3.11)

which is well-defined since —31 + K" : L*(0D) — L?(8D) is invertible for w # 0 for both i = 1,2, see,
for instance, [7]. Here, 8% and K% are defined in (3.5)).
From the low-frequency expansion (2.3 of S5 we have

(S5 = (85°) " + 0. (3.12)

The operator (—%I + K‘B’j)_l is known to be singular as w — 0, see [7]. Explicitly, we have

1 w,* 71_ <X6Dia'>
(cares) ==t v meo

where R;(w) = O(1) as w — 0. Since |D1| = | D2, we have

1
(11+ K%) __xopy Wt Koy, W2 g () (3.13)

2 w?|Dy|

10



where we identify L?(0D) = L*(9D;) x L*(9Ds). Moreover, we know that S§ [1s] = xap, + O(w), and

0
—1
a,w\—1 Sw _1 Ok _ <X6D11 Wf‘ + <X9D27 >w2a l
(Sp¥) ~Sp ( 2]+ICD ) = 7Dy +0 o) (3.14)
Combining equations (3.11)), (3.12), (3.13]) and (3.14) proves (i). O

Proof of (ii). We can compute

1 W % - _ <X%7 '>’LL1 + <ng '>’LL2 1

Similarly, we have

-1
a,wy—1 Sw _1 Cow % _ <X(11’ >U? + <X%a >u% l
s597 S (—57+K57) Pas L eo(5)-

We then find that 5
4 m(b((lxu Jur + (X3, '>U2) 4 o)
1= w).
5 « « « «
0 I+ m(@ﬁ s uf 4 (x5, )us)
Define
0

P = m(@(?, Jur + (X5, -Yuz),

and 5
Py =1+ W«X?’ Juf + (X5, Jug).

The leading order of A; is invertible precisely when P is invertible. This occurs precisely when PLug # 0

for i = 1,2, i.e. when

O

| D1

w#

=w fori=12.

Moreover, we have

o (1 —P(@EHT! .
Alg (%y1>+m»

This shows (7). O
The following result can be proved by using the same arguments as those in [IT].

Lemma 3.9. For w # w®, and as w — 0 and § — 0, we have
(A% (w,8)) " = AT A (I + 0(9)).
Explicitly, we have

(A%(w,0)) " = AT A5 (I + 0(9))
0 ~ {xopy, )1 + (Xop,, )2 ) (1)

(JJ2|D1| w

0o (e ) - (537) o - Depe U bon IV o (1)

w?| D] w

p (Pl)_l (S%,(J)_l +OW) — (XoD1» U1 + (XaD,, )2 4P (Pal)—l (XoD1, )V + (XoDs, ) VS L0 (

w?| D1 w?| D]
_ (Pl)fl (Sg,())_l + O(W) _ (PL)_l <X6D17 >1/}1 + <X8D27 >¢2 +0 <1>

« w?|Dy| w

We will simplify the upper right element in the above expression, which is the part of (AO‘)_1 that is
relevant for the rest of the work. Define

a 1 (An A
<AW@>—(@1@J-

11

w

)



We can compute

Then we obtain

Consequently, we have

_ (Xopys Y1 + (Xops, )2 11 (s Xop)¥T + (Xop,, )8
Az w?| Dy | +P(Pa ) w?| Dy o

; — (wg

+0 (i) , (3.15)

(XoD1, )1 + (XoDs, Y2 <x%,->ul< (wg)” ><xg,->uQ< (ws)® )
w? )2

w?| Dy N w?|Dy |

and

-1 <X8D17'>wa + <X8D27 >wa 1
Ay = — (PY) :)2|D1| S1+0( -

_ _<X(1Xv'>u‘11 (“}2 o <X%v'>ug w2
WDl \w?—(@p)?) D] \w? - (w8)?

of2)

The singularity of A% as w — w§ or w — wS is, to leading order, described by the operator P;y. Defining

o (U o« —5u3?‘
Wf‘(u;*) q’j‘(x?)’

the above computations imply the following result.

Proposition 3.10. Asw — wj',j = 1,2, we have

« -1 _ 1 <(I)Ja’>\1]7 a
(A%, 9) T 209Dy w—w? + R (),

where R (w) is holomorphic for w in a neighbourhood of w.

3.2 Dislocated system for small dislocation

In this section, we study the problem when a dislocation is introduced so that half of the array of
resonators is translated in the x;-direction. We will model the defect problem using the fictitious source
superposition method [6].

3.2.1 Fictitious sources for dislocated resonator with a small dislocation

Here, we briefly describe the method of fictitious sources for a single translated resonator, in the asymp-
totic limit when the translation d — 0. This will be developed for use on a dislocated array in Section|3.2.2
Throughout this subsection, 2 denotes a bounded domain such that 0Q € C1*, Q4 := Q + dv, and U is
a neighbourhood of Q U Q4. Although this subsection is phrased for a general domain €2, we think of €
as a pair of resonators in the dislocated array.

We define the map p : 902 — Q4,2 + z + dv and the map q : L%(0Q) — L%*(0Q4),q(¢)(y) =

o(p~'(y)).

12



Figure 4: A dislocated pair of resonators in the case of a small dislocation d. Legend: == resonator with fictitious
sources, - - - dislocated resonator.

Lemma 3.11. Let x € 0%, let v, be the outward unit normal to O at x and let p,q be defined as above.
For ¢ € L*(0R2), we have

(i) If vy - v >0, then
S5[0)(p(x)) = Sglel(x) + dv - VSE[4]] , () + O(d?).

(i) If vy -v <0, then
81l (p(x)) = Sgl¢l(x) + dv - VSE[9]|_(2) + O(d?).

These estimates are valid uniformly in x € 02 in the following sense: There is a constant C, independent
of d, such that

Proof. The cases v,-v > 0 or v,-v < 0 correspond, respectively, to the cases when p(z) is inside or outside
Q for small enough d. In these cases, pointwise in x, the estimates follow by Taylor series expansions. If
x € 99 is such that v, - v = 0 we have [17]

< COd?
L2(09)

Salélop — (Sale] + dv - Vs[4l )

for d small enough.

v V839l (z) = v - VSE|_[¢](x).

For a fixed d, we define U C 0N as the set of points = such that p(z) ¢ Q but v, - v <0, and V C 99Q
as the set of points z such that p(z) € Q but v, - v > 0 for some dy < d. Since 99 € C!, we have
v, + v = O(d) uniformly for € U UV, and so

v V8§l (2) = v - VS5lel|_(z) + O(a),
uniformly for € U U V. This proves the claim. O

We now assume ) = 0y U 29 for two connected domains €2;,7 = 1,2. To study the problem for the
dislocated resonator, we consider the problem when the resonator €2 has its original position, along with
fictitious sources f, g on the boundary. Explicitly, we consider the problem

A+ w?u =0 in U\ 09,

uly —ul-=f on 99, (3.16)
ou) _dul_ on OS2
ov|, Ov|_ =g onoik

We assume we have a reference solution u satisfying

Au+ wu =0 in U\ 0Q4q,

uly —ul- =0 on 08y, (3.17)
ou ou '

0—| ——=—| =0 on 99Q,.
ov n ov|_

13



We want to determine the fictitious sources f, g such that

u=u InU\(QUQ, (3.18)
u=u inQNQ. (3.19)

Inside U, the two solutions u and u can be respectively represented as

Sw i,d :
u= {Sﬂd (0] €, (3.20)
Ss [0+ H inU\Qq,
and o
w (3 H Q
~{SQ[¢] _ m ) (321)
SE[¢°)+H inU\Q,

for some functions H and H satisfying AH + w?H = 0 and AH +w?H = 0in U. H and H can be
thought of as background solutions, while the single layer potentials account for the local effect of the
resonators. From (3.18) it follows that H = H. Using the jump relations and the boundary conditions
in (3.17) and (3.16)) we find that

Au(w, 8)Dy = <5ai|§\s;dg ) L Aw,6)d = (MHJ‘?T;Q) - (g) , (3.22)

where

Sw _Sw Sw _ Qw
A OJ,§ = QdAw* 4 ) AW,(S :< QAoJ* @ )7
alw, ) <_;z+;c9; s (§I+1ng)*)> @O =_1r k2" —5 2+ (kg))

and

id i
Oy = (io,d) ’ o = (Z:o) .

Figure 5: In the fictitious sources approach, for the case of a small dislocation, we seek solutions that match on

the shaded region. In and , equality is imposed on the region highlighted in the left image. Using

Lemma[3.11] this is mapped to a subset of 0. After this transformation, the length of the part of OQ not included

will be O(d), where d is the size of the dislocation. Legend: —— original resonator, - - - dislocated resonator,
region of enforced equality.

By equations (3.18]) and (3.19)), we have
86,[0"(@) = S3[¢")(@), T € 0N, (3.23)
Sg 67 (z) = S§[¢'](z), =€ 02N Q. (3.24)
We decompose the boundaries of the resonators as 9Q = 99, N Q and 9N = 9Q, \ 99, and define

o0 = 904 — dv and 90° = 9NG — dv. Because of translation invariance, we have Sg‘*z’d [¢™4] (z) =
Sy [¢7'(¢"")] (z), where T = p(x). Therefore, using Lemma , we obtain

{S;; [a71 (&) = S§l'] + dv - VS5 [¢']|_ + O(d?) on 9,

S8 (a7 (")) —dv - VSE [¢ (o™ |_ =S4 [¢] + O(d?)  on 9QN Q.

This transformation is depicted in Figure 5, The boundary 02 is decomposed into disjoint parts 9Q* and
09°, and the length of the “missing” part of the boundary, 992° \ (092 N Q,), scales as O(d). Moreover,

on this part (3.24) holds to order O(d). Using the Neumann series, we can invert the second equation to
obtain

) = 6 +d(85) v V8IS +O@) on o

14



We define @ : L2(0Q)? — L2(9Q4)? by
_ (4(w)
Q(u, U) <q(v)> .
By analogous computations for S§[¢>%)(x) as those for S[¢"?](z), we find that
A\~ 1 A
(S8) v-vsgl 0

Q '®y=P0, Pr=1+d .
0 (88) v vsy

+0(d?), (3.25)
"

where Py : L2(9Q) — L*(99). We denote the linear term in d by P\", ice., Py = I + dPY) + O(d?).
We now use Taylor series expansions to relate H|gq and H|sq,. We have that

H|aQ=H|an—dV~VH|an+O(d2)

0 0
= Hlspq, —d <(V . I/)aH‘agd + 8TH|3Qd> + O(d2),
where 3% = (v — (v-v)v) -V is the tangential derivative in the direction specified by v. Moreover,
0 0 0? 0?
- Hloo = -H —d v)s—H H O(d?).
5, loa = 7~ Hlaa, ((V v) g aHlon. + 57 |aﬂd) +0(d”)

The Laplacian in local coordinates defined by the normal and tangential directions of 924 can be written

as
0? . 0
A = w +27—($)$ +Aan7

where 7 denotes the mean curvature of 0€); and Apq, denotes the Laplace-Beltrami operator on 0.
Since H satisfies the Helmholtz equation (A + w?)H = 0, we get

0? 0

ﬁHL{de = — (w2 + A(‘)Qd) H|8§2d - 2T%H|agd
Hence, we have

H’a _ —1 H|89d
(68,,H aQ> =P0 (66,,H\39d 7 (320)
where the operator Py : L?(92)% — L?(092)? is given by
P, = I+apW o 0(d?) P _ —Or _(v(%V)
2 ’ 2 é(v-v) (w2+AaQ) 21 —0r)

Since 0y and Q only differ by a translation, we have that
As=QAQ™ . (3.27)
Combining (3.22), (3.25), (3.26) and (3.27)), we arrive at the following result.

Proposition 3.12. The layer densities ¢' and ¢° and the fictitious sources f and g satisfy

(1) =Bsa(l).  Blbsd—Puap -4

3.2.2 Integral equation for the dislocated system

In this section, we use Proposition to derive an integral equation for the dislocated system when the
dislocation size is small.

To study the dislocated problem , we consider the problem with periodic geometry, along with
fictitious sources fp,, gm placed on the boundary of D™ = D" U Dg*. Explicitly, we consider the problem

AU+ WU =0 in R3\ aC,

Uy — U= = fm on D™, m € N,

u) _ou =gm ondD™ meN, (3:28)
ov n ov|_

u(xy, x2,x3) satisfies the outgoing radiation condition as \/z3 + 23 — oo.

15



d
— — — —_
o <O <o o Qo
’ / / /
Jos 90 Josg90 f1,01 Ju.9

Figure 6: The dislocated system is equivalent to the original array with the addition of so-called fictitious sources
fm, gm, on the boundary of D™ for m € N. Legend: —— wuntouched resonator, == resonator with fictitious
sources, - - - dislocated resonator.

Assume we have a nonzero solution u to (3.2)). Inside Y™ :=Y + mdv, we can represent the solution as
in (3.20)) with the choices 2 = D™ and U = Y™. In this way, we define the layer densities ¢*¢ and ¢°<.
Since P; is invertible for small enough d, we can define the layer densities ¢!, and ¢2, as

i i,d
() =eran (5

0, m < 0,
fm) _ ¢, (3.29)
9m B™ o | m > 0,
b
where B™ is defined as in Proposition with the choice Q = D™. We then define the solution u by
(3-21) with H = H, and because of (3.29) this coincides with u in (Ym \ (D™ U (D™ + dv))) uU(D™n
(D™ + dv)).

Conversely, if we have a nonzero solution u to (3.28)), represented as (3.21]) in Y™ and with sources
satisfying (3.29), we can define ¢ and ¢*¢ to get a nonzero solution u to (3.2) coinciding with % in
(y™\ (DU (D™ + dv)) ) U (D™ (D™ + dv)).

From the above arguments, it follows that the spectral problem (3.2) is equivalent to (3.28). So, in
the remainder of this subsection we will only study the latter problem. For simplicity, since the solutions

coincide, we will omit the superscript ™ and simply write u for «.
We define u® as the Floquet transform of u, i.e.,

We then set the fictitious sources as

u® = Z u(z — mLv)e' ™™,

meZ
The transformed solution u® satisfies

Au® + wu® =0 in R3\ D,
utly —u- = f¢ on 0D,

ou® ou®
1) — =g% on 0D,

ov |, v (3.30)
e "My (xq, xo, T3) is periodic in 1,
u®(xq, T2, x3) satisfies the a-quasiperiodic outgoing radiation condition

as /3 + 23 — oo,

where

fa — Z fme—iam’ ga — Z gme—iozm_ (331)

meZ meZ

From now on, we identify functions u,, € L?(D™), for any m, with uy € L?*(0D) by translating the
argument, i.e., by ug(z) = uy, (x+mLv). Observe that under this identification, all operators B™,m € N
coincide and will be denoted by By.

The solution u® can be represented using quasiperiodic layer potentials as

g {SBl D,
Sp o] inY\D,
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where the pair (¢, ¢*°) € L2(0D)? is the solution to

S -8 ;
a 77/}0‘ . D D d)a,z B _fa
A(9) (cba) B —%JHC%’* ) (;I+ (ICBO“’“)*> (qﬁ“"’) a <—g“> ' (3.52)

Then the original solution u can be recovered by the inverse Floquet transform,

u(x) = % /Y u®(z) da.

Because of the quasiperiodicity of u®, the solution v inside the region D™ satisfies
=88 | / ey da (3.33)
TP L or Jy ' '
Similarly, inside the region Y™ \ D™, we have
1 QW 1o,0
w=90 Y*SD [¢™] dex
) 1 im0 1 W [ 4,0 ino
=S5 {277 / iOMm B da] + %/Y > Sple™e)(- — nLv)e™ da. (3.34)

" neZ,n#m

The last term in the right-hand side of (3.34) satisfies the homogeneous Helmholtz equation (A+w?)u =0

in Y™. Therefore, combining (3.33)) and (3.34]) together with (3.21)), we can identify ¢™, ™ and H as
follows:

1 , . 1 ,
¢%l,l — 27 ezam(ba,z (10{7 ¢Tan70 — 27 ezam¢o¢,o (ia7 (3.35)
™ Jy=* ™ Jy=*

and

H= % / * > 8B — nLv)e™™ da.

neZ,n#m
We define the operator I, : L2(0D x Y*) — L%(0D), by

Inlil@) = 5= [ o)™ da.

Since the operator A, is invertible for w in the band gap, we have from (3.32)) that

) = (1),
¢ -9
Combining this together with (3.35)) and ([3.31)), we obtain the following result.

Proposition 3.13. As d — 0, the mid-gap frequencies of (3.2)) are precisely the values w such that there
is a nonzero solution ¢t ¢*° € L2(OD x Y*) to the equation

¢a7i = — @ -1 = —ima ¢a,i
<¢a,o> = —(A%(w,9)) (ﬂ;e Bolm> <¢a70>. (3.36)

It is clear that By = O(d). As d — 0, it follows from Proposition that any characteristic value
w = w(d) satisfies w(d) — w§ for some w§'. Denote

wy = max wy, ws = min w§.
a€eY* aeY*

The following lemma follows from Theorem [3.6]

Lemma 3.14. To leading order in 0, the critical values wy and w$§ are attained at o® = w/L, and for «
close to a® we have

wi =wi —ci(a—a®)’+0 (Jla—a®)* +96), ws =wi —ca(a—a®)’*+0 (Ja—a®]* +0),

for some constants ¢y, co.
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In what follows, we will consistently use the superscript ¢ to denote corresponding quantity evaluated
at the critical point a® = w/L, to leading order in §.

Lemma 3.15. Assume that D1 and Do are strictly convex. Then, in the dilute regime, we have the
following:

Case lp <1/2: (DS, Bo¥]) <0 and (D5, Byws) >0,
Case lop > 1/2: (99, Bo¥]) >0 and (D5, ByPs) <0,
for small enough €, and d.
We refer to Appendix for the proof of Lemma We will also need the following lemma.
Lemma 3.16. We have

1 & ima [P e 1 1 1
Re [ — —ima —C dd | == L arct _
e<27r Oe /0 T+ (o — ) oz) 2(1+c2(a—7r)2+7rcarc an(ﬂc))

m=

Proof. Define I(«) as

1 o0 ) 27 eima'
I _ —ima - dd.
(@) T — ¢ /0 142 (o — )2 @
Completing the Fourier series, we have
— 1 [* 1 1
I Io)-— | ——— dd/=—
@+T0) - 3= | a9 - ey

Since I(a) + I(a) = 2Re(I(«)), and since

1 /2“ 1 do = L et ()
— ————— da/ = — arctan(rc
2 Jo 142« —7)? e ’

the lemma follows. O

From Lemma [3.16] we find that

oo

1 mo o eime! , 11
— 1™ —————— da’ = = + — arctan(wc). 3.37
27 m=0( ) /0 14 c2(af —m)? 3" 27e (me) (3:37)

The next theorem, which is the main result of this section, describes how the mid-gap frequencies
emerge from the edges of the band gap.

Theorem 3.17. Assume that D1 and D5 are strictly convex. For small enough d and 0, and in the case
lo > 1/2, there are two mid-gap frequencies wi(d),w2(d) such that wj(d) — w?,j =1,2 as d — 0. In the
case lg < 1/2, there are no mid-gap frequencies as d,§ — 0.

Proof. We seek solutions to (3.36) as d — 0, corresponding to solutions w in a small neighbourhood of
wy for j =1 or j = 2. By Proposition and Lemma (A*)~" has a pole at w®. Recall that we
seek solutions w = O(v/6) as § — 0. At 6 = 0 and w = 0, the problem (3.2)) decouples into a Neumann
problem on each resonator, with constant solution inside each resonator. Since S%[u;] is constant inside
D, we find that ‘
PM" = c1(a)ur + ca(a)ug

for some coefficients ¢;(a) and ca(cr). It follows that the root function is such that the singularity of
(A%)~! does not vanish. Hence, from Proposition and Lemma the solution can be written, for
a close to a°, as

¢a,i \I/;?
<¢a’o) T w—wltola— a°|2h(w7 6.d) + Ka(w, @, 0,d),
J

where K (w, @) is bounded uniformly in d for (w,a) in a neighbourhood of (w$,a®) and h is constant in
a. Applying (3.37)), we then find that

 emampor (P 2 BV sk
mZZOG 04m ¢o¢,o 72(?&);) (w, ) )+ 2
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for some K> with norm of order O(d) in a neighbourhood of (w$,a®). We then have

L& 5 e (@2, By T2)
« 5 MBIy, = J J J h(w,d,d) + K.
./4 w ’m‘Z:Oe (d)ao) LLJ*CA.J;»)‘FC]"O[*O[OP 4w;>\D1|(w*w;>) (OJ, ) )+ 3

Equation (3.36) then reads

D2, By d
<§ 2t J><> =1+0 L
4w?| D1l(w — wg) w—ws

J
which has precisely one solution w = wq(d), expanded as

i(d) = wf O(d*?).
From Lemma it follows that w;(d) is inside the band gap precisely in the case ly > 1/2. O

Remark 3.18. It should be noted that the assumptions of convexity made in this section are not an
intrinsic part of the method. This was only needed to simplify the arguments in the proof of Lemma [3.15]
Indeed, the fictitious source method is repeatedly used in the rest of this work without any assumptions
of convexity.

3.3 Integer unit length dislocation

In this section, we study the problem when the dislocation is an integer number of unit cell lengths.
This is equivalent to the case when an integer multiple of dimers are removed from the original, periodic
structure, thus creating a cavity. We will model this defect cavity problem using the fictitious source
superposition method [6].

3.3.1 Fictitious sources for a removed resonator

Here, we describe the method of fictitious sources when a single resonator is removed. Throughout this
subsection, © denotes a connected, bounded domain such that 9Q € C**, and U denotes a neighbourhood
of Q. Although the argument can be made for general 2, we assume that € consists of two connected
components Q0 = Q1 U Q.

To study this problem, we consider the problem when the removed resonator €2 is reintroduced, along
with fictitious dipole sources g on the boundary. We assume we have a reference solution u satisfying

Au+ w?u =0 in U.

Let w satisfy the fictitious source problem

A+ w?u =0 in U\ 09,
Uy —ul-=0 on 01,
ou ou

— -] = Q.
681/ N oo | g ond

We want to determine the fictitious sources ¢ such that v = % inside U. Any solution @ can be represented

as o
o,
for some H satisfying AH + w?H = 0 in U. Imposing @ = u in U is equivalent to
¢ = (Sg;)*l [Wlogl, ¢°=0, H=u.
Moreover, using the jump conditions, we find the following expression of g.

Proposition 3.19. The fictitious sources g and the layer density ¢° satisfy

9= B(w,8)¢', Bw,d) =(6-1) (_;I N ’C?z) |

Conversely, by the unique continuation property of the Helmholtz equation, if g satisfies Proposi-
tion 3.19} then u = v in U.
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3.3.2 Integral equation for the dislocated system

O OO O I T
V), YAV, o U U o

fo, 90 fo, 90

Figure 7: The dislocated system with dislocation equals to a multiple of the length of the unit cell (i.e. d = NL)
is equivalent to the original array with the addition of so-called fictitious sources fm, gm, on the boundary of D™
form =0,...,N —1. The case N = 1 is depicted here. Legend: — untouched resonator, == resonator with
fictitious sources, - - - dislocated resonator.

We now assume that 2N resonators are removed, so that u satisfies (3.2) with

Ca=Co\ (JU Dm> . (3.39)

m=0
Again, we model this using the fictitious source method as in (3.28), following the approach of Sec-
tion [3.2.2] We put f,, = 0 for all m. Moreover, g,, will be defined as in Proposition for all the
removed resonators.
Assume we have a nonzero solution u to (3.2]). Inside Y, m = 0,1,--- ;N — 1, we can define the
layer density ¢!, as
; oy —1
O = (83)  [ulopm].
We then set the fictitious sources as
gm = Bp#’,, 0<m< N —1, (3.40)

and ¢,, = 0 otherwise. Here, Bp are the operators defined in Proposition with the choice Q = D.
Then, putting ¢° = 0 and H = u, we obtain a solution u defined by , which coincides with » on
Y™\ D™.

Conversely, if we have a nonzero solution u to , represented as in Y™ and with sources
satisfying , then we can define a nonzero solution u = u to coinciding with w on Y™ \ D™.

We introduce the extended operator on (L2(8D))2,

0 O
(20
For oo € Y*, define B* : (L2(aD))2N — (Lz((’?D))2 block-wise as
B = (B e e—(N—lﬁaB),

and define E* : (LQ(OD))2 — (L2(8D))2N block-wise as

I
et
B — eZiaI

e(N—-Dyiafg

Next, we follow the approach of Section [3.2.2]to derive the integral equation for the dislocated system.
By taking the Fourier transform, we obtain (3.30]) together with the relation (3.35) for ¢!, and ¢2,. Putting
%
b5
(bN = )

%
N—-1

o
N-1
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we then obtain the following result.

Proposition 3.20. For Cy4 as in (3.39), the mid-gap frequencies of (3.2) are precisely the values w such
that there is a nonzero solution ®n € (L2(8D))2N to the equation

1

Py = ——
N 21

(/Y E*(A%(w,d)) ' B da) Dy. (3.41)

In order to analyse (3.41)), we will need the following lemma, which is an immediate consequence of
the structure of B.

Lemma 3.21. We have A
- B 0
A%w,8)) "B =(F120P > 3.42
(A%(w,9) <A223D 0 (342)

As § — 0 and w = O(V9), the operator Aio can be approzimated by (3.15).

Although Ass can be computed explicitly, this will not enter into the remaining arguments and is
therefore omitted. Due to the zero column in (3.42)), it is clear that (3.41) reduces to an equation for

¢y, ¢ only. In fact, from (3.41)), it follows that
1 eia N ef(Nfl)ia AlQBD 0 e 0
(I)i 1 6ia 1 A e_(N_Z)iO‘ 0 AlgBD s 0 (I)Z d
N oy : : . : : : : N
e(N=-Dia  o(N=2)ia | 1 0 0 .-+ A1sBp
(3.43)
where )
%0
A ol
oy =|
o1

From Lemma we obtain that, to leading order, ¢!, is a linear combination of v; and 1,

¢3n = mel + dm¢2 + O(w)

Define, for j = 1,2,
1 .
t;’f], = — erme <X(9D7‘,7 (I + A12BD) [%]) da.
2T Y *

Then, taking inner products (xgp,,-) in equation (3.43)) we find

1 ; (Xopy, I + A12Bp[@]) Cn
L imao 17 n da = Tm 5
or Jy © <<X0D2,I + A1Bplei])) dn

where T,,, denotes the 2 x 2 matrix (t;”]) ‘We thus have

Tn(w)Cn =0, (3.44)
where we have defined
¢
Ty T4 - T_(n-y d?)
T To - T_(n-2 c
TN (U‘)) = : : .. . ) CN — 1
ITno1 Tn—2 - 1o dy 1

Observe that Ty is a block Toeplitz matrix generated by the symbol ¢,

1,1 P1,2 ..
= = ’ ’ iq = . I A B i1/ sJ — ]-72
= p(a) (@2,1 @272>, @i = (xop,, (I + A12Bp) [¥5]), i, ]

In the following lemma, we compute .

21



Lemma 3.22. We have

Capp, Q1+ Qy —efo (Q — Q) 2
410(04) - 2 _6—1'00 (Ql _ QQ) QO + Qs ) det(p - (Cale) QIQ2a
where
()’
Qj = J 3 J = 1, 2
w? — (wja)

Proof. As computed in [5], we have

1 w,* 3

and therefore,
(xop,, Boyj) = | Dildi; +O(w?), i,j = 1,2.

From this, using Lemma and (3.15]) we find that

Q1+ Q 0.1 —Q
ABp] = (_1 + 122> T a— zemlT%/}2 + O(w),
0.1 —Q Q1+ Q
AwBplin] = —¢* == + (—1 + 122) 2 + O(w).
The result now follows from the facts that (xap,,v;) = —Capp_d;; and Capp, = Capp,. O

Observe, in particular, that ¢ is a Hermitian matrix, and therefore the Toeplitz matrices Ty are also
Hermitian. We define the “exchange” matrix .J,, € R>™,m € N, as

0 - 10
T =

The following lemma describes the centrosymmetry property of Hermitian Toeplitz matrices.

Lemma 3.23. We have - o
T = IT i, Tn = INTNIN-

Proof. We have JipJ; = @, and therefore

Tm = % . e o) da
1 -
=5 - Jiemimep(a)Jy da
= NT_J1.

The second equality of the statement follows from the first one together with the Toeplitz structure of
TN O

We will study the solutions to (3.44)) in the two cases N =1 and N — oo. The following proposition
characterizes the solutions in the case N = 1, corresponding to two removed resonators.

Proposition 3.24. If N = 1, the equation (3.44)) has a nonzero solution if and only if w is a solution to
one of the two equations

1

o . (2 (1) + 02 (17 %) ) da =0. (3.45)

Ifly < 1/2, there are no solution to the equations (3.45), while if lo > 1/2, each equation has exactly one
solution.

22



Proof. In the case N = 1, equation ([3.44) reads

1 (3) o

which has a nonzero solution if and only if det Ty = 0. We have

2
det Ty = % ((11>2 _ \12|2) ,

where
1

I -
! 2T Y *

(Ql + QQ) dOé, I ew“ (Ql — QQ) do.

2T Y *
—a

By time-reversal symmetry, we have w;

equivalent to

= w;?‘,j = 1,2, which implies I, € R. Hence detTy = 0 is

11—12:0, OI‘Il—FIQ:O.

The remaining part of the proof is given in Appendix [B] It is shown that that each of these equations
has a unique solution in the case Iy > 1/2, while no solutions in the case ly > 1/2. O

Denote by 7 (w) the infinite Toeplitz matrix corresponding to Ty (w), i.e.,

To T-1 T_o
T T, T,
Tw=|n, 7 T, |

which defines a bounded operator on the space I3 of sequences of two-dimensional vectors. More precisely,
13 consists of sequences {r,}5°, € I3 of vectors z,, € R? such that

- 1/2
(z w) o
n=0

where || - || denotes the Euclidean norm.

Proposition 3.25. Given we inside the band gap such that T(ws) has eigenvalue 0, there are two
frequencies w1 (N),w2(N) = woo as N — 00, such that T is not invertible at wy(N),ws(N).

Proof. Let X = {x,}°%, € I3 be an eigenvector with T (ws)X = 0, and let = € R?Y be a truncation of
X. Since T (weo)X = 0, we have

(oo}
> Tinzn =0 (3.46)
n=0

for all k € N. Define z;, zp € R*V,

. X . X
21 = JNT )’ %2 = —JNT )

Then, using Lemma we have

N-1 N-1 N-1 N_1
Ton (Woo)21 = E Th_nTpn + E Ty N-nINTN_1-n | = E ThnTn + JIN E ToN_1—k—nTn
n=0 n=0 n=0 n=0

for k=0,---,2N — 1.
In view of (3.46]), given € > 0 we can choose N such that

[Tenzll <e,
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which implies that 0 is in the e-pseudospectrum of Ton(ws) (see, for example, [56] for a thorough
discussion on the definition and properties of pseudospectra). Since 7oy (wso) is Hermitian, it follows that
there is an eigenvalue pq of Tan(weo) With |u1] < e. From this, it follows that there is a characteristic
value wy of Ton (w) with |w; — we| < Ke for some K independent on ¢ [7].

In the same way, we can show that given £ > 0 we can choose N such that

| Ton 22| < e,

and therefore there is a characteristic value wy of Ton (w) with |we — weo| < Ke for some K independent
on e.

The above argument shows that w;(2N) — ws as N — oco. The case of the sequence w;(2N — 1),
corresponding to odd indices, follows similarly by choosing the truncation z € R*Y~! and constructing
21, 22 analogously. O

Remark 3.26. The values of the nonzero solutions C'y to correspond to the values of the mid-gap
modes inside the dislocation region. The two pseudomodes z; and z, can be interpreted as approximations
of the monopole and dipole modes, respectively, arising from the hybridization of the two semi-infinite
half-structures. As the dislocation increases, i.e., as N — oo, the strength of the hybridization decreases
and the frequencies corresponding to these modes converge to the same value wy.

Remark 3.27. The work in the present section shows the intimate connection between localized edge
modes, and the fact that Toeplitz matrices have eigenvectors which are exponentially localized to the
edges of the vector for sufficiently smooth symbols [56].

3.4 Dislocation larger than resonator width

In this section, we assume that the size of the dislocation is at least the width of one resonator. In other
words, this means that each dislocated resonator does not overlap with the original resonator.

We begin by stating some facts from [I3] on the eigenfunctions of the Neumann-Poincaré operator
IC?I’* for a domain Q with 90 € C'*,0 < s < 1. We additionally assume that € is connected, which

means that  can be thought of as a single resonator D} in the dislocated array. The operator IC%’* is
known to be self-adjoint in the inner product (-,-)_;/ on H=1/2(9Q) defined by

(w,0)—1/2 = = (0, SQM]) /519

where (-,-)_1/9,1/2 denotes the duality pairing of H~'/2(0€) and H'/2(0Q). Then, by the spectral
theorem, the eigenfunctions ¢, j = 1,2,3,---, of IC%* form a basis of H~/2(9) that is orthonormal

with respect to (-,-)_y/2, while the functions S [1],] form a basis of H'/2(8Q) that is orthogonal with
respect to the inner product (-,-); /5 defined by

(010 = = {(58) ™" [l v)

~1/2,1/2

The following addition theorem gives an expansion of Green’s function G*(x, z), with the origin shifted
by z ¢ 0, in terms of S [y} ](x).

Proposition 3.28. For x € 99, z ¢ 9Q and w small enough, we have
G¥(x,2) = =) S§6a)(2)Sa [l (),
i=1

where & = (86)71 S

Proof. The proof follows the same arguments as those in [I3], where an analogous result was proven for
Laplace Green’s function G°. We include the proof for the sake of completeness.
Since S§[1y] is a basis of H'/2(0Q), and since S4 : H~/2(9Q) — H'/?(9Q) is invertible for w small
enough, we can expand G* for fixed z as follows,
Gw(" Z) = Z ci(2)8g [¢;2]> (3'47)

=1
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for some coefficients ¢; with

> lei(z)]? < o0, 2 ¢ 00
i1
Moreover, t); are orthonormal in H~1/2(9Q) equipped with (-,-) _1 /5. From (8§)" = S, we have

(& salud)) —((S8) ™ shlvhl. Salvd])

212 —1/2,1/2
=0, (3.48)
Therefore,
(e t2) = SElle) (3.49)
Combining (3.47) together with (3.48) and (3.49) shows the claim. O

We denote Qg = 2 + dv. We then have the following proposition.
Proposition 3.29. Assume that QN Qg = 0. Then, for ¢ € H=Y/2(0Qy), we have

SG,0(x —dv) = 85, [Vel(z), xe€ 0,

where V : H=Y2(99y) — H~Y/2(0Q4) is given by

Vg, = vad, Vij= - /zm S8 (60, ](y — dv)dy (v) doty), i > 1.

Proof. Since

S4,0)(x —dv) = - G¥(z,y + dv)o(y) do(y),

and since y + dv ¢ 9, the proposition follows from Proposition [3.28 O

We will also need the following addition theorem for the normal derivative of the single-layer potential.
We let Dg denote the double-layer potential (for details on this operator we refer, for example, to [7]).

Proposition 3.30. Assume that QN Qg = 0. Then, for ¢ € H=/%(9Qy), we have
0S¢,

afodv

S
WSk

Dl —av) = WS [gl(w), @ e o

+

where W : H=1/2(094) — H~1Y/2(0Qy) is given by
1 w,* w i j .
w (2 +KQ;) ] = ZW,ijd, Wi = /d D8, 56, 60,)0 + dv)h, (1) do(y), i = 1.
d

Here, 0/0 denotes the normal derivative with respect to 2.

Ve—dv

Proof. Analogously to the proof of Proposition we can show that

oG~ S w ) i
87(% y) = ZDszS?z[wsﬂ(yﬁ/fu(x), z €0Q, y ¢ oN.
v i=1
The result now follows by the same argument as the one in the proof of Proposition [3.29] using the jump
relation
088,

vy

o= (54 ) o)
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3.4.1 Fictitious sources for the non-overlapping resonators

Here we describe the method of fictitious sources when a single resonator €2 is dislocated by d such that
QN Qg =0, where Qg = Q + dv.

The arguments follow closely those of Section Again, we consider the two problems and
corresponding, respectively, to the original geometry with sources and to the dislocated geometry
without sources. Representing the solutions as (3.20) and (3.21)), we again arrive at the equations given
in . Next, we will use Proposition |3.29| to study these equations.

Let Uy be a neighbourhood of € not containing 4. Imposing v = @ in Uy \ © we find from Proposi-

tion [3.29] that

-1
by =P1P, where P;:= (VO VO_1> Q.

As before, since Q4 and 2 only differ by a translation, we can easily see that
Ag = Q.AQ_l.
In Uy, we can represent H as

x) = ZciSS“{d(x), z € Up.

H’ H’BQ o Voo
(58H ) PQ(éal,Hi ,  where Py:=0Q 0o W)

00g

This gives

Here, V* : H/2(0Q4) — HY?(99) is defined by

v [sa,1h,)] = ZVuSQd [,

Combining this together with (3.22)) gives the following result.

Proposition 3.31. The layer densities ¢' and ¢° and the fictitious sources f and g satisfy
L o' - B
g - B(w767 d) (bo ’ B(w757 d) - 7)2-/47)1 A

3.4.2 Integral equation for dislocations larger than the resonator width

We define dy as the width of one resonator in the x;-direction, i.e.,
do :inf{d€R+ |D710D1+dV:®}

We define o X
By = Py AP, — A,

A S -8 (VL0 (V0
A_<—;1+/€g* —5(§1+(i€g)*)>’ Pl_( 0 f/—1>’ PQ_(O W)’

- (Vi 0 e (V0 (W 0
e R B VI B G

where V;, V;*, W; are defined as in Section @ with @ = D;, j = 1,2. Then By describes the fictitious

sources for the dimer. Following the same arguments as those in Section [3:2.2] we obtain the following
result.

where

with

Proposition 3.32. For d > dy, the mid-gap frequencies of (3.2)) are precisely the values w such that
there is a nonzero solution ¢t ¢*° € L2(OD x Y*) to the equation

¢o¢,i a Cimer ¢o¢,i
(qﬁa"’) —(A%(w,0)) (Z Byl ) (dﬂ"’)' (3.50)
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Our next goal is to show that as d increases, any mid-gap frequency will remain inside the band gap.
We begin by stating the following lemma, which is the analogue of Lemma [3.15

Lemma 3.33. Assume that the resonators are in the dilute regime specified by (@) Then, for d €
(do,00) and for small enough € and ¢

(@5, Ba¥5)| > K >0, ji=1,2,
for some constant K independent of d.

The proof of this result is given in Appendix [A72] We are now ready to state and prove the main
result of this section. Recall that we denote the edges of the band gap by

w] = max wf, w$ = min wy.
agy* acy*

We then have the following proposition.

Proposition 3.34. For d > dy and 6 small enough, any mid-gap frequency w(d) is bounded away from
the edges of the band gap, i.e.
|w(d) - ;}| > ¢, Jj=12,

for all d > dy and for some positive constant ¢ independent of d.

Proof. We want to show that there are no solutions to (3.50]) that approaches the edges of the band gap.
Assume the contrary, i.e. that we have a solution w — w¢. Following the proof of Theorem @ we
obtain

(@, B4¥5)

4w?|Drf(w — w$)

=1+ 0(1),

as w — w?. But since [(®, BYY)| > K > 0 for all d, this equation has no solution. O

3.5 Theorem on mid-gap frequencies

We now combine the results of the two previous sections, namely Proposition Proposition and
Proposition into the following theorem.

Theorem 3.35. Assume that the resonators are in the dilute regime specified by (3.6). Then, for small
enough § and €, there exists some dy = O(g) such that there are two mid-gap frequencies wi(d) and wa(d)
for all d € [dy, 00), both of which converge to the same value ws as d — oo.

Corollary 3.36. Assume that the resonators are in the dilute regime specified by (3.6). Then, for small
enough 0 and €, there is an interval T = [w1(dp),wa(do)] within the band gap such that if w € T\ {wso},
then there exists some d > do such that w € {wi(d),w2(d)}.

Corollary says that any frequency w € 7\ {woo} is a mid-gap frequency of the structure for some
dislocation d. From Proposition we have an explicit way to compute the interval Z, and as we will
see from the numerical computations, this interval contains the middle region of the band gap. What
we have shown is that we can choose a frequency in the middle of the band gap and create a structure
having this as a resonant frequency, thus corresponding to exponentially localized edge modes that are
stable under perturbations.

Proposition [3:25] and Theorem [3:17 hint to the physical origin of the two mid-gap frequencies. For
infinitely large dislocations, the system corresponds to two identical semi-infinite systems which each
support edge modes with frequency ws.. As these two semi-infinite systems approach each other, they
hybridize and w, splits into two frequencies, corresponding to monopole and dipole modes.

Seen from the other direction, d = 0 corresponds to the periodic structure, which is known to have a
band gap and no mid-gap frequencies. As d increases from 0, two mid-gap frequencies will emerge, one
from each edge of the band gap.

Remark 3.37. The requirement that d > dy in Theorem was used in Section We assumed
that the dislocation was sufficiently large that the translated resonators do not overlap with the originals.
Since we are assuming that the structure is dilute and the size of each resonator is O(e), dy = O(e). The
non-overlapping assumption was made purely to simplify the analysis and not for any physical reason.
Based on this, we conjecture that Theorem is true for all d € (0, 00), which is in accordance with our
numerical experiments. In this case, the interval Z in Corollary would include all of the band gap.
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Figure 8: An array of 14 spherical resonators formed by separating an array of 7 dimers in the centre by a
dislocation distance d > 0.

4 Finite arrays of resonators

In this section, we will study the finite array of resonators which is a truncation of the system studied
in Section We will see that this structure, which represents the physical manifestation of our above
analysis, shares the important properties of the infinite system. We will also conduct a stability analysis
of the structure.

Consider the structure D that is a truncation of the infinite, dislocated array C4 studied in Section [3]
Let M = 4K + 2 for some K € Z,, and assume

m=—1 m=0

K K—-1
DD;K—1U< U DTUDQ”)U(U(D}"UD’Q”)erv)U(Df{erv), (4.1)

where D7, DJ* are as in Section [3| so that the symmetry assumptions (3.1]) are satisfied. Moreover, we
assume lg > 1/2 (recall that lp = [/L), corresponding to the case where the array supports edge modes.
We model wave scattering by D with the Helmholtz problem

Au A+ w?u =0 in R3\ 0D,
uly —ul-=0 on 0D,

@ —8—u =0 on 0D,
8V+ ov|_

|z] (%—ik)u—)O as |z| — oo.

The resonant frequencies and eigenmodes of this finite system of resonators can be expressed in terms

of the eigenpairs of the associated capacitance matriz. Let Vj,j =1,---, M, be the solution to
AV; =0 in R3\ D,
ij = (Sij on 8Di,

Vi(z) =0 (i) as || — oo.

||

We then define the capacitance matrix C' = (C; ;)

The following theorem, first proved in [9], shows that the eigenvalues of C determine the resonant
frequencies of the finite structure.

Theorem 4.1. The characteristic values w; = w;(0), j=1,---, M, of A(w,d) can be approzimated as
[ OA;
=4/ —==4+0(
Wy |D1| + ( )7
where Aj, j=1,---, M, are the eigenvalues of the capacitance matriz C and |D1| is the volume of each

ndividual resonator.

4.1 Behaviour for large dislocations

As the separation distance d becomes large, the capacitance matrix converges to a block diagonal form.
This is because, for large d, we have two systems of M /2 resonators whose interactions diminish with
increasing d. This is made precise by the following lemma.

28



Lemma 4.2. As the dislocation size d — 0o, the capacitance matriz has the form

C 0 o
0:<0 5*>+0(d ),

where C is the capacitance matriz of the M /2-resonator system Dy U---UDy o, and C* is the rearranged
matriz

Cr; = Cmy1-iMmy1—-

Proof. We can use the jump conditions to show that the capacitance coefficients C; ; are given by
Ci,j:_ wjdo-a ivj:]-v"'aMu

where the functions v; are defined as
¥; = (SH) ' [xon,]-

We make the identification 0D = dD; x .-+ x 0Djy; and use this to write the single layer potential
8% in a decomposed matrix form, as
S%ZS]—FSH, (4.2)

where S7 and Sy; are block matrices defined as

8Y lop,, ifi,j<M/2ori,j>M/2+1,
[S1lij = ‘ .
0, otherwise,

0, ifi,j < M/2ori,j>M/2+1,
[Srrlij == S0 .
b.lop;, otherwise.

The decomposition ([4.2) has been chosen so that S; contains precisely the parts of S%, that are
unaffected by varying the parameter d. Conversely, based on the decay of Green’s function G° we can
see that, if ¢ < M/2 and j > M/2+ 1 or vice versa, it holds that

ISD, lon: | 5(22(00,), 11 (0D1)) = O(d™),

as d — oo, hence
1S11llB(r2(0p), 11 (0D)) = O(d ™).
Therefore, ||S;'Sr;|| = O(d™!) so we may use a Neumann series to see that
(83) ' [xop,] = (St + Sir) "' [xop,]
=(I+ 5;1511)_15;1[X8Dj]
= (I = 87" S1)le;] +0(d™),

where ¢; := S; ' [xap,]. Therefore,
Ciy=— [ () xan,Jdo =~ [ (1= S7'Su)ies)do -+ 0.
aD; aD;

Suppose that i < M/2 and j > M/2 + 1 or vice versa. Then since (S7)~! is also block diagonal
we can see that ¢;|ap, = 0 so faD,-, ¢; do = 0. Thus, C;; = O(d™"'). Conversely, if i, j < M/2 then
(S;1Sr1)[#5]lop, = 0 so we find that

Coy— _/ 6; do +0(d™)
0D;
= Ci,j + O(d_l).
In the case that 4,5 > M /2 + 1 the result with C* follows similarly. O

Remark 4.3. At its heart, Lemma [£.2]is a consequence of the decay of the Helmholtz Green’s function
in free space and not a particular property of the system studied here. The dislocation of any general
collection of (finitely many) resonators would yield a similar result (albeit without such elegant notation
for the two blocks, which is a consequence of the structure’s symmetry).
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w = 0.0572

w = 0.0571

w = 0.0568
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Figure 9: Left: The two edge modes for an array of 42 spherical resonators of radius 1. Here, we simulate an
array with parameters L = 9, 1 = 6, d = 30 and § = 1/7000. Right: For comparison, the edge mode of the
corresponding ‘half system’ is shown, which can be thought of as the d = oo case. In both cases, the eigenmodes
are shown directly above the corresponding system of resonators

Remark 4.4. C* corresponds to the capacitance matrix of the M /2-resonator system Dy /o41U---UDyy.

This is the same system as that for which C is the capacitance matrix, but with the resonators labelled
in the reverse order. That they have the same eigenvalues is easy to see from the fact that Cr=J C’J
where J is the exchange matrix (1 on the off-diagonal and 0 elsewhere). Thus, in the limit as d — oo the
eigenvalues of C converge to M /2 pairs of values.

The behaviour for large d can be understood by examining the eigenmodes, examples of which are
given in Figure [0] The dislocation splits the structure into two “half structures” which interact with
one another. This coupling leads to the creation of two resonant modes, with monopole- and dipole-like
characteristics (¢f. [9]), which are the two edge modes.

4.2 Stability analysis

We consider the simplest example of a resonator array of the form , which has just six resonators
arranged as three pairs. The geometry of this structure is parametrised by [ and L (Figure . We wish
to study how robust the system is with respect to variations in

We know from Lemma [£.2] that as d — oo this system will behave like two separate three-resonator
systems. Even in the case of a three-resonator system, finding explicit representations for the entries of
the capacitance matrix (with a view to e.g. calculating its eigenvalues) is a challenging problem. Consider
the case of a dilute array of resonators: that is, a structure where the distances between the resonators (I
and L) are much larger than the size of each individual resonator. In this case, we can recall the following
representation of the capacitance matrix, proved in [3].

Lemma 4.5. Consider a dilute system of M identical subwavelength resonators with size of order e,
given by

D= ) (eB+z%),

=

1

J
where 0 < € € 1, B is a fized domain of unit size and z; represents the translated position of each
resonator. In the limit as € — 0, the capacitance matriz is given by

eCapp + O(c%), i=J,
Cij= Ca o (4.3)
R G ET
Ar|z; — 2]
where Capp = — [, 5(S%) "' xs] do.

In the case of a three-resonator system with |z — 22| =1 and |21 — 23| = L, we can use the expansion
(4.3) to show that the eigenvalues of the capacitance matrix are given, as € — 0, by

2 1 _
)\k = aCapB + 82% COS [ (arccos <ZL3\/§> + 2k77>

24/37 3 (L—1)y3 +0(&%), (4.4)
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for k = 1,2,3, where v = y(I,L) := \/I=2+ L2+ (L —1)~2. The convergence of the six resonant
frequencies of the six-resonator System to these three values is demonstrated in Figure [I0a]

We know that, in order for the undislocated structure (d = 0) to have a subwavelength band gap it
must be asymmetric, i.e. {/L # 1/2 (see e.g. [3]). In the case of a sufficiently asymmetric structure, we
can show that the middle eigenvalue is more stable with respect to changes in the resonator positions.
This is achieved by Lemma which describes the extent to which the eigenvalues are affected by
variations in the parameters | and L. In particular, it says that if I’ := L — [ is sufficiently small then

02

| 9N
al

ol

0%
ol

o\

< al

and that the dependence of all three eigenvalues on L is comparatively negligible.

Lemma 4.6. Letl' :=L —1. Asl' — 0%, it holds that

oM OXa| OA3
’az : ‘az =0 50
Meanwhile, for k=1,2,3,
OAe| ,
BL =0(").

Proof. Define the functions

1 —3V3 ]
c(l',L, k) := cos 3 (arccos (Z’L(L — l’)v(l’,L)f‘) + 2k7r> , 0<lU <L, k=123,

and

. ~3v3 ]
s(l', L, k) := sin (arccos <l’L(L — l’)*y(l’,L)3> —|—2k7r> , 0<lU <L, k=1,23.

Wl =

As I’ = 07 it holds that

(A R C R R A B L
. 2 12 (4.5)
s(l',L,1) — 2 s(I',L,2) = -1, s(I',L,3) — 5
In addition to this, for fixed L and k we see that, as I’ — 07T,
oA 2(C 2 2
e &(Capp) c(l',L, k) — V3 s(l', LK),

o~ 2B (1/) e

where the notation ~ is used to mean that f ~ ¢ if and only if lim f/g = 1. From this and (4.5 we can

see that, as I’ — 0T,
dA\; dAs

a % Tar

Conversely, using Taylor series expansions we can see that, as I’ — 0%,

V3
L2

— —OQ.
c(l',L,2) = =5 ()* + O ((I")%) ,

hence as I’ — 01 it holds that
OXy  €*(Capp)?

ol - 2 L2
Likewise, the result for d\;/ dL follows from the fact that, as I’ — 0T,
dA 2(C 2 2l 2v/ 3l
e £(Capp) A A
L 2Br | L® L3
for k =1,2,3. 0
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(a) Resonator array with 6 resonators. (b) Resonator array with 42 resonators.

Figure 10: Simulation of the resonant frequencies of different subwavelength resonator arrays as the dislocation d
15 increased.
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Figure 11: Analysis of the stability of the resonant frequencies of a system of six resonators. An array of siz
resonators with dislocation size d is repeatedly simulated after random imperfections, drawn from the distribution
N(0, 0'2), are introduced to the resonator positions. An arrow indicates the position of minimum variance.

In Figures and simulations were performed on spherical resonators with radius 1 arranged with distances
L =9 andl =6 (as depicted in Figure @, and with 6 = 1/7000. The multipole expansion method was used to
find the characteristic values of A (see the appendiz of [3] for details).

The stability that is predicted by Lemmal[f.6]can be investigated numerically by repeatedly introducing
random imperfections to the structure (see Figure |11). It can, firstly, be observed that the middle
eigenvalues (which both converge to Aa, as defined in , as d — oo) are more stable, as expected.
It is also interesting to observe how the stability varies as a function of the dislocation d. The minimal
variance of any resonant frequency is observed for wys when d ~ 8, as indicated by the arrow in Figure[TTH}]
At this point, wy is in the centre of the band gap so it is as far as possible from the other (unlocalized)
modes, consistent with e.g. [I8, [43]. This demonstrates the value of being able to control the position of
mid-gap frequencies within the band gap.

5 Concluding remarks

In this paper, we have studied a one-dimensional array of subwavelength resonators capable of robustly
manipulating waves on subwavelength scales. This is based on the principle that eigenmodes correspond-
ing to mid-gap frequencies that are far from the edges of that band gap will be strongly localized in
space and robust to structural imperfections. Thus, the goal was to design a structure that could be
manipulated so as to place a mid-gap frequency at any given point within the band gap. This can be
achieved by introducing a dislocation to an array of subwavelength resonator pairs. In this paper we have
proved that the mid-gap frequencies emerge from the edges of the band gap, and span an interval in the
middle of the band gap.

Our study of the periodic structure was complemented by an analysis of the corresponding finite
array of resonators. Created by truncating the infinite array, this physically-realizable structure shared
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the spectral behaviour of the infinite array. Further, a stability analysis confirmed the value of being able
to fine-tune the structure in order to optimise robustness.

In the setting of the Schrodinger operator, two-dimensional structures exhibiting edge modes have
been studied via the bulk-edge correspondence. It is well known that materials with nonzero bulk index
can be achieved, for example, by perturbing honeycomb-like materials exhibiting Dirac cones [20, 24, 25].
Dirac cones have also been shown to exist in two-dimensional honeycomb structures of subwavelength
resonators [10], suggesting the potential for analogous results in this setting.

A Proofs of Lemma [3.15 and Lemma [3.33

Here we give proofs of Lemma and Lemma [3.33] Qualitatively, these results describe the strength
of the fictitious source interactions in the two cases studied in Section [3.2] and Section [3-4] respectively.

A.1 Proof of Lemma [3.15]
We will expand 8% and K7™ in the dilute regime specified by (3.6). Recall the matrix form of S%:

Sp = sj%l S%kml =Sp+ gwo Stalon, )
Dy |aD2 D D, |8D2 0

We define the centres z1, zo of the resonators in the dilute regime specified by (3.6):

Then, as € — 0, we have for i # j,

S Lo le) = [ (Gw2)+ (1= 2)- 9,600 ) (o) doy)

_ _Xoni(2) o(y) do(y) + O (5/ (y)l da(?/)) :
aD;,

47l 3Dj

Here, yo means a point on the line segment joining y and z;. Hence we have

5 1 0 (XoDss ) XoD
o _ &0~ 29 1 3
Sp = 5p 4l <<X6D17'>X8D2 0 +0E)

= 8% +85) +0(e%).

In the same way, we can compute

4l \(XoD,,") 0
=K%+ k0 4+ 0(e?).

K%* _ 16(1]5* i V-V < 0 _<X6D2a'>> Jr0(53)

Following the computations in the proof of Lemma 3.3 of [3], we have for a # 0

imal imalL

e Z e
Y7 =11 +eCapp m%s:o 47r|m|Lw1 TPy = 4r|l — mL| Y2 +00e)

imalL imalL

o e e
Vg = o +6Cap3m2632747r|l T mL|¢1 + eCapp %4w|mL|w2 +O(e).

In these equations, observe that [[¢i]|r2(9p,) = O(e™"). At a = «/L, u$ and u; correspond to either
monopole or dipole modes:

o

1

(:H/}T + '(/Jg) ) Uy NG

(£1 +1b2) .

Sl -
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The sign is positive, corresponding to a monopole mode, if I < 1/2 and j = 1 or [y > 1/2 and j = 2,
and negative if l[p < 1/2 and j =2 or Iy > 1/2 and j = 1. Hence, from the expansions of 1§ and ¥ it
follows that

uf = uj + 5u§-1)uj +O(e),

where

(=)™ log(2) , )
C - lo<1/2,7=1 lo>1/2,5=2
" app <MZEZ4W|HmL| Yy 0<1/2,j or lp>1/2,j=2,

L (=™ log(2)
- - 1/2.9 =2 1/9. i —1.
Caps < mZG:Z47T|l+mL\ AL lo<1/2,j or lo>1/2,j

From [3] we have that

{u§1)<0, lo<1/2,5=1 or Ilg<1/2,j=2,

(1)>0’ lo<1/2,7=2 or lg>1/2,j=1

U;

We are now ready to compute BY7. Recall that B = P2 AP, — A. Since

Pi=1+dP" + O(d?),

we have

B =d (P A+ AP + 0.

Moreover, we compute
P N R
G) (3R 6] -0 (6 + K5 e

! . . .
a=(8) v-US| [l &=(Sp) v VSE], [l

where

Hence

(@5, APVWS) = =5 (ug, v - (VS| _[u) - VSH|  [us]) ) + <(—; + /@5) S, gl>

-5((5+K5) Wil
6 (uS v VSh| [us]) +w? </€D,2[x§], (s5) Tonsy| [uj]>

— 5 {(Sh) " 1 v - VB[] + O(w?)

—5 <u;,v . vs,g|+[u;]> - 5<(sg)‘1 XS, v - VSOD|+[uj]> +O(w?).

Using the expansions in the dilute regime, we have to leading order in ¢,

A an\ 1 A
(@3, AP WS) =5 (uj,v - VB [uj]) — 6 <(s%) v - vsg,|+[uj]> + O + we)

= 0 (uj, (v - v)uy) =6 (uy, (v - v)ug) + O(w° + we)
= O(w® + w).

Passing to higher orders in € we have, after simplifications,
o ApMgo n) 20\ 7' o) 5., 2.2
(@3, APNWE) = seul™ (uy, (v - v)uy) + 6 (SD) SWlu], (v - ) ) + O(w? + w?e?)

= Je (u(l) + Ca:B) (uj, (v - v)u;) + O(w® + w?e?),
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where + is chosen as positive if u; is a monopole mode, and negative if u; is a dipole mode. Due to the
reflection symmetry of Dy and Dj, we have (u;, (v - v)u;) = 0, and hence

<<I>;?,A771(1)\If§> = O(w® + w?e?).
Next, we compute (9%, 732(1).,4\1/;?>. Using the dilute expansions, we can write
A=AQ + AV 1 0?), w2 =00 1030 4 0(),

¢, we have AT = O(w?), and hence

where A© and U are the leading order terms. At w = w
ATS = ADGO 4 A@OE 1 O(w?).

We can see that

1 Sw i
AWy — _ S%i)[“j] 7 AOp®) — _Eu§_1) ) SDA[ZJL,{J .
oK} ] 6 (5+K57) )

Observe that S,(jl)[uj] and 8% [u;] are constant on @D. Combining these results, we arrive at

(@5, Pél)Aql?) =-4 <uj, ICS) [u]}> -4 <X;?, (27 — 6T)ICS) [uj]> - (5€u§-1) (X5, (27 — dr)u;) + O(w? + ew?)
= —65u§~1) (x5, (21 = Or)u;) + O(w® + ew?)
= —68u§-1) (x3,27u;) + O(w® + ew?).
Consequently, we obtain that
(®F,B0s) = —5su§.1) (x5,27u;) + O(w® + ew?).

Observe that <X§, uj> < 0, and in the case Dy and D5 are strictly convex we have 7(z) > 79 > 0 for all

z € D, hence <x§, 2TUj> < 0. Combining this with the sign of u§1), the result follows. O

A.2 Proof of Lemma [3.33

We begin by computing the expansion of V in the dilute regime. Using 1; as in the previous sections,
that is, ¢; = (8}) *[xp,], we have

Yy = \/6Casz/ij, j=12.

V== [ [ Gl dv)€p, ()0, (@) do(z) day)
o0D; JOD
—— [ [ (@0 + o - ) V.G . 0)€B, (210, () do(2) doly) + O
ap; Jap;

= —\/5CapBGw(dv,O)6n’1/ {p, do+ O(e%)
oD,

_ eCapp 5

= —0d m,10n,1 + 0(53 + we), (A.1)

where we have used symmetry in the integration together the orthogonality relation
/8D Vp, do = \/eCapgdm,1.
3

Observe that at m = 1 we have D%j [xp,] = 0 outside Dj, and so

(Wi, = Ow?) (A-2)
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for all n. Recall the expansion, from the proof of Lemma [3.15]

. 0
\Il;? — g 4 g +0(e), g0 — <u1> , g — ( (1) ) ,

U EU; "Uj

where, at w = w$, AU = O(w?). Also, recall that
—ou
(I)}? = ( X;J) .

(95, 2dP 0 0) = 01,

Then we can compute

Turning to higher orders of V%, we have

o (P, AP 1 o 1 0% - o (1 ¢0,%
(5, (Podr — A) w0 = —geul) ( <Xj, 1% (2 + K ) v 1uj]> - <Xj, <2 + K ) [uj]>
+ <u;>, V*SHIV )y — <uj,8%[uj]>> +O(w?).
From (A.2), it holds that
o 1 >0, % —
<Xj, W (2 +K% ) v 1uj]> = O(w?).

Moreover, (A.1) yields
(ug, V"SIV~ uy]) = (uy, Spluy]) = O(® + w?).

Finally, since <X}?, (% + /@%*) [u3]> = <X§7uj> = ¢Capp, we have

(5, B4W5) = 6e*Cappuf” + O(w® + *w?).

Since the leading order is independent of d, the conclusion follows. O

B Proof of Proposition [3.24

We will restrict the analysis to the equation

1

2 . (1 (1= %)+ (1+€%) ) da =0, (B.1)

since the proof of the equation in (3.45)) with the other sign is similar. Define

w2|D1| a a a « « a
AZT, AT = C7; — |Chyl, Ay = CT1 + |CTy).
Then, as § — 0,
1

2 Y *

(00 (1) 4 (14e%) faa = 1 [ MELTAOBN - H 4o o5, (B2

where the imaginary part vanishes due to symmetry. Observe that for w inside the band gap, we have
A=A >0and A — A§ < 0. Define

f(@) = A(CT) + Re(Cy)) = ATAS.

We will now study the two cases Iy < 1/2 and Iy > 1/2 separately. We will show that the right-hand side
of is always positive in the first case, while in the second case it has a sign depending on A\. We
will do so by splitting the integral into two parts, one with a close to 0 and one with a bounded away
from 0, and show that the first part is negligible.
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B.1 Casel;<1/2

In the dilute regime, as ¢ — 0, it follows from Lemmathat the width of the band gap scales as O(&2).
Moreover, if w is inside the band gap then we are able to write that

A= ¢eCapp + £%(Capp)? Ao + O(e%)

for some )y € R. From the expansions of the capacitance coefficients in Lemma and the fact that Ay
(resp. \g) attains its maximum (resp. minimum) at a = 7/L, we have the following bounds on Ag:

iamL 6iamL iamL 1 iamL

1 e SR 1 e -
- - <Ao< —
4drL n;) |m| drL m;m lm + lo] 0 4w L 7;) |m| + 4w L m;oo

e
. B.
w5

We fix constants C' > 0, p € N. Then, for « such that || > CeP, f(a) can be expanded in the dilute
regime as

1 1 cos(mal) 1 cos(mal)
_.3 3\, — _ 3
J(@) =*(Capp) O 4nl * AL Z |m| 4L Z |m + o] o)
m#0 m#0
1 1 o0

=£3(Capp)?® (/\0 -+ — cos(mal) (2 .t 1 )) + o(e%). (B.4)

dnl  AnL “—

Define g(a) as

We can rewrite g as

X 2 1 1
_ _ial imal _ _
glo) =t ) e <m+1 m+ 1+l m+1—10>

m=0

=L (20(eF,1,1) — (e F 1,1+ 1) — D(eF, 1,1 — 1p)).

Here, ®(z, s,a) denotes Lerch’s transcendent function, defined by the power series

oo m

D(z,8,a) = Z m,

m=0

for z € C where this series converges, and is extended by analytic continuation (for details on this function
we refer, for example, to [23]). For arguments in the regime Re(s) > 0,Re(a) > 0 and z € C\ [1, 00), this
function admits an integral representation as

1 00 tsflefat
) = dt
(2:5,a) I'(s) /0 1—zet

where T is the Gamma function. From this, we have a representation of g(a), a # 0, as
00 9t _ o= (1)t _ o—(1-lo)t
9(a) = /0 1 _ gialo—t dt

[ (cosh(lgt) — 1) (e — cos(aL))
B /0 cosh(t) — cos(aL) dt.

From (B.4)), using the bounds on Ay from (B.3)) and for « such that |a| > CeP, we have

3 a 3 0
flo) < SE2P0) ( > (cos(mar) — (~1)™) (2 = - 1)) Fo(e?)

m=1

_ 53(2%3)3 (Re(g(a)) — g(x/L)) + o(=*)
e?(Cappg)® [ i : :
— TLB/O (cosh(lpt) — 1) sinh(t) (Cosh(t) +1  cosh(t) — COS(aL)) ol

= Ay(a)e® + o(e?)

37



for some Aj(a) < 0 independent of e, with A;(a) = 0 precisely when a = /L. It follows that

1 / A (Clal + Re(ClaQ)) — ATAY Ay -1
— da = — +o0(e B.5
T v cocm A9 ; Tol) (B5)

for some constant As > 0. From the scaling property (3.7), we know that |f(a)| < e2K; for some K; > 0
independent on . The minimum of |(A— A)(A —AS)| is attained at 7/L, and from Lemma we have
[(A = A$)(A = A9)| > Kae*. Therefore, we have

-2
< AgeP s

L A(Cf; + Re(CP)) = AAS
[—CeP,CeP)] ()‘ - )‘(1)6)()‘ - )‘g)

™

for some constant Az. Choosing p > 2, and combining this with (B.5]), we find that

™

1 / A(CF) + Re(CTy)) — ATAS
da >0
. (A =AP)(A =A%)

for & small enough. Therefore, when Iy < 1/2, by (B.2)) we find that, for A sufficiently close to AT/L, we

have

1 i i0a
o - (Ql(l—eeﬂ)—kﬂg(l—kee'))da>0,

when ¢ and ¢ are small enough.

B.2 Casely>1/2
We will show that (B.1) has a solution. We denote the left-hand side by

I(\) = % /Y (20 (1 =€) +02 (14+¢) ) da

From Lemma we find that for ¢ small enough, C’fz/L > 0 in the case lp > 1/2. Hence e/t =1, so
I(A\) - —coas A — )\;r/L. Next, we will show that I(\) is positive for A sufficiently close to /\71r/L.

Since sz/ Lis positive, we now have the following bounds for \g:

o0 o0

1 tamL 1 iamL 1 iamL 1 iamL

e e e e
_ S - .
4L mz?;o || + 4L m;w |+ 1| 0 4L m%;o |m| 4L m;m |m + lo]

Fix some small k > 0, and choose )\ as

iamL 1 iamL

1 e > e
No = K — A
0=F 477Ln; m| +47TLWE_:OO m + lo|

Observe that k — 0 corresponds to A — )\717/ L Using (B.4) and following the same subsequent steps, we

find that
f(a) =€® (Capp)®k + A1(a)) + o(e?).
Then, analogously to (B.5)), we have

l/ A(Cf +Re(Cfy)) —MAg g AvtAar oy
Y*\[~CeP,CeP]

™

(A=A =A3) €

where, again, A, is a constant Ay > 0, and Ay is a constant Ay < 0. Thus, for x small enough, we have
Ay + Ayk > 0, and then we can proceed as in Section [B.I]to show that

I(\) >0,

for A sufficiently close to )\717/ ' and for small enough £ and 6. This, combined with the fact that I(\) < 0

/L w/L

for A sufficiently close to A3, allows us to conclude that I(\) = 0 for some )\T/L <A< A
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In order to show that this solution \ is unique, we show that I(\) is strictly monotonic for )\T/ Lenc
AT/E Differentiating (B.2) gives

da+0(5Y?).

s

roy= L / (CT1 + Re(C)) (A = AT)A = AF) = (A (CFy + Re(Cy)) = ATAT) (A — AT — A3)
. (A= A7) (A = Ag)?

Define
h(a) = (Cf1 + Re(C)) (A = AT)(A = A7) = (A (C11 + Re(Cy)) = ATAZ) (2A = AT = A7)
= (Cf1 + Re(C)) (=X +ATAF) + ATAT (24 = AT = A3)
AS (AT HATAT + AT (A — AT =A%), if A2 < AY — )G,
AP (AT HATAT + A8 A =AY —A9)),  if A2 > AF — )G,
{Aa (A=A, AT <A - ),

2 (B.6)
AT (A=A)T, AT > AT — AL

Using the bounds we have that if \T/% < A < AT/* then I’(\) < 0, provided § is sufficiently small.
Therefore, if Iy > 1/2 then (B.1) has a unique solution, when ¢ and § are small enough.
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