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Abstract

Partial differential equations (PDEs) are a fundamental tool in the modeling of many real world phenomena.
In a number of such real world phenomena the PDEs under consideration contain gradient-dependent nonlin-
earities and are high-dimensional. Such high-dimensional nonlinear PDEs can in nearly all cases not be solved
explicitly and it is one of the most challenging tasks in applied mathematics to solve high-dimensional nonlinear
PDEs approximately. It is especially very challenging to design approximation algorithms for nonlinear PDEs
for which one can rigorously prove that they do overcome the so-called curse of dimensionality in the sense that
the number of computational operations of the approximation algorithm needed to achieve an approximation
precision of size € > 0 grows at most polynomially in both the PDE dimension d € N and the reciprocal of the
prescribed approximation accuracy e. In particular, to the best of our knowledge there exists no approximation
algorithm in the scientific literature which has been proven to overcome the curse of dimensionality in the case
of a class of nonlinear PDEs with general time horizons and gradient-dependent nonlinearities. It is the key
contribution of this article to overcome this difficulty. More specifically, it is the key contribution of this arti-
cle (i) to propose a new full-history recursive multilevel Picard approximation algorithm for high-dimensional
nonlinear heat equations with general time horizons and gradient-dependent nonlinearities and (ii) to rigorously
prove that this full-history recursive multilevel Picard approximation algorithm does indeed overcome the curse
of dimensionality in the case of such nonlinear heat equations with gradient-dependent nonlinearities.
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1 Introduction

Partial differential equations (PDEs) play a prominent role in the modeling of many real world phenomena. For
instance, PDEs appear in financial engineering in models for the pricing of financial derivatives, PDEs emerge
in biology in models that aim to better understand biodiversity in ecosystems, PDEs such as the Schrodinger
equation appear in quantum physics to describe the wave function of a quantum-mechanical system, PDEs are
used in operations research to characterize the value function of control problems, PDEs provide solutions for
backward stochastic differential equations (BSDEs) which itself appear in several models from applications, and
stochastic PDEs such as the Zakai equation or the Kushner equation appear in nonlinear filtering problems to
describe the density of the state of a physical system with only partial information available. The PDEs in the
above named models contain often nonlinearities and are typically high-dimensional, where, e.g., in the models
from financial engineering the dimension of the PDE usually corresponds to the number of financial assets in the
associated hedging or trading portfolio, where, e.g., in models that aim to better understand biodiversity the
dimension of the PDE corresponds to the number of traits of the considered species in the considered ecosystem,
where, e.g., in quantum physics the dimension of the PDE is, loosely speaking, three times the number of
electrons in the considered physical system, where, e.g., in optimal control problems the dimension of the PDE
is determined by the dimension of the state space of the control problem, and where, e.g., in nonlinear filtering
problems the dimension of the PDE corresponds to the degrees of freedom in the considered physical system.
Such high-dimensional nonlinear PDEs can in nearly all cases not be solved explicitly and it is one of
the most challenging tasks in applied mathematics to solve high-dimensional nonlinear PDEs approximately.
In particular, it is very challenging to design approximation methods for nonlinear PDEs for which one can
rigorously prove that they do overcome the so-called curse of dimensionality in the sense that the number of
computational operations of the approximation method needed to achieve an approximation precision of size
e > 0 grows at most polynomially in both the PDE dimension d € N and the reciprocal of the prescribed
approximation accuracy . Recently, several new stochastic approximation methods for certain classes of high-
dimensional nonlinear PDEs have been proposed and studied in the scientific literature. In particular, we refer,
e.g., to [10, 25, 47, 26] [T} 23] for BSDE based approximation methods for PDEs in which nested conditional
expectations are discretized through suitable regression methods, we refer, e.g., to [33] B0, [35] @] for branching

diffusion approximation methods for PDEs, we refer, e.g., to [57, 51, 46l [44] 15, B, 18, 22| 31 B4, 211 54, 6]
5, 21 0L (48] B2] [7, 52, [49] 27, 11, [42] 37, 12} [6, 14) 13} 30] for deep learning based approximation methods for
PDEs, and we refer to [17, (411, 40, 4, 24] for numerical simulations, approximation results, and extensions of
the in [16] [39] recently introduced full-history recursive multilevel Picard approximation methods for PDEs (in
the following we abbreviate full-history recursive multilevel Picard as MLP). Branching diffusion approximation
methods are also in the case of certain nonlinear PDEs as efficient as plain vanilla Monte Carlo approximations
in the case of linear PDEs but the error analysis only applies in the case where the time horizon T' € (0, 00)
and the initial condition, respectively, are sufficiently small and branching diffusion approximation methods are
actually not working anymore in the case where the time horizon T' € (0,00) exceeds a certain threshold (cf.,
e.g., [35, Theorem 3.12]). For MLP approximation methods it has been recently shown in [39] 40, 4] that such
algorithms do indeed overcome the curse of dimensionality for certain classes of gradient-independent PDEs.
Numerical simulations for deep learning based approximation methods for nonlinear PDEs in high-dimensions
are very encouraging (see, e.g., the above named references [57, [51] [46], [44) [15] [3] (18], 221 3T 34}, 211, 541 [56], [5], 2, [50]
(438 32 [7, 52| [49, 27, [Tl 421, 37, 12, 6], 14l 13, B0]) but so far there is only a partial error analysis available for such
algorithms (which, in turn, is strongly based on the above mentioned error analysis for the MLP approximation
method; cf. [38] and, e.g., [32, 56, 8, 20, 28, 43} @5 (5, 29]). To sum up, to the best of our knowledge until
today the MLP approximation method (see [39]) is the only approximation method in the scientific literature
for which it has been shown that it does overcome the curse of dimensionality in the numerical approximation
of semilinear PDEs with general time horizons.

The above mentioned articles [39, 40, 4 24] prove, however, only in the case of gradient-independent nonlin-
earities that MLP approximation methods overcome the curse of dimensionality and it remains an open problem
to overcome the curse of dimensionality in the case of PDEs with gradient-dependent nonlinearities. This is
precisely the subject of this article. More specifically, in this article we propose a new MLP approximation
method for nonlinear heat equations with gradient-dependent nonlinearities and the main result of this article,
Theorem in Section [] below, proves that the number of realizations of scalar random variables required
by this MLP approximation method to achieve a precision of size ¢ > 0 grows at most polynomially in both



the PDE dimension d € IN and the reciprocal of the prescribed approximation accuracy €. To illustrate the
findings of the main result of this article in more detail, we now present in the following theorem a special case
of Theorem

Theorem 1.1. Let T,0,\ € (0,00), let ug = (ua(t, ®))m)eporxre € CH2([0,T] x RLR), d € N, be at most
polynomially growing functions, let f; € C(R x RL,R), d € N, let g4 € C(R4L,R), d € N, let Lg; € R,
d,i € N, assume for all d € N, t € [0,T), x = (x1,22,...,24), £ = (t1,82,---,td), 2 = (21,22,...,24d),
5= (31,32,---,3d) € R, y,9 € R that

max{|fa(y, z) = fa(9,3)], 19a(x) = ga(®)[} < S9_; Laj(daj — x| + 1y = vl + |25 — 351), (1)

(%Ud) (t’ ,T) = (Amud)(ta ‘T) + fd (u(t’ ‘T)’ (vmud)(ta $)), Ud(oa ,T) = gd(l'), (2)

and d=*(|ga(0)| + | £4(0,0)|) —l—Zf:l La; <\, let (Q,F,P) be a probability space, let © = UpenZ", let Z49: Q —
R%, d €N, § € O, be i.i.d. standard normal random variables, let v/: Q — (0,1), 6 € O, be i.i.d. random vari-
ables, assume for all b € (0,1) that P(t° < b) = /b, assume that (Zdﬁ)(d,‘g)e]NX@ and (t%)gco are independent,

let UL, = (URS, UL USSH: (0,7 x RYx Q — R, n,M,d € Z, 0 € ©, satisfy for all n, M,d € N,
0 €0, te(0,T], v €R? that UL | (t,2) = Uy, (t,x) =0 and

M"

Ui’fjw(t, z) = (ga(x),0) + ; = (ga(@ + [26]12Z007D) — gy(2)) (1, [2¢) /2 Z240:0.70)
n—1M""! ;
ot [¢(0:1:)11/2 d,(0,1,i i i i 3
n E:O > ¢l nil] [fd(IIly( )(ﬁ(1 _ e )),x + [Qtt(e,l, )]1/QZd,(9,l7 ))) (3)

_ ]]-N(l)fd (U;i,(f7,]\_4l7i) (t(l _ t(@,l,i)), T+ [Qtt(e’l’i)]1/22(1’(0’“))” (1, [Qtt(e’l’i)]71/22(1’(0’“)),

and for every d,M,n € N let RVy, m € N be the number of realizations of scalar random variables which

are used to compute one realization of Ui’g\/[(T,O): Q — R (¢f @6Q) for a precise definition). Then there
exist c € R and N = (Nae)(@d,e)enx01]: N x (0,1] = N such that for all d € N, € € (0,1] it holds that

ZNUZ’E Rvd7n1Ln1/4J < Cdc€7(2+§) and

n=1

. 1/2
sup [E[[ULS, (10 —wamOP) +_max  BUSL (1,00 - ()@ oP)] <o @
nENN[Ng,,00) ’ i€{1,2,...,d} ) i

Theorem [[Tlis an immediate consequence of Corollary 5.4l in Section [ below. Corollary 5.4l in turn, follows
from Theorem B2 in Section Bl which is the main result of this article. In the following we add a few comments
regarding some of the mathematical objects appearing in Theorem [[T] above. The real number 7' € (0, 0) in
Theorem [[LT] above describes the time horizon of the PDE under consideration (see (2)) in Theorem [[T] above).
Theorem [[T] proves under suitable Lipschitz assumptions that the MLP approximation method in (@) above
overcomes the curse of dimensionality in the numerical approximation of the gradient-dependent semilinear
PDEs in () above. Theorem [[T] even proves that the computational effort of the MLP approximation method
in @) required to obtain a precision of size ¢ € (0, 1] is bounded by cd®c®**%) where ¢ € R is a constant which
is completely independent of the PDE dimension d € N and where 6 € (0,00) is an arbitrarily small positive
real number which describes the convergence order which we lose when compared to standard Monte Carlo
approximations of linear heat equations. The real number A € (0, 00) in Theorem [[[J]above is an arbitrary large
constant which we employ to formulate the Lipschitz and growth assumptions in Theorem [[1] (see (II) and below
@) in Theorem [T above). The functions u4: [0,7] x RY — R, d € N, in Theorem [T above are the solutions
of the PDEs under consideration; see (2] in Theorem [[T] above. Note that for every d € N we have that (@) is
a PDE where the time variable ¢ € [0, 7] takes values in the interval [0, 7] and where the space variable z € R?
takes values in the d-dimensional Euclidean space RY. The functions fy: R x R* — R, d € N, describe the
nonlinearities of the PDEs in (@) and the functions g4: R? — R, d € N, describe the initial conditions of the
PDEs in ([@). The quantities [n'/4], n € N, in @) in Theorem [T above describe evaluations of the standard
floor function in the sense that for all n € N it holds that [n!/*] = max([0,n'/4] N N).

Theorem [[LT] above in this introductory section is a special case of the more general approximation results
in Section [l in this article and these more general approximations results treat more general PDEs than (2] as
well as more general MLP approximation methods than [B]). More specifically, in (2] above we have for every
d € N that the nonlinearity fy depends only on the PDE solution uy4 and the spatial gradient V,ug4 of the PDE
solution but not on ¢t € [0,7] and z € R? while in Corollary 5.1, Theorem 5.2, and Corollary [5.4] in Section
the nonlinearities of the PDEs may also depend on ¢ € [0,7] and # € R®. Corollary [5.J] and Theorem also
provide error analyses for a more general class of MLP approximation methods. In particular, in Theorem [LT]
above the family t?: Q — (0,1), 6 € (0,1), of i.i.d. random variables satisfies for all b € (0, 1) that P(t® < b) = Vb
and Corollary [5.J] and Theorem are proved under the more general hypothesis that there exists a € (0,1)
such that for all b € (0, 1) it holds that P(x? < b) = b* (see, e.g., (I48) in Theorem [5.2)). Furthermore, the more
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general approximation result in Corollary [B]in Section Bl also provides an explicit upper bound for the constant
¢ € R in Theorem [Tl above (see (I33) in Corollary [B.1).

The remainder of this article is organized as follows. In Section 2] we establish a few identities and upper
bounds for certain iterated deterministic integrals. The results of Section 2l are then used in Section [ in which
we introduce and analyze the considered MLP approximation methods. In Section Ml we establish suitable a
priori bounds for exact solutions of PDEs of the form (2]). In Section [}l we combine the findings of Sections
and M to etablish in Theorem below the main approximation result of this article.

2 Analysis of certain deterministic iterated integrals

In this section we establish in Corollary 2.5 below an upper bound for products of certain independent random
variables. Corollary 2] below is a central ingredient in our error analysis for MLP approximations in Section
below. Our proof of Corollary employs a few elementary identities and estimates for certain deterministic
iterated integrals which are provided in Lemma 21l Lemma 22} and Corollary [Z3] below.

2.1 Identities for certain deterministic iterated integrals

Lemma 2.1. Let T, 8,7 € (0,00), let p: (0,1) — (0,00) be B((0,1))/B((0, 00))-measurable, and let o: [0,T]> —

(0,00) satisfy for allt € [0,T), s € (t,T] that o(t,s) = 7=p(2=%). Then it holds for all j € N, so € [0,T) that

T 1 T 1 T 1
/so (51— 50)Pla(s0, 1) / (szfsnﬂ[g(sl,s?)]f“/& (57— 50)Plals; sy (50 d2 s

-1
7—1
(1— )i+r=5)
= (T — s50)71+7=5) [H/ S—dsll (5)

Proof of Lemmal2dl We prove (B]) by induction on j € N. For the base case j = 1 note that integration by
substitution yields that for all sg € [0,7) it holds that

T 1 . ! (T —s0)" 77 L — (T — s\ 178 R .
/SO 1 =50 la(eo, s © / TeGo 5ot 2T —sqyp @ = T =20 / Aoep - ©

This proves (@) in the base case j = 1. For the induction step N 3 j ~» j + 1 € N note that the induction
hypothesis and integration by substitution imply for all sy € [0,T) that

/: (51— 80)5}9(80, s51)]7 {/: (52 — 51)51[9(51752)]7 /: (8541 — Sj)ﬂl[Q(SjvSﬂl)]7 dsjs - 'dsz] o1

_ g (T — Sl)j(1+V—ﬂ) J—1 w .
= /50 (s1 — So)ﬂ[g(smsl)]’Y [H/O Sﬁ[p(s)]'Y d

=0

-1 i - 1 j - j -

1 — 5)iA+y=5) T — 50)iA+7=P) (1 — 2)il+y=5)
|| / (Gl ;) ds] / T~ %) 1-z) (T — s0)dz
. s [p(s)]” o (

d81

T — 50)828[0(s0, so + 2(T — s0))]?

H/ o

Induction thus proves (Bl). This completes the proof of Lemma 211 O

= (T )(]+1)(1+’Y B)

Z(H—v B)
s

Lemma 2.2. Let o € (0,1), T,v € (0,00), B € (0,ay+ 1) and let p: (0,1) — (0,00) and o: [0,T]*> — (0, 00)
satisfy for all v € (0,1), t € [0,T), s € (¢,T] that p(r) = =2 and o(t,s) = zp(2=L). Then it holds for all
JEN, s €[0,T) that

T 1 T 1 T 1
/so (51— 50)Pla(s0, 1) / (szfsnﬂ[g(sl,s?)]f“/& (57— 5-0)Plals; sy (50 ds2 o

-1

_ [(T — 50) 1B (ay — B+ 1)}3‘ [j

= T4y -8+1)
0 —a) Il - ®

i:OFoz'yfﬂJri(lJr’y*ﬂ)JrQ)

Proof of Lemma[22 Throughout this proof let B: (0,00) x (0,00) — R satisfy for all 2,y € (0, 00) that

B(z,y) = /0 s77H1 — s)v " ds. 9)
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Note that (@) and the fact that for all z,y € (0,00) it holds that B(x,y) = % ensure that for all ¢ € Ny it
holds that

/1 (1 — 5)il+7=H) s — 1 /1 e B( )z(1+v 8 4s B(a'y -8+ 1,il+y=08)+1)
o sPlp(s) (1—a)" Jo (I —a) (10)
. Tlay=B+1)I6E(1+~v—-p)+1)
S (l—a)T(ay—B+i(l+v—8)+2)
Lemma 2T hence implies that for all j € N, so € [0,7T) it holds that
[, =tz L, e /) Commy e
e Si...ds S
so (51 =50)70(s0, )] Jo, (s2 = s1)Plo(s1,82)]7 " s,y (55— 55-1)P[o(sj—1, )] o
(T — 50)0+1-9) [H/ 1_5 A=t
i1 (11)
— (T = s9)i1+7=5) H LCloy =B+ DI(I(L+y=5) +1)
(1—a)T(ay—F+i(1+v—5)+2)
_ [<T —50) oy — 4 1)} -ty =8 +1
B (1—a) Tlay—p+i(l+~v—-08)+2)
This establishes (). The proof of Lemma 2.2]is thus completed. |
2.2 Estimates for certain deterministic iterated integrals
Corollary 2.3. Let a € (0,1), T, € (0,00), B € [ay,ay+1] and let p: (0,1) — (0,00) and o: [0,T]?> — (0, 00)
—t

satisfy for all r € (0,1), t € [0, T), € (t,T] that p(r) = =2 and o(t, s) = 75 p(%
JEN, s €[0,T) that

=2). Then it holds for all

T 1 T 1 T 1
/50 (51— 50)P[2(s0, 5107 / (52— s0)Pleer, )7 / (57— 57 0)Plals; o s)]7 50 A2 s

{(T—so)(l‘”_ﬂ)l"(cw—ﬁ—i—l) ! (B-ar)(ay—B+1) { (i) rmﬁﬂ

(1 — a)v(l +y— B)Ozv—ﬂ-l-l :| [61+’Y—B((1 + - ﬂ)(] - 1) + 1)} s F(]i%)

(12)

Proof of Corollary 2.3 First, observe that Wendel’s inequality for the gamma function (see, e.g., Wendel [58]
and Qi [53] Section 2.1]) ensures that for all € (0,00), s € [0, 1] it holds that

I'(z) <i[xzsr_s-

P(x+s) ~ a8

(13)

Moreover, note that the fact that for all 2 € (0,00) it holds that In'(x) = 2! demonstrates that for all j € N,
A € (0,00) it holds that

Jj—1 j 1

1 | 1 j
o = tim(I= )
+>\_)\+Z/ s—1+>\ )\+/1s—1+)\d b ( A +) (14)

Combining this, ([I3]), and the fact that ey — 8+ 1 € [0,1] with the fact that for all z € [0,00) it holds that



1+ x < e” proves that for all j € N it holds that

H T(i(1+7—B8) +1)
Flay—B+i(l+v—0)+2)

=0
< _ﬁ ay—pF+i(l+~vy—p6)+2 1—(ay—p+1) 1
=1 il+~y-p)+1 G077 =B+ 1)
(e
= il+y=p)+1 (i(1 4+~ — B) + 1)ar=F+1
i1
(B—ay)(ay—B+1) 1
< e iU+r—BF1 )
- E} (@(L+~y—pB)+ 1)0¢7—B+1]
B= Q’Y)(a’v B+1) . -1
—e 21 0 Z+1+$—[~3 H ' 1
St (L4 = B) + 1)or=AHt
j—1
o Lo BED (1 y— B+In((14+7 =) (j—1)+1)) H -
. im0 (t(14+~—pB) +1)xr=pA+1

I+y—p ) (Breylonptl) () ay—B+1
=le (T+y =8 -1 +1)] L”Vﬁ)”(ﬂmﬂ .

Lemma 22 hence implies that for all j € N, sg € [0,7) it holds that

T 1 T 1 T 1
/so (51— 50)Ple(s0, 1)) / (sfsl)ﬂ[g@l,sz)w“‘/s,, (57— 5 0)Plals; o sy)pr (50 A2 o

o (16)
. _ _ 841 [e% B+1
(T—s )(1+7’5)F(a _B+41) j Ly ) B aw)(:’xz B+1) F(1 1 ) Y
< |ESrmme | (-G - D+ ) '
This establishes ([I2). The proof of Corollary [Z3]is thus completed. O

2.3 Estimates for products of certain independent random variables

Lemma 2.4. Let T € (0,00), d € N, F € C((0,1) x [0,T) x R4, [0,00)), let (2, F,P) be a probability space, let
p: Q= (0,1) and 7: Q — (0,T) be random variables, let W: [0, T]xQ — R be a standard Brownian motion with
continuous sample paths, let f:[0,T) — [0,00] satisfy for all t € [0,T) that f(t) = E[F(p,t, Wit (r—t), — W),
let G C F be a sigma-algebra, let H = (G U o(T, (Whings,r})scjo,r])), and assume that p, 7, W, and G are
independent. Then it holds P-a.s. that

E[F(p, T, WTJr(Tf'r)p = Wo)[H] = f(7). (17)
Proof of Lemma[24) First, note that independence of p, 7, W, and G ensures that it holds P-a.s. that
E[F(pa T, WTJr(TfT)p - WT)|H] = E[F(pa T, WTJr(TfT)p - W-,—)|O'(T, (Wmin{s,'r})SE[O,T])]- (18)

Next note that Hutzenthaler et al. [39, Lemma 2.2] (applied with G = O’(p, (Ws)sepo,m), S =(0,7),S = B((0, 7)),
U(t,w) = 14()13(Wings,13 (W) sefo, 7)) F(p(w), £, Wi (12— p(w) (W) — Wi (w)), and ¥ = 7 for ¢ € 0,7), w e Q
in the notation of [39, Lemma 2.2]) proves that for all A € B((0,T)), B € B(C([0,T],R%)) it holds that

E[]-A(T)IB((Wmin{s,T})SE[O,T])F(pa T, WT+(T—T)p - W‘r)]

- /( +y ELAO LW o)cto ) F 0ot Wes -~ WP ) (19)

Independence of Brownian increments hence proves that for all A € B((0,7T)), B € B(C([0,T],R%)) it holds that
E[]-A(T>1B((Wmin{s,T}>s€[O,T])F(p7 T, W‘r—i—(T—r)p - W'r)]
= /(O " E[La®)15(Wings,ey)seio,r)[BIF (0,8, Wi (1) — Wi)l(7(P)) (dt)

- /< oy ELAWGLE (Waingo)scto )} (O (B) ).

Hence, Hutzenthaler et al. [39, Lemma 2.2] (applied with G = o(p, (W)scpo,m7), S = (0,T), S = B((0,7)),
U(t,w) = 1a(6)1((Wings,i} (W))sefo,71))9(t), and Y = 7 for t € (0,T), w € Q in the notation of [39, Lemma
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2.2]) proves that for all A € B((0,7)), B € B(C([0,T],R%)) it holds that

E[La(m)18((Wiins,r})sefo.r) F (0, 7s W (m—7)p = Wr)] = /0 " E[1A®)15(Wings,i3)seo,r).f (O](T(P))(dt)

= E[lA(T)lB ((Wmin{s,'r})SG[O,T] )f(T)]
(21)

This together with (I8) proves (IZ). The proof of Lemma [2Z4] is thus completed. O

Corollary 2.5. Let T € (0,0), d € N, 5 € Ny, e; = (1,0,0...,0), e2 = (0,1,0,...,0), ..., eqgr1 =
(0,0,...,0,1) € R*™, wo,v1,...,v; € {1,2,...,d+1}, a € (0,1), p € (1,00) satisfy a(p—1) < & <a(p—1)+1,
let (-,-): R4 x R — R be the standard scalar product on R*!, let (Q,F,P) be a probability space, let
W= WY Ww?2 ... W%:1[0,T] x Q = R? be a standard Brownian motion with continuous sample paths, let
M Q (0,1), n € Ny, be i.i.d. random variables, assume that W and (t"),en, are independent, let

p: (0, 1) (O oo) and o: [0,T]* — (0,00) satisfy for all b € (0,1), t € [0,T), s € (t,T] that p(b) = L=2,
P(t(o fo u)du, and o(t,s) = T%p( L), let S: No x [0,T) x Q — [0,T) satisfy for all n € No,
te [O,T) that S(0,t) =t and S(n + 1,t) = S(n,t) + (T — S(n,t))e™, and let t € [0,T). Then

j p
1 Wst1,0—Wsa,
E ‘_HO 2(SGD.S(+1,0) (ev, (1, ;((ih,tt))—S(Si,(t_)t)»

, 2hres) (r—nEr(p) i+ ) o=
< [maX{(Tt>2 vl S s B “>] Ee=] -

(22)

Proof of Corollary[22. Throughout this proof let F,, C F, n € Ny, satisfy for all n € N that Fy = {0, Q} and
that F,, = o(Fp—1 Ua(S(n,t), Wiings,S(n,6)})sejo,r])) and let v = (vi,v2,...,v4) € R? satisfy v; = vy = ... =
vg = 1. Note that for all » € [0,T), s € [r,T], i € {1,2,...,d}, n € N it holds that S(n,r) > S(n —1,r) and

(26 )T (24)

E[|W! - W}|P] = 2 23
[| S 7‘| :| ﬁ ( )
Next we claim that for all k € {1,2,...,j 4+ 1} it holds P-a.s. that
j+1 T zr(2t)
1 Wsi,ey=Wsi—1,¢ p o <e,, — ’(17(5 .—S(2k— ,t)) N U)>
E H ‘Q(S(’L 1,0),5( <e,,1 1 ( S( ) f( 1 3&) ))>‘ Fkl] - /S(k_l " — [@(S?kflyt)l,s:c)]pfl
=k ’ (24)

s

deJrl .. .dSkJrl dsk.

P p o b1
,/T@Wouﬂg%w* ) /T@wo«wf%y*;>w>
s lo(sk,spy1)]Pt s lo(sj,85+1)]P~*

k J

To prove [24) we proceed by backward induction on k& € {1,2,...,5 + 1}. For the base case k = j
1 note that the fact that S(j + 1,¢) = S(j,t) + (T — S(j,t))tV), Lemma B4 (applied with F(r,s,x)
‘m@w,(l,ﬁ» Pop =10, 7 =83,t), G =T,y forr € (0,1), s € [0,T), € R in the
notation of Lemma [Z4)), Hutzenthaler et al. [39, Lemma 2.3], the hypothesis that W and t\) are independent,
([23), and the fact that for all r € [0,7), s € (r,T] it holds that o(r,s) = 7—p(2==) ensure that it holds P-a.s.
that
P
L

L (e, (1 WS(J‘,t)HT—su,t))r(f)*WSW))>
0(S(5,1),S(3,)+(T—S(5,t))e@)) \"¥i2» A7 (T—S(j,t))c@)

p
e
i /0 loCs,s+(T=s)r)? p(r)dr
s=5(j,t)
el 02N L
:/S [ [9(8751‘:11)]1” ‘ ] = P( g ) dsjt1

/T (ou, (1 (2o ) 12 0))

g 5 Py ds j+1-
SG.t) [o(S(5,t),8541)]P~1 J

I+

E

-1 Wsgt1.0=Wsip
woosarTm e (L ST =s00 )>’

El

p

|

1 s+ (T—s)e(D)
25,5 (T—5)t@) (ev;: (1, (T—s)t@) ))

s=S(.t)
(25)

»

s=5(j,t)




This establishes ([24)) in the base case k = j+1. For the induction step {2,3...,j+1} 3 k+1~ k€ {1,2,...,5}
assume that there exists k € {1,2,..., 7} which satisfies that

p

)U)> /T (o (15 2,5,,)§F(pf)v)>

lo(sj,s5+1)]P~ 1

P o ptL
/ T e (1 (2n) O )

S(kot) [o(S(k,t),s4+1)]P~ 1

Jj+1
1 Wsio)=Ws@-1,t
E[ 11 oS (e (1 ;{i,t;_s(filj)))>’

i=k+1 (26)

H
-

e

deJ,_l . d8k+2 d8k+1.

ye yd
. /T <ey’€+17(1’(5k+235k+1)2 F(
Sk+1 [

0(Sk+1,8K42)]P 1
j

Observe that ([26), the tower property, the fact that the random variable Q(S(k_lk)7s(k7t)) (1, V‘;S((I:Z;:Sfifi)” ) is

Fj-measurable, the induction hypothesis, the fact that S(k,t) = S(k—1,t)+ (T — S(k—1,t))c®*~1 and the fact
that conditioned on S(k — 1,t) the o-algebras o (t*=1) (W, — Ws(k—1,4))te[S(k—1.¢),7]) and Fj_1 are independent
ensure that it holds P-a.s. that

Fk—1]

Jj+1

Ws,) =Wsi-1,

El H Q(S(ifl,lt),S(i,t))<e’/i71’(1’ ;((i,;;fs(isil,t)t))ﬂ
i=k+1

j+1
Wsa,)—Wsg—1, p
ElH g(S(zeth),S(i,t))<evz>1’(1’ ;((i,t;7S(fi1,t)t))>‘
i=k

-k WS(k,t)_WS(k—l,t))>’p

g(S(kfl,lt),S(k,t)) <el,k71, (1’ S(k,t)—S(k—1,t)

p

Fk—1]

p o 2tL
—F 1 1 Wske,t) =Wsk-1,1) poT <e"k’(1’<sk+1fs(k,t)) : F(Jz? )U)>
- o(S(k—1,t),S(k,t)) <er*1’ ( » o S(k,t)—S(k—1,t) )> S(kt) lo(S(k,t),sk+1)]P 1
p o 2L p o pt1
. ’ <e”’€+1’(1’(5k+235k+1) ’ (\/2F )v)> g <e”f’(1’(ﬁ) ’ (‘/2; )v)> ds; ds ds F
lo(sk41,8k42)]P 1 T lo(sj,s541)]P 71 g1 GOk42 CSk41 1T k-1
Sk+41 S5
w L~ W £ (el
—F <ew€711(1w +i§:1:iiflli )> hT <e"k’(1’(sk+17<s+<;—s>r<’f*1>>> j r(j? )v)>
B o(s,sH(T=s)e=0) s+(T—s)e(k=1 [o(s+(T=o)e =0, sk 4 )]~

ptl

[ b )l

lo(sk+1,8K42)]P~1 lo(sj,8541)]P 1

deJrl N dsk+2 d5k+1]
J s=8(k—1,t)

(27)

This, Hutzenthaler et al. [39, Lemma 2.3], the hypothesis that W and ¢(*~ are independent, (23)), and the fact
that for all 7 € [0,7), s € (r,T] it holds that o(r, s) = 72—p(=L) ensure that it holds P-a.s. that

T—r
Fk—1]
) 41
eUT-9m) 2 242)

ptl
_ /1 <e%71*(17‘ VA(T—=s)r[P ”)>p(r) /T <eyk’(1’<sk+17<sz+<ﬁs>w)gF(JZF )”)>
B (
0 s

o(s,s+(T'—s)r)]? H(T—s)r le(s+(T=s)r,sk41)]P~ "

1
Wsi,ey—Wsi—1,t p
- lH s TosTm e (L SGH st ) >‘
i=k

O e T (o (1(—z)3 22
. / < k41 ( [S(siizl,;:;r;)]l*l N U)> . / < J ( ([gg;jl,sjil))]Pflﬁ U)> deJrl - d5k+2 dSkJrl dr
Sk+1 Sj et

ptl

- / (o () )

I

IE

lo(sk,sk4+1)]P~ L

e

S(k—1,¢) [o(S(k—1,0),5,)]P 1

p+1

[ GO i e ) B [ el )

lo(sk+1,8k+42)]P 71 lo(sj,sj+1)]P~1

d8j+1 . dS]H_g dsk_H dSk.
5

(28)

This completes the induction step. Induction hence proves (24)).



Next (24)) implies that

j+1 . - - » 2gr‘(p 1) j+1
s, t) = Ws—1,t Z 2
K H’—msufu),sa,t))<ewfl’(1’4S<(m>)fsuiu>))>’ = [max{(T_t) s H
i=1

T 1 T 1 r 1
: 3 7 - de 1...d82d81.
/t (s1—1)2[o(t, s1)P~? /SI (s2 = 51)2[o(s1,82)]P~* /s (41 — 57) 2 [o(sj. s4) P~ 7" (29)
29

Inequality (29), Corollary 23] (applied with 3 = £ and v = p — 1 in the notation of Corollary 23] together with
B ea(p—1),a(p— 1)+ 1], and the fact that (5 —a(p —1))(1 — (&2 —a(p —1))) < 1 show that

j+1 p 41

Wsii,oy—Wsi—1, Ws,y=Ws@—1,1 P
1 ser==msmm (evos (L =S =s0m) =EI[] ‘g'<s<7z‘—1,1t),su,t>)<eVH’ (1,—5(273_5(?;,“”»‘
i=1 Lr(P;R) i=1

2(8—ap-1)(alp-1)-5+1)

) 19+ » j+1
< [max{(Tt)g,—Q%F(pz)H] {(Tt)zﬂa(pl)%wr (e (4 +1)] ’

(17a)p71(§)a(p*1)7§+1

P j+1 5
< [max{(T—t)%,er(pTl)} <Tt>%r<a<p1>5+1>]] [ 5 (u +1)} = { r(z)

a(p—1)—45+1
(1—a)p—1(g)>r- D=5+ F(1+a+%)}

(30)

This together with a(p —1) =5 +1 <p—-1-5 41 = & implies 22). The proof of Corollary is thus
completed. 0

3 Full-history recursive multilevel Picard approximation methods

In this section we introduce and analyze a class of new MLP approximation methods for nonlinear heat equations
with gradient-dependent nonlinearities. In the main result of this section, Proposition3.5]in Subsection B3l below,
we provide a detailed error analysis for these new MLP approximation methods. We will employ Proposition B.5]
in our proofs of the approximation results in Section B below (cf. Corollary 5.1l Theorem 521 and Corollary [5.4]
in Section [Al below).

3.1 Description of MLP approximations

Setting 3.1. Let |||, : (UnenR"™) — R satisfy for all n € N, z = (x1,22,...,2,) € R" that |jz|; =
S @), let T € (0,00), d € N, © = UpenZ™, L = (L1,Lo,...,Las1) € [0,00), K = (K1, Ks,...,Ky) €
[0,00), e; = (1,0,...,0), e = (0,1,0,...,0), ..., eqy1 = (0,0,...,1) € R p € C((0,1),(0,00)),
u=(up,uy,...,uzy1) € C([0,T) x R4, R, let (-,-): R x R4 — R satisfy for all v = (vy,va, .. Ud+1)
w = (wy,ws, ..., war1) € R that (v, w) = Zd+1 viw;, let o: [0, T — R satisfy for all t € [0,T), s € (t,T)
that o(t,s) = 72 p(2=L), let (Q, F,P) be a probability space, let W? = (W1 w92 Wod):[0,T]x Q — R,
0 € ©, be standard Brownian motions with continuous sample paths let t7: Q0 — (0 1), 0 € ©, be i.i.d. ran-
dom wvariables, assume for all b € (0,1) that P(x° < b) fo s)ds, assume that (W%)gco and (x%)pco are
independent, let R :[0,T) x Q — [0,T), n € Ny, and S: Ng x [0,T) x Q — [0,T) satisfy for all n € Ny,
t€[0,T) that R{™ =t + (T — )™, $(0,t) =, and S(n+ 1,) = RY(, ,, let f € C([0,T] x R* x R4, R),
g € C(RYL,R), and F: C([0,T) x R, R — C([0,T) x R4, R) satisfy for all t € [0,T), x = (x1,29,...,24),
= (1,52, ,8a) € RY, u = (ur,u2, ..., ugs1), u= (ug,u2,...,uq41) € R4 v € C([0,T) x R4, RH9) that

d+1 d
w2, = St o) < 9@} < | 5 Lol |+ | £ mdo -l 6D

0 _ 14/0 T 0__15/0
1) ||g(z+W%thO)(1,WTTjt/Vt)HlJr/t ||[(F(u))(t,:c+WSOWto)](l,WSSZVf)Hlds] <oo, (32

u(t,z) =E

S

gz + W2 — wo)(1, Wo=Wey 4 /t [(F(u)(t, 2 + W0 — WO (1, L=l ds] , (33)



and (F(v))(t,z) = f(t,z,v(t,x)), and let Uth = (UZ’}W Uiﬁwa ce Ui’ﬁl): [0,7) x R x Q — R4, n, M €
Z, 0 € O, satisfy for alln,M € N, § € ©,t € [0,T), z € R? that U‘ilyM(t,x) = UgﬁM(t,x) =0 and

0,0,—i 0,0,—i . .
glx + W} ) _ Wt( )) —g(x)) (1 W;e,o,ﬂ)fwt(e,o,fm)

M™ (
UZ,M(ta :L') = (g(:L'), 0) + ; Mn T—¢

(
IDP 8

0.1
=0 i=1 M"—lg(t,R,g b ))

e (PO - IOFUL)) (RO 4+ Wi, - W) ( Wiy W )
t 3

3.2 Properties of MLP approximations

Lemma 3.2 (Measurability properties). Assume Setting[31] and let M € N. Then
(i) for all n € Ny, 0 € © it holds that U%M: [0,7) x RY x Q — R is a continuous random field,
(i) for all n € Ng, 6 € © it holds that U(U%M) C o ((x@M)geq, WD)y o),

(iii) for alln,m € No, i,j,k,l,€ Z, § € © with (i, j) # (k1) it holds that ULy and UYH!
(iv) for all n € Ny, 6 € © it holds hat UZ,M? WO, and ¥ are independent,
(v) for all n € Ny it holds that U? /., 0 € ©, are identically distributed, and

(vi) for all@ € ©,1 €N, i€ N, t€[0,T), z € R? it holds that

) are independent,

0,—1,i 6,1,i 0,1,i 0,1,i 0,1,i 6,1,i
F(Ul(—l,J\l))(Ri )’$+W;(e,z?i)_wt( )) W;(G,l?i) _Wt( )
(0,1,1) ) (0,1,1) (35)
Q(taRt ) Ry —t
and (0,1,3) (0,1,7) (6,1,3) (6,1,1) (60,1,) (0,1,1)
FU LR vIJFWR(e:;,i)*Wt ) WR('el;,i)*Wt o
St 1 L . 36
Q(t,REG,l,z)) 9 Rie,l,w) ¢ ( )

are identically distributed.

Proof of Lemmal3 2 First, observe that ([34]), the hypothesis that for all M € N, § € O it holds that Ug,M =0,
the fact that for all & € © it holds that W? and R? are continuous random fields, the hypothesis that f €
C([0,T] x R* x R x R% R), the hypothesis that g € C(R?,R), the fact that o|((s1ejo,r)2: s<t} € C({(s,t) €
[0,7)?: s < t},R), and induction on Ny establish Item (). Next note that Item (@), the hypothesis that
feC(0,7] x R x R x R4 R), and, e.g., Beck et al. [2, Lemma 2.4] assure that for all n € Ng, 6 € © it holds
that F(UY /) is (B((0,T)xR*)®0(UY ,))/B(R)-measurable. The hypothesis that for all M € N, 6 € © it holds
that U‘&M =0, [34), the fact that for all § € © it holds that W? is (B([0, T])®@0(W?))/B(R)-measurable, the fact
that for all # € © it holds that R? is (B([0,7)) ® o(¢?))/B([0,T))-measurable, and induction on Ny hence prove
Item (). In addition, note that Item (i) and the fact that for all 7,5, k,{, € Z, 6 € © with (i, 5) # (k, 1) it holds
that ((¢(@53:9) W04390)) 5 o and ((¢@FL) WEELDY), o are independent prove Ttem (f). Furthermore,
observe that Ttem () and the fact that for all € © it holds that (¢v(®")yce, (W@)yce, WP, and ? are
independent establish Item ([v]). Next observe that the hypothesis that for all § € © it holds that U& v =0,
the hypothesis that (W?)gceo are ii.d., the hypothesis that (R?)geco are i.i.d., Ttems (@)-(), Hutzenthaler et
al. [39, Corollary 2.5], and induction on Ny establish Item (@). Furthermore, observe that Item () and the fact
that for all @ € ©, 1 € N, i € N it holds that (¢~ o, (WELE0)) 5 o, WO and %% are independent,
and, e.g., Hutzenthaler et al. [39, Lemma 2.3] imply that for every § € ©,1,i € N, t € [0,T), € R? and every
bounded B(R4*+1)/B(R)-measurable ¢: R4 — R it holds that

(0,~1,0)y (7 (0,1,0) (0,1,9) (0,1,9) (0,0,9) (0,1,9)
FQU 2 3 ) (Ry ’1+WR(e,z,i)_Wt ) WR(Gwl,i)_Wﬁ
E | idt 1, R
SLROTD) ) RO

FUOLDy g 2) .
—F ]E{i/;(—l Lt ) (1,TT)

This, Ttem (@), Item (@), and the fact that for all § € ©, [,i € N it holds that (v(®149))ycq, (WEOLLD) 5 o),
Wi and v are independent, and, e.g., Hutzenthaler et al. [39) Lemma 2.3] imply that for every 6 € ©,

(37)

PR oW D 0
t
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l,i€ N, t€0,T), z € R? and every bounded B(R4*!)/B(IR)-measurable 1»: R4t — R it holds that

0,—1,i 0.,1,i 0.,1,i 0,1, 0,1, 0.,1,i
F(Ul(—l,lvf))(Rg )7I+W7(3(9,l?i)7wt( )) W;(e,l?i)fwt( )
t i
E "/) g(t,Rge’l’i)) 1, R&g’L’i)ft
FUIrate) (o
~E|E [1/1( L (1,%) (38)
6,1, 6,1, 0,1,i
r=R{ ”,z:W;(e’;?i) —w D
L t
r 0,1, 0,1, 0,1, 0.,1,i 0.,1,i 0,1,
F(Ul(—lj\)/l)(Rg )11+W( (e,z?i) _Wt,( )) W( (e,L?i) _Wt( )
=E|y 6,1 o 1, = R
i ) 1.7 .
o(t,R{™Y) R{T —t
This establishes Item (). The proof of Lemma [3.2 is thus completed. O

Lemma 3.3 (Approximations are integrable). Assume Setting[31, let p € (1,00), M € N, x € R?, and assume
for all g € [1,p), t € [0,T) that

1 1 .
/0 st+S:E})T)E[|(F(O))(s,z+W£thO)‘ ] < 00. (39)

Then
(i) it holds for all 8 € ©, g € [1,00), v € {1,2,...,d+ 1} that

0_ 0. |4
sup sup sup EH(g(y -+ Wf — Wf) — g(y)) <el,, (1, W“uj:V" )> } < o0, (40)
w€(0,T] t€[0,u) yeR4
(ii) it holds for allm € Ng, 0 € ©, ¢ € [1,p), t €[0,T), v € {1,2,...,d+ 1} that
(POU% ) (R as Wty —w)|” W, —wo |
seltoT) E[‘(UZ,M(SJ + W~ Wte))V‘q} +E | RO (ev, (L —r=—))| | ¢ <o
(41)
and
(iii) it holds for allmn € N, 0 € ©, t € [0,T), that
Wl _we
E[Uf, v (t,2)] = E[g(x + W4 — W) (1, = )|
(42)

W@ 97Wt9
B (UL ) RE i+ Wy — W) (1) |

Proof of Lemmal3:3 The Cauchy-Schwarz inequality, the Lipschitz property [BI) of g, Jensen’s inequality, and
the scaling property of Brownian motion yield for all § € ©, g € [1,00), v € {1,2,...,d + 1} that
9 9 wo_w? a7\ 2
sup sup sup (E||(g(y+ W, = W) = g(y)) (ev, (1, =5=+))
we(0,T] te[0,u) ye R

< sup sup sup (E[\g(erWf—Wt")—g(y)IQq}lEWeu,(l,W%_ZV"Q»

")
ue(0,T] te[0,u) yeR®
d ) X 2q
< sup sup |E ZKi|W3’Z—Wt9’Z| } (43)
w€e(0,T] te[0,u) i—1

< sup sup (@ (S (k) ) CREEIWR P (1 4+ GBI W )
u€(0,T] te[0,u)

= a2 (L, (K% ) BIWR 20 (1 + A BIWR! 7)) < o

2q

0,1 110,1
E[l + ‘7""“ i

This proves Item (). Next observe that the fact that W% R? and U? are independent and continuous random
fields (see Lemma B.2]), Hutzenthaler et al. [39, Lemma 2.3]), Holder’s inequality (applied with the conjugate

numbers %, ]’;—i'g € (1,00)), and the scaling property of Brownian motion demonstrate that for all ¢t € [0,T),
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€ [t,T),n €Ny, 0 €

E

’ (F(Un M)) (RngJFng *Wte)'q

0,q€[l,p),re{l,2,...,d+ 1} it holds that

0 0
Wro—W; !

(ev, (L —xr=—))

1
[E
0

<)

|
|

Now we prove (@I]) by
Ug,M

=0, [#), and [(BY)) ensure that for all § € ©, ¢ € [1,p), t € [0,T), v € {1,2,...

lo(s,R)]”
(F(Uf"vM))(SJr"(T )2+ W op_ = WY) W ra—WE !
| s alT=s)T" [ (ev, (L =Him=5=))| | p(w) du
pEa1\ g by
s+u(T—s El
O 1+ | E ‘ TS du
ED(F(UG ))( JrWG ] o /1 (T'—s) < (W(T—s))8 ( [|W0 1|q<p+q>Dp_+3) i
su o .
Ze[t%) Y o(w)]*™* (u(Tfs))"T% T
P+fl 0,1 (p+a) p_:l 1 q
¢ 0 _ qpp a pFa ud
Z:E%)]E[‘(F(U M))(Z x+ W, ]) (T |W | D )/0 e du.

(44)

induction on n € Ny. In the base case n = 0, the fact that for all # € © it holds that
,d+ 1} it holds that

(F(U9 ))(R9 z+W99 wé,—we |4
SSEI)T> E[|(U87M(Sv$ + W - Wte)"|q] +E ' - [e(s, RO (e, (L, %»
|(r©) RS swiy-wh) wo,—wo |
e RO ev: (L —R1=—)) (45)
p+aq % 0,1 a(p+a) L;Z ! 3
< sw B[l @) we—wo T ) (o (e #) ) [t <o
2€[t,T) o ¥

This establishes ([@I) in the base case n = 0. For the induction step Ng > n— 1 ~»n € N let n € N and assume

that for all k € Ny N [0,

sup
s€ft,T)

Observe that (B4) and Jensen’s inequality ensure that for all 6 € ©, ¢ € [1,p), ¢
,d+ 1} it holds that

{1,2,...

EU(UZM(SJ"‘WE -

&

Inl

ZE

n (3+2n)q ZE

i=1

2n)? !
['n.l

n—1
(3+

3¢

=0

[nl

ZIE

n—1 s
2 : (34+2n)7~

+ Mn— T M-l
=1

E U (UZ,M(&

n), €0,qe[l,p),tel0,T), ve{l,2,...,d+ 1} it holds that

q
6 6 q
We ,—W.

(ev, (1, —R=—))

|(F<Uz 30)) (R4 Wy —WY)
oG R

v+ W= W)|'| +E

(46)

€ [0,7), s € [t,T), v €

W] < (420 g()|? + (3 -+ 20) B lg(w + WE — WY) — g(a)]]

6,0,— . q W(G,O,fi)iws(gwoyfi) q
+ WG We + W( ) WS(&O’ l)) - g(.’L' + WSG - Wte))’ <el/a (1’ = T—s )> :|
'(F(Ugi’vl{i)))(R(e L) py Wl — WeJrW(e(é ;) —W oLy q W(e(é ;) : —w LD q
{Q(SR(GZZ))] <e’/’(1’ R(ell)fs )>
'(F(Ul(e : ﬁv;)))(Rée,L,i)merW;?iWeJrW(e(é ;) ) Ws(e,l,i)) a W(e(é ;) Ws(e’l'i) q
{9(877329,1,1'))} <eu, (17 R(e D _g )>

(47)

This, Hutzenthaler et al. [39, Corollary 2.5] together with Lemma[3.2] Ttem ({l), and the induction hypothesis (Z6)
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yield for all § € ©, ¢ € [1,p), t € [0,T), v € {1,2,...,d+ 1} that

sup E[|(US (s + W2 = W), ['] < 3+ 2m)7 gl
set,T)
+(6+4+2n)? sup sup sup sup IE“g(y + W —w?) - g(y))‘q (ej, (1, _“‘WZ:ZVO»
u€(0,T] s€[0,u) yeR4 j€{1,2,...,d+1}

I

nol F(UY 1)) (RO, W0, —w0)|” wo-wo . |4
+ 2(6 + 2n)? esEjpT)E |( ( L’M))[L()(;R(;]q L )| (ev, (1.~ 7713%;75 )) ] < 00
1=0 se

Furthermore, Jensen’s inequality, the Lipschitz property (B1I)) of f, (@8], and assumption ([B9) yield that for all
00O, qel,p),tel0,T) it holds that

sup {E“(F(UZM))(SVT"FWSB _Wt‘g)‘q}}

se(t,T)
<27 sup (E[|(P(USa0) = FO)) (s, + W = W' +E[|(PO) (s, + WI = W)|])
se(t,T)
d+1 ¢
<2971 sup (E Y LU (sa+ W =W |+ ]EU (FO) 2+ Ws - Wte)‘qD v
s€[t,T) ’
d+1 q
< (D3 (L) sup B[[Ul (s + W2 = WO)|'] 20 sup B[|(FO) (504 WE - W0
v=1 s€(t,T) s€[t.T)

< Q.

This, (@), and assumption [39]) implies that for all € ©, ¢ € [1,p), t € [0,T), v € {1,2,...,d+ 1} it holds that

wo,—w?

q
(ev, (1, %»

'(F(Ui,,m)mz,wwggfwt") '
GROT

sup E
s€[t,T)

seft,T)

o1 q(p:rQ) ﬁ 1 q (50)
Wy D /O Tt 2

This and (8] finish the induction step. Induction hence proves Ttem ().

Finally, we prove Item (). Note that (34]), Item (@), Corollary 2.5 in [39] together with the fact that for all
n € Ny it holds that Un s 0 € O, are identically distributed (see Item () in Lemma[B.2)) and together with the
fact that (R?,W?), § € O, are identically distributed, a telescoping sum, Hutzenthaler et al. [39, Lemma 2.3]),
and the fact that for every t € [0,T), § € © the distribution of R? has density o(t,-) with respect to Lebesgue
measure on [t,T] yield that for all n € N, § € ©, t € [0,T) it holds that

s<sup E[!(F(Uz,m(s,ww" we)|F D Tq+<E

< Q.

E [UY \(t,2)] — E[g(z L WO W) (17 WT;‘,ZVB)}

_ n—1 (6,1,1) (0,1,i) (0,1,i) (6,1,4) (6,1,i) (0,1,4)
n—1M e (F(UZYM ))(R kW g, —w) W W
= t 1 t -
E E M1 g(t,Rie’l 1)) ( ; Rie,z,l)_t )
=0 i=1
_ n—1 (6,—1 (0,1, (6,1,4) (0,14 (0,1, (6,1,4)
n-1M 1 ( Ul 1 A;)))(Rt l) z+W (9 ; i) _Wt ﬂb)) WR(Q,;?Z') _Wt ‘
- _E : (1 L )
Z Z Mn—l g(t,Rff’l’l)) ) Rie’“)—t
=1 i=1

iy F(Uy, Al))(Re W RO~ -wy) we RO~ -wy (F(UzefLM))(RvaJFW%f -w7) W%?*Wte
o(t,RY) (1’ R9 ¢ ) — In(DE o(t,RY) ' (1’ RI—t )
1=

E

0
F(Un 1, M) (R,,z—i—Weg w?) W;te—Wf
o(t,RY) (’ RYI—t )
T

1
(U 00)) (st WE—WE) (1w
/tE{( lem (1, S_tﬂ)}P(Rfeds)
W —_we
s—t

)

This establishes Item (). The proof of Lemma 3.3 is thus completed. O
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3.3 Error analysis for MLP approximations

Lemma 3.4 (Recursive bound for global error). Assume Setting[31], let p € (1,00), M € N, and assume for
all g € [1,p), t €[0,T), x € RY that

/01 W ds + SSEI)T)EU (F(O0) (s, + W0 = W)|'] < 0. (52)

Then it holds for alln € N, t € [0,T), z € R?, vy € {1,2,...,d+ 1} that

HUO o (t, x) uyo(t,z)’

L2(P;R)

— n—1\ Ly (402 [T, Lo, ]
Z Z (]){1} ]+]M”J :

J=0v1,v2,...,Vj41€

(9@ + WP = W) = gla+ Wi — WD)

{1,2,...,d+1}
J
We—Wg;. 1 Wi~ W1,
e, (1 ~7=564" ) || sma=rsmm (v (L %»’ L2(BR)
i=1 ;
n—1
n Tr1y(v40)27 |IT)2 Lo i
£ (e PRl (o) (S( 4 1t W — W)
7=0 v1,v2,..., Viy1€ (53)
{1,2,....,d+1}
j+1
H 1 <e (1 Wg(i,t)_W.g(i—l,t))>
o(S(i—1,%),5(4,¢)) \"Vi=12 \ - S(4,t)—S(i—1,t) L?(P;R)
i=1 ;
= n—1y 2 [T L.,] . 0 0
+Z Z ( j ) \/W w, (S +18), 2+ Wi — W)
7j=0 v1,v2,..., Viy1€
{1,2,...,d+1}
j+1
H 1 <e (1 Wg(i,t)*W§(i71,t))>
I G O COR G L2(BR)’

Proof of Lemma[34} First, we analyze the Monte Carlo error. Item () of Lemma [3.3] Item () of Lemma [3.3]
and Item () of Lemma 3.2 imply that all summands on the right-hand side of (34)) are integrable. Lemma [3.2]
yields that the summands in ([34]) are pairwise independent. Then (B4]) and the fact that the summation formula
for variances of pairwise independent, integrable random variables imply that for all m € N, 2 € R4, t € [0,T),
ve{l,2,...,d+ 1} it holds that

Var (U (t.2)) = o= Var((g(e + W = WD) = g(@)) (ew, (1, 515)))

i, -1, Sy i, )L i 5l
m—1 (F(U(OA Dy I\I(l)F(Ul(ULA;)))(RiO by, +W(o(0 11)1) —w b1y W(O(U;)l)_wt(o 1)
+ E L Var )
Mm—1
1=0
W0)>’2:| (54)

R v, (1 —Cmrm—
— I\/[”LED( (‘T+ WT WO) ( )) <el/) (13 W% 5

m—1
+ ) gk
1=0

(FUE) =1 F UL D) J RO atw 0D, —w(O0D) W —w D

(011) R(0,1,1)
<em (L W)>

Combining this, the triangle inequality, and @BI)) yields that for allm € N, z € R%, t € [0,7), v € {1,2,...,d+1}

et R{"MY)
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it holds that

U0 (1) = E[U (8, )]| :(VM(U%HALzD)W

L% (P;R)
w2 —-wp
< 1 0 0y T t
< g [ (0w + W2 —W0) — g(@) (eu, (152N L
_ 0,1,1 0,—1,1 0,1,1 0,1,1 0,1,1 0,1,1 0,1,1
m=1 1 (F(Ul(,lw ))7HN(1)F(U§71,M)))(R§ )’1+W7(2§0,L,)1)7Wt( )) W;(O,L,)U*Wt( )
-t 00000
+ T dLROTD) <el/a (L ROTD )>
1=0 L2(P;R)

(F(O))(R?,1+W20—Wf)< ( W%O_Wt0)>
t ey, , [ A—

sﬁ%QWWm@wm—mw@ﬁﬁ%Ww

L2(IP’;1R)>

L2(P;R) ‘

o(t,RY?) RY—t
_ (0,1,1),v (0,—1,1),v (0,1,1) (0,1,1) (0,1,1) 0,1,1 0,l,1
ml d+1 '(UL’M LU RS W 0T~ Wi ) WG —w oD
+ g \/W E Ll/1 Q(t,RSO’l’l)) - el/a (15 'Rio,L,l)it )>
=1 I/1:1 )
L2(P;R)
(55)

This and the triangle inequality ensure that for all m € N, x € R%, ¢t € [0,T), v € {1,2,...,d + 1} it holds that

HU?T;I:]\/I (tv :C) —-E {U%TM (t’ :L')} ’
L2(IP’;]R)>

L2(P;R)

(F(O))(R?,1+W20—Wf)< ( W%O_Wt0)>
t ey, , [ A—

0 _ 1170
sﬁm@wmw%%%wwwmu%?w} D) o

"
L2(P;R)

m—1d+1 L, (uta —u)( R Wi —W) Woo - W/
+ Z Z VMm—1 o(t,RY) <e”’ (1’ RY—t
=1 11=1 L2(P;R)
el Ly, (Ulo’—yll,M*“)(R?’I*W%?7Wf(')) W%?iwto
+ Z Z VMm—L o(t,R?) <e”’ (1’ RY—t )
I=1 v1=1 L2(F;R)

(F(0)YRY,z+W2o—W/) WP o—W)
t e i A
o(t,RY) vy » RY—t

;mwwﬁww>mm%@@ﬁm\

LQ(IP’;]R)>

(56)

|
L2(P;R)

m—1 d+1
+ Z Z \/]\/jLnlLll—l—l (l(%(l) + ]1(71,m71)(l))

=0 v1=1

0,v
(UM}—u)(RQ,HWg?—WE) Woo—w)
o Ry evs (&

L2(P;R)

Next we analyze the time discretization error. Item (i) of Lemma ensures that for all m € N, ¢t € [0,T),
x € R? it holds that

0 __ 0
E U?n,M(taHU) — gz + W2 — Wto)(l, WTT_‘ZVr, )] —F

T
/ (F(Ugn—l,lw))(sax + Wso - Wto)(l, WS(;::VS) ds] .
(57)

This, ([B3), linearity together with ([32) and with Item (i) in Lemma B3] and Jensen’s inequality show for all
meN, te[0,T), 2R ve{l,2,...,d+ 1} that

B[00 (t2)] = w(t,2)

T 0 0
=E / (F(U?nfl,l\/[) - F(u))(sa T+ WSO - Wt0)<e1/a (17 WSS:ZVt )> d,;|
¢
d+1 .7 0 0
< Z L, E / ’(U?ﬁu—ll,M - uyl)(s,x + W~ Wto)‘ ’<ew (1, = )>’ ds]
l/1—1 L t
d+1 [T 0,v
_ (U0 =, Josat W) wo—wp (58)
— Y L,E /t tas v Jo (e, (1, W222)) ot 5)ds
v1=1 L
_ % I E '(Uziﬂ,M*um)(R?@JFW%Q*W?) <e (1 W%g—Wf,“)>
V1 Q(th?) v ’ ’R’?it
l/1:1
d+1 (US L =, RO 2t Wy —WP) W2 o—Wwy
<Y L (e (1))
=1 L2(P;R)
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In the next step we combine the established bounds for the Monte Carlo error and for the time discretization
error to obtain a bound for the global error. More formally, observe that (B6]) and (58]) ensure that for all m € N,
te0,7),z e R ve{l1,2,...,d+ 1} it holds that

HUm w(t:@) - uy(t,z)’ L2(P;R)

S )|

0,v _
L2(B;R) * ‘E[Um*M(t’x)} ul,(t,x)‘

1 0 0 Wp Wy
< \/W"(g(x+WT_Wt)_g($)) <eV’(1’ T’i"—tt)>‘L2(P;]R)

L (F(O))(R?»H‘:)V%Q*Wf) <eu (1 W%QO*W?)>
A 2R RT— L)

m—1 d+1 0,v1 0 0 0 0 0
1o,m) 1) (UL,Z\/I Wy )(Rt w+Woo—Wy) Woo—W,

+ Z Z Mm T—1 ( ((1/_) + ]l( 1,m— 1)(1)) o(t,R?) . <eU7( ) Rt?—t )>
1=0 =1 L2(P;R)
! ( (:n 11 MWy )(R?7I+W70307Wt0) W%O*Wto

7 t t

+ Z Lyl Q(t,R?) <el/7 ( I 'R?—t
v1=1 L2 (P;R)

1 0 WO _ w0
= \/WH( (o + Wp = W7) = g(2)) e, (1, TT*ttML?(P;R)
L[ FOXRSa+ WSy —w) (e ( ng—wf)>
™ 0 vy ) 0__
v Mm™ o(t,RY) Ry—t L2(P;R)
dz*i g (RY a4 Wi = W) . WO~ Wy

+ ows (1. =)
vi=1 i e ' Rt L?(P;R)

m—1 d+1 0,v 0 0 0 0
2L, (Ut —auy )(Rt’m-"_WRU_Wt) Weo—W,

IO ERY) <e”’( TRI )>
=1 =1 (P;R)

(59)

We next iterate this inequality. More precisely, we show that it holds for all n,k € N, ¢ € [0,T), = € R4,
vo € {1,2,...,d+ 1} that

HUO O (t, ) uyo(t,x)‘

L2?(P;R)

Z Z 1{1}(%3;2[1[1} 1 Lo,

J=0  li,l2,..,lj41€EN,  vi,v2,...Vj41€
h<lo<..<lj<ljy1=n {1,2 ..... dJrl}

k—1

(9(35 +Wp = WY) —g(z + Wg(j,t) - Wto))

WU—WO.t ! Woit_WOi— t
(e, (1 =) T smorrsy (e (L Siei=ses))|

=1

1y (40027 [T, Lo,
+ ) > T

L2(P;R)

B
|
—

(F(0))(S(7 +1,t), 2 + W11, — WY)

7=0 l1,la,..., lj+1€]N, V1,V2,..,Vj416€
l1<12<...<lj<lj+1:n {1,2,...,(1-‘,—1}
‘7+1 0 0
. H 1 <e (1 Ws(i,r,)*Ws(iq,t) )>
Q(S(ifl,t),s(i,t)) Vi-1) ’ S(ivt)fs(iflvt) LZ(P']R)
1=1 ’
k—1
27 [HJ+1 ] . 0 0
+ E : N uy, (SO + 10,24+ Wy — W)
J=0  li,l2,..,lj41EN,  vi,v2,..Vj41€
h<lo<..<lj<ljy1=n {1,2,...,d+1}
J+1 o o
. H 1 <e (1 WS(i,t)_WS(i—l,t) )>
oS 10,560 -0 b TSEH=SG-10 /|| 2oy
i=1 :
215, L] 0, 0 0
+ E : E : VM —k—11 ‘ (Ul1 qu)(S(k’t)a$+WS(k,t) _Wt)
l1,l2,..,lkEN, Vi,V2,..., Vi€
h<la<..<lp<n{1,2,...,d+1}
k 0 0
) H 1 <e (1 WS(i,t)*WS(iq,t)»
eEE10,5G0 i b TS0 =510 )/ || 2 ey’
1=1 5

(60)
We prove ([@0) by induction on k& € N. The base case k = 1 follows immediately from (B9). For the induction
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step N2>k~ k+1€Nlet k € N and assume that (60) holds for k. Inequality (B9) and independence of

(WO, UY | Ymen, (see Item () in Lemma[F2) yield that for all [; € N, z € R%, ¢ € [0,T), v, v1,..., vk €
{1,2,.. d+ 1} it holds that

k

0, 0 0 1 w3 it ~Wgi- ot
H (Ull,ll\? o u"k) (S(k, 1), + WS(k,t) - )H 0o(S(i—1,t),5(i,t)) <e,,i71, (1’ ;((i,t))—S(iSil,wlt) ))>‘
i=1

L2(P;R)
k

‘ H 5 11) 50 ))<e (1 V[;g(i’t)_gvg(iil’)t))>‘
i—1,0),5(i,t vieiy \ 4 LD —S(i—1,t
E2ER) | (5,9)=(S (k) a4+ W0~ W) i1 et o=t

L2(P;R)
WO _ o k ey 1Wg<i,t>—W$0<ifl,t))>
< e | (9@ + W = WP) = 9@ + Wit = W) (s (1, Spmgzts)) [T~ lg<s<zs(f Ry
= L2(PiR)
5 o (1 S )
+ A= [(F(0) (S(k + 1,8), @ + Wy — W) [ ] S
i=1 L2(P;R)
+ \/% W (S(k+1,8), 2+ Wegrn — W) T ] Q(S(i—(ﬁt;,su(,t)) =
Vip1=1 i=1 L2(B;R)
T e T o (. St )
D \/MzkiT (U = W V(S + 1,8), 2+ W — W) [ ] LSS
lo=1 vip1=1 i=1 L2(P;R)
(61)

This and the induction hypothesis complete the induction step N > k ~» k + 1 € N. Induction hence es-
tablishes ([G0). Applying [G0) with ¥ = n yields for all n € N, ¢t € [0,T), z € R, vy € {1,2,...,d + 1}
that

HU?zﬁ,I;VU[(tv :C) — Uy, (ta :L')’

L2(P;R)

< > >, el

J=0  li,l2,..,lj41€EN,  Vi,v2,..,Vj41€
l1<lp<..<lj<ljyi=n {1,2,...,d+1}

(9(95 +Wp = W) — gz + Wg(j,t) - Wto))

J
W2 =W, 0 1 WSin=Wsi-1.0
' <e"ﬂ" (1’ T—S(j,t])t )> H 0(S(i—1,1),5(i,t)) <e”i*1’ (1’ S(i,z)—s(i—lnlf)t )>’ L2(P;R)
i=1 ;
n—1
1{ }(1/ )27 i L, . 0 0
YD St P Pl | o)) (S( 4 1,6),+ Wiy gy — WD)
J=0  lilayili41 €N, ViaoUjp1€ (62)
hh<l2<..<lj<ljyi1=n {1,2,...7d+1}
j+1
. H 1 < (1 Wg(i,t)_Wg(i—l,t))>
oS10.5G)) im0 \b TS@H=SG-10) /|| 12 gy
i=1 ’
n-l 27 [HJ+1 ] ) 0 0
+ Z Z \/W w, , (SG+1Lt), 2+ Wgiirn — W)
J=0  ly,l2,....l;41€N, Vi,V2,..,Vj41€
l1<l2<...<lj<lj+1:’n, {1,2,...7d+1}
j+1
. H 1 < (1 Wg(i,t)*Wg(ifl,t))>
o(SG—1,),50,0) \&i-1 1 75,0 =5G-1,1) L2(PR)
i=1 ’

This and the fact that for all n € N and j € {0,1,...,n — 1} it holds that

—1
> =" )
b1l 0l 41 €N, J

h<lo<..<lj<ljyi=n
proves (B3]). This finishes the proof of Lemma 41 O
Proposition 3.5 (Global approximation error). Assume Setting[31, lett € [0,T), » € R, vy € {1,2,...,d+1},

M,neN, pe2,00),ac (2(’;;_21),2(%11)), 8= %7%, C € R satisfy that

C = max {1,2(T = }[0(B)[F (1 - )5 max{1, | L} max {(7 - ¥ 23t paF L, (64)
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and assume for all s € (0,1) that p(s) = =2, Then

a

HU%Z&(??,:E) w,, (t,x HL2 P]R) [1 + p"}é %(20) exp (é +ﬁMﬁ) 20_1\/maX{T— t, 3 K|l

+ s:&pﬂ [(F(0)(s,z+ W2 —WY) || 22 pm) + \/_éesEpT)ze{lg}a%dH wi(s, 2+ W — WtO)HL%(IP’;]R)
(65)
Proof of Proposition [33. Throughout this proof let C; € [0, 00) satisfy
O} = max {T —t, 2|r(p_;1)|%7f%} (T —H)[T(B)F (1 — a)b 2. (66)
Without loss of generality we assume that sup,cp 7 |[(F0))(s,z + W2 = WD)||| = < oo (otherwise the

LP P2 (P;R
assertion is trivial). It follows from (BI]) and the triangle inequality that for all v € {1, 2, cod+1},5€[0,T)
it holds that

M=

Kq

(W = W) e (1, 250))|

‘ L2(PR)

Q
Il

d
2K o (VI =510y () + 2222 | (W = WO W™ = WO )| paormy )

1(2,00) (¥ V= S ,Q NeY
VT = S||K |11y (v) + 22220 [ g, (W2 — WO 12 Loy + 3 Ko W — W2 om)
ac{1,2,....d}\{v—1}

= VT — s||K| 1113 (v) + Lig,o0) (V) | VBE,_1 + > Ka
ac{1,2,...,d}\{r—1}
< max{VT — s, V3}| K.
(67)

Note that the fact that p € [2,00) and the fact that o € (2(p T 3= 1)) imply that £ € [a(p — 1), a(p — 1) + 1]
and that o € (0,1). This, @), (31, and Corollary 2.0 (with p = 2 in the notation of Corollary [Z5]) show that

for all j € {0,1,...,n— 1}, v1,v9,...,v; € {1,2,...,d+ 1} it holds that

WU—WO.t J Woit_WOi— t
(g(x + Wy = W) =gz + Wgp) — Wto)) (evy, (1 7=s55" ) 1] ssemrsamy (e (L 568 =s02m52))

i=1 L2(PR)

d 0, 0, W —Wg,, t) ! WS =WsGi-1.1)
< ZKa Wr Wsu,t)‘ (v, (1L, ~T—50, 9 Hg rosEm - (L Sin=se1 )

a=1 i=1 L2 (P;R)

¢ 0.« WT WS0 ! Wg(i,t)*wé)(ifl,t)

= > Ka —wrel | ew,, (1, —F=+)) I sseosamy (v (L === )

a=1 L2(pR) 's=501) i=1 L2(P;R)
< a Woe _ o 1 -w? : 1 1 WS =Wsa1.0)
<2 ( P L )(ev]v( =5 )>‘L2(p;m> s=8(it) i[[lg(isa—l,t»su,t))<ewfl’(’ S —se1)) —

! Woi 7WU i—1

< vmax{T —t.3}|K |l | | [ ssemrsmay (v (L sG55 m52))

i=1

L2(P;R)

(T—t)max{ —t, Fﬁ)} 2 N
< Vmax{T —¢,3}[| K| i=a) (ef)* {F(ﬁl)}

wle

(68)
The facts that T (22) > T (2) = @, that % > 1, and that o < 1 prove that
(T—t) max{ T—t 2F(¢_)
(1{ ) } S Cl- (69)
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1 1 o
Moreover, the fact that p > 2 ensures that for all j € Ny it holds that (ej)s < [e (’”2] + 1)] * and that T'(j +1)5 >
['(j+1)7. This together with ([G8) and (G9) proves that for all j € {0,1,...,n—1}, v1,v,...,v; € {1,2,...,d+1}

it holds that
wo—-we, . J we i -wg i—1
=se92)) H Q(S(i—l,lt),S(i,t)) (ev, 1 (1, ;((i,f;—S(fiLt’)t)»

(9(95 +Wp = WY) — gz + Wg(j,t) - Wto)) <e'/w (1’ TS0t
i=1 L2(BR)
< o T = LYK WCE [e (8 +1)]F [~
< Vmax{T — 31K [e (8 +1)]° [rhr] -
(70)
Corollary .5 and the facts that p > 2 and a > 5 1) prove that
j+1
1 W it -Wg i—1,t
H o(S(—1,£),5(5,0)) <ew71’ (17 ;((i,t))fs(fil,i) : )>
i=1 L (P;R)
( 1)2 2 % ( ) a_(A-a)(p=2)
n&=)» (T—t)I(2) P 2 Pl T % 2 2p
< lmax {T t’ 2 ﬂ_% } 2(p—1) 2(2a(p71)7§+1) 1 |: (p] + 1):| |:F(1+j+%>:|
—a)" 7 (3 7 (71)
n(» +1)2 .1 . a_(-a)®=2)
B =) | (T-9)I(2)P pj B 1 : B
< maX{T t,2 3 } (1_a)2<pp1>] [e (% +1)] |:F(1+j+%)
it1 ‘ 1 L B
T2 8
— o e (8 4 1)] {7F(1+j+§)}
This together with Holder’s inequality and independence of (t("))neN and WO proves that for all j € {0,1,...,n—
1}, 11,00, ..., Vjt1 € {1,2,...,d+ 1} it holds that
. 0 0 A 1 Wg('t)_W.g('—l t)
(FO)(SG + 10,2+ W0~ W] st sem e (U S =sits))
i=1 L?(BR)
j+1 WO o
; 0 0 1 it) i—1,t
< | FOYSG + 1,02+ W) = WO, 2, o T asemriysman(ovns (1 “stimsins )>}
’ =1 L7 (P;R)
T P pT;Q
_ </ E[H(F(O))(s,z WO W) ’”’Q}P(S(j T1,0) e ds)>
t
j+1
1 W it -Wg i—1,t
H g(S(i—Lt),S(i,t))<ew—n (1, SS((i,t))—S(fil,i) 1))
i=1 Lr(BR)
< F(0 wo —wy 8o )
< s RO+ W2 =W o e (6 0] 0 [ty
(72)
and, analogously,
j+1 wo wo
- 0 0 S@it) VS (i—1.t
w, , (SG+ 10,2+ Wi, — WO ] st se (evi-n (L =S¢ —sern))
i=1 L2(P;R) (73)
B
1 gt
< v, o ) 2p pFoE |—t |
it i (54 W3 = W2 )HLE(P;R) (g1 T(1++3)
Next we apply Lemma [3.41 To this end note that sup,c 1) I[(F(0)(s,z + W2 — W} |||L_%(P . < o0 and
2P > 9 ensure that for all r € [1,2) it holds that
sup E[| (F(0)) (s, 2+ W?° — W,P)|T} < o0 (74)
seft,T)
Moreover, it holds for all » € [1,2) that
(75)

1 ! )
)1 / s~ (r(3=a)+e) g5 < 0,
0

1 1
—  ds= -

/0 s% [p(s)] ! (1-a
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Combing Lemma B4, ([Z0), (72), and (Z3)) proves that

0,
HUn,l;\(} (t’ :L') — Uy, (tv :C)‘ L2(P;R)

Loy G e (B1) | 2703 I, 2., 8
< \/maX{T—t,S}HKHlZ Z (nj_l) 1y (Wit [ (2\/M)"]j {F(jlﬂ)}
Jj= )

{1,2,...,d+1}
£ i1
1{1}(VJ+1)[ (7"’_1)]82]012 [ T L ] (76)
+ F(0 + W - ol ‘
SSE};)H( ( ))(S ’ p Z(P]R Jz(:)m,uz,z:uﬂrle( ! ) ]wnij(r(l'i_j—’_%))ﬂ

{1,2,...,d+1}

pj LN +1
. {e(?Jrl)} ¢, ? [T L]
+Z Z ( jl) sup [ (5,2 + WY = Wy) ||LP_L2(IF’]R) VMR (D (1454 2)

J=0 vi,v2,..., Viy1€ SE[t,T)
{1,2,...,d+1}

Observe that for all j € Ny it holds that

> tm@) [T 2w | = IZI. (77)

V1,V2,.. V41 € =1
{1,2,...d+1}

Combining this with (Z6]) proves that

HU?zﬂ,I;VUI(t’ 'T) — Uy, (ta x)’

L2(P;R)

1 .

n—1 e p_j+1 ggjc'%”L”j 8

< e, 3 LAl oy
=0

n—1 j i 2 8 (78)
0 _ [ (2 +1)] ZlLlic n—1 1
+5es[12,I;“)H(F(O))(S .T+W Lp Q(IP’]R Jz; vV Mn—i ( j ) F(l-‘,—j-{-%_)
+ +W0 i: [ ( ) éyllL”{HC% (n—l) [ 1 ]ﬁ
sE[t,T),ieS?II,)Q,...,d-i-l} ||111 5 Lp Z(IP]R — VMnr—i—1 J F(1+j+%)
This and the facts that 2¢/C1||L||; < 2v/C1 max{1,||L|:} < C, p>2, and C > 1 imply that
0,v0 _
oz <>\
n=l (Bl écj B
7=0
1 0 0 S [e<%+1>} o L 1°
+ B S:E})T) H(F((D)(S,:c +Wg - W, )HLp_Zf—z(p;R) j;o T( j ) [F(j+1)}
(79)

Cj+1 L ﬁ
n— 1
Mn—Ji—1 ( J ) |:F(j+1):|

Csup,cpe,my H(F(O )(s,z4+W2— WO)H

< (& )} o ni ") (VM) [\/max{%s}nKnle ’ L5 em)

- VMn—1 F(j+1)ﬂ 2V M

3
|
—
—
o
L
wlE,
+
—
N
—
ool

1
= sup u;(s,z + W2 =W -
2 selt,7)ie{1,2,....d+1} H ’ ® ¢ HLP = (P;R) =

Csup,cr,my,ic(1.2...., +1}Huw(5 T4+ W Wy )H 2p_
LP—2 (P;R)
" . ]

Next note that for all 7 € Ny it holds that

j 21 \” > AN :
(VM) _ < (M?5) )) < (Z I(‘Mi))> = exp (BMW) (80)
k=0

IL'(j+1)° r(j+1




and that

—

— (n;l) —_ 2n71' (81)
0

<

Combining (78)), [80), and (§I)) shows that

) ()] Feoren(on) {\/mum
VM

HU?zﬁ,I;VU[(tv :C) — Uy, (ta :L')’

L2(P;R) — Mot (82)
Csup,cpe,my H(F(O))(S@JFWS*WS)H 2p_ C'SUP, 1,7 i€{1,2,...,d+1} ui(SvIJFWsO*Wf[,))H 2p_
+ LP—2 (BR) + LP—2 (KR)
2V M 2 ’
This completes the proof of Proposition O

4 Regularity analysis for solutions of certain differential equations

The error analysis in Subsection above provides upper bounds for the approximation errors of the MLP ap-
proximations in (B4]). The established upper bounds contain certain norms of the unknown exact solutions of the
PDEs which we intend to approximate; see, e.g., the right-hand side of (63) in Proposition BA in Subsection B3]
above for details. In Lemma .2 below we establish suitable upper bounds for these norms of the unknown exact
solutions of the PDEs which we intend to approximate. In our proof of Lemma we employ certain a priori
estimates for solutions of BSDEs which we establish in the essentially well-known result in Lemma below
(see, e.g., El Karoui et al. [I9, Proposition 2.1 and Equation (2.12)] for results related to Lemma 2] below).

4.1 Regularity analysis for solutions of backward stochastic differential equations
(BSDEs)

Lemma 4.1. Let T € (0,00), t € [0,T], d € N, Ly,La,...,Lay1 € [0,00), let |||, : RS — [0,00) be
the d-dimensional Euclidean norm, let (0, F,IP) be a probability space with a normal filtration (Ft):er1y, let
£ f:[6T) x R x RY x Q — R be functions satisfying that for all s € [t,T] the function [t,s] x R x R% x Q 3
(u,y, z,w) = (flu,y, z,w), f(u,y, z,w)) € R? is (B([t, s]) @ B(R) ® B(RY) ® Fy) /B(R?) is measurable, assume
that for all s € [t,T], y,§ € R, z,Z € R? it holds P-a.s. that

d

F(5,.2) — F(5,5.91 < Laly 31+ Y Lyl — 51, (53)

j=1
let V,Y:[t,T] x Q = R, W: [t,T] x Q@ — R% be (Fs)sepe,r)-adapted processes with continuous sample paths,
assume that (Wsis — Wi)sejo,r— is a standard Brownian motion, let Z,Z: [t,T] x @ — R be (Fs)sepe,)-
adapted (B([t,T]) @ F)/B(R?)-measurable processes, assume that it holds P-a.s. that ftT [f(s,Ys, Zs)|ds < o0,

ftT |f(s,Ys, Z4)| ds < o0, ftT | Zs||3ds < oo, and ftT | Z,|13 ds < oo, assume that for all s € [t,T] it holds P-a.s.
that

T T
YS:YT+/ f(u,Yu,Zu)duf/ (2.)" dw,,

i i T o (84)
V.= ¥r +/ Flu, Vi, Z) du — / (Z)" aw,
and that E{supse[t’T] Yf} < oo and E{supse[t’T] 1752} < 0o. Then it holds P-a.s. that
Y, - Y| < <|YT — Yr|| L em) + (T = 1) sup 1£(sy,2) = F(s,9, Z)|L°°(IP’;]R)> - (85)
s€(t,T),yeR,zeR4

Proof of Lemma[f-1, Throughout the proof let (-,-): R x R? — [0,00) the function that satisfies for all v =
(v1,...,v4), w = (wy,...,wq) € R? that (v,w) = Zle viw;. Without loss of generality we suppose that
SUDsc(t,7],yeR, e || f (8,9, 2) — f(S,y,Z)HLoo(P;]R) < co. Throughout this proof let |-|| : R — [0,00), be the
Euclidean norm, let (-, -): RYxR? — R be the Euclidean scalar product, let A: [t, T]xQ — R, B: [t,T]|xQ — RY
be the functions which satisfy for all s € [¢,T], j € {1,2,...,d} that

foYoZo)=f(s:Ya2e) 3py, 2 Y,
A= o T (86)
0 else
F(8,Ye,Z6(1),0 Zo(3), 26 (G412 () — F(8,Ye, Zs (1) s Zo (G—1), 25 (§) . Zo(d)) . 5 .
Bs(j) = Z.()—22(j) if Zs(j) # Zs(j) 7 (87)
0 else
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2
and let T': [t,T] x © — R be the function that satisfies for all s € [t,T] that I’y = e/: Ar— 1B dr o [2 (B d W)
It6’s formula implies that for all s € [¢,T] it holds P-a.s. that

I, =1+ /SFTAT dr + / T.(B,,dW,). (88)
¢ ¢
Then It6’s formula, [84]), and (B8) yield that for all u € [t,T) it holds P-a.s. that
LY, =Y = /t Ty(= £ (5,Y0 Z) + AYs + (Bo, Z4) ) ds + /tursYs<Bs,dWs> + /turs<zs,dws> (89)
and that
LYy =Y = /t Dy( = f(5.Ye Z) + AYs + (By, Z4) ) ds + /tursmBs,dWs) + /t Lo(ZsydWs). (90)

Next (B6), [87), and a telescoping sum imply for all s € [t, T] that

d
A(Ys = Ya) +(Bo, Zo — Zo) = As(Ya = Vo) + > Bo(§)(Zs(4) — Zs(5))
j=1
d
= f(s,Ys, Z) — f(s,Ys, Zs) + (f(s,YS,ZS(l),...,ZS(]) ZJ(j+1),...,Z4(d)
= (91)
- f(SaY;;Zs(l)’ s 'aZs(j - 1)aZs(j)a . aZs(d)))
= f(8,Ye, Zs) — [(5,Ye, Zs) + [(5,Ys, Zs) — [(5,Ys, Zs)
= f(8,Ys, Zs) — [(5,Ys, Zy).
This, (89), and @0) imply that for all u € [t,T] it holds P-a.s. that
Vi Vi TulVa— V) 4+ [ Tu(Ys = ¥)(BuydiW) + /urs<zs ~ Zu,dW,)
t t
:/ Pu(f(5.Ya, Z2) = (5, V2, 22) — (A(Ys = T2) 4 (Bo, 2, — 22)) ) ds (92)
t

For every n € N let 7,: Q — [¢t,T) be the stopping time that satisfies

Tninf<{7"€[t,T]: Zn}u{T}C}). (93)

Taking conditional expectations in (02)) implies for all n € N that P-a.s. it holds that

/T Fs(Ys - Y/S><st dWS>

+ / Do(Zs — Zg, dW,)
t

Y,-Y,=E [rm (Yr, = Y:) + / I, (f(s, Y., Zs) = f(s, Y, ZL)) ds|IFt] : (94)
t

Next note that assumption (83]) ensures that supse(, 7 [| Bs||* < Zj;l (L;)?. This and an exponential martingale
argument imply that

2 2
E l(e tT “Bs“ ds +ft (Bs,dWs>> ] _ E |:€ftT ”le|2 dse_ ftT HZB;H d5+ftT(QBs,dWs>:|

< TS50 L) R [e T U2Bs12 gt (T (2B, dW):|
(T

Note that by assumption (83)) it holds P-a.s. that sup,c(, 71 |As| < L1. This, Doob’s martingale inequality, and
@3), show that

) 2
E| sup I'Z| =E | sup el 2Ardr <e‘ft5|‘+dT+ftS<B“dWT>>
set,T) s€(t,T]
2
S €2L1(Tft)E sup <€ ftS wcl'lhff: (BT,dWT>) (96)
s€t,T]

2
< 4e2L1(T- l(e Jr Bzr|2dr+ftT<Br,dWT>> ] < 4e(T—1) )(2L1+3204 3 (Ly)? )
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This together with the Cauchy-Schwarz inequality, and the assumptions that E {supse[tﬂ Yf} < ooand E|supepy, m V2| <
oo prove that

sup (Y —Y5)?
set,T]

E| sup [[y(Y; — V)|

set,T]

<.|E < 0. (97)

set,T]

sup Ff] E

Moreover, it holds that

T
<E l/ T dS‘| [ sup Hf(svyaz) - f(svyaz)|L°°(P;]R)‘| < 00.
t SE[t,T]

YyER,z€R4
(98)

This, (@), Lebesgue’s dominated convergence theorem, (@), continuity of Y, Y, ', and the fact that it holds
P-a.s. that lim,, ,~, 7, = T ensure that P-a.s. it holds that

Y, — Y, = lim E[FTR(YTRYTH%L/ Fs(f(s,ffs,Zs)f
t

n—oo

(s,}}s,Zs)) ds|IFt]
(99)
=E

T
Tr(Yr — Yr) + / L'y (f(S, Y., Zs) = f(s, Y, Zs)) dS‘Ft]
t

This, the triangle inequality, the fact that the process [t,T] x Q3 (s,w) = e~ J¢ LBl drt [ (B W) ¢ (0,00) is
a martingale, and the fact sup,cp;, 77 |As| < L1 yield that P-a.s. it holds that

T
Y; - Y| <E|Dr|Yr — Y7 +/ T\ f(s,Ye, Zs) — f(s5,Ys, Zs) ds\l&]
t
~ T ~
< E[FT’Ft] ||YT - YT||L°°(IP’;]R) +E / I, ds‘Ft sup Hf(saya Z) - f(S, Y, Z)||L°°(IP’;]R)‘|
t s€(t, T],yeR,z€R?

< eli(T-t) <||YT — f’THLoo(P;]R) + (T -1 sup Ilf(s,y,2) — f(s, Y, Z)HLOO(]P’;R)) )
s€[t, T],yeR,zeR4

(100)

This proves ([88)). The proof of Lemma [£T]is thus completed. O

4.2 Regularity analysis for solutions of partial differential equations (PDEs)

Lemma 4.2 (Upper bound for exact solution). Let T' € (0,00), d € N, n,Lo,L1,...,La, £1,£2,...,L4,
Kl,KQ, .. .,Kd S IR, f S C([O,T] X ]R,d x R x ]R,d,IR), g < C(IR,d,IR,), u = (u(t,$>>(t,m)e[07T]XRd S 01’2([0,T] X
R%4R) , let ||| : R4 — [0,00) be a norm, assume for all t € [0,T), x = (z1,22,...,24), t = (t1,82,---,kd),
2= (21,%9,-..,24), 3= (31,32,---,3d) € RY, 4,9 € R that

|f(ta x,Y, Z) - f(taxv U75>| S L0|y - U| + Z?:l(Lﬂzj - 3]| + £j|xj - Xj|)5 (101)
l9(z) — g(x)] < S0, Kilwi — il u(t, o) <L+ X0 =", w(T,2) = g(x), (102)
and  (Gu)(t,2) + 5(Agu)(t,2) + f(t, 2, u(t,2), (Vou)(t,z)) =0, (103)

let (2, F,P) be a probability space, and let W: [0,T] x Q — R? be a standard Brownian motion. Then
(i) it holds for all s € [0,T), x € R? that

]

T
/ I[f (.2 + Wams ult, 2+ Wem), (Vo) (2 + Wees)] (1, 5557)

E|lg(e + W) (1, %)

(104)
+E

t—s

|dt] < 00,

1) it holds for all s € T € that
(i1) holds f Il [0,7), R th

(u(s,2), (Vou)(s,2)) = B[ gl + Wr_,) (1, 52=2)

+E

t—s

/T [f(t, 2+ Wies,u(t,z + Wi_s), (Vou) (t,x + Wi—y))] (1, =) dt] ,

(105)

23



(ii) it holds for all t € [0,T], x = (z1,22,...,24), t = (t1,t2,---,ta) € R? that
u(t, z) — u(t,r)| < T ( S (G + (T = 4)€) x5 — Xj|), (106)

(iv) it holds for all t € (0,T), x € R%, i € {1,2,...,d} that
|(z2u)(t,z)| < e T=I(K; + (T - 1)£)), (107)

and

(v) it holds for all x € R%, p € [1,00) that

sup sup (Ellu(t, + Wi — W,)["])””
s€[0,T] te[s, T

<eT | sup (Bllg(a+ W) +T sup (E[|f(t,z + Ws,0,0)[P])/ + TeroT 70| Li(K; +T<;)| -
s€[0,T] s,t€[0,T]

(108)

Proof of Lemma[f-Z Throughout this proof let ||-||, : R — [0, 00) be the d-dimensional Euclidean norm. Item
@) and item (@) follow from Lemma 4.2 in [4I]. Next we prove item (fl). Throughout the proof of item (i) let
t€[0,7), v = (v1,22,...,24), £ = (x1,52,...,2a) € R4 let V,Y: [t,T] x Q@ = R, let Z,3: [t,T] x Q — R? be
functions which satisfy for all s € [t,T] that

Y; :’U/(S,ZE—FWS _Wt)a (109)
s = uls,x+ Wy = Wy), (110)
Zs = (Vau)(s,z + Wy — W), (111)
3s = (Vau)(s,r + Wy = W) (112)
Then It6’s lemma yields that for all s € [¢, T] it holds P-a.s. that
T T T’
YT :Y;—/ f(r)$+WT_Wt)Y!'aZT)dr+/ (ZT) dWr (113)
and
T T T’
iDT :ins _/ f(rax'i'Wr _Wta@r;ST)dr+/ (37") dWr (114)

Next note that (I02) implies that there exists A € (1,00) such that SUDPse[0,7],¢€R? ‘fi(ﬁga)k‘ < oo. For such a
Nl 2

A € (1, 00) Doob’s inequality implies that

sup |Y] = || sup |u(s,z +Ws—W,)]
s€(t,T) L2(PR) sE€[t,T] L2®R)
< | sup RS (1| sup o W - WA (115)
selTheeRs ’ s€n Tl L2(P;R)
jus.6)] 22\ R
S sup u(s, 1+< ) ||ZL'+WT—Wt|| . < 00
5€[0,T],6€R4 1+l 22 —1 H 2 HL (P;R)
and likewise
sup |@s| < 0. (116)
se(t,T] L2(:R)

Moreover, ([[QI) implies that for all s € [t,T], y,9 € R, z = (21, 22,.-.,2a), 3 = (31,32,---,34) € RY, it holds
P-a.s. that

d
j=1
and
d
j=1
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This, (I13)), (I14), (I1T), (II6), and Lemma E1] prove that
u(t, z) —u(t, )] = [V — D

<6L0T t)(HYT_@THL“(IP’]R (T_t) {tT]SU.IE{ R ||f(sa$+Ws_Wt;yaz)_f(sax'i_ws_Wtayaz)HLm(P;]R))
se|t, T'],ycR,z¢e

d
< elolT=0) (||g($ +Wr = W) = gt + Wr = Wo)llze@m) + (T — 1)) &ilz; — Fj|)

- ”(i HE)le; -~ 1).

Jj=1

(119)

This proves item (). From item () it then follows for all t € [0,T], x € R%, i € {1,2,...,d} that

9 o . u(t,x+he;)—u(t,x) Lo(T—t) ) . )
t = 1 e 2l < K; T—-1)%). 12
(e o) = | i sttt < T (5 4 (7 - ) (120)
and this proves item ([v). Next we prove item (@). For the rest of the proof let F': C([0,7) x R, R*4) —
C([0,T) x R4 R), u: [0,7) x RY — R4 be the functions which satisfies for all ¢t € [0,T), z € R4, v €
C([0,T) x RY,RMY) that (F(v))(t,z) = f(t,z,v(t,z)) and u(t,z) = (u(t, =), (Veu)(t,z)). Item (H), Tonelli’s
theorem, and the triangle inequality prove for all s € [0,7],t € [s,T], * € R%, p € [1,00) that

||’U,(t, z+ Wy — WS)HLP(IF’;]R)

T
= || [ s+ Wi Wk P )+ [ [ E@)ws W W P
t P

dv
Lr(P;R)

(121)

T
<| [ o+ Wi W pPuw @], ] @)@ W Wk ) P )|
’ t

This, Jensen’s inequality independence of Brownian increments yield for all s € [0,T], t € [s,T], « € R,
p € [1,00) that

1
P

lu(t,z + Wi = W)l Leer) < (//‘9 :z:—i—z—i—y)‘ Py, —w, (dy) Pw, - Ws(dz))

+ / : ( / / \(F(u))(v,wzw)\”mWs<dy>pwtws(dz>)% v,

(//‘9 x—l—z—i—y IP’(W —w, wi—w)(d(y, )))ll) (122)

Jr/t (//‘(F(u))(v’zJrZJry)‘pPWv—Wth—Ws)(d(y,Z))>% a

T
= lg(x + Wr — W) 1oem) + / H(F(u))(v, z+ Wy — W) dv
t

L»(P;R)

This, the triangle inequality, the global Lipschitz assumption [[01 of f, and item () show for all s € [0,T],
r € R%, p e [l,00) that

T
sup ||u(t,:c+Wt—Ws)||Lp(p;]R)§||g(ac+WT—Ws)||Lp(p;]R)+/ [CAONCEERTAUS

te[s, T L7 (P;R)
T o
L H W, — L/ H— 4+ W, — W,
- O/S w2+ L?(BR) U+JZ:: 6ju)(v$+ ) Lr(P;R)
T
< llg(w + Wr = W) ooy + / | wo =
T d
nys / su H (o + W, — W, do+ S M TTL (K, +Tg,
0 s te U% o ) LP(P§R) ; ]( / J)
(123)

Note that there exists A € (0,00) such that SUDP4e[0,7],¢€ R4 % < 0. For such a A € (0,00) and for all
T, 2
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r € R4, p € [1,00) it holds that

1 A
s€[0,T),tes,T] s€[0,T],6€ R4 +lI€l12

sup lu(t,z + Wy — Wi)llLopr) < l sup  Luls)] o
se tels

<1+ sup HHSC+Wt Ws”é\HLp(P;]R)> < 00.

(124)
This, (I23), and Gronwall’s inequality finally yield for all z € R%, p € [1, 00) that

sup sup |u(t,z + Wi — W)l Lrp;r)
s€[0,T] te[s,T]

d
< eloT S[%pﬂ lg(@ + W)l Lo esw) + eLoTT( tSL%)T] [F @),z + W)l 1 gy + 5" > LK+ T}:j)) .
s€|0, s,te|0, j=1

(125)

The proof of Lemma is thus completed. O

5 Overall complexity analysis for MLP approximation methods

In this section we combine the findings of Sections Bl and [ to establish in Theorem below the main ap-
proximation result of this article; see also Corollary 5.1l and Corollary 5.4 below. The i.i.d. random variables
Y1 Q — (0,1), & € O, appearing in the MLP approximation methods in Corollary 511 (see (I29) in Corol-
lary B.1]), Theorem B2 (see ([I46]) in Theorem [£.2]), and Corollary 54 (see (IE9) in Corollary[5.4]) are employed to
approximate the time integrals in the semigroup formulations of the PDEs under consideration. One of the key
ingredients of the MLP approximation methods, which we propose and analyze in this article, is the fact that the
density of these i.i.d. random variables t/: Q — (0,1), § € O, is equal to the function (0,1) 3 s — as*™ ' € R
for some o € (0,1), or equivalently, that these i.i.d. random variables satisfy for all § € ©, b € (0,1) that
P(x? < b) = b for some a € (0,1). In particular, in contrast to previous MLP approximation methods studied
in the scientific literature (see, e.g., [39, 40} []) it is crucial in this article to exclude the case where the random
variables t?: Q — (0,1), 6 € ©, are continuous uniformly distributed on (0, 1) (corresponding to the case a = 1).
To make this aspect more clear to the reader, we provide in Lemma [5.3] below an explanation why it is essential
to exclude the continuous uniform distribution case @ = 1. Note that the random variable U: Q — R4+!
in Lemma coincides with a special case of the random fields in (I46]) in Theorem (with ggq(xz) = 0,
fa(s,z,y,2) =1, M =1,t=0for s €[0,7), z,2 € R, y € R, d € N in the notation of Theorem [5.2).

5.1 Quantitative complexity analysis for MLP approximation methods

Corollary 5.1. Let ||-[|; : (UnenR") = R and |||, : (UnenIR"™) = R satisfy for alln € N, x = (21, 22, . .. ,xn) €
R™ that ||zl|1 = Y7 |@i| and ||z]|l = maxjeqio,. oy |z, let T,6 € (0,00), ¢ € (0,1, d € N, L =

(LO;Lla"'aLd)GRd+1;K:(KviQa"'de)y2:(£1;£2'-';£d)7§€Rd7p€(2 OO) ( p21)’2(p 1))

B=g-U== ¢ (0,2), feC(0,T] x R x R x R4, R), g € C(RLR), let u = (u(t, ) (t.0)ef0,r)xme €

C12([0,T] x R4, R) be an at most polynomially growing function, assume for allt € (0,T), x = (x1,22,...,74),
L= (;1;;23 cee axd); Z = (ZlaZQa .. .,Zd), 3= (51)52) DR aﬁd) S Rd; y,h € R that

l9(2) =gl < L Kilwi —wil,  u(T,2) = g(a), (127)

and (6@ )(t x)+ l(A u)(t, x) +f(t,z,u(t,:c),(v u)(t, :L')) =0, (128)

let F: C([0,T) x R4, R — C([0,T) x R4 R) satisfy for all t € [0,T), » € RY, v € C([0,T) x RY, RMY)
that (F(v))(t,z) = f(t,z,v(t,z)), let (2, F,P) be a probability space, let © = U,enZ", let Z°: Q — RY,
0 € O, be ii.d. standard normal random variables, let t?: Q — (0,1), 6 € O, be i.i.d. random wvariables,
assume for all b € (0,1) that P(t < b) = b'~%, assume that (2%)gece and (t*¥)gco are independent, let UY =
(U0, UL U ) [0, T) x RIx Q — R4, n, M € Z, 0 € ©, satisfy for alln, M € N, 0 €0, t€0,T),
z € RY that U%, (t,x) = U8 4 (t,2) =0 and

Uy (t,2) = (9(2),0) + 37 Igf (9(x + [T —1/2Z20070) — g(2)) (1, [T — 1]~ /22(%079)

=1

(129)

(6,1,i) o D1— i
—+ Z Z %(1, [(T — t)t(evlv )] 1/2Z(6117 ))

0,1,i 6, 4 i i
: [(F(Ul(,M N = INOFUPTD) A+ (T — @D g 4 (T — £)eOL0]1 /2 7000],
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let (RVy,0r)(n,myeze C 7 satisfy for all n, M € N that RV y = 0 and

n—1
RV < dM" + 3 [M(”’l)(d 1+ RV +1x(0) va_l,M)} , (130)
=0

and let C € (0,00) satisfy that

C= max{ L IT(B)[F (1 — @) " max {T INE=SER %\/ﬂ} max{1, ||L|\1}}. (131)
Then there exists N € NN [2,00) such that
0,0 _
L 10725 0.) = w0, )| ey i (070 (0,.6) = (GE) OOl gy | <= (132)
and

N
SRV, pas) < de™ <2+‘”23”[1+ VmelTHIKIL | ol gy, L&+ V52O,
=1

VI —1)%¢] “e[0.T L2 (BR)
Ce T (| K oo + T||€]l) + C |PO)te+ ZO> | (%+TL°T)
F O+ 12l +C o [FONE V2O, (Gt +757)
1 +6
J 245 5n (n_l)w[e(l?(n—l) ):|8(4Ceg)n 1
+ TCe*toT ZLj(Kj + TE;)] . sup - b < 0.
= neNN[2,00) (-1 )%

Proof of Corollary [21l. Throughout the proof let e € (0, 1] and let (1,,,ar)(n,m)en> € R satisfy for all n, M € N
that

ot = [ U - | | —(Z | 134
mar = U250, —u(. &), ot max [UD(0,6) ~ (5u)(0,6) (134)

First note that it follows from Proposition B item (i) of Lemma 2 and the fact that the increments of a
Brownian motion are normally distributed that for all M, n € N it holds that

L . e (0
2[e(B41)] * ac) p( s)[ W{Taml Csup, vepo,n ||(F(O0) (46452 >HLM(M)

L2(P;R)

UOz 0 0’ ’
L2(P;R) ze{rll?a,bx,d}H wr(0:6) = (5 1“)( £)

M, M < QmaX{HU?{,%w(Oaf) - U(Oaf)‘

<

- VMn—1 VM
+C H t, &+ /520 H max H )(t, €+ /520) H }}
S,tSE?OI?T) |:maX{ U( € \/_ ) L%(PﬂR) 7’6{1721 7d} ( ( € \/_ Z(P]R
(135)
This together with Lemma implies for all M,n € N that
1 1

2[e( B +1)] (40) exp (ﬂMﬁ) T
o < max{ T3} Kl C(L T LOT) H F(0))(t AL ‘
ot < {v AL O 1) s O+ VEZO)

d
+ 0T (I o + T 2ll) + Oe" sup g€ +VSZON 2y o )+T062L°TZLJ-<KJ-+T£;>]
selo, ’ j=1

(136)

It follows from ([[20) and (I27) that sup, ,cpo, 1) H(F(O) )(t, &+ \/320)) H 2 Ry

\/_Z(O))HL_%(P %) < oo. This together with (I3G) proves that limsup,, ., 7, [n2s) = 0. Let N € N be the
natural number given by

< 00 and sup,e(o 7y llg(& +

N =min<n € NN[2,00): SUD Ny, 28| <€ (137)
meNN[n,00)

and let € € [0,00) be the real number given by

¢ = 2|1 4 VuedTHIKL | H F(0))(t AQ H . 1 TeleT
* VLUN=1)27] * stil[lg?T) (FOIEE+ Vs )LE(IP’;IR)(\/L(N*UMJJF c )

d

+ Ce" T (|K oo + T L] o) + Ce™T sup. Hg(§+fo NN 2o, ATCET Y LK+ T8) |
selo,T P2 (PR —
i

(138)
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If N = 2 then it holds that

1 ¢le WJA %(4C)Nfle><p ﬁ(L(Z\Fl)wJ)ﬁ
e<1<4CC[e(24+1)]5 e = { ( )iuw—l)wm(z ) (139)

If N > 2 it follows from (I31), (I36) and ([I38) that

¢[e<%+1>} %(40)1\’*1 exp(ﬁ(L(N,l)wJ)ﬁ>
VL(N-1)2 )N =2 '

€ <NN—1,|(N=1)28] < (140)

Moreover, [39, Lemma 3.6] implies that for all n € N it holds that RV,, |26 < d(5|n*?|)". This implies that

N N N 23 28 1\N _
D> RV, sy <d Y (5[n*7))" Z 5|N%7)) LN ;J&\(I(QE’BLJN_ 1J) D) < 2d(5|N* )N, (141)

Combining this with (I39) and (I40) proves that

N
DRV, (pas) < 2d(5[ N ) = d(5| N?P|) Ve 0= ()
n=1
N1, N 246
e p(N— 8 N—=1 oy _1\28 2
< 2de= O (5| N )N [ )] wer e (puv- )
V(L(N=1)28 )N~
1 1 2468
5N (L8 ) H(Wﬂ)} S acyN - exp(ﬁ(L(Nfl)z"J)Wﬂ
= 2d€7(2+5)€2+6 (N—2)(213)
(L(N=1)28]) 2
N 2 N p(N—1) % N-1 2 P e
5N (L(N—1)8 ) H( 1)) " oy e (L) BJW)]
S 2d€7(2+6)€2+6 (N=2)(2+9)
(L(N=1)28]) 2
[ 1 245
5 | Lv=1722) [e (P0G 1) [P acy ¥ exp(m(N—l)”J)ﬁ)} (142)
= 2de~ (39 gto 5N
(L(N=1)28])" 2"
- 1 246
5N | (N=1)28 F(@HH 8(40&*)“1}
< 2de~ (0 g2He iy
a (L(N=1)28])"2"
_ 1 +4
"
< 2de—(2+0) g2+d sup r
RENAI2,00) (L(n—1)2¢ )
r 2 = PN\
5 |:(n—1)7ﬂ [e(@ﬂ)] o (4065)"%]
= 2de~ 2+ g2+? sup 3 < 00.
RENAI2,00) (L(n—1)26 )5
This establishes ([I33). The proof of Corollary [5]is thus completed. O

5.2 Qualitative complexity analysis for MLP approximation methods

Theorem 5.2. Let T,6,A € (0,00), a € (0,1), B € (max{{=22,0},1— ), let f4 € C([0,T] x R x R x R",R),
d € N, let gos € CRLR), d € N, let & = (€a1,8d.2,---58aa) € RE, d € N, let Lg; € R, d,i € N,
let ug = (ua(t,))meprxre € CH2([0,T] x R%R), d € N, be at most polynomially growing functions,
let F;: C([0,T) x RE,RYY) — C([0,T) x R4 R), d € N, be functions, assume for all d € N, t € [0,7),
= (21,T2,...,24), T = (1,02,---,8d), 2 = (21,22, --,2d4), 3 = (31,32,---,3d) €E R, y,9p € R, v € O([0,T) x
R4, RM*9) that

max{|fd(t,z,y,z) - fd(t7XaUaZ)|a |gd(x) - gd(?)” S Z?:lLdvj(d)\kcj - x]| + |y - U| + |Z] - 5]|)7 (143)

(%ud) (t,2) + 5 (Aguq)(t, @) + fat, z,u(t,z), (Vaua)(t, z)) =0, ug(T, ) = ga(x), (144)
d*(1ga(0)| + | fa(t,0,0,0)] + e [gaal) + Yl Lai <A and (Fa(v))(t,@) = fa(t,2,v(t,2)), (145)

,,,,,,
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let (Q, F,P) be a probability space, let © = UpenZ™, let Z4%: Q — R, d €N, 0 € O, be i.i.d. standard normal
random variables, let t%: Q — (0,1), 0 € ©, be i.i.d. random variables, assume for all b € (0,1) that P(x* < b) =
b, assume that (Zd’e)(dﬁg)en\]x@ and (t?)gco are independent, let Uiﬁw = (UZ:%},Ui’ﬁ(i\’/}, . Ui eMd) [0,T) x
RYx Q — R, n,M,d € Z, 0 € O, satisfy for alln,M,d € N, 0 € ©,t € [0,T), x € RY that UifﬂM(t,z) =
Ug:g/l(t,:c) =0 and

U (@) = (ga(@), 0) + Z (9w + [T = 42 20079) — ga(a)) (1, [T — 1] 7H/2 20070

=1
S R T - - 146
+ Z 2 (Tt)a(rM—"*l)l (1, [(T o t)t(é,l,z)]—I/QZd,(G,l,z)) ( )
NFEURT) = IO FaOE D)) (¢4 (T = e (T — ) W02 70 000)],
and let RV g pnpm € 7, d,n, M € 7, satisfy for all d,n, M € N that RV40m =0 and
n—1
RV < AM™ + 5 [MOD(d+ 1+ RVagr +In() RVai1,00)] (147)

=0

Then there exist c € R and N = (Nge)(d,e)enx(0,1]: N X (0,1] = N such that for all d € N, ¢ € (0, 1] 4t holds
that Yom™s RV g, (s < cd®e=+9) and

1/2
d,0,0 2 d,0,i
<e (14
nE]I\]I'WS[u]VI;,&OO) |: [|U LnBJ (O’é-d) Ud(o’gd” } 16{111:12?X7d} “U Lnﬂj (0 é-d) ( U’d)(o €d)| }:| ‘ ( 8)

Proof of Theorem [72 Throughout this proof let p =
that p >

5+2 . Note that the fact that 0 < 8 < 1 — « ensures

m = 2. Moreover, observe that the fact that p= ﬁ demonstrates that

B_l-a (A-(1-0)p-2)
3=—5 % : (149)

Ifa> % then it holds that 1 —a < ﬁ. Moreover, if o > 1 the fact that 8 > 0 implies that p < 5 20‘ 7 and

hence 1 — a > If a < %, then it holds that 1 — « > Moreover, if a < 1 the fact that ﬂ > 1 2a

(p 1) 2(p 1)
implies that p < % = i:z and hence 1 — a < 2(p71) Furthermore, it holds that 2( ) <3 L < (p e
To summarize, it holds that
-2 1-— 1—(1-— -2
€(20), l-aec(L—= _P and Btz (1=(-a)p=2) (150)
2(p—1)"2(p—1) 2 2 2p
Next note that (I43) ensures for all d € N that
sup H Fa(0))(t,€q + /524 ‘ .
s5,t€[0,T) (Fa(O)) ) Lr=2(PR)
< sup | (Fal0)(t &+ VEZHO) — (Fa0)(t.0)]| 2e, .+ sup [(Fal0))(,0)]
5,6€[0,T) LP=2(PsR)  tel0,T)
= s |falts &+ V52,0,0) = fa(t,0,0,0)| 2 4 sup |fa(t,0,0,0)
stE[OT 72 (BR) t€[0,T) (151)
< (Y Lag(igasl + VT | 22O )+ sup | fa(t,0,0,0
( Z d il 2(IP’IR) te[o,T)| ( )
<dA< +VT |20 s >< L >+su £,0,0,0
< d( [ max1€asl] L ) Z 4 )+ sup 114(1,0,0,0)]
Moreover, (I43) proves for all d € N that
sup ||ga(6a +vVsZP )| 2 < sup lga(éa + V52O 2 4 9a(0
sl 22,y < 510l )= 9O, e, . +1aa0)
L z+0
< (@ Z 5060+ VTIZO 2 ) +1ga(0) 5

< d/\<[ max |§d,j” + \/THZL(O ‘

je{1,2,....d}

sz(m)) (ZL”> FloalO
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Furthermore, it holds for all d € N that

d

AL, <d*SN L d Lq;(dL Td Ly ;) < dNT +1) L ) 153
jeltoay® ; o ; (b T L) " <Z dj) o

Combining ([I51)), (I52), and ([I53) with Corollary Bl (applied with o = 1 — «, 8 = g, p = éi;i;’ Ly =

2?21 Laj, Lj = Laj, Kj =d Lq, £; = d Lg for j € {1,...,d}, d € N in the notation of Corollary E.1]) and
the fact that

1
sup | — &ai|l + sup |fa(t,0,0,0)| + |ga(0 + Lg;| < oo 154
deN[dA(e{m ol st 1£a.0,0,0) +| Z (154)
proves (I48). The proof of Theorem [5.2] is thus completed. O

Lemma 5.3. Let T € (0,00),d € N, a € (0,1], let (2, F,P) be a probability space, let Z = (Z*, Z2,...,Z%): Q —
R? be a standard mormal random variable, let v: Q — (0,1) satisfy for all b € (0,1) that P(x < b) =
b, assume that Z and v are independent, and let U = (U, UL,... UY: Q — R satisfy that U =
To~'e'=(1,[T%]~'/2Z). Then

(i) it holds for alli € {1,2,...,d} that

) T (1 T ta<1
E[|U] = —/0 s %ds = {a@a) “ (155)

Q 00 ta=1

and

(ii) it holds that U € L?(P; R if and only if a € (0,1).
Proof of Lemmal[Z3 Note that for all i € {1,2,...,d} it holds that

1 1
E[|U] = EE[tQ(l—a)—1|Zi|2} _T E[s20-9)-1|Zi]2] so1 ds = T G2(1—a)=1+a—1 g
a? a o a

0
1 T .
:Z/ smods = Jat-a o<l
a Jo 00 =1

This proves item (). Moreover, observe that item (i) establishes item (@). The proof of Lemma is thus
completed. 0

(156)

Corollary 5.4. Let T,0,\ € (0,00), let f4 € C(R x R4 R), d € N, let g4 € C(REL,R), d € N, let & =
(€d71,€d72, o 8ad) € Rd, deN,let Lg; € R, d,i € N, let ug = (Ud(t,fﬂ))(t,m)e[oﬂ"]xﬁd € 01’2([0,T] X ]Rd,]R),
d € N, be at most polynomially growing functions, assume for all d € N, t € [0,T), x = (z1,22,...,24),
r = (Xl,xg,...,xd), zZ = (Zl,ZQ,...,Zd), 3= (51,32,...,3d> S ]R,d, Yy,n € R that

max{| fa(y, 2) = fa(9,3)]: 19a(x) = ga(@)|} < 325_ La (s — w51 + |y = vl + |25 = 351), (157)

(Zuq)(t,2) = (Agua)(t,z) + fa(ult, z), (Voua)(t, ), uq(0,2) = ga(), (158)

and d=*(|ga(0)| + |f4(0,0)| + max;e(1 2, ay |€asl) + Z?Zl La; < A let (Q,F,P) be a probability space, let
O = UpenZ®, let Z%0: Q - R d € N, 0 € O, be i.i.d. standard normal random variables, let v/: Q — (0,1),
6 € O, be i.i.d. random variables, assume for all b € (0,1) that P(t° < b) = /b, assume that (Zd*e)(dﬂ)eNX@ and
(t")gco are independent, let UL, = (URS UL USGH: (0,T] x R x Q —» R, n,M,d € Z, 0 € O,
satisfy for alln, M,d € N, 0 € ©, t € (0,T], x € R? that Ui’f,M(t, x) = Ug:?w(t, x) =0 and
M" , ,
Unlha () = (9a(2),0) + 32 s (gl + (242 20079) — ga(w)) (1, [26) 712200 79)
L z Z 2t[r(9 ) s I (Uiﬁ’l’i)(t(l @) gy R @D]Y/2 7001 ) (159)

Ui i i i - i
— In(l) fa(U] (1 " )( t(1 — v @by g 4 [2te(O:LD)1/2 7 (0L, )))] (1, [2te(6:1))=1/2 7, (6., ))

)

and let RV g pnm € 7, d,n, M € 7, satisfy for all d,n, M € N that RV40m =0 and

n—1
RVanar <dM™ + 5 [MO=D(d+ 1+ RVayar +1x(0) Rvd,l_l,M)} . (160)
=0
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Then there exist c € R and N = (Ngc)(a,e)enx(0,1]: N x (0,1] = N such that for all d € N, € € (0, 1] it holds
that 305 RV g, 1pisa) < cd’e™ ) and

. 1/2
sup {E“UZ:OL;?IMJ (T,fd)_ud(T,Ed)lﬂ‘i‘ max }E“UZ:OLZUALJ(Tagd)_(aimiud)(Tagd)FH Se. (161)

nENN[Ng .,00) i€{1,2,...,d

Proof of Corollary[5.7, Corollary B.4] is a direct consequence of Theorem (applied with « = %, 8 = i,
T =2T, uq(t,z) = uq(T — %, x), fa(t,w,y,2) = faly,2)/2 for t € [0,27], x,2 € R4 y € R, d € N in the notation
of Theorem [(.2)). O
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