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Abstract

In numerical analysis for stochastic partial differential equations one dis-
tinguishes between weak and strong convergence rates. Often the weak conver-
gence rate is twice the strong convergence rate. However, there is no standard
way to prove this: to obtain optimal weak convergence rates for stochastic
partial differential equations requires specially tailored techniques, especially
if the noise is multiplicative. In this work we establish weak convergence rates
for temporal discretisations of stochastic wave equations with multiplicative
noise, in particular, for the hyperbolic Anderson model. The weak conver-
gence rates we obtain are indeed twice the known strong rates. To the best of
our knowledge, our findings are the first in the scientific literature which pro-
vide essentially sharp weak convergence rates for temporal discretisations of
stochastic wave equations with multiplicative noise. Key ideas of our proof are
a sophisticated splitting of the error and applications of the recently introduced
mild It6 formula.
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1 Introduction

Stochastic partial differential equations (SPDEs) are used to model various evolu-
tionary processes subject to random forces. For example, stochastic wave equations
may model the motion of a strand of DNA in a liquid or heat flow around a ring; see,
e.g., [Dal09,Thol2]. In general the solution to an SPDE cannot be given explicitly,
whence it is desirable to prove convergence rates for numerical approximations. Here
one distinguishes strong convergence rates, i.e., with respect to the strong (mean
square) error, and weak convergence rates, i.e., with respect to the stochastic weak
error. Typically, the convergence rate for the weak error is twice the convergence rate
for the strong error. However, there does not exist a straightforward way to establish
this. Moreover, non-trivial exceptions to this rule exist; see, e.g., [AIf05,HJI1S].

For both parabolic and hyperbolic semilinear SPDEs strong convergence is by now
well-understood. In particular, strong convergence rates for numerical approxima-
tions of stochastic wave equations have been established in, e.g., [ACLWT6LICLST3)

CQS16,KLLI3 KLSI0,[QSSS06, Wal06, Wan 15, WGT14).



Establishing optimal weak convergence rates for both hyperbolic and parabolic
SPDEs is currently active field of research; see, e.g., [AHJKIS8|[AJK|AJKWIT7,
AKL16L/AL16l[ALal [ALD, Bré12l Brél4l Bré, BD,BG, BK17,ICJKLICHIS, I(CH,IdBDO6,
Deb11,[DP09, IGKL09, HM|, Hau03, Hau10, HJKL . JANJW! [JK| Kop14], KLL13| [KLIL12,
KLS15[KP14,[Krul4lLin12l[LST3/[Sha03,Wan15,Wan16,(WG13]. Arguably, the most
relevant basic SPDEs are the parabolic and hyperbolic Anderson model, i.e., the heat
equation with multiplicative noise and the wave equation with multiplicative noise.
However, establishing optimal weak convergence rates for SPDEs with multiplica-
tive noise is challenging. Indeed, of the articles cited above only [BD.ICJKLICHIS|
dBDO06,Deb1 1 HIKLJANIJWILJK] provide weak rates for SPDEs with multiplicative
noise. Roughly speaking, there are two successful approaches to obtain optimal weak
convergence rates for parabolic SPDEs with multiplicative noise. One is based on
regularity results for the corresponding Kolmogorov equation and Malliavin calculus;
see, e.g., [BD,[Deb11]. The other is based on more elementary regularity results of
the Kolmogorov equation and the mild It6 formula; see, e.g., [CJK]HJIKLJK].

No successful approach for proving optimal weak convergence rates has been
developed yet for temporal discretisations of hyperbolic SPDEs with multiplicative
noise. Indeed, the two approaches mentioned above are not applicable as they rely
strongly on the smoothing effect of the semigroup. In this work we tackle this problem
and develop a technique that allows one to establish optimal weak convergence rates
for hyperbolic SPDEs with multiplicative noise. A special case of our main result is
presented in the following theorem.

Theorem 1.1. Let T, 9 € (0,00), by, by € R, H = L*((0,1); R), let (Q, F, P, (Fy)sefo.r])
be a filtered probability space which fulfills the usual conditions, let (Wy)iwcp,r) be an
idg-cylindrical (IFy)icpo,r- Wiener process, let A: D(A) € H — H be the Dirich-
let Laplacian on H, let (Hy, (-, )u,,||ll5.), 7 € R, be a family of interpolation
spaces associated to —A, let Hy = Hy x H_.;,, Hy = Hy, x Hy, let A: D(A) C
Hy, — Hg be the linear operator which satisfies that D(A) = Hy and [V (v,w) €
D(A): A(v,w) = (w,9Av)], let & € LYPlp,;Hy), ¢ € C*Hy, R) satisfy that
SUPke(1,2,3,4}, 2€Ho ||<P(k)(55)||L(k)(HO,R) < oo, let B: Hy — Lo(H,Hy) be the function
which satisfies for every (v,w) € Hy, u € H that B(v,w)u = (0, (by + biv)u), let
X:[0,T] xQ — Hy be an (IF;)sep0,1)-predictable stochastic process which satisfies for
every t € [0,T] that supcpoq E[[| X, ] < oo and

t
X, = e+ /0 =IAB(X,) AW, (1)

and let YV:{0,1,2,...,N} x Q@ — Hy, N € N, be the stochastic processes which
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satisfy for all N € N, n € {1,2,...,N} that Y{¥ = ¢ and

nT/N
YN = (A (Y,{i L+ / B(YY)) dWs). (2)

nfl)T/N
Then it holds for all e € (0,00) that supyen (N'7¢ |E[p(X7)] — E[p(YD)]]) < oo

Note that we obtain rate of convergence 17, which is indeed twice the known
strong rate. Theorem [[.1]is an immediate consequence of Corollary [£.6]below. Corol-
lary follows from Theorem [B.10, which is the main result of this article. Indeed,
Theorem B0 establishes an upper bound for the weak error of a temporal discretisa-
tion of a hyperbolic SPDE with multiplicative noise. Similar as in the parabolic case,
a key ingredient of the proof of this upper bound is the mild 1t6 formula developed
in [DPJR]. However, for parabolic SPDEs the mild It6 formula is used to insert the
semigroup in an appropriate place so the smoothing property can be exploited. Here,
however, the mild It6 formula is used to rewrite certain terms in the error as integrals
over an interval of length O(N~!). The use of the mild It6 formula is crucial: if one
would apply the ‘classical’ It6 formula, then one would obtain a term involving an
unbounded operator. Although the underlying semigroup does not does not enjoy
a smoothing property as in the parabolic case, by using the mild It6 formula one
can avoid the appearance of an unbounded operator and thus the roughing effect
accompanied by it. Another key ingredient of the proof is an elegant decomposition
of the error into terms that can be treated using this mild It6 formula approach, and
terms that can be dealt with in a relatively straightforward manner; see (84)—(86) in
the proof of Theorem [B.I0 It is to be expected that this method of proof can also be
applied to other types of temporal discretisations, as well as to spatial discretisations
such as the finite element method. Moreover, although we consider the Hilbert space
setting in this work, our approach can be extended in a straightforward way to the
Banach space setting; see [CJKP]. This would allow one to prove optimal weak rates
for more general semilinear drift and diffusion coefficients; see [HJK] for analogous re-
sults for parabolic SPDEs. For completeness we note that optimal weak convergence
rates for spatial spectral Galerkin approximations of stochastic wave equations have
been established in [JANJWIS/[JANJW]. The approach taken in [JANJWIS|JANJW]
essentially relies on the specific structure of the spatial spectral Galerkin approxi-
mations and can thus neither be extended to temporal approximations nor to other
more complicated spatial approximations such as the finite element method.

The remainder of this article is structured as follows. Section 2] recalls a well-
known existence and uniqueness result for semilinear SDEs in Hilbert spaces and



Section provides regularity results for the associated Kolomogorov equations.
Further preparatory lemmas are collected in Section 2.3l Section B.1] presents the
general setting for our convergence results. Section collects some properties of
the wave semigroup. Theorem in Section establishes upper bounds for the
weak error of a temporal discretisation. This combined with the uniform moment
bounds obtained in Section and the strong convergence of the Galerkin approxi-
mations proven in Section [3.4] establishes the weak convergence rates of the temporal
discretisations, see Corollary B.11] below. In Section we collect some results on
multipliers on Sobolev-Slobodeckij spaces, which we use in Section to verify that
Corollary BI1 implies Corollary Recall that Corollary 4.6 implies Theorem [L.11

1.1 Setting

Throughout this article we shall frequently use the following setting.

Setting 1.2. For every pair of R-Hilbert spaces (V, (-, -)v, ||-|ly/) and (W, (-, Yw, || |lw)
let (La(V.W), (- ) pavwys Il 2, vwry) e the R-Hilbert space of Hilbert-Schmidt oper-
ators from V to W, for every k € N and every pair of R-Banach spaces (V,|-||,/)
and (W, |||l) let (Lip(V, W), [|lipvw)) be the R-Banach space of Lipschitz contin-
uous mappings from 'V to W and let (CE(V, W), H'||C§(V,W)) be the R-Banach space
of k-times continuously Fréchet differentiable functions from V' to W with globally
bounded derivatives, for every measure space (2, F, i), every measurable space (S, %),
and every function f: Q — S let [f], s be the set given by

_ . . | [BAeF: (1(A)=0 and {we: f(w)#g(w)}CA
Flus = {g: @ = 81 [PA77 0O mi et figanea] 1, (3)

let (U, (- )u,|l"lly) be a separable R-Hilbert space, let U C U be an orthonormal
basis of U, let T € (0,00), let (Q, F, P, (Fy)cio,r)) be a filtered probability space which
fulfills the usual conditions, and let (Wy)icp,r) be an idy-cylindrical (Fy).ejo,1)- Wiener
process.

2 Preliminaries

2.1 Stochastic differential equations Hilbert spaces

The existence and uniqueness result in Theorem 2.1] below is essentially well known
in the literature (cf., for example, Da Prato & Zabczyk [DPZ92, Theorem 7.4]).



Theorem 2.1. Assume Setting [L.2, let (H, (-, )u,|||y) be a separable R-Hilbert
space, let S: [0,00) — L(H) be a strongly continuous semigroup, and let p € [2,00),
F e Lip(H,H), B € Lip(H, Ly(U,H)), £ € LP(P|p,; H). Then there exists an up
to modifications unique (IF;)scpo.r)-predictable stochastic process X : [0,T] x Q — H
which satisfies for every t € [0, T] that supep 7 E[[| X;[y] < oo and

t
(Xilp,s0m) = [Se€lp s / Si—sF(X,) ds + / Si—s B(X,) dW,. (4)
0

2.2 Kolmogorov equations in Hilbert spaces

Lemma 2.2. Assume Setting[L.2, let (H,(-,-)u, ||| 5) be a non-trivial separable R-
Hilbert space, for every A € L(H), F € CL(H,H), B € CL(H,Ly(U,H)), v € H
let XAEBw. 0, 7] x Q& = H be an (F;)co,r)-predictable stochastic process which
satisfies for every t € [0,T] that sup,ep E[|XAF57%] < oo and

t t
[XtA7F’B’x]IP,B(H) [etAl']IP B(H )+/ e(t—s)AF(X;LX,F,B,x) dS—l—/ 6(t—s)AB(X;4,F,B,x) dWS,
0 0

(5)
and for every A € L(H), F € CL(H,H), B € CL(H,Ly(U, H)), ¢ € CL(H,R) let
vAEBe [0, T) x H— R be the function which satisfies for every t € [0,T], v € H
that UAFBsD(t,x) Elp(X AP, Then

(i) it holds for every A € L(H), F € C}H,H), B € C}(H,Ly(U,H)), ¢ €
CYH,R), t€[0,T), x € H that v4FB2 € C12([0,T] x H,R) and

(gt A,F,Bp )(t x) + (%UA,F,B,<P)(1§’I)(AI + F(z))
T3 ( LB (1 1) (B(2)u, B(z)u) =0, (6)

(ii) it holds for every k € N, A € L(H), F € CF(H,H), B € CF(H, Ly(U, H)),
o € CF(H,R), t €[0,T)] that (H > z — v*B¢(t,x) € R) € CF(H,R), and

(iii) it holds for every k € N, ¢ € (0,00) that

ok A F B te[0,T], zeH, peCE (H,R)\{0}, AcL(H),
sup G v YD k) gy FeCE(H,H), BECK(H,Lo(U,H)) with
”SDIICE(HJR) Sup ||etA||L(H)+||F||Ck(H H)+||Bllck(H Lo(U H))SC
telo, ! !

< o00. (7)



Proof of Lemma[2.2. Throughout this proof for every set S let |S| € {0,1,2,...} U
{00} be the cardinality of S, for every set S let P(.S) be the power set of S, and for
every 7 € N let I, be the set given by

Hj:{SQP(lN):
[@%S]/\[VSMSQESZSl%52:>51ﬂ52ZQ]/\[USE‘gS:{l,Q,...,j}]} (8)

(the set of all partitions of {1,...,5}). Observe that, e.g., Da Prato & Zabczyk
[DPZ92, Theorem 9.16] (cf., for example, also Harms & Miiller [HM, item (ii) in
Lemma 2.2]) establishes item ([{l). Moreover, note that Andersson et al. [AHJKIS|
item (ii) in Lemma 3.2] implies item (). Next observe that Andersson et al. [AJKW17,
item (ix) in Theorem 2.1] demonstrates that for every &k € N, A € L(H), F €
CF(H,H), B € CF(H, Ly(U,H)), t €[0,T], p € [1,00) it holds that

(H > 2w [X{MP"p sy € LP(P; H)) € CF(H, LP(P; H)). (9)

In addition, note that Andersson et al. [AJKWI17, items (i)—(ii) and items (ix)—(x) in
Theorem 2.1] (with o = f = §; = ... = & = 0 in the notation of [AJKW17, item (ii)
in Theorem 2.1]) ensures that for every k € N, ¢ € (0,00), p € [1,00) it holds that

ok 1A F.Bux te(0,T],x€H, AcL(H),
g% Xi lesmlly ) Lo i) FEeCE(H,H), BECE(H,Lo(U,H)) with
Sup 721 (3,00 ) ‘ et Ay +IFl +IBI|
t /%7 [2,00) tES[‘lp e L) ok (u,m) Ck(H,Ly(U, Hy)=¢
< oo. (10)

Moreover, observe that Andersson et al. [AHJKIS| item (v) in Lemma 3.2] (with
a=p=0 =...=0 = 0 in the notation of [AHJKIS item (v) in Lemma 3.2])
proves that for every k € N, A € L(H), F € CF(H,H), B € CF(H, Ly(U, H)),
¢ € CF(H,R) it holds that

k X
sup H(aamkrUA F,B,«p) (tvx)HL(k)(H’R) < |max{17T}|1/2Lk/2J HSOHC{S(H,IR)
t€[0,T), xeH
2 XA T B e sy | 111 52 ] g
: [Z (H[ sup 02 !1] /21[2700)51‘) (L7 (i) _ (11)
rell, \en te(0,T], xeH

Next note that for every k € N, ¢ € CF(H,R) it holds that

> (Sup 19 (@)l o H]R))] : (12)

Jj=1

lellormr) = )|+
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Therefore, we obtain that for every k € N, A € L(H), F € C{(H,H), B €
CF(H, Ly(U, H)), ¢ € CF(H,R) it holds that

k
sup (S PN )| oy .y = sup o™ @) oo ) < lellepmy- — (13)

Combining this, (I0), and (IT) establishes item ({i). The proof of Lemma 22]is thus
completed. O

2.3 Preparatory lemmas

The next result, Lemma below, is frequently used throughout this article.

Lemma 2.3. Assume Setting 1.2, let (V,|-||;) and (W, ||-||;) be R-Banach spaces,
and let F € Lip(V,W). Then

(1) it holds for every v € V' that | F(v)||lw < [|[F||lLipev,w) max{1, ||v||y} and

(i) it holds for every p € [1,00), £ € LP(P; V) that
IE (N 2oy < I Liperwy L+ 1€l 2o oivr))- (14)
Proof of Lemma ([2.3)). Observe that the fact that

| Fllipvy = IEO)llw + sup( {LED=E0be s 0y e v 2 ybufo}) (1)

lz—yllv

implies that for every v € V it holds that

IF@)ly < 1F(0) = FO)lly + 1F0)]y
< [ LR | max{1, oy} + [ F(0) lw max{1, v]lv}

— | max{Lv[lv}

= [IF(0) Il + LRI | max{1, jollv )

max{L,|v|[v}

< N Nipgvwy max{L, [[ofly 3.

This establishes item (). Moreover, note that item (i) implies that for every p €
[1,00), € € LP(P; V) it holds that || F(&)l| zopwy < | 1F MLy AHIEN ] gopmy <

[ F \|Lipvwy (1 + [[€l] zogpyy)- This proves item (). The proof of Lemma is thus
completed. O



Lemma 2.4. [t holds
(i) that SUp,e(.9),1(0,00) (t 4|1 — cos(t)]) = 2 and
(i1) that inf,eRr\[0,2) SUPse(0,00) (7|1 — cos(t)]) = oo.
Proof of Lemma[2.4. First, note that for every a € [0,2],¢ € (1, 00) it holds that
71 — cos(t)| < 2t7* < 2. (17)

Next observe that the fundamental theorem of calculus assures that for every ¢; €
(0,00), ta € (t1,00) it holds that

(t2) 2|1 — cos(ta)| = (t2)7*(1 — cos(t2))
= (t1)"2(1 — cos(ty)) + / (sm<s>s - (1- cos<s>>2s> o

4
t1 S

— (12)"2(1 — cos(t)) + /t2 (Sm(s)s —(1= COS(SW) ds.

3
t1 S

(18)

In addition, note that the fundamental theorem of calculus implies that for every
€ (0,7) it holds that

sin(s)s — (1 — cos(s))2

s

:/S(cos( Ju + sin(u) — 2 sin(u ))du-/ (cos(u)u — sin(u)) du (19)

// —sin(r)r + cos(r) — cos(r) drdu—// —sin(r)r) drdu < 0.

This and (I8) demonstrate that the function [(0,7) 3 t — ¢t72|1 — cos(t)| € (0, 0)]
is monotonically decreasing, i.e., that for every ¢, € (0, ), ty € (t1,7) it holds that

(t1) 2|1 — cos(t1)] > (t2) 2|1 — cos(ta)]. (20)

Moreover, note that the fundamental theorem of calculus proves that for every t €
(0,00) it holds that

t72|1 — cos(t)| = t*(cos(0) — cos(t))

_ —t‘2[ /0 t(—sin(s))ds} :ﬂ[ /0 ' sin(s) ds} :r?[ /0 t /0 " cos(u) duds]
—2[/; /Oslduds} +t‘2{/0t /Os(cos(u)—cos(()))duds] (21
:%+t‘2{/Ot/os/ou(—sin(r))drduds}.
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Hence, we obtain that for every t € (0, 00) it holds that

t s U
///sin(r)drduds
o Jo Jo
t s u 5
gﬂ{/g /0 /0 1drduds] =t7?[L] =L

Therefore, we obtain that

6721 — cos(t)| — 5| =77

(22)

limsup |¢~%[1 — cos(t)| — 3| = 0. (23)
N0

Combining this and (20) ensures that for every a € [0,2],¢ € (0, 1] it holds that
£ = cos(t)] < 721 — cos(t)| < 1. (24)

In addition, note that sup,e(o o se(0.00) (|1 —cos(t)]) > 77°[1 —cos(7)| = [1+1] = 2.
Combining this, (IT), and (24) establishes item (). Furthermore, observe that for
every a € (—00,0) it holds that

lim sup(t~|1 — cos(t)|)

t—o0

0. (25)

In addition, note that (23]) shows that for every a € (2, 00) it holds that
limsup (¢t~*|1 — cos(t)|) = lim sup (t_(a_z) [t72]1 = cos(t)]])
N0 t\0

> [limsu t_(a_z)} [liminf t72|1 — cos(t ] = l[limsu t_(a_2)] = 00.
> | lim sup minf (177 (t)])] = 3| timsup

(26)

Combining this and (28) establishes item (). The proof of Lemma 2] is thus
completed. O

Lemma 2.5. Let (H, (-, -)u, ||| ) and (U, (-, -)u, |||l;) be separable R-Hilbert spaces,
let U C U be an orthonormal basis of U, for every p € [1,00) let (Ly(U, H), ||| @.mr))
be the R-Banach space of Schatten-p operators from U to H, and let r € (0,00),

T e L®(HR), A€ L1+ (U H), B€ Ly, (U H). Then it holds that
> T (A, Bu)| < [Ty rwy 1Al o) ||B||L1+1/T(U7H)' (27)

uelU
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Proof of Lemma[Z.3 Throughout this proof for every p € [1,00) let (L,(H,U),
Il (zr.07) be the R-Banach space of Schatten-p operators from H to U and for
every p € [1,00) let (L,(U), |||, ) be the R-Banach space of Schatten-p operators
from U to U. Observe that the Riesz representation theorem ensures that there
exists a unique Ty € L(H) such that for every x,y € H it holds that

(Tow,y)u =T(z,y)  and || Tollo) = 1T e w)- (28)
Therefore, we obtain that

S |T(Au, Bu)| = 3> (ToAu, Bu)y| = S [(B*TyAu, u)y]. (29)

uclU uclU uelU

Next note that, e.g., Meise & Vogt [MV97, item 6. in Lemma 16.6 and item 2.

in Lemma 16.7] ensures that HB*HLHW(H’U) = HB||LH1/T(U7H) and [|ToAll,, . wm <

1Tl ey ANl 7, rry- Combining the Holder inequality for Schatten norms (see, e.g.,
Dunford & Schwartz [DS63|, item (c) in Lemma X1.9.14]) and (28)) hence establishes
that B*TyA € Ly(U) and

1B ToAllywy < 1Bl w.m 1Tl pe i my 1AL, wm - (30)

Furthermore, note that for all sequences (z3)ren, (Yr)ren € U with >, o llawllo|lykllo
< oo and B*TyA = ), (-, Tk)uyk it holds that

> (s ze)u (ye, w)u

> B ToAu u)o| = | 5w aom ) [= 5 | | a
eN 31

uelU uelU keN uelU
> 2 [ zulyr wo| < X llzkllullyellv.
ke]NueU EEN
The fact that
N . (zk) J(yk) CU with
| B*ToA|| L,y = lﬂf{ > lzellollyello: Z Ikallulkalllzzegoo and BTy A= k§N< xk)Uyk} (32)
EEN

therefore implies that ) ., [(B*ThAu, u)y| < || B*ToAl|L, ). Combining this, (29),
and (B0) establishes ([27)). The proof of Lemma 2.5l is thus completed. O
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3 Weak convergence rates for temporal numerical
approximations of semilinear stochastic wave
equations

3.1 Setting

Throughout this section we shall frequently use the following setting.

Setting 3.1. Assume Setting [L2, let v € (0,00), B € (V2,7 N[y —1/2,9], p €
0,2(y=p5)], let (H, (-, ) u ||| ) be a non-trivial separable R-Hilbert space, let H C H
be an orthonormal basis of H, let A\: H — R be a function which satisfies that
SUPpen A < 0 and >, || ™7 < o0, let A: D(A) € H — H be the linear op-
erator which satisfies that D(A) = {ve€ H: >yl (b, v)ul> < oo} and Vv €
D(A): Av = 3 ey lh,v)mh], let (Hy, () m,, IFllg), v € R, be a family of in-
terpolation spaces associated to —A, let (H,, (-, -)u,,||-lg ), 7 € R, be the fam-
ily of R-Hilbert spaces which satisfies for every r € R that (H,, (-, )u,, |||z, ) =
(Hr/2 x H, 2—1/25 <', '>H7‘/2><Hr/271/27 ||.||H7‘/2XH7‘/271/2)7 let A: D(A) g Ho — Ho be the lin-
ear operator which satisfies that D(A) = Hy and [V (v,w) € Hy: A(v,w) = (w, Av)],
let A: D(A) € Hy — Hjy be the linear operator which satisfies that D(A) = H;
and [V (v,w) € Hi: A(v,w) = (3 cm(h ) mo Al 2Ry > epm (s W) i | AR 2R)], let
¢ € Ci(Ho,R), & € L2(P|ry; Hmax{py—py) satisfy that IE[||§||(;IO] < o0, let F €
Lip(Hﬁ_fy,H()), B € Cé(HO,LQ(U, Ho)) SCLtiSfy that F‘HO S Cﬁl(Ho,H()), F‘Hp S
Lip(H,, Hy,_p), Blu, € Lip(H,, L(U,H,) N Ly(U, H,)), let m € [1,00), ¢,l €
[0,00), p: U — (R\{0}) satisfy for every v,w € H,_g that

max { | F|, || o e10,180): | Blle@o ooy b < ™, (33)
2 2
>l 1B)ullg, < ¢ max{1, Jvllg , }, (34)
uclU
and (B(v)—B(w))ullf
B(v)—B(w))u )
> e 2 <Pl - wHHB, , (35)
uelU 7

for every I C H let Pr: UperH, — U,erH, and P;: U.crH, — U,.crH, be
the functions which satisfy for every r € R, v € H,, w € H,_.j, that Pi(v) =
Yoner{Al T o) g, (Al A and Pr(v,w) = (P, Piw), let [-|: [0,00) = R, h €
[0,00), be the functions which satisfy for every h € (0,00), x € [0,00) that |z, =
max({0, h,2h,3h,...} N[0,z]) and |z|o = x, and for every I C H, h € [0,T] let

12



Y™I00,T) x Q = Pr(Hyg) be an (Fy)iepo,r)-predictable stochastic process which sat-

isfies for every t € [0,T] that sup,e(o 7 E[HYL}SLJI}LH%{O} < 00 and

Y e, s )
t t
= ["*P1&lp, 5p; (k1)) + /0 UTLEIWAP RV ) ds + /0 e LIWAPB(Y] ) AW,
(36)
Note that Setting Bl ensures that for every I C H, ¢ € [0,7] it holds that
t —s —s
P(fy (e IAP P (Y2l + AP BY ), 1 m,)) ds < 00) = 1 and

0,1
Y e, 5, (H0))

t t 37
= [P €]p, e (110)) + / AP F(Y ) ds + / L TIAP B(Y M) AW o
0 0

(cf., for example, Theorem 2] above, Lemma below, and Jacobe de Naurois et
al. [JANJW| Remark 3.1] for sufficient conditions which ensure the existence of such
a process).

3.2 Basic results for the linear wave equation

The statement and the proof of the next result, Lemma below, can be found in,
e.g., Jacobe de Naurois et al. [JANJW| Lemma 2.4].

Lemma 3.2. Assume Setting [3.1. Then the R-Hilbert spaces (Hy, (-, )u,, ||‘llg, )
r € R, are a family of interpolation spaces associated to A.

The next result, Lemma below, can be found in, e.g., Jacobe de Naurois et
al. [JANJW| Lemma 2.5]. A proof of Lemma can be found in, e.g., Lind-
gren [Linl2, Section 5.3].

Lemma 3.3. Assume Setting [3.1] and let S: [0,00) — L(Hy) be the function which
satisfies for every t € [0,00), (v,w) € Hy that

_(cos(H(=A) ) + (—A) " sin(t(—A))w,
Su(v,w) = (—(—A)W sin(t(—A)/2)u + cos(t<—A)1/2)w) ' (38)

Then

(i) it holds that S: [0,00) — L(Hy) is a strongly continuous semigroup of bounded
linear operators on Hy and

13



(ii) it holds that A: D(A) C Hy — Hy is the generator of S.

The statement and the proof of the next result, Lemma [B.4] below, can be found in,
e.g., Jacobe de Naurois et al. [JANJW| Lemma 2.6].

Lemma 3.4. Assume Setting[31. Then sup;c(o o) [|€“ || Ly = 1.

The next result, Lemma below, provides another useful estimate for the semi-
group (€");c(0,00) generated by the operator A: D(A) C Hy — Hy from Setting B.1]
(cf., e.g., Kovacs et al. [KLLI3l Lemma 4.4] for a similar result).

Lemma 3.5. Assume Setting [31 and let o € [0,1],¢ € (0,00). Then

A (idp, —€™)]| L) < V2| sup (571 —€))| <22 (39)

s€(0,00)
Proof of Lemmal[3.3. First, observe that for every s € (0,00) it holds that

51 — —a P17 = s [Re(1 — ) + [Tm(1 — ) 2] 7

11—
O‘[|1—cos (5)|? + | sin(s)|? }
[ ”

—x

1 — 2cos(s) + | cos(s)|* + | sin(s)|?]
=5 “ [2 — 2008(5)}1/2 = \/§(s_°‘|1 — cos(s)\l/z).
In addition, note that Lemma B3] implies that for every (v, w) € Hy it holds that

A™*(idg, —etA)(v, w)

o of (idg —cos(t(—A)"?)
=A ((—A)W sin(t(—A)2)
<(—A) *2(idy — cos(t(—A)"*))v — (—A)~ (H“)/Qsm(t( A)Y w,)
(=A)* P sin(t(=A)")o + (=A) " (idu_,, — cos(t(— A) 2w

+ (idy_,,, — cos(t 2 Jw

Ju— (= )stm A)P)w,
v ) (41)

Hence, we obtain that for every (v, w) € Hy it holds that
AT (idr, =€) (0, w) |1

M —af2 ldH — cos(t( A)1/2))U _ (—A)_(”“V? Sin(t(—A)W)w H2

14



1/2 2
(1 — cos(t|)\h|1/2)) (h,v)y + sin(t|)\h|1/2)(|)\h| / h,w>H71/2

Zt—2a|)\h|—a

heH

1/2
2
D AT i) (s v) g (1= cos(tMl ) (Il B, ]
heH

= [ Sl (11— cos(tMal )] + (el ) ) ¢, )

heH

1/2
2 .
+ 3 2l ([1 = cos(tAnl )+ [sin(elnl )] ) [ (Il b w>H1/2\2] |
heH
(42)
This shows that for every (v, w) € Hy it holds that
t=° | A (ids, ") (v, )]s,

1/2
<2 [ sup {t 2\ (}1 — cos(t|An|"?) ‘ + }sm tI ] /2)‘ ) }}

heH

[(}LEZHJ (h,v H\?) (}LEZH\ (Mnl"2h,0)m | )]/
(

1/2
= \/_[sup {t A7 (|1 = cos( t)An]72) ‘ + |sin( t|)\h|/2)} )}} | (v, w) |1,

heH

1/29\ —x 1/ 2 /2
:ﬂ[sup{w/ (11— cos(elnal )| + [sin(el ) ) }] (v, ) 150
heH
(43)

Combining this and ([#0) demonstrates that for every (v, w) € Hy it holds that
| AT (idm, —€™) (v, w) 1,

< V3| sup {1 = con(o) + fsn)P) | 0,

s€(0,00

:2[ sup (s—a|1—cos<s>|1/2)] ||<v,w>||H0=¢§{ sup (571 — )] 10, ) gy,
s€(0,00) 5€(0,00)
(44)
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Next note that Lemma [2.4] ensures that

1/2

2| sup (s*1— cos(s)|1/2)] = 2[ sup (7|1 —cos(s)|)| < 2[2] =g,
s€(0,00) s€(0,00)

(45)

This and (#4]) establish ([B9)). The proof of Lemma B3 is thus completed. O

Lemma 3.6. Assume Setting [3.1] and let I C H be finite. Then it holds for every
t € [0,00) that AP;|lg, € L(Hy) and
6t(AP1\H0) _ 6tAPI|HO + P]H\I|HO~ (46)

Proof of Lemma[3.0. First, note that the finiteness of I C H ensures that for every
x € Hy it holds that P;x € Hy = D(A) and AP;|g, € L(H). This and Lemma 3.3
imply that for every s,t € [0,00), x € Hy it holds that

(ESAP[ + PH\I)(6tAP[ + P]H\[)[L’

= 6(8+t)APIZL' + ESAP[P]H\[[L’ + etAP[P]H\]ZL' + (P]H\[)2[L’ (47)

= (6(8+t)AP] + P]H\[)ZL'

and

lim sup H% [(ehAPI + Py y)r — :)3} — API:L"HHO

A\
- hrf?\sélp 17 [("*Pr + Pup)o — (Pr + Prr)a] — APzl (48)
_ LI AP: — Pz] — AP = 0.
lrf?\sélth[e 1w =P 1,

Moreover, observe that for every x € Hy it holds that (AP, + Pu\)r = .
Combining this, ([@T), and (48) demonstrates that (etAPI|HO + P]H\I|H0)t>0 is a
strongly continuous semigroup of bounded linear operators on Hy with generator

AP/|u, € L(Hy). Hence, we obtain that (e!“P1lH0)), o = (e"“P|g, + P slm,)

>0
The proof of Lemma is thus completed.

3.3 A priori bounds for the numerical approximations
Lemma 3.7. Assume Setting[31. Then

(i) it holds for every h,t € [0,T], I C H that P(Y"" € Hyox{pr-5y) = 1,
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L hoI
(ii) it holds that SUPh,te[o,T},IgHE[HYt 18,] < o0, and

(i) it holds that supy, ;071 1cm IE)[||YthI| %Imax{p,%m]

< 00.

Proof of Lemma[3.7]. First, note that

H F ‘ Hp | | Lip(Hp 7Hmax{p,’yfl3})

max{py—B} 2 (49)
< || Aoy =B =207 gy | Pl || Lipe,

7H2(’Y*/3)) < o0.

Theorem [2.1] hence implies that there exist up to modifications unique (IFy)¢cqo, -
predictable stochastic processes X7: [0,T] x Q — H,, I C H, which satisfy for every
I CH, tel0,T] that sup,er E[[[ X! I, + [1X![|3,] < oo and

X I, 5,

t t (50)
= [e"*Pllp 5w, + / AP F(XT) ds + / AP B(XT) AW,

0 0
Combining this, ([B0), and Theorem [2.1] ensures that for every I C H, t € [0,7]
it holds that P(X/ = Y>') = 1. The fact that for every I C H it holds that
supepor) B [I1 X/ 1%, + 1 X{13,] < oo hence implies that for every I C H it holds that

sup BV, + 1Y, ] < oc. 51
te[0,T
Next note that Da Prato & Zabczyk [DPZ92, Lemma 7.7], item (i) in Lemma 2.3]

Lemma [3.4], and (B6) prove that for every 6,0 € [0,00), p € [2,00), h,t € [0,T],
I C H it holds that

(B 15,])
t 1/p
< (BlIeAPael, )+ [ (B[l mapr (i), ]) o

t 2 1/2
Ny =y (/0 <E[He(t—LsJMAPIB(YLZJIh)HL2 (UHy) ]) )

s@mmawhwmmmmmmé( FEIVE D) e (52)

—l-\/@HB|H5||Lip(H57L2(U7H0)) (/t( + (B[, I D ")d )1/2
g(E[y|gy|§;9})l/”+(\/%+</( (1Y) I, )" d >/)
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—1
- (ﬁ||F|H5||Lip<H5,H9> Ty %HBM||Lip<H5,L2<U,H9>>) |

Moreover, note that

H B‘Hp HLip(Hﬂ7L2(U7Hmax{p,'yf/3})) (53)
< max{ || Blu, |Lips,.LoH,)) ||A_B||L2(Ho)||B|Hp||L1P(Hp,L(U,Hw))} < .

This, (@9), (5I), and (B2) (with p = 2, § = p, § = max{p,y — B} in the notation
of (52)) ensure that for every I C H it holds that

sup B[[|Y;" 15
te[0,T
In addition, note that (52) (with p =6, 6 = 0, # = 0 in the notation of (52))) implies
that for every h € (0,7], I CH, k € NoN[0,7/h) it holds that

] < oc. (54)

max{p,y—B}

sup (B[ I, ])"
te(kh, (k-+1)R]N[0,T]
< B[l )” + VEFDR(1+ sw (EBVEISDT)  (5)

5€{0,1,....k}
(VO DRI st st o) + V51 Bt it oo ) -
Hence, we obtain that for every h € (0,7, I C H it holds that

sup B[[[;"'|If,] < oc. (56)
t€[0,T

Moreover, observe that (52)) (with p = 2, § = p, # = p in the notation of (52])) implies
that for every h € (0,7], I CH, k € NoN[0,7/h) it holds that

sip (B[ I,))"
te(kh,(k+1)h]N[0,T]
< Bl +VEFDR(1+ s (EVEIED) 6

je{0.1,....k}

(VO DRIFLs, e, 11, + 1Bl i, s, ) -

Hence, we obtain that for every h € (0,77, I C H it holds that sup;c(o E[HY;MH%L)]
< 00. Combining this, (@9), (52) (with p = 2, 06 = p, § = max{p,y — S} in the
notation of (52))), and (53) implies that for every h € (0,7], I C H it holds that

sup E[]|Y,"||5
te[0,7

] < . (58)

max{p,y—B}
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This and (B4]) establish item (il). Next note that (52]) ensures that for every p € [2, 00),
6 €1[0,00), I CH, h,t €[0,7] it holds that

sup (E[[Y/[5,.])"

s€[0,t]

2
< 2( (I, + TP bt w2232 N Blo Dt £ocrmn

+ 2(VT Flat lnspceaeg + 2252 Bl lnion, oy )
t
2
/ sup (IE[HYuh’IH%J)/pdS.
0

u€(0,s]

(59)

Gronwall’s inequality, (5]), and (56]) hence imply that

sup  (E[IY)16, )"
h,t€[0,T], ICH

1 2
< 2((B[IEls, )" + TUFlsto i 110 + VIST I Bluspians ooy ) (60)

2
- exp (27 (VT Flatalipteto o) + V15| Bluipgitg oy ) ) < o0.

This establishes item (). In the next step we observe that Gronwall’s inequality, (49]),

GI), B3), G8), and (B9) imply that

h,I
sup B[V &, ]
h,te[0,T), ICH

1/ 2
< 2((]E[||§||%1,J) o+ T Fla, L, m,) + \/T||B|HpHLip(HP,Lz(U,HP))) (61)
2
- exp (20 (VT Pl lnipgen, 11,0 + 1 Bleg, Iniptun, rawan, ) ) < o0,

Combining this, (49), (52) (with p = 2, 6 = p, 8 = max{p,y — $} in the notation
of (52)), and (B3) establishes item (). The proof of Lemma 37 is thus completed.
U

3.4 Upper bounds for the strong approximation errors

The statement and the proof of the next result, Proposition below, is a minor
modification of the statement and the proof of Jacobe de Naurois et al. [JANJW]|
Lemma 3.3].
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Proposition 3.8. Assume Setting [3.1] and let h € [0,T], I,J C H. Then it holds

that h,J h,I
sup ||V = Y| 2opim0)
te[0,7

2
< V2exp((TIP 1y Flasy o i) + VT IPros Bl ))  (62)

: { sup [P Y =P oY || 2 |-
te[0,7

Proof of Proposition[3.8. First, note that item (i) in Lemma B.7] implies that

sup |V =Y c2pomy) < sup 1V 2o + sup HY N 2w,y < 0. (63)
s€[0,T] s€[0,T s€0,T

Moreover, observe that Lemma [B.4] ensures that for every t € (0,7], s € (0,t) it
holds that

He(t—LSJh)APIﬂJ (F(YLZ]I;L) F(YLth H£2 P;Hy)

(64)
< ||PmJF|HoHLip(H07H0)[ s?p IVt = Yuh’JHﬁ(IP;HO)}
u€l0,s
and
15l A hl h J
He( Ls]n) PmJ(B(YLth) B(YLth )HEZ(]P§L2(U7HO))
(65)

< [P 1y BllLip (o Lo (v H0)) [ sup. Iy~ Yuh’JHz?(JP;HO)}-

u€(0,s
Combining (33)), B4), (63), and Jentzen & Kurniawan [JK|, Corollary 3.1] (with
H =Hy, p=219=0y = |PrFlallipw,n, 2 = [PrsBllLips, Lo,
Xy =YX = Y Y = el lnAp By YE = et lAP PV,
Zt = etLIAP BV ), ZE = et=lInAP o B(Y[Y) for t € [0,T), s € [0,1] in

Ls]n
the notation of |[JK| Corollary 3.1]) therefore establishes that

sup ||y, — YthJHLZ(]P;HO)

te[0,T
2
< V2exp ((T||PmJF|Ho||Lip(HO,HO) + \/THPIOJBHLip(HO,Lg(U,Ho))) )
t
. |i Sup H ’ IP BHO </ 6(t_|_5Jh)APIﬂJF(YLZJI)d
te[0,1] 0

t
+/ et PmJB(YLZ]i)dWS) - </ T EIAP o P (Y] ds
0 0
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t
+/ e(t—LSJh)APIﬂJB(Y{;ﬁ)dWS) - [Yth’J]IP,B(Ho)
0

LZ(IP§HO):|

2
= \/ieXp ((T||PII’1JF|H0HLip(Ho,Ho) + ﬁHPIﬂJB’|Lip(H0,L2(U7H0))) ) (66>

: l sup H[Yth’I]RB(HO) - PJ([etAPlﬂP,B(HO)

te€[0,T

t t
+ / e "LIAP, F(Y ) ds + / elt~lap, Byt )dWS)
0 0
t
+PI<[€tAPJ€]IP,B(Ho) +/ TLIAP P(YT) ds
0

t
+/ e(t—Lth)APJB(YL’SL]{L)dWS) — [Y;h’J]IP,B(Ho)
0

LQ(IP;HO)}

2
= V2exp ((T||P10JF|H0HLip(HmHo) + VTP 107 Bl|Lip(Ho, Lo(U;Ho)) ) )

. [ sup ||P1\JY;h’I - PJ\IY;}LJHEQ(P;HO)}'
te[0,T

The proof of Proposition 3.8 is thus completed. O

The proof of the next result, Corollary 3.9 below, is a minor modification of the third
step in the proof of Jacobe de Naurois et al. [JANJW!| Lemma 3.7].

Corollary 3.9. Assume Setting (31, let h € [0,T], and let I, C H, n € N, satisfy
that UpenI, = H and Vn € N: I, C I,,11]. Then

limsup sup E[|Y"" — Y |%,] =o0. (67)

n—oo  t€[0,T]

Proof of Corollary[3.9. Observe that Proposition B.8] (36]), Lemma B.4] Minkowski’s
integral inequality, and It6’s isometry imply that for every n € N it holds that

h,H h,Iy
sup ||V — Y
t€[0,T)]

2
<V2exp <(THP1”F\HOHLip(Ho,Ho) + VTP, Bl Lip(o,12(U.Ho)) ) )

L2(P;Hyp)

. |: sup HPH\InY;thﬁHﬁ?(]P;HO) (68>
t€[0,T)

2
<V2exp <(THP1”F\HOHLip(HovHo) + VTP, Bl Lip(ets, 12(0.H0)) ) )
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T
hH
1P €lleeany [ 1P O] g

T 1/2
+ (/0 “PH\I’ILB(Y\_Z]H:)HZQ(]P;LQ(U,HO)) ds) }

This, item (@) in Lemma 23] item (i) in Lemma [B.7 and Lebesgue’s theorem of
dominated convergence ensure that

limsup sup [|V;/"" = Y|l 2(pmy) = 0. (69)
n—oo  te[0,T]

The proof of Corollary is thus completed. O

3.5 Upper bounds for the weak approximation errors

Theorem 3.10. Assume Setting[31, let h € (0,71, for every finite I C H and every
v € Pr(Hy) let X5*:[0,T] x Q — P;(Hp) be an (F¢)iejo,r-predictable stochastic
process which, satisfies for every t € [0,T] that sup,cir E[|X7]1},] < 0o and

t
[XtMLP,B(PI(Ho)) = [etAxLP,B(PI(Ho)) +/0 e(t_S)APIF(XsI’x) ds

t
+ / "IAP B(X]T) AW,
0

(70)

and for every finite I C H let v!: [0, T] x Pr(Hg) — R be the function which satisfies
for every t € [0,T],z € Pr(Hy) that v’ (t, ) = E[p(X5",)]. Then

(i) it holds for every t € [0,T] and every finite I C H that (P;(Hy) > x —
v(t z) € R) € CY(P(Hp), R),

(i) it holds that

k
sup max ~— sup  sup ||(%UI)(@56’)“L<k>(PI(HO),R) < 00, (71)
L iSE ke{1,2,3:4} ¢c(0,T] 2eP; (Ho)
1S nnite

and
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(1ii) it holds for every finite I C H that
E[p(¥2))] = E[p(¥")]| < 6 max{T, 72209} 205

ok I

. max _ sup  sup 550" ) (t, )| Lo ]
LG{1727374} t€[0,7] z€P 1 (Ho) G ) 2o aaonmy

: |:||F|Hp||Lip(Hp,H2(,yﬁ)) +3mt+ || F || Lip(ers_. . Ho)

(72)

2] & Dl 1Bl Bipce, si0m) + “}
heH

: [max{||A”_max{p’7_ﬁ}||%(HO)a ||A7_B_max{pﬁ_6}||%(Ho)}]

2
H < o0.

- [1+ sup B[}

h,I
il
te[0,T

max{p,y—B}

Proof of Theorem [3.10. Throughout this proof let d: [0, 00) — [0, k) be the function
which satisfies for every x € [0,00) that 6(z) = x — |x],, for every p € [1,00) and
every R-Hilbert space (W, (-, )w. [I'ly,) let (L,(U, W), |-l ww)) be the R-Banach
space of Schatten-p operators from U to W and let (L,(W), |||, ) be the R-
Banach space of Schatten-p operators from W to W, for every finite I C H let
v{o: [0,T] x Pr(Hg) — R be the function which satisfies for every ¢ € [0,T], = €
P;(Hy) that v] (¢, ) = (Zv")(t,z), for every finite I C H and every i € {1,2,3,4}
let vf;: [0,T] x Pr(Hy) — LO(P;(Hyp),R) be the function which satisfies for every
t e [O,T], T, T1,y...,L; € P[(Ho) that

vt wo) (@1 - a) = (;—;évf(t, 20)) (21, . .., T7), (73)

for every finite I C H let !, 9’: [0, T] x P;(Hy) — R be the functions which satisfy
for every t € [0,T], z € P;(Hy) that ¢'(t,z) = v{,(t,x)(P;F(z)) and ¢’ (t,z) =
> e Vb2t ) (PrB(z)u, PrB(x)u), and for every finite I C H and every i € {1,2}
let @f 5,182 10,T] x Pr(Hy) — L% (Ho, R) be the functions which satisfy for every
t € [0,7], x € P;(Hp) that go&i(t,x) = (gigol)(t,x) and ¢é7i(t,:c) = (giwl)(t,x).
Observe that Lemma and (70) ensure that for every finite I C H and every
z € P;(Hy), t € [0,T] it holds that

t

X ey = (AP 0] / AP P, [ (X1) ds
’ ’ 0

(74)

t
+/ 6(t—s)(API|H0)PIB(X§,x) dw,.
0
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Next note that ([B33]), Lemma 3.4, and Lemma [B.6] ensure that

sup sSup Het(API'HO)HL(HO) + ||PIF|H0||C§(H0,H0) + ||PIB||C§(H07L2(U,H0))
I is finite te(0.7]

< o0o. (75)

Combining this, (74]), the fact that for every finite / C H it holds that AP/|g, €
L(H,), item () in Lemma (with H = Hy, k = 4, A = AP/|n,, F' = P;F|n,,
B = P;B, ¢ = p, v3B¢(t, 1) = vl(t,x) for I € {J C H: J is a finite set},
t €[0,7], z € P;(Hp) in the notation of item (i) in Lemma 2.2)), and item (i) in
Lemma (with H = Hj in the notation of item (i) in Lemma [22]) establishes
items () and (). It thus remains to prove item (). For this, observe that for every
finite 7 € H it holds that E[p(Y,")] = E[v!(T,Y,"")] and

B[e(v2")] = E[E(e(v")|Fo)] = E[/ (0.%")]
= B[ (0.P1€)] = E[v! (0.33")].

Moreover, note that for every finite I C H it holds that (e"|p, 11,))ie(0,00) € L(P1(Hy))
is a strongly continuous semigroup with generator Al|p,m,) € L(Pr(Hy)). This and
([B6) imply that for every finite I C H and every ¢ € [0, 7] it holds that

(Y]

(76)

P, B(P1(Hp))
t
— [e!AlPrE0) P €] b pip, w10y + / = Lsln)(Ale, ) P, F(Yfi’fh )ds
0

t
n / =LAl 60 P BV ) AV,
0
t
s h,I
= [P]&} P, B(P;(Hy)) _I—/O ((A|PI(H0))Y;h’I + 65( )(A‘PI(H()))PIF(YLS h>> ds (77)

t
N /0 A Al 00 P, B (Y{;JIh) AW
t
— [PI€:|IP7B(PI(HO)) + /0 (AY + AP F (YLZJZ)) ds

t
+ /0 COAPB(Y]L ) AW,

In addition, observe that item (fl) in Lemma ensures that for every finite / C H
and every t € [0,T], x € P;(Hy) it holds that

o' € CH*([0,T] x Pr(Hy), R) (78)
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and

v{,o(t, x) = —vé,l(t,:v) (A:B + PIF(x)) — % Z 1)572(t, x) (PIB(:E)u, PIB(:E)u). (79)

uelU

Combining item (i), the fact that for every finite / C H it holds that Alp,m,) €
L(P;(Hy)), item () in Lemma[2:3] Lemma3.4] and item (@) in Lemma [37 therefore
proves that

T T
]E{ / ol o (£, Y1) dt + / 06,0 (£, V) (AY! - OAP P (V]))) | dt

22/ |vg o (8, Y"T) (2OAP B(YtJ )u, (t)APIB(Y{ZJ’i)u)\dt} < 0.

uelU

(80)

Furthermore, note that It6’s isometry, item (i), item (i) in Lemma 2.3 Lemma [3.4]
and item (i) in Lemma B.7 imply that for every finite / C H it holds that

T
]ED / vh (6, V) DAP B(Y]) AW, } < o0. (81)
0
Hence, we obtain that for every finite I C H it holds that
T
]E[ / v (V) OAPB(Y]) th} = 0. (82)
0

The It6 formula, (76)—(78), and (80) therefore imply that for every finite I C H it
holds that

Elp(¥r") — e (v72)]]
= [B[(TY7") =" (0.¥5")]]

T T
:'E[ / v o(t,YMT) dt + / v (6 Y (AY + QOAP R (Y )) dE - (83)
0 0

+1y / o (6, Y (2OAP B (Y Yu, DAP B(Y]! u )dt”
uelU
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Combining this and (79) demonstrates that for every finite / C H it holds that
[E[e(vr) = (7)]]

:‘EUT%( YO (DA R (YT = PrR(YM)) d

2 Z/ Yh J 5(1‘/)APIB(Y£J,£)U7 eé(t)APIB(YLiLJI) ) dt (84)
ueU
Z/ v (6 Y (PrB(Y ) u, PrB (Y )u) dt] ‘
uelU

Moreover, observe that the triangle inequality ensures that for every finite I C H it
holds that

T
'E {/ Uél (t, Y;h’I) (66(t)AP1F(YLhJI) P,F (Y;h’l)) dt} '
0

< ‘IE { /0 D (0 Y (O idg) PLE(YRD) dt] ‘ (85)
] [ (o 3 @R U — M) (i) ) |

r pT
e /0 ol (1, SOAYE) (PR (V) — PLE (e <>AY§JI))dtH

r rT
| [ (o M) (PP (@OAYED)) = o (V) (rF ()) ) .

Furthermore, note that the triangle inequality implies that for every finite I C H it
holds that

E| > / o (8, V) (COAPB(Y T Yu, VAP B (Y u) dt

ucelU
_Z/ veo (6. Y (PrB (Y ) u, PrB(Y" )u) dt
ueU
Z/ t Yh[
uelU

(0 ) PB4 ) P80
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E| > / o (V) (PrB(Y 0 Ju, PrB(Y) u) di (86)

uelU
_Z/ vl (t, € AY“)(PIB(YL?ji)u,PIB(YL?JI) )dt]
uelU
e[| 3 [ hate onra)
uelU

([PrB(Y) = PiB(OAY ) u, [PB(Y]D) + PrB(OAY ) u) dt]

ap

Z/ v02 t ) AYLhJI)(P B( 6(t)AYL}ZJI)U,PIB( () Ay h, 1) )dt

uelU

_Z/ ve o (Y (P BV u, PrB(Y)u )dt]

uelU

In the next step we estimate the first term on the right-hand side of (85). Note that
item (i) in Lemma 23] and Lemma imply that for every finite I C H it holds that

‘EUOTUM( Vi) (70 ldHO)PIF(YL’;JI))dtH

ST (1m0 A0 (0% ) )
t€[0,T],z€P(Hp)

’ ||F|Hp||Lip(Hp7H2(775)) { S[U_p} E[ tJh HHPH} (87>
< 2R 0"OT || Fla, ||uip, Ha, ) { sup ||Ué,1(t>93)||L(P1(Ho),lﬁ)}
tel0,T],zeP(Ho)

| s Bfmax(1. 731, 1]
€o,7] ’

In the next step we estimate the second term on the right-hand side of (83]). Note
that item (i), (36), and the mild It6 formula in Da Prato et al. [DPJR) Corollary 1]
(with T = [|¢ th,t], H = (P;(Hy))* H = (P;(Hy))?* H=(P;(Hy))?* Uy=U, X, =
(YL PF(YR)s Ses = [(Pr(Ho))? 3 (z1,25) = (eF7Ay,25) € (P(Hp))?,
Y, = (POAPF(Y),0), Zou = (2XOAP B[ )u,0), V = R, ¢ = [(P;(Hp))?

(z1,22) = v§,(t,x1)xo € R] for t € [0,T], I € {J C H: Jis a finite set}, s €
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[[t]n,t], 7 € [|t]n,s], v € U in the notation of [DPJR] Corollary 1]) imply that for
every finite / C H and every t € [0,77] it holds that
(6. (6 Y (PP (V) = v (8 YR (P (Vi) b, sy
t
- /L oot AV (P E(Y] ), SOAP P (YT ds

tIh

t
-, <ta IRV (P (V) O PIB (VL)) AWe (s)
[t]n

11 Z te(t sAYhI)

uclU tJh
(PIF(YL’ZJI) COAP B(Y]) ! u, VAP B(Y]! u) ds.
Moreover, observe that Ito’s isometry, item (i), item () in Lemma 23], Lemma [3.4]
and item (i) in Lemma [3.7] ensure that for every finite / C H and every t € [0, 7] it
holds that

t
1ED / o (8, IRV (PR (Y, OAP B(Y])) <oco.  (89)
L

" t)

This, item ({) in Lemma 2.3, Lemma B4l [33), and (88)) imply that for every finite
I C H it holds that

[ (s Y P () — ol M) (R (1)) ]

z€P1(Ho)
< hT Sup{||Ué,k(t>I)HL(’C)(PI(HO),]R): te[OGT] l(se{z 3}}||F|P1(H0 ||L1p(PI(H0) Hp)

- (I1F 1 1) Lipe (110) 110) + 511 Bl 10) [Fip(P s (H10) L0 0)))

h,I (90)
sup E|max{1, Y]
L t[0,T) [ { H LtJhHHOH_
< ghTm’ Sup{Hvé’k(t’ ) pw @, 010)m) teﬁfgfl(clggb}}

]E 1 YhI ]
t:ég“] [max{ H LtJhHHOH_

In the next step we estimate the third term on the right-hand side of (85). Note
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that Lemma implies that for every finite / C H it holds that

T
| [ oM Par () - PrF (Y )) o

<| s e | b,
t€[0,T), zeP1(Ho)

: /T E [HAB‘V [idm, = @A) V) HHO] dt (91)

< 23/2h2(’7—5)T ||F’|Lip(H5,wHo) qu T}SllepP ) ||U(€’1(t, x)HL(P](Ho),]R):|
T, zeP1(Ho

h,I
| e BV ]

In the next step we estimate the fourth term on the right-hand side of (85]). Note
that item (i) implies that for every finite I C H and every ¢ € [0,7]] it holds that

(P;(Ho) > z — ¢'(t,2) € R) € C*(P(Hy), R). (92)

In addition, observe that item (i) ensures that for every finite I C H and every
t €10,7T], x,v1,v2 € Pr(Hp) it holds that

0. (t, @) (1) = vt ) (PrF (), v1) + g (t, ) (PrF' () (v1)) (93)

and

P02t ) (v1,v2) = vg 5(t, ) (P F (), 01,03) 4 05 5(t, ) (P F' () (v2), v1)

1 ! I " (94>
+vpa(t, ) (PrF () (01), v2) 4 v, (&, 2) (P F () (01, 02)).

This and item () in Lemma[23]imply that for every finite / C H and every ¢ € [0, 77,
z € P;(Hy) it holds that

P, (Ho),
it a(t ey ) < 2sup{ (o) lwes i Vel ) g
NF e @0 e 2y (10) 110) max{ L, [|]| g, }
and
P (Ho),
||<Pé,2(tv$)||L(2>(PI(H0),]R) < 4SUP{HU(€,1<(57y)“uk)(PI(Ho),R)): se[gfr],lk(e{ol),zs}} (96)

: HF\PI(HO)Hcg(PI(HO),HO) max{1, H$||HO}-
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Next observe that (36]), (@2)), and the mild It6 formula in Da Prato et al. [DPJRI
Corollary 1] (with T = [[¢]s, ], H = P;(Hy), H = P;(H,), H = P;(Hy), Uy = U,
X, = YM S0 = TR pm,), Yo = SOAP (YY), Z, = 0AP B(YL’ZJI)
V=R, ¢ = plt,) fort € [0,T], I € {J C H: Jis a finite set}, s € [[t]n, 1],
r € [[t]n, s] in the notation of [DPJRI] Corollary 1]) imply that for every finite I C H
and every t € [0,T] it holds that

o (6 SOV (PP (SOAY)) = oy (6 1) (PP (7))

t
= [ (eI O () ds

tIn

P, B(R)

¢ 97
_ /L‘tJ ¢é71 (t, 6(t—8)AY;h,I> ( 6(t)AP B(y{lJI)) dWS ( )
h

X [ halr A (SOARB (Y AN (Y ) s

uelU

Moreover, note that Itd’s isometry, item (i), item () in Lemma 23] Lemma [B.4]
item (i) in Lemma B.7, and (O5) assure that for every finite I C H and every
t € [0,7] it holds that

t
- U / 20 (1 e IRV (OB (Y )
[t]n

Combining this, item () in Lemma 2.3 Lemma [3.4], (33)), (95)), (@), and (O7) implies
that for every finite I C H it holds that

< 00. (98)

T
| [ o (M) (PP @OAYED) - 1Y) (P (1)) |

zeP;(Hp),
< 4hT Sup{Hvé,k(tvx)||L(k)(PI(Ho),R)): te[o,%fc(e{%ﬁ}}||F|PI(H0>HCﬁ(PI(Ho)’Ho)

) [||F|P1(Ho)||Lip(P1(Ho)7H0) + %||B|PI(HO)||%ip(PI(H0),L2(U,Ho))}

-
z€P;(Hp), }

< 61T sup{ 1088 2) | o 0 11000 1T bl o)

Vil )

(99)

sup E [
L t€[0,T

LtJ h

sup [E [
L t€[0,T
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In the next step we estimate the first term on the right-hand side of (80). Note that
Lemma implies that for every finite / C H it holds that

E[) / Y“ ( A —idy,) PrB(Y) Ju, (D2 +idm,) PIB(Y)) ! Ju )dt]

< El/o 108,2 (8 V2" )| oy o oty | ity +€°C )PIB(Y?Ji)HLZ%(U,HO) (100)

ey =) BB, L )

dt|.

Moreover, observe that A and P; commute. This, item (i) in Lemma 2.3 and
Lemma [B.4] imply that for every finite / C H and every t € [0, 7] it holds that

H (idHO +65(t)A) PIB(YtJh HLzB/ (U,Hop)

< [lidety +€ O] oo A1y, 010 [|APLB (Y 010

_ h,I
< 2 A0 Blar, lnip(eny e,y max {1, [V [, }.

(101)

In addition, note that item () in Lemma and Lemma imply that for every
finite I C H and every ¢ € [0,7] it holds that

| (ideg, —€’P*) P;B (Yﬁji HLZB/(ZB,W)(U,HO)
< HAQ(B_V) (idg, —e’l )HL (Ho) ||AV_2B||L2ﬁ/(2ﬁ - (Ho) HAWPIB(YL?JDHL(UHM (102)

(28—-7)
< 2RO AT Y N Bl g, eom, ) max{ L 1Y) s, )

Combining (I00), (I0T), and (I02) ensures that for every finite I C H it holds that

Z/ vho (1Y) (20 —idm, ) PrB(Y! Ju, (X0 +idw, ) PrB(Y! u )dt]

< 22 p?0-Pr HA_MHL1(H0)||B|HP||iip(H,,,L(U,H7))

st oo

[ sup ||vé,2<t,x>r|L<z>(PI<HO),R)][sup B
(0,7, zeP(Ho) te[0,7]

In the next step we estimate the second term on the right-hand side of (86]). Note that
item (), (36), and the mild It6 formula in Da Prato et al. [DPJR] Corollary 1] (with
I=[[t]n t], H = (P1(Hy))*, H = (P;(Ho))*, H = (P1(Hy))*, Up = U, X, = (Y},
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P]B(Ym )u PIB(YH ) ), Sr,s = [(PI(HO))3 > (1'1,1’2,113'3) — (E(S_T)Al’l,l’g,l'g) c
hI s hI

(Pr(Hy))%, Yy = (& APIF(Y\_tJh)7O70)7 Z' = (& )APIB(Y\_tJh>u/7070>7 V =R,

Y = [(P[(Ho))g > (1’17252,.1’3) — vé7z(t,x1)(aj2,x3) S R] for t € [O,T], IS {J -

H: J is a finite set}, s € [[t]n,t], r € [[t]n, 5], u,u' € U in the notation of [DPJR]

Corollary 1]) ensure that for every finite / C H and every t € [0,7], v € U it holds

that

[vh2 (, Y{") (PIB(YLtJh)u PIB(YLtJ Ju)

= g (1 "MV ) (PrB (Vi) PrB (Y )w) ] s

t
B /LtJ Vg3 (t, IRV (PLB (Y Ju, PrB(Y) Ju, AP F (Y] ) ds
h

t
+ /L st IR (PrB(Y ) u, PrB (Y Ju, S OAPB(Y])) AW,

0 [t]n
22/ U04t€tSAYhI)
u'elU
(PrB(Y ), PrB(Y) Yu, OAPB(Y) ! u!, SOAP B(Y]! ) ds.

(104)
Moreover, observe that Ito’s isometry, item (i), item () in Lemma 23], Lemma [3.4]
and item () in Lemma [B.7] ensure that for every finite I C H and every ¢ € [0, T,

u € U it holds that
“/ 5 (t, eIAY ) (P B(Ym )“vPIB(YL?J’i)uv eé(t)APIB(YL?J’i)) s 2}
[tln

< 0o. (105)

Combining this, item (f) in Lemma 23] Lemma 3.4 (33), and (I04)) implies that for
every finite I C H it holds that

Z / vl (8, Y (P,B(YfgJ )u,PlB(Y{ZJI) )

uelU

—ug, (1, POV (P B (Y] )u, PrB (Y] )u)) dt]

=13 [ R o0 B0 )

uelU
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—vp o (t, 2O2Y ) (PrB(Y]

i L) u PB(Yu) | at

L]

z€P1(Hop)
< hTSUp{HUé,k(taSC)HLUO(P,(HO), R)) - te[OeT}Il(fe({)34}}||B|PI(HO ||L1p(PI(H0) Ly(UHyp))

) (||F|P1(Ho)HLip(PJ(Ho%Ho) + %HB|P1(H0)||Lip(PI(H0),L2(U,H0)))

| s {1, ] (106)

zeP;(Hyp),
< $hTwm! SUP{Hvé,k(ta$)||L(k>(PI(Ho),JR))3 tE[O?T]{I(cef{)%A}}

{ s st 1]

In the next step we estimate the third term on the right-hand side of (86]). Note
that the Cauchy-Schwarz inequality, Lemma 3.5 (84]), and (B3]) imply that for every
finite / C H it holds that

Z/ v (A )

uelU
([PIB(Y{ZJI) - PIB( 6(t)AYL}ZJI)}u> [PIB(Y{ZJI) + PIB( 6(t)AYL}ZJI)}“) dt]
< [ sup Hvéz(tax)HL(Z)(PI(Ho)JR):|
t€(0,7],z€P(Ho)
1/2
B [ (Sl IB0%) - BEOYE L)
uelU
(S wrlimr) + sl ) 107
P t]n [t]n H,
uelU
<2 IC[ sup [[0.5(t, $)||L<2>(P1(HO>JR>}
€[0,T],2€Pr(Ho)
/Mwwm% ) oy B s {1, IV Y] e
< 272p20=H) T[C{ sup ||U(€,2(ta 5'3’)HL<2>(P1(H0),R)]
t€[0,T],2€Pr(Ho)
) E vyt } .
L:E%} [ tJhHHw,ﬁ}]
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In the next step we estimate the final term on the right-hand side of (86). Note that
item () implies that for every finite I C H and every ¢ € [0,77] it holds that

(Pr(Ho) >z — ¢'(t,z) € R) € C*(P(Hy), R). (108)

In addition, observe that item (i) ensures that for every finite I C H and every
t €10, T], x,v1,v2 € Pr(Hp) it holds that

Yo (t,2)(01) = 3 vt ) (PrB(x)u, PrB(z)u, v1)

uelU

+23 v, (t,x) (P B (2)(vy)u, Py B(x)u)

ucelU

(109)

and

¢é72(t,$>(U1,U2) => véA(t,x) (P;B(x)u, PB(x)u, vy, vs)

uclU

+2>° vég(t, x) (PrB'(x)(v2)u, PB(x)u, v1)

+2 ;J 3(t, z) (PB'(z)(v1)u, PrB(x)u, v7) (110)
+23 v, Lo (t,x) (P B" (x)(vy, ve)u, PrB(2)u)

uclU

+2>° véz(t, x) (PrB'(z)(v1)u, PB'(z)(ve)u) .

uelU

Combining this and item (i) in Lemma shows that for every finite / C H and
every t € [0,T], x € P;(Hy) it holds that

P;(Hy),
||¢é,1(ta$)||L(Pz(Ho),R) < 3Sup{””é,k(svy)HL(k)(PI(HO),R)): se?oe,ﬂf%e‘i%vg}} (111)
2 2
) ||B|P1(Ho)Hcg(PI(HO),M(U,Ho)) max{l, ||$||H0}
and
P;(Hy),
88 2t )l oy s < 950D 1015 )l 0oy 0 sl ) 112)

2
|| Ble, (1) ||zcg(PI(H0),L2(U,HO)) max{l, ||$||H0}

In addition, observe that (BG), (I08), and the mild It6 formula in Da Prato et
al. [DPJR) Corollary 1] (with I = [|t]s,t], H = P;(Hy), H = P;(Hy), H =

P](Ho) UO = U X — Yh,l Srs — e(S—T)A|PI(HO) Y _ 65(3)AP F(YL}ZJI) Z _

()APB(YM) V=R, p=2l(t-)fort €0,T], I €{JCH:Jis a finite set},
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s € [[t]n,t], r € [|t]n, s] in the notation of [DPJR] Corollary 1]) imply that for every
finite I C H and every ¢ € [0,7] it holds that

t
[0 (0 Y0) 0 (O g = [ (IR (GOME () s

[t]n
t
i 1411 Vg (8, IRV (OAPB(YS) ) AW, (113)
t
AT [ e A (N B3 OB (1) s
uelU LtIn

Next note that 1t6’s isometry, item (i), item (i) in Lemma 23] Lemma B.4] item (i)
in Lemma B.7 and (II1I)) prove that for every finite / C H and every t € [0,7] it
holds that

2

t
E U/ Q/Jévl(t’ e(t—s)AYsh,I) (eé(t)APIB(Y{Zji))dWs < oo, (114)
[t]n

Combining this, item () in Lemma 23] Lemma B4, (33)), (I11)), (I12), and (II3)
ensures that for every finite / C H and every t € [0, 7] it holds that

B[ (& Y) — vl (1, SO )|

I . xeP;(Hy), 2
<h sup{ ||Uo,k(5> ) ||L(k)(PI(Ho),]R)) : 56[0,%1’},116(6{%),374}} ||B|P1(Ho) ||C’§(P1(Ho),L2(U7HO))

) (3||F|P1(Ho)||Lip(PI(H0)7H0) + %HB|P1(H0)||I2_,ip(P1(Ho),L2(U,Ho)))

oA ) (115)

zeP;(Hyp),
< %hmél Sup{””é,k(svx)HL(k)(PI(Ho),]R)): se[ofr],llc(e{%?3,4}}

YL, H;OH} :

This implies that for every finite I C H it holds that

. [ sup E[max{l,
s€[0,7T

: [ sup E[max{l,
s€[0,T

T
E|> /0 v o (t, DAY DY (P B(2OAY ! ) u, Py B (2OAY ) dt

[t]n 1t]n [t]n
uelU
T
-y / vho (Y ) (PrB (Y ) u, PrB(Y u) dt]
ue V0
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T
/0 B[y, Y)") — ! (1, SOAYT )] at (116)
Z‘EP](H()),

< %hTmél SUP{ Hvé,k(tv x)HL(k)(PI(Ho),]R)) : te[O,T},ke{273,4}}
oI ||

Combining (84), [B3), [B6), B7), O, @I), @), ([103), (106), (I07), and (I16)

ensures that for every finite I/ C H it holds that

. [ sup E[max{l,
te€[0,T

E[o(v2")] - Blo(v")]| < masx(h n20-)T

zeP;(Hyp),
) SUP{ Hvé,k(ta ) HL<k>(PI(Ho),]R)) : te[o,;],klé{lo,;:,,4}}

h,I
. (23/2||F|Hﬂ||LiP(HwH2('YB)) LS[%I;} E[max{l, v HHPH]
6 )

+ 17m4[ sup E[max{1, ||}/2h71||;1{0}}]
te[0,T

(117)

3/2 h,I
+2 ||F||Lip(Hﬂ,,y,H0) L:BPT]]E{HY; ||H7B}]
5 - h,I
2 A Bl i i | s B L 151 1)

_|_25/2[c|: sup ]E[max{l, ||Y;‘,h71||%-175}}:|)

te[0,7

Combining this, the estimates max{h, h20~9} < max{T'~20=7) 1}h20=H) and 2°* <
6, the fact that |A™%(|1, ) = 2[ X pem [An| "], and items ({)—() in Lemma BT
establishes item ({l). The proof of Theorem B.I0lis thus completed. O

Corollary 3.11. Assume Setting[31. Then

s (P Blp(v2")] - E[p(7")]]) < oo. (118)

Proof of Corollary[3.11. Throughout this proof let I, € H, n € N, be a non-
decreasing sequence of finite sets which satisfies that U,enl, = H. Observe that
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the triangle inequality implies that for every n € N, h € (0,77 it holds that

[Elp(Y7™)] - Ele(Y2™)]|
<|E[p(Yz™)] = E[p(¥p™)]| + |E[p(Y7™)] - E[p(Y7™)]|

+|Elp(Yr"™)] - Elp(vr™)]] (119)
< sup ¢’ (@)l Lomy | (V7 = YR L2z, + 1Y = Y | 2o, )
xeHo

+ [E[p(v2™)] B[ (Y7 ™)]]
Furthermore, note that Corollary ensures that for every h € (0,7 it holds that

limsup (Y7 = Y2 " | 2 iy + V2™ = VI | 2oimy)) = 0. (120)

n—oo

Moreover, observe that items (l)—() in Lemma B and items ({)—(l) in Theo-
rem [3.10l imply that

sup (W—w {lim sup [E[p(Y2M)] — E[p (7))

he(0,T] n—00

) < . (121)

This, (I19), and ([I20) imply (II8). The proof of Corollary B.11lis thus completed. [

4 Weak convergence rates for temporal numeri-
cal approximations of the hyperbolic Anderson
model

4.1 Setting

Throughout this section we shall frequently use the following setting.

Setting 4.1. For every measure space (), F, u), every measurable space (S, %), every
set O, and every function f: O — S let [f].x be the set given by

_ . . JAeF: (u(A)=0 and {weQNO: f(w)#g(w)}CA
Ul = {g: @ = 83 [BAT (a0 and om0y sl neal] 4 (122)

let \: B((0,1)) — [0, 1] be the Lebesque-Borel measure on (0, 1), for every r € [0, 00),
let (WP((0,1),R), |-l wro(o.1)r) be the Sobolev-Slobodeckij space with
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smoothness parameter r and integrability parameter p, for every r € [0,2], p € (1, 00)
let W"P((0,1), R), [|*llwro0,1),r)) be the R-Banach space which satisfies that

wWrr((0,1),R) cr < p

TP —

WrP((0,1),R) = {{f € W#((0,1), R): 39657550,91(]61)3:);(%@61))ef]} r> 1, (123)
and Vv € WrP((0,1),R): ||v|lwrro,1),8) = l|[V]lwrro1),r)], for every p € (1,00)
let A,: D(A,) € LP(;R) — LP(MR) be the linear operator which satisfies that
D(A,) = W?P((0,1), ]R) and [Vh € D(Ap): A,(h) = Ah], for every p € (1,00) let
Ve, [Flly;,, ) 7 € R, be a family of interpolation spaces associated to —Ay, and for
every 6 € (0,1) let (C°([0, 1], R), [l j0.1,)) be the space of 6-Hdlder continuous
functions.

Note that for every p € (1, 00) it holds that A, is the Dirichlet Laplacian on LP(\; R).

4.2 Preparatory lemmas

Various results closely related to Lemmas[4.2H4.5 below are available in the literature;
see, e.g., Lemarie-Rieusset & Gala [LRGO6, Lemma 1] for a result closely related to
Lemmas [4.3] and 4.4] below. We provide these lemmas in the exact form that we
need.

Lemma 4.2. Assume Setting[4.1 Then
(i) it holds for every r € (0,1)\{Y/a} that V,» C W*2((0,1),R) continuously,
(ii) it holds for every r € (0,1)\{Y4} that W?"%((0,1),R) C V.o continuously, and

(iii) it holds for every p € (1,00), r € (0,1), s € [0,7) that V,,, C W*?((0,1),R)
continuously.

Proof of Lemmal[4.2 First, note that, e.g., Triebel [Tri78, Theorem 1.15.3, Defini-
tion 2.3.1/1, item (d) in Theorem 2.3.2, Definition 4.2.1/1, Definition 4.3.3/2, equa-
tion (7) in Theorem 4.3.3, item (b) in Theorem 4.9.1, and item (b) in Theorem 5.5.1]
(with k = 1, By = idggony, my =0, m =2, p=2,0 =r forr € (0,1)\ {4} in
the notation of [Tri78|, Definition 4.3.3/2 and equation (7) in Theorem 4.3.3]) implies
that for every r € (0,1)\{l/4} it holds that V.o C W?*"2((0,1),R) C V, 5 continu-
ously (cf. Triebel [Tri78 Definition 2.3.1/1 and Definition 4.2.1/1] for a definition
of WrP((0,1),C), r € [0,00), p € (1,00), and cf. Triebel [Tri78, Section 4.2.4, Re-
mark 2 in Section 4.4.1, and Remark 2 in Section 4.4.2] for equivalent definitions
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of Wm((0,1),C), r € [0,00), p € (1,00)). This proves items (i) and (iil). Next ob-
serve that, e.g., Triebel [Tri78, Theorem 1.15.3, Definition 4.2.1/1, Definition 4.3.3/2,
equation (7) in Theorem 4.3.3, items (a)—(b) in Theorem 4.6.1, item (b) in Theo-
rem 4.9.1, item (c) in Theorem 5.4.4/1, and item (b) in Theorem 5.5.1] (with k£ = 1,
By = idgroay, mi = 0, m = 2, p = p, 0 = r — (52)Lpju(r) for p € (1,00),
r € (0,1), € € (0,r] in the notation of [Iri78 Definition 4.3.3/2 and equation (7)
in Theorem 4.3.3]) ensures that for every p € (1,00), r € (0,1), € € (0,7] it holds
that V,, € W2=9)((0,1), R) continuously. This establishes item (fi). The proof of
Lemma is thus completed. O

Lemma 4.3. Assume Setting[{.1] and let r € [0,Y/2)\{}/4}, § € (2r,1). Then
(i) it holds for every f € V,a, v € C°([0,1],R) that fv € V,5 and
(i) it holds that

£y, . feVia\{0}, }
S“p{ 7TV, 2ol opr - v€C° (101 R)\{0}
(124)

llwllv, lwllyy2r,2
N fmﬂ{ o |Iw||W2'r2 " Sup MﬁwHV((OJ)YR)
weVr2\{0} »2((0,1),R) weV; 2\{0} r,2

< 00.

Proof of Lemma[{.3 To prove items (i) and (ii) we distinguish between the case
r = 0 and the case r > 0. We first prove items (i) and (ii) in the case r = 0. Observe
that the fact that for every w € C([0, 1], R) it holds that

lw(z)—w(y)|

|wllcsqoa,ry = sup [w(z)[+  sup <W> (125)
Z‘E[O,l] Z‘,ye[o,l},x;ﬁy

establishes items (i) and (ii) in the case r = 0. Next we prove items (i) and (ii) in the
case > 0. Note that item (i) in Lemma 4.2l and (23) in Jentzen & Rockner [JRI12]
imply that for every f € Vo, v € C°([0,1],R) it holds that f € W*2((0,1),R)
and fv € W?2((0,1), R). Combining this and item () in Lemma 2] establishes
item (f) in the case r > 0. Moreover, observe that (23) in Jentzen & Rockner [JR12]
assures that

Sup{ Iollwzr2onm feWQT’z((O,l),R)\{O},}

V3
1 Tw2r.2 0,0),m) Wlos o1y~ v€EC([0,1], R)\{0} : (126)

0—2r

IA

Combining this and items (i) (i) in Lemmal[4.2] establishes item (i) in the case r > 0.
The proof of Lemma is thus completed. O
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Lemma 4.4. Assume Setting[{.1] and let r € (0,1/2)\{Y/4}, 6 € (2r,1). Then

. { Ifollv_,. _ feLm;R)\{O},}

DUV 2 Tollcs oaym + v€C° (10,110}
< 3 l sup llwllv, ]|: sup lwllwzr2 0.1y ) = (127)
— Vo—2r wEVy2\ {0} ||w||W2"’2((0,1),1R) weV, 2\{0} ”w”Vr,z

Proof of Lemma /7). First, note that Lemma 3| proves that for every u € L?()\; R),
v € C%0,1],R) it holds that v(—Ay)"u € V,5. The fact that for every f €
L\ R), v € C°([0,1],R) it holds that fv € L?(A\;R) and the self-adjointness of
L*(NR) 2 v — (—Ay)"v € L*(\;R) therefore imply that for every f € L*(\;R),
v € C°([0,1],R) it holds that

((=A2)7"u,fv) 2 \.R)

follve,, = |(=A42) 7" (fv)|| 2wy = sup ”
101 = A2 Pl = s (e
B ((=A2)"(v(=A2)""u),(=A2) 7" ) 2 (x.g)
B ueLZ?B]II){)\{O} lull L2 (i) (128)

lo(=A2)""ullv, ,

S| g Tl 2o
ueL?2(A\;R)\{0}

1l -

Combining this and Lemma (with v = v, f = (—A)"u in the notation of
Lemma [4.3]) establishes (I27]). The proof of Lemma [£.4]is thus completed. O

Lemma 4.5. Assume Setting [{.1, for every R-Hilbert space (H, (-, -)u, ||-|ly) let
(La2(H), ) Loy, Il pyary) be the R-Hilbert space of Hilbert-Schmadt operators from
H to H, let r € (—/1,1/4), and for every m € Vipaxiory.2 let My, : D(M,,) — L*(A\; R)
be the linear operator which satisfies that D(M,,) = {h € L*(\;R): mh € L*(\;R)}
and [V h € D(M,,): My,h =mh]. Then

(i) it holds for every m € Viaxosy.2, b € L*(A\;R) that (—As)~"*h € D(M,,) and
Mm(_AQ)_l/zh' € Vmax{O,r}Q and

I(=A2)" Min (=A2)" 2|l 1200,

Tmlv,

(i) it holds that SUP eV, asf0.ry.2\ {0} [ ] < o0

Proof of Lemma[f.3, Throughout this proof let o = max{0,r}, ¢ € (0,1 — o), let

en: [0,1] = R, n € N, be the functions which satisfy for every n € N, x € [0, 1] that
en(r) = v/2sin(nmz), let (2, F,P) be a probability space, let v,: Q@ — R, n € N, be
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independent standard Gaussian random variables, and let K, € [1,00], p € [1,00),
be the extended real numbers which satisfy for every p € [1, 00) that

K, — sup { (Bl| 5ty s ]
(B[l e ])

Observe that the Khintchine inequalities imply that for every p € [1,00) it holds
that K, < co. Moreover, note that item () in Lemma [£.2] and the fractional Sobolev
inequalities prove that for every h € L?(\;R), § € (0,1/2) it holds that there exists a
v € C°([0,1], R) such that (—A,)~"7*h = [v]\ sk)- Lemma 3 and the fact that for
every f € L2\ R), v e C°([0,1],R), v1,v2 € [v]ysew) it holds that

1/p

2:nElN,xl,...,:z:nElR\{O}}. (129)

1 fIaBmw) = [V2f]aBw) (130)

hence imply that for every h € L*(\;R), m € V, 5 it holds that M,,(—A)~2h € V4.
This establishes item (). Furthermore, observe that for every p € (1,00) it holds
that

n 2 12
_ lvll 20+ 2
1 < c2ete((0,11,R) . v€C?([0,1],R)\{0 },}
e (El 2 (k) W’f‘ Czﬁs([OJLR)D = S“p{||[vh,s<m||vw,p' 2(0)=0(1)=0
2 12
- su k)~ 1t2(ete),, o ‘ ]) ) 131
nEHI\)I( { ig1( ) K LP(A\R) ( )

In addition, note that item (i) in Lemma[d.2 and the fractional Sobolev inequalities
demonstrate that for every p € (671, 00) it holds that

Sup{”””c?ﬁw_ veC (O BEN0 }} < o0. (132)

vIx B 1V, v(0)=

Moreover, note that Holder’s inequality, Fubini’s theorem, and (I29) imply that for
every p € (7!, 00) it holds that

2 /2

EP(/\;R)} )

sup( {
neN
» 2/p /2
d:z:) ])
P /e
dx})

Z ( ) 1+2( Q"F&)fykek
k=1

Z —142( g—l—s),ykek(x)

S (k) TRy ey (2)
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p} d:);) " (133)

< < 3 (k) 12ty D dx)
— Ky sup (f (Em e 9te) )
< V2K, sup (i(m)—ﬂ‘*wﬂ) = V2K (i( )~ 2riete) )1/2 < 0.

Next observe that for every m € V5 it holds that

A M)y = 10 (35 [0 s, )

k=
2
= sup IE[ m(—A2) ™ [ex]r smr) ] (134)
neN k=1 Vr2
n 2
= suplE[HmZ(km)_l%ek }
neN k=1 Vr2

Moreover, note that Lemma [£3] Lemma [£.4] (I31]), (I32), and (I33]) imply that

{S“""EN@[mzzlwwek;ﬁﬁ}

et (o) Tmllv,
< 3 su ||w||VQ’2 U ||w||w2@,2((o,1),1R) (135)
=V P Tolweeron.m P Tellv, .

weVy 2\{0} ) weVy 2\{0} 2

(k) e

2 Y2
- sup (E{ } ) < 00.
neN k=1 ng+€([071]7R)

Combining this and (I34) establishes item (). The proof of Lemma is thus
completed. O

4.3 The hyperbolic Anderson model

Corollary 4.6. For every pair of R-Hilbert spaces (V,(-,-)v,|-|ly,) and (W, (-, )w,
[l ) let (La(V, W), G ) avwys Ml o vmey) be the R-Hilbert space of Hilbert-Schmidt
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operators from V to W, for every measure space (S0, F, ), every measurable space
(S,%), every set O, and every function f: O — S let [f],x be the set given by

JAeF: A)=0 and {weNO: f(w w)}CA
s = {93 Q=S5 [[ ARG [VAE{E:Eg*q(A)Jg]-'}#g( Ve )}] }a (136)

let T,9 € (0,00), by, by € R, let X\: B((0,1)) — [0,1] be the Lebesgque-Borel mea-
sure on (0,1), let (H, (-, -)u, ||l ;) be the R-Hilbert space given by (H, (-, Yu, |||l z) =
(L2 R), s dreourys Il zoumy ) et (. F, Py (Fo)ieiory) be a filtered probability
space which fulfills the wusual conditions, let (Wy)wcpm be an idg-cylindrical
(F¢)tejo,r- Wiener process, let (en)nexn C H satisfy for every n € N that e, =
[(V2sin(nmz))seo)asm), let A: D(A) € H — H be the linear operator which
satisfies that D(A) ={h € H: >.>7 | |(nm)*(en, h)u|* < o0} and [Vh € D(A): Ah =
Sovey —(nm)*(en, hywen], let (Hy, (- )u,|l-llg), v € R, be a family of inter-
polation spaces associated to —A, let (H,, (-, )u,, |'[lg, ), 7 € R, be the family of
R-Hilbert spaces which satisfies for every r € R that (H,, (-, )u,, ||'llg,) =
(Hopo X Hopooioy (s Vityytts g syos 111 1)) - let Az D(A) € Hy — Hy be the lin-
ear operator which satisfies that D(A) = Hy and [V (v,w) € H;: A(v,w) = (w, Y Av)],
let o € C*(Ho, R) satisfy that suPyecqi 234y, vem, ||g0(k)(x)||L<k)(H07m < oo, let & €
LY(Plpy; Hip), let B: H — Lo(H, H_1,) be the function which satisfies for every v €
LAAR), uw € C([0, 1, R) that B([v]x, sw))[ulx, 50) = [((bo+b10(2))u(2))zeo)]r, 500
let B: Hy — Lo(H,Hy) be the function which satisfies for every (v,w) € Hy, u € H
that B(v,w)u = (0, B(v)u), let X:[0,T] x Q@ — Hy be an (Fy)ieo,r)-predictable
stochastic process which satisfies for every t € [0,T] that supyep 1y E[||X|l3,] < o
and

t
(X, = [€€]p g, + / c=IAB(X,) AW, (137)
0

let |-|n:[0,00) = R, h € (0,T], be the functions which satisfy for every h € (0,71,
x € [0,00) that
|z]n = max({0, h, 2h,3h,...} N0, z]), (138)

and let Y": [0,T] x Q — Ho, h € (0,T], be (F;)epo,r-predictable stochastic processes
which satisfy for every h € (0,T], t € [0, T] that supe(o 1 E[|Y!},] < oo and

t
[Y;h]]P,B(Ho) _ [etAdIP,B(Ho) +/ e(t—Lth)AB(YLf;Jh) aw.. (139)
0
Then it holds for every e € (0,00) that
sup (he‘l IE[p(Xr)] — E[go(YTh)H) < o0. (140)
he (0,7
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Proof of Corollary[{.6. Throughout this proof for every R-Hilbert space (V, (-, )y,
[[ly/) let (L2(V), -, ) 2ovy, [l 1, v)) be the R-Hilbert space of Hilbert-Schmidt op-
erators from V' to V, for every pair of R-Banach spaces (V,|-||,,) and (W, ||-|ly)
let (Lip(V, W), |IllLip(v.wy) be the R-Banach space of Lipschitz continuous mappings
from V' to W, for every ¢ € N and every pair of R-Banach spaces (V,||||,,) and
(W, - llw) let (CE(V, W), ||-||C£(V7W)) be the R-Banach space of ¢-times continuously
Fréchet differentiable functions from V to W with globally bounded derivatives,
for every v € H let M,: D(M,) € H — H be the linear operator which sat-
isfies that D(M,) = {h € H: vh € H} and [Vh € D(M,): M,h = vh], and
let ¢ € (0,2/3]. Observe that the fact that for every p € [0,1/4) it holds that
B € Lip(H, Ly(H,H, 1)), the fact that for every (vi,vs), (wi,ws) € Hp it holds
that [|(v1,v) — (w1, ws) |1, = (lor —wil[F+ vz —w2||%t1/2)1/2’ the fact that for every
€ [0,Y4), w € H it holds that |B(0,0)ulls,, = [|(0, B(O)u)|m,, = [[BO)ullm,_,,,
and the fact that for every p € [0, 1/4), (v1,vq), (w1, ws) € Hy, u € H it holds that

(B (01, v2) = B(wy, wa))ullm,, = [[(0, (B(vr) = B(wi))u)||n,,
[(B(v1) = B(wi))ullu, ,,

imply that for every p € [0,1/4) it holds that B € Lip(Hy, Lo(H, Hs,)). Hence, we
obtain that B € Lip(Hy, Lo(H, Hi/,_.),)) and

B|H1/2 - Lip(H1/2_5/4, LQ(H, H1/2_5/4)). (142)

Moreover, note that (3.77)—(3.78) in de Naurois et al. [JANJW] and Holder’s inequal-
ity ensure that for every p € (0,1/4), v,w € H,, v € H; it holds that B(v), B(w) €
L(H,H,_,) and

I(B(v) = B(w))ulln, ,,

(141)

—£/4

B(v)— B by (v —w)u :
wp (B = Byl b0~ w)ullo
weH\{0} [ D7 veH:\{0} 111,
b Qﬂ 1 . UV — Wl r2/a- . U 1.2(\:
< sup |01 ||L/(2P)(>\,IR)|| HL/(l 4/3)()\,]1{)” 2 (MR) (143)
¢6H1\{0} HwHH(l/AL),p

< |by] sup

—wllg,|ulla
’LﬁEHl\{O} ||¢HH(1/4),,3

||¢HL1/(2P)(A;]R) p ||CHL2/(1*4P)(>\;]R) H
ce\foy  lIClla,

< 00.

This assures that for every p € (0,1/1) it holds that Bl|g, € Lip(H,, L(H, H,_1.)).
The fact that for every (vi,v2), (w1, wz) € Hy, it holds that [|(vy, v2) — (w1, w2)||H,, =
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(Jlvy — w1||%{p + [Jvg — w2||fqpil/2)l/2, the fact that for every p € (0,1/4), u € H it holds
that |B(0,0)ulln,,,,, = [[(0, B(0O)u)|ln,,,., = [B(O)ullx, ,,, and the fact that for
every p € (0,%4), (v1,v2), (w1, ws) € Hypy, w € H it holds that

[(B(vy, v2) = B(wy, w2))ullm,, ., = 10, (B(v1) = B(wi))u)|n,,..,

— (Blor) — Blw)ullu_,, (144)

hence imply that for every p € (0, 1/4) it holds that Blg,, € Lip(Ha,, L(H, Hy,p1p)).
Therefore, we obtain that

B|H1/275/4 6 Lip(H1/2_5/4, L(H, H1_5/4)). (145)
Furthermore, observe that for every (v, vs), (wy, ws) € Hy, u € Hy it holds that

B(’Ul + Wi, Vo + ’LUQ)U = (0, B(’Ul + wl)u) = (0, (bo + bl(’Ul + wl))u)
= (0, (bo + byvy)u) + (0, bywyu) = (0, B(vy)u) + (0, byw;u) (146)
= B(v1,v2)u + (0, bywyu).

Combining this, the fact that for every (vi,vy) € Hy it holds that B(vy,vy) €
Ls(H,Hy), and the fact that H; is a dense subset of H implies that for every
(v1,v), (w1, wy) € Hy, u € Hy it holds that B € C*(Hy, Lo(H, Hy)) and

[(B(l)(vl,vg))(wl, wg)]u = (0, bywu). (147)
Hence, we obtain that for every £ € N it holds that
B € Cy(Hy, Ly(H, Hy)). (148)

Next observe that for every (v, vy) € Hy it holds that

S (0m) = [B(or, w)enlliy, = D () (= A) (B + bron)en) [,

neN neN

= > ) o (= A) e+ bi(—A) My

neN
= D lbo(=A) ey + b (= A) VM, (—A) e[ (49)
neN
< 2|bo|2 H(_A)—(1+s)/4HL2 + 2|bl|2 Z H 1/2]\41)1 A)(lis)/Alean-{
neN
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Moreover, note that for every (vq,vs), (wq,ws) € Hy it holds that

> ()M I B(vr, v2) — Blwy, ws) eIy,

nelN
_nelenﬂ'e lH —1/2 bl Ul U)l €n HH (150)
= 01l | 3 A Mgy (= A) e[

nelN

In addition, observe that item (i) in Lemma L5l ensures that for every r € (—1/4,1/4),
v € Hpaxfos}, 1 € N it holds that M,(—A)~"2e, € Hypax{o,}- This and the fact that
for every v € H it holds that M,: D(M,) C H — H is a symmetric linear operator
imply that for every r € (=1/4,1/4), v € Hpax{o,} it holds that

Dol M (A e[y = DT (A M (A e o) |

nelN m,nelN

= 3 e (AT M- e [P = 3 A AL~ A) e

m,neN meN

(151)

Lemma (5 (I49), ([I50), and the fact that for every r € (1/4,00) it holds that
|A7" || Loy < oo therefore ensure that

sup e (0m) EB(v1,v2)enllfr,
mac{L (o 02) i, )
2lbo[2[(—A) T2 ol P~ A) TN, (~A) 22 (152)
< sup 2 2= (viv2)€HG g

3
max{l’“(vl’UQ)llH(lfs)/z}

: (vl 702)€H(175)/2 }

< 00

and

||(v171)2)—(11}17“}2)”%1(571)/2 (v1,02)#(w1,w2)

sup{ ZneN(mr)E*l||[B(017v2)—13(w1,wz)}enllﬂo : (v1,vz),(w1,w2)€H(15)/2,}
(153)

(e—1) _1
= {b12||(_A) i /4M(’U17w1)(_A) /2”%2(1{) : (’Ul’UQ)’(wlva)eH(l5)/27} < 0.

||(Ulvvz)—(wl7w2)||%q(571)/2 (v1,v2)#(w1,w2)

Combining this, (I42)), (I45), ([I48), and Corollary B.I1 (with U = H, U = {e, }nen,
T =T, Whepr) = Wiepr), v = 1 =54, B = Y2+ 1, p = 12— ¢4
H = H, H = {ey}nen, [VREN: A, = —0(nm)?], A = JA, VreR: Nl =
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Il lm] A=A g =9 §=¢ F =0 B=B, [VneN:p, = (nm)" 2],

e e S nen(nm) 1 7E[B(v1,v2)enlff
¢ = max{0“V2 92} sup{ X Ho . (u)eHG o) b, 2 =

max(L e, o)
max{ﬁf(lst)/Q /19(175)/2} su {Znen\](nw)s1”[B(vl7U2)_B(w17w2)]e7l”%-10 . (vl7U2)7(w17w2)6H(175)/27}
’ P or,00)—(wr )l - T mwEwiws)

m = max{0~"* 1}|Bllcaay, Loy + 1, [Yh € (0,T]: YPE =Y ] YOI = X in
the notation of Corollary B.IT]) establishes (I40). The proof of Corollary is thus
completed. O
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