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Abstract

Optimal upper and lower error estimates for strong full-discrete numeri-
cal approximations of the stochastic heat equation driven by space-time white
noise are obtained. In particular, we establish the optimality of strong conver-
gence rates for full-discrete approximations of stochastic Allen-Cahn equations
with space-time white noise which have recently been obtained in [BECKER,
S., GEss, B., JENTZEN, A., AND KLOEDEN, P. E., Strong convergence
rates for explicit space-time discrete numerical approximations of stochastic
Allen-Cahn equations. arXiv:1711.02423 (2017)].



1 Introduction

In this work we consider space-time discrete numerical methods for linear stochastic
heat partial differential equations of the type

dX,(z) = AX,(z)dt + dW,(z) (1)

with zero Dirichlet boundary conditions X;(0) = X;(1) = 0 for t € [0, 7], z € (0,1)
where T € (0, 00) is the time horizon under consideration and where £ is a space-
time white noise on a probability space (2, F,P). In particular, we analyse strong
rates of convergence of a full-discrete exponential Euler method, proving optimal
upper and lower estimates on the strong rate of convergence. The next result,

Theorem [L.T] below, summarizes the main findings of this article.

Theorem 1.1. Let T € (0,00), p € [2,00), (H, (-, m, |'llz) = (L*((0,1);R),
(o) e2o0m)s L2 o0)m))s (Pr)nen © L(H), let (en)nen © H be an orthonormal
basis of H, let A: D(A) C H — H be the Laplacian with Dirichlet boundary condi-
tions on H, let (2, F,P) be a probability space, let (Wi)icor) be an Idg-cylindrical
Wiener process, let X : [0,T] x Q — H and XMV [0,T] x Q — H, M,N € N, be
stochastic processes which satisfy that for all t € [0,T], M € N, N € N it holds
P-a.s. that X; = fg =4 qw, and XM = fot Py elt=max({0,7/a1,2T/ar,..30[0,s]) A qyp7
and assume for alln € N, v € H that Ae, = —n*n’e, and P,(v) = >, _ (e, V) u €.
Then there ezist ¢,C € (0,00) such that

(i) we have for all M € N that
l/p
M~ < lim sup (E[HXt - XtM’"H%D < oM )
n—oo t€[0,7T

and

(i1) we have for all N € N that

l/p
cN™2 < lim sup (E[HXt —Xtm’NH%D < CN'2 (3)

m—o0 t€[0,T]

Theorem[LTlabove is an immediate consequence of Corollary 2.4 below, Lemma[2.6]
below, and Da Prato & Zabczyk [6l Lemma 7.7]. The recent article [1] establishes
strong convergence rates for suitable space-time discrete approximation methods for
stochastic Allen-Cahn equations of the type

dXi(x) = AXy(z) dt + [a Xy(z) — b (Xy(2)) ] dt + dWi(x) (4)



with zero Dirichlet boundary conditions X;(0) = X;(1) =0 for t € [0, T}, = € (0, 1)
where a,b € [0,00) are real numbers. Roughly speaking, in [I, Theorem 1.1] a
spatial convergence rate of the order 1/2 — ¢ and a temporal convergence rate of the
order 1/4 — £ have been established. More precisely, [Il, Theorem 1.1] shows that for
every p, e € (0,00) there exists C' € R such that for all M, N € N we have

/p el 1
tS[léI;} (E[”Xt - XtM7NHI[),2((071);R)}) < C (M( 1) + N( 2)) <5>
€|0,

where (XtM’N)te[OvT} denotes the nonlinearity-truncated approximation scheme in [I]
applied to (). The results of this article, that is, inequalities (2] and (3], prove
that these rates are essentially (up to an arbitrarily small polynomial order of con-
vergence) optimal. We also refer, e.g., to [9, 25, [10) [8, 23, 20, 21, [7, 13 [14], 11, 2]
22, [15, 41, 3|, 24], [19] for further research articles on explicit approximation schemes
for stochastic differential equations with superlinearly growing non-linearities. Fur-
thermore, related lower bounds for approximation errors in the linear case (i.e., in
the case @ = b =0 in () can, e.g., be found in Miiller-Gronbach, Ritter, & Wag-
ner [17, Theorem 1], Miiller-Gronbach & Ritter [16, Theorem 1], Miiller-Gronbach,
Ritter, & Wagner [18, Theorem 4.2], Conus, Jentzen, & Kurniawan [5, Lemma 6.2],
and Jentzen & Kurniawan [12, Corollary 9.4].
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2 Lower and upper bounds for strong approxi-
mation errors of numerical approximations of
linear stochastic heat equations

2.1 Setting

Let |-|n: R — R, h € (0,00), the functions which satisfy for all h € (0,00),
t € R that [t|, = max({0, h, —h,2h, —2h, ...} N (—o0,t]), for every measure space
(Q, F,v), every measurable space (5, S), every set R, and every function f: Q — R
let [f],.s the set given by [fl,s = {g: Q2 — S: [(FA € F: v(A) = 0 and {w €
Q: () £ 9(w)} C ANVAE S: g7 1(A) € P} et T,v € (0,00), (H, (-, )i, |1



= (L2(>‘(0,1); R)a <'7 '>L2()\(0’1);R)7 ||'||L2()\(0’1);R))7 (en)nEN - H, (Pn)nGNU{oo} C L(H) sat-
isfy for all m € N, n € NU{oo}, v € H that e,,, = [(\/5Sin(mﬁx’))me((],l)])\(o’l)7B(R) and
P,(v) = > _{ex,v)meg, let A: D(A) € H — H be the Laplacian with Dirichlet
boundary conditions on H times the real number v, let (£2, F,P) be a probability
space, let (W;)cjo,r] be an Idg-cylindrical Wiener process, and let O: [0, 7] xQ — H
and OMN: [0,T] x Q — H, M,N € N, be stochastic processes which satisfy
for all t € [0,7], M € N, N € NU {oo} that [Opsm) = fg et=94 dW, and
[0 e 5y = fot Pyelt=lslmmnd gy,

2.2 Lower and upper bounds for Hilbert-Schmidt norms of
Hilbert-Schmidt operators

Lemma 2.1. Assume the setting in Section [21 and let N € NU {0}, s1,59,1 €
[0,00) with s; < so. Then

(i) we have that

[e'e) 1/2 fe'e) 1/2
<Z |Pve”? (Idg — ) %II%) > (Z [Pye(Idg — ') %II%) (6)

n=1 n=1

and

(i1) we have that

9] 1/2 00
(Z |Pvet (I — e %H%) < (Z [Pret (Idy — ) %H%)
n=1

n=1

1/2

(7)
Proof of Lemma 2. Throughout this proof let (p,)neny € R satisfy for all n € N
that ju,, = vm?n? Next observe that

S IPves Aty — et) enlfy

n=1

N N
= e 1dy — e enllz =D e 1 (1 —e ) e
n=1

3
—_

[
WE

N
e Hno1(1 — e—unt)|2 > Z e Hno2(1 — e—unt)|2
n=1

n=1

e 1dy — ) enllfy = D [[Prve™" (1dy — ) e[

1 n=1

[
WE

3
Il



This establishes (il). Moreover, note that

> IPve (1dy — e )

enH%{

[
M=~

N
e (I — e ) enll =D e (1 = e7) e, |3,
n=1 n=1
N
-Sien

3
Il
—

N (9)
_ e—un81)|2 < Z |e—unt(1 R
n=1

et

WE

e (Idy — e

3
Il

[y

32A> en”%] _ Z ”PNetA<IdH i eszA)

en”?i-
n=1

The proof of Lemma 2.1]is thus completed

U
Lemma 2.2. Assume the setting in Section [21 and let N € NU {oo}, t € (0,T]
Then

[/max{o,t(NJrl)Q(lJr\/z)Q} (1 —evm 2 min{1, tNQ})
0

1/2
2o+ [1 + V) x]

1 1/2
< P (VA (g — ) sy < [ 225 + o + 4wy
Proof of Lemma[Z.2. Observe that

(10)

ZIPx(=A) T Ay = s
N N
. 1 _um2k2?
= 71 D=4 (1dy = e eply = J7 D Ilvm k) T = e e
k=1 k=1
_i(l 671/7r2k:2

T

N k+1 71/7r2k2t)2
g / dx
- v2k2 \/_ — Ji v2k2 \/_

(11)
k+1 (1 —y7r2(x 1)2 )2
/

WE

— 1/7T2{L‘2\/_
N+1 (1 —wr?(z—1)%\2 N+1 1 — vl (z=1)%t)2
1 a2/t

dz.
1+min{1/vi,N} vr2a\/t



This and the integral transformation theorem imply that

ZIPr(=A) " (1dg — )5

N+1 1 — —vm? min{1,tN2}\2
1+min{1/vi,N} a2/t
(N+1)2 1 _ €7V7T2 min{1,tN2})2
= dz
t(N+1)2 (1 _ 671/7r2 min{1,tN2})2
= dx
[1+m1n{1/f N})2 21/77-21‘\/E (12)
t(N+1)2 (1 o e—mr2 min{LtNQ})Q

dx
min{(1+v4)2,t(N+1)2} 2ume/x

t(N+1)2—min{(1+v1)2,t(N+1)%}

Il
S—

(1 _ e—mr2 min{LtNQ})Z
2um2(z + min{ (1 + v/1)2

— eV 2 min{1, tNQ})

RS

> /
0

2um?(x + [1+ \/_]2)3/2

Moreover, note that

I Px(=A) " (1ds — e Dlirse
N

PRIy — eer||d = %ZH (vr?k?)~7*(1
k=1

k
B i —V7r2k2t>2 (1 —1/7r2t 2

N k e—l/7r2k2 )2
= +
— v2k2\/t v/t ; /k—l v2k2\/t

N
—vn2k3t 2
—e Jexll

= (13)

dz.
The fact that
Ve (0,

o0),r € [0,1]:

" (1—e") <1,
the fact that

Vo e [l,00): (x+1) < 4a?



and the integral transformation theorem hence yield that

FPx(=A) 2 (1dn — eDlirs)

1— —vm?t\3/2 N k 1— —vm?(z4+1)%t\2
N = R
k-1

- TV kZ; v2a2\/t

741/7r212t)2 (16)
< dx
- 7T\/_ v\t
74117'(' :vt)2 741/7r2m)2
= de = / dx.
7T\/_ 21/71' xVxt 7T\/_ N
Again the fact that
Vo e (0,00),rel0,1]:27"(1—-€e")<1 (17)
therefore ensures that
ﬁllPN(—A)_I/Q(IdH — e“Dlrsim)
741/7r21)2
< d
- 7T\/_ 21/7T2:E\/_ v
(1 _ 6741/7r :r) /OO 1
< ——+4+2 | ——~d ——d
- 7T\/_ i NS v 1 2umlazy/x v (18)
§—+47T\/_/ \/1—64"”:’3dl‘+|: 5 }
< \/_ =1
1 1
<=+ dm\/v +
T
Combining this and (I2)) completes the proof of Lemma 2.2 O



2.3 Lower and upper bounds for strong approximation er-
rors of temporal discretizations of linear stochastic heat
equations

Lemma 2.3. Assume the setting in Section [21 and let M € N, N € NU {oco}.
Then

2 1/2
1 /maX{OvT({ZiEDQ—[H QI]Q} VT [1 — e_WQT} [1 — exp(—vm?min{1, TZ—]]\\f ) ]
x
M4 8um2v2(x + [1 + \/T]Q)3/2
< |1PyOr — O |l ey = sup | PxO;y — O |l ooy
t€[0,T7]
t 1/2 (19)
= sup [/ || Pye4(1dy — e(sﬂsJT/M)A)H%S(H) ds]
tefo,1] LJo
1 (VT 1 1 v
< 4 )
[ )

Proof of Lemma[2.3. Throughout this proof let (u,)nen C R satisfy for all n € N
that p, = vr?n? and let [-],: R = R, h € (0,00), be the functions which satisfy
for all h € (0,00), t € R that [t], = min({0, h, —h,2h, —2h,...} N [t,00)). Observe
that Lemma 2] (i) ensures for all ¢ € [0,7T) that

(Ls)zyassLs]oyne+ %

Lty + 37 T
2 | 1® (5) 1Py (Idy — e774) 254 d
[

trm

LtJT/AI+T1];1 T
. / | Pes (g — €374 21500 dis
|t

lrym

LtJT/AI+T1];1 " T 4o
> / | Pxest (I — e8|,y ds (20)
[t

Jryme

LtJT/M'FA—q; -
[ T Pyt - ) g ds
L

g+ %

LtJT/M'F% N T 4o
_ /L | Pres (g — )2 g ds.

trm



Therefore, we obtain that

T
R sA L AN|(2
2/0 L ah Lot o) (8) 1P (i — €27 D)5y ds

T
> / | Pres Iy — 3|2y ds.
0

Next note that It6’s isometry implies for all ¢ € [0, 7] that

t
- / [ Pyel=94(1dyy — el lsbmmnAy 2,0
0

M,N
I1PNO; = O 22 ey

2

:E[HPNOt_ Oy’NH%} =E ] (22)
H

t
/ Prelt=94(Idyy — el lslmanay gyy,
0

This, the fact that Vs € [0,T]: T — |T — s|om = [s]o,and Lemma 211 () ensure
that

M,N
|PxOr — Op ™ |22y

T
= /0 |Pyest(Idy — eT s Tmslmd Ay o ) ds

T
= [ P aan = O g ds (23)
T
sA s —s5)A
Z/o Llapomntstonet 2 (8) [Pyes (Idgy — el g ) ds

T
> / 1 () | e (Wl gy — €257 )| 35 dis.
0

[Ls) s [s)oyar+5aF



Inequality (21I]) hence proves that

M,N
|PxOr — O |22 .1y

]_ T R sA T AN 2
2 5 12 | Wttt O 1Pve 0 = )

1

v

2

T
3 | IPwer0dn — ) s ds
0

1 (T v
_ 5/ S lesA(dy — e A)e |2 ds
0 k=1
- /Z\eﬂksu—emﬂ)\?ds
=1

DO | =

1 2

(1 — e~ 2T

Lemma therefore implies that

M,N
HPNOT - OT ”%Q(RH)

>

N
(1 —e )

o |

N
—MlT j :
k=1

S \/T(l —emT)

42M

11— ) [Py (=)

(1- e’“’w%) ’

N/

|1 — emmmm |2,

—1/2 (Idg — eanr )ek||§{

2(Idy

T
- 62MA>H§{S(H)

[1—exp( vr?min{1, T2 511 )

2un?(x + [1+ \/_] )3/

10

)dS

(24)

(25)



In the next step observe that (22)) and Lemma 2.1] (i) assure that

t
s T
sup ||PyO; — Ot]MvNH%2(P;H) < sup}/0 | Pyet=94(Idy — eMA)”?JS(H) ds

t€[0,T te[0,T

t

T

— sup / | Prest(ldy — €34 260 ds
t€[0,7] J 0

T
T
= [ 1Pwert 1 — B s
0

T N
:/ > llet(Idy — em?)er 7, ds.
0 k=1

Lemma hence yields that

sup || PxOy — O |12 e

te[0,7
T N N o 72ﬂkT
< / lemhes (1 — e7man) P ds = Y (A=) 26 Jj1 = e
(U — k=1 Fok
N T\ |2 N
1 (1 — e_ukﬁ) 1 1 T A 2
< sy =] =52 (=) (dy - en eyl
2 k=1 vV Hk 2 k=1
1

T
JY

= SIPn(=A) " (Idy — e3 ) 5y <

VT [ 1 1
2v'M Lrﬁ

Combining this with (22)) and (25]) completes the proof of Lemma

+ — +4m/r| .
120

(26)

O

In the next result, Corollary [2.4] we specialize Lemma to the case N = oo
where no spatial discretization is applied to the stochastic process O: [0, T]xQ — H.

Corollary 2.4. Assume the setting in Section[21] and let M € N. Then
I R o o
x
MY Jo o Sur2(z + [1+ VT)2)Y?

< liminf || PNOr — O¥7N||£2(]}D;H) = limsup || PNOr — 07]‘147N||L2(]P>;H)
N—oo N—oo

= ||OT — OIM’OOHZ;Q(P;H) = liminf sup ||PNOt — Oiu’NHl:Q(P;H)
N—oo t€[0,T]

= limsup sup ||PyO;— Oy’NHﬁz(P;H) = sup ||O; — O%’OOHEQ(P;H)
N—oo  te[0,T] t€[0,T]
1/2
1 (VT [ 1 1
4 .
= MY+ | 2 (7?\/; ot W\/;)]

11

(28)



2.4 Lower and upper bounds for strong approximation er-
rors of spatial discretizations of linear stochastic heat
equations

Lemma 2.5. Assume the setting in Section[21. Then

lim sup sup sup
M—oc0 NeNte[0,T]

—0.  (29)

t
/ (Pye™94 — Pyet-lslmoay gy,
L2(P;H)

Proof of Lemmal[Z3. Throughout this proof let « € (0,1/4) and let 8 € (/1,2 — ).
Note that the fact that 48 > 1 shows that

sup || Py ||§{S(H,H,g)
NeN

N 00
~ sup [Z HekH%{_B] =S l=A) el 0)
k=1

272 1
Zmrk: )2 = ZW<OO.

k=1 k=1

Next observe that for all M, N € N, ¢t € [0,T] we have that
t
[ vy — e ds
0

t
< I(=A) " Pulls m/ I(=A) e 1y — el lmoh) |2 ) ds

« —S — s—|s]|T 31
= [Pl [ AP A) 2y = e ds O

< I1Pxlirscm s

A )1y — AN
The fact that

Vs €[0,00),7 € [0,1]: |[(=sA) e nmy < 1 (32)

and the fact that
Vs € (0,00),7 € [0,1]: |(—sA) " (Idy — )1y < 1 (33)

12



hence prove for all M, N € N, t € [0, T] that
t
[ 1Py = ety g

t
< 1P Prsnn / (= 5)2CD) (s — [s)gpr)* ds

TZa ) t st B)
< el Puliasin / (1 — )72 ds

t(l 20— Zﬁ)TZOz

[t0’s isometry therefore ensures for all M € N that

2

sup sup
NEN t€[0,T]

t
/ (Pye®94 — Pyelt-lslmna) qiy,
0

L2(P;H)

= sup sup / | Pyelt=9)4 — Pyelt=lslmm) A||2 yds (35)
NeNte[0,T]

T(1-28) )
= (1 —2a —2B)M? stlég HPN”HS(H,H_;;)] -

Combining this with (B0) completes the proof of Lemma O

Lemma 2.6. Assume the setting in Section[2.1 and let N € N. Then
V1i—eVT| 1
21/ VN

= limsup ||Or — Oé‘—‘/l7N”£2(]}D;H) = liminf sup ||O; — (’)tM’NHﬁg(P;H)
M—o0 M—oo te[0,T] (36)

.. M,N
< liminf [[Or — O™ | c2e:m)

= hmsup sup ”Ot t]M’NHLQ(]p;H) = ”OT — PNOT”EQ(]P’;H)
M—oo t€[0,T)

1 1
= sup ||Or — PnO¢ll 2.y < —.
2 100 EvOueein < | 2| 7

Proof of Lemma[2.8. Throughout this proof let (u,)nen C R satisfy for all n € N
that

fhn = v°n?, (37)

13



Note that Parseval’s identity shows that for all ¢ € [0, T] we have that

10t = PxOxllz2p.)

=E[|0, = PxOulll;] =E| > Uer, Oul*| = Y E[l(er, On)nl’]
k=N-+1 k=N-+1 (38)
00 t 2 00 t 2
= Z E /(ek,e(ts)AdWs)H ]: Z E /(e(ts)Aek,dWs)H ]
k=N+1 0 k=N+1 0

”Ot - PNOt”%Q(]P’;H)

o0

It6’s isometry hence proves for all ¢ € [0, T] that
Sy

h=N+1 ] (39)

oo t oo t oo 1 — o—2mt
_ Z / e—Qﬂk(t—S) ds = Z / 6_2Mk8 ds = Z ( 26 )
0 0

k=N+1 k=N+1 k=N+1 Fok

t
/ e~ Hk(t=5) <€k, dWs>H
0

This shows that

sup ||O; — PNOt”%Q(]P’;H) = |Or — PNOTH%%IP’;H)

t€[0,T]
°© (1 — ef2ukT) o0 (1 _ €f2u7r2k2T)
B Z 214, B Z 2um2k?
k=N-+1 k=N-+1
(1 — e T [ oo 1 1 —e VT [ oo k+1 1
> | — S I —d
| 2vnm? Z k2] _{ 2um? ] Z /k 2 (40)
- 4 Lk=N+1 [k=N+1

B (1 — e VT S | gr| — 1 —e VT 1777
N 2um? z2 T 2um? Tz
L J N+1 i z=N-+1

e e T 1 S 1—eT 1 |1 e VT 1
L 2w | (N+1) 7| 22 | (N+N) | 4vn? | N

14



This implies that

sup [|O; — PNOtH%Q(IP’;H)
te[0,7

0 1 — —2um2k2T o0

- Z ( . 272 ) < { ! 2] Z iz

ol 2umk um k
| 1 <

< —dz| = —d

: lw} 2 L= el ] ]

1T 1)1
2V7T2 | z),_y  [2vm?| N

In addition, note that the triangle inequality and Lemma prove that

(41)

limsup sup [|O; — Ot]\/LNHKQ(]P’;H)
M—oo te[0,T]

= limsup sup
M—oo  te[0,T]

t
(t—s)A _ (t=Ls]oym)A W
(6 PN€ )d s
0

L2(P;H)

= limsup sup
M—oo  te[0,T]

t
/ (e(tfs)A N PNe(tfs)A> dWs
0

t
+ / (PNe(t*S)A . PNG( Lslon)A ) AW, (42)
0

L2(P;H)

< limsup sup
M—oo  te[0,T]

t
/ (e(tfs)A . PNe(tfs)A) dWs
0

L2(P;H)

t
+ limsup sup / (Pyelt=9)4 — Pyelt=lslmnody gy,
0

M—oco te[0,T] L2(P;H)
t
= sup /(e(tS)A—Pjve(ts)A)dWs = sup [|O; — PxOc2e;m)-
tefo, 7] ||Jo L2(P;H)  t€[0,T]

15



Furthermore, observe that the triangle inequality, Lemma 2.5l and (40) ensure that

lim inf |07 — O7"™|| c2(e.z1)

T
= lim inf / (eT=94 — pyeT=lslmndy gy,
M —o00 0 L2(P;H)
T
— lim inf (eT=94 — PreT=94) g1y,
M—o00 0

T
. / (PyeT=94 _ pyeT=lsmnd) gy,
0

L2(P;H)
T (43)
> lim inf / (eT=94 — PyeT=94) g1y,
M—ro00 0 L2(P;H)
T
— lim inf / (PNe(T_S)A - PNe(T_LSJT/M)A) dW
M —o00 0 L2(P;H)
T
= / (G(Tis)A - PNG(Tis)A) dWS = ||OT - PNOTHL?(P;H)
0 L2(P;H)
= sup [|Oy — POyl z2p;m)-
t€[0,T)]
Combining this with ([@0)—(@2]) completes the proof of Lemma O
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2.5 Lower and upper bounds for strong approximation er-
rors of full discretizations of linear stochastic heat equa-
tions

Theorem 2.7. Assume the setting in Section[21 and let M, N € N. Then
1/2

2
1 /maX{QW—[H\/%]Q} VT [1 — e*’”FQT} [1 — exp(—vm?min{1, TZ—JA\; )]

dx
M 32um2V/2(x + [1 4+ VT)2)¥2
N 1 V1—e T

N2 At/

<07 = O3\l c2erry < sup [0y — O M| ooy
te[0,7
1 [VT /1 1 sy 1
4 —_— .

- MY+ | 2 (7?\/; et 7T\/;) TN |:7T 21/}

(44)

Proof of Theorem[2.7]. Observe that the fact that Py is self-adjoint ensures for all
x € H, y € Py(H) that

(x — Px(z), Pn(z) —y)m
= (z — Py(z), Pn(z) — Pn(y))m = (x — Py(2), Pn(z — y))n

45
— (Px(e — Px(a)).2 — ) = (Pu(z) — Px(a).2 — )i 15)
=0,z —y)g =0.
This implies for all ¢ € [0, 7] that
10 — Oiw’NH%?(P;H)
= E[[0: — 0"V |[%] = E[ll0: = PxO, + PO, — O]
— E[|O, — PyO,|%] +2E [<ot — PyO,, PyO; — otM’N>H} (46)

+E[|Py0, - O3]
= [|0r = PxOul| 2211y + | PNO: — Ot]VLNHQEQ(P;H)'
Combining this with Lemma [2.3] Lemma [2.6] and the fact that
Yy € [0,00): Vi + I < max{VE. yF} < VETT S VI VT (47)

completes the proof of Theorem 2.7 O]
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