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We analyze a class of variational space-time discretizations for a broad class of initial boundary value
problems for linear, parabolic evolution equations.

The space-time variational formulation is based on fractional Sobolev spaces of order 1/2 and the
Riemann-Liouville derivative of order 1/2 with respect to the temporal variable. It accomodates general,
conforming space discretizations and naturally accomodates discretization of infinite horizon evolution
problems. We prove an inf-sup condition for hp-time semidiscretizations with an explicit expression of
stable test functions given in terms of Hilbert transforms of the corresponding trial functions; inf-sup con-
stants are independent of temporal order and the time-step sequences, allowing quasioptimal, high-order
discretizations on graded time step sequences, and also ip-time discretizations. For solutions exhibiting
Gevrey regularity in time and taking values in certain weighted Bochner spaces, we establish novel expo-
nential convergence estimates in terms of N;, the number of (elliptic) spatial problems to be solved. The
space-time variational setting allows general space discretizations, and, in particular, for spatial hp-FEM
discretizations.

We report numerical tests of the method for model problems in one space dimension with typical singular
solutions in the spatial and temporal variable. hp-discretizations in both spatial and temporal variables
are used without any loss of stability, resulting in overall exponential convergence of the space-time dis-
cretization.

Keywords: Parabolic partial differential equations, space-time approximation, #p-refinements, exponen-
tial convergence, a priori error estimates

1. Introduction

We consider linear, parabolic evolution problems which are set in a pair of separable Hilbert spaces
(V,(+,+)v) and (H, (-,-)n) such that the embedding V C H is continuous, dense and compact and assume
without loss of generality that ||-||; < |||, Identifying H with its dual H*, we have the Gelfand triple
V C H C V*. Given a linear self-adjoint operator <7 € £ (V,V*) and a time horizon 0 < T < oo, our
goal is to solve the initial-value parabolic problem

Bu:= du+ Ju=f, (1.1a)

u(0) =0, (1.1b)

inl=(0,T). In (1.1a), &/ is meant as a linear, strongly elliptic operator of order 2m and V as a closed
subspace of the Sobolev space H™ (D) taking into account essential boundary conditions. Here D C R?
is a bounded domain for d = 1,2,3. These equations can be used for instance to model heat conduction

in a possibly heterogeneous material or flow of an incompressible Newtonian fluid through the Stokes
equations.
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In order to approximate the solution of (1.1a)-(1.1b), the usual approach is to consider time stepping
schemes (Thomée, 2006). The idea is to first discretize the equations in space so as to obtain a system
of ordinary differential equations (ODEs). In a second step, a solver for ODEs is used. On the other
hand, first discretizing in time and then in space yields the so-called Rothe’s method. The algorithm
that we introduce is based on a different approach and belongs to the class of space-time methods.
In that setting, the problem is considered over the space-time cylinder Q = I x D and the solution is
sought in a suitable Bochner space. This approach has already been well-studied in different contexts.
We mention among others the parareal method which aims at time-parallel integration (Gander, 2015).
Closer to what we present, several methods based on finite element (FEM) approximation have been
derived. For instance, in Schotzau (1999); Schotzau & Schwab (2000); Werder et al. (2001), the authors
use discontinuous elements for the discretization of the temporal component. In particular, they show
that exponential convergence can be obtained in that setting. Another algorithm which was introduced
by Schwab & Stevenson (2009) considers adaptive wavelet methods. Based on this, it is possible to
recover the optimal convergence rate associated to the underlying elliptic problem for the fully space-
time discrete problem. We consider a discretization based on continuous FEM approximation for the
time variable. Several algorithms using this idea already exist (Andreev, 2013, 2014; Devaud & Schwab,
2018; Langer et al., 2016; Schwab & Stevenson, 2009).

The first ingredient to derive a space-time approximation is to introduce a space-time weak formu-
lation associated to (1.1a)-(1.1b). In Schwab & Stevenson (2009), the authors present a formulation
whose solution belongs to L>(I;V) NH'(I;V*) and prove that the problem is well-posed. A different
approach was presented by Langer ef al. (2016) and Devaud & Schwab (2018). There, it is shown that
the bilinear form associated to the problem is coercive and continuous with respect to a mesh-dependent
norm, yielding that it admits a unique solution. Our approach is based on the weak formulation used in
Larsson & Schwab (2015), which was first introduced by Fontes (2009). A similar framework has been
presented by Steinbach & Zank (2018) for parabolic equations set on a finite time interval. Considering
(partial) integration by parts for the time derivative, we obtain a formulation containing derivatives of
fractional order (see Section 2). The main advantage of such approach is that it is possible to prove
inf-sup stability of the bilinear form using a continuous linear operator from the trial to the test space
(Theorem 2.3). This important feature is then used to build inf-sup stable pairs of discrete spaces. A
time regularity result for the solution of (1.1a)-(1.1b) is also discussed. Considering a smooth forcing
term, the associated solution exhibits the same regularity in time except for a potential algebraic sin-
gularity at the initial time due to an incompatibility between f and the initial condition. This lack of
regularity does not allow us to obtain a high-order method based on for instance p-FEM approximation.
Instead, an hp-discretization has to be considered and exponential convergence for the approximation
of the temporal component can be proven (Theorem 4.2). Combining this result with both low-order el-
ements (Section 4.2.1) and hp-approximation in the case of the two-dimensional heat equation (Section
4.2.2), it is possible to derive convergence rates for the fully discrete scheme. In particular, we show
that space-time ap-approximation allows for exponential convergence (Theorem 4.7).

In the next section, well-posedness of the continuous problem is discussed. Then, continuous piece-
wise polynomial approximation in the fractional order Sobolev space Hég 2(I ) is discussed in Section 3.
Space-time discretization of parabolic equations is described in the penultimate section and we conclude
with numerical results in Section 5.

Throughout the paper, the set of all positive integers 1,2, ... is denoted N and No = NU{0}. Forn €
N and two vectors a,b € R", we write a > b (a > b) if a; > b; (a; > b;) for all i = 1,...,n. Furthermore,
fork €N, a+k = (aj +k,...,a,+k). For an interval / and a Banach space (A, ||| ,), € (I;A) (¢ (I;A))
denotes the space of continuous functions on / (/) taking values in A. Given two Banach spaces (4, ||| 4)



3 of 26

and (B,]|-||z), -Z(A,B) denotes the space of continuous linear operators from A to B and (A, B) the
space of bounded bilinear forms from A x B to R. ‘%, (A, B) denotes the space of isomorphism between
A and B. Finally, [A, B]g refers to the complex interpolation space of order 6 € [0, 1] between A and B
(Bergh & Lofstrom, 1976, Chapter 4).

2. Linear parabolic evolution problems

The framework associated to the parabolic equations (1.1a)-(1.1b) is presented in this section. This for-
mulation was first introduced by Fontes (2009) and is based on fractional order Bochner-Sobolev spaces
(Hytonen et al., 2016, Section 2.5). Definitions of these spaces and several different characterizations
are presented in Section 2.2. The main advantage of that setting is that it is possible to show an inf-
sup condition using a bounded linear operator between the trial and the test space (Theorem 2.3). This
allows us then to build explicitly inf-sup stable pairs of discrete spaces as explained in Section 5. The
bilinear form associated to the weak formulation of (1.1a)-(1.1b) is obtained using fractional integration
by parts on the time variable. This is discussed in the following section.

2.1 Fractional calculus

The theory presented here is based on Fontes (2009); Larsson & Schwab (2015); Samko et al. (1993).
To obtain well-posedness of our problem on R, we relate it to the problem stated on R. For a Hilbert
space (W, (-, )w), let us define

F®W):={g € € ®:W) | llglscaam) < = Vs €R},
FRuW) = {8 €™ (R W) ‘ BeFRW):g= g\ﬂh},

where H*(R; W) denote the Bessel potential spaces for s € R (Hytonen et al., 2016, Definition 5.6.2).
The topology on .7 (R; W) is the one induced by the family of norms {{|- | ;s r,w) }sen,- In order to treat
initial conditions, we also consider

Fo(R W) :={g € €7 (R W) | Eog € Z(R:W)},

where Eq denotes the “extension by zero” operator of functions defined on R, to R. We also intro-
duce the “restriction to R, operator R~. Furthermore, the dual spaces of .7 (R;W), .7 (R4 ;W) and
Fo(R4; W) are denoted

F' (R, W) :=.F(R;W)*, FHR W) = F (R W), F' (R W) = Fo(R; W),

where W has been identified with its dual using Riesz representation theorem. The topologies on
F (Ry;W) and % (R ;W) are the ones defined in (Fontes, 2009, p.8).

The Riemann-Liouville fractional derivatives of order 0 < @ < 1 are then defined for u € Z (R; W),
ve F(Ry;W)andw € F(R ;W) as

o o 1 d [ u(s) o o 1 d [~ u(s)
(DE_,u)(1) ._ma/_m(t_s)ads, (DE_u)(1) '_mﬁ/t oo ads 1k,

)
o o 1 d [t v(s) o o 1 d [~ w(s)
(D) (1) ._m_a)afo s (DT '_mE/z s 1R
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where I'(s) denotes the Gamma function for s > 0. Due to their convenient treatment of boundary con-
ditions, Caputo fractional derivatives are more widely used in the literature than the Riemann-Liouville
ones. However, we point out that both derivatives on R coincide, which is the setting considered in
our context since our initial value problem is set over the positive real axis (Kilbas et al., 2006, (2.4.6)
and (2.4.7)). The following properties hold for all 0 < & < 1, u,v € F(R;W), f € Fo(Ry; W) and

/R(Dﬂ%7+u7v)wdt:/R(WDH‘{{’_V)WCZL /]R (Df';f,,g)wdt:/R+ (f,D%),, dt.

+

Using this we define the Z'(R; W), Z[(R,;W) and .#' (R, ;W) distribution derivatives

(Dg LA, u>P,(RW) = (A,D§ cu >P,<R;W), VA €eF' (R;W), ue F(R,W),
(DEDP,Y) 21wy = (P DIV) 51wy VP eZ( (R W), ve Z (R W),
(DY, w) ; PR = = (¥, D+w>j/ RyW)> VW eF (R W), we Fo(RisW).

Hence we have that the following operators are continuous (Fontes, 2009, Lemmas 2.1 and 2.2, (2.24)-
(2.28))

D F(RW) = F(R;W), D . F'(Ry:W) = F' (R W),
DY : Fo(RisW) = Fo(Ry; W), D% : Fo(RysW) = Fo(Rys W),
D% F(RW) = F(R W), D% F'(RasW) = F'(RosW).

Furthermore, we will need the Hilbert transform defined for functions v € .% (R; W) as

t 8V
— = —1l d teR 2.2
() p /oot_s nel—%(/m r—s +/ elt—s )’ ck @2

where p.v. denotes the Cauchy principal value. It holds $) € . (% (R;W)) (Fontes, 2009, Lemma 2.1)
and

'/]R (v,w)y dt = /R(S’)v,ﬁw)wdt, '/]R (v, $v)y dr =0, Yo, w € .7 (R;W). (2.3)

This is a consequence of (Pandey, 1996, (2.34) and (2.36)). It follows from ~! = —§ (Pandey, 1996,
Theorem 1 p.76) and (2.3) that

/R (v, W)y df = — /R W)y di,  Wvwe FRW). 2.4)

2.2 The spaces H'/?* and Hééz

The weak formulation associated to (1.1a)-(1.1b) is based on the Sobolev spaces of fractional order
H'/2. The key property to link these spaces to the theory developed in the previous section is that they
can be defined equivalently using the Riemann-Liouville fractional derivatives of order o = 1/2.

DEFINITION 2.1 (Sobolev-Slobodeckij spaces) Let —eo < a < b < ooand I = (a,b).



5 0f 26
1. H'2(I;W) is the set of functions v € L(I; W) for which the norm

: : [v() = v(0)
IV i) = W+ 55— e 23

is finite.

2. H(;éQ (I;W) is the set of functions v € L?(I;W) for which the following norm is finite

(1) I () I
”v”iISéz(I;W) = ||V||1%-11/2(1;W) +/[ t—aWdt+/] b_tht7 (2.6)

with the convention that the boundary terms do not appear in the case a = o and/or b = oo.
The embeddings .%o (R4 ;W) C HS({Z(R+;W) and .Z (R4, W) C HI/Z(R+;W) are dense (Fontes,

2009, Lemma 3.7). The following important integration by parts properties can be found in (Larsson &
Schwab, 2015, Lemma 2.7) for the R, case and is obtained by fractional integration by parts (using the

Fourier characterization of D%{ i) in the R case.
LEMMA 2.1 The following properties hold:
1. Forv € H'/2(R;W), it holds
(Dv, w>9/(R;W) = / <D]¥7iv,D]¥iw) dt, Yw e F (R, W), 2.7)
JR w
where the D]K i derivative has to be understood in the .%#'(R; W) sense.

2. Forve Hgéz(R+;W), it holds

_ 12, pi/2 o
<Dv,w>%(R+;W>_/R+ (p{*v.0" W)Wdt, Ywe Z (R W), 2.8)

where the D1+/ ? derivative has to be understood in the F (R4 ;W) sense.

The following characterizations of H'/2(R;W), Hé({z(R+;W) and H'/?(R ;W) can be found in
(Fontes, 2009, Lemmas 3.2, 3.8 and 3.9). Together with the previous lemma, it allows us to derive the

weak formulation of our problem and obtain that the associated bilinear form is continuous.
PROPOSITION 2.2 The following properties hold:

1. A function v € L*(R; W) belongs to H'/2(R;W) if and only if its .7’ (R; W )-derivatives D]giv
belong to Lz(R; W). Moreover, it holds

2 2

V12 = 27 HDH% . WweH2RW). (29

L2(R;W)

= 2nHD1/2v

L2(R;W)

2. A function v € L*>(R ;W) belongs to H'/2(R ;W) if and only if its .’ (R, ; W)-derivative D%y
belongs to L? (R4;W). Moreover, the norm

2
2 2 1/2
”V”Hl/z = HV||L2(R+;W) + HD,/ %

12 .
R W) , WeH F(RyW),

L2 (R+ ,W)

is equivalent to ||~||H1/2(R+;W) defined in (2.5).



6 of 26

3. A function v € L*(R, ;W) belongs to Hé({z (Ry;W) if and only if its .Zj(R; W)-derivative Di/ %y
belongs to L? (R4;W). Moreover, the norm

12 |2

2 . 2 1/2 .
AT V12, ) + [ D2 . WweHPARW),

L2(Ry;W)

is equivalent to ||HH 12 defined in (2.6).
00

(Ry3W)
2.3 Initial-value problems

Associated to <7, we define the bilinear form a € Z(V,V) as a(v,w) := (v, w)y+ for all v,w € V and
assume that there exist 0 < A_ < A4 < o such that

a(v,w) < Ap[vllv{wllv, Y,wev, (2.10a)
a(v,v) = A_|v|IZ, Ywev, (2.10b)

i.e. ais continuous and coercive on V, respectively. We see that (2.10a) follows from the assumption
that o7 € Z(V,V*). We introduce the normed vector spaces

1/2 2 2 2

%:: H()g (RJF,H)OLZ(RJF,V), HVH% = ||v||Hééz(R+;H)+Hv|l1‘2(R+;v)7 VVE %,
2 2 2

% =H'"?(Ry:H)NL2 (R, V), % = ||v||H1/2(R+;H)+Hv||Lz(R+;V), YWwew.

Note that 2" is isomorphic to (HSAZ(RJF) ®H)N(L*(R;)®V) while # is isomorphic to (H'/?(R,) ®
H)N(L*(R;)®V) (Larsson & Schwab, 2015, (3.1)). This will be used later in the approximation theory
to split the error estimation between the spatial and the temporal components. The weak formulation of
(1.1a)-(1.1b) is then: given f € #*, find u € 2 such that

b(u,v):z/R [(Dﬂzu,D‘,/zv)HJra(u,v)}dr:<f,v>g,*, e, @.11)

This is justified by Lemma 2.1. Due to Proposition 2.2, it is clear that b is a continuous bilinear form.
In order to show well-posedness of (2.11), we relate it to a similar weak formulation on R.

2.3.1 Parabolic equations on the real axis. Let us consider the space 2 := H'/2(R;H)NL2(R;V)
endowed with the norm HszﬂfR = ||v||i,1/2<R,H) + Hv”%ﬂ(R;V)' We then consider the problem: given
f € 2r" find u € 2 such that

br(u,v) := /]R [(Dﬁéiu,Dﬁ{iv)H—l—a(u,v)] dt =(f,v) g+, Vv e Zr.

Let us define for n € R the operator

! = cos(wn)Id + sin(wn)H,
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where §) is defined in (2.2). It then holds /%' € Z(Z(R;V)). Furthermore, for v € .Z(R;V) and
ne ( , ),wehave

bR(V,ffi@in"):/R[cos(ﬂn)( 1/2\/D1/ V) —sin(zn)(Dg 1/2 1/25‘,)

+ / [cos(mn)a(v,v) — sin(zn)a(v, 5v)] dr
R

2
= sin(mn) [Di/%]| gy Fe0S() /R a(v,v)dt
12 2
> sin(nn) HD LZ(R;H>+7LCOS(7TT[)||V||L2<R;V)

. (sin(w A A
> mm< ()4 2 cosam), cos(nm) i, = ow(m) b, @12)

where we have used (2.3), Property 1. of Proposition 2.2, (Dv,v) 7/wp) = 0 and Dl/2 H= Dl/2 i
Z(R;V) (Fontes, 2009, Lemma 2.1). Since f (R;V) C Zg is dense, we have that the above develop—
ment holds for all v € 2. Furthermore, jﬁR € Hso(ZRr) for every n € R (Fontes, 2000). Hence, for
n e (0, %) there exists Br(n) > 0 such that

br (v, 5 v) = Br(N) V]l 4,

%’i{an?_ , Vv € 2R,
2R

which shows that the bilinear form bg(-,-) : Zr X Zr — R is inf-sup stable.

2.3.2  Well-posedness of parabolic equations on R;. In order to show well-posedness of (2.11), let
us introduce the spaces

UQ(R H):= {VEHI/Z R:H) ’v ) for a.e. IER}

1/Z(RH):{véHI/ZIRH 'v =—v foraetéR}
together with the operators

t>0,
t<0.

@ 0=, Emo={ 0,

On both spaces, we consider the norm |[-|| ;1 /2(ryr) defined in (2.5). We point out that £y + Eg = 2Ey.
The proof of the following lemmas are omitted here but can be found in the online supplementary
material.

LEMMA 2.2 The operator §) € Hso ( 1/Z(R;H),HSI/Z(]R;H)> is an isometry with ! = —§.

LEMMA 2.3 It holds

Es € Lo (H'*(Ry;H), HY*(R;H)) and Ex € Lo (Ho) (R 3 H), Hy* (R; H)),
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o _ 1/2 .
with Eg' = R>|H;/2(R;H and E, ' = R>|H;/2(R_H For v EHOé (Ry;H)andw € H'/?(R,;H), it holds

) H)'
2 2 2
[ (Ea "‘ES)VHHI/Z(R;H) = ||EA||H1/2(R;H) + ||ESVHH1/2(R;H) and

\szW||H1/2(R+;H) < HESWHHI/Z(R;H) <2 ||W||HI/Z(R+;H)7 (2.13a)
Mg S 1Elpe@s < 2v2 VL2 ) (2.13b)
2||v”Hééz(R+;H) < H(EA +ES)V||H1/2(]R;H) < 2\/§||V||H542(R+;H) . (213C)
LEMMA 2.4 Forv e Hy)*(R.;H) and w € H'/%(R,; H), it holds
/ (Dﬁ{ 2 Eqv,DY? ng> dt =2 / (D‘fv,Dl/ 2w) dr, (2.14a)
R\ ot ~ H Ry H
/ (Esv,Esw)pdt =2 (v,w)p dt, (2.14b)
R R,

/ (D]}{?FEAV,D]}&ESV)H(J:: / (Dﬁ@Esv,D]}{iEsw)Hdt: / (Eav,Esw)ydt =0.  (2.14c)
R ’ ’ R ’ ’ R

Moreover, if w € Hégz (Ry;H), it holds

A (D]{g 2 Eqv.DY EESW)Hdt = /]R (D]}{ > Esv, DY EEAW)Hdt. (2.15)
Using Lemma 2.4, we have for everyve 2 andw € %
br ((Es + Es)v,Esw) = /R (D, +Esv,Dg _Esw) , dt + /R (D, +Esv,Dr, _Egw) , dt
+ /R a(Eqv,Esw)dt + /R a(Esv,Esw)dt =2b(v,w).
Let us then define for 1 € R the operator 2 : 2" — % as

1
AN = §R> (cos(mn)(Es + Es) +sin(wn)H(Es + Es)) = R> H"Ey.

Due to R € ﬁSO(HSI/Z(R;H),HI/Z(R+;H)) ﬂﬁso(H/i/z(R;H)7H552(R+;H)) and the embeddings
Hy*(R;H), H)/*(R; H) C H'/%(R; H), we have R~ € £ (H'/?(R; H), H'/*(R ; H)) so that indeed /"
maps to %

THEOREM 2.3 Assume that (2.10a)-(2.10b) hold. Then (2.11) admits a unique solution. Furthermore
for all 17 € (0, ), there exists (1) > 0 such that for any v € 2" it holds

b(v, 27 v) = B(n) VIl o || 27V - (2.16)

Proof. Forve 2 andn € (0,3), letw=""Tve . Since R> € -flso(HSl/z(R;H),Hl/z(R+;H))

with RZ! = E and cos(xn)Esv,sin(xn))HEav € Hy'*(R; H), it follows that

_ sin(7n)
2

_ sin(7n)
2

Esw = COS(TET[)Esv HEAV EsR-$HEgv.
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Then from (2.4), (2.12), (2.13¢), (2.14a)-(2.14¢) and (2.15), we have
46(v,w) = 26 ((Es+Ex)v, Esw) 2/ (D2 le/zESw) +a(Esy, Egw)] di
:2cos(nn)/ (D /2 Eqv.DY? Egv) dt—sin(nn)/ (D / Eqv.DY ﬁEAv) dr
_sin(m])/( DY’ Eav,DY’ E5R>3’_)Egv) dt—i—ZCos(?m)/Ra(Esv,Esv)dt
—sin(7n) /R a(Esv, HEav)di —sin(zn) /]R a(Esv, EsR- HEsv)dr
:—Sil‘l(ﬂ?ﬂ)/( I/ZEAV Dl/zﬁEAv) dt—sin(m])/( l/2E5v Dl/zijsv) dt

+2cos(nn) /R a(Esv, Esv)d —sin(mn) / a(Esv, HEv)di — sin(7n) /R a(Exv, HEsv)dt

Z(R;HJ)
+cos(nn) <,/]R CL(EsV,Esv)dt—‘r/RCl(EAV,EAV)dI)

= b(Eqv, 4, "Eqv) + b(Esv, 4, "Egv) > ag () (HEAVH?%R n |\Esv||?%) .

2
= sin(zn) <HD1/%“ sV

L2(R;H

+ HD1/2 Eqv

Note that for 1 € R, it holds from (2.13a)-(2.13c) and Lemmas 2.2 and 2.3 that

2 2
4[vII% < II(Ea +Es)VHygIR 1Eavll s, + 1EsvI s,

sin(ztn) 2
2

sin(zn)
2

2||WH07 | = ||cos(wn)Egsv — HEsv — EsR-$HEgv

2R

< 2008(ﬂn)2\|ESVII§fR +sin(mn)? | HExv|%, +sin(zn)?|
2 2 . 2 . 2
< cos(mn)? sy, +cos(xn)? [Eavily, +sin(en)? | Eavy, +4sin(wn)? | Esvi,
2 2
<4 (1B, + ||Esv|%) :

be obtained from (2.13a)-(2.13b) and EAR>57JE5V = .ﬁESV It yields

o (1)

ar(n) 2
( [(Ea+Es)v g, = 22 IVl - Wl = BM) VIl 2 Wl o

4

b(v,w) >

which is (2.16).

From (Babuska, 1971, Theorem 2.1), we need to show that for all w € %, there exists v € .2~
such that b(v,w) # 0 in order to obtain that (2.11) admits a unique solution. Let 0 # w € % and
(Wn)pen € Z (Ry;V) such that w, — w in % as n — eo. For € > 0, let further . € €~ (R, ) be such

that x} > 0 and
1 t>¢
20— { 7
€ 0 r<¥.
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Then xew € 2, (XeWn) ey € F0(R45V), Xewn — Xew in 2 as n — oo and we have by (2.8)

1/2 1/2 7/
D D w,) dr =
/m( - Xew " )H R,

1/2 1/2
:_/ﬂh (Do, Wn)HdH/RJ;HWnHi,d;.

(XSDWmWn)Hd[+‘/R %éHWn”?{dt
+

Taking the limit as n — oo yields

1/2 1/2 _l/ RTNTE
Lo (Pxewpt ) ar=3 [ el an

so that
1
ozeww) > 5 [ llwldr+ae [ gelwlddr>a- [ gelwilar.
Ry Ry Ry

Since 0 # w, there exists € > 0 small enough such that b(yew,w) > 0. O

We point out that (2.16) is a stronger condition than the usual inf-sup inequality. It provides us
with an explicit way of defining inf-sup stable pairs of discrete spaces. Indeed, considering a discrete
trial space, an associated test space can be chosen as the image of the trial space by .7~ for some
1 € (0,%). This is explained in Section 4.

REMARK 2.1 In (Steinbach & Zank, 2018, Sections 2 and 3), the authors define an operator similar
to § in order to deal with parabolic equations on a finite time interval. They obtain stability of the
space-time formulation of the heat equation in Bochner-Sobolev spaces of fractional order together
with convergence rates for first order space-time Galerkin approximation. We point out that using the
approximation results derived in Section 3 in the setting of Steinbach and Zank, hp-approximation
results can be derived for parabolic equations considered over finite time interval. Furthermore, the
stiffness and mass matrices in this case are the same as the one presented in (Devaud, 2017, Section
6.1).

2.4 Regularity results

We present a new regularity result for solutions of linear parabolic equations. Since it is not the main
focus of this paper, its proof is omitted here but can be found in the online supplementary material.
The usual regularity theory for parabolic equations is based on the assumption that the right-hand side
is analytic with respect to its time variable (Schotzau, 1999). In that case, it can be shown that the
solution inherits this regularity except for a potential algebraic singularity at the initial time due to
an incompatibility between f and the initial condition. We extend this theory to Gevrey classes. Such
regularity allows for instance to localize right-hand side functions since they can have compact supports,
which is not the case of analytic functions. The technique used to prove this result is the same as in
Schotzau (1999), namely it is based on the spectral decomposition of the operator <7

DEFINITION 2.4 (Gevrey class) Let I = (a,b) C R be an interval for some —eo < a < b < . For 6 > 1
and 6 > 0, we say that v is of Gevrey type (8, 0) and we write v € 4%-9(I;H) if v € € (I;H) and there
exist C,,d, > 0 such that

[0 <cdra+n’e-a®,  wviener 217
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Moreover we say that v is of Gevrey type § and write v € 49 (I;H) if v € €(I;H) and there exist
C,,d, > 0 such that

”V(I)(t)”H <Cd'T(1+1)°, VieNy, tel.

If 7 is bounded, then ga’e(I;H) - %S’G(I;H) for all 0 < 6 < B < . We point out that the bound
(2.17) is assumed to hold only for / € N. Hence we control the derivatives of the function but do not
enforce that v(a) = 0. This point is crucial since it allows to treat solutions of parabolic equations with
non-homogeneous initial value. Condition (2.17) could be equivalently replaced by

HV‘” <t>HH <GA I+ 1)%(t—a)™ 00 VieNy, tel

PROPOSITION 2.5 Let f € L*(R, ; H) satisfy supp (f) C1=[0,T] and f € 9°(I;H) for some 0 < T < oo
and 6 > 1. Then for any T < T, < oo we have for L, = (7, T..)

ul, € 9PN LH)NGSVA(LY),  ul, €9V (L H)NG YO (L),
where u € 2" is the solution of (2.11) associated to f.
REMARK 2.2 The previous proposition implies that for every T.,, there exist C,,d, > 0 such that for all
[ € N it holds
HM(;)HH <Cd. D1+ 1)t —T)/>, HM(;)HV <CdrU+1)(1-T1)", Viel.

It is important to point out that in this case neither C,, nor d,, depend on T...

3. hp-approximation in H'/>(I1H)

As we will see in Section 4, equation (2.16) allows us to build explicitly inf-sup stable pairs of discrete
spaces. Using this approach yields quasi-optimality of the discrete solution of (2.11). Hence to obtain
convergence rates for the discretization, it is sufficient to investigate approximation properties of the
space 2. In particular, we define in the following an interpolation operator and derive associated error

estimates in the HSO/ : (I;H)-norm. In this section, (H, (-,-);) denotes a generic Hilbert space.

3.1 Piecewise polynomial approximation of functions in H 1/2 (I,H)

For a bounded interval I = (a,b) and M € N, let .7 = {I,}" | be a partition of I, where I, = (t,_1,1,)
anda=1 <t <--- <ty =>b. Furthermore we denote h, =1, —t,_; forn=1,...,M. Associated to
 , we consider a vector p = {p, }ff:] € N¥ of polynomial degrees and define for / € Ny

SPU(IL T H) = {v cH!(I:H) ‘ v, € PP (L H), n= 1,...,M}, 3.1)
where &P (I,; H) denotes the space of polynomials of degree at most p,, over I, taking values in H. In

order to analyze piecewise polynomial approximation of functions in H'/ 2(I;H), we define for k, € Ny
and an interval I,

2
|V|i15n(1n;H) = /,‘n Hv(kn)([)HH (titnfl)kn_l/2([n *f)k"_l/zdt.
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This quantity is a seminorm for a so-called Jacobi-weighted Sobolev space, whence the subscript J.
When taken over the reference interval [ := (—1, 1), the weight in the integral is the one associated with
the orthogonal Jacobi polynomials for a specific choice of parameters. This idea is strongly used in the
error analysis and was originally introduced by (Babuska & Guo, 2001, 2002; Guo & Heuer, 2004). We
then introduce an interpolation operator over / and using an affine mapping between every I, and I, it
yields an operator /" such that (71" v) (t,—1) = v(t,—1) and (]"v) (ta) = v(t) for every v € € (I,;H)
andn=1,...,M. A global mterpolation operator is then deﬁned for v e €(I;H) as ﬂ:g.v’ L= ni Y
The proof of the following result follows essentially the same lines as what is presented in (Schwab,
1998, Section 3.3). There, the analysis is based on the orthogonal Legendre polynomials. The complete
development yielding the following proposition can be found in (Devaud, 2017, Chapter 4).

PROPOSITION 3.1 Let/, .7 and p € N™ be as above. Let further v € ¢ (I;H) and assume that for every
n € {l,...,M} there exists k, € N such that p, + 1 > k, and |V|H}‘" () < Then it holds

2 kn+2)
v =75 V[l oy CZ m\ \Hkn )

P12 —kn+2)I (pn+1) | o
- <C
=l < Z( ) ot ket D (pa 1 2) it

for a constant C > 0. Moreover v(t,) = (7%v) (1,) forall n =0,...,M.

REMARK 3.1 Let us consider the setting of Proposition 3.1 and assume further that for every n €
{2,...,M} there exists k, € N such that p, >k, and v|, € H**!(I,;H). Then using

h 2k, —1
max (f — ty_1 ) V2 (1, — 1)l =12 = <> ,

tel, 2

we obtain

M 2kl =
P 2 2 hn ( k + )
=5l < € ('”H}m;m v2 () T Wi

M 2k, +2
I~ h o hn L(pn—kn+ DI (pn+1)
e =25 21 <C<2|”|H}<II:H>+;2(2> T (py+ky+2)T (pn+2) iz s g

This estimate is useful if u contains a singularity at the endpoint a so that u| I ¢ H'(I;;H). In par-
ticular, it allows us to derive high-order convergence for the approximation of the solution of (2.11).
As discussed in Section 2.4, assuming that the right-hand side is smooth in time, then the associated
solution will also be smooth except for a potential algebraic singularity at the initial time due to an
incompatibility between f and the initial condition. The weighted seminorm allows us then to treat this
singularity.

REMARK 3.2 Using the bound (Olver et al., 2010, (5.6.1.)) on the Gamma function, if v € H* (I;H) for
some k € N and choosing i, =h and p, =p > k— 1 forall n € {1,...,M}, we obtain that there exists
C > 0 such that

ol <€ () a2 <€ (2 Wi
TN Hy* (1:H) 2p HY(LH) > TVI2:H) 2p HK(IH)

This allows us to derive convergence rates for 4- and p-refinements in time; see Remark 4.1.
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3.2 Exponential convergence of Gevrey functions

As Proposition 2.5 suggests, solutions of parabolic equations typically contain an algebraic singularity
at the initial time. To circumvent the lack of regularity of functions in %99 (I; H), a graded mesh towards
the singularity is considered. More specifically, for a grading factor 6 € (0,1) and M € N, we define

te0 = a, tom=a+(b—a)c” ™ m=1,....M, (3.2)

and J; ;= {10‘7”1}M where I := (tom—1,tom) form=1,...,M. It yields that for Kk = cl-1

m=1’
hom=tom—tom1 = K(b—a)cm1, (3.3)

Furthermore, given it >0and & > 1, we consider the vector of polynomial degrees p, 5 := { p”.&m}ZZI
defined through

Pu,s1 = 1, Pu,sm = max (17 {um‘sD , m=2,....M. 3.4

We then denote N = dim (S"M’1 (1, yo‘)) , where SPu31 (I, ) is defined in (3.1). Since ¥%0(I;H) C
€ (T;H ), the interpolation operator 77:;’.;‘5 is well-defined for functions in this space. In order to simplify

the notations, we write T, 5 5 = 7172;‘5. We will need the following lemma in order to prove exponential
convergence of the hAp-approximation of Gevrey functions.

LEMMA 3.1 Let & > 0. Then there exists {o > 1 such that for any M € N and defining p, = |un®| for
some U > Up andn=1,...,M, it holds

M '(p,—n+1
Za2n (p’l i’l+)

r'n+2)¥ <c,

n=1
for a constant C = C(a, 1, 0) > 0 independent of M.

Proof. Using the bound (Olver et al., 2010, (5.6.1.)) on the Gamma function, it is possible to show that

\/Zns‘H“*%e*(”“)CLﬂr(a) <I'(s+a) < 27TS‘Y+“7%€7<‘V+“)CU7F (a), Vs> 1—a.

where
1 a1, A (14a) 2 az ]
Crr(a):={ (1+a)* 2 0<a<i, Cyr(a) =1 et! 0<a<i,
e’ a <o, e a <.
It follows

—2n
_ I(po—n+1) _ T'(un® —n+1) un®

C(n+2) < V2me33/ 232 " < <el|l — .
( ) L(pn4+n+2) " T'(un®4+n+1) e

Hence there exists C > 0 such that foralln=1,... .M

2n
aan(Pn n+l)F(n+2)25 <cn’d o .
I'(pn+n+2) ped-1
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Defining 1y = max (1, e%l) , it follows that for any u > U, we have # =:£€(0,1). Hence we get
M M oo
I'(py—n+1)
2n n 26 38 #n 36 #n
o P T ) o2 <Y <y e
n; I'(pp+n+2) ( ) n; ¢ n; ¢

and it can be shown using for instance a ratio test that the last series converges. g

PROPOSITION 3.2 Letu € %ave(I;H) for some 6 >0, 6 > 1 and assume that the constants C, and d,,
in (2.17) are independent of |I|. For ¢ € (0,1) and M € N, define s through (3.2). Then there exists
Ho > 1 such that defining p,, 5 through (3.4) for any u > o, it holds

=Ty 50 2y < U1 max (1171 exp (—2V 57T ), (3.5)
for some constants C, 7 > 0 independent of |/|. Furthermore if 6 > 1/4, it holds
0 1
it T80 2 gy < CHI exp (~ova). (3.6)

Proof. We first prove (3.6). On I 1, from the definition of |'|Hjl (o 1:H) and u € 999 (I;H), we have that
for 6 > § it holds

/’1 (t — )20V )12

a

20
:C2d2 (tl_a> /l (t+1)2(971)+1/2(1_l,)l/zdt
u—u 2 1

_ C(ll 7(1)29 _ C(bia)ZGGZB(M—I)7

for a constant C = C(Cy,d,,, 0) > 0. Furthermore, it holds

fo,m
‘u|?'ll([o"m;H) < Cidilf‘(l_;'_ 1)25/ (t _a)Z(G—I)dt

o m—1

R 1 gy~ (S 221
ulu ’ 200—1)+1 )

and it can be shown that the term in brackets is decreasing in / € Ny, so that

2 2 (0 OOV 26 20—1)+1
|M‘H1(1(,,,,,;H) <, D041 d;T(l+1) (to‘,mfl —a)

21
=C(97G)(b—a)29+' <bd’4a> F(l+1)256(M7m+l)(2(97l)+l)7

where we have used 16 ,,—1 —a = (b— a)oM="+1_ From (3.3), we then have

ho n\ 20l kd, \ 2! 5
( 2" > |l g1 15 o) <C(0,0)d,(b—a)*® (2) I (ky +2)%0 g20M=n+1)
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so that Remark 3.1 yields

Kdu ) 2 F(pn - kn + 1)

M
2 20 .26M 28 —26n
— <Cb-— 1 ——— T (k,+2 .
|u nﬂ»"véuHHééz(I;H) (b—a)*c ( +n22( 3 T(pnthknt2) (kn+2)*°0c )

Kdy . Hence there exists C(6,0, 8, 1) > 0 satisfying

We then choose &k, = n in Lemma 3.1 with @ = T

2
| — 77:%075M|‘H%2(1;H) <C(b—a)*?6®®M = C(b—a)* exp (—26 |log(c)|M).

Since

M M
n=2 n=1
the bound (3.6) follows with T = 0 |log(o)| ,ufﬁ%rl since |I| =b —a.
Let us then turn to (3.5). On /5,1, we have by definition 7, 5 su € 2! (Is,1:H), so that

1

(717“’0-’51/!) (1) = o a (u(ts1)(t —a)+u(a)(ts —t)), t€ls.

Hence we obtain )
M—1
=650/l 2y, oy < Cltos —a) =C(b—a)a™ ",

where we have used [|u(t)||,; < C for all 1 € I since by assumption u € ¢ (I;H). Based on this, the
proof of (3.5) follows then the same lines as that of (3.6) except that the estimation on /5 ; has been
replaced by the above inequality. g

4. Space-time Petrov-Galerkin approximation

In this section, we introduce a space-time discretization for the solution of (2.11) and derive associated
convergence rates. Let (©Y),_ C H(%Z(RJr) and (Z{),
spaces. Based on this, we define for/ € Nand n € (O, %)

C V be two sequences of finite dimensional

2o, ern,  #-oles,

where 0}, := "1 (0),) = {71 (V') | v €@/, }. If the sequences (@), C H(;éz(RQ and
(2{,”)m en C V are dense, then (3&” ! ) leN is dense in 2" (Weidmann, 1980, Theorem 3.12). Furthermore,
we have the following result which is a direct consequence of Theorem 2.3. We point out that the choice
of n is arbitrary and only influences the inf-sup constant associated to the bilinear form b.

PROPOSITION 4.1 Assume that (2.10a)-(2.10b) hold and let 2 be as above, n € (0,1) and @), :=
27" (0!,). Then for any f € #* and | € N, there exists a unique u' € 2! such that

b(u' V) = (f,)ae, W el (4.1)
Moreover, there exists C = C(1) > 0 such that
Hu—ul < C inf u—w' , 4.2)
Z wlez'! Z

where u € 2" is the unique solution of (2.11) associated to f.
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Proof. We already know that the bilinear form b : 27/ x %! — R is continuous. Furthermore, (2.16)
and the construction of % yield that

b(vl,wl) b(vl,%”_” (vl))
inf sup —————F— = inf — = B(n). (4.3)
otterl o ppieat V2 W e~ omteat V] - 1277 (V)5

This condition implies that the operator associated to b(-,-) defined on the discrete spaces is injective.
Since dim (2') = dim (#") < o, we obtain that it is surjective which is equivalent to say that it is
non-degenerate. Hence it follows from (Braess, 2007, Theorem 3.6) that (4.1) admits a unique solution
forany f € (%' )* and in particular for any f € %*.

It remains to show (4.2). Note that we have the Galerkin orthogonality b (u —ul M ) =0 for all
vl € @ since #! C . Tt follows from (4.3) that for any w' € 27, there exists v/ € % such that

Ol Ea

<b (uz _wla"l) =b (u—wlml) <ol z(2 2 ‘”_WZH,% HVI

y e

Hence, for all w! € 2! it holds
; L 6/l (2 2) ;
e P L S R el |
2 z B(n) z
O

Using the tensor structure of 2", if we can define two operators H@/QI € ZL(L*(R,),0),) and HE‘[/ €

<

X

o=,

Z(H ,E{,) with bounds uniform in / and m, then we can estimate the error bound of the full operator
Hi”l’ = H@‘{y ®HZ‘I/ : X — 27" from the relation

(4@1d) — (Mo, @My) = ((d-Tg )@y )+ (e (14— ).

Indeed, using a triangular inequality and the continuity of H@ﬁl ~and HE‘[/ , we obtain

o=, <€ (e (s, @10) ], +[um(wemy ) ). @a

It follows that in order to obtain convergence rates for the discrete solution u! € 27!, we only need to
derive approximation properties for the spaces V and H(;({ 2(]R+).

4.1 hp-approximation for the time variable

In this section, we discuss approximation for the time variable in the HSO/Z (Ry)-norm. This is essen-

tially the same theory as the one developed in Section 3 except that we approximate functions on the
unbounded domain R . Let us assume that f satisfies the assumption of Proposition 2.5, i.e. there exist
0<T <ocoand & > 1 such that f € L*(R,;H), supp (f) C [0,T] and f € 4%((0,T);H). We split R in
three subintervals for the analysis, namely (0,7), (T, T.) and (T, ) for a T., to be defined later.
Given two grading factors 61,0, € (0,1) and M € N, we consider a mesh J5 = «{IC,J,}Z]VI+1

w—1 »where
Ic,n = (tO',nfl ;tG,n) for

t6.0 =0, tom=To}™, tomim=T+Mc) ™, m=1,....M, (4.5)



17 of 26

where 6 = (01, 02). Moreover we choose t5 op+1 =T +M + 02 and T, = T + M. The choice of t5 spr+1
is arbitrary and any constant instead of ¢, will lead to the result presented below. Furthermore, for slope
parameters i, Uy >0 and 8 > 1, we choose form =2,....M

Pu,s,1 = Pu,dM+1 = Pu,s2M+1 = L Pu,s.m = max (17 \\.ulméJ) ) Pu,s M+m = max(l, |_lJ'2mJ)7

4.6)
and denote p, 5 := {puvgﬁm}iﬁgﬂ for u := (U1, Up). Let N, := dim (Sg“'é’l(]R{Jr, 96)>, where

N
sl R, T) = {v e HI(R.) ) Wi, € PP031(Iou), =1, 2M 41, v = o}.

We then define
(ﬂ;;ﬂfv"u) (t) te]ﬁ,n; ne{l,...,ZM}’
O,1,0 L tg -
(ﬂN, M) (1) := (%) u(To) t€lsomsi, 4.7
0 t>ts2M+1,
where ﬂlp”“s‘” is the interpolation operator defined in Section 3.1 for n € {1,...,2M}. In other words,

on

we use the interpolation operator built in Section 3.1 on the intervals (0,7) and (7,7T.) while on
(Two,ts 2m+1) We consider a linear interpolation of the function. The reason for choosing a linear approx-
imation on the last interval and not a constant approximation is to ensure that we obtain a continuous
element. On the remaining of the interval, since the solution u associated to f decays exponentially, we
approximate the function by zero. In particular, we have the following lemma. The proof is based on the
spectral decomposition of the operator <7 and the idea that for r > T, the solution decays exponentially
since supp (f) C [0, T]. It is omitted here and we refer the reader to the online supplementary material.

LEMMA 4.1 Let f € L*(R; H) satisfy supp (f) C [0, T] for some 0 < T < . Then there exist C, 7 > 0
such that for any T < T., < oo it holds

< Ce—‘L’(Tw—T)
L2((Teae0):V)

u— ﬂNr' u

)

H o.u,8 ‘ < Ce TT==T),

M_n-N, u

Hy)?(Too):H)

We point out that this result is independent of the choice of the parameters o, i and 8. In fact, it
only depends on 7. and 75 2p7+1. It can hence also be used in the case of /- or p-approximation to obtain
convergence results. We then obtain the following important result.

THEOREM 4.2 Let f € L>(R;H) satisfy supp (f) C [0,T] and f € ¢%([0,T];H) for some § > 1 and
0 < T < oo. Furthermore let I be defined according to (4.5) for given M € N and 01,0, € (0,1). Then
there exists Lo = (i1,0, M2,0) > 0 such that defining p, 5 as (4.6) for any u > o, there exist C,7 > 0
with

1
o,U,0 5+1
Hu—ﬂ:M ungCexp <—TN, >

Proof. To simplify the notations, we write I = (0,T), I = (T, T.) and I3 = (Tw, ). From (Devaud,
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2017, Remark A.2.5), there exists C > 0 such that

2 2 2
o8 H H o8 oud, oS,
u—Tm u <Cl| |ju—m +||u—7yo +lu—m
H Ne = Ne L2(1:V) Ne 2(LyV) N L2(53V)
2 2 2
Ny +H T Y TN
HP(1H HY (h:H) HY (15:H)

Note that

E

=2+ Z QNW J uzmj) 2max (1, u, Us) Z < 2max (1 Hl,uz)M‘S*'

From Lemma 4.1 and since 7., = T + M, there exists 73 > 0 such that

1
H — " u 0 2() < Giexp(—B3(Te —T)) = Csexp (—B3M) < Czexp (—T3Nt5“) )
35
1
H -yt ° ’ B (1) < Gexp(—%(T —T)) = Ciexp (—T3M) < Csexp (—T3Nz‘m) ;
Hyy™ (133

where 73 = 73 (2 max (17‘117#2))*5%' From Proposition 2.5, it holds
ul, €9 (LH)NGS (1Y), ul, €9V (L H) NGO (1Y),

and Remark 2.2 yields that the constants C,, and d, in (2.17) on the interval I, are independent of T..
From Proposition 3.2, there exist {; g, 11,y > 0 such that for ; > max (U g, ti,v) =: i o it holds

1 1
P 8 s
< Crexp (—1711\715+1 ) ; H ”13,“ ‘ 12 < Crexp (_771Nt§+I ) :
HO() (Il H)

Using the same argument together with the explicit dependence on |b| in (3.5) and (3.6), there exist
U2 i, Moy > 0 such that for up > max (U g, tov) =: Uo o it holds

Guﬁ
o=

LX(I:V)

o.M, 5
o=

1
< (Gyex (—T2N2> .
H(%z( IiH) p {

1 1
Wrapping up everything, we obtain the desired result since N2 > N*!. O

1
1 5
< GCyexp | =N/ Hu—na“ ‘
LZ(IZ;V)\ 2 p( 2 [>7 Ne

REMARK 4.1 Using Remark 3.2, we can also obtain convergence results for 4- and p-refinements con-
sidering a quasi-uniform mesh and a fixed polynomial degree. However in the case of h-approximation,
due to the fact that the solution is approximated over an unbounded domain, the convergence rate is
decreased by a logarithmic factor. More precisely, assume that f € L2(R.; H) satisfy supp (f) C [0,T]
for some 0 < T < o and that there exists » > 0 such that

ulo.r) € H((0,T);:H)NH™2((0,T);V) and u|y.y € H™'((T,e0); H)NH" /2 ((T,00); V).
Then for p,M €N, hy = L and h, = % we define

t0:O7 tj:jhla tj+M:T+jh27 Pj=D, ]:177M (48)
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It is then possible to show that there exists a constant C > 0 (depending on r) such that for all p

= 7y,

log(N;) > min(pl2 4.9)

<C
yeo(

where N; = Mp and 7r1‘\’,[ is the interpolation operator defined in (4.7) associated to the mesh defined
through (4.8) and the vector of fixed polynomial degrees equal to p.
Turning to the p-refinement case, let f be as above and assume that there exist C,d > 0 such that

‘M|Hr((O,T),V) < Cdrr(r+ ]), |M|Hr(<T,°°),V) < Cdr, re NO.

For p M eN, h; = % and hp = %, the underlying fixed mesh and the vector of polynomial degrees are

defined as in (4.8). It is then possible to show that
= 7| - < Ce7,

for some constants C, T > 0.

4.2 Space-time approximation

So far, we only derived error estimates for the approximation of the temporal variable. We now turn to
the full space-time discretization. First, we derive error estimates in an abstract setting and apply this
theory to space-time h-refinement. In a second step, the two-dimensional heat equation in a polygonal
domain is considered. We show that using an sp-approximation in both time and space it is possible
to obtain exponential convergence with respect to the total number of degrees of freedom. Since we
consider in this section both space and time approximations, we use ¢ and x as subscripts associated to
the temporal and spatial components, respectively.

4.2.1 An abstract result. Let us consider a scale of Hilbert spaces {X; }>0 such that Xo = H, Xe =V
for some € > 0 and X, C X, for all 0 < 51 < 52 < oo. We also assume that the norm on Xj is equivalent

to the interpolation norm on [Xs] ,st]g forany e <51 <s<sy <ooand O = S“;VS'] . The spaces X; are

then called smoothness spaces associated to (H,V).

DEFINITION 4.3 (Approximation of order 5) Let {X;}s>0 be a sequence of smoothness spaces associated
to (H,V) and € <5 < oo. Then a sequence of finite dimensional spaces {Vy, }n,eny C V is said to be an
approximation of order 5 of the pair (H,V') (or equivalently (Xp,X¢)) if for every N, € N there exists an
operator Ily, : V — Vy, such that for € < s <5 and v € X; it holds

v —Tyvlly SGNe il v—TInv]ly < GN* |,

for a constant C; > 0 independent of N,.

The mesh defined through (4.8) will be denoted .7; ,. Furthermore, we write p, for the vector of
fixed polynomial degrees.

PROPOSITION 4.4 Let {Vy, }n,en C V be an approximation of order 5 of the pair (H,V) = (Xo,X,) and
f € L*(Ry;H) satisfy supp (f) C [0,T] for some 0 < T < . Given p;,N,, Ny € N such that % eN, we
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denote u, the unique solution of (4.1) in the discrete space 2}, := Sg’ o1 (R4, 1) ® Viy,. Let us assume
that

ulor) € H((0,T);H)NH™2((0,T);V) and ul 7.y € H™ ((T,e0); H) NH™/2((T,00);V)

for some r > 0 and
€ Hyl(Ry:X,) and u € I2(R: X, )
for some € < s <5— €. Then there exists C > 0 such that

N, —(min(p;,r)+1/2)
u—u, <C(N“+ .
— (a0

Proof. From (4.2) and (4.4), we have

lu—upll 5 <C (Hu— (my @1d) qu +|u—(1d@ Iy, ) u

)

From (4.9), we have

—(min(p;,r)+1/2)
- (1), < (o)

log(NV;)
Since {Vi, }n,en is an approximation of order 5 of (H,V), we have
[[Tdy — Iy, ||f(xj+s,v) SGN,”, [1d — Iy, ||;,ﬂ(xs,H) SGN,”.

Since H(:({z (R, ;H) and L*(R;V) are isomorphic to H&{Z(RJF) ®H and L*(R;) ®V, respectively, the
result follows by interpolation (Weidmann, 1980, Theorem 8.32(b)). O

EXAMPLE 4.5 Let D C R? with d = 1,2 be an interval or a bounded polygonal domain in the case
d =2 and define H = L?(D) and V = H} (D). Then for every s > 0, we define X; = H*(D) N H} (D)
and choose € = 1/d. In that case, the interpolation property follows from (Triebel, 1995, Theorem 2
p.317). Let us consider a quasi-uniform mesh .7 ;, of D with meshwidth &,. Given a polynomial degree
Px € N, we consider the space of continuous, piecewise polynomial functions

Vi, = S5°N (D, Fop) := {v € H{(D) | vl € 2P(T), VT € T}

Then, there exist ¢1,co > 0 such that | Ny L/d < hy < ooNy 1/ ¢ From (Scott & Zhang, 1990, Theorem
4.1) (for d = 2) and (Schwab, 1998, Theorem 3.17) (for d = 1), we obtain that the sequence of spaces
{Vn, }n,en is an approximation of order pXTH of the pair (L*(D),H} (D)). Hence if

ul o,y € HP ' ((0,7);L3(D)) N HP*2((0,7); Hy (D)),
(1) € HP I ((T,00): L2 (D)) NHPTV2((T,00): Hy (D)),

and
€ Hyl> (R HP* (D) NHY (D)) and u € L2(R; H?" (D) N H{ (D)),

~(pr+1/2)
- N,

—uylly <C (NP (s :
lu—up| 5 C(N +<log(N,)) )

Moreover if u has support in (0, T), the above estimate reduces to

then

et —up]| 5 gc(N;”*/"jLJv,*(”'“/z)). (4.10)
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4.2.2  Space-time hp-approximation of the two-dimensional heat equation. Let D C R* be a (pos-
sibly non-convex) bounded polygonal domain and /v := —div, (AV,v) for some A € (Wz""’(D))2X2
symmetric positive definite uniformly in x € R2. In that case H = L*(D), V = H} (D) and a(v,w) =
Jp (AVyv)-Vow.

In order to account for the spatial regularity, we introduce weighted Sobolev spaces which are used
in the regularity theory of elliptic equations. We follow here (Schwab, 1998, Chapter 4). Let Ay,...,AL
denote the vertices of D, y = (11,...,7.) € [0,1)F and

L
=107, ri(x) :==min (1, |x —A;]), VxeD,i=1,...,L. 4.11)
j=1

Then for a Hilbert space (H,(-,-)y) and m > [ > 1, we define the weighted Bochner-Sobolev space
Hy' ’I(D;H ) as the space of functions v € L?>(D; H) for which

2
HV”H;M D:H) H HHI L(D;H) +|V| ml (D:H) < oo,

where

"‘ (D Z Z H(p?”rk 19y VHL2 D:H)

k=l|at|=k

DEFINITION 4.6 Let D C R? be a bounded polygonal domain, (H,(-,-)y) a Hilbert space and y =
(T15---,7) €[0,1)E. For I > 1, we say that v € c%’g,(D;H) ifve H;"’I(D;H) for all m > [ and there exist
C, > 0and d, > 1 such that for all £ > [ it holds

Z H(pi”rk 19y VHLZ D:H) <Cdy T (k—=1+1),
|a|=k

where @y is defined in (4.11).

Functions in %’%(D;H ) are globally continuous, analytic inside D and contain potential algebraic
singularities at the vertices Ay,...,Ayr.

For 6 > 1, 6;,1,6;2 € (0,1) and g 1,1, 2 > 0, let F5, and p;, 5 be defined through (4.5) and (4.6),
respectively. Here we have used the notation o; = (0;,1,6;2) and U, = (1, 1t 2). Furthermore, let J5,
be a proper graded mesh of D for a grading factor o, € (0,1). Given a slope parameter i, > 0, py,
denotes a polynomial distribution associated to 75 whose elements are increasing linearly away from
the vertices Ay, ...,Ar. We refer the reader to (Schwab, 1998, Chapter 4) for the construction of 5,
and py,.. Let then

P 5= S Ry, To) 0 S0 (D, T,

where ¢ = (0}’1,0}’2,0-)()7 u= (.ut,hy'tlalJX) and
Spux7 (D yc - {V € HO ) ’ V|T € @Pu,x,T(T)7 VT € yffx} - %(D)

In the following theorem, N, := dim (Sp’“ (D, 9@)) and N; =dim ( sPun 8! (R, 90,)> denote the num-

ber of degrees of freedom associated to the spatial and temporal approximations, respectively. Further-
more, N = N, /V,.
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THEOREM 4.7 Let f € L*(R,;H) satisfy supp (f) C 1 =1[0,T] and f € 4°(I;H) for some 0 < T <
o and 6 > 1. Furthermore assume that u € H&éz(R+;<%’72,(D) NHY(D)). Then for grading factors
01,02,0; € (0,1), there exist 1o = (U410, lt,2,0, Ur0) > O such that for all pu > g, there exist C,7 > 0

satisfying
. 1
e —unll - < € (EXP <TN,5“> +exp <rN;)> ;

where uy denotes the solution of (4.1) in 2~ év 05

Proof. In (Schwab, 1998, Chapter 4), an operator 71:,\(2’“ A z%’}z,(D) NHY (D) — Sg”x’l (D, Is,) is intro-
duced. It is shown that there exists t o > 0 such that for all t, > . o, there exist C, 7 > 0 satisfying for
all v € %5(D) N H (D)

HV _ nlc\;x,uxv

X

1
’HI(D) < Cexp (—TN,?) .

We point out that this result remains valid for functions taking values in a Hilbert space. It follows that

foru € Holgz(R+;%$,(D) NHL (D)), we have

W_m®ﬁwwb<cm{4w)

The result then follows from (4.4) and Theorem 4.2. O

REMARK 4.2 The argument used above can be simplified in the one-dimensional case in order to obtain
similar results. Indeed, a theory can be developed based on (Schwab, 1998, Chapter 3) for the spatial
hp-refinement. In that setting, using graded meshes and linearly increasing polynomial degrees in a
similar fashion as for the temporal discretization, we obtain

1 1
lu—unll5 <C (exp (—TN,5+1> +exp (—TN,?)) ,

assuming that f satisfies the assumption of Theorem 4.7 and that u exhibits more regularity in space.

5. Numerical results

In order to provide numerical evidence of the above results, we consider the one-dimensional heat
equation with D = (0,1) and A = 1. We present convergence results for i- and hp-refinements. All the
computations have been performed using the Python programming language. A complete explanation
on how to build the time mass and stiffness matrices is given in (Devaud, 2017, Section 6.1).

5.1 h-refinement

Let us consider the solutions
uy (t,x) = sin(7t) sin(7x) (0,1 (), up(t,x) = cos (52717[) sin(7x) 0,1 (1)-

We use the same mesh in time and space with M = M, = M, elements, so that N = NN, =~ N,2. Further-
more the functions are piecewise analytic and have compact support in time, so that (4.10) yields

i — i ||y < CN~2MRPeRF1/2) g,
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We consider p = p; = pyinthe case i = 1 and p = p; = p, — 1 for i = 2 in order to see that the exponents
are sharp. It gives the existence of a constant C > 0 such that for all N

2 <CNP, iy — | <CN-PHI2),

|y —ur N

The experimental convergence rates for the error in the .2"-norm with respect to /N for both cases and
different values of p are presented in the following table. The estimated slopes are based on the last 5
points of the experiment. Convergence plots associated to the experimental rates obtained for u; and uy

are depicted in Figure 1. We see that the expected convergence rates are indeed obtained.

p \ u; - Expected uj - Observed [ uy - Expected uy - Observed
1 1 0.996 1.5 1.517
2 2 1.994 2.5 2.442
3 3 2.987 3.5 3.517
4 4 3.928 4.5 4.493
10° - 10° —— ——
104 ey i DA S | o p=Lp,=2
F e = e pr=p,=2 1070 O e }ﬁ' e p=2p,=3
102 o oeey | B8 p=p,=3 s S e 2 B8 p=3,p,=4
. ,A v , s p=p,=4 10 S B el et ik
%10 = 5 i . == .’ Lilll :%1073 & ‘ \-\'%“.\ ‘
e - e = .
P10 &) e 7 4 ; : e
21075 v A l;.i élO A e
i = A T By iy
106 a " 107 -.h_.,
107 1 s 1000 =y :AAAA
; S Ve ; A
10° 10 10° 107 10 107 10 10 107 10° 10°
VN VN
(@) (b)

Figure 1: Convergence of the h-approximation in time and space with respect to /N for several poly-

nomial degrees. The results for u; are presented in (a) while (b) corresponds to u;.

5.2 hp-refinement in space and time

Given p > —2 and @ > 0, we consider f(¢,x) = x°(1 —x)e~®". The solution of (4.1) associated to f
contains a singularity at t = x = 0 and can be computed using a Fourier expansion based on the one-
dimensional Laplace operator. The singularity at x = 0 is due to the x-dependence of f while the one at
t =0 follows from an incompatibility between the -dependence of f and the initial condition. Assuming
that @ # 7k for all k € N, the solution is then given by
P o
Tk — ’

u(t,x) =2 i (fosk — fp+1.x) sin(mkx) ( (5.1)
k=1
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where

1
fok ::/ xP sin(7kx)dx =
0

k]

2 2°2

k 3
pr2' (PH.’P

+2;—

(ﬂ§)2> W

€N,

and | F> denotes a generalized hypergeometric function (Olver et al., 2010, Section 16.2). We consider
geometric meshes in time and space and use the same grading factors and slope parameters for the
spatial and the temporal discretization. Since M = M, = M;, we have N = N,N, ~ N? ~ N2, so that
using Remark 4.2, we have

|u—uy]| 5 < C (exp (—=Tv/N;) +exp (—7v/Ny)) < Cexp (—TN%).

In Figure 2, we present convergence results for 2p-discretization in time and space for p =3/4, ® =5
and different values of 0 = 0, = 0; and u = U, = ;. We see that that for smaller values of o, larger
values of u need to be considered. Furthermore, exponential convergence can indeed be observed.

[Ju—uy||x
= =
< S
o S

o
o
&

o
o
<

10°®

oo 57=0.2,4u=1.6
% B Ryaby >
-->i\\>- vD Ca e—e 5=0.3,u=1.0
o S B 8 0=0.4,1=0.9
\\A v > a4 g=0.5,4=0.5
>
\ '\ i v > v-v ¢=0.6,£=0.5
o ‘ N > > 0=0.7,0=0.4
SN -
o A . .
\\A\ B
\\ v >
AH B
o\ N >
) >
2
LN
N

8
N4

10

12

14

Figure 2: Convergence of the Ap-approximation in time and space of u given by (5.1) for p = 3/4 and
o = 5. The grading factors and slopes are the same for the temporal and spatial discretizations.
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Supplementary material to:

“Petrov-Galerkin space-time hp-approximation of parabolic

equations in HY/%

Denis Devaud*

July 10, 2019

In this report, we provide additionial material associated to the paper “Petrov-Galerkin space-time hp-
approximation of parabolic equations in H/2”. As explained in the paper, several technical results are
presented without proof since they are in our opinion not essential to the comprehension of the method. We
provide these proofs here. The notations and definitions introduced in the associated paper are used in the
sequel without repeating them. Furthermore all references starting with Ap— correspond to the number used
in “Petrov-Galerkin space-time hp-approximation of parabolic equations in H'/2”. All other references are
internal to this manuscript. Most of the following results were presented in [2].

1 Proof of Lemmas hp—2.2, hp—2.3 and hp—2.4
Lemma (Lemma hp—2.2). The operator ) € L1 (Hi/Q(R; H), Hé/Q(]R; H)) is an isometry with H =1 = —5.
Lemma (Lemma hp—2.3). It holds

Es € Lioo(HV?(Ry; H), HY*(R; H)) and Ea € Lo (Hyl*(Ry; H), HY *(R; H)), (1.1)
with Eg" = Moreover, forv € Héé2(R+; H) and w € H/?>(Ry; H),

-1
R>|Hé/2(]R;H) andEA |H1/2RH)'

it holds ||(Ea + ES)UH?L[UZ(R;H) = HEA”Hl/2 ®;H) T ||ESU||§11/2(]R;H) and

Valwlgegan < 1Esollgeemn < 2lwlmmm,.m. (1.20)
HU||H3(<2(R+;H) < ||EAU||H1/2(]R;H) < 2\/§||UHH%2(]R+;H) ’ (12b)
2 HU”HéO/?(RJr;H) < ||(EA + ES)U”Hl/Q(]R;H) < 2\/§||UHHS(§2(R+;H) : (1'20)

Lemma (Lemma hp—2.4). Forv € H1/2(R+, H) and w € H'Y?(R; H), it holds

/(Dl/ Eav, DY/ Esw dt_2/ DYy, DY/? ) dt, (1.3a)
R
/(Esv Esw dt—?/ (1.3b)
R
/(Dé{iEAu,DﬂgfiEsu)Hdt:/( Dy/2 Esv, DY/? E5w> dt:/(EAv,ng)H dt = 0. (1.3¢)
R R R
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Moreover, if w € Hééz(RJr; H), it holds
/(Dl/QEAU DY Esw> dt:/ (Dl/zESv DY EAw) dt. (1.4)
R

In order to prove it, we will need some preliminary results. Let us consider the spaces

= g(—t) for t € R},

Fs(R;H) :={g € F(R;H) | g(t)
|

FaR;H):={ge FR;H) | g(t) = —g(—t) for t € R},
and define for a function v € F(R; H)
vs(t) = % Wt +v(—),  valt) = % (W(t) = v(=t)), tER (1.5)

Hence v can be decomposed into a symmetric and an antisymmetric part as v = vg+v4 with ve € Fs(R; H)
and va € Fa(R; H). Since Fs(R; H)NFa(R; H) = {0}, it follows that F(R; H) = Fs(R; H) & Fa(R; H). It
is clear that, for any va,wa € Fa(R; H) and vg,wg € Fs(R; H), it holds

/R(DUA,wA)Hdt:/R(Dvg,wS)Hdt:/R(UA,U)S)Hdt:/}R(vs,wA)Hdt:(). (1.6)

Lemma 1.1. It holds
HY?(R;H) = HY*(R; H) ® HY*(R; H).

Furthermore, for v € H'/?(R; H), we have
2 2 2
||UHH1/2(]R;H) = HUS||H1/2(R;H) + ||UAHH1/2(]R;H) )
_ ; /2. /2.
where v = vy + vg with vg € Hg " (R; H) and va € H,/"(R; H)

Proof. Tt is clear that H*(R; H)QH;/Q(]R; H) = {0}. For v € HY2(R; H), let us consider v4 € HY*(R; H)
and vg € Hé/Q(R; H) define for p-a.e. t € R through (1.5). It holds

N i COECORRCUEOI

2 2 (vs(s) v —va(t)y
= |US‘H1/2(R;H) + ‘UA|H1/2(]R;H) + Q/R/R (5 — 1) dsdt .

Let us write

_ (vs(s) —vs(t),va(s) — (vs(s) —ws(t),va(s) —va(t))

_/Dh/IR+ e Hdsdt—i—/ / _—r H st
(vs(s) —ws(t),va(s) — )b vs(s) —vs(t),va(s) —va(t))y

+/R+ /_ (5— 1) dsdt+/ /R+ (s— 1) dsdt

=+ 12+ 13+ 14

Then
_ (vs(=5) —vs(=t),val=s) —va(=t)p ,
Il—/]R_/_ (5 1) dsdt
_ (vs(s) = vs(t), vals) =va)m oy _
_ /R/K L dsdt = — I,



and

_ (vs(=8) — vs(=t),va(=s) —va(=t))y ,_
I3 = /R, /]R+ ; dsdt
_ _/ / (vs(s) = vs(t),vals) = va®lu g 0
R_ JR, t ’

so that |v|§{1/2(R;H) = ‘US|§_11/2(]R;H) + |UA|§II/2(R;H). Similarly from (1.6), we obtain

2 2 2
V2@ ) = lvslze@my + 1vallz2@ -

Lemma 1.2. The embeddings Fs(R; H) C Hé/Q(R; H) and FAo(R; H) C Hi‘m(R;H) are dense.

Proof. The result follows from the splitting F(R; H) = Fs(R; H) ® Fa(R; H), Lemma 1.1 and the fact that
the embedding F(R; H) C HY/?(R; H) is dense. O

Lemma 1.3. For vg,wg € H;./2(R;H) and va,wq € Hi/Q(R; H), it holds

1/2 1/2 1/2 1/2
/R(DR{J’_US’DR{_wS)Hdt:/R(DR{J’_UA’DR{_H)A)HCR:A(UA’US)HdtZO.

Proof. By Lemma 1.2, we only need to prove the identities for vg,wg € Fs(R; H) and va,wa € Fa(R; H).
The results follow using (hp—2.7) and (1.6). O
We also consider
Fs(Ry; H) :={g € C*(Ry; H) | Esg € F(R; H)},
FaR;H) :={g € C*(Ry; H) | Eag € F(R; H)}.
Lemma 1.4. It holds
Fs(Ry;H) C F(Ry; H), Fo(Ry; H) C Fa(Ry; H).

Proof. For v € Fs(Ry; H) it holds by definition ¢ = Egv € F(R; H) and 9|, = v, so that v € F(Ry; H).
Hence Fs(Ry; H) C F(R4; H).
We then turn to the proof of the second identity. For v € Fo(Ry; H), we have Eqv € C*°(R; H). Hence
for any k € N, it holds by continuity at t =0
: (k) _ 1 k —
}1_1}(1)1} (t) = }%D (Eogv)(t) =0,
> <
so that
: k o VEFL o (R) () — (kL i (R () — 1 k
lim D*(Eqv)(t) = (=1)" lim ot (=) = (=1)""" lim v (¢) = lim D*(E40)(t)-
< < > >
It yields Fav € C*°(R; H). Moreover from the definition of E4, we obtain by explicit computation that
|EA9|§I’“(R;H) =2 |g|§1k(R+;H) < oo for every k € N, whence Fqv € F(R; H). O

Lemma 1.5. The embeddings Fs(Ry; H) C H'?(Ry; H) and Fa(Ry; H) C HégQ(RJr;H) are dense.



Proof. For v € Fa(Ry; H), we have Hv||H1/2(R+‘H)
00 ’
FaRy;H) C H1/2(R+; H) and the second result follows from Fo(R4; H) C Fa(R4; H) and the fact that
the embedding Fo(Ry; H) C Hééz(RJr; H) is dense.
On the other hand, for v € H'Y2(R,;H), we have o := Egv € Hé/Q(R; H). Hence from Lemma

1.2, there exists a sequence (6&’6)1«61\1 C Fs(R; H) such that 9g) — 0 in H};/Z(R;H) as k — oo. Since
R : Fs(R;H) — Fs(Ry; H) is bijective, we define vgy := Rs9s € Fs(Ry; H) for k € N. Moreover from
(1.2a), we have

< [Eavll gz, gy < oo due to (1.2b). Hence it holds

— 0.

1 ..
HU — US’kHHl/Q(]RJr;H) < E ||1} — ,

O

Proof. (Lemma hp—2.2) From Dy/2$ = DY? [4, Lemma 2.2] and (hp—2.9), it holds $ € L(H'/*(R; H)).
Furthermore, by definition, § € L(H}/ ’(R; H)7H;/ 2(R;H)) and $ € L(HY*(R; H), HY*(R; H)). From
$H~1 = —§ [7, Theorem 1 p.76], we obtain that the above operators are isomorphism. Furthermore, for any
v e HY?(R; H)), we have from [7, (2.34) p.76] that 19| 2.1y = VIl 2,7y and

1 2 2 2
|‘6v|H1/2(R ) = 27 HD / ’ = lgr2@m)

L2(R;H)

— 27 || DY/ ]

L2(R;H)
and the result follows. O

Proof. (Lemma hp—2.3) Let us first prove the result for Fg. A direct computation yields for v € Fg(Ry; H)

||U H ||U ||
|ES,U|?’II/2(R;H) = 2 Hd dt + Hd dt < 4 |’U|Hl/2(R+ H) 5
Ry - Ry JRy

where we have used the identity (s+t)2 > (s—t)? for all s, € R,. Hence (1.2a) follows from ||E5U||L2 RiH) =
2 ||11HL2(R+;H). For E 4, it holds ||EAU||L2(R;H) =2 Hv||L2(R+; ) and

llv(s) —v(@®)II [lv(s) +v(®)1
|Eav| 31 gy = 2 // ddt+// dsdt
HIRED R, |s— | R, Jr, |s+t|
2
/ / [v(s) IIHd dt+2/ / [v(s ||H+||v()IIHd8dt
Ry JRy |5_ | Ry ‘3+t|

2 lo(s)1I 2
=2 <|U|H1/2(R+;H)+4A 5 Hds §8|U|H362(R+;H)7
+

which yields the second inequality of (1.2b). From (1.3a)-(1.3c), we have

2 2 2
[(Ea + Es) UHHl/z(]R;H) = HES”HHl/z(R;H) + ”EAU”Hl/?(]R;H) :

For (1.2c), we have that

[0 + eI
|ESU|H1/2(R H) + |EAU|H1/2(R H) = =2 <2 |U|Hl/2(RJr H) + 2/ / |Is{+ t| Hdsdt

(W 2 2r)



which gives the desired result since HESvHiﬂ(]R;H) + ||EAU||iz(R;H) =4 HU”i2(R+;H)' Using (1.2a) and (1.2¢),
we have
2 2 2
||EA”HH1/2(R;H) >4 ”“”H&{Q(m;m - ”ESv”Hl/?(R;H)

lu(s) |13

2 2
> 4 <||U||H352(R+;H) - ||U||H1/2(R+;H)) = 4/R 78 dS,
+

so that

2 1 2 1 2 1 2
1Eavlr 2y = 5 1B 2@y + 5 1Bavliye @ + 5 B0l 2@

[v(s)

[ 2
>
ds = ”UHH%Q

IV

2 2
[l 2@ ey + 10l @y ) + 2/]R (Ry;H)

+

which proves the first inequality of (1.2b).
Let us turn to the proof of (1.1). By definition, we have

Es € Liso(Fs(Ry; H), Fs(R; H)) and Ea € Liso(Fa(Ry; H), Fa(R; H)).

Moreover Eg € L(HY2(R ;H), HY*(R;H)) and E, € L(HY*(Ry; H), HY*(R; H)) follow from (1.2a)-
(1.2b). The results then follow from Lemmas 1.2 and 1.5. O

Proof. (Lemma hp—2.4) Since the embedding Fs(R,; H) C H'/?(R; H) is dense, we prove the identity for
w € Fs(Ry; H). From (hp—2.7) and (hp—2.8) we have

- [ (D2Ba0. D2 Bsw)  de= [ (Bav, DEsw) i
:/R (v(t),Dw(t))Hdt—/ (v(=1), D (w(=1))) p dt

:/ (v(t),Dw(t))Hdt—i—/ (o(=t), Dew(—1)) , dt
Ry

= 2/ (v, Dw) dt
R
= —2/ (Diﬂv, D£/2w> dt,
R, H
which is (1.3a). Furthermore, the identity
1/2 1/2 _
/]R (D¥/2Eav, D2 Esv) dt =0
is a consequence of fR+ (Dv,v) dt = 0 and the above computation. From Lemma 1.3, we obtain
Dy} Esv, Dy/* Esw) dt =0.
/R( R+ SV, VR, 25U )

Furthermore [, (E4v, Esw)dt =0 and (1.3b) follow from (1.6). Finally, using a similar development as for
the proof of (1.3a), we obtain (1.4). O



2 Proof of Proposition hp—2.5

Proposition (Proposition hp—2.5). Let f € L>(Ry; H) satisfy supp (f) C I = [0,T] and f € 9°(I; H) for
some 0 <T < oo and § > 1. Then for any T < T < 00 we have for Ino = (T, Tso)

ul, € 9PNLH) NGYVA(LV),  ul, €9V P (I H) NG (Io; V),
where u € X is the solution of (hp—2.11) associated to f.

In order to prove this result, we consider a spectral decomposition of the operator A. The technique used
here follows the same lines as the one used in [8, Chapter 2], where a similar result is presented for analytic
right-hand side.

Under the assumption that A € £ (V,V*) is a self-adjoint operator satisfying (hp—2.10a)-(hp—2.10b), we
know that [9, Theorem 1 p.325] there exists sequences (wy,), oy C V and (A,), ¢y such that A, 1 > Ay, and

AUZZAn(v,wn)Hwn, veV.
neN
forms an orthonormal basis of H and an orthogonal basis of V. For ¢ € [0,1], we

Ay = Z )\Z (v, wp) gy Wn,

neN
and D(A?) := {u €V | A%u € H} induced with the norm

The sequence (wy,)
define

neN

1/2
||U||D(A9) = (Z A (wnav>H|2> :

neN

From (hp—2.10a)-(hp—2.10b), it holds
2 2 2
Aol < llolfpearzy < A+ llolly -

We then have the following result.

Lemma 2.1. It holds B € Li50(H3(Ry; H) N L2(Ry; D(A)), L2(Ry; H)), where B is defined in (hp—1.1a).
Moreover, if u denotes the unique solution of (hp—2.11) for f € L*(Ry; H), then u € C(Ry; H) admits the
following representation in H fort € Ry

o0 t
u) =3[ [ 0w 21)
i=1 /0
Proof. The lemma can be proven following the lines of [3, Section 7.1.2]; see also [8, Chapter 2]. O

Based on the representation (2.1), we introduce for ¢ > 0 the operator

St = Ze_)‘it (v, w;) g wy, Vv e H.

i=1
We then have the semigroup property for s,¢ > 0
S(t+s)=5(t)S(s), S(0) =1Id,

and we can rewrite (2.1) as

u(t) :/0 S(t—s)f(s)ds:/OlS(s)f(t—s)ds.



Lemma 2.2. Fort> 0,1 € Ny and r,s € [0,1] such that | + s —r > 0, we have

HS(I)(t)H <Tr l—l—s—r—{—1 (s,
L(D(A"),D(A#)) 2

Proof. For v € H, we define v; := (v, w;)g and it holds for [ € Ny

SO () = Z(—)\i)le_’\'itviwi.
i=1
Hence it follows
2 (o]
Hsﬂ>aov LKAS)::ZE:A?U+@642A”vf. (2.2)
i=1

Given p > 0, let us consider the function g()\) := A2Pe~2*. Then

p 2 _,
Amax := argmax g(A) = =, 9(Amax) = (,) e 2P,
AERY t

so that for [ +s—7r>0

IN

staw

2 l+s—1r 2iFe=r) 2(I+s—r) -
— s—r )\27‘ 2

2(l4+s—r)
_ (l +s— T) e~ 25— ||y

2
- (= IBeary-

Let us first assume that 0 < [+ s —r < 1/2. Then the result follows from 2222 < 1< T (x + %) for
x € 10,1/2). Moreover if I + s —r > 1/2, [6, 5.6.1] yields

20 +s—r)

21 o 2(l+s—r) —2(l4s—7)
(2L 5 = )0 e < f2ES

TQ2(+5s—1)).

From [5, (1.08) p.35], it can be shown that for s > 1/2 it holds
2s 2
s (1 1
2z r 2.

? Uts—r) (1\20
SO (¢ H <TQ2l+s- Yo7l ) )
[sO@n,, ., <Te+s—my 2= (3 ol

Hence

1\ 2
<T <l +s—r+ 2) =2+ HUH%(AT) )

Following the lines of the proof we see that in the case [ + s —r < 0 it holds

R
L(D(A"),D(A?))

This is used to derive the bound for [[S(?)[| (. gy in the following corollary.



Corollary 2.2.1. Fort > 0 we have

1 1

0] . ~(1+3)
Hs (t)HE(Hy) < ﬁr(z 1)t : I € No, (2.32)

A 1
0 A+ 1\
HS (t)HE(V) <5 <z+ 2) ¢, I € Ny, (2.3b)
1
Hs<l>(t)H£(H) <T (z + 2) 1, I € Ny, (2.3¢)
HS(”(t)Hﬁ(VH) < Ve () (=%), leN, (2.3d)
and
< M

IS v, iy < N (2.4)

Lemma 2.3. Let f € L?>(Ry; H) satisfy supp (f) C I = [0,T] for some 0 < T < co. Then fort > T we
have forl € Ny
uD(t) = SO (t — T)u(T). (2.5)

Moreover if there exists m € Ny such that f|; € H™(I; H), it holds

m—1

ul™(t) = > SO) 1 0(0) + /0 tS(s) frm(t—s)ds,  tel, (2.6)

i=0
where the sum is empty for m = 0.

Proof. The proof of (2.6) can be found in [8, Lemma 2.8]. Note that by the fact that the embedding
HY(I;H) c C'~Y(I; H) is continuous and the bounds from Corollary 2.2.1, the right-hand side of (2.6) is
well-defined.

Let us turn to (2.5). First note that the right-hand side is well-defined by Lemma 2.1. We then have
that for any t > T

u(t):/S(t—s ds-/ Sit—s)f ds+/5’t—s ds
S(t—T /s _ ) f(s)ds = S(t — T)u(T),

and the result follows. O

Proof. (Proposition hp—2.5) From [1, Theorem 6], it holds

B(a,b) < a,b>1,

L
ab’
where B(a,b) := fol t2=1(1—¢)*~1dt denotes the Beta function. Using the identity I'(a)T'(b) = B(a,b)T'(a+b)
[6, (5.12.1)], we have

I'(a)['(b) = B(a,b)T(a+b) = B(a,b)I(a+b—1)(a+b—1) <T(a+b—1), ab>1,



where we have used ab > a + b — 1. Hence from Lemma 2.3 and (2.3c), we have fort € I and [ € N

e, = fswstrol, S fsvrt-rof, s

t
< Cf (dlflr 5+Zr(z+ >dl I — i)t /d9r(z+1)5ds>

0

1-6 §1—-1
. -1 ) -1 1 —1 l 5
< C (grgﬂglf(s)) (df L)’ +dy'T (z -3 Z§:1:(dt) +d\ (1 +1)%

l

1

~|

< Cydy'T(1+1)° ( (dt)~" + dt)

~ =
=

—C dllr(1+1)5< (dT)~" r i—i—dt)

v 2o (7)

-1

) )
-1

< Cd{T'T(1+1)° max (1, (d; 7)) G) 7

~| =

=14

Séfd;—lr(lﬂ)é( ax (1, (dT)' ) <

< OT(1+1)° max (1, (d;T)") ¢,

where C' = 2C; max(1,d;T) (minser I‘(s))lf‘s. Note that we have used [|S(¢)[|lz) < 1, which can be

obtained from (2.2). Hence u|, € 9%'(I; H). Similarly we prove u|, € 4%'/2(I; V) using (2.3a). The results
for the interval I, follow from Lemma 2.3, (2.3b), (2.3d), (2.4) and the bound

()l < /OT||S<t—s>f<s>Vds< / 120 = 2, (2.7)

e

O

3 Proof of Lemma hp—4.1

Lemma (Lemma hp—4.1). Let f € L?*(Ry; H) satisfy supp (f) C [0,T] for some 0 < T < oo. Then there
exist C,7 > 0 such that for any T < T < 0o it holds

Hu — ﬂ}'\;“"su‘ < Ce ™M1
¢ L2 ((Too,0);V)

o6 —7(Too—T)

Hu N ’ HE{?((Too 00); H) s Ce '

2
u — M0 ‘ <2 lu + ‘ T 5u‘ ,
H N 2 (1 o) Il o oo L?((Tee ,00):H)
‘U _ o, 1,0 ‘2 < |u‘ 1/2 + ’ T, [y u‘z
Ne o SlH12 (T s00):H) — HY/2(Teo,00)3H) HY/? (T 00)iH) )

and treat the boundary term of the -norm separately. From (2.5) and the fact that ()

”'HH&{Q((TOO,OO);H) n)neN



is an increasing sequence, we have

) 00 A o ) e—2Xi(Too—T)
Il oy = 2 Ty [ M = 3 () g —
i=1 oo i=1 v
e—2M (T —T)
< oy HU(T)H?qa
) 00 ) S oA (-T) oo ) 672)‘1‘(T:>07T)
A HU”L?((TOO,OO);V) < Z/\i (U(T)awl)H/T e dt = Z (u(T), w;) 3 - 9
i=1 oo i=1

=22 (Tos—T) )
< f lu(T) [ -

e—Nit 2
‘ulHl/2 (Too,00);H) — Z€2>\T ), w;) / / ( P ) dsdt

_s|2 _ , - e
€ agey DT DT, wifly < T (),

=1

where C' = |e*5|§{1/2(R+) is independent of T, T and A; for all ¢ € N. Furthermore

l(Too) Iz < llu(Too) 5 < ™ T== (D)5,

and
2 u u(T 2 _ _
‘wﬁ:"éu‘ . |}|L (T )H/ (taty 4041 —t)thS RS )||VhM1+M2+1e 221 (Too T)7
L2((Teo,00); H) Mi+Ma+1 Y Inrg +Moy+1 3
2 U u(T)|?
)Wﬁtﬂ,au‘ 2 \}|L (T )||v/ (tary a1 —t)th < [w(T)lv hM1+M2+le—2>\1(Tx—T),
L2((Tos,00)5V) Mi+Mao+1 Y Inrg +My+1 3
2
0,116 [w(To0) 177 B 2
TN, U‘Hl/Q((Too,oo);H) hM1+M2+1 | UMy + M +1 t)XIM1+M2+1|H1/2(T00700 2”“’( )HH

< 2||u(T) |5 72N =00,

Finally for the boundary term, it holds

2

[l ol o [ of

- t—To - t—To

2

tA + Mo +1 t_TOO

The second term can be bounded as

fore) 2 00 =21 (Too—T)
[u(®)]l 1 e M 2
[ e Ju®) dt < 5 (T ;.
t]\41+M2+1 - Lo Mi+Mz+1 tM1+1\/12+1 Mi+Mo+1

Denoting 6 = har,+m,+1, we obtain for the first term

2

o, 1,0
/ s | (u =i u) 0, @t = 3 T) vy /Tw” [ 07T) — (T 45— )]
T t—1T o — 52 T t — T ’
Using that for £ > 0 it holds
1—e & 1—e®)° 1—e )’ 1 1
maxi( c ) —fmaxi( ™) =: C¢, argmini( ™) =-W(——F%|— =,
t>0 t x>0 x z€R, x 2\/e 2

10



we have

’ 2

1 /Toﬁ& |ge™it"T) — (T +0—t)|”
02 o t— T 52

IN

1 ’6—6Ait_1’2 1
2 /7dt+/ tdt
0 t 0
1
§2(C§>\i+2>,

where W (-) denotes the Lambert W-function [6, 4.13 p.111]. Hence

2

t1\41+M2+1 (U/ — Wﬁ:’tv(su) (t)H
/ t— Too

Two

H ¢ < (2Chpn, +My+1 + 1) ||U(TOO)H%/

< (2Chan s a1 + 1) [u(T)|)3 e 2 T =T),

The result then follows from (2.7) and ||| 5 < ||||;- O
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