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Abstract

In this paper we propose and analyze explicit space-time discrete numerical approximations
for additive space-time white noise driven stochastic partial differential equations (SPDEs) with
non-globally monotone nonlinearities such as the stochastic Burgers equation with space-time
white noise. The main result of this paper proves that the proposed explicit space-time dis-
crete approximation method converges strongly to the solution process of the stochastic Burgers
equation with space-time white noise. To the best of our knowledge, the main result of this
work is the first result in the literature which establishes strong convergence for a space-time
discrete approximation method in the case of the stochastic Burgers equations with space-time
white noise.
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1 Introduction

Numerical approximations for infinite-dimensional SEEs with superlinearly growing nonlinearities
have been intensively studied in the literature (cf., e.g., [29, 13, B34, B3, 19, [5, 47, [7, 8] and the
references mentioned therein). In applications one is often interested in statistical quantities of the
solution process of the considered SEE and, in view of this, one is especially interested in strong and
weak numerical approximations for the considered SEE (cf., e.g., Heinrich [20, 21], Giles [I5], and
Creutzig et al. [6]). It has been established in the literature that the linear-implicit Euler scheme,
the explicit Euler scheme, and the exponential Euler scheme converge, in general, neither numeri-
cally weakly nor strongly in the case of such SEEs; cf., e.g., Hutzenthaler, Jentzen, & Kloeden [25]
Theorem 2.1] and Hutzenthaler, Jentzen, & Kloeden [27, Theorem 2.1]. Fully drift-implicit Euler
schemes, in contrast, do converge strongly in the case of several SEEs with superlinearly growing
nonlinearities; cf., e.g., Hu [23, Theorem 2.4] and Higham, Mao, & Stuart [22] Theorem 3.3] for
finite-dimensional SEEs and cf., e.g., Gyongy & Millet [I7, Theorem 2.10], Brzezniak, Carelli, &
Prohl [3, Theorem 7.1], Kovécs, Larsson, & Lindgren [38, Theorem 1.1], and Furihata et al. [14]
Theorem 5.4] for infinite-dimensional SEEs. In order to implement these schemes, a nonlinear equa-
tion has to be solved approximatively in each time step and this results in additional computational
effort (see, e.g., Hutzenthaler, Jentzen, & Kloeden [26, Figure 4]). Moreover, it has not yet been
shown in the literature that these approximate implementations of fully drift-implicit Euler methods
converge strongly. Lately, a series of appropriately modified versions of the explicit Euler method
has been introduced and proven to converge strongly for some SEEs with superlinearly growing
nonlinearities; cf., e.g., Hutzenthaler, Jentzen, & Kloeden [26], Wang & Gan [45], Hutzenthaler &
Jentzen [24], Tretyakov & Zhang [44], and Sabanis [40, [41] for finite-dimensional SEEs and cf., e.g.,
Gyongy, Sabanis, & Siska [I8], Jentzen & Pusnik [31], Becker & Jentzen [1], and Hutzenthaler et



al. [28] for infinite-dimensional SEEs. These modified versions are easily realizable, explicit, and
truncate/tame superlinearly growing nonlinearities in order to prevent strong divergence. However,
except for Becker & Jentzen [I] and Hutzenthaler et al. [28], each of the above mentioned strong con-
vergence results applies only to trace class noise driven SEEs and excludes SEEs driven by the more
irregular space-time white noise. In [I] a coercivity /Lyapunov-type condition has been employed
to obtain strong convergence for stochastic Allen-Cahn equations with additive space-time white
noise; cf. [Il (85), Lemma 6.2, and Corollaries 6.16-6.17]. However, the machinery in [I] assumes the
coercivity /Lyapunov-type coefficient in the coercivity/Lyapunov-type condition to be a constant (cf.
[1, (85)] with below) and, therefore, applies only to temporal semi-discrete approximation meth-
ods for stochastic Allen-Cahn equations but excludes a series of important additive space-time white
noise driven SEEs such as stochastic Burgers equations with space-time white noise. The approach
in Hutzenthaler et al. [2§], in turn, does not require the coercivity/Lyapunov-type coefficient to be
a constant and allows it to be a function of the noise process. Nevertheless, the article [28] imposes
some serious restrictions on the coercivity/Lyapunov-type coefficient, which are satisfied in the case
of stochastic Kuramoto-Sivashinsky equations (see, e.g., [28, Lemma 5.2 and Theorem 4.6]) but not
in the case of stochastic Burgers equations (see, e.g., Lemma below). More precisely, the compo-
sition of the coercivity /Lyapunov-type coefficient and the driving Ornstein-Uhlenbeck process needs
to admit suitable exponential integrability properties (cf., e.g., [28, Theorem 4.6 and Corollary 5.8])
because the coercivity/Lyapunov-type coefficient is employed in a Gronwall-type argument (cf., e.g.,
[28, Corollary 3.2 and Corollary 2.6]), which, in turn, requires a suitable exponential term to be in-
tegrable. To the best of our knowledge, there exists neither a strong nor a weak temporal numerical
approximation result for stochastic Burgers equations with space-time white noise in the scientific
literature. It is a key contribution of this paper to relax the restrictions on the coercivity /Lyapunov-
type coefficient in [I] and 28] so that strong convergence for numerical approximations for stochastic
Burgers equations with space-time white noise can be achieved. In order to obtain a strong con-
vergence result for stochastic Burgers equations, we prove that suitable exponential integrability
properties of the composition of the coercivity/Lyapunov-type coefficient and a transformed driving
Ornstein-Uhlenbeck process also yield strong convergence (see Theorem and Proposition be-
low). Additional important ingredients in the proof of the convergence result are transformations
of semigroups for solutions of SPDEs (see Proposition below) and Fernique’s theorem (see, e.g.,
Proposition below).

To illustrate the main result of this paper (see Theorem below) we specialize it to the case of
stochastic Burgers equations. This is the subject of the following theorem.

Theorem 1.1. Let T € (0,00), 0 € (Y8,Y/4), x € (0,92 — V6], H = L*((0,1);R), let A: D(A) C
H — H be the Laplace operator with Dirichlet boundary conditions on H, let (H,, (-,-)y s [I[lg,),
r € R, be a family of interpolation spaces associated to —A, let & € Hyy, let F': Hyy — H_yp,
(en)nen=(1,23,.1: N = H, (Py)nen: N = L(H), and (hp)nen: N = (0,T7] be functions which satisfy
for allv € Hys, n € N that F(v) = —3(v?), €, = (V2sin(nmz))se0,1), Pu(v) = 35 ;{er, v)mex, and
lim sup,, o Am = 0, let (Q, F,P) be a probability space, let (Wy)icjo.r) be an Idg-cylindrical (2, F,P)-
Wiener process, let X", O™: [0,T] x Q — P,(H), n € N, be stochastic processes, and assume that for
alln € N, t € [0,T)] it holds P-a.s. that O} = [ P, e=*)4 dW, and

t
A = P, ¢ + / P, elt=941

i F(X[;Jhn)ds%—(’)f. (1)

n n s A —
%7y, N +107), +Paetdin e, <|hn|=x)

Then



(1) there exists an up-to-indistinguishability unique stochastic process X: [0,T] x Q — H, with
continuous sample paths which satisfies that for all t € [0,T] it holds P-a.s. that

t t
X, = e¢ + /0 eI P(X,) ds + /0 =D qw, (2)

and
(i1) it holds for all p € (0,00) that

limsup sup E[||X, — & |};] = 0. (3)

n—oo  te[0,T]

In the framework of Theorem we note that the stochastic process X in (fif) in Theorem is

a mild solution process of the stochastic Burgers equation

Xy (1) = 23 Xi(x) — Xi(x) - ZX4(2) + ZWi(w) (4)
with Xo(z) = £(x) and X;(0) = X;(1) =0 for ¢ € [0, 7], z € (0,1). Observe that () in Theorem [1.1]
follows, e.g., from Blomker & Jentzen [2, Theorem 3.1 and Subsection 4.3], while in Theorem is
an immediate consequence of Corollary below. Moreover, we note that the scheme proposed in ({1))
is a modified version of the scheme proposed in [28] for stochastic Kuramoto-Sivashinsky equations
(cf. [28] (90)] with (1]) above).

The remainder of this paper is organized as follows. In Section [2| the required a priori moment
bounds for the proposed scheme are established. In Section [3| the error analysis is first performed in
the pathwise sense to obtain pathwise convergence in Proposition |3.3| and pathwise a priori bounds
in Proposition [3.4] Combining these pathwise results allows us to accomplish strong convergence
in Theorem for a large class of SEEs on general separable R-Hilbert spaces. In Section [5| we
verify the assumptions of Theorem in the case of more concrete SPDEs on the Hilbert space
L*((0,1); R) and we prove strong convergence in Proposition To derive Proposition we also
employ the properties of stochastic convolution processes in Proposition [5.6] which are obtained using
Fernique’s theorem (see Section . In Section |§| we apply Proposition in the case of stochastic
Burgers and stochastic Allen-Cahn equations and establish strong convergence in Corollary and

in Corollary [6.11], respectively.

1.1 Notation

Throughout this article the following notation is frequently used. For every set A we denote by P(A)
the power set of A, we denote by #4 € Ny U {co} the number of elements of A, and we denote by
Po(A) the set given by Py(A) = {B € P(A): #p < oo}. For all measurable spaces (4, .A) and (B, B)
we denote by M (A, B) the set of all A/B-measurable functions. For every set A € B(R) we denote
by Aa: B(A) — [0, 00] the Lebesgue-Borel measure on (A, B(A)). For every measure space (2, F, (1),
every measurable space (5,S), every set R, and every function f: Q — R we denote by [f]
the set given by [f], s = {g € M(F.S): (3A € F: p(4) =0 and {w € Q: f(w) # g(w)} € A)}. For
every h € (0,00) we denote by |-|,: R — R the function which satisfies for all ¢ € R that [t], =
max((—o0,tN{0, h, —h,2h, =2h,...}). We denote by (-): {['U]x\(o,l),B(R) e P(M(B((0,1)),B(R))): v €
C((0,1),R)} — €((0,1),R) the function which satisfies for all v € C((0,1),RR) that [V]xe.1.B@®) = V-



For all real numbers 6 € (0,1) and p € [1,00) we denote by ||“[[,yo.n(01)r) : M(B((0,1)), B(R)) —
[0, 00] the function which satisfies for all v € M(B((0,1)), B(R)) that

1 L ) o)l 1
|‘U’|W9,p((071)7R) = |:/(; ‘v(x)‘p dz —|—/0 /0 W dx dy . (5)

2 A priori bounds

In Proposition and Corollary below we establish general a priori bounds which will be used
in Section [3| to obtain a priori bounds for the proposed approximation method. Before we state
Proposition [2.6) and Corollary 2.7, we present in five auxiliary lemmas, Lemmas [2.112.5] elementary
results which are used in the proofs of Proposition [2.6] and Corollary 2.7, In particular, we prove
a priori bounds for general Lyapunov-type functions in Lemmas 2.5, whereas in Proposition [2.6
and Corollary [2.7] we establish a priori bounds for a particular choice for the Lyapunov-type function.

2.1 On strong and mild solutions of semilinear evolution equations

The next elementary and well-known result, Lemma [2.1} presents a version of the fundamental the-
orem of calculus and the chain rule. It is employed in the proof of Lemma below.

Lemma 2.1. Let (V,|-||;,) be a nontrivial R-Banach space, let (W, ||-||;,) be an R-Banach space, let
U CV be an open set, let f € CHU,W), a € R, b € (a,00), let z: [a,b] — U be a function, and let
y: [a,b] =V be a strongly B([a,b])/(V, ||-||;/)-measurable function which satisfies for all t € [a,b] that
[P 1lysllv ds < oo and

t
Ty = g + / Ys ds. (6)
Then
(i) it holds that the function [a,b] > t — f'(x;)y, € W is strongly B([a, b])/ (W, ||-||y)-measurable,

(i1) it holds that ff | f/(xs) ys||lw ds < oo, and

(111) it holds for all ty € [a,b], t € [to,b] that
¢
Fla) = 1)+ [ £()ds @

Lemma 2.2. Let (V. |-||,,) be a separable R-Banach space, let A€ L(V), T € (0,00), let Y: [0,T] —
V' be a function, and let Z: [0, T) — V be a B([0,T])/B(V)-measurable function which satisfies for
all t € [0,T] that supe 7 | Zsllv < 00 and Y; = f(f et=94 7. ds. Then

(i) it holds that Y is continuous and

(ii) it holds for all t € [0,T] that Y, = [, AY, + Z,ds.



Proof of Lemma[2.3 First, note that for all t € [0,T] it holds that V; = ¢4 fot e *4 Z,ds. The
assumption that A € L(V) and the assumption that sup,e 7 [|Zs|lv < oo hence prove that Y is
continuous. Moreover, Lemma (with V =RxV, W=V, U=RxV, f=RxV >3 (t,v) —
etveV),a=0,b=T,0=(0,T] 3t (t, [} e Z;ds) eRxV),y=([0,T] >t (l,e 1 Z) €
R x V), to = 0 in the notation of Lemma ensures for all ¢ € [0, 7] that

t t s t t
Y, =4 / e 7, ds = / Ae*t / e A 7, duds + / eAe A Z . ds = / AY, + Z, ds. (8)
0 0 0 0 0

The proof of Lemma [2.2] is thus completed. O

Lemma 2.3. Consider the notation in Subsection let (V.||]ly;) be a separable R-Banach space,
let T € (0,00), 7 € [0,00), h € (0,T], A € L(V), and let Z: [0,T] — R, Y,0,0: [0,T] = V,
and F:V — V be functions which satisfy for all t € [0,T] that nO € C([0,T],V), O = Oy —

fot =84 O, ds, and

t
Y; = e (Yo — Op) + /0 eI 71 F (Yis),) ds + Oy (9)

Then

(1) it holds that the functions [0,T] 5t — Y, — O, € V and [0,T] 5 t — nY; € V are continuous
and

(ii) it holds for allt € [0,T] that Y; — O, = Yy — Qg + [(A—n)(Ys — O,) + Z1s), F(Y]s),) +nYs ds.

Proof of Lemma[2.5. Throughout this proof let A € L(V') be the linear operator given by A = A—n
and let Y, E: [0,T] — V be the functions which satisfy for all t € [0,T] that Y; = Y; — O, and
E, = f(f e=94n0,ds. Note that the assumption that nO € C([0,7],V) and Lemma (with
V=V, A=A T=T,Y = FE, Z=n0 in the notation of Lemma prove that F is continuous
and that for all ¢ € [0, 7] it holds that

t
Ei = / AE, + 10, ds. (10)
0
Moreover, observe that for all ¢ € [0, 7] it holds that

¢

Y, — O = " (Yo — Oy) +/ A Z 0 F (Ys),) ds. (11)
0

This and LemmaR.2 (with V=V, A=A, T=T,Y = ([0,T] 3t = (Y, — O; — " (Yo — Op)) € V),

Z = ([0,T] 5t~ Z_,F(Yy,) € V) in the notation of Lemma prove that for all ¢t € [0,7] it

holds that (Y — O) € C([0,7],V) and

t
Yt—Ot:Yb—Oo-i-/ A(Ys_os>+ZLthF(Yszh) ds. (12)
0

This and the fact that E£,70 € C([0,T],V) ensure that the functions [0,T] > ¢t + Y; € V and
[0,7] > t — nY; € V are continuous. In the next step we combine and to obtain that for



all t € [0,77] it holds that

t

A(Y; — Os> + ZLSJhF(YLSJh) ds + E;

t

A(Y, — Oy) + Z5), F (Yis),) + AE; + 10, ds

t

A(Y, = O,) + Z15), F(Ys),) + AE; + 10, + n(Y; — Oy) ds (13)

t

A(Y, = O+ E,) + Z15), F (Y]s),) + Y ds

t
AY, + Z15), F (Ys),,) + 1Y ds.

Y=Y+

+

Il
o

I
— — S o —,

+

+

I
o

Yo +
The proof of Lemma [2.3]is thus completed. O

2.2 General a priori bounds
Lemma 2.4. Consider the notation in Subsection let (V.||-]ly;) be a nontrivial separable R-
Banach space, let T € (0,00), n € [0,00), h € (0,T], A€ L(V), Ve CY(V,R), FeC(V,V), and let
Z:00,T] =R, Y,0,0: [0,T] =V, and ¢, f: V — R be functions which satisfy for all t € [0,T] that
foOeC([0,T],R), nO € C([0,T],V), O, = Oy — fot =)A= nO, ds, and
t
Y, = e (Yo — Op) + / eI 21, F (Yis),) ds + Oy (14)
0
Then
(1) it holds that the functions [0,T] 2t+— Y, — O, €V and [0,T] >t — nY, € V are continuous,
(i) it holds that supseo 1 |F(Y: — O, + Oy,) Hv < 00, and
(111) it holds for allt € [0,T] that
e Jo 9O, )T O ds y(y, — ©,) = V(Y — Op)

+/ ~Jo O T O Ay (v — Q) [(A =) (Ys — Q) + Z ), F(Ye — Oy + 0y, +1Ys] ds
0
+/0 —Jo $(Ouy;,)+f(Ou) du 215, V' (Ys = O [F(Ys),) — F(Ys — Oy + O,) ] ds (15)

—/t [6(0,) + £(0,)] e K XL+ @ dey(y, — Q) ds.
0

Proof of Lemma[2.] Throughout this proof let Y: [0,T] — V be the function which satisfies for all
t € [0,7] that Y; = ¥; — Q,. Note that LemmaR.3| (with V =V, T =T, n=n, h = h, A = A,
Z =272,Y =Y, 0 =0,0 =0, F=F in the notation of Lemma and the assumption
that F' € C(V,V) establish that for all ¢+ € [0,7] it holds that Y € C([0,T],V), nY € C([0,T],V),
SUD (0,77 HF(YS —0s + @Lth) HV < 00, and

t
Y, =Yo+/ (A=Y, + Z ), F(Ys),) +nYeds. (16)
0



This and Lemma R.1] (with V=R xV, W =R, U =R xV, f = (R xV > (t,v) = e ' V(v) € R),
a=0b=T 2= (0T] 5t~ fo @LSJh)+f( )ds, V) € Rx V), y= (0T >t~
(0(O,) + F(O), (A=Y, + Z,4, F(Yy),) + nYs) € R x V), tg = 0 in the notation of Lemma
ensure for all ¢ € [0, 7] that

fO ®L5Jh +f dsv(y)

t
=V(Yy) + / e~ Jo #Ouy;,)+/(0u) du V'(Y,) [(A — )Y, + ZLSJhF(YLSJh) + 77Ys} ds
0

t . _
¢ O s -+ f @S e I 3Oy, )+f(Ou) du Vds
[s]n V(Y.
0 d

= V(¥) +/0 o $OL O (V) [(A = )Ya + 2oy, F (Ya + Oa,) +1Ya) ds "
b [ B0 21 )[R (V) — BT+ 0u0,)]
— [ 18(01) + F@] 5 OO, g
The proof of Lemma is thus completed. O

Lemma 2.5. Consider the notation in Subsection let (V,|Illy/) be a nontrivial separable R-
Banach space, let T € (0,00), n € [0,00), h € (0,T], A€ L(V), Ve C'(V,[0,00)), F € C(V,V),
e € C(V,]0,00)), and let Z: [0,T] — [0,1], Y,0,0: [0,T] — V, and ¢,®,f,g: V — [0,00) be
functions which satisfy for all vyw € V, t € [0,T] that fo O, go @ € C([0,7],]0,00)), nO €
¢([0,7],v), V(v )F(U +w) < ow)V(v) + ¢(v) + (w), NV'(v)(v +w) < fw)V(v) +g(w), O =
O, — f (t=s)A=n) nO, ds, and

t
Y, = etd (}/0 — Og) + /0 et=)4 ZLSJhF(YLSJh) ds + Oy. (18)

Then
(1) it holds that the function [0,T] > t— Y, — O, € V is continuous,
(i) it holds that sup,e( 1y |F(Ys — Oy + Oy,) Hv < 00, and
(1ii) it holds for allt € [0,T] that
V(Y = 0) < el ¢QL O dy (v, — Op)

+ / els 2Oy, )+£(0u) du [V/(Y, — O)(A = n)(Ys — O,) + (Vs — O,) + (O, ) + 9(05)] ds
0

t
+ / el #OL)H O 7 (Y, — 0,)[F(Yia),) — F(Ys — O, + 0yy,)] ds. (19)
0

Proof of Lemma ; Throughout this proof let Y: [0,7] — V be the function which satisfies for
all t € [0,7] that ¥V; = Y; — Oy and let A € L(V) be the linear operator given by A = A — 7.
Note that Lemma 2.4 (with V =V, T =T, n=n h=h A=AV =(V>v— V() € R),



Z=(0T>5t— Z €eR),Y =Y,0=0,0=0, ¢ =(V 30~ ¢v) €R),
(%

= ( > v+ f(v) € R) in the notation of Lemma ensures that for all ¢ € [0,7] it holds that
€ C([0,T],V), supseqo 1y |F(Ys — Os + Oyy,) Hv < 00, and

e~ Jo 0Ly, )+ (@) ds ()

t
= V(¥p) + / e~ I CO ORI (V) [AY, + Z10), F (Vi + Oy, ) + 1Y) ds
0

. ) ) 20)
+ /0 e~ o CL O 7 | (V) [F(Yap,) = F(Ye+ Opy,)] ds (

_/Ot [¢(©sz) f(O )} ¢(©Lth)+f(@u)duV(57)d

Furthermore, the assumption that Vo, w € V: V'(v)F(v 4+ w) < ¢(w)V(v) + ¢(v) + ®(w) implies for
all s € [0, 7] that

V(Y Z ), F (Ys + Oy),) = 25, V' (V) F (Y + O,

= _ _ _ (21)
< 2151, [#(01s,) V(Ye) + (V) + 2(Oyyy,) ] < ¢(@Lth)V(Ys) +o(Y;) + (0, ).
This together with proves for all t € [0, 7] that
fo Oy, +f(@s)d$V(Y) < V(Yb) +/ = Jo #(Ou), )+ (Ou) duV/(st)AY; ds
0
t
+/ - 3Oy, )+f(Ou) du [¢<@L8Jh)V(YS)+W(Z)+®(@L8Jh) +77V/(Z)(K+@s)] ds
0
(22)

t
+/ e Jo ¢OLy T O du 7 | (V) [F (Vi) — F (Vs + O, )] ds
0

_ /t [¢<©L8Jh) N f(@s)} - fOS ¢(@Lth)+f(@u)du V(Y/;) ds.
0

The assumption that Vv, w € V: nV'(v)(v+w) < f(w)V(v) + g(w) hence establishes for all ¢ € [0, T
that

fO (D)LSJh +f dsv(y) <V(%)+/ f() (O)L'U'Jh +f(@ duVl( )AY ds
0

_|_/0 —Jo $(Opuy;, )+ (Ou) du [qb(@Lth)V(YS) + QO(YS) + q)((D)I_SJh) + f(O5)V(Y;) + g(@S)] ds

+/ I3 60O 7 (T [F(Y,) — F(T,+ 0y, )] ds
N (23)
_/ [6(0),.) + F(O)] e Jo 2O TGO Ry () ds
0
t
= V(Yp) +/ e~ Jo O H @I I (VAT 4 o(V,) + (0, + 9(05)] ds
0

t
+/ i 6O )T @ de 7 N (V) [F(Yig,) — F (Vs + Oy, )] ds.
0



This assures for all ¢ € [0, 7] that
V(Y;) < elo @(OLay )+ (©:)ds (i)

t
N / els #CL)HO) & Y TIAY, + o(V,) + B(O4), ) + 9(0,)] ds (24)
0
t
+ / efs A(Ouyy,)+f(Ou) du ZLthV/(Y/S) [F(YLth) - F(Y/S + (O)LSJh)} ds.
0

The proof of Lemma is thus completed. O

2.3 A priori bounds based on a coercivity-type assumption

Proposition 2.6 (A priori bounds). Consider the notation in Subsection let (H, () I Nlg)
be a separable R-Hilbert space, let H C H be a nonempty orthonormal basis of H, let 5,T € (0,00),
n,0,9,k,x, ¢ €[0,00), a €R, p € (-0, 1 —a), g€ [p,p+1], ¥ € (—0,2 —2¢), h € (0,T], F €
C(H/H), Ae L(H), let \xH— R, Y,0,0: [0,T] - H, and ¢,P: H — [0,00) be functions which
satisfy nO € C([0,T], H), supyeg Ay < min{n, s}, and Vb € H: Ab = \yb, let (H,, () g 5 [I'llg,),
r € R, be a family of interpolation spaces associated to k — A (cf., e.q., [42, Section 3.7]), and
assume for all v,w € H, t € [0,T] that (v, F(v+w)), < 2o(w)|v]3 + ¢l|(n — A)"ol|3, + 1d(w),
I1F @)%, < 0max{l, HUHH;?} I(n = A)"PIF(v) = F(w)]|[7 < 8max{1, o]}, Hv — wllf, + 6 v -
wH2+’9 0, =0, — f et=)A=1 pO_ ds, and

t
Y, = (Y - Op) +/ I 0 ([ Vsl + 1O1asall, ) F (Vs ds + O (25)
0

Then

(1) it holds that the functions [0,T] 5t — Y, — O, € H and [0,T] > t — nO, € H are continuous
and

(i1) it holds for allt € [0,T] that
¢
1Y — Ol + w/o els PCL QDA () — A)P(Y, - O,) |5 ds

t
< b 0Dy O 4 [t S0 [a(0,,) + 2101
0

249

n 0" D) [14 (4 M+ /T —n]e" )| (k= A)P 2| L (11)+V0B|| (k= A) ™00 || /)20 [max{ 1, [T ||y/MOul| 1, du}|
(1—¢p w/z)(l max{a+p,0})2+?

masc{ 2, W00, p2maectp0) (00 (T 0, 12 du (26)
‘ ]max{h_x, h, pp 1-max{atp,0}—(149/2)x ,fo ||\/ﬁ0u||Hg du}} }

Proof of Proposition[2.6. Throughout this proof let Z: [0, 7] — [0, 1] be the function which satisfies
for all s € [0,T] that Z, = Lo (IIYsllm, + [|Osllm,), let A € L(H) be the linear operator given by
A=A—n,and let Y: [0,7] — H be the function which satisfies for all ¢ € [0, 7] that ¥; =Y; — Q.
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Observe that the Cauchy-Schwartz inequality and the fact that Va,b € R, e € (0,00): ab < ea® + Z—i
prove for all v,w € H that

2n{v, v +w)g = 2n||vllg + 2n(v,w)a < 2nllvlly; + 2nllvllmwllm

(27)
< 2nflollE + 20Bl|vllE + S5 llwlls = 20(1 + B)llvliz + 35wl

In addition, the assumption that nO € C([0,7], H) and Lemma (withV =H, A=A T=T,
Y = (0,T] >t — fot =94 n0,ds € H), Z = nO in the notation of Lemma ensure that
n0 € C([0,T],H). This, (27), and Lemma 2.5 (with V.= H, T =T, n =n, h = h, A = A,
V=(H>vw o] €[0,00)) € CY(H,[0,00), F=F, ¢ =(H3>uvw 20| (n— A) "% € [0,00)),
Z=Z,Y=Y,0=0,0=0,0=¢,2=9, f=(H>32v—2n1+p) €0,00)), 9= (H>
v+ 1/@2p)||v]|% € [0,00)) in the notation of Lemma establish that for all ¢ € [0, 7] it holds that
Y € C([0,T], H) and

I¥:]1% < o oCu) T2+ ds |7 2

+ / I 0L e |27, AV + 200 (0 — A) 2T 3 + @(0y4),) + 5104013 ds

i Q/t oJL 90y, )+2n(1+48) du 21 (Ve F(Yia),) — F(Ya + O),)),, ds (28)

0
= el PO )T ds 172 / 00, 1) —Ull(—A) T3 + @(04y,) + B0 | ds
0
4 / SO [ (o 9 )AL + 220y (Ve F(Viags) — F(Ye + Opap)) ] ds.
0

Next note that the fact that 2—2p —1 > 0 and the Cauchy-Schwartz inequality show for all s € [0, 7]
that

- (2 —2p — w)”(_A)l/ZYSHJ%I + 22L£Jh<)_/;7 F(YLSJh) - F(}_/; + @LSJh)>H
< Zgy, [ (2 = 20 = )| (—A) YL} + 2((—A) 7Y, (A) P [F(Yisp,) — F(Ya+ O, ]) ) (29)
< Zap, [—(2 = 20 = W) (—A) YL |15 + 21 (—A) Yol ]| (—A) " [F (Yisy,) = F (Ve + Opp) ]l -

The fact that Va,b € R, € € (0,00): 2ab < ea® + % hence proves for all s € [0, 7] that

— (2 =20 — ) [(=A) Yoy + 221, Ve, F(Yia),) = F(Yo + Op,))
< oy Ziap || () [ (V) = F(Ye+ O]

This together with ensures for all ¢ € [0, 7] that
t
L R N A
0

t
< eo #(O01s),)+2n(145) ds 1Yo l1% +/0 eJs 3Oy, )+20(146) du [®(04,) + %H@s”%{] ds (31)

t
== /0 el KO DA 7| (—A) 2 [F (Vag,) = F (Ve + Opag, )] 1 ds.

11



Furthermore, the assumption that Yo, w € H: ||[(=A) *[F(v) — F(w)]||%} < #max{1, ||U||}9{g}||v —
wl[f, +0llv— wH%};ﬁ shows for all s € [0, 7] that
_ - 2
Zjaju | (=8) 2 [F (Viag) = F(Ya + O, )]l

SZwﬁ[maX{LHYLthHZQ}||YLth Vil + Vi — YHM]

(32)
< 20,0 | Vs, = Vo[, [mac{1, i7" + [[¥1y, = Vi[5, ] -
Moreover, observe that for all s € [0, 7] it holds that
Z15)lM g = Olsy = Ys + Osllm,

= Zi | (7108 W) (Viag, = Opp) + [ €4 P(Y],y,) du|
Lsln P

< Zip || (47994 ~1dn) (Vieg, = Oy, ) [, + ¥ =4 F (Vi) ||, ] (33)
sln

< Dy || (k= A)p7e (7 BI0A —1d ) Yisgn = Ol

o] I,

# Zugy T = A [ 01
s]h

Note that the fact that V¢ € [0,1], ¢ € (0,00): (||(x — A)79(e"*™ — Idp)| Ly < ¢ and ||(k —
A2 e A9y < t79) (cf., e.g., Lemma 11.36 in Renardy & Rogers [39]) and the fact that Vz €
R: |e® — 1| < |z|el! imply that for all s € [0, T]\{0, h,2h, 3h, ...}, u € [|s]4,s), 7 € R it holds that

16 = A)re (A —Tdy) |

— s—|s A—k

< = AP (1), o

< s — Ls]al® + ||(x — A)Pe e(S*LSJh)(AfH)HL(H)|6(H8M)(H*T) —1| (34)

<P (s = L)k — et B (s — A2 iy

<P bl = rle™ | (k= )|y

][5 — Aype (el sl _ loLslna=m)y |

and
H(K_AVM‘E(S%)AHL(H) < H(“_ A)Ptoe (s—u)(A—r ”L(H) pls—u)r

(35)
< (S - u)fmax{a+p 0}”( . A)mm{a+p,0}||L(H)ehn.

This, (33), (34), and the assumption that Vv € H: ||[F(v)||}_ < #max{l, ||"UH2+19} yield that for all

12



s € [0, T]\{0, h, 2h, 3h, ...} it holds that
Z1sy Y spy = Olagyy = Yo+ Oulla, < Zy, i [0 + hie! || (5 — A)P~8|| o))

+ Zyag €[ (5 = Ayt Oy [ (s —u) PO P (Y ) |, du

SJh

< hOTPTX 4 hl_xmeh“H(/{ _ A)P—Q“L(H)

" minfa s—|s l1—max{a+p,0} 1+19/
t+ Zioj €| (5 = AT gy B eV max {1, ||V, [l )
< hETPTX 4 B X ke | (5 — A)PO Lo

Y A B B 1,1 0

ehn
< 1—max{a+p,0}

VB — AP0 gy ) a1 (4
_ (L k(e = Ay + VB = AP i)
B (1 — max{a + p,0})
: max{hg_”_x, hl_x’ hl—max{a-ﬁ-p,O}’ hl—max{a—i-p,O}—(l-i,-ﬁ/z)x}
< ehn(l + k||(k — A)P—QHL(H) + \@H(’f _ A)min{a+p,0}HL(H)) max{h, he—PX, hl—max{a+p,o}_(1+o/2)x}
a (1 —max{a+ p,0}) .

[P s B = A

Moreover, the fact that V¢ € [0,00): |||/ ) < 1 and prove for all s € [0,T]\{0, h,2h,3h, ...}
that

s Ls]n
H [ p0, du— [ ellshh=whpo, du‘
0 0

P

Lsln s
_ H (eC=lswd _1dy) [ et n0, du+ [ WA 0, du‘
0

Lsln

Ls]n
< o = A7 (0% 1) [ 1[0 00, 7

P

S

+ s = APl i e | iy InOull sz, du

Lsln

[ 1nOulla, du

Ls]n
< [0 + hlk =l (k — AP0 Of ||n0u||H9du+||(;<;—A)P‘9||L(H)H
s]h

T s
< [0 + hlw =l | (k — A)P78 L] [ lInOulla, du +[1(s = A)"¢ ) L{ 11O0ull 1, du.
Slh

13



This and ensure for all s € [0, 7] that

. - S T P o(s—u)h
21y I¥iag = Yoll, = Ziag, | Vi = Oty + [ U g0, = ¥4 O, = [ 9 50,

P

< ZSJhHYLS _OLS —-Y, —f-O ||Hp

+ ZLSJh

fe(s WA PO, du — f (Lslh=wh po, du‘

P
(Lt 5 = A2y + V(s = A ) mae{ e, plomesde o040
B (1 _ma’X{a+p70})
T s
+ [0+ hlw — e (5 — A)P7 |10 [ InOulla, du +[1(s = A\l [ InOullm, du

Lsln

ehn(l + /‘f||("f _ A)”*QHL(H) + \/§||(/{ _ A)min{a+p,0}||L(H)) max{h, he—P=X, hlfmax{a+p,0}7(1+ﬁ/2)x}
= (1 — max{a + p,0})

T
P[00 4 Bl = et (k= A) ) I 9O, d (39)

+ e/l (5 = A7 ey L{ IvnOul 1, du
slh

< e [14k|| (k—A)P 2| L (1) +VO| (5 — ALt O3 | |y (14| k=] (k= A)P | (1)) J3 INOull b1, durt /71l (5—A)P~ 2| (1))
— (1—max{a+p,0})

max{h pe—P=x pl-max{ate0}=(1+7/2)x fLth Iv/n0ul &, du}

Next note that for all a € [1,00), b, ¢ € [0, 00) it holds that
lab|?(c + |ab]”) < a*™PV*(c 4+ b?) < 2a*TVb* max{c, b”}. (39)

This, (32)), and show for all s € [0,T] that

2

2ol (=A) 2 [F (Yisp,) = F(Ys + O],

< 2oeh~<2+ﬂ>[1+<~+f>||<n APy VBl (k= A0 |+ (s —nle (5= A)P =2l o) ST InOullr, du)2+
= (1—max{a+p,0})277

—p— —max{« — S 2
. ’maX{h, he—P=x pl {atp.0} (Hﬁ/Z)XafLSJh [v1Oul |1, duH

‘ |maX{17 hX, b, he P X, hl—maX{a-l-p,O}_(l—&-ﬂ/Q)X’ fLsth |v/10ul 1, du} }’9 (40)

206M @ [14 (k4 Il (k= A)P | o) F VB (= AL+ 20| g (1 =l | (k= A)P =@l o)) ST [mOll 1, )+
(I—max{a+p,0})277

—p— —max{« — S 2
_ ‘max{h, he—P X |1 {a+p,0} (Hm)xvftsjh /70wl i, duH
— —max{ o — S v
. |max{h X h,ht {ate.0} (H%)Xaﬂsjh ||\/ﬁou||Hg du}‘
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Observe that Holders inequality implies for all s € [0, 7] that
max{h, he=¢—x, ptomatotp =R s Lm0, du b ‘2
— —max{« — S v
. |max{h X h,h! {atn,0} quﬁ/Q)X;f[th ||\/ﬁou||Hg du}‘
2
< e, o, st S-en R OB du)

(41)
— —maxq« — S v
Jmax{h~, b, KRt O- 0 [ O, |y, )
< max{h2 h2(e=p=x) p2(1—max{a+p,0}—(1+9/2)x) thT H\/ﬁo H% du}
> ) ) ) Uil Hy
- [max{hX, h, hlmmeaetp O =X (T 0, |y, du}|”
This and establish for all s € [0, 7] that
1 = 2
2o || (=AY 2 [F (Yisp,) = F (Vs + O I
< 20em N [14 (k) || (k= A)P || 11y +VO | (s— A)™m o203 || Ly (14| k—n] e || (= A)P 2| (1)) J3 InOullmr, du)?+?
> (1— max{a—i-p 0})2+7? (42)
maX{hQ p2(e=p—) h2 (1—max{a+p,0}—(1+%/2)x hf(;‘rH\/_O HHQ du}
’max{h X h hl max{a+p,0}—(1+9/2)x H\/_O ||Hg du}}

Combining with yields that for all £ € [0,77] it holds that

t
Filly+ 0 [ O e )y

< eJo 9Oy )t ds g2y / J3 #(O ;) +20(148) d“[ (O),) + 35105 HH}

2060 [ (54 7) (5= A) 2 1y VBl (5= A 20) | )+ e (5= )2l ) S [ImOulliry de?*? (43)
(2—2¢—)(1-max{a+p,0})?+?

. max{hQ, h2(g—p—x)’ hZ(l—mEX{Oé+P,O}_(1+19/2)X), h f(’)r ||\/ﬁou||%—[g du}

t
a8, WSO T 0,y du|” [ et g
0
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This assures for all ¢ € [0, 7] that
¢
R R e S A
0

t
< ef()td)(@t‘”h)ﬁn(prﬁ)ds HY/EJH%{ _'_/0 ef;¢(®tujh)+2n(1+6)du [(I)(@LSJh) + %H@SH%{

0 C40) (1t () (5= A)P 1 a1y VBl (= A0V g1y (1 =l (= A)~ 2 a1))
(= 7/2) (1= max{atp.0})* 7

max{1, 7 [|y/7Oullm, du} """ max{h?, pe=r=0, p20-maxtasot}=+9/200 b (Tl mO, |12 du}
|max{h X h hl max{o+p,0}—(14+9/2)x T”\/_O ||Hg du}‘ ] (44)

— o3 60, ) +20(148) ds Y512, +/0 ols A0y, )+20(1+5) du [CD(@Lth) + %H@SH?{

. 2449
0O (Lt (k-4 i/l —n]en) | (= APl iy + VBl (= Aot O |y /20 masc{ LT 1| /Ou 1, du}|
(I—p—9/2)(1—max{atp0])2T?

- max{ h2, h2(emr) | p2maxloctpO=(2/200) py (T RO, |12, dul
. |maX{h7X, h, hl*Iﬂ&X{@‘FP,O}*(l‘Fﬂ/Q)X’ f(,)T H\/ﬁOUHHQ du} ‘19] ds

The proof of Proposition is thus completed. n
The next result, Corollary [2.7] follows immediately from Proposition above.

Corollary 2.7. Consider the notation in Subsection[1.1], let (H, (-,-) ;||| ;z) be a separable R-Hilbert
space, let HH C H be a nonempty orthonormal basis of H, let B, T € (0,00), n,0,9,k € [0,00), ¢ €
0,1), a eR, pe[—a,1—a), 0 € [p,p+1], x € [0,220-20)/(149)], h € (0, min{1, T}] FeC(H H),
A€ L(H), let \:H — R, Y,0,0: [0,T] — H, and ¢,P: H — [0,00) be functions which satisfy
nO € C([0,T], H), supyeyg Ay < min{n, s}, and Vb € H: Ab = \b, let (H,, () 5 [I'lg.), 7 € R,

be a family of interpolation spaces associated to k — A, and assume for all v,w € H, t € [0,T]

that (v, F(v+w))y < so(w)lloly + elln — A)72ll3 + 32(w), [|F(v )II%_ < Gmax{1, [|v]|7."},
1(n—A)"2[F(v)—F (w )]IIH < Omax{L, |v][§, Ho—wl3 +0 [v—w|3’, O, = O,— [ =AM O, ds,
and .

Vim [ bl + [0l ) P () ds O (5

Then it holds for all t € [0,T] that nO € C([0,T],H) and

t t
IY: — Ol < / e 0O IR (0, ) + 2510,

0" D 14 (4 i+l —nle)|| (5= A)P €| L a1y +VO+/m > [max{1, [{ ||\/TOu 1, du}|
(1—p)(1—a—p)2+?

.max{hZ(Q*P*X)’h2(17afp*(l+ﬁ/2)x)7hfgﬂ ||\/ﬁOuH%IQ du} ‘max{h*x, [;f ||\/7_70uHHQ du}|ﬁ}ds

249

3 Main result

In the main result of this article, Theorem below, we establish strong convergence for an explicit
space-time discrete numerical approximation scheme for a large class of SEEs. Before presenting
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Theorem [3.5] we provide a few elementary and well-known results in Lemmas below. These
auxiliary lemmas as well as a pathwise convergence result (see Proposition below) and pathwise
a priori bounds (see Proposition below) are required in the proof of Theorem .

3.1 Fast convergence in probability

Lemma 3.1. Let (Q, F,IP) be a probability space, let (E,d) be a metric space, and let X,,: Q@ — E,
n € Ny, be strongly F /(E,d)-measurable functions which satisfy > oo E[min{1, d(X,, Xo)}] < oc.
Then it holds that {limsup,,_, ., d(X,, Xo) = 0} € F and P(limsup,,_,., d(X,, Xo) =0) = 1.

Proof of Lemma[3.1. Note that the assumption that Y >~ E [min{l, d( X, Xo)}] < oo and Markov’s
inequality ensure for all € € (0, 1] that

D P(d(Xn, Xo) > ) = > P(min{l,d(X,, Xo)} > €)
n=1 n:loo (47)
< éZE[min{l,d(Xn,Xo)}} < 00.

The Borel-Cantelli lemma hence implies for all € € (0, 1] that

]P( ﬁ G {d( X, Xo) > g}) = 0. (48)

n=1m=n

This proves for all € € (0, 1] that

P(O ﬁ {d(X,, Xo) <g}> (49)

Moreover, note that

{limsupd(Xn,Xo) = O} = ﬂ U ﬂ {d(Xm, Xo) < e} € F. (50)

nreo €(0,00)NQ n=1m=n

Equation hence shows that

P(limsupd(Xn,Xo)zo) =IP( N U ﬂ {d(Xpm, Xo) <5})

nreo €€(0,00)NQ n=1m=n (51)
— lim P d(X,, Xo) < e} | = 1.
iy ? (U ) 40650 < )
The proof of Lemma [3.1]is thus completed. O

3.2 A characterization of convergent sequences in topological spaces

Lemma 3.2. Let (E,E) be a topological space and let e: Ng — E be a function. Then the following
seven statements are equivalent:
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(1) It holds that e, € E, n € N, converges in (E,E) to ep.

(ii) For every function k: N — N with liminf, ,, k(n) = oo there exists a strictly increasing
function I: N — N such that eyqny) € E, n € N, converges in (E,£) to €.

(i1i) For every function k: N — N with liminf, . k(n) = oo there exists a function l: N — N with
liminf, o I(n) = 0o such that exmy) € E, n € N, converges in (E,E) to €.

(iv) For every function k: N — N with liminf,_,. k(n) = oo there exists a function I: N — N such
that exumy) € E, n € N, converges in (E,E) to ey.

(v) For every strictly increasing function k: N — N there exists a strictly increasing function l: N —
N such that exqmy) € E, n € N, converges in (E,E) to ey.

(vi) For every strictly increasing function k: N — N there exists a functionl: N — N with liminf,,_,
l[(n) = oo such that exqmy € E, n € N, converges in (E,E) to e.

(vii) For every strictly increasing function k: N — N there exists a function I: N — N such that
exm)) € £, n € N, converges in (E, &) to e.

Proof of Lemma(3.9. Consider the notation in Subsection It is clear that (({)) = (), ({i) =
{i), () = @), () = (vi), and ((vi) = (vi)). The fact that ((iv) = (vi])) and the fact that
(() = (v)) hence ensure that it is sufficient to prove that ((vil) = (i) in order to complete the proof
of Lemma . We show (([vi) = (f})) by a contradiction and for this we assume ((vii) A (=({))) in the
following. Observe that (ﬂ) assures that there exists aset A € £ with eg € A and #en. ¢,¢4) = 00.
This implies that there exists a strictly increasing function k: N — N such that for all n € N it holds
that

€kn) & A (52)

Next note that ensures that there exists a function /: N — N such that eyg)) € £, n € N,
converges in (E,E) to ep. This proves that there exists a natural number N € N such that for all
n € {N,N +1,...} it holds that eyn) € A. In particular, we obtain that ey € A. This
contradicts to (52)). The proof of Lemma is thus completed. O

3.3 Pathwise convergence

Proposition 3.3. Consider the notation in Subsection let (H,(:,)y.ll'll) be a separable R-
Hilbert space, let H C H be a nonempty orthonormal basis of H, let k € [0,00), let A: H — R
be a function which satisfies infpey Ny > —k, let A: D(A) C H — H be the linear operator which
satisfies D(A) = {v € H: >,y | \(b,0)u|* < 00} and Vv € D(A): Av = >,y —Xo(b, v) b, let
(Hpy 505 Illg,), 7 € R, be a family of interpolation spaces associated to k — A, let a € [0,1),
0 €[0,1—a), T,x € (0,bx), F € C(Hy,,H_,), X,0 € C([0,T],H,), let (H,)nen: N — Po(H),
(Po)nen: N — L(H), (hp)pen: N — (0,7], and X", O": [0,T] — H,, n € N, be functions, and
assume for allv € H, n € N, t € [0,T], r € (0,00) that P,(v) = >,y (b,v)ub, sup({||F(z) —
F)llno/Ie = yll: 2.y € Hyw # yomax{lallm,. lylln,} < r}) < o0, lmindy, o imnf({N: b €
H\H,,} U {oo}) = oo, limsup,,,_, .. (hm + subsejo 7 |Os — OF||1,) =0, X; = fot =94 P(X,)ds + Oy,
and

t
X = /O P eI Mo (|, N, + 10T, N,) F (A2,,) ds + O (53)
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Then it holds that limsup,, . sup,eo 7y [ Xt — &*||m, = 0.

Proof of Proposition[3.3. Note that the fact that Vr € [0,1], ¢ € (0,00): ||(k — A)" ™9 pgy < t77
(cf., e.g., Lemma 11.36 in Renardy & Rogers [39]) proves for all n € N, t € [0, 7], ¢ € [0,1 — 0 — )
that

sup (71" i amy) = sup (s“@TVI(k — A e L)
5€(0,T] s€(0,T]

54
< eTn_ sup (8(Q+a)|’<H—A)(Q+Q) es(A—n)HL(H)) < eTn < 00 ( )
s€(0,T
and
/ [(Ids, — Moo, ds < / My, = Palay, ey e €M Lo,y ds
= = A) (0 = Bl [ 5= A e s
= 05~ )0~ Pl [ € s = A5 s (55)
0
t
< eTn H(H—A)il(ld}[ _Pn>H2(H)/ S*(Q+s+o¢) ds
0
e |I(k — A)~'(Idy — Po)ll% T-emema)
- (1—p—c—a) '
This and the assumption that liminf, . inf({\,: b € H\H,,} U {oc0}) = co imply that
T
ligisolip (/0 1(Idm, — Po)e ™ nir_om,) ds) = 0. (56)

Combining the fact that lim sup,,_,, b, = 0, the fact that limsup,,_, . supie(o 71 [|0: = OF ||, = 0, (54)),
(56), and the fact that limsup,,_,. || Palm, || z(m,) = 1 < oo with, e.g., Proposition 3.3 in Hutzenthaler
et al. 28] (with V = H,, W = H_,, T =T, x =x, T = supte(&T](t(“a)HetAHL(H_a,HQ)), a =
0+, (Pney = (Hy, 2 v = Py(v) € Hy)nens (hn)neny = (hn)nen, F = F, ¥ = ([0,00] > 7
sup({0} U{||F(z) = FW)lla_o/llx — ylla,: 2,y € Hox # y,max{[|z|n,, lylla,} < r}) € [0,00)),
X =X, 0 =0, (Xn)neN = (Xn)n€N7 (On)nEN = (On)neN, S = ((O,T] 51 — (H_a S5 UV =
edv € H,) € L(H_,, H,)) in the notation of Proposition 3.3 in Hutzenthaler et al. [28]) shows that
lim sup,,_, o SUPsepo. 7] | Xt — A ||, = 0. The proof of Proposition 3.3 is thus completed. O

3.4 Pathwise a priori bounds

Proposition 3.4. Consider the notation in Subsection let (H,(-,-)y,ll"llz) be a separable R-
Hilbert space, let HH C H be a nonempty orthonormal basis of H, let n,6,9,k € [0,00), let \: H — R
be a function which satisfies infpeg Ay > —min{n, k}, let A: D(A) C H — H be the linear operator
which satisfies D(A) = {v € H: Y [X(b,v)|* < 00} and Vv € D(A): Av =, i — Mo (b, v) b,
let (Hp, () s IFllg,), 7 €R, be a family of interpolation spaces associated to k — A, let ¢ € [0, 1),
a€l0,Ye, pef0,1—a), o€ (p,l —a), 5,T € (0,00), x € (0, min{(1~a=r)/(14+9), (e=P)/(119/2)}], p €
[2,00), FF € C(H,, H_,), let 6, P: H — [0,00), (H,)nen: N = Po(H), (Py)nen: N — L(H_1), and
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(hn)nen: N — (0,7 be functions, let X", 0": [0,T] - H,, n € N, and O": [0,T] — P,(H), n € N,
be functions, and assume for allu € H, n € N, v,w € P,(H), t € [0,T] that P,(u) = ),y (b, w) 10,
(v, PuF(v+w))y < d(w)llollfy + ell(n — A)Polf + @(w), [[F()lF_, < 0max{L[l]Z"}. [I(n

A)PF(0) = F(w)]F < gmax{L, [lv]|f, Hlv — wll, +0 v —wl|F’, nO™ € C([0,T], P.(H)), O =

oy — f(f elt=)A= O ds, and

¢
A7 :/0 P e o g (| X, L, + 10800, 1) F (XL, ds + OF (57)
Then
(i) it holds for all n € N that X™([0,T]) U0™([0,T]) C P,(H) and
(1) it holds for allt € [0,T], n € N with h,, <1 that nO™ € C([0,T], H,) and

p/2
; “Hoy —1yp/2= 04 (1 (ret /04yl —nle | (= A)* =] ) +VO+ A+
1471 < 2O + 27 14 e

t ¢ n »
. / PO, D o o ) + 207 (58)
0

»/
+max {1, 17 /O, dub " max{ 1, 7 /7O I, du}| " ds

Proof of Proposition[3.4 Without loss of generality we assume for all n € N that H,, # (. Through-
out this proof let ¢,: P,(H) — [0,00), n € N, and d,,: P,(H) — [0,00), n € N, be the functions
which satisfy for all n € N, v € P,(H) that ¢,(v) = 2- ¢(v) and &, (v) = 2 - ®(v). Note that for all
n € N it holds that P, (H) is a finite-dimensional R-vector space and X™([0,7])UQ"([0,T]) C P,(H).
Corollary R.7] (with H = P,(H), H=H,, 8 =8, T=T,n=n,0=0,9 =9, k = K, ¢ = ¢,
a=a,p=p,o=0 X=X h=hy, F=(P,(H)>v— P,F(v) € P,(H)) € C(P.,(H),P.,(H)),
A= (P,(H) >v+— Av € P,(H)) € L(P,(H)), Y = ([0,T] >t — &X* € P,(H)), O = O",
Q= (0,T]3t— O € Po(H)), ¢ = ¢p, ® = @, for n € {m € N: h,, < 1} in the notation of
Corollary [2.7) hence proves that for all t € [0, 7], n € N with h,, < 1 it holds that nO™ € C([0, T}, H,)
and

t -
n n f; Pn ((O)nu )+2n(1+8) du [ = n n
127 = 07l < [ o, .01y, ) + B0,

249
0"+ [t (ki /M| =€) | (5= A)P || iy +VO+ /T [max{ 1L [T ||\/7O% || 1, du}|
(1-¢)(1—a=—p)**+?

-max{|h |2(9—p—x) |h |2(1—a—p—(1+19/2)X)7hn foT ||\/EOZ||§{Q du} ’max{|hn|_x,fg’ ||\/ﬁ03||Hg du}‘ﬁ}ds

[h2er,  )+2n(14+8) du n
= [ S AN or )+ il (59)

249

96“(2”)[1+(R+I+\ﬂﬂ el (k—A)P~ || L) +V0+y/m2+ [max{1, T |y/7O2 || 1, du}|
(1-¢p)(1—a—p)2+?

ma{ g 000, [ P 0P g (8 ORS, du fmasc{ [ S /7O, du} ] ds

Moreover, the assumption that x € (0, min{(-a=r)/(1+v), (e=r)/(149/2)}] implies that

l—a—p—(1+9)x>0, 1-9x>0, and o—p—(1+92)x>0. (60)
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This ensures for all n € N with h,, <1 that
mas{ [ X070, [, PO~ T ORI, du e[ 0 [VAOS , du}|”
SR N T e N M e A VT [
max{1, [hn|¥ [ 11701, du}|”
< max{L [§ [|V7O3 3, du} [max{1, J§ V7O s, duu}|”

The fact that Vz,y € H: ||z + yl|% < 2||z||%, + 2||y||% and hence show that for all ¢ € [0,7],
n € N with h,, <1 it holds that

(61)

or u
171 < 2071 +2 [ ORI ap o, ) 42

25105 1%

2419
0erCH (14 (k47— (k= A)P~ | ) VB /712 | max{ L JE || AOL 1, du}|

(1-p)(1—a—p)?+?
n n 19
{1, J§ 1023, du} [max{1, (5 /7% n, du}|” | ds
n f 2¢(0O" ” )+2 (148) du n
=207l +2 [ ST a oy, )+ 210,

0erH) (14 (k4 M4/ —n]eM) || (k—A)P—2 +V04,/m)2t?
N e N LY (62)

Jmax{1, [ VIO, du} | max {1, [T [1v/aOL 1%, du}}ds

n 9er 2+ 14 (1 fenleM[(k—A)P—2 VB 240
< 207l + 21+ HEEAN Ry

J320(07, | )+2n(1+5) du n
et 2e(01,,,) + 10215

+ [max {1, [T VA0 a, du} | max{1, [ |70, du}}ds.

This, the assumption that p € [2,00), the fact that Va,b € R: |a + b2 < 2727 L|a|?/? + 27/2~1|p|"/2,
and Holder’s inequality prove for all ¢ € [0,T], n € N with h,, <1 that

(1-p)(1—a—p)2+7

t ¢ " »
. |:/ efs 2¢(®|_ujhn)+27l(1+ﬁ)d |:2(I)( Lth )+%||@Z||§_]

0

16115 < 22 HIOp 1 + 277 [1 + 96”(2*“[1+<F~+ﬁ+ﬁ|n—nlen>||<n—A>PQHL(H)MW}Z% ”/2
t WH — t H

p/2
n 2420 n
+ |max{1,f0T IvnO% 1, du}| max{1, [¢ ||\/ﬁ(’)uH%{Q du}] ds] 63)
p/2
5’{( ) K k—mnle K— —0
< O + 2 1 A T M e
[P0, )+pn(1+p) du n
[ e gy, ) + 0z
p/2
o+ max{1, [ IO, du} " max{1, [ /AL, du} | ds
The proof of Proposition is thus completed. O
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3.5 Strong convergence

Theorem 3.5. Consider the notation in Subsection let (H,(:,)y.lllly) be a separable R-
Hilbert space, let (2, F,P) be a probability space, let H C H be a nonempty orthonormal basis of
H, let n,0,k € [0,00), let \: H — R be a function which satisfies infpeg Ay > —min{n, k}, let
A: D(A) C H — H be the linear operator which satisfies D(A) = {v € H: Y ;5 [Ap(b,0)u|* < 00}
and Vv € D(A): Av =3,y —Mo(b,v) b, let (Hy, () |-l ), 7 € R, be a family of interpolation
spaces associated to k — A, let o € [0,1), a« € [0,Y/2], p€ [0,1—0a), 0 € (p,1 — ), 9,T € (0,0), x €
(0, min{(—a=n)/(1429), (e=P)/(149)}], p € [2,00), F' € C(H,, H_,), let ¢, P: H; — [0, 00), (Hn)neN: N —
Po(H), (P)nen: N = L(H_1), (hp)nen: N = (0,7, and X",0": [0,T] x Q — H,, n € N, be func-
tions, let X™: [0,T] x Q — H,, n € N, be stochastic processes, let O™: [0,T] x Q@ — P,(H), n € N,
and X,0:[0,T] x Q — H, be stochastic processes with continuous sample paths, and assume for
allu € H, n € N, v,w € P,(H), t € [0,T] that Py(u) = > e (b,u)ub, (v, PF(v+w))y <
s(w)vll + lltn — A)Pollf + (w), |F(v) = Fw)lly_, < 01+ llollf, + [lwlg,) v — wlm,.
liminf,, o inf({A\,: b € H\H,, }U{o0}) = o0, limsupm_m [min{l,supse[O’T] 10s— O™, } 4 hm| =
0, O = OF — [y =)A= nOr ds, Xy = [§ P, =) ﬂ{lleJh g +1O7, ), g <lhal—xy F (X3, ) ds+ 07,

Hm sup,, ., Supycio. E[|O7%] < 00, P(X; = [T e DAF(X,)ds + O,) = P(XP = X7) = 1, and

. T fSTP¢(®T_ZJ ) du p/2 m||p m 2p+2p19
timsupE( [ e P max {1, [0(OF, )1 IO 1] O du} ds| < oo, (64
0

m— 00

Then
(i) it holds that limsup,, ., E[min{1, sup,cjo 7 | X: — X}[g, }] = 0,
(ii) it holds that limsup,, . sup,c E[[| Xellf; + (5] < o0, and
(ii) it holds for all q € (0,p) that limsup,,_, . Sup,c(o 7 E[|X; — x%] = 0.

Proof of Theorem[3.5. Throughout this proof let Q be the set given by

Q= {w e 0: (‘v’m eN,se[0,T]: T;Jhm@’) - X@hm(w)»

s (65)
N {w e (VS €10,7T]: Xs(w) = / VA B(X,(w)) du + Os(w)> },
0
let X™: [0,T] x Q — H,, n € N, be the sequence which satisfies for all n € N, t € [0, T] that
¥ (t— %20 n
A= /O Fue™ Ly ytior,, < (X, ) ds+ OF, (66)

and let 0 € [0,00), ¥ € (0,00) be the real numbers given by 9 = 20 and

[[ull

p- 2429
0 = max{1,||(n — A)""(k — Al } max{ (86> + 2 || F(0)|I3_.) maX{l, su{){ } pr}
u€Hy\{0

u %{p max{29—1,0
u;] (14 2m=0mth) e (67)

flull?
362{ sup - 1/2] [1—1— sup

ueH_,\{0} el Hoa u€H,\{0}
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Observe that for all n € N it holds that X, O, X", O, O", X" are stochastic processes with
continuous sample paths. In addition, note that the assumption that X,0: [0,T] x Q — H, are
stochastic processes with continuous sample paths and the assumption that V¢ € [0,77]: IP’(Xt =

fot elt—s)4 F(Xs)ds+ Ot) = 1 show that

{w €Q: (Vt € [0,7]: X,(w) = /Ot =4 P (X, (w)) ds + ot(m)} cF (68)

and

t
]P’(Vt c[0,7]: X, = / A P(X,) ds + Ot) = 1. (69)
0

This and the assumption that Vn € N, ¢ € [0,7]: P(X} = A[") = 1 yield that Q € F and
P(Q) = 1. In the next step let k: N — N be a strictly increasing function. The fact that
limsup,, o, E[min{1,sup,co.1 |0: — O}|m, }] = 0 assures that

lim sup E lmin{l, sup ||O; — Of(n)“HgH = 0. (70)
n—00 te[0,T]
This implies that there exists a strictly increasing function [: N — N such that
ZE {mln{l sup ||O; — (n))||HQ}} < 0. (71)
t€[0,T

Lemma [3.] (with (Q, F,P) = (O, F,P), E=R, d= (R xR > (z,y) = |z — y| € [0,00)), (Xpn)nen =
(2 > w = supye ) [|0:(w) — O; R0 (4 w)la, € R)pen, Xo = (2 2 w = 0 € R) in the notation of
Lemma E hence proves that

P(limsup sup ||O; — Of(l(n))HHg = 0) =1 (72)
n—oo  t€[0,T]

Combining this, (66)), the fact that Vw € Q, ¢ € [0,T]: X,(w) = fg =94 F(X,(w)) ds + Oy(w),
and the fact that P(Q) = 1 with Proposition (with H=H H=H, k=K A=A a=aq
o=0T=T, x=x, F=F, X =(0,T] >t~ Xj(w )EHQ),O ([O,T]BtHOt(w)G
HQ)? (Hn>n€N = (Hk(l(n)))n€N7 (Pn)nEN - (H S>U = Pk( (n))(v) € H)nEN: (hn)nEN = (hk(l(n)))n€N7

(X™)nen = ([0,T] 3 t > X () € Hy)pen, (m)neN = ([0,7] 3 t = O;""(w) € Hy)pen for w €
{w € Q: limsup,,_, supsep 7 [|O(@) — ORI (o )|z, = 0} N in the notation of Proposition
establishes that

IF’(hmsup sup || X, — &, (l(n))HHg = O> =1 (73)

n—oo  t€[0,7T)

The fact that Vw € Q, t € [0,T], n € N: A*(w) = X?(w) and the fact that P(€2) = 1 hence show that

P(hmsup sup ||X: — xpn ||H = O) =1 (74)

n—oo  t€[0,7]

This and Lebesgue’s theorem of dominated convergence imply that

limsupE{min{l, sup || X —X X)) ||Hg}} = 0. (75)

n—00 t€[0,T)
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As k: N — N was an arbitrary strictly increasing function, Lemma [3.2] proves that

lim sup E [min{l, sup ||X: — X?HHQ}} = 0. (76)
n—00 te[0,T]

This concludes (). Next note that, e.g., Lemma 2.4 in Hutzenthaler et al. 28] (withV = H,, V = H,,
W=H_ ,W=H, e=0,0=(max{1,|[(n—A) " (s — A)||loam}) 0, e =0,9 =9, F = F in the
notation of Lemma 2.4 in Hutzenthaler et al. [28]) ensures that for all v,w € H, it holds that

17— A)PIF () = Fo)lliF < lltn = A)" (5 = A) 27 IF (0) = Flw)l,,
< max{L, [[(n = A) " (k = Dllzan HIF () = Fw)l,, (77)

< fmax{L, [v[, Hlv — wllF, + 0 v — wl7”

and 3 )
I (0)lf3_, < O max{1, [[o]|3"}. (78)

Furthermore, observe that the assumption that y € (0, A—a=r)/1120)] N (0, (e=r)/(149)] assures that
X € (0,d=e=p)/a+d)] N (0, (e=P)/(1+3/2)]. Combining this, , and with Proposition (with
H=H H=H,n=n60=09=0r=r A=A vo=p,a=a,p=p,0o=0 0=1,T=T,
X=xp=p F=F ¢ :~¢7 ¢ =9, (Hn)néN = (Hn)neNa (PH)HEN = (Pn)n€N7 (hn)nEN = (hn)n€N7
(Xn)HEN = ([OvT] St th(w) S H@)nENu (@)n)nGN = ([O7T] >t (O)?(W) = H@)RGN7 (On>n€N =
([0,T] 5t = O} (w) € Py(H))pen for w € Q in the notation of Proposition shows that for all
t €[0,7], n € N with h, <1 it holds that

. - - - /2
on (P p—1 1My ||P p—1 4pfa—1 0" 0 [+ (ki /f+ /Al —n]eM) || (5= A)P | 1 1g)+10] "/ 2+ /)7
171 < 2O + 27 1+ el

t t n ”
/ s POy, ¥2mmd [2@(@" ) + 3105115 (79)
0

[slhn
T n 2420 T a2 p/2
+ [max{1, [ VA0, du} | max{1, [T | 7O, du}] ds.

Next observe that Holder’s inequality implies for all n € N that

2429

’max{l,f(;f 1v1nO0; || a2, du}’ maX{laf(;[H\/ﬁOZH%JQ du}
= [max {1, [T /7O 1, du} [ max{1, [T ||y/nOL|, du}
< |max{1,n} > |max{1,f0T 103 |, du}‘QJr419 max{l,foT HOZH%Q du}

1429
< |max{1,n} [ [max {1, T [ 1013, du} | max{1, [i 10|, du}

(80)
2429 1429 T ||y |2 220
< |max{1,n}| | max{1, T'}| ‘max{l,fo 10u 1, du}‘

2/
< [ max{1,n} 27 | max{1, T2 masc{1, 77401 | 02|34 du}|

%
< Jmanc{1,n, 7Y fmac{1, 17 1032727 du} [
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The fact that Va,b,c € R: |a + b+ ¢[”* < 3727 1(|a|”? + |b]”* + |¢|"?) together with hence
establishes for all ¢ € [0,T], n € N with h,, <1 that

~ - p/2
on - n - - ferCH20 14 (/i /mls—nleM|| (5= A)P~ €| Ly +10] 2+ /7> +20
127115 < 22 IO 1 + 2" ¢ 1[1-+ (P L A

f #(O7, +2 du n
[ et e, )+ g0zl

2/ p/2
—|—‘max{1 n,T}‘5+619 max{l f(,)T HonH2p+2p§du}‘ p:| ds

(81)

_ _ /2
_ n _ _ 0er(2H20) (14 (k4 /] k—nleM) || (k— A)P— 1012+ )2 +20 "
< 27Oy [ + 27t (3t {1 + et /T 1

)7+ 27 o7,

Ls] hn

/ f ]7(25 L“Jh )+2p17du |:2p/2‘(b(
+ | max{L,n, T} max{1, [§ |Op|Z+*" du }}ds.

This, the fact that Yw € Q, t € [0,T], n € N: X (w) = X} (w), and the fact that P(Q) = 1 yield that
for all t € [0,T], n € N with h,, <1 it holds that

I 1%] = B4 1%]
Ger (2420 [ L (b e =AY~ g 0y HO 24 /712420 |
(1-¢)(1—a—p)2F2?

< 2 E[|O7|E] + 277 3t [1 +

B[ [ Ot o oy, ) + 13021 "

+ [ max{1,n, T}H***” max{1, [ H(’)”HQMQYD19 du}] ds].

The assumption that V¢ € [0,7], n € N: P(X} = &}*) = 1, the fact that limsup,,_, . h, = 0, the
assumption that limsup,,_, . sup,cj 7 E[||O}[%;] < oo, and hence ensure that

limsup sup E[||AX)|%] = limsup sup E[||X}||}] < . (83)

n—oo  te[0,T] n—oo  te[0,T]
Next note that and the fact H, C H continuously imply that

limsup sup E[min{1, ||X, — X}||z}] =0. (84)

n—oo  t€[0,T]
The assumption that Vit € [0,7], n € N: P(X} = A}*) = 1 hence assures that

limsup sup E[min{1, ||X; — X|x}] =0. (85)

n—oo  te[0,T]
Combining this with, e.g., Lemma 4.2 in Hutzenthaler et al. [28] proves for all € € (0, 00) that

limsup sup P(||X; — &}||g >¢) = 0. (86)

n—oo  t€[0,7]
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E.g., Proposition 4.5 in Hutzenthaler et al. [28] together with hence shows for all ¢ € (0,p) that
SUPqe(o,7) E[IIXtII%] < 0o and

limsup sup E[||X; — &7[|%] = 0. (87)

n—oo  t€[0,7)

Combining this with establishes and ({ii). The proof of Theorem [3.5]is thus completed. [

4 Fernique’s theorem

In this section we present a number of elementary and well-known results and, in particular, Fernique’s
theorem, which is crucial for the derivations in Section [5| below.

4.1 Uniqueness theorem for measures

Proposition [4.1| can, e.g., be found as Lemma 1.42 in Klenke [35].

Proposition 4.1 (Uniqueness theorem for measures). Consider the notation in Subsection let
Q be a set, let £ C P(Q) be an N-stable subset of P(QL) (see, e.g., [32, Definition 2.1]), and let
p, o 0o(E) — [0, 00] be measures which satisfy that there exists a sequence Q, € {A € E: u1(A) <
oo}, n €N, such that Uyen§, = Q and pi|e = pole. Then it holds that py = po.

Proof of Proposition[{.1. Throughout this proof let S C & be the set given by S = {4 € £: u1(A) <
oo} and let B, € 0g(€), n € Ny, and D € P(0q(€)), E € S, be the sets which satisfy for all n € N,
E e Sthat By =0, E, = ;_, O, and D = {A € 0(&): i1(ANE) = ua(AN E)}. First, note that
for all £ € S it holds that Q € Dg. Next observe that for all E € S, A, B € D with B C A it holds
that

m((A\B)NE) = (AN E) — m(BNE)
= p2(ANE) = (BN E) = pa((A\B) N E).

This shows for all £ € S, A, B € Dg with B C A that A\B € Dg. Moreover, note that for all sets
E € § and all sequences A,, € D, n € N, with Vi € N, j € N\{i}: A, N A; = 0 it holds that

(88)

p1((Unen 4n) NE) =3 (AN E) = pa(An N E) = p12(( Unen An) N E). (89)

This proves for all sets E € S and all sequences A,, € Dp, n € N, withVi € N, j € N\{i}: 4,NA; =0
that U,enA, € Dg. Therefore, we have established that for all F € § it holds that Dg is a Dynkin
system on 2 (see, e.g., Definition 2.2 in Jentzen & Pusnik [32]). The fact that VE € §: £ C Dg
hence shows for all £ € S that 0g(E) C Dg (see, e.g., Definition 2.3 in [32]). Combining this, the
assumption that £ is N-stable, and, e.g., Theorem 2.5 in [32] ensures for all E € S that 0q(€) =
9a(€) € Dg C 0q(€). This assures for all £ € S that

0a(€) = Dg. (90)

Next note that for all n € N, m € N\{n} it holds that E, = [J;_;(Q\E;—1) N ;) and ((Q\E,—1) N
Q)N (QA\Erm_1) NQ,y,) = 0. Equation hence proves for all n € N, A € 0g(€) that

m(ANE,) = Z’“ (AN (Q\E;i-)) N Q) = Z 2 (AN (N\E;-1) M) = pa(ANE,).  (91)
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This implies for all A € 0q(€) that
p1(A) = limy, oo 1 (AN E,) = limy, o0 2(AN E,) = ua(A). (92)

The proof of Proposition is thus completed. ]

4.2 Borel sigma-algebras on normed vector spaces
In this subsection we first recall the Hahn-Banach theorem (see, e.g., Werner [46, Theorem III.1.5]).

Proposition 4.2 (Hahn-Banach theorem; Extension of continuous linear functionals). Let K €
{R,C}, let (V,||-|ly;) be a normed K-vector space, let U C V' be a K-subspace of V, and let ¢ € U’.
Then there exists a function ¢ € V' such that

elo=9¢  and el = ¢l - (93)

The proof of Proposition 4.2 employs the axiom of choice. The next result, Corollary is a
direct consequence of the Hahn-Banach theorem.

Corollary 4.3 (Projections into 1-dimensional subspaces). Let K € {R,C}, let (V,|-||,,) be a non-
trivial normed K-vector space, and let v € V. Then there exists a function ¢ € V' such that

p(v) = vl and ol = 1. (94)

Proof of Corollary[f.3. We show Corollary in two steps. In the first step we assume that v # 0.
Let U C V be the K-subspace of V given by U = {\v € V: X\ € K} = span,({v}) and let ¢: U - K
be the function which satisfies for all A € K that

o(Av) = Aol - (95)
Proposition implies that there exists a function ¢ € V'’ such that

90|U =9 and ||90||V' = ||¢||U' =1L (96)

This proves in the case v # 0. In the second step we assume that v = 0. Note that the
assumption that V' is nontrivial ensures that there exists a vector u € V such that u # 0. The first
step hence shows that there exists a function ¢ € V' such that

p(u) = llull,  and el =1 (97)
In addition, observe that p(v) = ¢(0) = 0 = ||v||;,. The proof of Corollary (4.3|is thus completed. [
The next result, Corollary [£.4] is an immediate consequence of Corollary [4.3] above.

Corollary 4.4 (Norm via the dual space). Let K € {R,C}, let (V,||l\,) be a nontrivial normed
K-vector space, and let v € V. Then

|v]l,, = sup Re(p(v)) - lo(v)]

_ . (98)
eeviioy el pevioy llelly

If the normed vector space in Corollary [4.4] is separable, then the following result, Corollary
can be obtained. Corollary [£.5]is also an immediate consequence of Corollary [£.3] above.
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Corollary 4.5 (Norm of a separable normed vector space via the dual space). Let K € {R,C} and
let (V,||ly,) be a separable normed K-vector space. Then there exists a sequence v, € V', n € N,
which satisfies for all v € V' that

[v]ly; = sup Re(pn(v)) = sup |¢n(v)] - (99)
neN neN

Proof of Corollary[{.5 Without loss of generality we assume that V' is nontrivial. The assumption
that (V,|]-||;;) is separable implies that there exists a sequence v, € V, n € N, such that the set
{vn: n € N} is dense in V. Corollary hence shows that there exists a sequence @, € V', n € N,
which satisfies for all n € N that

pnon) = [loally,and lgnlly, = 1. (100)

This ensures for all £ € N that
vrlly = sup |n (k)] (101)
ne

Next let v € V and € € (0,00). Note that

sup |, (v)] < sup [[lenlly [[o]ly] = [[vlly - (102)
neN neN
It thus remains to prove that
o], < e+ Sug Re(¢n(v)). (103)
ne

For this observe that the fact that {v, € V': n € N} is dense in V' ensures that there exists a natural
number k € N such that ||v — vi|,, < 5. This implies that

lolly < llvklly + [lv = vklly = Re(er(vr)) + [l — vkl
= Re(ex(v)) + [Jo = vkl + Re(pr(vr — v))

104
< Re(u(v)) + llo = velly + el o = vl (104
= Re(er(v)) + 2l — villy, < sup Re(pn(v)) 4 2 [Jv — vy, < sup Re(pn(v)) + €.

ne ne
The proof of Corollary [4.5]is thus completed. O

The last result of this subsection, Proposition [4.6] below, follows from Corollary [4.5] above. We
refer to the statement of Proposition as linear characterization of the Borel sigma-algebra.

Proposition 4.6 (Linear characterization of the Borel sigma-algebra). Let K € {R,C} and let
(V. Ily/) be a separable normed K-vector space. Then there exists a sequence @, € V', n € N, such
that

B(V)=oy(p: peV')=0ov(pn: n €N). (105)

Proof of Proposition[4.6. Throughout this proof let f,: V — [0,00), v € V, be the functions which
satisfy for all z,v € V that

folz) = |lz =2l (106)
Note that
B(V)=oy(f,:veV). (107)
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Next observe that Corollary shows that there exists a sequence ¢, € V', n € N, which satisfies
for all v € V that

[vlly = sup Re(pn(v)). (108)
ne
This implies that

B(V) 2 ov(pn:neN) Doy ((V 2 ur Re(pn(u)) €R): n €N)

109
=ov((Vour— Re(pa(u+v) €eR):neNveV)Doy(fo:veV). (109)
Combining this with (107]) completes the proof of Proposition . ]

4.3 Fourier transform of a measure

In Lemma further below we present a well-known result which states that the Fourier transform
of a finite measure on a separable normed R-vector space determines the measure uniquely. The
proof of Lemma [4.10] employs Proposition [4.6] and Proposition [£.1] above.

Definition 4.7 (Image measure/Pushforward measure). Let (€2, A, i) be a measure space, let (Q, A)
be a measurable space, and let f: Q — Q be an A/A-measurable function. Then we denote by
f(p) 12 A —[0,00] the function which satisfies for all A € A that

(f (1) 1) (A) = u(f(4)) (110)
and we call f(u) ; the image measure of p under f associated to A.

Proposition 4.8 (Characteristic function). Let d € N and let py,: B(R?) — [0,00], k € {1,2}, be
finite measures which satisfy for all ¢ € R? that

/ PR i (dx) :/ PASRT pa(dx). (111)
R R
Then it holds that py = po.

Proposition is, e.g., proved as Theorem 15.8 in Klenke [35].

Definition 4.9 (Characteristic functional). Let (V,||-||;,) be a normed R-vector space, let .# be the
set of all finite measures p: B(V') — [0,00] on (V,B(V)), and let M be the set of all functions from
V' to C. Then we denote by Fy : .M — M the function which satisfies for all p € #, o € V' that

(Fyu)(@) = (Fv (1) (¢) = / &) 1 (de) (112)

v

and for every p € M we call Fy(u) the characteristic functional of .

Lemma 4.10 (Characteristic functional determines measure uniquely). Let (V. |-||;,) be a separable
normed R-vector space. Then Fy s injective.
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Proof of Lemma[{.10. Consider the notation in Subsection [L.1]and let 41, po: B(V') — [0, oc] be finite
measures on (V,B(V)) which satisfy Fy (u1) = Fy(u2). Note that for all n € N, ¢ = (¢1,...,¢0,) €
L(V,R™), £ € R™ it holds that

/;é@%"@ummeM@:ﬂ/emmmwwumw%=WWMNV9“H”§¢@mWeR>

v

=WwﬂW9w+@meem=/éwwmwmm (113)

1%
= /n e!©mn ((p2) piam ) (dix).
Proposition hence implies for all n € N, ¢ € L(V,R™) that
¢(p1)Bwn) = P(k2)BEn): (114)
In the next step let £ C P(V) be the set given by
E=J{o'(B) eP(V): 6 € L(V,R"),B € B(R")}. (115)
neN
Note that & C B(V). In addition, observe that shows that
pile = pole. (116)

This, the fact that £ is N-stable, the fact V € £, and Proposition [4.1| prove that

Loy ) = H2loy () (117)

Moreover, observe that Proposition [4.6| establishes that

oy (&) =B(V). (118)
Combining this with (117) completes the proof of Lemma [4.10} O

4.4 Fernique’s theorem

The proof of Fernique’s theorem (see Proposition below) requires the two following well-known
auxiliary lemmas, Lemma and Lemma below.

Lemma 4.11 (Independent projections of random variables). Let (Vi, ||-|l,) and (Va, ||-[y,) be sepa-
rable normed R-vector spaces, let (2, F,P) be a probability space, and let X;: Q — Vi and X5: Q — Vs
be functions which satisfy for all 1 € (V1)', po € (V) that p10X1: Q@ — R and 30 Xy: Q — R are
independent random vartables. Then it holds that X1 and X5 are independent random variables.

Proof of Lemma[{.11. Note that the assumption that V1 € (V1)', @2 € (V2)': (1 0 X1 and @2 0 Xy
are JF/B(R)-measurable) and Proposition show that X, is F/B(V;)-measurable and that X, is
F/B(Vz)-measurable. Throughout this proof let (€2, F,P) be the probability space given by

Q=Vix Vs, F=BV)@B(Vy), and P=X(P)su1) @ Xa(P)s(va)- (119)
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Next note that for all ¢ € L(Q,R) it holds that

(IFQ I@)(ap) = / exp(igp(xl,:BQ)) If”(d(:vl,xz))

Q

= /QGXP(W(%O)) exp (i (0, 22)) (X1(P)so) © Xa(P)s(vy)) (d(1, 22)) (120)

:/ exp(ip(z1,0)) Xl(IP))B(Vl)(dxl)/ exp(i (0, 22)) Xo(P)p(vy)(das)
Wi Va
— E[¢ #0000 E[f#0X2)]
Moreover, observe that for all ¢ € L(Q,R) it holds that (Vi > v = (v,0) € R) € (V1) and
(Va2 v p(0,v) € R) € (V). This and (120]) imply for all ¢ € L(Q,R) that

(Fo P) () = E[e#X10) ¢i90X2)] —  [¢i{e(X1.0)+0(0.X2)}]

= B[] = (B, (X1, X2)(B)5]) (). .

Combining this with Lemma 4.10| yields that
X1(P)swi) @ Xa(P)svy = P = (X1, Xo) (B)vi)esra)- (122)
The proof of Lemma [4.11]is thus completed. [

Lemma below demonstrates under suitable hypotheses that an appropriate orthogonal trans-
formation of two appropriate independent random variables also results in independent random vari-
ables. Observe that the columns of the 2 x 2-matrix

(e ) (123

constitute an orthonormal basis of R?. Roughly speaking, the orthogonal transformation associated
to (123)) is employed in the next lemma.

Lemma 4.12 (Orthogonal transformations of independent random variables). Let (V,||-||;,) be a
separable normed R-vector space, let (Q, F,IP) be a probability space, let X1, Xo: Q — V be indepen-
dent random variables which satisfy for every ¢ € V' that o o X1: @ — R and p o X5: Q@ — R are
wdentically distributed centered Gaussian random variables, and let Yi,Ys: Q — V' satisfy

Vi=2""(X1+Xy)  and  Yy=2""X; - Xy). (124)
Then
(i) it holds that Yy and Yy are independent random variables and
(ii) it holds that Y1(P)gw) = Ya(P)srv) = X1(P)srvy = Xo(P)sv)-

Proof of Lemmal[{.13 Observe that the assumption that V¢ € V': (po X, and po X, are identically
distributed random variables) proves for all ¢ € V' that

E[e’?X)] = E[e'#XY)] . (125)
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Lemma [£.10 hence shows that
X1(P)grvy = Xo(P) ). (126)

In addition, note that the hypothesis that X; and X, are independent random variables ensures for
all 1,0 € V', €= (£,&) € R? that

E[e (€, (p1(Y1),02(Y2)) ] i&1p1(Y1) HEWQ(YQ)]

R [ei2” Y2¢ o1 (X1+X2) 41 272500 (X1 — X2)]

Ele
E[
[61 272(E1p1+6202) (X1)+i 27 /2 (G101 — 52@2)(X2)}
E[

(127)

— E[e? 2 §1<P1+52902)(X1)} ]E[eiQ_l/Q(&“Or&W)(XQ)}.

Hence, we obtain that for all o1,y € V', £ = (£1,&) € R? it holds that
E [€i<£7(s01 (Yl)v(pz(YQ))>R2j|

= exp(—3E[1277 (611 + &22) (X1)[*]) exp(—3E[|1277* (&1 — Eaip2) (X2)*])

= exp(—1E[[(&1¢1 + &02) (X1)?]) exp(—FE[|(Er1 — &202) (X2)[?]) (128)
= exp(—5 {E[|(&1¢1 + &02) (X0) ] + E[|(E101 — &) (X1) ] })

= exp(—1 {2E[[(&100) (X0)P] + 2E{|(&202) (X1)P] }) -

This shows for all py, 0y € V', € = (&1, &) € R? that

E[€i<§v(¢1(Y1)74P2(Y2))>]R2} _ eXp(—-E[|§1§01(X1)| D exp(——EU{ngQ(Xg)] D
— E[6161@01(X1)} E[ Z§2¢2(X2)} — E[ 18101 (X1)+i a2 (X 2)} (129)

_ E[ei(f,(tp1(X1)7tP2(X2))>R2} )
In particular, this implies for all ¢ € V' that
E[ewm)} _ E[e“"(xl)] and ]E[e“"(YQ)} _ ]E[e“"(XQ)} ] (130)

Lemma [£.10 hence establishes that

YVI(P)B(V) = X1 (P)B(V) and }/VQ(P)B(V) = X2 (P)B(V)- (131)
This and (126) prove (ii). Next note that Lemma and (129)) show for all ¢y, o € V'’ that
(10 Y1, 02 0 Y2)(P)prz) = (01 0 X1, 02 0 X3)(P)p(r2)- (132)

This, the assumption that X; and X, are independent, and ensure for all 1, py € V'’ that

(10 Y1) (P)amr) ® (920 Y2)(P)sm) = (010 X1)(P)sr) @ (92 0 X2)(P)5(R)

133
= (1 0 X1, 020 Xo)(P)pmre) = (¢1 0 Y1, 02 0 Y2)(P)pme). (133)

This proves for every o1, € V' that p; oY) and ¢, o Y5 are independent random variables.
Lemma hence establishes that Y; and Y, are independent random variables. The proof of
Lemma [4.12|is thus completed. O

In the next result, Proposition below, we present Fernique’s theorem (see, e.g., Theorem 8.2.1
in Stroock [43]).
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Proposition 4.13 (Fernique’s theorem). Let (V,|-||;;) be a separable normed R-vector space, let
(Q, F,P) be a probability space, let X: Q — V be a function which satisfies for all ¢ € V' that
poX:Q — R is a centered Gaussian random variable, and let R € (0, 00) satisfy

R>inf({r € [0,00): P(||X|v <7) > 9%10}). (134)
Then
2 ® [e1@
E[exp<”1§]!2vﬂ <Vet+Y [g] <13 < 0. (135)

Proof of Proposition[{.13 Throughout this proof let ({2, F ) be the probability space given by
O=QxQ F=FQF, andP=P®P, let Y;,Ys: Q@ — V be the functions which satisfy for all
w1, wsy € € that

Y1 (wi, ws) = X (wy) and  Ya(wi,wa) = X(wa), (136)

let Zy, Zs: Q) — V be the functions which satisfy
Zy=2""(Yi+Yy) and  Zy=2""(Y1-Y), (137)
and let t,, € (0,00), n € Ny, be the sequence of real numbers which satisfies for all n € N that
to=R and  t,=R+V2t, .. (138)

Observe that Y; and Y3 are independent random variables. In addition, note that for every ¢ € V'
it holds that the random variables p o ¥;: © — R and o Y5: © — R have the same distribution
on (R, B(R)) as the random variable ¢ 0 X: Q@ — R. Lemma hence ensures that Z; and Z, are
independent random variables and

Z\(P)svy = Z2(P)svy = Yi(P)sv) = X (P)sv).- (139)
This proves for all s,¢ € (0,00) with s < ¢ that

P(|X[lv < $)P(|IX[ly > t) = B(| Zellv < 5)P(| Zullv > 1)

P({|| Zellv < s}y n {1 Zllv > t})

P({IIY: - Yallv < V2s} n{IV + Yallv > v21}) (140)
<P({[Ivillv — I¥allv] < VZs} n{IYillv + [Vallv > V21})

< P(min{|[Vily, [I¥allv} > 2772t — 5)) = [P(| X [lv > 27"2(t — 5)) .

This, in turn, implies for all n € N that
P(| X[y < R)P(|IX[lv > tn) < [P X[lv > ta-1)]* (141)

The fact that P(|| X ||y < R) > 910 > 0 hence shows for all n € N that

P(|IXlv > t.) _ (]P’(HXHV > tnl))Q‘ (142)

P X[y < R) =\ P(|X[lv < R)
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This and induction on n € Ny establish for all n € Ny that

P(IX v > ta) _ (P(HXHV > R))@ : (143)
P(|X]v < R) = \P(| X[lv < R)
Moreover, induction on n € Ny ensures for all n € Ny that
2" _ 1
th=R- <(V2+1)2"7 R<3-2"7 R. (144)

V2 -1

Combining this with (143]) and the fact that P(|| X ||y < R) > %10 > 9P(|| X||v > R) yields that for
all n € Ny it holds that

P(|| Xy >3-25R) <33, (145)

The fact that ¢/3 < 1 hence shows that

1X]] (o n i1
E[exp(lSR‘; <VeP(|X[ly <3R)+ ) ePIP(3-2°R < || X[y <3-2"2 R)
n=0

(")
<f+z P(| Xy >3-22R) <I+Z[ } (146)

3
SVE*ZE} =Ve+—<13<.
n=0

The proof of Proposition is thus completed. O

5 Abstract examples

In this section we verify the assumptions of Theorem above in the case of more specific SPDEs
(see the setting in Subsection below) and establish strong convergence in this setting in Proposi-
tion below. First, we show a result on transformations of semigroups for solutions of SPDEs in
Proposition below. Next we combine this with Fernique’s theorem (see Proposition above)
and the elementary results in Lemmas Proposition [5.4, and Lemma to derive certain
properties of stochastic convolution processes (see Proposition below). Finally, the latter allow
us to apply Theorem in order to prove Proposition [5.7]

5.1 Transformations of semigroups for solutions of SPDEs

Roughly speaking, Proposition below proves that a mild solution of an SPDE does not depend on
a shift of the linear part of the drift coefficient function if the nonlinear part of the drift coefficient
function is shifted accordingly. This result is achieved under optimal hypotheses in the sense that
the hypotheses of Proposition are required for the mathematical formulation of the statement to
be meaningful (see, in particular, (147)—(148))). To the best of our knowledge, Proposition is the
first result in the literature to establish this assertion under optimal hypotheses, even in the special
case of partial differential equations (where the diffusion coefficient function is zero).
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Proposition 5.1. Consider the notation in Subsection[1.1], let (H, (.-}, |Il) and (U, (-, -) g |- ly)
be separable R-Hilbert spaces, let H C H be a nonempty orthonormal basis of H, let T € (0,00),
a,B,7v,n,k €R, let \: H— R be a function which satisfies supyey Ao < K, let A: D(A) C H — H be
the linear operator which satisfies D(A) = {v € H: Y, | \(b,v)u|* < 0o} and Vv € D(A): Av =
> ven Alb,v) b, let (Hpy () S llg), 7 € R, be a family of interpolation spaces associated to
k—A, let (0, F,P) be a probability space with a normal filtration (Fy)ico.r), let (We)ieo,r) be an Idy-
cylindrical (2, F,P, (Fy)icpo,m)- Wiener process, let O € B(H,), let F: O — H, be a B(O)/B(H,)-
measurable function, let F: O — Hnin{a,yy be the function which satisfies for all v € O that ﬁ’(v) =
nv+F(v), let B: O — HS(U, Hg) be a B(O)/BHS(U, Hg))-measurable function, let £: Q@ — O be an
Fo/B(O)-measurable function, and let X : [0,T] x Q — O be an (Fy)cjo,r1/B(O)-predictable stochastic
process which satisfies for all t € [0,T] that

t
P( | ARG, + 1M B i 5 < oo) . (147)
0

and

t
A —s
[Xilesem,) = {et §+/0 L et POy ducoc) € (X ds}

FB(Hy) (148)
t
+ / eIAB(X,) dW,.
0
Then it holds for all t € [0,T] that
t
P( 1D R L, eI BOC) i, ds < oo) 1 (149)
0

and

t
A —5)(A—n) 17
[Xt]P’B(HW) = [et( ”)54—/0 ll{fg [le(t=w)(A=m F(X.,)|| ., du<oo} el 77)F<XS)alSLPB(H)
t B(H, (150)
n / AN BOY,) dIV,.
0

Proof of Proposition[5.1 Throughout this proof let ¢, ¢y : [0,T] x H, — H, and t: [0,T] x H, —
L(H,) be the functions which satisfy for all (¢,x) € [0,7] x H,, v € H, that

U(t,x) ="z, Yi(t,x) = ot x) =n(t,z), and ot x)v = Lt x)v =1)(t,v). (151)

Next observe that (147)—(148]) imply that for all ¢t € [0, 7] it holds that
t
IP’(/ ||e(t—s)(A—n)e—nsp(Xs)HHW + ||6(t_8)(A_n)e_nsB(XS)H%IS(U,HW) ds < oo)
0
t t
_ P(e‘”t / 1R (X, . ds + e / 11 B(X,) g ds < oo> (152)
0 0

t
= P(/ ”e(t—S)AF(Xs)HHw + ||€(t—S)AB(Xs>||%{S(U7H7) ds < QO) =1
0
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and

t
—nt t(A— —5)(A—n) ,—ns
™" X g, = {6( e+ / L oAy ducoo) € e F(X) ds
0 P,B(Hy) (153)

t
- / et=AMe=ns (X)) dW,.
0

Note that this establishes that the stochastic process ([0,T] x Q 3 (t,w) — e " X;(w) € H,) is an
(Q, F,P, (Fy)sejo,ry)-mild Itd process with evolution family ({(t1,t2) € [0,T]%: t; < ta} > (s,t) —
e == € L(Hyinfap, Hy)), mild drift ([0,7] x Q 2 (t,w) — e "F(X;(w)) € Huminfa,6,1}), and
mild diffusion ([0,7]xQ 5 (t,w) — e " B(Xy(w)) € HS(U, Hinfa,6,4})) (see Definition 1 in Da Prato,
Jentzen, & Réckner [10]). The mild 1t6 formula in Theorem 1 in Da Prato, Jentzen, & Réckner [10]
hence proves that for all ¢ € [0,77] it holds that

t
IP’(/ |41 (s, e(t_s)(A_”)e_nsXs)HH ds < oo) =1, (154)
0 Y
t
IP(/ H% (S,e(t_s)(A_")e_"sXs) e(t_s)(A_")e_”SF(XS)HH ds < oo) =1, (155)
0 Y
t
[[D(/ H% (s, e(t—s)(A—n)e—nsXS) e(t—s)(A—n)e_ﬂsB(Xs)H2HS(UH )ds < oo) =1, (156)
0 Y

and

[(Xilp s, = [ (t e Xy)] P,B(H-)

t
= |:1/} (O) et(A*W)efn'OXO) + /0 ﬂ{f(f ||1/;1(u,e(t_“)(A_")e*"“Xu)Hdeu<oo} wl (8, e(t*S)(Afﬁ)efnsXs) ds

t
+ /0 ]l{fot l|pa (u,e(t—w)(A=—m) e—nu X, ) e(t—u)(z‘l—n)e*TIUF(Xu)||H,Y du<oo} (157)

(s, A X ) (=9 =5 (X, ) dis
P,B(H-)

t
n / (5, A5 X ) A 13 B(X,) AW,
0
This ensures that for all ¢ € [0,77] it holds that
t
p(/ He(t—s)(A—n)nXsHH + ||6(t—s)(A—n)F(XS)HH + He(t_S)(A_n)B(XS)HiIS(UH )ds < oo) =1 (158)
0 Y Y Y

and

t
A— —s)(A—
Xile 5o, = {et( e+ /0 L ettt -mn g ducooy €00 X ds
(159)

t t
+ / Lt et ) o} € (Xs)dS} + / I B(X,) AW
0 y  Jo

P,B(H,
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Moreover, ((158)) shows for all ¢ € [0, T] that

t t
]P’(/ |4 E(X)]|,, ds < oo) = ]P(/ [ X, + F(X,)]| . ds < oo)
0 7 0 7

t (160)
> p(/ et Amnx || 4 [t AD E(X,)|,, ds < oo) —1.
0 v ¥
Combining this with (158)—(159) completes the proof of Proposition . []

5.2 Setting

Consider the notation in Subsection [L.1] let 7', cg, 7,6, 9 € (0,00), a € [0,1/2], ¢ € [0,1), p € [0, /1),
0 € (p, Y1), x € (0,(e=n/a+o], (H, (. )g. Iz = (L2(/\(071);R)’<"'>L2(>‘(0,1)§R)7||'||L2()\(O,l)§R))’ let
(én)nen: N = H and (A\,)nen: N — (0,00) be the functions which satisfy for all n € N that e, =
[(V2sin(nm))ae(o.1)]r . 80 and X, = comn?, let A: D(A) C H — H be the linear operator which
satisfies D(A) = {v € H: > 2, | Mlex,v)ul* < oo} and Vv € D(A): Av = 327 —\elex, v) ey,
let (Hp, (-, )y lI-lg ), 7 € R, be a family of interpolation spaces associated to —A, let { € Hip,
let F' € C(H,,H_), (Po)nen: N = L(H_1), (hn)nen: N — (0,7], and ¢, ®: Hy — [0,00) be func-
tions which satisfy for all w € Hy, n € N, v,w € P,(H) that ¢(u) = v+ v [Sque(O,l) lu(z)|?],
O(u) =7+ [suPgeor) [w(@)"], Pulw) = 30 (en, w)mex, Umsup,, o b = 0, (v, PuF (v +w))y <
s(w)llvlll + ¢llvlE,, + ®w), and [F(v) = Fw)lly_, < 01 + [lvlg, + lwlg,) v — wlla,, let
(€2, F,P) be a probability space, let (W;)cp,m be an Idg-cylindrical (€2, F,IP)-Wiener process, and
let X O": [0,T] x Q — P,(H), n € N, be stochastic processes which satisfy for all n € N, ¢ € [0, T
that [O}]p gy = fot P, et=94qW, and

t
P(& = e+ [P0 F(Xp, ) ds+07) = 1.
O n

(161)

n n s A _
Uy, Mg +IOT ), +Paet e, <|hn| =X}

5.3 Properties of the stochastic convolution process

The proof of the next result, Lemma below, is a slight adaptation of the proof of Lemma 5.6 in
Hutzenthaler et al. [28].

Lemma 5.2. Assume the setting in Subsection[5.9, let § € (0,Y2], p € (Y/8,00), t € [0,T], n € N,
n € [0,00), let O: Q@ — P,(H) be an F/B(P,(H))-measurable function which satisfies [Olp gy =

fot P, et=)A=0) g and let Y: Q — R be a standard normally distributed random variable. Then

pas 17

(E[supacon [0)17]) ™ < v (E[IV]7]) ™ [Z pw——

(162)
-sup<{supze(071) lvu(x)]: [U € C((0,1),R) and ||v|lwenr(o,1)r) < 1} }) < 00.
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Proof of Lemmal[5.3 First, observe that Jensen’s inequality shows that
E[sup,e(,1) [0(z)[]
< [sup({supoeon) [o(@)]: [0 € C(0.1). B) and [llwargong < 1 })] ENICEwmqonm] (163
< [sup({supacon @)l: [ € C((0.1).B) and [llwangonz < 1) 1] B monm))"

In addition, note that

' 1) ~ 0P
ElIC Ry onye] =E[ [ 0t [ —|x_ P—W ]

/ o®)*])" Hew
r/2
—E[|Y|p}/0 (E[0@)P])" dz +E[[Y]] / / |$_y|1+5p dz dy.
Furthermore, Itd’s isometry yields for all = € (0, 1) that
n t t
E“Q(x)m —E Z%(I)/ —(Artn)(t—s) d{en, W)y ] Z|ek / 2 +m)(t=5) 14
k=1 v (165)
lex(2)[? 1
< <
2 +n) TS Mt
This implies that
1 , p/2
E[|O(z)]*])" d 166
| Elow| [ZAW? (166
Next note that again Itd’s isometry ensures for all z,y € (0,1) that
E[10() - 0] =E| |3 [ex(o) — calw)] [ e O dter, 02, ]
k=1 ° (167)

Z\ek —ex(y)?
2(\e + 1) '

Moreover, the fact that 5 < 1/2 and the fact that Vz,y € R: |sin(z) — sin(y)| < |z — y| prove that
for all z,y € (0,1), k € N it holds that

ler(z) — er(y)|? = 2| sin(krx) — sin(kry)|?

Sk Sk 168
= 2|sin(krz) — sin(kry)[>~*| sin(krz) — sin(kmy)|*? < 257 kn|*P)2z — y|*°. (168)
This together with (167)) establishes for all z,y € (0,1) that
E[|O(z) — O(y)|*] < 2> 7% |z — y|*’ i K : (169)
- - - —~ A+
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The fact that 8p > 1 hence ensures that

p/2
0@)I*])
// ’x—y’1+ﬁp dx dy
nopas 17 Ly o
Br=1 do dy < 2p(1=28) 7208
[ [ sz

A+
Combining this, (164, and ((166|) proves that

p/2

< op(1-26) QPB[

/ / p/2 n k,46 P/Q 1/P
1p p
B[Oy 0y ]))” < E[VPD) [ZA | T W[ P
n 48 /2 o
< (B[lYP]) " 2p<125>+1ﬂ2pﬂ[ i
- A+
k=1
rag 95 y n /{;45 1/2 ) y n k45 1/2
< 92— E[lY|P]) 7" E[|Y|P]) "
<2 EIVD" X5 D™ |2 5

In addition, note that the fact that Sp > 1 and the Sobolev embedding theorem yield that
sup({supxem,n [o@)]: [v € C((0,1),R) and [[ollwsronm < 1]}) < oo

This, , and show - The proof of Lemma is thus completed.
Lemma 5.3. Let a € R, € (1 + a,00). Then it holds that

0 a
lim sup =
7—00 (; kB + 7])

Proof of Lemmal5.3 Observe that for all € [0,00), k € N it holds that

ke 1 1
W < o and Z Y < 00.

Lebesgue’s theorem of dominated convergence hence ensures that

lim sup lim sup ( )
e (S ) = S (5

The proof of Lemma is thus completed.
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Proposition 5.4. Assume the setting in Subsection [5.4, let 3 € (0,Y/1), p € (1/8,00), n € [0,00), let
o", o [0, T|xQ — P,(H), n € N, be stochastic processes with continuous sample paths which satzsfy
for alln € N, t € [0,T] that [Of]e sy = [ Pe®4dW, and (O} lpsm = [y Py e gy
and assume

e ]{34’8 2
790 Tyt ;A - [sup({supxe(oyl) lo(x)|: [v € C((0,1),R) and [[v]lwrnonz) < 1]})} <1
(176)
Then

(i) it holds that sup,,cy supco ) E[[|OF + P, eXA¢|] < 00 and
(i) it holds that

T T P,
SupJE[/ exp (/m(@fujhn + P, elulm(Amg) du) max {1 |B(OY, + Py elsm-mg)|"”,
0 S

neN

02+ Puesa-ne]l 17 |02+ Perte [ d }ds}m- o

Proof of Proposition[5.4). First, note that the Burkholder-Davis-Gundy inequality proves that for all
standard normally distributed random variables Y : {2 — R it holds that

B[YP])" </ H

2

| /\

p- (178)
Markov’s inequality, Lemma , and ([L76]) hence imply that for all n € N, t € [0, 7] it holds that

1
P(supze(o,l) |0 (2)* > 72pT’y> < 72pT VE[supze(o,l) \@@:)P] < 72p°Tyr’

[sup ({suprcon Io(@)]: [o € C((0, 1), B) and [olwsrgonm <1]})] < -

This and Proposition (with V' = P,(H), ||l = (Pu(H) > v = sup,cy lu(z)] € [0,00)),
X =Qr, R=(72pT~) "* for t € [0,T], n € N in the notation of Proposition [4.13)) show that for all
n €N, t €[0,7] it holds that

E[@Xp@pﬁ{supxe(o,l) |@(w)|2})] <13. (180)
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In addition, Holder’s inequality yields for all n € N that
T
El/ exp (qub( ), T Pnewhn(A_")ﬁ) du) maX{ ,
0

2
02 + P el 7 02+ Pt s

T T
= (/ E{exp (fp¢(@’fujhn + B, el (d=m¢) du) max{ ,
0 s

2
02 + P4 7 07 + Pt du} | as)

(O}, +PneL5Jh"(A_")§)|p/2,

(O, + Packtinting) "

T
gT/ [exp (fp¢( Ty, + P el 4=mg) du) max{l |B(OY,), + Pyelslm@=mg)| " (181)
0
2
H@?—O—PnGS(A—n)gu fOTHO"—i-P uAgHQPHW U}} ds

. T/OT |:eXp (f 2p¢( + P, eLthn(A—’V])f) du) :|E |:HlaX{ )

H@? +P, 68(A_77)§H ng HO’n + P, uA§||4p+4p19 }:| ds

( 7|:L5Jh +Pn GLSJhn(A_n)g)lpa

T
< TE{eXp (f 2p¢(@Lth + P, elulm(A=n 5) du) } / {1 + ‘(I) i+ Pnel_SJhn(A*n)g)‘p
0

+ “@?+Pn es(Afn)éH +ng Hon_i_P uA£H4p+4P19 :| ds.

Next note that the fact that Vz,y € R: |z + y|? < 22? + 2y? ensures that for all n € N it holds that

T
E {exp (f 2p ¢<©7LLthn + P, el h"(A_”)ﬁ) du)}

=FE {exp (f 2py + 2107{SupxG 0.1) }@Lth x)+ P, eL“Jh"(A_”)f(:B)‘Q} duﬂ
(182)

< exp (2mT +apy [ {Supxe(o,l) | P, el An)¢ (aﬁ)lz} dU>

T
E {exp (Of 4pfy{supz€(071) |@’fuj hn(x) |2} du)} )

Furthermore, e.g., Lemma 2.22 in Cox, Hutzenthaler, & Jentzen [4] and (180]) prove for all n € N
that

T
E |:eXp (g 4p7{supm€(0,1) |©Tuj hn('x) IQ} dU) :|

oo 2 (183)
< f/o E[exp(llpTy{supxe(oJ) |%{x)| })] du < 13.
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This and ([182]) show for all n € N that

E[exp(prqb( Py + Poelthn(d=m) du”
0

(184)
T
< 13exp (2p'yT +4py [ {supme(o)l) |P, GL““"(A’”)é(x)P} du) .
0
In addition, the Sobolev embedding theorem ensures that
sup({supxe(Ql) lu(z)]: [v € Hij and [olla, < 1] }) < 00. (185)

This establishes for all n € N, s € [0, 7] that
SUD,e(0,1) | £n e ()]
< [sup({supseqon le(@)]: [v € Hyy and o), <1} 1P e, (186)
< [ sup({ sup,c lo(@)]: [v € Hys and [0, < 1]})]lElla, < oo.

Combing this with (184)) implies that

supE {exp <f 2pqz$( In, TP eL“Jhn(A_")f) du)} < 00. (187)

neN

Next note that the fact that Vz,y € R, a € [0,00): |o+y|* < 2maxia=10}|g|a 4 gmaxia=1,0} 9@ and the
triangle inequality show that for all n € N, s € [0, T] it holds that

!

<E _Qp—lvp + QP_IVP{Spre(m }(O)ILSJh z) 4 P, elslm(A-n¢ (g {p'y}] (188)

“q)( e _,_pneLSJhn(A*n)f)‘p}

=K ‘7 + W{Sque(o,n ‘@Tsjhn(x> + P, GLSJh”(A_")f(I)P}

<E 2p byP 4 2P yP et 10}{Supx€01 |07, (7 +5uPseony | P GLth"(A_")f(xﬂmH

< 277 laP 4 2P0 D 17P]EHSUP16(01 |0y, (= \m} + {Supxdo,l) \Pnetﬂh”(”")f(iﬁ)\m}] :

Furthermore, observe that, e.g., Lemma 5.7 in Hutzenthaler et al. [28] (with a = 4pTv, = =
SUD,e(0.1) 0% (W) (x)[?, 7 = /2 for w € Q, s € [0,T], n € N, r € [0,00) in the notation of Lemma 5.7
in Hutzenthaler et al. [28]) and (I80)) ensure that for all r € [0,00), n € N, s € [0, 7] it holds that

n T ™ ! n 2 T !
ol 026 < o s o )] < B o9
Combining this and (188 proves for all n € N, s € [0, 7] that

D(I)( 15)h, +Pn€Lthn(A—q7)§){pi|

_ _ s _ (D) =100 (|p
< 9P 1712 + op(v+1) 17p{supx€(071) ‘PneL Inn (A n)g(x)‘w} + 13-2P17 \4pT7yTP(7L/;/2h+1)

(190)
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This together with (186]) yields that

T
sup/ [’CI)( lsin, T PneLSJhn(A_")f) }p] ds < 0.

neN Jo

Moreover, ((189) establishes for all r € [1,00), n € N, s € [0, 7] that

E[||0F + P, e 7¢|] <E[277H 05 + 27| P e 71 ]

< 27 E|{sup,c [02()] }] + 27 Pu ey

13-27 (|~ 1)! r— r
< BE MLy el

Observe that this implies that

Sug SEI)T]E[H@Z + P, 68(14777)5”?{} < % + 207 i€l < oo
nelN sg|0,

This proves (). In addition, (192)) shows that

T
Sup/ ]E[H@Z + P, eS(A_")inf] ds < 0.
neN Jo
In the next step note that for all n € N it holds that

f ||On + P, uA§-H4p+4p19 U:| < 24p+4p19 1]E|:f ||OnH4p+4p19 + ||Pn euA§||g7:-4p19 du:|

24p+4p19 1E|:f ||OnH4P+4P19 + ||§|I4p+4p19 :| '

(191)

(192)

(193)

(194)

(195)

Furthermore, observe that the Burkholder-Davis-Gundy-type inequality in Da Prato & Zabczyk [11

Lemma 7.7] proves for all n € N, u € [0, 7] that

_IE H / P, =94 qw,
0

B [0z

4p+4p19]

Hy

2

2p+2pV
[(4p+4p79)(47’+4p19 1)]2p+2pﬂ {/ 1P et g HH)ds} -
< 4

2p+2pY
) u—s
< [4p + 4po]17H / (-4 €= g s
1 2p+2pY
= [4p + 4po) T’ Z / )20 e 2Aes s
- 2p+2pY
oo )\ 20 1 6—2/\ku
_ [p+ 4pq9]4p+4pz9 (Ar) (2/\ )
| k=1 k i
M o 2p+2pY
< [4p + 4py] " Z(/\k)29‘1] < o0.
| k=1

(196)



Combining this with (195]) yields that

supE[f||(’)”+P “A§H4p+4p19 u

< 00. (197)

This, (181)), (187)), (191)), and (194) ensure that

r T p/2
SUPE{/ exp <fp¢( ?th + P, eltdnn (A= 5) du> max{l |<I> LSJ —i—PneLSJhn(A’”)f)} / ,
0 S

neN

(198)
07+ P e gt 17 [0+ Pa e e[+ ) ds] < oo
The proof of Proposition is thus completed. O

The proof of the next elementary result, Lemma is a slight adaptation of the proof of
Lemma 5.9 in Hutzenthaler et al. [2§].

Lemma 5.5. Assume the setting in Subsection let p € [2,00), n € N, € € [0,1/4 — p), and
let O:[0,T) x Q — H, be a stochastic process which satisfies for all t € [0,T] that [Op ) =
fg et=)AqW,. Then

oo 1/2
1 — — —
sup (B[I10: = 07, ])™ < | e 30w ] % < oo, (199)
€O, k=1

Proof of Lemmal5.5 First, note that the Burkholder-Davis-Gundy-type inequality in Da Prato &
Zabczyk [11], Lemma 7.7] shows for all ¢ € [0, 7] that

)

HQ

Elloc-ori)"” - (g

t

(Idg, — P,) e 94 aw,
0

t " (200)
_ A2
< [p(pz 1)/0 H(Ing - F) el )AHHS(H,HQ) ds} :
Next observe that for all £ € [0, 7] it holds that
t t
A2 s
/0 ”(Ing —P) el )AHHS(H,HQ) ds < /0 ||IdHQ+5 - Pn|Hg+5||%(HQ+E,H9) ||€(t )AH%{S(H,HQ+E) ds
t
= =40 (0 = Pola)y [ e Vs
(201)
_ ||( A) (IdH o P |H || Z/ 2@+25 —2>\ks ds
e 00 ()\k)2g+25 . o] _
S |>\n+1| 2 22—/\k S % Co7T n —2 Z 2g+2 1.
k=1 k=1
This and (200]) ensure that for all ¢t € [0, 7] it holds that
o0 1/2
Yp c— —2
E[I0,—opln )" < Tl Y ()% 1] n~% < oco. (202)
k=1
The proof of Lemma is thus completed. O
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Some of the arguments in the proof of the next result, Proposition below, are similar to the
arguments in the proof of Corollary 5.10 in Hutzenthaler et al. [2§].

Proposition 5.6. Assume the setting in Subsection and let p € (0,00). Then there exist a real
number n € [0,00) and stochastic processes O: [0,T] x Q@ — H, and O",0": [0,T] x Q — P,(H),
n € N, with continuous sample paths such that

(i) it holds for all t € [0,T] that [Oe s = f, =94 dW,,

(ii) it holds for alln € N, t € [0,T] that [OP]e sy = [y Poe®*4 dW,,
(iii) it holds for alln € N, t € [0,T] that OF = O + P, ¢ — [ et~ (O7 + P, e24¢) ds,
(iv) it holds that P(limsup,, ., sup.cpq [1(0s 4+ €*4€) — (O + P, es4€)||u, = 0) =1,

(v) it holds for alln € N, t € [0,T] that

t
n __ tA (t—s)A B n 2 A
P(A7 = Pocte TR b0, el eln, ey £ (X, ) s or) =1

and

(vi) it holds that

neN

+sup sup E[||O7|%] < oc. (203)
neN s€[0,T

T or n " -
supE{ / el POb) M masc {1, 1@ (O, )7, 00y, S (1O + P 6|27 du} ds}
0

Proof of Proposition[5.6. Throughout this proof let € € (0,14 — ), 5 € (0,1/4), ¢ € (max{p,1/s,4/<},
00). Observe that Lemma and Lemma [5.3| ensure that there exists a real number 7 € [0, c0) such
that

k48

;)\k—i"’]

72043 Ty

[sup({supsea [o(@)]: [0 € C(0,1),R) and [elhweaons < 1]})] <1

(204)

Next note that the Burkholder-Davis-Gundy-type inequality in Da Prato & Zabczyk [I1), Lemma 7.7]
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yields for all n € N, ¢1,t5 € [0, T] with t; < ¢, that

t1 to q 2/q
(]E[ / P, et =)A g, — / P, el2=9)4 g, D
0 0 H,
t1 to q 2/q
+ (JE{ / =) A gy, — / et2=8)A gy, D
0 0 H,

t2 q /q
= (EH / (L ooy (5) Py em@tms004 — p el2m94) gy, D
0 H,

! (E[ HD/ (205)

1) max{t;—s —s 2
< q(q2 / H]l( ootl)( ) P {hms03d Pn e(t2 )AHHS(H,HQ) ds

t2
/ (1(7007751)(8) 6ma‘x{tl—s,O}A e (ta—s) )dW
0

+ q(q2 1) / Hﬂ cots) (S) emax{tl—s,O}A . 6(tg—s)AHQHS(HH : ds

to t1
<q(g—1) { /t ||€(t27S)AHI2{S(H,Hg) ds + /0 et — e(trs)AH;aH,He) ds]
1

to t1
= q(g—1) [/tl He(tz—s)AHzHS(HyHg) ds + /O He(tl—s)A(IdH - e(tz—tl)A) H?{S(H,He) ds} .

This proves for all n € N, t1,t5 € [0,T] with t; < t, that
1)
H

t1 t2
(]E{ / P, eh=)A g, — / P, el2=9)4 g,
0 0 0

t1 to q 2/q
+(E{ / =) A gy, — / et2=8)A gy, D
0 0 H

to :
<qlq— 1)/t H(_A)Qe(tQ_s)AHiIS(H) ds
1

t1
Fata=1) [ AP A0 = O
1 i/ 29 —2(ta— s))\kd (206)
q - (& S
[e'e] t1
+ q(q _ 1)“(—./4)75 (IdH _ e(tzfm)A) Hi(H) ;/0 (/\k>2g+25 6—2(151—5)/\,c ds
e )\ 29 _2)‘19 to— tl)
qlg—1) Z d )
k=1
e /\k 2g+2£ o —2/\kt1)

+ (g = D[ (—A4) " (1dy — e Z

=1

2)\k

Moreover, note that the fact that Vr € [0,1], ¢ € [0, 00)

(=A) T (1dg —e ) [ pmy <t (cf, e,
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Lemma 11.36 in Renardy & Rogers [39]) implies that

—A)E(Idy — elta—t1)AY)||2
sup I=A4)~(dx 5 Mz = sup (t°)|(—A)(Idy — etA)HL(H))Q <1. (207)
t1,t2€[0,T], t1<ts (to — t1)% t€(0,T]

The fact that Vo € R: 1 —e™* < x and (206)) hence establish for all n € N, t1,t5 € [0, T] with ¢; < t5

that
t1 to q 2/q
( { / P, el qw, — / P, el2=)4 q1y D
0 0 H,
t to q 2/q
+(E{ / et=9)A gy, — / et2=9)A gy, D
0 0 H,

o0 )\ 20—1 1 o 672)\]6(1527251) 2e
<qlg- 1)y AL :

&=

2
= - (208)
+ q(q _ 1)“(—14)_5 (IdH _ e(t2—tl)A) Hi([{) Z(}\k)2g+25—1
k=1

> —A) = (Idy — eltz—t)4 %H )
gm—nggm%%1@+m e m(vM—ma
< 2q<q — 1) [Z()\k)2g+2€_1] (tg — t1)26 < Q.

k=1

Combining this with the fact that g¢ > 1 and the Kolmogorov-Chentsov continuity theorem shows
that there exist stochastic processes O: [0,T] x Q@ — H,, O": [0,T] x Q@ — P,(H), n € N, and
O": [0,T] x Q@ — P,(H), n € N, with continuous sample paths which satisfy for all n € N, ¢t € [0, T
that [Oe s = Jy €94 AW, [Of]p sy = [y Pue*4 dW,, and

t
Q' = O + P, e ¢ — / =AM (O 4 P, e*4€) ds. (209)
0

This proves ({)—(iii). Next observe that the fact that Vn € N, ¢ € [0,7]: P(O} = OF) = 1 and
Lemma [5.5] demonstrate that

sup{n sup (8[10— 071, 1) < oo (210)

neN te(0,7

The fact that O: [0,T] x Q@ — H, and O": [0,T] x Q — P,(H), n € N, are stochastic processes
with continuous sample paths, (208)), and Cox et al. [5, Corollary 2.11] (with T =T, p=gq, B =c¢,
OV = {EL €[0,7): k€ {0,1,....N}}, E=H,, YN = ([0,T] x 2> (t,w) = OF(w) € H,), Y* = O,
a =0, e=c¢/2for N € N in the notation of Cox et al. |5, Corollary 2.11]) hence prove that

s Ya
sup{n(a/2_1/Q) (IE[ sup ||O; — (’)?H%g]) } < 00. (211)

neN t€[0,T]
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This, the fact that ¢/2 —1/q > 1/¢, and Hutzenthaler & Jentzen [24, Lemma 3.21] (cf., e.g., Graham &
Talay [16l Theorem 7.12] and Kloeden & Neuenkirch [36, Lemma 2.1]) ensure that

P(limsup sup |05 — O |\u, = O) =1 (212)

n—oo  s€[0,7]
Next note that for all n € N it holds that
sup [|(Idg — By) €€, < [(=A) ¢ (1da = Pala) | e €]l
s€[0,7] (213)
= (=A) 1y = Pal i)l G0 2 N€ N, < (com®n®) @ €|, .

Combining this with (212]) shows that

]P’(limsup sup [[(Oy + e*¢) — (O + P, e*8)||u, = 0) = 1. (214)
n—oo  s€[0,T]

This establishes (iv). Furthermore, the fact that ¥n € N, t € [0,7]: P(OF = OF) = 1 and
prove (). Moreover, Proposition p.1] (with H = H, U =H,H={e, € H: ke N}, T =T, a = 0,
B=0,v=0n=nr=0, A=A W)pr = Wiepm, O=Pu(H), FF = (P.(H) > v 0€ H),
F=(P,H)2v—neH),B=(P,(H)2v— (H>u~ P,(u) € H) e HS(H)), { = (23> w —
P,£ € P,(H)), X = ([0,T] x Q3 (t,w) — (O}Mw) + P, e"¢) € P,(H)) for n € N in the notation of
Proposition ensures that for all n € N, ¢ € [0,77] it holds that

t
[O? +Pn etAé-]IF’,B(H) — |:Pn et(A—n)er/ (t—s)(A-n) (On +P esAg)
0

t
+ / P, elt=)A=m) qyy,
0
This and (209)) imply for all n € N, ¢ € [0, 7] that
t
[0 — P, "™ ¢]p gy = / P, =A== gy, (216)
0

In addition, note that for all n € N it holds that [0, 7] x Q > (t,w) — (@”( ) P, etA=m¢) € P,(H)
is a stochastic process with continuous sample paths. Proposition , and - hence show
that

T T n W
pE[/ el 1) max (1, |0y, I 0% 3102 + P eS¢ 37 du} ds
0

neN (217)
+sup sup E[JO7]4] < .
neN s€[0,T]
This establishes . The proof of Proposition is thus completed. O

5.4 Strong convergence

Proposition 5.7. Assume the setting in Subsection and let X:[0,T] x Q@ — H, be a stochas-
tic process with continuous sample paths which satisfies for all t € [0,T] that [Xilp g = [€4€ +

Jo e DA P(X) ds]ppm) + f (t=)A qW,. Then it holds for all p € (0,00) that
limsup sup E[[|X, — &"|},] = 0. (218)

n—oo  t€[0,7]
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Proof of Proposition[5.7. Throughout this proof let p € (0,00), ¢ € (max{p,2},00). Note that
Proposition shows that there exist a real number 7 € [0, 00) and stochastic processes O: [0, 7] x
Q — H,, o 0,7] x Q@ — P,(H), n € N, and O": [0,T] x Q — P,(H), n € N, with continuous
sample paths which satisfy for all n € N, ¢ € [0, 7] that

t t
[Ot]]P’,B(H) = / e(t_s)A dWS, [O?]P,B(H) = / P, e(t_s)A dWS, (219)
0 0
t
OF = O + P, ¢ — / =AM ) (O™ 4 P, e*4¢) ds, (220)
0
]P’(limsup sup [[(Oy + e*¢) — (O + Py, ") ||u, = O) =1, (221)
m—oo  se(0,T

t
P(A = Py etet [Pl

(e, HHQ—&—H@[‘SJhn—l—PneLSJhnAguHQth\*x}F(XLthn> d8+(9t) = 1, (222)

and

nmsupE[/ B ) e (1,180, )| OT %, 31O + P “Aawq”qﬁd}ds]

m—0o0

+limsup sup E[[|O[|3] < oo. (223)

m—o0  s€(0,T]

In addition, observe that the fact that € [0,00) and the assumption that Vn € N v, w €
P,(H): (v, P,F(v+w)), < éw)|v|F +<,0H21H%h/2 + ®(w) establish that for all n € N, v,w € P,(H)
it holds that

(0, PuF (v +w)) p < g(w)|ollf + ol (n = A)70||F + (w). (224)

Combining this, the fact that (A—a=p)/(1420) > (2e=0)/(1429) > (20— 2P)/(2+2z9 (e=P)/(149), the fact that
Vte[0,T]: ]P’(Xt = f (=94 P(X,)ds + O; + e¢) = 1, and ( - with (i) in Theorem
(with H = H, H = {e, € H: ]{ZEN}U—T],H—Q,KJ—OA ,p=p,a=q, p=p 0=0,
V=0,T=T,x=x,p=¢ F=F,¢=0¢,® =23, (Hy)nen = ({ek € H:k€{1,2,....n}})nen,
(Pudnert = (Padncsts (et = (et (0% = ([0, T)X 90 3 (£,) — OF(w) € Hyner, (X)pens =
([0, 7] x Q > (t,w) = X(w) € Hynen, (O)peny = ([0,T] x Q > (t,w) = (O (w) + P, ) €
Py(H))pen, X = X, O = ([0,7T] x Q 3 (t,w) = (Oy(w) + €4€) € H,), ¢ = p in the notation of

in Theorem completes the proof of Proposition [5.7] O
6 Examples

In this section we demonstrate how Proposition[5.7 can be applied to stochastic Burgers and stochastic
Allen-Cahn equations (see Corollary [6.6{and Corollary below).

6.1 Stochastic Burgers equations
6.1.1 Setting

Consider the notation in Subsection [I.1} let ¢; € R, T, ¢y € (0,00), 0 € (1/3,1/4), x € (0,9/2 — 1/16],
(H, Y ) = (Z2Aoays R), ¢, )Lz(,\(m R)s || ||L2()\(0 1)R) let (ep)nen: N — H be the function

which satisfies for all n € N that e, = [(V2sin(nmx)).e, D)o B®): let A: D(A) C€ H — H be the
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linear operator which satisfies D(A) = {v € H: Y ;2 k*/{e},v)n|* < oo} and Vv € D(A): Av =
—com® Y ooy k¥ er, v)mer, let (He, () 5 |-ly), 7 € R, be a family of interpolation spaces asso-
ciated to —A, let £ € Hyp, let F: Hyy — H_ 1, (Py)pen: N = L(H), and (hp)nen: N — (0, 7]
be functions which satisfy for all v € His, n € N that F(v) = ¢1(v?), P.(v) = > (€x, v) mex,
and limsup,, . bm = 0, let (2, F,P) be a probability space, let (W), be an Idg-cylindrical
(Q, F,P)-Wiener process, and let X, O™: [0,T] x Q — P,(H), n € N, be stochastic processes which
satisfy for all n € N, ¢ € [0, T that [Of]p 5y = fot P, e=)4dW, and

t
P(X = Py et Pyel=41 F(Xp, ) ds+07) = 1. (225)
0 n

n n s A _
Wy, g +HIOT), +Pael™nnde] g, <|hn|~x}

6.1.2 Properties of the nonlinearity

In this subsection we establish a few elementary properties of the function F' in Subsection [6.1.1
above, see Lemmas below. For the proof of these properties we present two elementary and
well-known facts in Lemmas below. See, e.g., Section 4 in Jentzen, Kloeden, & Winkel [30]
for the next result, Lemma [6.1]

Lemma 6.1. Assume the setting in Subsection W Then it holds for all v € Hy, that H’IJHH1/2 =
Veollv'[|a-

Proof of Lemma[6.1. Note that integration by parts proves for all v € H; that

||U||?L11/2 = [(—A)"0[|3; = (—A) v, (—A) v}y = —(v, Av)g (226)
= —co(v, V"V g = co(v', V") g = co||V']|%

The fact that Hy C H.j, is dense in Hy, and the fact that (Hy, > v — v € H) € L(Hy;,, H) thus
complete the proof of Lemma [6.1] O

Cf., e.g., Lemma 4.7 in Blomker & Jentzen [2] for the next lemma.

Lemma 6.2. Assume the setting in Subsection[6.1.1. Then it holds that

||U/||H,1/2 71/2
sup ————= = (co)” 7% (227)

veH\{0} ||UHH

Proof of Lemmal6.9. Observe that, e.g., (iii) in Lemma 3.10 in Jacobe de Naurois et al. [I2] and
Lemma [6.1] show that

10", (v, w) |
sup ——>— = sup sup @ ————t
veH\{0} vl veH\{0} we H1/,\{0} ||U||H||w||H1/2
v, w
= sup sup Mo, w)ul (228)

wery,\{o} ver\{o} [0l mllw][a ,

/
Sup m — (C )_1/2‘
weH 5 \{0} [w]m,,

The proof of Lemma [6.2]is thus completed. O]
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The next simple lemma is a slight modification of Lemma 5.7 in Blomker & Jentzen [2].

Lemma 6.3. Assume the setting in Subsection|6.1.1 and let v,w € Hy,. Then it holds that F(v+w) €
H and

2|e1]?
[(v, F (v +w)) | < max {Z2E, 4} [0l [sup,eqon) [w(@)*] + §llvllE,, (22
c1l? max{2le112/c
+ max {22 A} [1 4 sup,e g [w(e) [/ ob],

Proof of Lemma[6.3 Observe that, e.g., Lemma 4.5 in Jentzen & Pusnik [32] ensures for all v € Hiy,
that F(u) € H. Next note that integration by parts and, e.g., again Lemma 4.5 in Jentzen &
Pusnik [32] yield that

3, vy =2 v, v)g + @, 0"y = (), )y + W, 0Py (230)
= — (%Y g + (', v*) g = 0.
Applying integration by parts again hence shows that
(v, Flo+w))g = c1(v, [(v+w)?]Ng = —c1 (v, (v +w)H g
= — (v, v g —2c, (v, v-whg — e (v, w) g (231)

= 2c1(v,v-w)g — 1 (v, w?) g

This, the Cauchy-Schwartz inequality, the fact that Va,b € R, e € (0,00): 2ab < ea® + %, and
Lemma [6.1] prove that

(v, F(v+w)) | < 2leillv'llmllo - wlla + e 10| llw?]|

IA

2 2
S5+ 22 o - wllFy + 1 + S w1

c 2
% [sUP,e(0,1) lw(2)[*]

2|e1]? c1?
24l |3 [supaeqo lw(@) ] + vl , + AL [sup, e (o) [w(@)]']

IN

2leq|? ¢
AL || (12, [sup, e o.1) lw(@)[?] + 20 |lv'||% + -
232

2|e1]?
295 4} [0l [supaeqon lw(@) ] + §lvlli, ,

+ max {M) 4} [1 + SUP,e(o1) |w<x)|max{2\cu2/co,4}]_

€0

< max{

The proof of Lemma [6.3] is thus completed. O

Lemma 6.4. Assume the setting in Subsection and let v,w € Huys. Then it holds that F' €
C(Hl/g, H_l/g) (I,Tld

HF(U) N F<w)||H71/2
ull2ay . .
<lelleo ™ | sup —aenB (233)

L+ v +Jw v —w| < 00.
w0y Nl 10, + N0l , ) 1o =l
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Proof of Lemma[6.4. Observe that the fact that v?, w? € H and Lemma [6.2] establish that

1(0?) = @) llr_y,, < leol™Ilv* = w?|lx

< eo| ™[0 + wl Larg 0, @) 10 = W30 2
92

_ lull ar . )
< |eo| = —— 0Dy + w||H1/8 lv — w||H1/8 (234)
luery\foy vl

I
S T

L+ fjv + flw v—w )
e oy Tl | W el ) o = ol

This shows that

1F@) = F@)ll_y, = [ler (@) = @)l ,,

HUH?A(A R) (235)
<lelleo]™* | sup 5= (T4 [[olly, + llwl] [0 —wlly,, -
R P i il R
Next note that the Sobolev embedding theorem yields that
lullZapng
sup M (236)
’LLEHl/S\{O} ||uHH1/8
Inequality (235]) hence completes the proof of Lemma . O

6.1.3 Strong convergence

Corollary 6.5. Assume the setting in Subsection and let X: [0,T] x Q@ — H, be a stochas-
tic process with continuous sample paths which satisfies for all t € [0,T] that [Xi|psr = [e¢ +

Jb et =94 P(X,) dslp o) + f (t=)A qW,. Then it holds for all p € (0,00) that

limsup sup E[[|X; — &"||%] = 0. (237)

n—oo  t€[0,7]

Proof of Corollary 6.9 Throughout this proof let (P)nen: N — L(H_;) be the function which
satisfies for all n € N, v € H that P,(v) = P,(v) and let ¢,®: Hy — [0,00) be the func-

tions which satisfy for all v € H; that ¢(v) = max{%,él}[l + SUP,e(0,1) lu(2)[?] and ®(v) =
max{%,él} [1 + sup,e(n ]y(m)|ma"{2‘cl‘2/co’4}]. Next note that Lemma |6.3 proves for all n € N,
v,w € P,(H) = P,(H) that

(v, PaF (v + w)) i = (0, F(v+w) < p(w)|[olly + §llvllF,,, + ®(w). (238)

Furthermore, Lemma [6.4] ensures that for all n € N, v,w € P,(H) it holds that F' € C(Hs, H_1,)
and

1E() = F(w)llu_y,

[, 9239
<lealleol ™| sup  —ZRenT ( 9

Lt [l + lll, ) o = wllg, , < oo
UEHl/S\{O} H HHl/g H1/8 Hl/g ) H1/8
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Combining (238)-(239) and Proposition (with T =T, ¢y = ¢y, 7 = max{2leil/e;, 4}, 0 = 1 +
|Cl||CO|71/2[Supu€H1/8\{O} ”ulli4(>\(0,1);R)/H“qul/g]a U= 17 a = 1/27 Y = 3/47 p = 1/87 0 =0, X=X 5 = 57

F = F’H.gﬂ (Po)nen = (pn)nGNa (hn)nen = (hn)nen, ¢ = ¢, @ = @, (X")new = (X" )nen, (O")nen =
(O™)pen, X = X in the notation of Proposition completes the proof of Corollary . O]

The next result, Corollary [6.6] below, is a direct consequence of Corollary[6.5] It establishes strong
convergence for the stochastic Burgers equation, also see Remark below.

Corollary 6.6. Consider the notation in Subsection[I.1], let T € (0,00), 0 € (Y/s,Y/4), x € (0,¢/2 —
Vasl, (H, G ) ) = (B2 A0 R), () 2ymys 1l 2y my)» let Az D(A) € H — H be the
Laplace operator with Dirichlet boundary conditions on H, let (H,,{-,-)y ,|IIlz ), 7 € R, be a family
of interpolation spaces associated to —A, let & € Hip, let F: Hyy — H_ 1y, (ep)nen: N — H,

n)nen: N — , an n)nen: N — e functions which satisfy for all v € Hiys, n € N that
P N — L(H d (h N 0,T] be f hich fy for all Hy N th

F(v) = —3(0*), en = [(V25in(nm2))ae(o,)]n 5@, Pa(v) = 34 (er, v)uex, and limsup,, o hy,

0, let (2, F,P) be a probability space, let (Wy)icjor) be an Idg-cylindrical (Q, F,P)-Wiener process,
let X", 0": [0,T] x Q@ — P,(H), n € N, be stochastic processes, let X: [0,T] x Q — H, be a
stochastic process with continuous sample paths, and assume for alln € N, t € [0,T] that [ Xi]p gy =
[eA¢ + [Lelt=94 F(X,) dslp () + f (t=9)4 gy, [@?]RB(H) — fot P, 944w, and

t
P(X = Py el Pyel =41 F(X, ) ds+0}) = 1. (240)
0 n

1, i HIOY, ), +Pael e, <|hn| X}
Then it holds for all p € (0,00) that

limsup sup E[[|X, — &"|}] = 0. (241)

n—oo  t€(0,T

Remark 6.7. Consider the setting in Corollary [6.6. Roughly speaking, Corollary demonstrates
that the full-discrete explicit numerical approximation scheme described by (240) converges strongly
to a mild solution process of the stochastic Burgers equation

I Xi(x) = L Xi(x) — Xu(z) - 2 X4(x) + 2Wi(2) (242)

with Xo(x) = &(x) and X;(0) = X¢(1) =0 fort € [0,T], z € (0,1) (cf., e.g., Da Prato, Debussche, &
Temam [9, Section 1]).

6.2 Stochastic Allen-Cahn equations
6.2.1 Setting

Consider the notation in Subsection [L.1] let ¢; € R, ¢, 2, T € (0,00), ¢ € (16, Y/4), x € (0,¢/3 — /18],
(H, Y ) = (Z2Aoays R), ¢, )Lz(,\(m R)s || ||L2()\(0 1)R) let (ep)nen: N — H be the function
which satisfies for all n € N that e, = [(vV2sin(nr)).e, 1)]A(0 LB®), let At D(A) C H — H be the
linear operator which satisfies D(A) = {v € H: Y 2, k*|(er, v)u|* < oo} and Vv € D(A): Av =
—com® Y oy k¥ (ex, v)er, let (He, () s |-ly), 7 € R, be a family of interpolation spaces asso-
ciated to —A, let £ € Hy,, let F: Hyg — H, (Py)pen: N = L(H), and (hy)nen: N — (0,77 be
functions which satisfy for all v € Hij, n € N that F(v) = civ — ¢o0°, Py(v) = >0 (€x, v) mex,
and limsup,, . hm = 0, let (Q, F,P) be a probability space, let (W;)icpo,m) be an Idg-cylindrical
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(Q, F,P)-Wiener process, and let X, O": [0,T] x Q — P,(H), n € N, be stochastic processes which
satisfy for all n € N, ¢ € [0, T] that [O}]p gy = Jo Pae!=4dW, and

t
P(&) = Pyt [ Byel =41 F(AL, ) ds+O}) =1. (243)
0 n

A —
Uy, N1 IOy, +Pn et In A6l <lhn| =)

6.2.2 Properties of the nonlinearity

In the results in this subsection, Lemmas below, we collect a few elementary properties of the
function F in Subsection [6.2.1] above.

Lemma 6.8. Assume the setting in Subsection and let r € (1/4,00), v,w € H,. Then
(v, F(v 4+ w)) y < max {6, e1 + [er|* + [ea } [[ollF + 1+ sup,e o fw(e)retCatial et (244)

Proof of Lemma[6.8. Note that the fact that Va,b € R: a*+ 3ab+3b* > 0 and the Cauchy-Schwartz
inequality ensure that

(v, Flv+w))y = (v,c1(v +w) — c2(v +w)*) = ea||vl|F + e1 (v, W)y — o (v, (v+w)?)

= aillollf + e {v,w)y — Cz/ ()] ([u(2)]* + 3u(x)w(z) + 3 [w(x)]?) + v(@)[w(x)] do -
0 245

1
SMM%+ﬁmwm—@/memex
0
< 01||U||§1 + ledll|vl mllwl e + C2||U||H||w3||H-

The fact that Va,b € R: ab < a® 4+ b? and the fact that Va € R, b € [1,00): @ < 1+ |a|® hence prove
that

(v, F(v+w))y < allolly +lePllolli + lwll + lea*llollF + lw®llE
<

(e + ler* + lea) vl + [supseqo, lw(@)*] + [sup,eqoy lw(@)|’]

max C C C: (246)
< e+ a1l + leal) ol + 2 (14 sup,e o lw(a)rex(ertlealier)
< max {6, cl -+ |Cl|2 + |C2|2} [HU”%{ +1+ Spre(o,l) |w(x)|max{6,61+|c1|2+|02|2}}‘
The proof of Lemma [6.§]is thus completed. O

Lemma 6.9. Assume the setting in Subsection and let v,w € Hyg. Then it holds that F' €
C(Hys, H) and

1 (v) = F(w)lla
3
e | HuHLG(A(O 1);R) 2 2 (247)
< | ——F+2c sup  — 1+ |v + [Jw v—w < 0.
((607(2)1/6 u€H1/6\{0} Hu“SHl/G ( H HHl/G || HH1/6) H ||H1/6
Proof of Lemma[6.9 First, observe that
o = wllar < (= Al uiano — wllay, = (car®)™*llw — w]
1/6 v (248)

_ 2 2
< (com®) ™ (L4 oll7 , + ol , )0 = wlli,-
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In addition, note that Holder’s inequality implies that
[v° =l = [[(v = w) - (v* + 0w+ w?) | r2rgm)
B HU o wHL6(>\(0,1)§R)H02 tU-w+ w2HL3()\(0,1)§R)

< ||U - w||L6(>\(o,1);R)(”U”%b‘()\(o,l);R) + ||U||L6(>\(0,1)§R)||w||L6()\(0,1)%R) + ||w||2L6(/\(0,1);R))

(249)
< 2110 = w00 (101250010 + 101200 1 0)
co| wp Mvesa] g e g g
T ueH6\{0} HUH%ﬁ/G Hise Hize Hise
Combining this with (248]) shows that
IF(v) = F(w)|[ir = [ler(v = w) = e2(v® = w?) || < |erllv = wllg + eal]o” = w’||y
1| 1l Zorg ) 2 ) ) (250)
<|——++2c| sup ——i—" T+ |lvll7 + ||w]l v —wl, .
((cow2)1/6 wery\fop v ||H1/6 ( e e ) e
Furthermore, observe that the Sobolev embedding theorem proves that
[l Zo0n g
sup M < 0. (251)
wem oy [l
This and (250)) establish (247). The proof of Lemma |6.9]is thus completed. O

6.2.3 Strong convergence

Corollary 6.10. Assume the setting in Subsection and let X:[0,T] x Q@ — H, be a stochas-
tic process with continuous sample paths which satisfies for all t € [0,T] that [Xppar = [e4€ +

J& e =94 F(X,) dslp sy + f (t=)A qW,. Then it holds for all p € (0,00) that

limsup sup E[[|X; — &"||%] = 0. (252)

n—oo  t€[0,T]

Proof of Corollary[6.10. Throughout this proof let (P)nen: N — L(H_;) be the function which
satisfies for all n € N, v € H that P,(v) = P,(v) and let ¢,®: H; — [0,00) be the functions
which satisfy for all v € Hy that ¢(v) = max{6,c; + |c1]* + |e2|*}[1 + sup,e o [v(2)]?] and ®(v) =
max{6, ¢ + [e1]* + |e2|*} 1 + sup,e( |u(z)[maxiGertlel* e} ] - Observe that Lemma [6.8] ensures for
alln € N, v,we P,(H) = P,(H) that

(0, P, F(v+w)) g = (v, F(v+w))y < d(w)]o]|3 + D (w). (253)
In addition, Lemma [6.9] shows that for all n € N, v,w € B,(H) it holds that F € C(H.,, H) and

[1F(v) = F(w)llu

e (254)
- (W e

HuHiﬁ(A(o,l)%R)
sup @ ——

wem oy [l

2 2
]) (1+ HUHH1/6 + Hw”m/G) lo— w“Hl/G < 00.
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Combining (253))—(254) with Proposition (with T =T, cg = cg, v = max{6,c; + |c1]* + |c2]?},
0= |Cl‘/(00ﬂ—2)1/6—}—2 C2 [Supu€H1/6\{0} HUHiG(A(O,l);R)/H“H?Jl/ﬁ]a ¥ = 27 a = Oa Y= 07 P = 1/67 0=0, X=X, 5 = 57

F = F’H.gﬂ (Pu)nen = (Pu)nen, (hn)nen = (hu)nen, ¢ = ¢, @ = @, (A" )nen = (X")nen, (O")nen =
(O™)pen, X = X in the notation of Proposition completes the proof of Corollary m

The next result, Corollary below, proves strong convergence for the stochastic Allen-Cahn
equation, also see Remark below. Corollary follows immediately from Corollary above.

Corollary 6.11. Consider the notation in Subsection let T € (0,00), 0 € (Ye,Y4), x €
(Oa 9/3 - 1/18]7 (Ha <'a >H ) ||||H) = (L2<)‘(0,1);R)7 <'7 '>L2()\(071);R)7 ||'||L2(/\(0’1);]R))7 let A: D(A) g H— H
be the Laplace operator with Dirichlet boundary conditions on H, let (H,,(-,-)y |l ), 7 € R, be
a family of interpolation spaces associated to —A, let & € Hip,, let F: Hig — H, (€p)nen: N = H,

(Po)nen: N = L(H), and (hn)nen: N = (0,T] be functions which satisfy for all v € Hys, n € N that

Fv) = v—v?, ey = [(V28in(n72))ac(01) |00, 8@, Pa(v) = 35 (ek, v)mex, and imsup,, . by, =0,

let (0, F,P) be a probability space, let (Wy)icjor) be an Idg-cylindrical (2, F,IP)-Wiener process,
let X*,0":[0,T] x Q@ — P,(H), n € N, be stochastic processes, let X: [0,T] x Q@ — H, be
a stochastic process with continuous sample paths, and assume for all n € N, t € [0,T] that
[ Xelp sy = [etA¢ + [Lelt=94 P(X,) dsle.g(m) + fot e(t=9)A qW, [O?]P,B(H) = fg P, et =)AqW,, and

t
P(X = Py e[ Pyel=41 F(Xp, ) ds+0}) = 1. (255)
0 n

n n s A _
{”thjhnHHQ-Q-HOLS”L”—{-P"@LJhn Ellr, <Ihnl~x}

Then it holds for all p € (0,00) that

limsup sup E[[|X, — &"|},] = 0. (256)

n—oo  t€[0,7]

Remark 6.12. Consider the setting in Corollary|6.11] Roughly speaking, Corollary reveals that
the full-discrete explicit numerical approximation scheme described by (255) converges strongly to a
mild solution process of the stochastic Allen-Cahn equation

D Xi(2) = Lo Xi(x) + Xo(2) — [Xo(@)]> + 2Wi(2) (257)
with Xo(z) = &(z) and X;(0) = X4 (1) =0 for x € (0,1), t € [0,T] (cf., e.g., Kovdcs, Larsson, &
Lindgren [37, Section 1]).
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