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Abstract
The first terms in the small volume asymptotic expansion of the shift of Neumann Laplacian
eigenvalues caused by a grounded inclusion of area 2 are derived. A novel explicit formula to
compute them from the capacity, the eigenvalues and the eigenfunctions of the unperturbed
domain, the size and the position of the inclusion, is given. The key step in the derivation is the
filtering of the spectral decomposition of the Neumann function with the residue theorem. As
a consequence of the formula, when a bifurcation of a double eigenvalue occurs (as for example

in the case of a generic inclusion inside a disk) one eigenvalue decays like O(1/loge), the other
like O(£?).

1 Introduction

Consider a planar domain  and let w? be an eigenvalue of the negative Laplacian on Q with
homogeneous Neumann boundary conditions. Suppose a small inclusion D = z 4+ ¢B (where z € €,
|B| = ||, and ¢ is small) is inserted inside 2. This may cause the eigenvalue w? of the perturbed
domain Q\ D (with Neumann condition on 02 and Dirichlet on 0D) to vary in value or in multiplicity
with respect to w?. Asymptotic formulae of the perturbation with respect to the size of the inclusion
have been derived in the ‘80s in [10] and [5]. In particular it has been shown that if w? is simple and
u is the associated L?-normalized eigenfunction, the perturbation is singular and
2 2

ot = 2L o1/ 10g(e)). 1)
More recently, Gohberg-Sigal theory for meromorphic operators applied to the integral equation
formulation of the eigenvalue problem has led to new results (see [3], [4]). In this paper we elaborate
on these results to further improve (1), by calculating explicitly the terms up to O(¢?) and by
generalizing it to the case of multiplicity 2. As a consequence of our derivation, for perturbed
eigenvalues w? | < w?, splitted from a double eigenvalue w? of the original domain €, it holds

__ G
log(e) + Cy

Wel —W = 0(62),

Weo2 — W=
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where ' and C5 do not depend on € and can be explicitly calculated from the capacity, the eigen-
values, and the value at z of the eigenfunctions of (2.

More in detail the structure of the paper is as follows. After introducing in Section 1.1 the precise
setting of the problem and the notation, in Section 1.2 we recall the equivalent formulation of the
Laplacian eigenvalues as characteristic values of an appropriate integral operator. An asymptotic
expansion of this integral operator can be obtained by expanding in Taylor series the free space
fundamental solution. Gohberg-Sigal theory then provides a link between eigenvalues’ shifts and the
traces of these integral operators through power sum polynomials. In the core Section 2, explicit
terms for the small volume expansion of these power sum polynomials are derived by using properties
of layer potentials. The key step in this derivation is the filtering of the spectral decomposition of the
Neumann function using the residue theorem to obtain geometric-like series which can be summed.
A tentative proposal for formal automated computation of higher order coefficients is given in Section
2.3. Finally in Section 3 some interesting consequences for special cases and a brief validation with
numerical experiments are provided.

1.1 Main tools and notation

The eigenvalue problem Let 2 be an open, bounded and connected subset of R? with C'! bound-
ary. It is well known that the eigenvalues of the negative Laplacian on {2 with Neumann boundary
condition are non-negative, have finite multiplicity and can be arranged in an increasing divergent
sequence

0=wj <wi <ws < - <wp — 00.

For each index i, let m; be the multiplicity of w?. We choose the associated eigenfunctions u; 1, . . ., Ujm,
to be orthonormal in L2. For any i, j we thus have

(A+wlu;; =0 inQ,

aum- -
W = on 89,

/ 1 ifi=kandj=I,
Ui, j Uk, = .
Q 0 otherwise.

We will often use the vector notation

and

Ui = (U’i,la s 7Ui,mi>‘ (2)

Free space fundamental solution The free space fundamental solution for Helmholtz equation
(A + w?)u = 0 is a function T, s.t. for any z,y € R?, it holds

(A + )Ty (z,y) = 3,(2)
in the distributional sense, where 9§, is the Dirac delta at y. We adopt as fundamental solution
1

27Tlog|m—y| ifw=0,

Po(@,y) =]
ZYb(w\x—yD otherwise,

where Y| is the Bessel function of the second kind and order 0; it can be defined by the power series

n

Yo(t) := %Z(—l)” (Qin!) log(nnt),

n=0

with logn, := Buler-Mascheroni constant —log2 + Y ;_, + (for further details see [1, Chapter 9]).
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Layer potentials Given ¢ € L?(99)), we define the operators

(Single layer potential) Sglo)(z) = / Loz, y)o(y) do(y) for x € R?,
o0
(Double layer potential) Dglo](x) == / %ﬁ—é’@gﬁ(y) do(y) for x € R?\ 99,
o0
o o o ol (x,y)
(Neumann-Poincaré operator) Kglo](x) == /asz “ou(y) o(y) do(y) for x € 0.

For their properties and extensive applications in the theory of boundary value problems we refer
to [6].

Capacity of a set The single layer potential can be used to define the capacity of a set as follows.
It can be shown that there exists a unique non-zero couple (peap, @) € L*(992) x R which solves

{Sg[gocap] (r)=a Vze€oQ,
faQ Peap = 1.

2ma

The logarithmic capacity of 0 is then defined as cap d) := e*™ (for further properties of the

capacity we refer to [9, Section 16.4]).

Remark 1.1. Consider the special case when €2 is the unit disk. Writing ¢ for the angle in the usual
polar parametrization of the boundary, one can calculate that

. 0 itn =0,
Sole™(r)=1{ 1 | .
——e™"  otherwise.
2n
Thus we have an explicit expression of S in the Fourier basis of L?(02). Notice however that the

fact that SY[1] = 0 causes the non-invertibilty of S3. However, if we consider
6= Spldl+ 1 | ¢,
00

we see that, for a constant A\ # a, this operator is always invertible from L?*(92) to H'(9). This
is still true for a more general domain 2 as in our assumptions (see [12, Theorem 4.11] for more
details).

Fundamental solution for a bounded domain The Neumann function Ng is defined as the

solution of
(A, + W?)Ng(z,2) = 6.(z) forxz €,

NUJ
89—(17,2) =0 for x € 092,
ov(x)
where w € C is not one of the eigenvalues w; and z € €. It has the spectral representation
o — Uj(2) - Uj(2)
Ng(ﬁ,Z)IZ ]LUQ—(,U]Z )
=1 J

where the convergence of the series to N& in general is only in L? (see [7, ezpansion theorems]).
By integrating N§ against test functions in L?(92) and using the properties of layer potentials
one can show that
wy—1 w
([/2=Kg)" Lo, 2)|(z) = Ng(z, 2). (3)
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We recall also that the Neumann function has a logarithmic singularity, in particular
1
Ng(z,2) = 2—log\x—2]+R5(:ﬂ,z) Vo # z, (4)
T

with Rg continuous on 2 x Q (for more details on the last two results, see [2, Section 2.3.5] and
references therein).

The perturbed eigenvalue problem Let B be a bounded domain with piecewise smooth bound-
ary, with area |B| = |Q|, and centered at the origin in the sense that

/ yrdo(y1, y2) = / y2do(y1,y2) = 0.

OB OB

We fix for the rest of the paper a point z € €2, a scaling factor 0 < ¢ < 1 and an index 6 € N.
Suppose then that the domain €2 is perturbed by inserting a grounded inclusion D := z + B inside
Q). This causes the eigenvalue w? to split into my (possibly distinct) eigenvalues %2,1 <. < wime
with associated eigenfunctions wu. 1, ..., Ue m,. This means that for j =1,...,my,

(A4 w?)uc; =0 inQ\D,

ue; =0 on 0D,
Ou,
=0 on O,

2

It has been shown in [11] that under our assumptions wZ

consider is the following:

— wj as € = 0. The problem we will

to find an asymptotic expansion of w? ; — wj in terms of ¢, for all j € {1,...,mq} .

With this purpose we will transform the eigenvalue problem into an equivalent integral formulation.

Nonstandard notation We will use the following notation:
1
e we indicate as 515 the normalized complex path integral s / :
i

e for clarity, we adopt the symbol ¢ to indicate the function variable of an operator evaluated at
a point, e.g. D4[o](2) indicates the function L?(0Q) 3 ¢ — DE[p](2) € R;
e given a multi-index a = (ay, . .., ay) € N? we indicate as 9% the normalized differential operator

1 0
arl.oap! 0zt L0t

1.2 Integral formulation

Define A.(w) as

/2K -8
Cow —» A(w):= ,
D¢ Sh

meaning that for any fixed w € C, A.(w) is the operator which takes ¢ € L*(9R2),v¢ € L*(0D) to

((1/2 - K)ol = S W]) L2(09)
S

Dglo] + SplYl L2(0D).



By expanding the fundamental solution in Taylor series in e, one can show that 4. has the same
characteristic values as the operator Y>> "H,, (the series converges in operator norm), where

(1/2 -Kg  —Tu(z,2) [j50W) dU(y))
Ho = )

D[] (=) S
” 0 (_1)n+1 Zm‘:n(@af‘w)(x, z) faB y* o (y) do(y)
Z\a|:n(aapfwl [0])(Z>xa XTL
with
w™ n
v — )i /aB log(newelr —y|)|z —y|" o (y) do(y) n even,
0 n odd,
S 1
Sp = by log(nowelz — y|) o (y) do(y). (5)
™ JoB

A study of the properties of A. can be found in [2, Chapter 1 and Section 3.1]). In the next
proposition we collect only the properties which will be used in the following discussion. Recall that
w € C is a characteristic value of A, if the null-space of A.(w) contains some non-zero function.

Proposition 1.2. The following results hold:

1. ww A (w) is analytic on C\ iR~ and w — A.(w)™! is meromorphic in C;

2. wy is a characteristic value of I/2 — K% and a simple pole of (I/2 —K%)™";

3. (wg,j)jzl m, @r€ characteristic values of A;

geeey

4. There is an open neighbourhood V' (which we fiz for the rest of the paper) of wy s.t. w.; € V
for j=1,...,my, and no other characteristic values of A. are in V.

Consider now the power sum polynomials

me
pri= ) (we; —wp)
=1
By properties of symmetric polynomials we can express w.i — Wp, ..., Wem, — Wy as roots of a

polynomial 2™ 4 ¢12™~! 4+ -+ - + ¢,,,, where the coefficients ¢, are themselves polynomials in p;; in
particular the coefficients ¢ can be recovered from the recurrence relations

Ditmg T C1PI4mg—1 T+ **+ + Cmp D for{=0,...,my — 1.

Example 1.3. If my = 1 we have
We,1 — Wo = P1,

while if my = 2 then

1+ /2p2 — p? p1— \/2ps — p?
2 ’ '

We2 — Wo = We1 — Wy = 9



Thus we have reduced the problem of finding an asymptotic expansion of wf,j — w? to finding
an asymptotic expansion of p;. Before computing the explicit terms in the expansion of p; we recall
some crucial concepts from Gohberg-Sigal theory.

If A is a finite range operator on a Banach space, its trace tr A can be defined as the trace of
A restricted to the finite dimensional space where A is non zero. In the next proposition we recall
some properties of the trace which will be extensively used in the subsequent computations.

Proposition 1.4. The following results hold:

1. Suppose Ay, Ao, A, Ay are finite dimensional operators on a Banach space. Then

A Az
tr <A3 A4) =trA; +trAy.

2. Suppose B, C' are operator valued maps defined on U, a neighborhood of a common singularity
v e C. If B,C are analytic in U \ v and have only finite dimensional operators in the negative
terms of their Laurent expansion in v, then [, B(w)C(w)dw is finite dimensional and

tr §éU B(w)C(w)dw =trp C(w)B(w)dw.

ou

3. If P, is a projection from L? to C and f, € L?, then

tr @ foP,dw = 75 P,[f.] dw.
av av

An application of the argument principle for operator valued maps (for its formulation we refer
to [8]) leads to the following crucial representation.

Theorem 1.5. We can rewrite p; as

P = tr§£ (w— we)lHo(w)_lawHo(w) dw
v

+ lZss" Z (_.l)j tr ygv(w —wy) ! Z H Ho(w) " Hp, (w) | dw.

J ni+-+n;j=n k=1
nl‘EZJr

The previous expression can be obtained by following the same algebraic manipulations in the
proof of [2, Theorem 3.9].

2 Computations for explicit formulae

First we highlight the quantities playing a key role in the expansion of p; in the following definition.

Definition 2.1. Let «, 3 be multi-indices in N2. The generalized capacity of B of order (a, 3), at
frequency w is

Cop(w) = — /8 ()€ o),

where 8% is defined in (5). We also introduce

Hw) = Ue(z)u; fﬁige](Z)’ o(w) = Z Uj(zzu;igigj](@v 6
T

where U; is the vector of eigenfunctions associated to wjz- as defined in (2).
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In the subsequent discussion we will often indicate the generalized capacity of order («,0) as ¢,
instead of ¢q.

Remark 2.2. We collect some useful properties of the quantities introduced in the previous defintion:
1. The generalized capacity of order zero can be rewritten as

o(w) = - / ()7 -

2m
log(nowe cap OB)

2. It holds ¢, 3 = 0 if || + | 3] is odd. This is a consequence of the fact that ¢ is even/odd if and
only if S%[] is even/odd (as functions parametrized on dB).

3. Althought the series defining v in (6) does not converge absolutely, Weyl’s law (which states
that w?- ~ j) and the oscillatory nature of the eigenfunctions of ) evaluated at z suggest that
the series converges conditionally.

4. By exploiting the spectral expansion of the Neumann function (4), we have that

tw)
W — Wy

DgING (- 2)](2) = +(w). (7)

In the subsequent calculations, this identity will enable us to rewrite the expansion in Theorem
1.5 in terms of t(wy) and t(wp).

5. By Green’s identity and the defining property of I',,, and Uy, we can compute the special value

_ Ua2)P
2(4}9 '

t(a}g) . (8)

2.1 Zero order term

Lemma 2.3. The zero order term in the expansion in powers of € of p; s

(1/% (;2‘)"9_) t(wp) )l ' (9)

Proof. By Theorem 1.5, our problem reduces to compute explicitly

tr év(u} — wy) Ho(w) 10, Ho(w) dw.

To make further computations clearer and more concise, we rename
A:=1/2-Kg[ol(x), T :=T,(x,z),
N := Ng(z, z), D :=Dglo|(2), (10)
5:=wW — wy.

The characteristic values of Hy are the w € C for which there exist ¢ € L*(Q),¢ € L?(B), at least
one of them non-zero, s.t.

{Agb—Ffan:O,
D¢+ S5 = 0.

By recalling from Remark 1.1 that S‘g is invertible, applying (S‘g)*l and integrating the second
equation of the system we obtain

lp = COD¢.
oB
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Substituting this back into the first equation, we have that the characteristic values of the system
correspond to the characteristic values of the operator

H:=A—¢lID.

Therefore the coefficient we are looking for will be given by
E = tr§£ ssH'H' dw,
oV

where ’ denotes differentiation w.r.t. w. A straightforward calculation shows that

H™'=(I—cND) A7 = (ND)"A™",

m=0

(where the m exponent indicates m times the composition of coN D) and
Hl = A, — F,C()D — F(CQD),.

Then

H'H = A7 A+ (coND)" A A" — (coND)" ' A™'T"¢qD — (¢oND)" ' N(coD)'.

m=1

A is analytic in V, A=! has a simple pole at wy, and we are only interested in the case [ > 1, therefore

§1§ slATTA = 0.
oV

Then, by Point 3 of Proposition 3,

E = Ztr yﬁ ((coND)"A™' A" — N™(¢oD)™ AT — N™(¢oD)™ *(co D))

= Z 55 s' (¢’ (DN)" '"DAT'AA™'T — ¢}(DN)" ' DA™'T’ — (¢¢cDN)™ *(¢cD)'N) .
ov

m=1

Since (A7) = —A7'A’A™! by applying multiple times the chain rule we obtain

-, % ygv s' ((coDN)™)".

Then, by an integration by parts followed by a binomial expansion of (DN)™, we have that

¢ 5 C()DN
oV
évﬁl e ( r)m (11)
=\ (m 1
——— e,
; (k‘) §év Ggh—1+170

B =

WE
3|~

3
I

I
NE
3|~

3
[}

I
WE
3|~

3
I



Since the only pole in V' of the integrand is wy, by applying the residue theorem we can cancel each
addend of the sum on k except the one corresponding to a pole of order 1, obtaining

= tenten) 3 1 (1) et

A final application of the identity
i 1 IRV
‘m S l\1—-z)"’

m=

leads to the formula in the thesis.

2.2 First order term

Lemma 2.4. The coefficient of the € term in the expansion of p; is null.
Proof. With the notation introduced in (10),
. Z ( 0 (0°T) [, ya<>>
2 (@D 0 '

By applying the blockwise inversion formula

1

WXy (W -Xz7y)™! —WIX(Z - YW X) !
<Y Z) N ( ZY (W — XZy) ! (Z - YW'X)! )

to calculate H, "', and rewriting the inverses of sums of operators in a Neumann series, we obtain
(NepD)™ A~ N [o5(=(S5) " [DN [,,)"(S5)!
—(83)'ID(NepD)" A~ (—(SB) " UDN [o5)"(S3) !
A straightforward computation leads to
o3 = Z Z ( ~ (...) ) |
m=0jai=1 \ () —(SH)TU() [ypye

where we omit most of the terms by writing (...) instead. They indeed do not count towards our
calculations, since from the fact that ¢, = 0 for |a| = 1, we have that the coefficient of ¢ is

tr§£ sTIH M, = tryﬁ s ((Ho "Ha)u + (Hg ' Ha)) = col...) =0.
)% ov



2.3 On higher order terms

In this subsection we propose a method to calculate explicitly any coefficient of the expansion of p;.
To the shorthand notation introduced in (10) we add a = DN, S = 8%, ¢ = —S~![1]. Then we can

rewrite
» ( AL NfaB Sl) o0 (Nc()”amlDA1 N(coa) faB )
HO - + Z 9

¢DA™! S ¢(ca)" DA™ pegTra™ [ 57

m=1

"= Y

|lal=n

0 (=1)"H(0°T) [opy™ o (y) do(y)
(9°D)a® X, ‘
An explicit computation leads to
) Nc, 0D (=1)"A7'O°T [y o —N [,z 57X,
—Hy Hp =
' T\ 0D (“1)"¢DATIT [,y o —S71X,

oo (N(coa)mcaaaD (=1)"Ncgta™ "DA(0°T) [,5y* © —N(coa)™ [,5S~ n)
+ .
P tam e, 0% D (—1)"p(coa)"DAHOT) [,y o =g a™ [, ST'X,

Since all elements of the matrix are one-dimensional projection operators on either N, ¢ or 1, the
operator —Hy 'H,, has the same characteristic values of the projection operator on 1 given by

al@®DIN  (—1)" [,y AT — [, STIA,N
lal ca(ﬁaD)[l] (—1)nC07aDAilaaF — Sil.)(n[l]

e ((coa)mca(aaD)N (=1)"cga™ "DATY9°T) [,5y* N — (coa)™ [,5 57X, N)
+ . (12)

" tamc, (0°D) ¢ (—=1)"(coa)"DAHOD)co0 — ¢ '™ [5 ST X0

m=1

Suppose that the elements of the matrices in (12) can be rewritten explicitly in terms of sums of
powers of the singularity s. The same approach used to derive the zero order term in the previous
section could then be applied to compute explicitly

tr§£ STVH oy Hy
oV

Substituting this value back in the expression for p; in Theorem 1.5, we could compute, for example
with the aid of a computer algebra system, any of the coefficients of the expansion in ¢.

However, the task of rewriting explicitly the singularity s in (12) for @ > 1 is not trivial, as
identities similar to (3) and (7), but involving the terms (9*D)N, A~'9°T and S~'X,, N would need

to be determined.

3 Results for special cases

We collect in this final section some interesting results which follow directly, or with minor algebraic
manipulations, from Lemmas 2.3, 2.4 and Example 1.3.
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Proposition 3.1. Suppose wy is simple.

1. We have
t(wo) 2
e —wo = ——2— + O(e?),
Vel T W 1/co — t(wp) TOE)
where, recalling Definition 2.1 and Identity (8),
log(nowee cap 0B) |Ug(2)|? = U;(2) - D [US)(2)
/e 2 » How) 2we () 321 wy — w3 ’
J#0
2. For ¢ small enough, we can deduce that w.1 > wy.
Proposition 3.2. If wy has double multiplicity then
t(we) 2
£,2 = O 9
Wer T T e )

We notice that by considering an expansion in powers of 1/log(¢) we obtain

Hw 1 7|Uy(2)|? 1
#4-0(82):——&—%0 3 |-
1/¢o — t(wp) loge  wp log(e)
In particular substituting 2wy ~ w, + wy gives back (1).
We also notice that if z is on a nodal set of Uy (i.e. ug 1, ..., ugm, are all zero at z) then t(wy) = 0,

and thus in both the cases of a simple or a double eigenvalue, the splitting order will be O(g?).

Numerical validation for disk domain and disk inclusion

Let © be the unit disk and let w3 be its first non-zero eigenvalue. It is known that wj is given by the
first root of the derivative of the Bessel function J; and has double multiplicity. Suppose that also
the rescaled inclusion B is a unit disk.

In Figure 1 we compare results obtained through the multipole expansion method with the &2
error theoretized by the formula for w.; — wy. The multipole expansion is implemented by setting
two polar coordinate systems, one centered in the center of €2 and one in z, and exploiting Graf’s
summation formula for Bessel functions to rewrite the eigenvalue problem as a root search for the
determinant of the coordinate transformation matrix.

In Figures 2 and 3 we compare asymptotic formulae for w, s — wp with results obtained with the
multipole expansion method. The asymptotic formula is implemented numerically by truncating at a
finite value the series in the definition of t(wp) in (6), and approximating the boundary layer integrals
in t(wp) by quadrature.

We remark that the improved resolution of the inclusion size and position opens the possibility
of the development of accurate inclusion reconstruction algorithms using the asymptotic formulae
from Propositions 3.1 and 3.2. Of particular interest, also in applications, would be to analyze a
reconstruction method for small inclusions based only on the knowledge of eigenfrequencies shifts.
The implementation of such a method and its applications will be the topic of future studies.
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Loga (we,1 - we)
. . . . . . . L Logp(e)

— 03¢
* Multipole expansion method

Figure 1: A log,-log, plot of w.1 — wp as the size of the inclusion varies and the center is fixed (at
|z] = .5).

Loga (we,2 - wg) Loga(we2 - wp)

y . . . . = Logy(e)
©92(€) oo 15 10 5 . 0

-20 -15 -10 -5

————— O(1/Log[€e]?) asymptotic formula
——— O(€e?) asymptotic formula

. Multipole expansion method

Figure 2: A log,-log, plot of the shift w.s — wy as the size of the inclusion varies and its center
remains constant (left at |z| = .3, right at |z| = .8).
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Pt 0.15 3
03f N
v .
> o
4
o °. o 3
l, . .,/’
o
,’/ D ’///
,
02} e . 010r 7
7’ I/
P 4
, 4
, 4
. 4
. 4
. 4
g 4
g /
g 4
. 4
0.1t ol 0.05- o
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————— O(1/Logl[€e]?) asymptotic formula
——— O(e?) asymptotic formula
e Multipole expansion method

Figure 3: A plot of the shift w. s — wy as the distance from the origin of the center of the inclusion
varies and its size remains constant (left at ¢ = 1072, right at e = 107%).

12



References

1]

2]

M. Abramowitz and 1. A. Stegun. Handbook of mathematical functions: with formulas, graphs,
and mathematical tables, volume 55. Courier Corporation, 1964.

H. Ammari, H. Kang, and H. Lee. Layer potential techniques in spectral analysis, volume 153 of
Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 2009.
doi:10.1090/surv/153.

H. Ammari, H. Kang, M. Lim, and H. Zribi. Layer potential techniques in spectral anal-
ysis. Part I: Complete asymptotic expansions for eigenvalues of the Laplacian in domains
with small inclusions. Trans. Amer. Math. Soc., 362(6):2901-2922, 2010. doi:10.1090/
S0002-9947-10-04695-7.

H. Ammari and F. Triki. Splitting of resonant and scattering frequencies under shape deforma-
tion. J. Differential Equations, 202(2):231-255, 2004. doi:10.1016/j.jde.2004.02.017.

G. Besson. Comportement asymptotique des valeurs propres du laplacien dans un domaine avec
un trou. Bull. Soc. Math. France, 113(2):211-230, 1985. URL: http://www.numdam. org/item?
id=BSMF_1985__113__211_0.

D. L. Colton and R. Kress. Integral equation methods in scattering theory. Pure and Applied
Mathematics (New York). John Wiley & Sons, Inc., New York, 1983. A Wiley-Interscience
Publication.

R. Courant and D. Hilbert. Methods of mathematical physics. Vol. I. Interscience Publishers,
Inc., New York, N.Y., 1953.

I. C. Gohberg and E. I. Sigal. An operator generalization of the logarithmic residue theorem
and Rouché’s theorem. Mat. Sb. (N.S.), 84(126):607-629, 1971.

E. Hille. Analytic function theory. Vol. II. Introductions to Higher Mathematics. Ginn and Co.,
Boston, Mass.-New York-Toronto, Ont., 1962.

S. Ozawa. Singular variation of domains and eigenvalues of the Laplacian. Duke Math. J.,
48(4):767-778, 1981. doi:10.1215/30012-7094-81-04842-0.

J. Rauch and M. Taylor. Potential and scattering theory on wildly perturbed domains. J. Funct.
Anal., 18:27-59, 1975.

G. Verchota. Layer potentials and regularity for the Dirichlet problem for Laplace’s equation
in Lipschitz domains. J. Funct. Anal., 59(3):572-611, 1984. doi:10.1016/0022-1236(84)
90066-1.

13


http://dx.doi.org/10.1090/surv/153
http://dx.doi.org/10.1090/S0002-9947-10-04695-7
http://dx.doi.org/10.1090/S0002-9947-10-04695-7
http://dx.doi.org/10.1016/j.jde.2004.02.017
http://www.numdam.org/item?id=BSMF_1985__113__211_0
http://www.numdam.org/item?id=BSMF_1985__113__211_0
http://dx.doi.org/10.1215/S0012-7094-81-04842-0
http://dx.doi.org/10.1016/0022-1236(84)90066-1
http://dx.doi.org/10.1016/0022-1236(84)90066-1

	Introduction
	Main tools and notation
	Integral formulation

	Computations for explicit formulae
	Zero order term
	First order term
	On higher order terms

	Results for special cases

