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Abstract

In the recent years there has been an increased interest in studying regularity properties
of the derivatives of stochastic evolution equations (SEEs) with respect to their initial
values. In particular, in the scientific literature it has been shown for every natural number
n € N that if the nonlinear drift coefficient and the nonlinear diffusion coefficient of the
considered SEE are n-times continuously Fréchet differentiable, then the solution of the
considered SEE is also n-times continuously Fréchet differentiable with respect to its initial
value and the corresponding derivative processes satisfy a suitable regularity property in the
sense that the n-th derivative process can be extended continuously to n-linear operators
on negative Sobolev-type spaces with regularity parameters 01, da, ..., d, € [0,1/2) provided
that the condition ) ;- §; < 1/2is satisfied. The main contribution of this paper is to reveal
that this condition can essentially not be relaxed.
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1 Introduction

In the recent years there has been an increased interest in studying regularity properties of
the derivatives of stochastic evolution equations (SEEs) with respect to their initial values (cf.,
e.g., Cerrai [8, Chapters 6-7], Debussche [10, Lemmas 4.4-4.6], Wang & Gan [15, Lemma 3.3],

Andersson et al. [2, B]). One important reason for this increased interest is that appropriate



estimates on the first, second, and higher order derivatives of SEEs with respect to their initial
values have been used as key tools for establishing essentially sharp weak convergence rates (see,
e.g., Debussche [10, Theorem 2.2], Wang & Gan [I5, Theorem 2.1], Andersson & Larsson [4]
Theorem 1.1], Bréhier [5, Theorem 1.1], Bréhier & Kopec [7, Theorem 5.1], Wang [14, Corol-
lary 1], Conus et al. [9, Corollary 5.2], [12, Corollary 8.2], and Hefter et al. [T, Theorem 1.1]). In
particular, in the recent article Andersson et al. [3] it has been shown that if the nonlinear drift
coefficient and the nonlinear diffusion coefficient of an SEE are n-times continuously Fréchet
differentiable, then the solution of the considered SEE is also n-times continuously Fréchet dif-
ferentiable with respect to its initial value and the corresponding derivative processes satisfy a
suitable regularity property (see item (iv) of Theorem 1.1 in Andersson et al. [3] and item
of Corollary below, respectively). In this work we reveal that this regularity property can
essentially not be improved. To illustrate our result in more detail we consider the following
notation throughout the rest of this introductory section. For every measure space (2, F, 1),
every measurable space (5,S), and every F/S-measurable function X: Q@ — S we denote by
[X],,.s the set given by

(X],.s= {Y:Q— S: (Y is F/S-measurable)
ANFAeF:p(A)=0and {we Q: X(w)#Y(w)} CA)}. (1)

We first briefly review the above mentioned regularity result on derivative processes of SEEs from
Andersson et al. [3]. More formally, Theorem 1.1 in Andersson et al. [3] includes the following
result, Corollary [I.1] below, as a special case.

Corollary 1.1. For every real number T € (0,00), all nontrivial separable R-Hilbert spaces
(H Mg, ¢ ym) and (U |||l 5 (5 )u), every probability space (2, F,P), every normal filtration
(Ft)eeppr) on (2, F,P), every Idy-cylindrical (Q, F, P, (Fi)icp1))- Wiener process (Wy)icp, 1), ev-
ery generator A: D(A) C H — H of a strongly continuous analytic semigroup with spectrum(A) C
{z € C: Re(z) < 0}, and all infinitely often Fréchet differentiable functions F: H — H and
B: H— HS(U, H) with globally bounded derivatives it holds

(i) that there exist up-to-modifications unique (F¢)co,r)/B(H )-predictable stochastic processes
X*:[0,T] x Q — H, x € H, which fulfill for all x € H, p € [2,00), t € [0,T] that
t —s x —S x x
S et DAR(XE) i + e DA BOXE) g d5 < 00, supepoy E[IX ] < o0, and

t t
(X7 — e alp s = [ / e=IAP(XT) ds] + / eHAB(XT) AW, (2)
0 P,B(H) 0

(ii) that it holds for all p € [2,00), t € [0,T] that H > x — [X[|pgm) € LP(P; H) is infinitely
often Fréchet differentiable, and

(#1i) that it holds for all p € [2,00), n € N = {1,2,...}, ¢ € [0,00), 01,02,...,0, € [0,1/2),
t € (0,7] with Y7 | 6; < /2 that

(E[(—A) (e [ XF e ) (ur, uz, - []) 7
T, (= A) ],

2

sup sup <oo. (3)

z€H uy,usz,..., unEH\{O}




Item (iv) of Theorem 1.1 in Andersson et al. [3] and item of Corollary [1.1]in this paper,
respectively, prove that the condition

Zél < 1/2 (4>

for the regularity parameters 0q,0s,...,0, € [0,1/2) of the considered negative Sobolev-type
spaces is sufficient to ensure that the left-hand side of is finite. The main result of this work
(see Corollary below and Theorem in Subsection below, respectively) reveals that this
condition can essentially not be relaxed. More specifically, Theorem [2.3]in Subsection [2.4] below
directly implies the following result.

Corollary 1.2. For every real number T € (0, 00), every infinite dimensional separable R-Hilbert
space (H, |||, (-, -)u), every nontrivial separable R-Hilbert space (U, |||, (-, -)v), every prob-
ability space (0, F,P), every normal filtration (F;)icpr on (2, F,P), and every Idy-cylindrical
(Q, F, P, (Fi)icpo,m)- Wiener process (Wy)eo,r there exist a generator A: D(A) € H — H of a
strongly continuous analytic semigroup with spectrum(A) C {z € C: Re(z) < 0} and infinitely
often Fréchet differentiable functions F: H — H and B: H — HS(U, H) with globally bounded
derivatives such

(i) that there exist up-to-modifications unique (Fy)ico,r)/B(H)-predictable stochastic processes
X*: [0, T] x Q = H, x € H, which fulfill for all x € H, p € [2,00), t € [0,T] that
t —s x —S xT x
S IAEXE) i+ e BXE) By g0 ds < 00, supseior E[IXE]G] < o0, and

t t
X7 — el sn) = V G“‘S“HX:)CB} + [ epemar, )
0 P,B(H) 0

(ii) that it holds for all p € [2,00), t € [0,T] that H > x — [X[|pgm) € LP(P; H) is infinitely
often Fréchet differentiable,

(i11) that it holds for all p € [2,00), n € N, q € [0,00), d1,02,...,0, € [0,1/2), t € (0,T] with
Yor 0 <12 that

sup sup
x€H wuj,ug,...,une H\{0}

< oo, (6)

(B[ (—A) (L[ X7 o) (un, w2, - w) [5])
T, 1= A) ],

and
(iv) that it holds for all p € [2,00), n € N, q € [0,00), d1,09,...,0, € R, t € (0,T] with
Yor 0> 12 that

sup
T,u1,u2,0,un €(Nrer Hr) \ {0}

=o00. (7)

(B[l (—A) (e [XFp ) (un, 2, - wa) | ])
T, 1= A) ],



Regularity results for Kolmogorov equations associated to SEEs of the form and ({5), which
are in some sense related to Corollaries and , can, e.g., be found in Debussche [10,
Lemmas 4.4-4.6], Wang & Gan [I5, Lemma 3.3], Andersson & Larsson [4, (4.2)—(4.3)], Bréhier [5],
Propositions 5.1-5.2 and Lemma 5.4], Wang [14, Lemma 3.3], Andersson et al. [Il, Theorem 3.3],
and Brehier & Debussche |6, Theorems 3.2-3.3 and Proposition 3.5].

The remainder of this article is organized as follows. In Section [2] we state and prove the
main result of this paper; see Theorem in Subsection below. In Subsection we
present the drift and the diffusion coefficient functions that we use throughout Section 2| In
Subsection we derive an explicit representation of the considered diffusion coefficient function
(see Lemma in Subsection [2.2). In Subsection we present explicit formulas for the
solution and its derivatives of the SEE associated with the drift and diffusion coefficient functions
considered in Subsection (see Lemma in Subsection [2.3). In Subsection we employ
Lemma in Subsection and Lemma in Subsection to prove the main result of
this paper, Theorem in Subsection Corollary above is an immediate consequence of
Theorem in Subsection

2 Counterexamples to regularities for the derivative pro-
cesses associated to stochastic evolution equations

2.1 Setting

Throughout this section we consider the following setting. For every set A let P(A) be the power
set of A and let #4 € NoU{oo} be the number of elements of A, let 1T, € P(P(P(N))), k € Ny,
be the sets which satisfy for all k& € N that ITy = () and

M, ={ACPN): [0¢ A A [Usena={1,2,....k}]A[Va,be A: (a£b=anb=0)]} (8)

(see, e.g., (10) in Andersson et al. [3]), let (H, |||z, (-,-)u) be an R-Hilbert space, let e =
(én)nen: N — H be an orthonormal basis of H, let A = (A\})pen: N = R, P: H — H, and
B: H — H be functions which satisfy for all v € H that sup,cy A, < 0, Pv =" ,{e,,v) e,
and B(v) = /14 ||Pv||% e1, let T € (0,00), let (Q, F,P) be a probability space with a normal fil-
tration (F¢)scjo.r7, let W [0, 7] xQ — R be a standard (€2, F, P, (F)ieo,r))-Brownian motion, let
A: D(A) C H — H be the linear operator which satisfies D(A) = {v € H: 3°°  |\u{en, v)u|* <
oo} and Vv € D(A): Av = 3 Nu(en, v)men, let (H, ||l . (- )m,), 7 € R, be a family
of interpolation spaces associated to —A (cf., e.g., [I3, Section 3.7]), and for every F/B(H)-
measurable function X : Q — H let [X] be the set given by [X] = {Y: Q — H: (Y is F/B(H)-
-measurable and P(X =Y) =1)}.

2.2 An explicit representation for the diffusion coefficient

Lemma 2.1 (Derivatives of the diffusion B). Assume the setting in Section[2.1 Then

(i) it holds that B: H — H 1is infinitely often differentiable,
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(i) it holds for alln € N, vg,vq,...,v, € H that
B(n)(UO)(Ul,Ug, e ,’Un)
(Z T (1 = 20)] [TTren (Lo (#0) Pvmax(l)ﬂ{z}(#l)aUmin(I>>H}> . (9)
= 1

Hom—1
= [1+ || Poo|,] F=—

and

(iii) it holds for all n € N that sup,c || B™ (0)|| pow (. 1ry < 00

Proof. Throughout this proof let f € C*°((0,00),R) and g € C*(H, (0,00)) be the functions
which satisfy for all € (0,00), v € H that

fl@)=vz and  g(v)=1+|Pvlj (10)
and let I7 € w, 1 € {1,2,...,#4}, w € II,, n € N, be the sets which satisfy for all n € N,
w € II,, that
min(/{7) < min(ly) < --- < min(/7_). (11)
Note that the fact that Vv € H: B(v) = (f o g)(v) e1 = f(g(v)) e1 proves item ().

In the next step we prove @ by induction on n € N. For the base case n = 1 we note that
for all vy, v, € H it holds that

B'(vo)v = [(f @ 9)'(vo)vi]er = [(f" © g)(vo)g'(vo)v1]ex
1 (Pvo,v1)m (12)
= Puvy, Pvi)ger = 2
T TPwlf 7 e = o Tl
This and the fact that II; = {{{1}}} prove () in the base case n = 1. For the induction step
N>n—n+1e¢€{23,...} assume that (9) holds for some natural number n € N. Observe

that item , the induction hypothesis, and the product rule of differentiation ensure that for
all vy, v1,...,v,41 € H it holds that

B(n+1)(00)(vl7 U,y ... avn-i-l)

= (ﬁ [B(")(vo)(vl, Vg, ... 7Un)DUn+1

= X [H#w_l(l —2 )} Wrew{Va2y(#1) Prmax(ns e, Uminn)er |\ - )
well / dUo [1+ || Puo||%]#=—"2) n+l | €1

_ Z |:H#w 1(1 _9 )] H <PUmaX(IW)1{2}(#zf)aUmin([ﬁ))H ) )

- well dUO [1 + ||PU0||%{](#W4/2) n+1 1 (13>
View: #R}SZ

- well [1 + HPUOH%{](#W—&-Vz)
Vicw: #n’[<2

_|_

(1T (1 —2))] (i

[+ ([ Puol| 3] #=" \ dvy

#w
H(Pvmax(lf)ﬂm(#,;z), Umin([?))H] > Un+1 }) €1.
i=1



Hence, we obtain that for all vy, vq,...,v,41 € H it holds that

B(n+1)(vo)(v1, V2, -+ vy Uni1)

_ ( Z { [Hfjo(l - Qj)} <PUOaPvn+1>H[H[Ew<Pvmax(I)1{2}(#1)aUmin(])>H}

. (14 || Pugl|3]#=t/2)
View: #;<2

. (1151 - 2))]

[1 + || Puo||%,]#=—"2

) <1{2}(#Ifu{n+1}) Pvn+17vmin(1f)>H
i€{1,2,....#w}

H <Pvmax(l;”)]l{2}(#l;v)a Umin(ljw)>H}> €1 14
j€{1’2 7777 #‘W}\{z} ( )

#w n -1 .
(v LS (= 2)] [T remogprin (a2 (1D Plmax(ni oy (1) Vmin(n)) 1]
N [1+ || Poo[3,] #=otenen =7

well,

> (1151 2))]

+ —— (L12y (F#r=ugn+1}) Pt Umin(r=)) 1
(L] [1 + ||PU0||§{](#W 1/2) {1,2} Fu{n+1} (Iz)
H <1{1,2}(#1)Pvmax(l)]l{Q}(#I)>Umin([))H}) es.
Tea\(17)

This implies that for all vy, vy,...,v,11 € H it holds that

B(nﬂ)(vo)(?}l, U,y ... 7Un+1)

— ( Z { Z [[Hi%_l(l — 22)] [er5<1{1,2}(#1) PUmaX(I)ll{z}(#I):Umin(j))H]]

[1+ [ Poo =7

welly, SISIPEER

E=wU{{n+1}}

T [[Hf_aol(l — 20)] [ TTres{L 23 (F1) Pmax(n)1 oy (#1)- Umin<1>>H}] }) er.

[1+ [ Pool] =7

+

2ellyq1,i€{1,2,....#w },
E=(w@\{{7HU{IFU{n+1}}

(15)

Combining this with the fact that
Mo ={zu{{n+1}}: wem,}

(16)

Lﬂ{{[;ﬂ,f;,...,le,ffu{wr1},151,1§2,...,1§w}:z'e (1,2, #1, wel'[n}

proves @D in the case n + 1. Induction therefore establishes item .
It thus remains to prove item . For this we note that for all n € N, w € II, with
VI € w: #; <2it holds that

#{IEWZ #r=1} — 2#w —n. (17)
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Next observe that the Cauchy-Schwarz inequality and @ ensure that for alln € N, vy, vq,...,v, €
H it holds that

1B™ (vo) (vt va, - -, vn) ||
_ | ( 3 1711 = 20)] [TTren (Lo (#0) PUmax(I)]l{Q}(#])vUmin([))H}) .
et [+ [[Poo i3] =" H
_ 5 [TT75 (1 = 20)] [ T e (Pomax(n)n oy (1) Pomin(t)) 1] (18)
well,,VIew: #,<2 [1+ || Puoll% }(#wfl/z)
< $ 175 (1 - 20)| [Tes [Hpvmax(f)n{Z} g0 |1 [ PUmin(r HH}
el o 12 [14 | Puo] ="

Moreover, the fact that Vn € N, w € II,,: Ujer I = {1,2,...,n} implies that for all n € N,
w e Il,, vo,v1,...,v, € H withVI € w: #; <2 it holds that

I1,.. [1Pvmaxy oy el 1P vmincr L]

(Hm 1Pvollr | Pomincr 1] ) (HIEw, [I!Pvmaxu)HHI\Pvmma)HH})
#r1=2

#r=1

(19)
_ (erw, ||on||H) {(Hmw, ||P?Jmin(1)||H) (HIEW Pt 12 | Pominct ||H])}
#1=1 #r=1

H#r=2

n
# ™ =
= || Puoll" < # = TT I1Pvilla-

This, , and show that for all n € N, vy, vy,...,v, € H it holds that

1B (vo) (v1, v, .., 0wl
H#w—1 HPUOH#{IEW #r=1}

< Z H (1 —2 [1 + ||pvo||§{](#w—1/2) H HPUz‘HH

welly,,VIiew: #;<2| =0

~—

(20)

_ 9y H ‘
- Z H (1—-2i) [1+ || Pvol|%)#=—1/2) _H”P”ZHH_

well,,VIew: #;<2| i=0




The fact that Vv € H: |Pv||g < ||v||y therefore implies that for all n € N it holds that

sup || B™ (W)l o o,y
veH

T Pl
< (1 —2i)|sup }
wenn,wzew: #1<2 g ver [[1 4 [|Pl[f] =172
#w_l r —
) ap [ Lt
< (1 —2i)|sup
wEHn,VIXG;ﬂ: #1<2 g ver [[1+ ||PU||%{](#W_1/2) (21)
#w_l r 1
= (1 —2i)|sup — ]
wenn,wzew: #1<2 111 ver [[L+[[Pof[f]=D/2

#w_l
< IT 12i—11< > #al?=
well,,VIew: #1<2 =0 well,

This and the fact that Vn € N, w € Il,,: #, + #» < oo establish item . The proof of
Lemma [2.1] is thus completed. O

2.3 Explicit representations for the derivative processes
Lemma 2.2 (Exact formulas of derivative processes). Assume the setting in Section . Then

(i) there exist up-to-modifications unique (F;)ieor)/B(H )-predictable stochastic processes X :
0, 7] x Q — H, © € H, which fulfill for all p € [2,00), x € H, t € [0,T] that
supepo,r B[ X97|[] < oo and

t
et = et = [ tpa ai, &
0

(i) it holds for all p € [2,00), t € [0,T) that H > z — [X}*] € LP(P; H) is infinitely often
Fréchet differentiable,

(iii) there exist up-to-modifications unique (F¢)scjo,r)/B(H )-predictable stochastic processes X™":
0, T] xQ— H,ue H""' n € N, which fulfill for allp € [2,00), n € N,ue H", v € H,
t €[0,T] that
n T K (n) n,(z,u
(XD u=(H 2y~ [X") € (B H) " (@) u = [XPV), 0 (23)

(iv) it holds for all p € [2,00), n € N, 61,0s,...,0, € [0,00), t € (0,T] with "\, 6; < /2 that

n,a||p 1/P
. (E[X5])

u=(u0,u1,...,un)EH X (H\{0})" H?:l ||u1||H—51 ’

(24)

and



(v) it holds for allm € Ny, u = (ug, uy,...,u,) € H"™, t € [0,T] that

t
(X" = Lio,1y(n) €uy] = / e=IABM (e Aug) (e ur, e ug, . .. e uy,) AW, (25)
0

Proof. Throughout this proof for every n € N, w € II,, let I € w, i € {1,2,...,#4}, be the
sets which satisfy that
min(/77) < min(ly7) < --- < min(/Z_), (26)

let I € 7 CN, je{l,2,...,#=},1 €{1,2,...,#c}, be the natural numbers which satisfy
for all i € {1,2,...,#4} that
[5<IH<-<I%., (27)

and let []#: H""1 — HPEt G e {1,2,...,#4}, be the mappings which satisfy for all i €
{1,2,...,#%}, u= (uo,uy,...,u,) € H"! that

[u]? = (Uo,U[im)'l,U[Z%,...,U]g#lw). (28)
We note that items (i), (ii), (ix), and (x) of Theorem 2.1 in Andersson et al. [3] (with 7' =T,
n=0H=HU=R W=W A=A F=0B=(H>>v~ (R>u— BlvueH)Ec
HS(R,H)), a = 0, ﬂ = 0, k = n,p=pny, (51 = (51, (52 = 527---7571 = (5n for (51752;'--75n) c
{(k1, K9, . Ky) € 0,Y2)": D70 ki < 2}, p € [2,00), n € N in the notation of Theorem 2.1
in [3]) ensure that

(a) there exist up-to-modifications unique (F3)scpo,r)/B(H )-predictable stochastic processes X™":
0, 7] x Q — H, u € H""', n € Ny, which fulfill for all n € Ny, p € [2,00), u =
(uo, U1, - - up) € H™ t € [0,T] that supygo E[||X|%] < oo and

[XP" = Tyony(n) € un

:/0 elt=9)4 []1{0}(”) B(X ") (29)

+ Z B(#w)(Xg’uo) (quﬂ,[u}? szg,[UBZ" o ’Xflgw,[u]zw)

wEHn

dWs,

Y

(b) it holds for all p € [2,00), t € [0,T] that H > z — [X*] € LP(P; H) is infinitely often
Fréchet differentiable,

(c) it holds for alln € N, p € [2,00), u € H", z € H, t € [0,T] that

(XM u = (H 3y [XM] € L7(P; H))"™ (@) u = [X"Y)], (30)

dx™

and



(d) it holds for all n € N, p € [2,00), 01,02, ...,d, € [0,00), t € (0,7] with >_1" | 6; < 1/2 that

n,a||p 1/17
. (E[IX1%])

u=(uoun eoun)eHx (N} | Ly [0l 1,

< 00. (31)

This and item (i) of Corollary 2.10 in Andersson et al. [2] establish items ({)-(iv). It thus
remains to prove (v]). For this let X™": [0,T] x Q — H, u € H"™, n € Ny, be (F)iejor)/B(H)-
predictable stochastic processes which fulfill for all n € Ng, p € [2,00), u = (ug, u1,...,u,) €
H™ 1t € [0,T] that supyeo E[|X™[%] < oo and

t
(X = Loy (n) €uy] = / elt=4 lﬂ{o}(n) B(X]™)
0

w ,[u]¥ w ,[u]¥ #rw ’[u]ww
+ 3 B (x0mey (x T XM TR L, (32)

well,

Note that and the fact that Vo € H: P(B(v)) = 0 imply that for all z € H, ¢t € [0,T] it
holds that

t t
PX)" — Pez] = P | IAB(X0) aW, = [ A [P(B(X0")]dW, =0.  (33)
t 0 s 0 B

This shows that for all z € H, t € [0, it holds that

P(B(Xf’m) = \/1 + |PX % e1 = 4/ 1 + || PetAz|| ey = B(emx)) = 1. (34)

This and yield that for all z € H, t € [0, 7] it holds that

t
[X0% _ othg] — / =94 B (e g) dTY,. (35)
0

Next note that item of Lemma [2.1] ensures that for all n € N, v € H", € H it holds that
P(B™(z)v) = 0. This and imply that for alln € N, u = (ug, uy, ..., u,) € H"" t € [0,T]
it holds that

[PX[" — 1qy(n) PetAu1]|

t #r W Hrw [u]F #ro ulF
= P/ e(t*S)A Z B(#w)(Xgmo) (Xs 1 ,Xs 2 e ,Xs #w ) dW,
0 welly, (36)

t w w w ul%
_/ A 3 {p(g#w)(){g,uo)(Xffrv[uh xrEE }#w))} 4w, = 0.

0 wenn

Hence, we obtain that for all n € {2,3,...}, u € H" ¢ € [0,T] it holds that

P(P(X{"") =0) =1. (37)
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In addition, note that item of Lemma implies that for all n € N, vg,vq,...,v, € H it
holds that
B(n)(UO)(Ula V2, ... 7vn) = B(n)<PU0)(PU17 PUQJ R 7-Pvn>‘ (38)

Combining this with ensures that for all n € N, @w € II,, u = (ug, u1,...,u,) € H*™,
t €[0,7T) with @ # {{1},{2},...,{n}} it holds that

#re. a7 e u]F #IZW ,[u];w)

P(B(#W)(leo,u())(Xt 7Xt P JXt
= ,[u]¥ w ,[u]y #1w 7[u]ww
- B(#w)(PXf’“O)(PXt#Il i X s L PX, T o) — 1.

Equation hence implies that for all n € N, u = (ug,u1,...,u,) € H"™, t € [0,T] it holds
that

@ ,[u]¥ w ,[u]y #1w 7[u]ww
]P( Z B(#w)(Xl?,uo)(Xjéll [ ]1 7XZ$12 [ ]2 ’,,,’Xt I#w # )

welly,

Y

= B (xpro)(x o) x o) x o)) (40)

= BW(PXP)(PX ) om) px o) ,Pth’(“O’“”))) =1

Combining this with (33), (36), and shows that for all n € N, u = (ug, us, . ..,u,) € H"™,
t € [0,7] it holds that

w,[u|¥ w,[u]y #1=w 7[u]ww
P( Z B(#w)(X?UO)(XjEIl i 7Xt#12 3 7"'7Xt e ’ )
well,
= B (Pe'uy) (Pe'tuy, Pe'tus, . .., Pe'tu,) (41)
= B™ () (e ur, ey, . .. ,etAun)> =1.
This and assure that for all n € N, u = (ug,uy,...,u,) € H*"" ¢t € [0,T] it holds that
t
[Xe = Ty (n) eun] = / e MBM (e ug) (eMun, e s, . . ey ) AW, (42)
0

Combining this and establishes item (v|). The proof of Lemma is thus completed. [

2.4 Disprove of regularities for the derivative processes

Theorem 2.3. Assume the setting in Section|[2.1], let ¢ € (0,00), and assume for alln € N that
A\, = —cn?. Then
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(i) there exist up-to-modifications unique (Fy)ieor)/B(H )-predictable stochastic processes X°*
0,T] x Q — H, x € H, which fulfill for all p € [2,00), x € H, t € [0,T] that
Supse[o,T]E[”Xg’me < 00 and

t
et = et = [ tpa ai (9

0

(i) it holds for all p € [2,00), t € [0,T) that H > z — [X}*] € LP(P; H) is infinitely often
Fréchet differentiable,

(iii) there exist up-to-modifications unique (Fi)iejo.r1/B(H )-predictable stochastic processes X™":
0, T] x Q— H, ue H"™, n € N, which fulfill for all p € [2,00), n € N,ue H", z € H,
t €10,T] that

(L xP)u= (H 3y — [XY] € L7(P; H)) ™ (2) u = [ X", (44)

dx™

(iv) it holds for all p € [2,00), n € N, q,01,09,...,0, € [0,00), t € (0,T) with Y ;6 < /2

that y
ENX5 )
sup

u=(ug,u1,...,un)EH x (H\{0})" Hi:1 ||u1||H_,;Z_

00, (45)
and
(v) it holds for allp € [2,00), n € N, g € [0,00), 1,02,...,0, € R, t € (0, T] withy ;| 6; > 1/2

that y
E Xn,u P P
sup ( [Hn i HH*‘J) = 00. (46)
u=(uo,u1,meun)E((PremHNOD [ imy will s,

Proof. Throughout this proof let vn '~ € H, Nyn € N, k € No, » € R, be the vectors which
satisfy for all Nyn € N, k€ Ng, r € R that

N

N N
Z €k+]n] Z k + ]n ek-l—jn =c" [Z(k: + jn)% €k+jn] ) (47>

Jj=1 Jj=1

UnN_

let ufl?\l,‘S € H'"'. § € R*, ¢ € R, m € Ny, N,n € N, be the vectors which satisfy for all
N,?’LGN m € Ny, 8,51,52,...,52n+1 € R that

em,b1 m 1 01— (1/2)—¢
Uy N (UNm N N™vpm N ), (48)
e,m,(d1,02,..., d2n) 1,61—¢ 1,00—¢ 2,03—¢ 2,04—¢
on,N (617vnNmN7vnNm N> UnNm N UpNm No -«
n—1,0on_3—¢ n—1,0on—2—¢ n,02n—1—E m ’VL 09n — (1/2) e
nN™ N s UpNm N s UpNm N s N v m N ), (49)

12



and

€,m,(01,02,-,02n+1) __ ( n+l,—e 1,01—¢ 1,00—¢ 2,03—¢ 2,64—¢
U1, N = Yarn)nm N Yitr1)Nm N0 Vit 1)Nm N> Vint1)Nm N> Vint1)Nm No - -
n,02n_1—€ n,00n—¢€ m n+1,52n+1—(1/2)—6
VinetyNm N Vs yNm N NV Vg tynm, v ), (50)

let 07: H® — H, i € {1,2,...,n}, n € N, be the functions which satisfy for all n € N,
ie{l,2,...,n},u= (uy,ug,...,u,) € H" that 0*(u) = u;, andlet |-|: R > Rand [-]: R - R
be the functions which satisfy for all £ € R that

|t] = max((—o0,t]N{0,1,-1,2,-2,...}) = max((—o0,t| N Z) (51)
and
[t] = min([t,00) N {0,1,—1,2,-2,...}) = min([t,00) N Z). (52)
Note that for all N,n € N, m € Ny, ¢,61,03,...,02,_1 € R it holds that

e,m,(01,02,....02n—1) __ ( m,—€ 1,61—¢ 1,60—¢ 2,03—¢ 2,04—¢
Uy, 1N = (UnNm,NJ UnNm N> UpNm N> UpNm Ny Upnm Ny - - s

U T N o). (53)
Moreover, observe that items H of Lemma establish items f. It thus remains to
prove item (). For this let X™": [0,7] x Q@ — H, u € H""', n € Ny, be (F)iejo1/B(H)-
predictable stochastic processes which fulfill that for all p € [2,00), n € N, u € H", x € H,
t € [0,7] it holds

(I) that supse[O’T]E[HXg’m“m < 00,

(II) that
(X0 =) = [ et a, (54)

and

(IT) that
(Lol X )u = (H 3y~ [XPY] € LB H)) ™ (2)u = [X]"). (55)

Next observe that the fact that Vn,j, k,l1,ls, ..., 1, € N, € {1,2,...,n}: l; + jk > 2 implies
that for all N,n,k,ly,ls,...,l, € N, r1,7r9,...,7, € R, t € [0,T] it holds that

n

tA L,
HHP@ VRN
=1

2 = H Hpem(_A)riZ?;elﬁijZ = H ||€tA(_A)TiZ§V:1€l¢+ijZ- (56)
i=1 i=1

13



This shows that for all N,n, k,ly,ls,...,

HHZ“ “(
(leet/‘(—fl)”ezmk!\i)
=iii (H[ O (A et
, Z ' (H[>|| A)er
-y (H [e‘“’i“’”"t (=AY er, gl )

n

tA, L,
HHPe ka
1=

N
Il
i

This and the fact that

Vo e R: z =max{z,0} + min{z,0} = max{z,0} — max{—=z,0}

ensure that for all N,n,k,ly,ls, ...

M-

n

tA, li,r;
HHPG vk,N
ii

<
Il
—

[
M =

I
WE

N N N N/ N
—=

<.
Il
—

.
Il
-

WE

<.
Il
—

WE

<.
Il
—

This assures that for all N, n,l,ls,. ..

z:s ﬂ'z:

S
Il

zﬁ ﬂ'zz I

S
I

=1

7ln GN, r1,T2,...

—_

—

—_

ZHEN, T1,T2,...

2
—A) elz‘ﬂ'k) HH

H(N e (A ewkqu)

] )

[t [ (3kn) )|
| et e (3kfn) )

A e (34n)’]

[[eeltett [ (3b/)2]"

. € R, t €]0,7] it holds that

Hr)

=1

(fi{—“+w ¢l + jk)" r>.

(58)

,mn € R, t € [0,7T] it holds that
l +Jl{: 41”1
Jk’/n

. ol g 4 max{r;,0}
v (2 (04 "/ GR)) (59)

(n —+ nli/(jk))4max{fn',0}

=

(n+"l/gk )4max{ ri,0} ])

—c(l;+7k)2 . i 2
| e lHIR [ (3k/n)?]

[y

14

Ao € N, k€ {n,2n,3n,..

(n +n maXme{1,2,...,n} lm)4max{m,0}] > .

rn € R, t €[0,T]

‘}7 r,re,...,



|

=1

2l

it holds that
o—clli+jk)?t [c (jk/n)Q]n- 2
7j=1

tA lz,n
H HP (n +nmax,e(i2,..n} lm)4|7"i|] )
1

—= l +]k jk‘ n
(n + nmax;e( ... ny li) =117 Z (H ’6 RN

Lj=1

Uy

[ N n
1 72C(l )2t 72c ik)?
Z (n +n maXie{LQ’“_,n} li)4z?:1 |74 Z <H v [ (jk/n> ]

Lj=1

- m | 2 e e

) NS
(n + nmaxeqi2,..ny li) 2z I =1

o~ et 7y |Lif? [N 2]

Therefore, we obtain that for all N, n,ly,ls,...,l, € N, k € {n,2n,3n,...}, r,re,...,r, € R,
t € [0, 7] it holds that

H HPetAvfg’;;

— ) 12 [N
e detnmaxic(12,...ny [Lil Z ‘e—2n3tc(jk/n)2 [ (7k/n) 2] i 2
- (n + N Maxie(1 2, ny li)4 2= il

Lj=1

—dctnmax;ec (12, n} 19k

e 3 i
_ — €24 (= A) = ey |17
(n +nmaxeq12,.n} i) 2= Il Z (61)

Lj=1
6—4ctn max;c{1,2,...,n} 1112

= mAA NS )N 12
—_ (n + n maXie{l ) n} l1)4 Z?:l ‘7"1‘ ||6 ( A) 1 ijle(ﬂé/n) ||H

—dctnmax;eqi o, \l‘|2
_ € ! { ’ n} 2TL tA OZZ 1r7,

= 7 € [
(n+nmaXi€{1,2 n}l) Zz 1‘7'1" H k/n,N

2
H-

Furthermore, note that for all N;n € N, ki, ks € {1,2,...,n}, r1,re € R, ¢t € [0,T] it holds that

<P€tAUfL1§17etszz§z> _ <P€tA(—A) Uk1£7P€tA(_A)r2U’n€2]’\[[)>H
-1 k Pt (— A (T1+T2>/2 kl, 1 Lk PetA kl,(T1+T2)/2 (62)
= Ly (k) [|[Pe (= A) Nl = Ly (ko) [[Petoyly 1%

In particular, this implies that for all Nyn € N, ki, ks € {1,2,...,n}, ri,r2 € R, t € [0, T] with
k1 # ks it holds that

(Pet ol e o) g = 0, (63)

Next observe that items (fil) and of Lemma ensure that for all n € N, r € [0,00),
U, Uty - .., Uy € H, t €[0,T] it holds that

/ e A B™) (340 (e%Auy, e*Aus, . . . e M) |3 ds < oo (64)
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[tem of Lemma and It6’s isometry hence show that for all n € N, r € [0,00), u =
(ug, 1, ..., u,) € H*™ t € [0,T] it holds that

t
= 1113(n) (HetAulH?{_r +2E <etAul,/ A B (e Hug) ety dWs> ] )
0 H_,
2
! |

t
=1y (n) (HGMMH%_T +2 <etAu1, E [/ e AP (e ) ety dWs} > )
H_,

B (1%,

t
+E / (—A) et B (e Ay ) (e uy, ey, . . ., ey, AW,
0

0 (65)

+ I (—A)’Te(t’s)AB(")(eSAuo)(eSAul, ey, . .. ,eSAun)H% ds

+ [ (=A) AR (e () (05 (w), 105 (w), ., 401 (w) 17 ds
0

t
> / =1 B (3497 (u)) (05 (w), €405 (w), ..., 01 (W) |7, ds.
0

In particular, this shows that for all Nyn € N, m € Ny, r € [0,00), €,01,09,...,02, € R,
t € [0, 7] it holds that

e,m,(61,09,..., don—1)

2n—1,u n—1, 2
B[] x 5]
t
2/0 He(t_s)AB(%_l)(65A9%n(u;fi’f]1\}52 ----- 52"71)))(65‘49371(11;;71’9]1\}52 ,,,,, 521171))’
03 (g et g ) [ s (66)

and

mn u; m,(81,02,..., S
b

) 2n)
B[l %]

t
2/0 He(tfs)AB@n)(esAG%nJrl(uE,m,(csl,% ~~~~~ 52n)))(esA9§n+1(u€,m,(51,52 77777 6277,)),

2n,N 2n,N
65A9§n+1 (113;7,%61’52 ----- 5271))7 o esAQ;Zi-} (u;;zl],é&,@ ----- 52n))) Hi{,r ds. (67)

In the next step we estimate the right hand sides of and from below to establish suitable
lower bounds for the left hand sides of and , respectively. We start with estimating the
right hand side of from below. Observe that implies that for all N,n € N, m € Ny,
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£,01,09,...,09,—1 € R, t € [0,T] it holds that
B(Qn—l)(etAG%n(u;ﬁgil\}%wﬁ%—ﬂ)) (etAegn(ugﬁf}\}fhwﬁzn—l))’ etAegn(u;ﬁgil\fzww@n—ﬂ)’ ‘

e 65 (g, )

- (2n—1)( tA, n,—€ tA 1,01—¢ tA 1,00—¢ tA 2,03—¢ tA 204—¢
=B (e UnNm,N)(e UpNm N> € Upnm Ny € Upynm Ny € Upnm N3

tA n—1,02p—3— tA n—1,02,_o—¢ m tA mn,02n_1—(1/2)—¢
e €U N ;€ Uy Nm N SN e, ym n )

Item of Lemma [2.1] therefore yields that for all N,n € N, m € Ny, €,61,0s,...,02,-1 € R,
t € [0,77] it holds that
B(anl)(etA(g%n(u;ﬂf}\}%,.--,ém—l))) (etAegn(ugﬁf}\}%pnﬁzn—l))’ etAegn(u;ﬁf}\}%,mﬁm—l))’ )

A )

Fool] 9
(2 (s

wellan—1 1+ HpetAUn}Vm,NH%{

ey

(68)

ey

. [H <<]1{1}(#I> P@tAUZ}\;i o Nm]l{Qn,l}(min([))etAUTE’;;:I])\/[ﬂ75min(1)_(1/2)1{2n71}(min(I))—a>
’ ’ H

lIew

+ <]1{2} (#1) P( N {201} (max(D)) etAUILf]“\;;<f%21ﬁmaxur(l/@ﬂ{zn—l}(maXU))*E) , etAerfvi‘;ﬁfjf]"s‘“i“(”E>H)] ) ) ex.

(69)
This and imply that for all N;n € N, m € Ny, €,01,0,...,00,-1 € R, t € [0,T] it holds
that

B (e (O ) (A (g ) A (g )

G )

- (150 - 20)
= < Z ({1 + | PetAvs o ||4]#=—1/2) (70)

wEHznfl,W:{{1,2}7{3,4},...,{2”—3,2”—2},{21@—1}} nNmJV

n—1
i=1

Identity therefore shows that for all N;n € N, m € Ny, ¢,01,02,...,02,-1 € R, t € [0,T] it
holds that

BEmD (037 (g ) (07 (ug ), e ),

e 65 (g, )

. ey

tA n,—e m _tA, n,02n—1—(1/2)—€
'<P€ UnNm,N7N € UpNm N >H

. ey

1+ [[Petv,ym n ]2 ey

n—1 .
- (1 —22 n —(1a)—
— N™ < (Hzfo( )) ) HPetAU ;(3(2n—1)/2)—(1/4) EH%J (71)

n—1
11 rlpemv:;%iiif‘w’EH%{] )
i=1
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Hence, we obtain that for all N;n € N, m € Ny, r € [0,00), 01,02,...,02,-1 € R, € € (0, 00),
t €1[0,7T], s € [0,¢] it holds that

He(t—s)AB(2n—1) (GSAQ%H( €,m, (81,02, 5277,71))) (63A8§n(u€,m,(51,52,“.,527171))

Uy, 1 N on—1,N )
esAQQn(u;;T_,fjl\}%,---,@n 1)), o sA02n( ;;:Vi,(lff}\}%w--,%nfﬂ ”H,T
m\ 2 n—1 1 2
B (N )6_26“‘5) U =20) _ypasyriano-tieps (g
- r sA, € n— nN™ N
¢ [+ [|Pestvym nlIF] 12

2
(HHP@A e HH)] .

Plugging this into the right hand side of yields that for all N;n € N, m € Ny, r € [0, 00),
01,00, ...,00, 1 € R, e € (0,00), t € (0,T] it holds that

1(61,62,-,62n, 1)

2n— 1u2n 1
E[|1x; & 5]
. (Nm)2 /t o—2e(t=9)

cr 0

2
(o) o -
N (T (1 — 2i) ?
](n 1/2)

cret[1 + sup,epo 1) [ PesA vy ym n |l %

2
/ | Pesuniiin €||H<H||Pe“‘ i ||H>] ds.
0

Combmmg this with (61)) ensures that for all N,n € N, m € Ny, r € [0,00), §1,d2,...,02,-1 € R,
€ (0,00),t € (0,7T] it holds that

(81,695 897 1)
HX% Lug )N " ”2
H_,

> [ N™(TTi5 (1 —20)) r
= =172

cret[l + supyeo 7y || PeA0; vm NHH

n—1 .
(Hz 0 (1 — 22)) ||P sA ]\([(2711\7 1)/2)—(1/4)—5H%{
[1+ [[Pestvym yl|7] =12 o

v

—8cn3s H€2n sAU?\;;S\/[‘l) ”5+Z?n1 ! (%9:/2) 14 HH

t
e
' /0 (Tl + n2)8(\(5(%_1)/2)7(1/4)75\+Z?:11 [((62i—1+627)/2)—¢|)
m n—1 .
N (Hi:o (1— 21))
- 2n—1 ¢, n,—
e N (o) I 8D 1+ sup, g 7y | P v [

/ 25,00/ ne+ 2 (5i/2)

(74)

NmN ||H
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Next we estimate the right hand side of from below. Note that shows that for all
N,n €N, m € Ny, €,01,02,...,00, € R, t € [0,T] it holds that

B (etAH%nJrl <u53m1(51752:-~762n))) (etAegnJrl(u€7m7(51,527~--,52n))’ etA9?2)n+1 (uE,m,(51,52,...,52n)), o

2n,N 2n,N 2n,N
B )
= B (eer) (M opiin v € o s €00 s €0 v
R I A Y G T S CHN L B

(75)

Item of Lemma therefore ensures that for all N.n € N, m € Ny, ,01,02,...,00, € R,
t € [0, 7] it holds that

B(Qn)(etAQ%n—H( E’m’(51’62”“’52n)))(etAegn_H( 67m7(51,52,~-,52n))7etAegn—i-l( 57m7(§11527-~762n))7'

u2n,N u2n,N u2n,N ]
tApn2n+1 /. .€,m,(01,02,...,02n)
€ 92n+1< on,N ))

_ < 5 ( (5" (1 —20))

Ho—1
oo \[1+ || Petde |3, ="

. ]1 P tA Nm]l{zn}(min(l)) tA ’—mi:EI)/jI=5min(I)_(1/2)1{2n}(min(1))_5>
[H(< (3 (#1) Peen, € Upnm N i

Icw

max(1)/2],6max (1) — ») (max —£ min(1)/2], 8 nin (1) —E
+<]1{2}(#1)P(le{z"}(maX(I))etAv,ENmme (1= (/2)1{2n} (max(I)) )7etAU75Nm{]\//ﬂ 0 >H)]>>€1

oz (e

w€llo,,VIEw: #1=2 =0

: [ H <p(Nmﬂ{zn}(max(l))etAULIx:L‘%ﬂﬁmax(f)*(l/?)ﬂ{zn}(max(f))*e) 7 etAvL[;:%ﬂ’(smi“(”E>H] ) > er.

Icw

(76)
This and assure that for all N;n € N, m € Ny, €,01,09,...,02, € R, t € [0, T] it holds that

B (€tA9%n+1 (u;g"lj\;&ﬁz,mﬁzn))) (etAegnﬂ(ugfjé‘sl’é””’é%)), etA9?2)n+1 (ug;T],\;(slﬁzwﬁzn))’ _

G )

Hoo—1
= ( Z <[ H (1-— 2@')] (77)
wellay,, w={

ey

{1,2},{3,4},... {2n—3,2n—2},{2n—1,2n}} i=0
n—1
m _tA n,02n—(1/2)—¢ tA, n,02n—1—¢€ tA, i,02;—e _tA, 1,062i—1—¢€
-(P(N™e Uy N ). € UpNmN )i H<Pe Um0 € U nm N ) g er.
i=1

Furthermore, identity implies that for all N;n € N, m € Ny, €,d1,02,...,02, € R, t € [0,T]
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it holds that

B(Zn)(etAQQn—i-l( e,m,(81,02,.- 52n))) (etAegn—&-l( €,m,(01,02,.. 76271,))7 €tA(9§n+1( e,m,(81,02,... 52n)>

u2nN u2nN u2nN [
tA 2n+1/,.€,m,(01,02,...,02,)
82n+1( 2n,N ))
n—1 ’ n—1 (78>
=N ( [H(l = 20) | [Pttt O | [T P oy ] )
=0 =1

We therefore obtain that for all Ny;n € N, m € Ny, r € [0,00), d1,02,...,02, € R, € € (0,00),
t €1[0,T], s € [0,¢] it holds that

He (t—s AB(Qn)< sA6)2n+1( €,m,(61,02,.. 75271,)))( 5A92n+1( €,m,(81,02,.. ,5271))7

u2n N u2n N
65A0§n+1 (u;:n],\g&,éz, ,52n))7 N SA€§ZI} (u;:n]\;él,(b, 5021 Hi{i
Nm n—1
B [ r } o [ (Hﬂ - 2@'>) L [ (79)
C
=0

2
(HHP Ay oy D rm)] .

Plugging this into the right hand side of yields that for all Nyn € N, m € Ny, r € [0, 00),
01,09, ...,00, € R, £ € (0,00), t € [0, T] it holds that

m,(81,09,..., n)
[HXQnugn O1:02:02 Hi{,r}

n—1
N™ ' —2c(t—s) . sA n,((62n—1+82n)/2)—(1/4)—
=] e (1= 2) | | PeAum I
=0

7=

e 2
SA i,((525_1+62)

) (HHP 4 ani Nl+2 /- HH)] ds (80)

[Nmm:;&u - 2z'>>r

C eC!
/
0

This and assure that for all N;n € N, m € Ny, r € [0,00), 01,02, ...,02, € R, £ € (0,00),

v

P
|| Pe oA annz?le%)/Q - % (HHPeSA :zz\;jzljvﬁéwﬁ “H)] ds.
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€ [0,T7] it holds that
m u2n ]\](51 109,000, don)
E[||X; I..]

[ Arm n— : 2 —8cn3s n3sA, 0,—(1/4)— nJFZz %/
> [N (Hi(}(l—m))] / A o S |
el ) (

crect 1+ n2)81(@2n—1020)/2)— (/) e[+ TI (G20 1+0200/2) <)) s (81)

- N™ ([T (1 - ] / [e2n%54, 00/ ne+ 2" (5:/2)

crec(1+4n3)t (2n2)(1+4n5+2 23"1 16:]) Nm N ||H

This and yield that for all N;n € N, r € [0,00), 61,02,...,0, € R, € € (0,Y4), m €
No N[5 —1,00), t € (0,T] it holds that

(51 69yenns on)
B[l

m n 1 . ,
= N (H[ e (1 22))
[ e HAm2IRY (2 [ /2]|2) AT 21et 2250 18D [1 + sup o 7 || Pe® Aﬁzﬁ;}]m NPGEEE
t
. / H62lfn/ﬂ\SSAU?\};S\/;;)—fn/zk-&-zi:l(ai/Q)HZ s
(82)

Moreover, note that for all Nyn € N, i € {1,2,...,n}, e €(0,1), me€ NoN[ —1,00), t € [0,T]
it holds that
2

P i ol = [P (=) [ S vnsmve |||

N
2
- szil [ (=) i jue] HH = 3 A= A) i
j=1

N —2tc (i+jnN™)2 N 1 N 1
= = 1 g™
Z Z + jnNm Z ij 625N4m5 + Z ] €
7=1 7j=1 7j=2
(83)
1 N
- C2EN47TLE ( Z/ e ) S 628N4m5 <1 + Z/J 1 ﬁ dl‘)
_ =2 _
1 1

1 N 1
= —— (1 dr) = ——(14+ ——— (NI —1
C2€N4ms ( + /1 2745 JZ) 626N4m5 ( + (1 _ 45) ( )

1 1 1 1
_ N(1—4e—4ma) . ]
CQE <N4ms + (1 _ 45) |: N4ms

This and the fact that Ve € (0,7), m € NoN[5 —1,00): 1 —4e — 4me < 0 ensure that for all
N.neN,ie{l,2,...,n}, e € (0,%), mGNoﬂ[Ils—l,oo) it holds that

sup |1Peui < o (s + 1 ) S s
u €U, ym - '
te[()g"] nN™ NIIH = c2e \ N4me (1 — 45) (1 — 4€)N4m€ - 028(1 — 45) ( )
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Plugging into the right hand side of yields that for all Nyn € N, r € [0,00),
61,09,...,0, € R, e € (0,1/4), m e NgN[5= —1,00), t € (0,T] it holds that

|:HX”U r]r\z],(él,&g ,,,,, 5n)H2 7Ti|

N™ (TG (1 - 20))

2 [cr€c<1+4|rn/21|3>t(2| [ /2] [2)0+4m/2e+2 S, ) [1

2
85
n mwn/ﬂ—w)] (85)

: /t ||€2|Wﬂ 3sA U?\};%@—(n/ﬂwz;;l(ai/z) H 2
0

Next note that for all N;I € N, m € Ny, ¢ € (0,00), ¢ € [Y/2+ 2le,00), t € (0,T] it holds that

t
/HGQZSSA E)Vm %4 la+(5/2)H4;{dS:/ HGQZSSA(—A)_(V4) l6+(5/2)<z *16]Nm>H ds

[ zaeear
Jj=

0

t [ N
TR

o |54 q

t [ N 2 2 (86>
_ / Z<e—2l‘°’cj2N2mS}|(— - —te 5, ||H) ] ds

0 | j=1

-

t
(=)= e o 3 [ (— ) ey V G_MSCUQMQWMS“}
0

$
i
L

-

(1- el 2+k2)N2mt) (26—1—4le) (26—1—4le)
A3cR+I==29) (2 | 2) N2m (GN™) (EN™) :

The fact that VI € N, € € (0,00), 0 € [}/2+ 2le,00): 20 — 1 — 4le > 0 therefore assures that for
all Nl € N, m € Ny, € € (0,00), 6 € [I/2+ 2le,00), t € (0,T] it holds that

o~
Il

J,k=1

N — m
||€2153A 0,—(1/4)—le+(5/2) H Z (1 — e~ 4Pcl®+R%)N2mt)
Unm N H c(2+4le— 25 ] + k2)N2m

(87)

o (—e i 1
— A[3c(2+4le—25) N 2m = (]2+k2>

This and imply that for all n € N, r € [0,00), d1,02,...,0, € R, € € (0,Y/4), m €
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NoN[£ —1,00), t € (0,T] with Y7 | §; > 5 + 2["/2]e it holds that

2

Em(§1 95ees0m)

X 2 1/2
sup (El 1%,])

( N2 -2

cr el /2174 (2T /2] |2)(1+4[n/21s+22?=1 19:D1 + m

> sup

¢ [/21=172)

(1 _ efct /2
{4‘@/2“30(%4@/215 23, 8 N2m Z +k;2 ] > (88)

I~ 1|1 2i]

T crec@HAm2IP (2] [ 2] [2) (HA /2T 2 S D [ 1

1 n —_—
+ g [

(1 —e ct) i 1 1/2
' 7 v = 0.
4| |_TL/2-| |3C(2+4|—n/2-|6—22i:1 ;) e (]2 + k.2>

Next note that and ensure that for all n € N, 61,0,...,d, € R, ¢ € (0,Y1), m €
No N [ — 1,00) it holds that

n m56 ..... n
sup [HHMS oo >>HH52.]

NeEN
m ” On—(1 Z ,0i—¢€
(N Jofo g, H Tt [J/?wm,NHHQ)

Ssu
Ne
- (89)
m n/2],0n—(1/2)—¢ i/2],0,—¢
< [ sop (57 B2 )| T | s D500
-1 Lvex
(/2] 8n—(1/2) = [y/2].0 v
= | sup ( N?™ 1)22’7,712_52 >} {Su 022”;5 2 ] .
[NE§< | [n/2]N™ N ||H_5n E Ne%” [n/2] N ,N||H_5i

Furthermore, observe that shows that for all n € N, m € Ny, § € R, ¢ € (0,00) it holds
that

m ¢ m (1
sup (N7 e )—sup (V2 e 1)

3 ~(1/2)- i
Z enJrjnNm} )
H

7j=1
N N2m
2 anNm | ) < s | e

( N2m [

= Sup

(142¢)

NeN =1

B S 1 | 1
= sup N4ma c(1+2¢) Z ,] (2+4¢) c(1+2¢) Z j(2+4a) < 0.

NeN =

= sup (N 2m

NeN

23



In addition, note that and imply that foralln € N, i € {1,2,...,n}, 6 e R, e € (0, 1),
m € No N[ —1,00) it holds that

4 1
i,0—¢
- _ 3 = Puiis, — <.
;‘gf\] vy NHH 5 J%UP HUnN NHH SUP | UnN NHH = 2(1 — 4e) (91)

Combining with (90) and (91]) yields that for all n € N, 61,8s,...,d, € R, £ € (0,/4),
m € No N[ — 1,00) it holds that

n m,(81,02,..., n
sup Hue;ﬁ POtz y (92)

Moreover, note that for all Nyn € N, £ € Ny, r € R it holds that oF N € span({e,: m €
NP\ {O} This and the fact that span({en n € N}) C N,erH, ensure that for all N,n € N,
m € Ng, e € R, § € R" it holds that
e,m,0 n+1
w, v € ((MrerH,) \ {0})" (93)
Combining this with assures that for alln € N, d € R", e € (0,3), m € NgN [ —1,00) it
holds that

1 1
inf TR w—— = TR — —— € (0,00). (94)
NeN | Tz ||9@++11( NOa s, | [supwex (T 1657 (8 s, )]

This, , and (93]) show that for all n € N, g € [0,00), = (d1,09,...,0,) € R™, € € (0, Méﬂ),
m € Ny ﬂ [( /2] 1,00)7 t € (0,7) with Y7 | §; > %+5 it holds that

E[X1% 1)

sup

u—(uosurun)(Orer VoD | Tlim willms,
n,u 1/

~ s ELIX1%,]) "

NN u=(uo.n eam)e(Orer HNOD™+ | Ty 107 (W),

E/(z(”/zl) m,8 1 <95>

w0 E[Ix ™ 7,])

Ve | T 6 (™)
1 W@mms o

® P T o e va‘é%( 1 D] = e

This and Holder’s inequality establish item (| . The proof of Theorem is thus completed. [
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