m Seminar for

Applied

Eidgenodssische Technische Hochschule Ziirich .
& Mathematics

Swiss Federal Institute of Technology Zurich

Lower bounds for weak approximation
errors for spatial spectral Galerkin
approximations of stochastic wave equations

L. Jacobe de Naurois and A. Jentzen and T. Welti

Research Report No. 2017-02
January 2017

Seminar fur Angewandte Mathematik
Eidgendssische Technische Hochschule
CH-8092 Zirich
Switzerland

Funding: ETH Research Grant ETH-47 15-2



Lower bounds for weak approximation errors
for spatial spectral Galerkin approximations
of stochastic wave equations

Ladislas Jacobe de Naurois, Arnulf Jentzen, and Timo Welti

ETH Ziirich, Switzerland
January 17, 2017

Abstract

Although for a number of semilinear stochastic wave equations existence and uniqueness
results for corresponding solution processes are known from the literature, these solution
processes are typically not explicitly known and numerical approximation methods are needed
in order for mathematical modelling with stochastic wave equations to become relevant for
real world applications. This, in turn, requires the numerical analysis of convergence rates for
such numerical approximation processes. A recent article by the authors proves upper bounds
for weak errors for spatial spectral Galerkin approximations of a class of semilinear stochastic
wave equations. The findings there are complemented by the main result of this work, that
provides lower bounds for weak errors which show that in the general framework considered
the established upper bounds can essentially not be improved.
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1 Introduction

In this work we consider numerical approximation processes of solution processes of stochastic
wave equations and examine corresponding weak convergence properties. As opposed to strong
convergence, weak convergence even in the case of stochastic evolution equations with regular
nonlinearities are still only poorly understood (see, e.g., |3} (6} 7, 8, [12] for several weak convergence
results for stochastic wave equations and, e.g., the references in Section 1 in [4] for further results
on weak convergence in the literature). Therefore, equations available to current numerical analysis
are limited to model problems such as the ones considered in the present article that cannot take
into account the full complexity of models for evolutionary processes under influence of randomness
appearing in real world applications (see, e.g., the references in Section 1 in [4]). The recent
article [4] by the authors provides upper bounds for weak errors for spatial spectral Galerkin
approximations of a class of semilinear stochastic wave equations, including equations driven by
multiplicative noise and, in particular, the hyperbolic Anderson model. The purpose of this work is
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to show that the weak convergence rates for stochastic wave equations established in Theorem 1.1
in |4] can in the general setting there essentially not be improved. This is achieved by proving
lower bounds for weak errors in the case of concrete examples of stochastic wave equations with
additive noise and without drift nonlinearity (see Corollary below). We argue similarly to the
reasoning in Section 6 in Conus et al. [1] and Section 9 in Jentzen & Kurniawan [5|. First results
on lower bounds for strong errors for two examples of stochastic heat equations were achieved in
Davie & Gaines [2|. Furthermore, lower bounds for strong errors for examples and whole classes
of stochastic heat equations have been established in Miiller-Gronbach et al. [10] (see also the
references therein) and in Miiller-Gronbach & Ritter [9], respectively. Results on lower bounds for
weak errors in in the case of a few specific examples of stochastic heat equations can be found in
Conus et al. [1] and in Jentzen & Kurniawan [5].

Theorem 1.1. For all real numbers n,T € (0,00), every R-Hilbert space (H, (-, -)u, |||l ), every
probability space (0, F,P) with a normal filtration (F)icjo.r), everyidg-cylindrical (2, F, P, (Fy)iepo,r))-
Wiener process (Wt)te[()’;p], and every orthonormal basis (ep)nen: N — H of H there exist an in-
creasing sequence (Ap)nen: N — (0,00), a linear operator A: D(A) C H — H with D(A) =
{veH: ZneN|)\n<en,v>H|2 < oo} and Yv € D(A): Av = ¥, .y —Mn(en,v)men, a family of
interpolation spaces (Hy, (-, )u,, |||l ), 7 € R, associated to —A (cf., e.g., (11, Section 3.7]),
a family of R-Hilbert spaces (H,, (-, )u,, H||HT), r € R, with Vr € R: (HT,<~,->HT,H~||HT) =
(Hr/2 X Hepo_1y, (-, '>HT/2xHT/2_1/27 H'HHT/QxHT/zJ/Z); Jamilies of functions Py : UTGR H, — UTG]R H,,
N € NU{oo}, and Py: U,cg Hy = U, cg Hry N € NU {oo}, with VN € NU {oc},7 € R,u €
H,,(v,w) € H,: (Py(u) = SN {O) T en, ua, (M) e, and Py (v, w) = (Py(v), Py(w))), a lin-
ear operator A: D(A) C Hy — Hy with D(A) = H; and ¥V (v,w) € Hy: A(v,w) = (w, Av),
real numbers v,c € (0,00), and functions & € L*(Plr,; H,), ¢ € CE(Ho,R), F € C%(Hy, Hy),
B € C(Ho, HS(H,Hy)) and (C:)-c0.00): (0,00) = [0,00) with V3 € (7/2,7]: (—A)~"* € HS(H,),
F € C}(Hy,H,), and B € C}(Hy, L(H,H,)) such that

(i) it holds that there exist up to modifications unique (Fy)icpom-predictable stochastic processes

XN:[0,T] x Q — Pn(Hp), N € NU{oo}, which satisfy for all N € NU{oc}, t € [0,T] that
SupsE[O7T]"XéV"£2([PJ;HO) < o and ]P—a.s. that

t t
XN = AP e+ / t=IAPVF(XY) ds + / t=9AP B(XY) dw, (1.1)
0

0
(i1) and it holds for all ¢ € (0,00), N € N that
¢ ()" < [E[o(XF)] — E[p(X7)]] < C. - (Aw)* . (1.2)

Here and below we denote for every non-trivial R-Hilbert space (V. (-, )v,||-|\,) and every
R-Hilbert space (W, (-, )w, [||lyy) by CE(V, W) the set of all globally bounded twice Fréchet dif-
ferentiable functions from V to W with globally bounded derivatives. Theorem 1.1 is a direct
consequence of Theorem 1.1 in [4] (with v = 2, f = min{n + £,2n}, p = 0 in the notation of
Theorem 1.1 in [4]) and Corollary below (with p = 1/p, 6 = 1/2 — 1 in the notation of Corol-
lary below). Inequality reveals that the weak convergence rates in Theorem 1.1 in [4]
are essentially sharp. More details and further lower bounds for weak approximation errors for
stochastic wave equations can be found in Corollary below.

2 Lower bounds for weak errors

2.1 Setting

Let (H,{(-,)u,|||ll) be a separable R-Hilbert space, for every set A let P(A) be the power set
of A, let T € (0,00), let (2, F,P) be a probability space with a normal filtration (F;)scpo,r],
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let (Wi)ieporp be an idg-cylindrical (2, F, P, (F;)icp,m)-Wiener process, let HH C H be a non-
empty orthonormal basis of H, let \: H — R be a function with sup,cy A < 0, let A: D(A) C
H — H be the linear operator which satisfies D(A) = {v € H: ZheH\)\h(h,v)m? < oo} and
Vo € D(A): Av = ) g Anlh,v)mh, let (Hy, () |l ), 7 € R, be a family of interpolation
spaces associated to —A, let (H,, (-, -)n,, ||/l ), 7 € R, be the family of R-Hilbert spaces which
satisfies for all » € R that (H,, (-, ), [||lg,) = (Hr/2 X Hrjpapa, (-, '>HT/2><HT/271/2, ||-||HT/szT/271/2),
let Pr: U,ep H = U, g Hr, I € P(H), and Pr: U, g Hr = U, g Hr, I € P(H), be the functions
which satisfy for all I € P(H), r € R, u € H,, (v,w) € H, that P;(u) = >, (|l h,w) | An| " h
and P;(v,w) = (P;(v), Pi(w)), let A: D(A) C Hy — Hy be the linear operator which satisfies
D(A) = Hy and V (v,w) € Hy: A(v,w) = (w, Av), let p: H — R be a function which satisfies
> heH ||’f\”‘| < 0o, let B € HS(H,H,) be the linear operator which satisfies for all v € H that
Bv = (0, ,cq (b, v)ph), and let X' = (X1, X1?): Q — PI(HO) I € P(H), be random
variables which satisfy for all I € P(H) that it holds P-a.s. that X! = f eT=)AP B dW,.

r)

2.2 Lower bounds for the squared norm

Lemma 2.1. Assume the setting in Section . Then for all I € P(H) it holds P-a.s. that

T .
X! =P, X" ( Xm) et (525 i sin(Inl" (T — 5)) d(h, W ) o
= I = 1,2 = s Vs .
X Sner (52 Sy cos (10l (T = ) d(h, Woh ) Il *h
Proof of Lemma[2.1. Lemma 2.5 in [4] proves that it holds P-a.s. that
T
XE= [ T=IABAW, = Z/ T=9ABRd(h, W,) i
0 heH
i —\2 sm(( A)P(T = s))hd(h, W)
h fo cos((—A) (T — 5)) hd (. W.)
_ (ﬁ— i sin \Ah|1/2< ~ 9)hd{h, ws>H> -
Pyt uhfo cos(|An|"*(T — 8))hd(h, W) u
zheH i Jy (Il (T = 5)) d(h, Wi )
ZheH ™ ‘1/2 fo cos (|| V(T — s)) d(h, WS>H>|)\h|1/2h
Furthermore, Lemma 2.7 in |4] shows for all I € P(H) that it holds P-a.s. that
T T
P, X" = / P 9AB AW, = / T=AP, Baw, = X' (2.3)
0 0
This and (2.2)) complete the proof of Lemma [2.1] m

Lemma 2.2. Assume the setting in Section [2.1] and let I € P(H). Then
(i) it holds that (h, X" g,, h € H, is a family of independent centred Gaussian random variables,

(11) it holds that <])\h\1/2h X1 2>H ) , h € H, is a family of independent centred Gaussian random
variables, and 2



(#3) it holds for all h € H that

1 sin (2| | T)
Var ((h, XY ) = 1;(h i (T— A ), 2.4
(( Vi) = 11(h) WE N (2.4)
. 1/2
12y T2 _ lal* 1 sin(2An]"*T)
var<<|)\h’ h‘7X >H71/2> - ]l (h) ’)\h‘ 2 (T+ 2|)\h|1/2 ’ (25)
/2
\pin)? (1 — cos 2\ \n|*T
Cov ({h, XM (Il s X12),, ) = L) 5 4\<Ah|1/2 . e

Proof of Lemma[2.2. Observe that Lemma [2 u 2.1 implies (i) and . It thus remains to prove .
Lemma [2.T implies for all h € H that it holds P-a.s. that

T
(h, X" g, = 1;(h) IAMTI/Q / sin(|M]"*(T = 5)) d{h, Wy) ar, (2.7)
h 0
T
<\>\h|1/2h,X1’2>H71/2 = 1,(h) IAMTI/Q /0 cos (| An]"*(T = 5)) d(h, W) 1. (2.8)
h

[t6’s isometry hence shows for all h € H that

Hh
Var((h, X"") i, :E[|(h,XI’1>HO|2] = ’|/\ ‘| / |sin (| Ay (T = s) )’ ds
(2.9)
gyl 1<T —Sm(mh‘ﬂ >
| An| 2 2 )
2
1/ : _ 1/ ;
Var (Pl 0, X7, ) —EHW 2]
|Nh’
|)\h‘ }cos A 2(T = s )’ ds (2.10)
/2
|| 1< sin (2| A ))
= 1;(h T4 ),
Furthermore, observe for all h € H that
COV<<h’ XI71>H0’ <|/\h|l/2h> XI72>H,1/2> - ]E[<h’ XI’1>H0<|)‘h|1/2h’ XI’2>H,1/J
2 T
= ﬂf(h)lri’;‘l 0 sin (| \]"*(T — ) cos(|\n| (T — 5)) ds
: 2
_nf<h>'“h|2(lsm(lAhll/?T)! ) (211)
| A 2| An] 2
2 11— cos (2| 2T
ol (LmT))
| A 4| An] 2
The proof of Lemma [2.2]is thus completed. O

Corollary 2.3. Assume the setting in Section[2.1 and let I € P(H). Then it holds for all (v, w) €



P](Ho) that

vt =L (D, )

hel

. (1 — cos (2| "*T) ) <|/\h|1/2h,w>H71/2 (g) (2.12)

2| A"

1— cos(2|)\h|1/2T) 0
i ( 2|\ |72 (A, 0} [Anl 20

sin (2| \n|°T) vay 0
T4 R 2 s P;(H,).
+ ( + 2|)\h|1/2 <’)\h‘ >H s ‘)\ |/ € I( O)

Proof of Corollary[2.3. Lemma and Lemma prove for all 1 = (v, wy), 2 = (v, ws) €
P](Ho) that

(1, CovOp(X")z2)m, = Cov({z1, X )y, (22, X 1, ) = E[(z1, X )1y (22, X )1, |

- E[(<U17XI1>HO + <w17XI 2>H 1/2) (<U27XI71>H0 + <w27XI72>H_1/2)]

= Z\/ar Ry X5 1o ) (R 01) b (R v2) 1,
heH

+3 cov<<h, X0 (a0, XI72>H71/2> (hon (Pl ),

heH

+ZCOV< h XIl H0a<|/\h|l/2h X12>H 12> h v2>H0<|/\h|1/2h’w1>H,1/2
heH

+ Z Var(<|)\h|1/2h, XI’2>H_1/2> <|>\h’l/2h7 w1>H_1/2<|)‘h|1/2h7 w2>H_1/2
heH

— <Ul, Z [Var((h, XI’1>H0> (h,v2) H,

heH

+ Cov((h, X"y, <|/\h|1/2h, XI’2>H71/2> <|)\h|1/2h, 7~U2>H71/2] h>H (2.13)

0
+ <w1, > [Cov(th X g, (Il X72), | Yl va) g

heH

+ Var (Dl X12) Yl ), ] \Ah|1/2h>

H71/2

— <x17 Z [Var((h, XI’1>H0) (h,v2) m,

heH

1 1 h
 Cor (0 XM (M0 X7, (b, ] (5))
0

+ <931, D |Cov ({h X s (Al B X72), | Y i),

heH

2 2 0
—|—Var<<|)\h|1/ h,XI’2>H_1/2><|/\h|1/ h,w2>H_l/J <|Ah|1/2h)> .
Hyo

This and again Lemma [2.2] complete the proof of Corollary



Lemma 2.4. Assume the setting in Section 2.1 and let I € P(H). Then it holds for all i € {1,2}
that X! € L%(P;Hy) and

|,Uh‘
E[|IX 5] TZ 0, (2.14)
hel
/2
i |Mh| sin (2] An|
]E[HXI’ Hi,lm] Z ! (—/) < 0. (2.15)
2= heI | hl )2|)‘h|

Proof of Lemma[2.4]. 1t0’s isometry and Lemma 2.6 in [4] imply that

2
’Nh|
} THPIBHHSHHO)_TZ| | <oo.  (2.16)
Ho hel An

T
B[IX'I,) <[ [ «ToApBaw.

In addition, Lemma [2.2| shows for all i € {1,2} that

E[IX,, ] = ZEH<|A

]

1/2 1/2 Il
b,

2/2

2.17
Z |Mh\ < Sm<2|/\h| T )) < 00 .
hel | An] (_1)i2|)\h|1/2
The proof of Lemma [2.4] is thus completed. O

Proposition 2.5. Assume the setting in Section and assume infpem|pn| > 0. Then it holds
for all I € P(H) \ {H} that

B[] ~ E[XIf,] = IS > Tt 3 (218)
heH\I

Proof of Proposition[2.5. Orthogonality and Lemma 2.1 imply for all 7 € P(H) \ {H} that

E(IX g, ) +EIX5 g, ] = B[P XTI, ] + E[IPa X5, ]

(2.19)
= E[|(P; + Pa)X"3,] = E[IX" 15, ]-
This and Lemma [2.4) show for all I € P(H) \ {H} that
B[ X" lf,] — E[IX[If,] = E[IX™If,]
mh\ (220)
=7 3 e Tt Y o
he]HI\I heH\
The proof of Proposition [2.5 is thus completed. ]

In Corollary 2.7] and Corollary [2.8] below lower bounds on the weak approximation error with
the squared norm as test function are presented. Our proofs of Corollary and Corollary use
the following elementary and well-known lemma (cf., e.g., Proposition 6.4 in Conus et al. [1]).

Lemma 2.6. Let p € (0,00), § € (—o0, /2 —1/(2p)). Then it holds for all N € N that

NP(20—-1)+1

p(26—1)
nzj\;ﬂn > [p(1 —20) — 1]2p(1-20)— (2.21)




Proof of Lemma[2.6. Observe that the assumption that ¢ € (—o0,1/2 — 1/(2p)) ensures that p(20 —
1) € (—oo, —1). This implies for all N € N that

i np(26—1) _ Z / np(25 1) dﬂf > Z / p(26—1)

n=N+1 n=N+1 n=N+1
_ / ) gy — (NP (2.22)
N+1 p(20—1)+1
NPE5-1)+1

>
= (- 2) -
This completes the proof of Lemma [2.6] O

Corollary 2.7. Assume the setting in Section[2.1] let ¢ € (0,00),p € (1,00), let e: N — H be a
bijection which satisfies for all n € N that A\, = —cn?, and let Iy € P(H), N € N, be the sets
which satisfy for all N € N that Iy = {ej,es,...,en} CH. Then it holds for all N € N that

T infheH|,uh |2N17p

H (2 InN|12
B[R] - BIIX™IE,] 2 TS (2:23)
Proof of Corollary[2.7. Proposition [2.5] and Lemma [2.6] prove for all N € N that
1 =1
H |2 In 2 : 2 S 2

EIXCIR,] - EIX ) = Tjatl 3 o= Tt >

hEH\IN n=N+1 (224)
TinfheH|Mh|2lep
c(p—1)2r~!

The proof of Corollary 2.7 is thus completed. O

Corollary 2.8. Assume the setting in Section let ¢,p € (0,00), § € (—00,Y2 —1/(2p)), let
e: N — H be a bijection which satisfies for all n € N that ., = —cnP, let Iy € P(H), N € N, be
the sets which satisfy for all N € N that Iy = {ey, ea,...,en} C H, and assume for all h € H that
ln] = [An|°. Then it holds for all N € N that

Tc26—1Np(26—1)+1
H|2 In 12
E[HX ”Ho] B E[HX NHHO] > [p(l _ 25) _ 1]210(1725)71' (2'25)

Proof of Corollary|[2.8. Proposition Lemma | and Lemma 2.6 show for all N € N that

E[IX" g, —E[IX™ g, ) =T Z =T > I

heH\In hel\In

= (2.26)
Tt Z p(25-1) 5 T20—1 Np(20-1)+1
n=N+1 ~ [p(1 —26) — 1]2p(1=20)=1
This completes the proof of Corollary _ .

2.3 Lower bounds for the weak error of a particular regular test function

The next proposition, Proposition 2.9 below, follows directly from Lemma[2.2]above and Lemma 9.5
in Jentzen & Kurniawan [5].



Proposition 2.9. Assume the setting in Section and let p;: Hy — R, i € {1,2}, be the
functions which satisfy for all i € {1,2}, (v1,v2) € Ho that p;(v1,v2) = exp(—HvZHHl/2 1/2). Then
it holds for all i € {1,2}, I € P(H) that ¢; € C3(Hy,R) and

H,i 2 . IK) 2
E|:HX HH1/27¢/2:| ]E|:HX |‘H1/2,i/2:|
exp (GE[I1X%I,,,|)

Corollary 2.10. Assume the setting in Sectz’on let ¢,p € (0,00), § € (—00,1/2 — 1/ (2p)), let
e: N — H be a bijection which satisfies for all n € N that A, = —cn?, let Iy € P(H), N € N,
be the sets which satisfy for all N € N that Iy = {ey,es,...,en} C H, assume for all h € H that
lin] = |\l°, and let o;: Hy — R, i € {1 2}, be the functions which satisfy for all i € {1,2},
(v1,v9) € Hy that ;(vy,v2) = exp(—||vz||Hl/2 ” ) Then it holds for all i € {1,2}, N € N that
v; € C3(Hy,R) and

Elpi(X")] — Elpi(X7)] > (2.27)

sin(x) T 20—19p(20—1) \p(26-1)+1

> 0. (2.28)

Efp: (X)) — Elpi(X¥)] > [1 .

z€[2c!/2T,00) (‘DW} p(1—26) —1] exp(%)

Proof of Corollary[2.10 Lemmam Lemma , and the fact that Vz € (0, 00): }Sm(‘r | < 1 prove
for all i € {1,2}, N € N that

. 1/2
A , 1 s sin(2|Ap| T
(] 2 7 2
IE[HX]HL ||H1/2_i/2} _E[“Xf» ||H1/2_i/2] — 5 Z ] T+ %
heH\Iy h (_1> 2|)‘h‘
> ( 1+ inf s1n 2’)%‘/2 26 !
- heH (—1)i2| A, | T
hEH\IN (2.29)
> (1+ inf sin(x ) Z nP(20-1)
xe[ch/QToo) N1
sin(z) \ T ~12p(26-1) Np(25-1)+1
(1 +  inf ) > 0.
$6[201/2T oo) ]. — 25) — ]_]
Furthermore, the assumption that § € (—oo, 1/2—1/(2p)) ensures that p(20 —1) € (—oo, —1). Hence,

we obtain that

np (20-1) < 1+ / p(20—1) dr = 1+/ l,p(2(5—1) dx
> > 1

(2.30)
_ 1 B p(26 — 1)
T p(20—-1)+1 p(25—1)+1°
Lemma [2.4] and ([2.30]) imply for all i € {1,2} that
esp(<6B[1X7, | ]) = exp(=BE[IXf]) = exp( =670 3w )
n=1 (2.31)
- 6p(26 — 1)Tc*1 -0
exp|( — .
=P T T @2 - )+ 1
Combining this and (2.29) with Proposition concludes the proof of Corollary O

Corollary below specifies Corollary to the case where the linear operator A: D(A) C
H — H in the setting in Section [2.1]is the Laplacian with Dirichlet boundary conditions on H. It
is an immediate consequence of Corollary [2.10]



Corollary 2.11. Assume the setting in Section[2.1], let 6 € (—o0,1/4), let e: N — H be a bijection
which satisfies for all n € N that \., = —7w?n?, let Iy € P(H), N € N, be the sets which satisfy
for all N € N that In = {ey,eq,...,eny} C H, assume for all h € H that |un| = |)\h]6, and
let p;: Hy — R, i € {1,2}, be the functions which satisfy for all i € {1,2}, (v1,v9) € Hq that
i(vy,v9) = exp(—||vi||§{1/2 i/z). Then it holds for all i € {1,2}, N € N that ¢; € C¢(Hp,R) and

3 T 4 2 2571N4571
E[p;(X™)] — E[;(XH)] > |1+  inf sin(z) (4r) >0 (232
relrtio0) (=)@ ] [1 - 4] exp (B A=)
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