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Abstract

Strong convergence rates for numerical approximations of semilinear stochastic partial
differential equations (SPDEs) with smooth and regular nonlinearities are well understood
in the literature. Weak convergence rates for numerical approximations of such SPDEs have
been investigated for about two decades and are still not yet fully understood. In particu-
lar, no essentially sharp weak convergence rates are known for temporal or spatial numerical
approximations of space-time white noise driven SPDEs with nonlinear multiplication oper-
ators in the diffusion coefficients. In this article we overcome this problem by establishing
essentially sharp weak convergence rates for exponential Euler approximations of semilinear
SPDEs with nonlinear multiplication operators in the diffusion coefficients. Key ingredients
of our approach are applications of the mild It6 type formula in UMD Banach spaces with
type 2.

1 Introduction

This article investigates weak convergence rates for time-discrete numerical approximations of
semilinear stochastic partial differential equations (SPDEs). In the case of finite dimensional
stochastic ordinary differential equations (SODEs) with smooth and regular nonlinearities both
strong and numerically weak convergence rates of numerical approximations are well understood
in the literature; see, e.g., the monographs Kloeden & Platen [30] and Milstein [41]. The situation
is different in the case of SPDEs. While strong convergence rates for numerical approximations
of semilinear SPDEs with smooth and regular nonlinearities are well understood in the literature,
weak convergence rates for numerical approximations of such SPDEs have been investigated for
about two decades and are still not yet fully understood. More specifically, to the best of our
knowledge, there exist no result in the scientific literature which establishes essentially sharp weak
convergence rates for temporal or spatial numerical approximations in the case of space-time white
noise driven SPDEs with nonlinear multiplication operators in the diffusion coefficients. In this
paper we overcome this problem in the case of time-discrete exponential Euler approximations
for SPDEs (cf., e.g., Lord & Rougemont [39, Section 3], Cohen & Gauckler [13, Section 2.2], and
Wang [48], Section 1]), which is illustrated in the following theorem.

Theorem 1.1. Let T € (0,00), p € [2,00), let f,b: R — R and ¢: LP((0,1);R) — R be four
times continuously differentiable functions with globally Lipschitz continuous and globally bounded
derivatives, let £: (0,1) — R be a B((0,1))/B(R)-measurable and globally bounded function, let
(2, F,P) be a probability space with a normal filtration (F;)iwcpo,r), let (Wi)iepo,r) be an Idizoq1)r)-
cylindrical (2, F,P, (F)eo,r)- Wiener process, let X: [0,T] x Q — LP((0,1);R) be a continuous
(Ft)tefo,r-adapted mild solution process of the SPDE

dXy(z) = [£:X(2) + fF(Xi(x))] dt + b(X(2)) AW () (1)
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with X;(0) = X¢(1) = 0 and Xo(x) = &(x) fort € [0,T], x € (0,1), and for every N € N let
YN:{0,1,...,N} x Q — LP((0,1); R) be a time-discrete exponential Euler approzimation for the
SPDE ([l)) with time step size T/N (see, e.g., item (iv]) of Theorem[9.5 in Section[q below). Then
for every e € (0,00) there exists a real number C' € R such that for all N € N it holds that

[Elp(Xr)] —E[p(Y{)]| < C- NE7. (2)

Theorem [I.1]is an immediate consequence of Theorem below. Theorem establishes for
every arbitrarily small ¢ € (0,00) the weak convergence rate 1/2 — ¢ for the exponential Euler
approximations YV, N € N, (see, e.g., Lord & Rougemont [39, Section 3], Celledoni et al. [12|
Section 2], Cohen & Gauckler [13| Section 2.2|, Lord & Tambue [40, Section 2.3], Wang [48]
Section 1], and item of Theorem below) in the case of the SPDE (). We would like to
point out that the rate /2 — & can, in general, not be essentially improved. More specifically,
Corollary 9.8 in [29] and Theorem [I.1| above prove in the case Va € R: f(x) =0, Vx € R: b(z) =
1, and Yy € (0,1): £(y) = 0 that there exist a four times continuously differentiable function
w: LP((0,1); R) — R such that for all € € (0,00) there exist real numbers ¢, C' € (0, 00) such that
for all N € N it holds that

c- N < |E[p(Xr)] —E[e(Y))]| < C- NE) (3)

(cf., e.g., also the references mentioned in the overview article in Miiller-Gronbach & Ritter [42] and
in Section 9 in [29] for further lower bound results for numerical approximations of the SPDE (]J)).
The literature also contains a series of other results which establish essentially sharp weak conver-
gence rates for temporal or spatial numerical approximations of the SPDE in the case where
the diffusion coefficient function b: R — R is affine linear, that is, in the case where it holds that

Ja,feR: Ve eR: b(z) =axr+ (4)

(cf., e.g., |45, 25 18, 20, 24] 22}, 26, 19} 32], 211 [7, 23], 50}, 38, [33, 6], 9}, [5, 35} (8], 341 1311, [49], (141, 48] [4], 29] ).
To the best of our knowledge, Theorem is the first result in the scientific literature which
establishes an essentially sharp weak convergence rate for the SPDE in the case where is
not fulfilled. Note that Theorem above and Theorem below prove weak convergence rates
only for exponential Euler approximations (see, e.g., item of Theorem below). However,
their methods of proof extend to other kinds of numerical approximations for SPDEs such as
linear-implicit Euler approximations (see, e.g., Da Prato et al. [I7, Section 3.3.1]). Our proof of
Theorem above and Theorem below, respectively, is based on the proof in [29] by extending
the proof of Theorem 1.1 in [29] from Hilbert spaces to UMD Banach spaces (cf., e.g., Brzezniak [10,
(2.5)] and Van Neerven, Veraar, & Weis [47, (2.3)]) with type 2 (cf. Sections 2-4 and 6-8 in [29]
with Sections 2-7 below).

1.1 Notation

Throughout this article the following notation is frequently used. For every set A we denote
by P(A) the power set of A. For every set A we denote by #4 € {00,0,1,2,...} the number
of elements of A. For all sets A and B we denote by M(A, B) the set of all functions from
A to B. For all measurable spaces (A, A) and (B,B) we denote by M(A, B) the set of A/B-
measurable functions. For every Borel measurable set A € B(R) we denote by A4: B(A) — [0, 0]
the Lebesgue-Borel measure on A. We denote by |-|,: R — R, h € (0,00), the functions which
satisfy for all h € (0,00), t € R that [t], = max((—o0,t] N {0, h, —h, 2h,—2h,...}). We denote
by &.:[0,00) — [0,00), 7 € (0,00), the functions which satisfy for all = € [0,00), r € (0, 00) that
Elx) =X, "'?:nl;g;]l/z (cf. 27, Chapter 7] and [14, Section 1.2]). For all R-Banach spaces
(V, I-lly,) and (W, ||-|ly;,) with #y > 1 and every natural number n € N = {1,2,...} we denote by




|'|05(MW) : C™(V, W) — [0, 00] and ||-||CZL(V7W) : C™(V, W) — [0, 00| the functions which satisfy for
all f e C™(V,W) that

|f|c;;(v,w) = Slel\li Hf(n)(x)HLw)(V,W) ) “f”cn vV,w) = = [|£(O)[lw + Z |f|ck (V,W) (5)

and we denote by C(V, W) the set given by CJ/(V,W) = {f € C"(V,W): ||f||ng(v7W) < oo}. For
all R-Banach spaces (V, ||-[|;,) and (W, ||-||;;-) with #y > 1 and every nonnegative integer n € Ny =
Nu{0} ={0,1,2,...} we denote by |-|Lipn(V,W) : C™"(V, W) = [0, 00] and ||'||Lip“(V,W) OV, W) —
[0, o0] the functions which satisfy for all f € C™(V, W) that

ILf (@)= f )l n =
SUPg yeV, zy (W) =0

| flLipn vy = 1™ @)= D W) (n :
p" (VW) SUD, eV oy < L )(v,w)) ‘neN

lz—ylly

||f||Lipn(VW ||f ||W + Z |f|L1p (V\W)

and we denote by Lip"(V, W) the set given by Lip"(V,W) = {f € C"(V.W): || f|lpi,nvw) < o0}
For every separable R-Hilbert space (U, (-, -);;, ||-||;) and every R-Banach space (V. ||-||,,) we denote
by (U, V') the R-Banach space of ~-radonifying operators from U to V (see, e.g., [47, Section 2]).
For every measure space (£, F, i), every measurable space (S,S), every set R, and every function
f:€Q — R we denote by [f], s the set given by

[flus ={9€ M(F,8): A e F: p(A) =0 and {w € Q: f(w) #g(w)} € A)}. (7)

For every measure space (€0, F, i), every measurable space (S,S), and every set R we do as usual
often not distinguish between a function f:  — R and its equivalence class [f] WS-

1.2 General setting

Throughout this article the following setting is frequently used. Consider the notation in Sec-
tion [1.1] let (V/]|-[;,) and (V,]-]|;,) be separable UMD R-Banach spaces with type 2, let (U, (-, ),
|-Il;) be a separable R-Hilbert space, let T € (0,00), n € R, £ = {(t1,t3) € [0,T]*: t1 < ta},
let (2, F,P) be a probability space with a normal filtration (F;)co17, let (Wi)iejorp be an Idy-
cylindrical (€2, F, P, (F;)icpo,r))-Wiener process, and for every p € [2,00) let T), € [0, 00) be the real
number given by

T (Fo)repo.11/B(y(U,V))-predictable
T, = sup I o XedWillpr@v) : t)t(e:[o[g:]T]xga'y(U,\f) with (8)
fo ||Xt||£p By (UV)) dt)"2 I3 X2 e vy AHE(0,00)

(cf., e.g., [46, Corollary 3.10]).

1.3 An auxiliary lemma

Throughout this article we frequently use the following elementary lemma (see, e.g., [T, Lemma 2.3]
and [15] Lemma 2.2]).

Lemma 1.2. Consider the notation in Section [1.1] let (U, (-, v, || H ) be a separable R-Hilbert
space, let (V, ||-|l,,) and (V,||-|l,,) be R-Banach spaces, and let B € LAV, V). Then



(i) it holds for all Ay, Ay € v(U,V) and all orthonormal sets U C U of U that there ezists a
unique v € V such that

inf sup |jv— > B(Au, Au)|| =0, 9)
I€U, rcycu, ueJ )
#I<O° #.g<oo
(1) it holds for all orthonormal bases Uy, Uy C U of U that
Z B(Aru, Ayu) = Z B(Aru, Asu), (10)

uelU; u€Usa

(111) it holds for all Ay, Ay € v(U, V') and all orthonormal sets U C U of U that

> B(Aru, Asu)

uelU

< 1Bl wwllAtllywn A2l wv), (11)
y

and

(iv) it holds for all orthonormal sets U C U of U that

<7(U, V) x y(U, V) 3 (A, Ag) = > B(Ayu, Ayu) € V> € LO((U,V),V). (12)

uelU

2 Strong a priori estimates for SPDEs

2.1 Setting

Assume the setting in Section[1.2] let p € [2,00), 9 € [0,1), y,z € [0,00), let X: [0,T]xQ — V be

a stochastic process with sup,c(o 7y [| Xl o(p;v) < 00, and for every ¢ € (0,7 let Y*: [0,¢] x Q — V

and Z': [0,t] x Q@ — (U, V) be (F;)sepg-predictable stochastic processes which satisfy for all
€ (0,t) that

7 X“ 3 Xu
[V leray < 22esedlBleren  and ) 28| oy < Z2Resedlpleen )

2.2 A strong a priori estimate

Proposition 2.1 (A strong a priori estimate). Assume the setting in Section|2.1. Then
. . t
(i) it holds for all t € [0,T] that P( [y [[Yelv + 122y ds < 00) = 1 and

(1) it holds that

sup || Xel|zopry < V2E0-y) [y(/ﬂﬂ) T m}

t€[0,T]
- sup || Xy — {/ yst ds+/ Z; dWs} {1 + y(71’<119;9> X zrp@ (14)
tefo.1} 0 0 Lp(P;V) V/(1-1)

V2E_g) [yf/ﬂﬁ) + 27, V2T (- 19] g 1 Xell 2r vy < oo
tel0,T



Proof. We first observe that , Hoélder’s inequality, and the assumption that supe o 7y | Xsl 2o v
< oo imply that for all ¢ € [0, 7] it holds that

t Esup,eio o [ Xol 2@
/ ||YstHcp(P;v) ds < y/ €| ,t]_ . s
0 0 ( S)

1/2 (15)
< (=) /t SUPyelo,s) HXvH%p(]p;V) s -
=Ya=9) (t — )7
and
t 2 tsupyeo [ Xol 2oy 17
[/ 1Z:1 2o o) ds] =z [/ = {t] S)ﬁﬁp(P’V) ds| < oo. (16)
0 0 _

Combining — and the assumption that p > 2 proves that for all ¢ € [0, 7] it holds that
tfé ]LY?HU(P;V) + HZﬁH%Q(PW(UyD ds < oo. This, in turn, shows that for all ¢ € [0, 7] it holds P-a.s.
a

t
Auwmﬁwzmmmw<ax (17)

It thus remains to prove to complete the proof of Proposition . For this observe that
(15)—(17) imply that for all ¢ € [0,77] it holds that

t t
/Y;ds +‘/Z§dWs
0 Lr(B;V) 0 Lp(P;V) as)
- 1/2
< {yt( N2 i~ } /t SUDP,e(0,s] HXUH%P(IP;V) ds
R RVAR "o (t—s)? '
Next we observe that for all ¢,u € [0, 7] with ¢ < u it holds that
t X X
/ SUPye(0,s] H UHLP([P;V) ds — /“ SUPye[0,s—u+] H ”HL’P(]P’;V) s
0 (t—s)’ St (u—s)
2 2 (19)
“ SUPyelo,s] ||XUHLP(IP;V) “ SUPye(0,s] HX””[:P(IF’;V)
< S ds < 5 ds.
u-t (u—s) 0 (u—s)
Moreover, we note that Minkowski’s inequality ensures that for all ¢ € [0, 7] it holds that
1 Xl 2r oy
t t t t (20)
< Xt—[/ Ystder/ZﬁchS] + /Y;ds + /Z;dWS
° ’ Lo (B;V) ° oy IO Ly (BV)

Combining ([L8)—(20)) with the fact that Va,b € R: (a + b)* < 2a2+42b* proves that for all u € 0,7

it holds that
t t
X, — [/ Y;ds+/ ngws}
0 0 Lr(P;V) (21>

2

T4/ 2 subieqo,g) || Xe | 2o,

oY 42T, / tefo ]” ”z: ®V) g
Ji_0 0 (u—s)

2

sup ||Xt||%p([P’;V) <2 sup
te[0,u) t€[0,7]




Combining this and the assumption that sup,cp 7y [ Xsllcr@;v) < 0o with the generalized Gronwall
lemma in Chapter 7 in Henry [27] (see, e.g., also Andersson et al. |2, Lemma 2.6]) proves the first
inequality in (14)). In the next step we note that implies that

t t
Xt — |:/ Ygt dS + / Z; dWS:|
0 0

sup
t€[0,T LP(P;V)
t t
< SUP 1 Xell oy + sup Y;t ds ‘ / Z,dW, ] (22)
telo,T t€[0,7] Lp(P;V) 0 Le(P;V)
yT(l—ﬂ) T(1-19)
= 1+W+ZTP 1-9) tSBI; HXtHEP(]P’;V)'

This proves the second inequality in . The third inequality in is an immediate consequence
of the assumption that

sup || Xs|| o sy < o0 (23)
s€[0,7
The proof of Proposition 2.1]is thus completed. O

3 Strong perturbations for SPDEs

3.1 Setting

Assume the setting in Section , let p € [2,00), ¥ € [0,1), y,z € [0,00), let X, X:[0,T] x Q —
V' be stochastic processes with supycir [|Xs — Xsllerpy) < oo, and for every t € (0,77 let
YLV 0,8 xQ =V, Z4 724 [0,t] x Q — (U, V) be (F)sejo,q-predictable stochastic processes
which satisty for all s € (0,) that P( [} [V |lv + |V ]|y + 1ZH2 vy + 122 0y dr < 00) = 1 and

= Xu—Xu = Xu—Xu .
||Y;t _ Y;“EP(IF’;V < Y SUPy¢lo,s (|L 5) ||£P(]P’ V)’ HZ; . Z§||£P(IF’;7(U,V)) S zsuPuE[(),s,-](t||_s)19/2 ||£P(]P’,V)' (24)

3.2 Strong perturbation estimates

The following result, Corollary 3.1} is an immediate consequence of Proposition in Subsec-
tion 2.2] above.

Corollary 3.1 (A strong perturbation estimate). Assume the setting in Section . Then

sup X, = Killeovy < VZEG g [PEED + 27, V2100
te[0,7

t t t t _
.+ sup Xt—[/ Y;ds+/zgdws]+[/ Y;dw/zgdws]—xt
t€[0,7) 0 0 0 0

Lr(P;V) (25)

\/ )

- sup || Xy — Xtng(]p;V) < 00.
te[0,7)

The next result, Corollary follows directly from Corollary [3.1] above.

Corollary 3.2. Assume the setting in Section[3.4, let S € M([0,T], L(V)), and assume that for
allt € [0,T] it holds P-a.s. that

t t t t
Xt:Sth—l—/ Y;ds+/ ZtdW, Xt:SthJr/ Y;ds+/ ZtdW. (26)
0 0 0 0



Then

sup || X; — XtHﬁP(IP’;V)
t€[0,T]

27
<2 o

e

- (1-9)
S[up] ||St||L(V)] ||X0 — X()Hgo(]pg\/) 6(1719) [_Y\/ilT_ﬁ— -+ ZTp \Y 2T(1719)] .
te[0,T

4 Strong convergence of mollified solutions for SPDEs

4.1 Setting

Assume the setting in Section , let A: D(A) C V — V be a generator of a strongly con-
tinuous analytic semigroup with spectrum(A) C {z € C: Re(z) < n}, let (V,,|-|ly,), r € R,
be a family of interpolation spaces associated to n — A (cf., e.g., |44, Section 3.7]), let p €
[2,00), ¥ € [0,1), II € M(B([0,T)),B([0,T])), (Cr)repo,y € [1,00), F € Lip’(V,V_y), B €
Lip"(V, (U, V_sp)), L € M(B(£), B(L(V_1))) satisfy for all ¢ € [0,T] that [I(t) < ¢ and for
all (s,t) € (LN (0,T?), p € [0,1) that Lo,(V) C V, Ly(V_,) C V, and ||Lsi|loov, vy <
C,(t —s) let x, € [1,00), 7 € [0,1], be the real numbers which satisfy for all » € [0, 1]
that x, = max{1,sup,com t" [|(n — A) " Ly, sup,er " 10— A) " (e —Idv) ||y} (cf., e.g.,
[43, Lemma 11.36]), and let Y*: [0,T] x Q@ — V, k € [0,T], be (F;)icpo,r7-predictable stochastic
processes which satisfy for all x € [0,T] that supyepo 7y [|Yr,) ler@v) < 0o and which satisfy that

for all k € [0,T], t € (0,T] it holds P-a.s. that Yy = Yy and

t t
Y= Lo, Y& + / Ly e”AF(Yﬁ(S))ds—k / Ly e“AB(Yﬁ(s))dWS. (28)
0 0

4.2 A priori bounds for the non-mollified process

Lemma 4.1. Assume the setting in Section and let k € [0,T]. Then supyep ) [|Y/"lcr@v)
< 0Q.

Proof. We observe that for all £ € (0,77 it holds that
t
I leriry < Lo ¥llerr + | s F (¥ leso d
0

t 1/2
+ Ty {/o | Ls,e GHAB(YHN(S))“%P(]P’;'y(U,V)) ds]

¢
x0 Co |F (Y )l cp@iv_y)
< Xo [1Y5'll o vy +/ (7?—(5))19 = ds
0

y (29)
EIxol? ICoya P 1BV o )2t

v, U — dS}
0

(t—s)?
X0 Co T IFllyovy X0 CoppToVTO IBllLipo vy w,v_
< [xo+ (1-9) + 1—90

- sup || max{1, [ Y llv}H ce@m)-
s€[0,T]

9/2))

This and the fact that sup,ejo 7y || max{1, [Y{i, [lv }Hlzo@r) < 1+ supiep Vi ller@) < oo com-
plete the proof of Lemma [4.1] O



Proposition 4.2 (An a priori bound for the non-mollified process). Assume the setting in Sec-

tion[{.1. Then

) I e vy

sup [[V0lla) < V2 [

t€[0,T
CoyTO=DNFO)|lv_, . Cop2Tr VTO=D||BO)|lyw,v_ 9/2)
=) =

te(0,77]

(30)

V20, T=9) |F|L1p0(VV 9)

“En- 19)[ i) + Yy Cop V2T | Blpio vy o)) | < OO

Proof. Throughout this proof let L: {(ty,t,) € [0,T]?: t; < t5} — L(V_1) be the function which
satisfies for all to € [0, T, (t1,t2) € £, v € V_1 that

f/tthU = Lt1,t2U and Eto,to == IdV71 . (31)
Combining Corollary and Lemma showﬂ that

t t
sup (| Y|l sy < V2 sup |[Loy Yy +/0 LS,tF(O)dH/O Lgs B(0)

te[0,7] t€[0,T

(1-9) ey
“Ea—v) [\ff;_—ﬂ Cy ’F|Lip0(V,V,19) +V21r0=9 T, Coya |B‘Lip°(Mv(U,V_19/2))} :

Lp(P;V) (32)

Combining with the triangle inequality completes the proof of Proposition . n

4.3 A strong convergence result

Proposition 4.3 (A bound on the difference between the mollified and the non-mollified pro-
cesses). Assume the setting in Sectz’on and let € [0,T], p € [0,552). Then

)} max{L, [|Y3 |l oy}

s [V~ ey < 5|

_ /(1= 2
Xp Cy Cp+19 T(-9) ||F||LipO(V,V719) + T;D Xp C‘l9/2 Cﬂ+'l9/2 T=9) ||BHLip0(V,'y(U,V_,L9/2)) (33)
(1—9—p) V1=9-2p

2

(1-9)
' ‘5(11” [%!F lLip? (Vv + TpV2T ) 3o Cyjp | B \Lip()(v,v(v,vﬁ/z))]

Proof. First of all, we observe that Lemma allows us to apply Corollary to obtain?| that

sup ||V -, .
T L P
K (1-9) K \/ —
S 8(1719) |:Crl9 ’6 AF|L1p0(V,V_19)_\/§\/7;_719 + 019/2 Tp|6 AB|L1pO(V,’Y(U,V,19/2)) 2T(1 19):| (34)
t t
V2 sup / Lyy (Idy —e™) F(Yyyq )ds—i—/ Ly (Idy —e") B(Yjj ) dW,
tefo, 7] [|Jo 0 Lr(P;V)

Moreover, we observe that for all ¢ € (0, 7] it holds that

t
/ Lgy (Idy —e™) F(Y],) ds
0

t
XpOp—i-ﬁK
< | 250 IF Vi) ey ds
(V) /o(t s)(@+?) e ?

(35)
Xp C, (1
< % I F N Lo viv_y) 82111;] max{l Y2 2 pv)} WP
lwith X; =0, Y} = L, ,F(0), Z =1L, +B(0) for s € (0, t) t € (0,7] in the notation of Corollary
2with Xy = Y, Y = Ly e F(Yr)s Zt = Lge® B(Y“(s)) for s € (0,t), t € (0,7] in the notation of

Corollary [3-1] .



In addition, Lemma ensures that for all ¢ € (0,77 it holds that

/tL (Idy —e"™) B(Yyy(5)) AW,

Lp(P;V)

|X +19/2"~' |
<, [/ A ) 0 [ RN

T \/m
= "7119/; 2 1B g v va ) S}(l)pﬂ max{1, Y| cogevy } K-
s€|o,

1/2

Putting and into yields that

sup H)/;O - nli‘{ﬁp(p.v) S \/Elip sup max{l, ||Y1€0||EP(P;V)}
t€[0,T] ’ t€[0,T]

(1-9) /
5(1 —9) [M|F|L1p V,V_g) + T 1 9) XO 019/2 |B|L1p VA(U,V_ ﬂ/g))i| (37)

)
Coyo T T, x,C VT=9-2p)
: {% 1 Lipovv ) + L i;lﬂijg_gp ||B||Lip0(V,’y(U,V19/2)):| -

Combining Proposition and proves that

Y7 = Y7 || ooy < 25 LES(%I;] max{1, || Loslloov)} max{1, [|Y7]lzr@)}

Coy T FO)lv_y | ToCoppVTU I IBO)yw,v_y o)
(1-9) 1—9

Xp Coto T(1—9—p) ||F||Lip0(v,v,19) Ty Xp Cp+19/2\/T(1—19—2p) ||B||Lip0(V,w(U,V719/2))
' T=9-7) T N T

2
V2T= 79>XOCI9‘F‘L1[)O(VV

9)
"5(119)[ i = AT, V2T X0 Cora | Blipd (viywv 19/2))]

Hence, we obtain that

Y2 = Y5 || ooy < %5 LS(%PT] max {1, || Lol vy} max{1, [|Y|| o)}

)

Coy TN FO)lv_, Yo CopaVTE[BO)lyw,v_ 9/2)
§E=0) =

Xp Cpro T ||F||LipO<V,V_q9) Yo Xp Cpo/aVTH=? ”B”Llpo(V'v(UV 9/2)
' (1-9-p) + VI=9-2p
2

V2T x0 Cy |F 0000 )
.’5(1—@{ i i V2T X0 Co o | Bluigd v UV_y/2))

This implies . The proof of Proposition is thus completed. O

5 Weak temporal regularity and analysis of the weak dis-
tance between exponential Euler approximations of SPDEs
and their semilinear integrated counterparts

5.1 Setting

Assume the setting in Section , let U C U be an orthonormal basis of U, let A: D(A) CV —» V
be a generator of a strongly continuous analytic semigroup with spectrum(A4) C {z € C: Re(z) <
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nt, let (Ve ||-[l.), v € R, be a family of interpolation spaces associated to n — A, let h € (0, 00),
pE [2700)7 S [071)7 F e Llpo(‘/a V—ﬁ)v B € Llpo(v77(U7 Vfﬁ/2))7 let (Bb)bEU g C(‘/a Vfﬁ/2) be
the functions which satisfy for all b € U, v € V that B®(v) = B(v)b, let <rp € R be the real
number given by ¢pp = max{l, [|F|lLi,00v_,), ||BHiipO(V,'y(U,V_ﬁ/Q))}’ let x, € [1,00), r € [—1,1],
be the real numbers which satisfy for all r € [~1,1] that x, = max{1,sup;c tmax{r0} || (n —
A) e vy, supeor t O |[(n — A)Tm O (e —Tdy)[|py ), let YV [0,T] x Q — V be
(Ft)iejo,r-predictable stochastic processes which satisfy ||Yo||ze,vy) < 0o and Yy = Yy and which
satisfy that for all ¢ € (0,77 it holds P-a.s. that

t t
Y, — 'y + / (=4 B(y,) ) ds + / (=LA By, ) dWV, (40)
0 0
Y, = et Yo + / et F(YLSJh> ds + / et B(YLSJ;L) dWs, (41)
0 0

and let (K, )refo,00) € [0,00] be the extended real numbers which satisfy for all r € [0,00) that
K, = sup, oy B[max{L | Y[}, [Ve]l}}].

5.2 Weak temporal regularity of semilinear integrated exponential Eu-
ler approximations

In Proposition below we establish a weak temporal regularity result for the process Y in
Subsection [5.1} The proof of Proposition uses the following elementary result.

Lemma 5.1. Assume the setting in Section|5.1. Then

sup K, = K, (42)

r€[0,p]

2p
_ NG =)

X0 IFllLipo vy TOT - TeXoy =) ||B||Lip0(v,w(U,vJ9/2))

< |Xo maX{l? ||}/0||EP(P;V)} + (1-9) + -0

P

-9
V2x9 TA=9) |F|Lipo(vyviﬂ)
< 0.

P
95+ 5(1_19) |: = + Tp X9/2'V 270-9) |B|Lip0(V,’Y(U,V19/2)):|

Proof. We first observe that the equality in follows from the fact that forallz € V', r; s € [0, 00)
with 7 < s it holds that max{1l, |z||},} < max{l,|z|j,}. Moreover, we note that the second
inequality in is an immediate consequence of the assumption that ||Yy|| e,y < 0o. It thus
remains to prove the first inequality in . For this we claim that for all k € {0,1,...,[TIx/n} it
holds that

Wiallose) < oc. (43)

We now prove by induction on k € {0,1, ..., TIn/n}. The assumption that ||Y||zoe,) < 00
establishes in the base case k = 0. For the induction step No N (—oo, [TIn/n) 5 k - k+1 €
N N[0, [TIx/n] assume that there exists a nonnegative integer k € Ny N (—oo, [71n/n) such that

10



holds for k =0, k =1,...,k = k. This ensures that

I Yiks1ynll o vy

(k+1)h
< ||€(k+1)hA Y()HLP(P;V) 4+ / e((k+1)h—[s]n) F(YLth)d«S‘
0

£P(P;V)

(k+1)h
+ /0 e((k+1)h—s]n) B(Y|y),) AW

Lr(B;V)

(k+1)h
S X0 ||}/0||Lp(]P;V) + / ||€((k+1)h—|_8Jh) F(Yszh)Hﬂp(P;V) ds
0

(k+1)h 1/2
k h—|s
/0 D=L BV ooy (44)

(k+1)h
< xo 1Yollzrevy + xo |1 Fllipovivey) Le{fglﬁx 0 max{1, ||th||Cp(IP’;V)}} / (GO
sLyerey 0

(k+1)h 1/2
1
+ Tp Xy ||B||Lip0(V,'y(U,V49/2)) Le{%}%}ik} max{1, HthHEP(]P’;V)}} /0 i 48

<

Xo + =) =

- (1=9)/2
X0 1 lLipov,v_y) |(k+1)h| =) + Yo x93 [(k+1)h] / ”BLipO(Vw(UyV_ﬁ/z))]

1 {[Vinll 2o } < o0.
je{r(fﬁ?f,k}max{ inlleren} < oo

This proves in the case k 4+ 1. Induction hence proves .
In the next step we observe that shows that

Y| V) = Y, vy < 00. 45
Sub Weanllerew) =, o max, ),y Wenllerew) < o0 (45)

Proposition hence yield{) that
sup [|Yy]l o) < V2

te[0,7)
X0 TO- D[ FO) R
Jolollrnay + 2Tt BRI BO) ) (46)
V2x9 TOD Fl 0wy ) /
€9 [ 1_19Lp B 4 Ty Xoya 270=7) ’B|Lip°(Vﬁ(U7V,w/2)) )

Furthermore, note that @ ensures that

sup ||Vl vy < sup || max{L, [[Y2llv }H] o oz
t€[0,T] t€[0,1]

[ + X0 1F lLipo (v,v_y) 1A= Ypxas, VIS HBHLiPO(V,v(U»‘Lﬁ/z)) (47)
| Xo .

= + e

Moreover, we observe that for all s,¢ € [0, 7] it holds that
E [max{1, [V[[V, 1Yol 3] < B{IYAI] +E[max{1, [Vi][}}]
s g 1Yl 2oy + Sy [[max {1, [Vollv [z o.e)-

uel0,T

(48)

This together with and proves the first inequality in (42)). The proof of Lemma is
thus completed. O

Swith k = 0, Loy = e, Ly, = e~LsInA TI(s) = | 5], for (s,t) € (£N(0,T]?) in the notation of Proposition
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Proposition 5.2. Assume the setting in Section[5.1 and let = € [0,00), ¢ € [0,00) N (—oc0, p — 3],
p €10,1=9), ¥ = (Y(x,9))ayev € C*(V x V| V) satisfy for all z1,x2,y € V, i,j € {0,1,2} with
i+j <2 that

(i+7) (i+3) —
(T ) (21, 9) = (g ) @2, )| ooy < Emax{L, a3 ol 91l } lon — 22l (49)
Then it holds for all (s,t) € £ that B[||(Y;, Ys) — 0(Ys, Ys)|lv] < oo and
[E[0(Y:, Ys) = (Y, Y[l < Elxol Y %, crp Kora (8 = 5)°

90 (2X0+Xp10+21x0 /21242 Xpt0/2 Xo/2) SE 0P+ (xo+ 5 X0 ) [t—5] 0P (50)
t_” (1=9—p) :

Proof. Throughout this proof let (g,),cjo,.0) © C(V,R) be the functions which satisfy for all » €
[0,00), z € V that g,(z) = max{1,||z||},} and let 11 0: V x V — L(V, V) %1 VxV—=LV,V),
Poo: VXV = LAOW,V), oo VXV = LAV, V), 11: V xV — LBV, V) be the functions
which satisfy for all z,y, v, v, € V that

P o( Yo = (g0) (@ y)v, Yoz, y)v = (£¢)(z,y) v,
Yoo(z,y) (01, v2) = (Z50) (,y)(v1,v2),  Yo2(@,y)(vi,v2) = (%w)(xay>(vl7v2)7 (51)
Yy, 1z, y)(U17U2) (agagiﬁ)(%y)(vl,?&).

Next we observe that Lemma and the assumption that ¢ < p—3 ensure that K, < K13 < 0.
Combining this with the fact that

Var,aa,y € Ve [z, y) — ez, )y < 2Emax{L, a|§7 allf [y 1377} (52)

shows that for all (s, t) € £ it holds that E[[|(Y;, Ys) —(Y;, Ys)|lv] < oc. It thus remains to prove
(20). To do so, we apply the mild It6 formula in [I5]. More formally, an application of Proposi-
tion 3.11 in [15] shows that for all (s, t) € Z it holds that E[[|¢(e"=94Y,,Y,) — (Y, Y)|lv] < o0
and

IE[o (Ve Ye) = (¥, Y, < [Ble(e" 1Y, Y) — (V5 Y,

t
i / E[|[10(e! 1Y, V) AR (Y, )|, dr (53)

gall o

In the following we establish suitable estimates for the three summands appearing on the right
hand side of . Combining these estimates with will then allow us to establish . We
begin with the second and the third summands on the right hand side of . We note that the
assumption that

23 4o (YY) (VA B (Y], ), €A BV (Y )

beU

Vg, wo,y € Ve [[U(zy,y) — (a2, y)lly < Emax{l, lza|ly, |22V, [yllV} lzr — zaflv (54)

implies that Y,y € V: ||[{10(2, y)|| vy < Emax{1, ||z||{, |ly||{,}. This, in turn, proves that for
all (r,t) € £, u,v,w € V it holds that

"¢1’0(6(t—r).4 U,’U) 6(t—r)A Flw HV

< Z xol" max {1, [[ull{ [0} e L) 1F @)y, (55)
Z [xol* xo max{1L, [lul[y, 1|V} I Fllipo vy ) 91(w)
- (t—r)? '
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Next we observe that the assumption that
Vay,z,y € Ve [Yro(en,y) — Yrol@e, y)l vy < Emax{l, la|y, [[z2l[7, [yll§ iz — 22l (56)

shows that Va,y € V' [zo(@. ) ey < Smax{Llalf. [} }. This and Lemma [ prove

that for all (r,t) € £, u,v,w € V it holds that
’ > Yo 0( A, v) (e(t_r)A Bb(w), =4 Bb(w)) H
beU
< L2 ol max{L, Jullf, [0} e B(w) 2y, (&)
bl ol a0 el [l LB 9200
- 2(t —r)? '

1%

Furthermore, we note that Holder’s inequality implies that for all r,1 € (0, 00), s,t € [0, T] it holds
that

E [max {1, | Vi[ly, [1Velli } u(Yiep,)]

< < sup ||max{1 HY e HV}HEM/T lpR)> < zl[épT] Hmax{l, HYUHi/}HLHT/l(lP;R)> (58)

u,v€(0,T

)

< ’KrJrllm |Kr+l’m = KrJrl-

This and the fact that for all [ € [0, 00) it holds that sup,c( E[g:/(Y]s,)] < K prove that for all
r,l €1]0,00), s,t € [0,T] it holds that

E[max{L, [V [, Vil } 0u(¥is,)] < Ko (59)

Combining (55), (57), and implies that for all (s,) € Z it holds that

t
[ Bl 5, 12 )

+/El J dr

t
1
w( 1P v + 3P B ) Kooz | G

|X0‘q X0 + 3 ’X0/2 ) SF,.B Kq+2 (t - 5)(1_19)
(1—17) '

LS oo (Y, V) (A B (Y, €A BY (Y, ,))

2
belU

(60)

Inequality provides us an appropriate estimate for the second and the third summand on the
right hand side of . It thus remains to provide a suitable estimate for the first summand on
the right hand side of (53). For this we will employ the mild It6 formula in [I5] again and this will
allow us to obtain an appropriate upper bound for HIE [@/J(e(t*S)A YY) — (Y, YS)] Hv for (s,t) € Z.
More formally, let F.,,: V xV xV =V, r€[0,s), s € (0,t), t € (0,T], be the functions which
satisfy for all ¢ € (0,7, s € (0,t), r € [0,s), u,v,w € V that

Esi(u,v,w) = 1/110( Ay, els—A ) (t-nA p F(w )_ wlo(e(sfr)A u, A U) p(s—1)A F(w)

61
[¢0,1 (6 (t—r)A u, 6(5 r) ) ¢01( U 6(s r)A U)] e(s—LrJh)A F(w) ( )

and let ]3’7«757,5: VxVxV =V rels),sec(0,t),te(0,7], be the functions which satisfy for
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all t € (0,7, s € (0,t), r € [0,s), u,v,w € V that

Br,s,t(ua v7w) _ % Z ¢270 (e(t—r)A u, e(s—r)A v)( (t—r)A Bb( ) (t—r)A Bb( ))
belU

_ % z %,0 (e(s—r)A u, e(s—r)A 'U) (e(s—r)A Bb(w)’ e(s—r)A Bb )
belU

+ %bZU [¢072 (6(tfr)A u, 6(377“)14 ) ¢02(6(s r)Au e(s r)A )} (6 s—|rln)A Bb ) e(S*LTJh)A Bb(UJ)>
S

Bl )4 B )
belU
).

- >t 1( Aq,elsmA v) (e(S*T)A Bb(w), els=1rInA Bb(qy
belU

(62)
An application of Proposition 3.11 in [I5] shows that for all ¢ € (0,77, s € (0,t) it holds that

[E[0 (91 Yo) — v (Ve Y, < B[l Yo, e Yo) — ¢ (e Yo, e V)|

s B B S _ (63)
+/0 E[HFr,s,t(Y;“;Y;HYLTJ;L)HV} dr—i_\/o E[”Br,s,t(y;“aY;HYLTJ;I)HV} dr

In the next step we estimate the summands on the right hand side of . We observe that for
all t € (0,71, s € (0,t) it holds that

(e ¥o, ¥4 ¥0) = (e Yo, e Vo),

< Emax{1, e Yol[{,, e Yollf } lle™ Yo — e Yoy (64)

P

= [xol” gu(%5) lle = e [Yollv < 2 Ixol? gy (¥9) LU=

This and the fact that E[g,41(Ys)] < K,i1 imply that for all ¢ € (0,77, s € (0,¢) it holds that

E ][4 (e Yo, e Vo) — 00 (¥4 Yo, e Vo) [lv] < = [xol? Ky 225 (8 — ). (65)

Inequality provides us an appropriate estimate for the first summand on the right hand side
of . In the next step we establish a suitable bound for the second summand on the right hand
side of (63)). Note that for all ¢ € (0,77, s € (0,t), r € [O, s), u,v,w € V it holds that
H¢10 (t—r)Au 6(s—r)A U) 6(t—?”)A ( ) ¢10( U e(s r)A ’U) G(S_T)AF w
< || [1/)1 ( U 6( —r)A U) . ¢1,0 (e(s r)A u,e(s r)A U)} e(t—r)AF w
+ le,O( —r)A u, e (sfr)A U) B(571”)A (e(tfs)A . Idv) HV
< = max{1, el el et ]9 } e DA (-4 — Ty ul],
DA E @)y + Z ma{L [0l el 0]} He - ( I Tdy) F(w)
= ol max {1, lull{, [vll{} [xol* (¢ = 8)” lullv xo | FllLipovy,) 91(w)
: G- =1y
= [xol“max{ L, [[ul[{:, 0]} } Xpro Xp (£ = 8)° | |Lipocv,v-_y) 91.(w)
(3 — r)(l)'i‘ﬁ) ’
[ [0, (77w, 7% 0) — 4o (47w, el A 0) el Fw) |
~|XolqmaX{1,HUHv’HUHv} let=4 (6( I —Tdy) ull,, e LTJ’IAHL(\LW) [E(w)llv-,
= ol max {1, lull{,, [vll{} [xol* (¢ = 9)” lullv X0 [ FllLipovy ) 91(w)
(67)
- (3 — T)(P+79)
= [Xol” x| xo max{ 1, lull &7 ol } 1 F llipo vy o1 (w) (¢ = 5)°
(3 — 'r)(PJFﬁ) '

My

Iy

I, (9

IN
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Inequalities and ([67)) prove that for all ¢ € (0,77, s € (0,t), r € [0, s), u,v,w € V it holds that

||Fr,s,t(u7 v, w)HV

= yo|? ‘XpP X Xp+9 Xp ‘XpP
(s=r)P(t—r)  (s—r)Pt) = (s—r)t))
.max{l [l 1ol E I e vvy) 91(w) (= 5)° (68)
- ‘ |q Xp (2 Xp X0 + Xp—i—z?)
= 1Xo (5= )

smax{ L [ful[ 7 1ol I F o vy ) g1(w) (= ).

This and prove that for all ¢ € (0,77, s € (0,t) it holds that

/0 E[[|Fr (Vo Yy Vi) ] dr

= X0l X (2 X X9 + Xp0) N
- (pl(— 19p— 10) ’ “FHLipo(V’V_ﬁ) Kq+2 (t — S)p 3(1 9 P)'

(69)

Next we provide an appropriate bound for the third summand on the right hand side of .
Observe that Lemmashows that for all t € (0, 7], s € (0,t), r € [0,5), u,v,w € V it holds that

| 52 o e, e 0) (60 B 68 Bo(w)

bel
= S 4 (A, 6D ) (614 BY (1), (1A BY () H
bel v
‘ [0 (€0~ 1, =74 1) — gy (=4 0y, 674 4)] (=04 B (ap), elt=7)A Bb<w>)Hv
bel
‘ %ww( Ay els=)4 v) ((e(t—r)A 4 (=AY Bb (), el (=94 1) Bb(w))”V (70)
S
= xol " max{ L, [lullV,, [0l } xo* (¢ = )7 [[ullv [xol* | BIE o0y ) 92 ()
<
B (s=r)pt—r)’
= x| max{ 1, [ 1011} 2 X0 Xp o2 Xo (= ) IBIE 0 v v ) 92(0)

(3 — r)(ﬂ+19) ’

5 [oa (e 4w, =04 4) — 4y (e(s—r)A u, €54 )] (=14 Bh (), o=l Bb<w))H

belU v
g 2 [xol?max{1, [lullL, 1oL} X, (& = )7 lullv [xop]? HBHLlpo(WUw/ ) 92(w)
= (5 — ) !
(71)
‘ > szl’l(e(tﬂ")A u, els=r)A v) (e(tfr)A Bb(w), els=LrinA Bb(w))
bel
— 3 g (A 0, DA ) (67 DA Bh (), elolrinA Bb(w))H
bel %
‘ 1011( Ay, els=n) ) ¢11( Ay, els=n)A U)] (e(t—r)A Bb(w), els=LrlnA Bb<w>)H
bel v
i ‘ S 4 1( s=1)A gy els=m)A v) (els—nA (=94 _1dy,) BY(w), els=LrlA BY(w)) H (72)
bel v
= Ixol®max{ 1, [[ull{,, 1[I} [xol* (¢ = $)° lullv ol 1B o oy ) 92()
< P( 'Y 19/2))
- (3 — T)(PJFﬁ/?) (t — r)ﬁ/Q
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= ol max{1, lull, [[0]1%} Xp+o2 X (£ = $)” X0 I BI 0 v 0y

g2(w)
(3 — r)(PJFﬁ) : ’

9/2)

Inequalities (70)—(72)) imply that for all ¢ € (0,77, s € (0,t), r € [0,5), u,v,w € V it holds that

1Brs.e(w, v, w)lly < Exol " max{1, [ulli™ (1ol (8 = ) 1Bl pownwy, ) 92(w)

51Xl Ixopl® | X0 Xprop X0 | 3 Xel? Ix0)0]? IXol? Ix0/51? X p 1972 Xp X053

(5 )P (t—r)? + (s—r)(pt0) T (s—r)lpt?) + (s—r)(P+9/2) (t—r)?/2 + (s—r)(P+0)

= Ixol max {1, ull {7 0I5} (8= 8) 1B 0 vy 92(0)

22X Xop2 (Xp X0z + Xpros2)
(5 — 1)) '

This and prove that for all ¢ € (0,77, s € (0,t) it holds that

/(; ||E[Br,s,t(}_/;“7}/;“7ytrjh)]||vd7"

74
2 Xp X9/2 (Xp X9/2 + Xp+19/2) s(lfﬂfﬁ’) ( )

(I—=9-=p)

Combining with the estimates (65)), (69), and yields that for all ¢t € (0,77, s € (0,¢t) it
holds that

<=z |X0|q Kq+3 (t - S)p HBHiipO(vﬂ(Uy_ﬂ/Q))

I? (t—s)’

B[4 Y, Y) = (Ve YO [, < Elxol? Ky 2
|X0| Xp (QXpXﬂ+Xp+19)

(1—9—p) HF”LipO(V,Kﬁ) Koz (t = s)” s1=9=0)
2 E ’XO‘q X,D Xﬁ/Q (Xp Xﬂ/g + Xp+19/2) e
(1=9=p) 1BIE sy va @y ) Kavs (8= )7 7777 (75)
= ? Xp (2XpX0HXp+9+2 X0 Ix0/2° +2 X X s(1=9-p)
<= ’X0|q SF.B Kq+3 (t — S)p |:|);%:)| + P( PXIT Xp+9 o (1197/;7,0) p+9/2 19/2) :|

_ 2X9+Xp+0+2 242 (1=9-p)
<= |X0|q |Xp|2 SF.B Kq+3 (t — s)p Lip + ( X0 +Xp+9 ‘XWELWX:)M/Q Xﬂ/2) s ]

In addition, we note that for all (s,t) € £ it holds that

B[ (1Y, Y,) = (¥, V)] |
SEE[maX{LHe“*s)“‘Y;HqV,HYH 1Y%} 1194 = 1dy (| | Valv]

- S (76)
Z ool " B [maxc{1, [V 1Y, 1513 ¥y ]
= ol TV E[max{ L, |5 IVAET ] < E ol O K.
Combining this with proves that for all (s,t) € Z it holds that
[ (YY) — (¥, Y,
s 2 s(1=0=p)
< 2 ol s Ky [min{1, (52 } o (ot
== ‘XO‘(q—H) ‘Xp|2 SF,B Kq+3 (77)

(t—s)” (t—s)? | (=) (2X0+Xp10+21x0/21* 42 Xpp0/2 Xo/2) s 0P
]1[%7T](3) e T ]1[0,5)(5) T t=s)? + - (1—9—p) -

- g+1 9 (t—s)P | (t=9)" (2x0+Xpr0+21x0/22+2Xp10/2 X0/2) s 777
< E|xol )’Xp‘ kB Kgis [(t/z)ﬂ + (1—9—p) :

16



Combining this, (60]), and establishes that for all (s,t) € £ it holds that

B[ (Y, Ys) = (Y, YOIl < Elxol Y xf* rp Koa (8 = )°

‘2 ‘p I (2X0+Xp10+21x0/21242 Xp 072 X9 2) SO0 P+ (xo+ 5 |x0)0|?) It—s] 77 (78)
(1-9—p) )
The proof of Proposition is thus completed. ]

5.3 Analysis of the weak distance between exponential Euler approx-
imations and their semilinear integrated counterparts

Lemma 5.3 (Analysis of the analytically weak but probabilistically strong distance between ex-
ponential Euler approximations and their semilinear integrated counterparts). Assume the setting

in Sectz’on and let p € [0,1), o € [0,1 — max{? — p,0}), t € (0,T]. Then

_ 1
1Y: = Yilleriv,) < [Ep[7 X0 h° (79)
Xoti—pt' {0 remr0} | F vy Lo Xowojz—p V- max{v+20-20.0} HB“LipO(Vﬁ(U,V_Wz))
(1 —max{¥ + o — p,0}) V1 —max{d + 20 — 2p,0} '

Proof. First of all, we observe that

t
5= il < [ (90 ) 1,
0 Lr(PV_p)

| (50)
/ (e(t—LSJh)A _ e(t_s)A) B(Yszh) AW
0

i

Lr(P;V_,)

Next we note that

t

(e(t*LSJh)A e(t*S)A) F<YLth)d5

£r(BV_,)

/H (1A — I PV |y, ds a0
81
< [ Xero—p X P NE (Vs )l reivo)

- /0 (t _ S)max{ﬁ—&—g p,0}
Xot9—p Xo tlfmax{19+g*p,0}
~ (1 =max{d+0—p,0})

Moreover, Lemma ensures that K, < oo. This assures that

ds

1
HFHLipO(V,V,ﬂ) | Kp|P he.

t
/ (0l =4 B (v Y W,
0

Lo(B;V_,)

1/2
<, /H —lsln)A _ (Hm) B(YLSJh)H;(PW(U’V_p))ds}

1/2
t |X,Q+19/2—p Xg|2 h2e ||B(YLth)||%p(PW(U7VJ/2)) ] /
/; (t _ S)max{ﬂ—l—QQ—Qp,O} s

(82)

<7,

< Tp Xo+3/2—p Xo \/tlfmax{19+29*2p,0}
T /1 —max{V + 20— 2p,0}

Combining f completes the proof of Lemma O

||B||Lip0(v,7(U,vJ/2)) |Kp|; h
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Proposition 5.4 (Weak distance between exponential Euler approximations and their semilinear
integrated counterparts). Assume the setting in Section and let = € [0,00), ¢ € [0,00) N
(—oo,p—=3], p€[0,1=0), ¥ = (Y(2,y))eyev € C*(V XV, V) satisfy for all z,y1,y2 €V, i,j € Ny
with © + 7 < 2 that

(i+7) (i+3)
(e ) (@, 91) = (S ) (@ 92| pen vy < B max{ L lzll$ Iy llf w2l } s — vl (83)
Then it holds for all t € (0,T] that E[||¢(Y;,Y;) — (Y, Yy)|lv] < oo and
|E[2 (Y, Y2) — 0¥, YD)l < Elxol* Xp sr.5 Kois h?
t(1=9—p)
(1—7—p)
(Xﬂ t1=) ”F”LipO(V,V,ﬂ) n T3 X2 V t1=9) ||B||Lip0(V,fy(U,V_79/2)))
(1—19) VI=70 ‘
Proof. Throughout this proof let (¢,)rcp,00) € C(V,R) be the functions which satisfy for all r €
[0,00), x € V that g.(z) = max{1, ||z||],} and let ¢19: V XV — L(V, V) ¢01 VxV = LV,V),
Yoo: VXV = LOWVV), hgo: VXV = LAV V), db11: V xV — LA(V,V) be the functions
which satisfy for all z,y, vy,v9 € V that
¢170($, y) U1 = <8m )(ZL‘ y) U1, ¢0,1(xa y) v = (8%;1/]) (l’, y) U1,
¢2,0(Iay>(vlav2) = (azﬂp)( )(Ul’UQ)v ¢0,2(%?J)(U17U2) = (53—;10) (Iay)(vbv2)7 (85)
¢1,1(9€,y)(U17U2) = (a%a% )(9579)(”1,112)-

Next we observe that Lemma5.1]and the assumption that ¢ < p—3 ensure that Ko < K43 < 00.
Combining this with the fact that

Y,y € Ve [W(,yn) — (@, y0) v < 2Emax{ 1, [|z|& v |57 [yl 57 (86)

shows that for all ¢ € (0,77 it holds that E[|¢(Y;, Y;) —¢(Y;, Y3)|lv] < oo. It thus remains to prove
(84). To do so, we make use of the mild It6 formula in [I5]. For this let Fst VxVxV =YV,
(s,t) € Z, be the functions which satisfy for all (s, t) € Z, u,v,w €V that
Fyy(u,0,w) = [th (e u, el p) — hy g (e, 024 u)] =94 F(w)
+ ¢0,1 (e(t $)A u, e(t $)A U) e(t lsln)A ( ) w[)l( (t—s) u’e(tfs)A U) e(tfs)A F(w)

Xp0 + 2 X0 Xpop2 + 2 Xp (IX0p]* + X0)

(84)

(87)

and let BS¢: VXV xV =V, (st) € Z bethe functions which satisfy for all (s,t) € £, u,v,w € V
that

By i(u, v, w)
= 15 [ (e 0,64 ) — g (e, et~ )] (94 B, =014 Bw)
1 ;U%’Q(e(t—s =94 ) (1514 B (), =154 Bo(ap))
_ ;;on’ (=94 4, =94 1)) (elt=94 Bb(1p), =54 Bo(1p)) (88)
+ fezl,l(e@—s ~94 ) (94 BP(w), eI B (u))
_ g% 1<e(t DAy, elt=9)4 )(et D4 Bb(w), elt=)4 Bb(w».
c

An application of Proposition 3.11 in [I5] shows that for all ¢ € (0,77 it holds that
t ~ —
B[ (¥ = w5y < [ B[1A (YY) ]+ B[ (T Y V) ] s 69
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In the following we establish suitable estimates for the two integrands on the right hand side
of . We begin with the first integrand on the right hand side of . Observe that for all
(s,t) € £, u,v,w € V it holds that

H |:¢170 (e(t—s)A u, 6(t—s)A U) . ¢170 (6(t—s)A u, 6(t—s)A U)} 6(t—s)A F(w)HV

< Zmax{ 1 e~ ot e ull el DA (w — w)y e Fw)ly

_ Ehvol?max{L Jullf, [l Hie 2w = wllv xo |1F @) v, (90)
- (t =)

_ E ol xo xp max{L, [l 1011} 1o = e, P hsgovyr o 91()

= (t — 5)0+D) '

Moreover, we note that the assumption that

Va,y,y € Ve l[v(@, ) — d(@,p)lly < Emax{L, 2]V, [lyall{- ly2lli v — gellv (91)

implies that for all 2,y € V' it holds that ||101 (2, y)||Levy) < = max{1, ||z||{, |y|l{,}. This, in turn,
proves that for all (s,t) €/, u,v,w €V it holds that
[0 (e, e( 94 ) A P() — g (0w, e y) 94 By
s g s =94 P,
+ H [%71( (t=9)A g et=s)4 v) — o1 (e(t_s)A u, elt=3)4 u)} e=)4 F(w)
< = max{1, [l 0|7, e ||} | [ellelmd — (=94] p(qy HV
+Z max{L, e o}, eI ullf e 0 —u)lv [ F(w)ly
< Exol* max{L, [lully, [[0lIV } | Flluipo vy ) 91(w)
Xotd Xp  1p . XoXpllv— UIlvp]

Wy (92)

Iy

(t — 5)(P+79) (t — 5)(P+79)
Inequalities and imply that for all (s,t) € £, u,v,w € V it holds that

1Fs i (u,0,w) [y < Zlxol” x, max {1, ull{, [0y} 1 Fllupovy ) 91(w)
. [ Xod 4o 2X19HU—UHV_,J] (93)

(t — s)(p+19) (t — 5)t9)

Next we estimate the second integrand on the right hand side of . Next we observe that
Lemma shows that for all (s,t) € £, u,v,w € V it holds that

| 5 (o (e, -4 ) — 4y et w, et )] (-4 Bo(u), -4 Bo(uw) |
bel v
= ol Dol xp w1, el N} =l DI gy 92(0) (94)
= (t — 3)(P'H9) !
‘ 5 [ (€94, elt=94 ) (=114 Bo (), =154 Bo (1)) (95)
bel
— by 2(6(%3),4 u, elt=5)4 u) (e(tfs)A Bb(w), o(t=5)A Bb(w))} H
Y
‘ Yoo (€94 u, et=9)4p) ([et-1I)A 4 (=94 B (1), [et=LsI)A _ t=5)4] Bo(yy)) H
bel v
1 ’ 9 [%72 (e(t—s)A u, elt=9)4 U) ~ o (e(t—s)A u, elt=9)4 u)] (e(t—s)A Bb(w), et Bb<w)) H
bel v
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< E ol max{1, [[uly,, lv]ly} [H@‘H)A(v = u)llv e Bw)I .y,
+ ([ 4 M) Bw) @y (e = ) Blw)l] o

< Z ol mac{ 1, [l 019 HIBIZ oy 92(0)

[M%Mmmm mwmm—ww]

(t — s)ot) (t — )t
and
| 3 [p1a(et-9 et 0) (et94 B (w), et LI B () (96)
beU
— 1(6(t—s)A u, =94 u) (6(t—s)A Bb(w), e (t—s) H
< ‘ 5 by (094w, =94 ) (el=94 B (), [e(Hth)A — e(t=9)4] Bb(w)) H
bEU v
i ’ S [hrs (€A, et=94 ) — gy (e=)A 4, =94 )] (=94 B (w), et=9)4 B (w)) H
beU v
< Exo|max{1, [[ully, [v[|}} [He(t*sm(v —w)llv "4 B(w)[13 0y,
+ (|94 B(w) [y [ — el =4 B(w) ||v(U,v>]
< Exol" max{L, [[ully, [[v]l}} ||B||iip0(m(y,v_§/2)) g2(w)
) Xvo/2 Xp+9/2 Xp 4 p |X‘9/2|2 Xp ||U - uHV—p
(t — 5)(P+19) (t — 5)(P+19)
Combining — implies that for all (s,t) € £, u,v,w € V it holds that
||BS,t(u7 U, w)HV
22 [xol* X9 Xp max{ L, [[ullys 10l 3 I Bl ipo vy ) 92(w) (o7)
‘ Xp+9/2 he 1 X9/2 v — uHpr
(t — 5)(%’""79) (t — 3)(P+19)
Next observe that and (]@ show that for all (s,t) € Z, u,v,w € V it holds that
[Fs (w0, w) v + | B (w, 0, 0) [[v < Z |xol? xp max{L, [[ullf, [[0]1§} sr,m g2(w)
Xoo T2 X0 Xptora | 1 2 (Dol + x0) lo = ullve, (98)
(t — 3)(P+19) (t — 3)(P+19) )

In addition, note that Hélder’s inequality ensures that for all r € (0,00), s € [0, 7] it holds that

E [max{L, | V[[y, [IY[l5} 92(Yis), )]

< ( sup [max{1, IV, ||v»||Y||v}H£1+z/TM)> (EEPT}HmaX{l,IIYu||2v}H£1+r/z(p;R)> (99)
< |Kr+2|r% K| 72 = Ky,

E[g2(Yisj) IYe = Yallv.,] < Nlg2(Yiap) | o2y I1Ys = Yell @)
S K 2/3 sup Yu_?u . )
(s 1l
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and

E [max {1, |Villy, [[Yalli} 92 (Vs [1Ys = Yillv,
< Jmax{T, 1Yol [Yallv Hl zovsm gy 192(Yis)n)

(r+3)/2 (. ||Ys—}_/s||U+3(IP’;V7)
LTI (BR) ’ (101)

r4+2 —
S Kr 3 T+3 sSup Yu - Yu r+3(P- .
| K] <u€[07T] ” | L +3(]P>,vp))

Combining |) with Lemma and the fact that 1 — max{# — p,0} > p yields that for
all t € (0,7 it holds that

t ~ — ~ —
| E[IF v i) ] + B[ BB v ) ) s

= q K. ahPt(1=9=p)
< Shelestp e Xo+o + 2 Xop2 Xoof2 + 2 X (IXop2l” + X0) (102)
yg t(1=9) ||F||Lip0(v,v,19> Tq43 X0/ Vt(1=9) \|B\\Lipo(vﬁ(wﬂg/2))
‘ 1-0) - = :
Putting (102) into proves . This finishes the proof of Proposition O

6 Weak error estimates for exponential Euler approxima-
tions of SPDEs with mollified nonlinearities

6.1 Regularity properties for solutions of infinite dimensional Kol-
mogorov equations in Banach spaces

Lemma 6.1. Assume the setting in Section let ¢ € Lip°(V,V), F € Lip"(V,V), B €
Lip®(V,y(U,V)), let A: D(A) CV — V be a generator of a strongly continuous analytic semigroup
with spectrum(A) C {z € C: Re(z) <n}, let X*: [0,T] x Q =V, x €V, be (F;)co,r-predictable
stochastic processes which satisfy for all x € V' that supyejo 1) E[[\Xf||%,] < oo and which satisfy
that for all x € V, t € [0,T] it holds P-a.s. that

t t
Xo =y 4 / AR (XY ds + / e=AB(XT) AW, (103)
0 0

let Y: [0,T] x Q =V be a continuous (F)ieo,r)-adapted stochastic process which satisfies for all
t €10,T] that E[||Y|v] < oo and which satisfies that for all t € [0,T)] it holds P-a.s. that

t t
Y = Y, + / eIAR(Y) ds +/ e =HAB(Y,) AW, (104)
0 0

and let u: [0,T] x V. — V be the function which satisfies for all x € V, t € [0,T] that u(t,x) =
E[p(X7_,)]. Then

(i) it holds for all s,t € [0,T] that E[||o(Yy)|lv + llu(t, Yy)|lv] < oo and
(it) it holds for allt,h € [0,T] witht +h < T that

Elp(Yr—)] = Elu(t + h, Y4)]. (105)
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Proof. Throughout this proof let ¢,,: V — V, n € N, be the functions which satisfy for all n € N,

v € V that
: <
() = Um . lvlly <n | (106)
Tl - [olly >n

let v,: V — V, n €N, be the functions which satisfy for all n € N, v € V that

on(v) = Pn(e(v)), (107)

and let u,: [0,7] x V. — V, n € N, be the functions which satisfy for alln € N, x € V, t € [0,T]
that

un(t, 2) = Elpn (X7_,)]- (108)
Observe that for all n € N it holds that ¢, € M(B(V),B(V)) and

sup || (v)[lv < n. (109)
veV

We note that the Burkholder-Davis-Gundy type inequality in, e.g., [46) COrollary 3.10], Gron-
wall’s lemma, Fatou’s lemma, and the fact that F' € Lip°(V, V) and B € Lip®(V,v(U,V)) ensure
that for every probability space (€2, F, IP’) with a normal filtration (}})tqo 11, every Idy-cylindrical

(Q F,P, (E)teoT]) -Wiener process (Wt>te[0T and all continuous (-Ft)te[O,T -adapted stochastic
processes X@: [0,T]xQ =V, i€ 11,2}, which satisfy I@’(X’él) = X((f)) = 1 and which satisfy that
for all ¢ € {1,2}, t € [0, 7] it holds P-a.s. that

Xt(z) _ etAXéZ) + / e(t_s)AF(X i ) ds + / e(t—S)AB<XS(l)) dW (110)
0 0

it holds that I@’(supte[O,T] ||X't(1) — Xt(Q)HV =0) =1 (cf., e.g., Kunze [36, Theorem 5.6]). This and,
e.g., Kunze [37, Theorem 3.6, Theorem 5.3, & Proposition 6.9] guarantee the uniqueness in law for
solutions of the local martingale problem associated to (A, F, B) (see, e.g., [37, (3.2)]). Moreover,
note that, e.g., Theorem 6.2 in Van Neerven et al. [47] ensure that for every probability space
(Q F, ]P’) with a normal filtration (E)tE[OT and every Idy-cylindrical (Q F,P, (]-"t)te 0,1])- Wiener
process (Wt)te[o 7] there exist continuous (]:t)te[o r-adapted stochastic processes Xz : 10,7 x Q—
V, x € V, which satisfy that for all x € V', ¢t € [0, T] it holds P-a.s. that

t t
Xo =y + / IAR(XT) ds + / e HAB(XT) dW,. (111)
0 0

This and, e.g., [37, Theorem 3.6 & Proposition 6.9] assure that the local martingale problem
associated to (A, F, B) is well-posed (see, e.g., [37, Definition 2.3]). Combining this with
and, e.g., [37, Theorem 4.2 and item (4) of Theorem 2.2] implies that for all n € N, ¢, h € [0,T]
with t + h < T it holds that

Eln(Yr_o)] = E[Elp(Vir—o o) 1] = Elunlt + h, Vi), (112)
Next note that for all n € N, v € V' it holds that

lpn(v) = )llv < 2L ey jylysny (@) le@)llv < 2[@llLpevyy (1 + [[vllv). (113)

This implies that for all n € N, 2 € V| t € [0,T] it holds that

E(llen(Ye) — e(Yo)llv] < 2llellipoyy (1 +E[IYillv]) < oo (114)

and
E{llen(X7) — o(XP)v] < 20l (1 +E[IXFIlv]) < oo. (115)
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Note that (109) and (114)) show that for all z € V| t € [0, 7] it holds that
E[lle(Y2)[lv] < oo. (116)

Moreover, combining ((114)—(115)) with Lebesgue’s theorem of dominated convergence and the fact
that
Vo e V: limsup |[¢,(v) — ¢(v)]y =0 (117)

n—oo

yields that for all x € V', t € [0, 7] it holds that

lim sup [Efp, (V)] — Efp(¥3)] [, + limsup s (1, 2) = u(t, )|y = 0 (118)

n—o0

Next observe that for all ¢ € [0,77] it holds that

Xz [l
T+ Tzllv) | = 220 [max{L Tzl ]

] < o0 (119)

zeV

(cf., e.g., Cox & Van Neerven [I6] (2.1) and Theorem 2.7]). Next observe that (115) imply that
foralln € N,z € V., t € [0,7T] it holds that

Jun(t, ) —u(t, )|y <E[[len(X7_) — (X5 ,)llv]
< 2[|ellLipo vy (L+E[IXF_,lv])

]E[HX%—tHV}
(1+lvflv)

(120)

(1t el ).

< 2[|llLipovyy (1 + Slel‘l/)

This and (119)) yield that for all n € N, s,¢ € [0, 7] it holds that

E[|X7v]

(1+ [v][v) (1+E[HY5”VD) < oo. (121)

B[l (1. Y2) — u(t Y0l] < 2l (1450

This and (109)) show that for all s,¢ € [0, 7] it holds that
E[Jut, V3)Iv] < oo. (122)

This and (116) prove item (). Next we combine (118) and (121]) with Lebesgue’s theorem of
dominated convergence to obtain that for all s,¢ € [0, 7] it holds that

limsup || E[u,(t, Ys) — u(t, )] Hv = 0. (123)

n—oo

This, (112)), and (118) yield that for all ¢,k € [0,T] with ¢t + h < T it holds that
Elo(Yr_¢)] = Elu(t + h, Y3)]. (124)
This proves item . The proof of Lemma is thus completed. m

Lemma 6.2. Assume the setting in Section let U C U be an orthonormal basis of U, let
A: D(A) CV — V be a generator of a strongly continuous analytic semigroup with spectrum(A) C
{z € C: Re(z) < n}, let (Vi |-|ly.), r € [0,00), be the R-Banach spaces which satisfy for all
r € [0,00) that (Vi [I|ly,) = (D((n — A)"), [[(n = A C)ly), let ¢ € Lip*(V, V), F € Lip*(V, VA1),
B € Lip"(V,v(U, V1)), let 11, € P(P(P(N))), k € Ny, be the sets which satisfy for all k € N that
Iy =0 and

I, ={CCPIN): 0 ¢ CIA[Useca={1,....,k}]ANVa,b€C: (a#b=>anb=10)]}, (125)
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and for every k € N, w € Iy, let [F € w, i € {1,...,#}, be the sets which satisfy that min(I7) <
c<min(lg ), let I7; € I7, j € {1,...,#1=}, i € {1,...,#}, be the natural numbers which

2

satisfy for all i € {1,...,#w} that I75 < I < -+ < I7, - and let []Z: VL — it
i€{l,...,#x}, be the functions which satisfy for alli € {1,...,#5}, v = (vo,v1,...,v) € VFH
that [v]7 = (vo,vrg,, ..., viz, ). Then

i,1 ©# W

7

(i) there exist up-to-modifications unique (F;)epo,r)-predictable stochastic processes X*: [0, T] x
Q—V,ve VL ke{0,1,2}, which satisfy for all k € {0,1,2}, v € V¥ p e (0,00) that
SUDse(0.7] E[HXfVHH < oo and which satisfy that for all k € {0,1,2}, v = (vo,v1,...,v%) €
VEHL ¢ € [0, T) it holds P-a.s. that

XY =T (k) ey

! v —
+/ el gy () F(X0) 4 5 F#=) (X0 ([T X5 s
0 welly (126)
" oesa 0 . 10 VIF e NIT_
_|_/ e(t—s) []l{o}(k) B(Xsﬂ)o) + ZH B(#w)(Xsmo)(Xs 1 ,--.,Xs #w )] dWS,
0 welly,

(11) there exists a unique function ¢: [0,T] x V' — V which satisfies for all z € V, t € [0,T] that
o(t,x) = E[p(X;")],

(iii) it holds for all t € [0,T] that (V 2 z + ¢(t,x) € V) € CHV, V),
(iv) it holds for all k € {1,2}, v = (vo,v1,...,v) € VEH ¢ €[0,T] that

3 E[Hg&#w)(XE’”O)(Xfff’[vl?,...,Xflﬁw’[vlz“)uv] < o0, (127)

welly

(v) it holds for all k € {1,2}, ve V¥ z €V, t €[0,T] that

#va[(ivvv)}? #IZW’[(LE’V)]ZW)]
, (128)

()t = Y B[ (T

welly
(vi) it holds for all k € {1,2,3,4}, 01,...,0, € (=1/2,0] with S5, 6 > —V/2 that

k
sup sup sup H(%¢)(tax)(vl7’vk)”v
1€(0,7] 2€V w1, foy | EOT=FR) |[(n — Aoy, - - [[(n — A)oruy |y,

.....

] < 00, (129)

(vii) it holds for all k € {1,2,3,4}, &1,...,0, € (=1/2,0] with Y ¢, 6, > —1/2 that

[(Ze) (t2) — (Fo) ()] (vr, v,
sup sup sup < 00,
E(0.T) B EV: o1k €V} [ Ovtto) [l —ylly - [(n = A)roully - (0 = APkl
oy
(130)
(viii) it holds for all p € (0,00) that
0,z 0,
sup sup HXt B Xt y”LP(P?V) < 00 (131)
x,y;VJE[O,T] ||[l§' - yHV 7
Y
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(iz) it holds for all k € {1,2}, p € (0,00) that

sup sup sup

k,(ﬁ?,’l}l,...,’l}k)
X .
X, ler@y | _ |
tE[O,T] z€V v1,...,u,€V\{0}

odllv - .. Jokllv

(z) it holds for all k € {1,2}, p € (0,00) that

||Xk:,(CL‘7U17--~7vk) _ Xk,(y,vlw~'7”’“)||[;p 1A%
sup sup sup ¢ t BV < oo,
z7y§V’ tE[O,T] Vi, vke‘/\{(}} ||x - y”V . ”'UIHV C ot HUkHV
Ty

(wi) it holds for all x € Vi, t € [0,T] that P(X)" € V;) =1,
(xii) it holds for all p € (0,00), x € V4, t € [0,T] that IE[HXf’xll{X?,zevl}H"’/J < 00,
(ziii) it holds for alll € {0,1}, p € [1,00), x € V] that

(10,713 t 5 [XP)psiy € LP(B; V1)) € C([0,T], LP (P W),

(ziv) it holds for all k € {1,2}, p,r € (0,00), z € V, t € [0,T] that

k,(x,v1,...,0 k,(z,v1,...,v
lim 1 [P D el e 0
P sup =Y,

[0.T]3s =t v1,....06€Vr1 1y () \{O} ||U1||Vrl{l}(k) Tl ||Uk||vr]1{1}(k)

(zv) it holds for all z € V; that ([0,T) 3 t — ¢(t,z) € V) € C*([0,T],V),
(zvi) it holds that ([0,T) x V4 2 (t,z) — (20)(t,x) € V) € C([0,T] x V4, V),
(zvii) it holds for all k € {1,2}, r € (0,00) that

([0,T) x V; 3 (t,2) = (V))F 5 uws (Ze9)(t,2)u € V) € LWV, V)

e C([0,T] x V,,, L® (V... V)),

(zviii) it holds for all k € {1,2} that sup,c(o 7 SUp,ey | (%gb) (t,x < 00, and

) HL(k)(V,V)

(ziz) it holds for all x € Vi, t € (0,T) that

(20)(t,z) = (2¢)(t,x)(Az + F(z)) + % Z (Z50)(t, x)(B(x)b, B(z)b).

belU

Proof. Throughout this proof let x € R be the real number given by x = sup;c(o 7 e v

(132)

(133)

(134)

(135)

(136)

(137)

) The

proof of items ()(vii) is entirely analogous to the proof of items (i)-(v), (vii), & (x) of Theorem 3.3
in Andersson et al. [I]. Item ensures that there exists a unique function ¢: [0,7] x V — V

which satisfies for all x € V| ¢ € [0, 7] that

U(t,x) = (T — t,2) = E[p(X77)].

(138)

The proof of item ((viii)) is entirely analogous to the proof of item (iii) of Corollary 2.10 in Andersson
et al. [2]. The proof of items (ix)—(K) is entirely analogous to the proof of items (ii) & (iv) of Theo-
rem 2.1 in Andersson et al. [3]. The fact that ' € Lip’(V, V1), the fact that B € Lip®(V,v(U, 1)),
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and the fact that Vo € V, p € (0,00): sup;¢o 1 E[||Xfx||’€/] < oo show that forallx € V', ¢t € [0,T]
it holds that

t
/0 eI AE (X3 | co@ma) + 1™ B(XD) 2o ey wanyy ds < 0. (139)

This, , Jensen’s inequality, and the Burkholder-Davis-Gundy type inequality in, e.g., [46]
Corollary 3.10] prove items (xi)—(xii). Next note that (126]) implies that for all z € V, s,t € [0, T
with s <t it holds P-a.s. that

071' O,ZE
Xt - Xs

t t
= I Tay)a [ AP dut [ B aw, (140)

s

+ / WA (=94 _1dy)F(X97) du + / eWA(E=9A _1d,,) B(X %) dW,.
0 0

Combining the Burkholder-Davis-Gundy type inequality in, e.g., [46, Corollary 3.10] with the
fact that F' € Lip’(V, Vi), the fact that B € Lip®(V,v(U, V1)), the fact that VI € {0,1}, z €
Vi limsupp g [|(e"' = Idy)(n — A)zlly = 0, and the fact that Yz € V, p € (0,00): supcor
E[HXS:CH"?,] < oo hence proves item (xiil). Next note that (12€]), the Burkholder-Davis-Gundy
type inequality in, e.g., [46, Corollary 3.10], the fact that F € Lip®(V,V}), and the fact that
B € Lip®(V, (U, V1)) show that for all p € [2,00), z,y € Vi, t € [0,T] it holds that

t
177 = XNl neany < lle (@ =)l + ‘ / TINF(XPT) = F(XDY)) ds
0

LP(P;V1)

t
+‘ / = B(X0) — B(X%Y)) dW,
0

Lr(P;V1)

<l =yl + / eI OE0) = PO e ds
y (141)

1] [ 1B — B i ]

<x =yl +Tx ’F‘LipO(MVl) [ SEPT] | X9 — Xg’yHllP(]P’;V)]
se|0,

+ Ty \/TX |B‘Lip0(V,’y(U,V1)) { SEPT] X3 — Xg’yHEP(IP’;V)} :
se|0,

Moreover, item and the fact that V3 C V' continuously imply that for all p € [2,00) it holds
that

sup sup
z,yeVy, te [O,T]
T#y

XO,:E o XO,y )
|| t t ||[,P(]P>,V) < 0. (142)
Iz = yllv,

This, (141]), and Jensen’s inequality prove that for all p € (0, 00) it holds that

XO,LL‘ _ XO,y )
sup sup I e < 0. (143)
z,y€VA, te[0,T] “17 - ?JHV1

TFY

In the next step observe that (126]) implies that for all k € {1,2}, z € V, v = (v1,...,0%) € V¥,
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s,t € [0,7] with s <t it holds P-a.s. that

Xf,(x,v) - Xf’($’v) = ﬂ{l}(k) BSA(e(t_S)A - Idv)’l)k
H#rw,[(2,v)]7 #1z (@V)IE

t
+ / A S F#(XOT) (X T L Xy ) du
s welly
@, [(Z,V)]{ # w 7[(x’v)]ww
b [t s e () (TR g, 144
s welly ( )
S @, [(Z,V)[] # w 7[(x’v)]ww
+/ esmWA(t=94 _1q,,) 3 Fl#=) (X‘”)(X#I Al e X P Y du
0 welly
s @, [(Z,V)]] # w ,[(I,V)]ww
+/ A=A _1dy) 3 B#F=) (X0 (X, i levlE Xy P Y AW,
0 welly

Combining Jensen’s inequality and the Burkholder-Davis-Gundy type inequality in, e.g., [46, Corol-
lary 3.10] with item (ix]), Holder’s inequality, the fact that F € CZ(V,V), and the fact that
B € C(V,~(U,V)) therefore establish item and prove that for all £k € {1,2}, p € (0,00),
x €V, te (0,7] it holds that

lim sup sup = 0. (145)

[0,T]35—t v1,...,v,.€V\{0}

[||X§’(x’v1"“’vk) = XPE | ey

[orflv - oy

In the next step we combine items (i) & 7, the fact that ¢ € CZ(V,V), the fact that F €
Lip’(V, V), and the fact that B € Lip’(V,y(U,V)) with the standard It6 formula in Theorem 2.4
in Brzezniak et al. [I1] to obtain that for all x € V4, ¢t € [0, T it holds P-a.s. that

P(X)7) = (x)+/ ’(XOI)(AXS’“+F(X§"”))ds+/ (X0 B(XO) dIW.,
0 (146)
/ 5 2 ¢ (XIBX, BX)) ds.

Lemma [1.2] items (xi)—(xiii), the fact that ¢ € CZ(V,V), the fact that F € Lip’(V,V), and the
fact that B € Lip®(V, (U, V)) show that for all z € V4, ¢ € [0,T] it holds that

> " (XO7)(B(X )b, B(X")b)

t
I [Hs&’(X?"‘)(AX?“ POy +
0 belU

v (147)
+ ||¢<X§@>B<ng>Hg(w)] ds < oo,

This and (146|) imply that for all x € V4, ¢ € [0, 7] it holds that
o(t,x) = E[p(X;"")]

— o(z) + JE[ /0 t P(XPT)(AXD + F(X)7)) ds] +E { /0 t ¢ (XJT)B(XJ) dW
+ E{ / t ; 2 (X (B BCY) ds} (148)
= 0(09) + [ BLAKOAXD + X0 ds

+ [ 3E[seeenmaennseeem)] as

belU
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Furthermore, note that Holder’s inequality, Lemma u, items ) & . , (143), the fact
that » € Lip?(V,V), the fact that F' € Lip’(V, V), and the fact that B e L1p ( , (U, V) show
that

(10,77 Vi 3 () = B0 (AXE 4 P00
+ %E SO (XD (B(XP™)b, B(Xf’x)b)] ey ) e C([0,T] x V1, V). (149)
belU

This, (148]), and the fact that

VgeC(0,T],V), te|0,T]: lim sup
[—t,T—t]\{0}>h—0

[ sas—aw] =0 o

prove items (xv)—(xvi). Moreover, Holder’s inequality, (145), items (iv)—(v]) & (viii)—(xiv]), the fact
that ¢ € Lip*(V, V), and the fact that Vr € (0,00): V,, C V continuously establish items (fvii])—
and prove that for all k € {1,2} it holds that

((0,T) x V 3 (t,2) = (Zx0)(t,) € LE(V,V)) € C((0,T] x V, LP(V, V). (151)

It thus remains to prove item . For this observe that Lemma and the fact that for every
x € V it holds that X%® has a continuous modification imply that for all z € V', ¢, h € [0, T] with
t + h < T it holds that

(t.x) = Elp(X7")] = E[(t + h, X,")]. (152)

Moreover, Lemma , items & —, the fact that F € Lip®(V,V), and the fact that
B € Lip"(V,y(U, V)) ensure that for all x € Vi, t € [0, 7], h € [0, T — ] it holds that

[ e[l nxenyaxee o]+ |5 e n xwecen s

belU

v

|| (20) @+ h X0 B(X0) ds < oo.

(UV):|
(153)

This, (152)), item (i), and the standard It6 formula in Theorem 2.4 in Brzezniak et al. [I1] yield
that for all z € V1, ¢ € [0,T), h € [0,T — t] it holds that

Y(t+ h,x) —P(t, )
= h(t + h,x) — E[(t + h, X))

— —E{ /0 ' (Z)(t+h, X"V (AXD" + F(X>")) ds]

E (8%@& (t +h, X2*)B(X%") dWS}

0

[
AL

)
%(W D) (t+ h, X07) (B(X%*)b, B(X2*)b) ds}

K
ox
h
/ % { 52 ) (t+ h, X“)<B(X£“)b,B(X£’x>b)] ds.
0

(154)

[(Z)(t+ h, X2")(AXI" + F(X2"))] ds
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Next observe that Holder’s inequality and Lemma show that for all x € Vi, t € [0,T) it holds
that

lim sup H / )ty XO) = (26) (0, X0 (AXO + F(x0%))] ds

(0,7— t]ah—>0

[ [ (o) 102~ ) ) (B, B ds

1%

< lms 20t X0 — (20) (6 X0 )
V,v)

(0,7— t]ah—>0
JAXD + F( S)HLQ]P’V S

/ ( [||(63_ )+ By XJ) - (aa_;w) (t,Xg’z)H;a)(V,v)])l/Q

x (155)
B sy @)

1/2
< {[ limsup sup <]E[H(%¢) (t+h, XJ7) — (%w)(t’ng)Hi(V,v)]) ]

0,7—t]5h—0 s€[0,h]

- [ sup || Ax0s +F<X2»w>ugz<n»;v>}

s€[0,T]

2 2 1/2
+ [ limsup sup (E[H(%w) (t+ R, X2%) — (Z)(t, ngf’f)Hi<z)(V7v)D }

[0,T—t]5h—0 s€[0,h]

. { sup HB<X§)’I)H%4(]P’W(U,V)):|'

s€[0,T]

Note that (151)) and item imply that for all k € {1,2}, z € V, ¢ € (0,00), to € [0,T — 1),
so € [0,T7] it holds that

msup  P([[(Z0)(t X0) — (20 (to, X0 | oy 2 €) =0 (156)

[0,7—t)x[0,T]>(t,s)—(to,s0)

[tem and the Vitali convergence theorem in, e.g., Proposition 4.5 in Hutzenthaler et al. [2§]
therefore imply that for all k € {1,2}, x € V, t, € [0,T — 1), sp € [0, 7] it holds that

lim sup |:||(sz )(t, X07) = () (t07Xgéz>Hi<k)(v,V)} =0. (157)

[0,T—t)x[0,T]>(t,s)—(t0,50)

This shows that for all k € {1,2}, z € V, ¢ € [0,T) it holds that

I E || (Ze)(t+h, X00) - (8, X37) )
[o,;ri]ilzzoszl[égq H(axzﬂ/’)( s7) ( ¢) Hw) v,y

< i ]E[ D) (t + h, XOT) — (t, Xo) }
_[o,%rflt]sglﬁoszl[é%} () (8 + h, X0%) = (Z0)( Hm)vv (158)

+ limsup sup IE[”(%@(@XS*)—(83—;¢)(t,xgyx)||i(k>(vv)] 0.
[0,T—t]>5h—0 s€[0,h] ’

Combining this with (I55)), item (xiii), the fact that F € Lip’(V,V), and the fact that B €
Lip®(V,y(U,V)) yields that for all z € Vi, t € [0,T) it holds that

h
lim sup —' / E[[(a%w) (t+h, XP") = (Z0)(t, X (AXD" + F(XSI))] ds
(o,T—t]ahh—>10 0 (159)
i / 51@{2 [(Z0) (¢ + b, X07) — (Z96) (£, X07)] (B(XO), B(Xg’z)b)] as|| —o.
0 belU v
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In the next step note that Holder’s inequality, Lemma items . E & m the fact that
F € Lip°(V, V), and the fact that B € Lip’(V, (U, V)) show that for all z € V4, t € [0, 7] it holds
that

[0,7] 5 s = E[(£0) (1, XJ")(AXD” + F(X07))]

+ %E LEZU(g—;z/z)(t, XP)(B(X2*)b, B(X>™)b)| € V (160)

is continuous. This, (T50), and the fact that Vo € V: P(X;" = ) = 1 ensure that for all z € V4,
t €10,7) it holds that

lim sup
(0,7—t]>h—0

1 h]. 2 0,z 0,z 0,z
w1 [ 3E[S (e xemoe secee)| o (161)

1 /0 E[(2¢)(t, X0)(AXO® + F(X°%))] ds

=0.
v

~ (29)(t.0)(Ax + (@) - 5 5 (259) (1,2) (B()b, B2

Combining this with (154)), (159), and the triangle inequality assures that for all z € V3, ¢t € [0,T))
it holds that

Y(t+ h,z) — (L, x)
h

lim sup
(0,7—t]3h—0

+ (%@/}) (t,z)(Ax + F(z))

+3 Z( V) (t, 2)(B(2)b, B(x)b)

=0. (162
2 bel ( )

v

This item and the fact that Vk € {1,2}, z € Vi, t € [0,T]: (29)(t,z) = —(&¢)(t,z) and
(&= o) (t, x) = ( 5o ") (t, ) establish item (kix]). The proof of Lemma is thus completed. O

6.2 Setting

Assume the setting in Section [I.2] let U C U be an orthonormal basis of U, let A: D(A) C
V — V be a generator of a strongly continuous analytic semigroup with spectrum( ) C {z €
C: Re(z) < n}, let (Vi |-ly.), 7 € R, be a family of interpolation spaces associated to n — A,
let k€ (0,00), ¥ € [0,3), F € Lip*(V,V2), B € Lip*(V,7(U,V2)), ¢ € Lip*(V, V), let (B")pev C
C(V,V) be the functions which satisfy for all b € U, v € V that B*(v) = B(v)b, let spp € R
be the real number given by ¢rp = max{l, HF||C3 VV_y) HBHC3 VAUV 2))} let x, € [1,00),

r € [0,1], be the real numbers which satisfy for all r € [0, 1] that Xr = max{l, SUPse (o)t [1(1
A) e Ly supre t (= A) (e =Tdv ) L}, let X,V [0, T]xQ = V, Y [0,T] xQ — Vs,
and X*: [0,T] x Q =V, x € V, be (F}):eo,r)-predictable stochastic processes which satisfy for all
z € V that sup;cpo 1 I Xell sy + |1 X | esan] < 00, X§ =, Yo € L3(P;V3), and Yy = X = Y
and which satisfy that for all x € V, t € (0,77 it holds P-a.s. that

t t
X, = e X, + / eI P(X,) ds + / =94 B(X,) dW, (163)
0 0
t t
X =eg+ / eI P(XT) ds + / =94 B(XT) AW, (164)
0 0
t t
Y, = Y, +/ el A Py, ) ds +/ =LA B(yy,),) AWy, (165)
0 0
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t t
Y, =Y, + / =4 F(Y,y,) ds + / =4 B(Y],),) AW, (166)
0 0

(cf., e.g., Theorem 4.3 in Brzezniak [10] and Theorem 6.2 in Van Neerven et al. [47]), let (K, ),c[,00) €

[0, o] be the extended real numbers which satisfy for all 7 € [0, 00) that K, = sup (0.1 E [max{l,
|YSll5, Vel ], let w: [0,7] x V — V be the function which satisfies for all z € V, ¢ € [0, T] that
u(t,z) = E[p(XF_,)], let 5,6, € [0,00], 61,...,0, € (12,0, k € {1,2,3,4}, be the extended

.....

real numbers which satisfy for all k € {1,2,3,4}, d1,...,0 € (—1/2,0] that

Csy,....6, = SUp Sup sup
te[0,T) z€V vy,..., v, €V\{0}

(ool (
, 167)
<T—w@+wkmm%-u~mwm

let G5, 5,650, € [0,00], 61, 02,03,04 € (—1/2,0], be the extended real numbers which satisfy for all
01,...,04 € (—1/2, 0] that

C51,62,83.84
4 4
|((Gare) (t 20) — () (1 22)) (v, - va), (168)
= sup sup sup T ,
te(0,7) m,x;ev, orvaev\{o} | (T7 = 0)OF 400 [z — o]y, HUle(;1 ”U4HV54
T1F#T2

and let uyo: [0,7] x Vi — V and ugy: [0,7] x V — L®O(V,V), k € {1,2,3,4}, be the functions
which satisfy for all k£ € {1,2,3,4}, z,v1,...,v, € Vi, t € [0,T] that uyo(t,2) = (m )(t x) and

uok(t, ) (v1, ..., v) = (%u) (t,x)(v1,...,vx) (cf. Lemma .

6.3 Weak convergence rates for semilinear integrated exponential Eu-
ler approximations of SPDEs with mollified nonlinearities

Lemma 6.3. Assume the setting in Section[0.4. Then

(i) it holds for all k € {1,2,3,4}, 01, ..., 0, € (=1/2,0] with 33F_, §; > =1/ that cs,

5, < 00 and

,,,,,

(ii) it holds for all &y, ...,6, € (—V/2,0] with Y"1, 8; > —V/2 that és, 5,655, < 0O

Proof. Ttems f are an immediate consequence of ((164)), of items f of Lemma , and
of the fact that Vo € V, ¢t € [0,T]: w(T — t,x) = E[p(X])]. The proof of Lemma is thus

completed. O

Lemma 6.4. Assume the setting in Section and let t € [0,T), ¥ = (Y(2,y))wyev € M(V X
V), ¢ € M(V,V) satisfy for all x,y € V that Y(z,y) = uo1(t, ) F(y) and ¢(x) = (x,x). Then
it holds for all x,xy, 22,1y, 91,92 €V that v € C3(V x V, V), ¢ € C3(V, V), and

omax H (g’;g;] V) (z1,y) — (%¢)($2W)HL@H>(MV) (169)
= ”gle ?”V [Nl czvivg) [0+ c-000 + c-o000] max{1, llyllv},
ijeto thj<2 H<8aﬂig; )@ ) ~ (%Qﬂ)(%yﬁ”mm(vm (170)
< ”Z&—yfnv 1F lepvivy) [e-0 + c=0,0 + c=v.00]
5, 160~ Pl i
< SHET:; ZEQ”V HFHCd V,V_y) [C 9+ C_9o+ C_9o0+ C- 19000} max{l, [lz1f[v, [[o2]lv}-

31



Proof. We first note that item of Lemma ensures that (V 2 z — ug1(t,z) € L(V,V)) €
C3(V, L(V,V)). The assumption that F' € Lip*(V, V4) therefore assures that 1 € C3(V x V, V) and
¢ € C3(V,V). Next we observe that for all z,y, v1,ve,v3 € V with max{||vy||v, [[v2|lv, lvs]lv} < 1
it holds that

1(Z0) (2 y) vl = [luoa(t, 2) (F(y), )], < 7255 IFW)Iv-, (172)
1) (@) (o1, 02)[|, = Jwos(t, o) (F(y), vr,00) ||y, < G255 1F ) v, (173)
1(Z5¢) (2, y) (v1, vz, v3) |, = [Juoalt, ) (F(y),v1,v2,03) ||, < T IE@v,, (174)
(&) @, p) v, = lwoa(t, 2) F'(y) villy < 75 [F' O)llnevves), (175)
(2 (z, y)(vl,w)HV = [Juox (t, ) (F" () (v1,02)) ||, € 757 IF" Wl sovyy:  (176)
1(55) (@) (o1, v2,03)] |, = HUol (t, 2) (F(y) (01, v2,v9)) |, )

< (T_t)ﬂ |7 )<y>||L(3)(V,V_19)7
(1C= (w)(vl,vz)l!v = [Juo2(t, 2) (F' () vi,va) [, < 5228 1 W)l v (178)
H 8x28y I Y <U1’U2’U3 HV - !ujo?’ot $>/(F,< >/U1’U2’U3)HV (179)

< 7255 1" W levive)
() (2, 9) (v, v, 03) |, = Iluoz ) (F"(y) (vr, v2), ws) ||, (180)

< (;_ﬂt?ﬂ IF" (W)l e vy -

Combining (172)-(174) and (178)—(180) with item (i) of Lemmal6.3|and the fundamental theorem
of calculus in Banach spaces proves (169). Moreover, combining (L75)-(180) with item of

Lemma and the fundamental theorem of calculus in Banach spaces shows ([170). It thus
remains to prove (171). For this we observe that (172)—(180) ensure that for all x, v, v, v3 € V
with max{||lvi||v, ||v2|lv, |vs||v} < 1 it holds that

and

'@ willy, < [[(559) (@ 2) wally, + [ (F9) (@ 2) wn],

o ) e o (181)
< 0,0 [1F'()]lv_ 19(; t;? 1F" @) v,v_g) < [ (?Lt ,0] ||F||Cl V) max{l “xHV}
|¢" () (v1,0)]],,
< | Gv) @ 2) vy, + 2| (320 (. 2) (o1, 02) |y, + | () (2. 2) (o, ),
c—9,0,0 [IF(@)lv_y+2c—v,0 lF'@)lLev,v_g)te—v HF”(x)“L@)(V,\QM (182)
< (T—t)Y
< 2[ch9+(c%i,;))-iﬁ-cﬂ9,o,o] ||F||C§(V,Vfﬂ) maX{l, ||ZE||V},
69 a2y < 1(Z0) ) )l + 3 52 0:0) (o )y
+3 H(azay )(IB,$) (v1, V2, v3) Hv + H(8y3 ) x, ) (v1,v2,v3) Hv
c-0,000 IF@)Ilv_y+3c-0.00 IF @y g t3e-o0IF' @ @) e IFP @@ 0y ) (183)
> (T—t)Y
< Yleotenptengoteaonsl | Py, ) max{L, ).

Combining ((181))—(183) with item ({if) of Lemma and the fundamental theorem of calculus in
Banach spaces establishes (171)). The proof of Lemma is thus completed. O
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Lemma 6.5. Assume the setting in Section and let t € [0,T), ¥ = (Y(2,y))wyev € M(V X
) =

V), ¢ € M(V,V) satisfy for all v,y € V that Y(z,y) = >, uog(t,x)(Bb(y), Bb(y)) and ¢(x
Y(x,x). Then it holds for all x,x1,72,y,y1,y2 € V that v € C*(V x V, V), ¢ € C*(V,V), and

oli+9) 9li+d) 2z =aa|lv
i7j€§(}%}ijg2 H (—{%ciayj Qﬁ) (C(Zl, y) - (axiayj ¢) (1727 y) HL(iJrj)(V"V) S (Il“—t)% \% (184)
|| B H%&(m(av,m)) [C—aps,—0/2.0 F Copp, 012,00 + Coopo,—ap200] max{L, [y},
Hli+) Hli+3) 6 1ly1—ye|l
z,JGII\TIOl%i(-]SQ H (awiayj ¢) ( yl) ( Oz OyI 1/}) (ZL‘, y2) HL(i+j>(V,V) S (Z{Z{_%Zﬁ . (].85)
NBNE vy ) (=297 + Cops—a20 + C-ojamopa0] max{L [l lv, lly2llv},
() 0) 4 < 8lzi—z2lv g2
Ze%afg} H¢ (z1) — 9" (22) HL(z)(V,V) = T (T-t)? I ”Cz?(V”(U’V—WQ)) (186)

: [C—ﬁ/z,—ﬁ/z + Cv/2,—0/20 + Cvja —v/20,0 T+ 5—19/2,—19/2,0,0} max{1, H%H%/, Hl’QH%/}

Proof. We first note that item of Lemma [6.2] ensures that (V 3 z +— ug»(t,z) € L&(V,V)) €
CHV, L@V, V)). Lemma and the assumption that B € Lip*(V,v(U, Vz)) therefore assure that

v e CHV XV, V), ¢ € C*HV, V), (187)
(VxV>3(z,y — (a% )(z,y) € L(V,V)) € C*(V x V,L(V,V)), (188)

and
Vo eV (Vaym (S9)(a,y) € LO(V,V)) € CY(V, LO(V, V). (189)

Next we use Lemma [[.2] and Lemma [6.3] to obtain that for all x,xq,z2,y,v1,v2,v3 € V with
max{||vi|lv, |lv2]v, Hv3||v} < 1 it holds that
8

IG) @y ull, =

be%uo,z%(ta z)(B'(y), B*(y), v1)

(190)
C_9/9 _0
< =5 IBWIGwy
(20 (@.9) vl = || 2 woalts) (B(w), B(y), vi,v2) |
beU Y (191)
C_Y9/9 _0
< =G HB(y)Hi(U,V_a/Q)’
[(Z50) (21,9) (v1,02) — (Z50) (22, v) (o, v2)],
— ‘ b% (uo,a(t, 21) — uoa(t, x2)) (B*(y), B*(y), v1, va) ‘v (192)
é_ 5 _ /9 H$1*m ”
R e UL
el =2] 3 wate. (B0, B )
2 (193)
< =@ 1B hwy o 1B' W) oy o,
H(ayz y) (1, 02)]],,
b%uo,z(t, ) ((B) (y) v1, (BYY (y) va) + o a(t, ) (B (y), (B)"(y)(v1,v5)) ”V (194)
S

2¢_v5 9

< TT—t7 (HBl(y)H%(V,’Y(U,V_ﬁ/Q)) + HB(y)HV(U,VJ/Q) ”B//<y)HL(Q)(V;y(U,V_ﬂ/Q)))7
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1(350) (@ 9) (or, w2, 05),

=2 2 oz uo2(t, ) ((B®) (y) v2, (BY)"(y)(v1, v3))
+uoa(t, z) (B”) (y) v1, (B")" () (v2, v3))
+uga(t, 2) ((B®) (y) vs, (B®)"(y)(v1, v2)) (195)
+ugalt,2) (B (), (B (9) (01, 02,03)) |

< Xl (3B () vy ) IB" W)@ (v v o))

By 1B O wawy )

%) ) onswa), = 2| 5 wos(t,2) (B'(w), (B () i, wa) |

2 (196)
C_» 9
< ﬂﬂwmmwwwwwmwww%
/ /

H(%dj)(‘f’y)(vhvzavi’))nv ‘ Z UO4 t X (Bb )U17U27'U3)Hv (197)

2¢c_yp 9

< W 1B (y )“’Y(U,V_ﬂ/Q) HB/(y)HL(Vﬁ(U’V—ﬁ/z))’

2c

H(By@gﬂ ) (v1,v2,v3)”v < % 1B(y )“v(U,V,ﬁ/z) HB/(Z/)HL(VW(U’Vﬂ/z))’ (198)

H(azay ) (=, (Ul’v%vi*)Hv

2| 5 woalt,2) ((BY () o0, (B () v v3) + w0l 2) (B"w). (B () wn,w2). ) 190

2c¢
< =257 (B WILwawy o T IBO v 1B W)le vawy )

and

(5585 4) (2 9) (w1, w2, w3) |,

< 2¢c 95 92

(200)
S —Fn (II1B'(y )||%(V,7(U,V779/2)) FIBW)lhwv_s ) ||B”(y)||L<2>(v,7(U,ng/2)))'

Combining ({190)—(192)), (196]), (|197|), and with Lemma [6.3 and the fundamental theorem of
calculus in Banach spaces proves Moreover, combining ([193)—(196)), (198)), and ( With
item ({il) of Lemma and the fundamental theorem of calculus in Banach spaces estabhshes

It thus remains to prove . For this we observe that - - ) ensure that for all x, vy, vs,v3 €
V with max{||v1||v, ||U2||V, ||U3||V} S 1 it holds that

6@l < (&) ul, + @)@l
C_ds9 090 ||B(ac)||3(U,VJg/2)+2 C_9s5 9 ||B(ac)||7<U,vJ/2) ||B’($)HL(V,7(U,V719/2))
> (T—t)Y

2[c_ 95 _9ptC_ 95 ]
< = 12/7%4)1919/2’ RS ”BH?/’;}(VN(UVJ/Q)) max{l, HQCH%/}

(201)

and

[¢" (@) (v1, v2)]],
2
< || (G ) (@, 2) (v, w2) |y, + 21| (52 9) (. 2) (or, )|, + | (F00) (@ 2) (vn, w2,
C_ 92 _9/2,0,0 |“3(90)Hi(U,v_ﬁ/g)Jr4 C_92,-9/2,0 ||B(x)||7(U,V719/2) ||Bl($)HL(V,'y(U,V779/2))
= 07 (202)
2¢_v/5, 92 (”B/(x)HQL(V,'Y(U,VJW))+”B(x)”"f<UvV_a9/2> ”B”(x)”L<2)(V,’y(U,V719/2)))
(T—t)?

dle 9o _9pptC 90 _920FC_ 92 9200l
> /2,—V/2 (/;_t)/jo /2,—9/2,0,0 ||B||%'§(V,'y(U,V_19/2)) maX{l,HCE”%/}.
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In the next step we observe that (195), (197), (199), (200), and the fact that (V 2 z —
¢ (x) — (a 2¢)(:E r) € LBV, V)) € CY(V,L®(V,V)) show that for all x,zy,zy,v1,v9,v3 € V
with max{||lvi||v, ||v2|lv, |vs|lv} < 1 it holds that

H%(Qb”(w) - ((I?_;w)<x,$>)<'l)1,'l]2,v3 HV < 2 ||(8x28y )(fﬁ,l’) (U17U27U3)HV

+2 H (aygzayw) (l’,ﬂ?) (Ul’U27U3)||V + H (azay )(ZL’,JT) (U17U27U3)HV

- H(ayS )(z, ) (U1,U27U3)||V
de v 072,00 ||B(x)||~/(U,v_ﬂ/2) ||B,(“”)||L(V,7(U,V_19/2))
= T—0)?

(203)

66779/2’779/2’0 (||B’(aj)||%(v,,y(U7V719/2))+||B(33)H’y(U,V719/2) HB/,(J:)”L@)(V,'y(U,Viﬁ/Q)))

(T—t)?
’ 7 (3)
6c 95 v (||B (x)\|L(V,7(U,V719/2)) 1B ($)HL(Q)(Vﬂ,y(U,Viﬁ/2))+HB(l')||7(U,V779/2) IIB (x)llL(3)(V,W(U7V7ﬂ/2)))
(T-1)?
6 [Cfﬁ/z _0y2tC_9/5 _9/2,0TC 92 920 ol 2
= (T=t)? 1Blcpwav_gy max{L llzflv}-

In addition, we combine ([192)) and (198) with item (i) of Lemma [6.3 and the fundamental theorem

of calculus in Banach spaces to obtain that for all 1, z9,v1,v2 € V' with max{||v1]|v, [|ve]lv} < 1
it holds that

1((F) (@1, 21) = () (w2, 22)) (01, 2) |,
< ||((812 )(Il’xl) - (6m2¢)(x27x1))<vl’v2>HV
+[((F=¥) (w2, 20) = (F¥) (2, 22)) (1, ) |,

c_ — HI1—$2|| 204
S v/2, 19?27;0;(;)19 v ||B(x1)H’2y(U,V_19/2) ( )
2¢_9sy 0 llz1—z2|lv
+ = (/:rQ’f}tO)i9 HBHcl VAUV _a5)) max{l, H-771HV7 H«’@HV}
2 oy~ N
S ”(xj{_fﬁsHV HBII%’Z}(Vv'Y(U’V,ﬁ/Q)) |:Cfi9/27719/270’0 _|_ 0719/27719/270’0] maX{l, Hx]_ H%/, ”:L‘QH%/}

Combining ([201])-(204)) with Lemmal6.3|and the fundamental theorem of calculus in Banach spaces
finally yields (186)). The proof of Lemma is thus completed. [

Lemma 6.6 (Weak convergence of semilinear integrated exponential Euler approximations of
SPDEs with mollified nonlinearities). Assume the setting in Section and let p € [0,1 — 9).
Then it holds that E[[|o(Xr)|lv + l¢(Y7)[lv] < oo and

[E[p(Xr)] — E[p(¥r)] |, < Mol pel T o s b2

| Coy F Cog0 F C9,00 + €-9,00,0 F Covya 0/ F Covpp—9pp0 T Covpp 972,00 T Covjo—9/2,0,0

(1
2" + (T— (3 Xo +2 Xp+9 T 3 |X‘9/2| + 4Xp—f—ﬂ/z Xo/2 + 2 (|X19/2’ + Xﬁ) Xp (205)

[y T1=?) T4X19/2T(1719)/2
a9 + V1=0 < 0.

Proof. We first observe that the assumption that sup,cp 71 E [I1X:]15] < oo implies that E [[l¢(X7)]||v]
< 00. Moreover, combining the assumption that Yy € L°(P;V;) with Lemma proves that
K5 < 0o. This shows, in particular, that

T
S%)T]E[HsO(YT)Her 1Yl ve +/0 0,1 (t, Y2) B(Yie),) 5wy dt] < oo (206)
se|0,
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In addition, note that Kolmogorov-Chentsov’s theorem, the fact that X, € £5(P; V), the fact that
F ¢ Lip°(V,V), and the fact that B € Lip®(V,v(U,V)) ensure that there exists a continuous
modification of X. This, Lemma 7 and the assumption that Xy = Y| yield that

E[o(Vr)] — E[o(Xr)] = E[u(T.Vr) - u(0,Y5)] (207)

Items (xvi)—(xvii) of Lemma [6.2] (206), and the standard It6 formula in Theorem 2.4 in Brzezniak
et al. [I1] therefore prove that

E[SD(YT)] - ]E[SD(XT)} = E[U(ﬂ YT) — u(0, Yoﬂ

_ /O E[uro(t, Vi) + uos (t V3) (AY + F(Yy,))] dt 20s)

+ = Z/ [uo2(t, Y2) (B*(Yiay, ), B (Yie,))] dt.

belU

Item of Lemma hence shows that

Ele(Yr)] — Elp(X7)]

— [ Bluoa (.7 F(¥i,) — uaalt, ) (70 (209)

IElp(Xr)] = Ele(Yr)]],

I [ut0,1 8, Y2) F(Yiag,) = o (t: ¥io,) F(Viag, )] ||t

T
/
0
+ { HE[UO,I (t7 YUJh) F(YLtJh) — Uo,1 (t7 YLtJh) F(YLtJhﬂ HV dt
{THE[UOJ(E Vi) F(Yiay,) — woa (8, Y2) F(Y)] ||, dt (210)

dt
1%

+
N =

B | st T (B (). B (Vo)) = S oalt Vi) (B (V) ()

E ZUO,N»YLtJh)(Bb(YLtJh)aBb(Yth))—b%uoa(fyttJh)(B (Yig): B*(Yian) 1

L beU 1%

dt.
12

In the next step we combine Lemma and Lemma with Proposition to obtain that for
all t € (0,7) it holds that

_I_
D=
O — N O O—N

E -gjw,z(t»YLtJh)(Bb(YLtJh)» B*(Yuy,)) — %JUO,z(tﬁ)(Bb(ﬁ)» Bb(ﬁ))]

+
D=

[E[woa(t, Ye) F(Yie),) = woa(t, Yie,) F(Yie)] |,
+ HE[qu(t, YLtJh) F(YLtJh) - uO,l(t’ Y;f) F(Y;)} HV

E[%“OQ(M_?)(BI’(YUJJ’B(YLt W)~ Zuoz( tJh>(Bb(YLtJh)’Bb(YLtJh))]

+

1%

4

EL%%jwa,z(tYLtJh)(Bb(YLtJh),Bb(YLtJh)) - b%%jﬂo,z(tﬁ)(l?b(ﬁ)ﬁb(ﬁ))]

1%
Dol Ixpl? 2
< % K5 h? maX{la ||F||Lip0(V7V_79)7 ||B||Lip0(v,7(u,v_§/2))} (211)
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' {4 [c_p + c_o0 + c—9.00 + C—9,000] [Nz vy

+5 [c_a/z,_o/g + C9ja,—9/20 T C—v/2,—9/2,0,0 T 5_19/2,_19/2,0,0] ‘|B||%’S(l/,y(U,Vﬁ/2)):|

2 (2x0+Xp10+21x0/21242 X102 X9 2) 1[E]n] 072+ (xo+ 3 [xo 2) (E—L£]5) 20—
tP (1-9—p) )

In addition, we combine Lemma [6.4 and Lemma [6.5 with Proposition to obtain that for all
t € (0,7T) it holds that

HE[UO,I(t7 YLtJh) F(YLtJh) - UO,I(t> YLtJh) F(YLtJh)} HV

+3(|E L%uo,z(t, Yie) (B° (Vieg) B (Yign)) = o2t Yie) (B° (Vies). Bb(YLtJh))]
S S %
2
< (;<P_>§fﬂ K, b max{1, 1| Lipo(vvg)s ”B||Lip0(v;y(U,vfﬁ/2))}
-max{1, || Fllomv.,) ||B||Lip0(V,'y(U,VJy/2))} ([C—ﬁ +cpo+co00) IFllosvy) (212)
+ 3 [070/27,19/2 + C v —vp0 + 670/27719/270,0} ”BHé’g(Vq(U,V_ﬁ/Q)))
(1-0—p) (1-9) Ty xs,, TA—9)/2
= (Xpw + 2 X2 Xpo2 + 2 (IXap2l” + X0) X, [”{‘f_m + = D
Combining (210)(212)) proves that
_ T
[ELo(xn)] = Ele(V]ll, <5 X0l [xol” e 15 1 [ iy
eyt eyot 90,0t C9,000 F Covpo,vp + Cvpn0pp0 F Cvpp 900 Tt 570/2,7«9/2,0,0}
i o) (213)
2 (3 X0 + 2 Xpwo + 3Xopl” + 4o Xoz + 2 (Dol + x0) X0

[y, T(1—=9) Ty xg,, TH9)/2
. _Xﬁ(l_ﬂ) + /21_19 ])] )
This and the fact that for all x,y € (0,00) with (x — 1)(y — 1) > 0 and x + y > 1 it holds that

1
11— VoD g < =
/0( ) T (r+y-—1)

establish the first inequality in (205)). The second inequality in (205]) follows from Lemma The
proof of Lemma [6.6]is thus completed. O

(214)

6.4 'Weak convergence rates for exponential Euler approximations of
SPDEs with mollified nonlinearities

The next result, Corollary [6.7, provides a bound for the weak distance of the numerical approx-
imation and its semilinear integrated counterpart. Corollary is an immediate consequence of
Proposition [5.4 and of Lemma [6.6]

Corollary 6.7 (Weak distance between exponential Euler approximations of SPDEs with mollified
nonlinearities and their semilinear integrated counterparts). Assume the setting in Section and
let p € 0,1 —9). Then it holds that E[|lo(Y7)|lv + |le(Yr)|v] < co and

|E[e(Yr)] — E[e(Yr)] “v < Xp lelluip2 vy K3 h* sk

(1=9-p) (1=9) T3 x9, VTP (215)
: ﬁ <Xp+z9 + 2 X072 Xpop2 + 2 (Ix02]* + X9) X0 [“@T_m + L D :
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The next result is a direct consequence of the triangle inequality, of Corollary [6.7] and of
Lemma [6.6]

Corollary 6.8 (Weak convergence of exponential Euler approximations of SPDEs with mollified
nonlinearities). Assume the setting in Section and let p € [0,1 — ). Then it holds that
Elllo(Xr)llv + le(Yr)llv] < oo and

[Efp(Xr)] — E[p(vr)] |, < Pl s s e

(1—
2+ (1T =) (3 X0+ 2 Xp+o + 3 X0p2]” + 4 Xpro/2 Xoya

(1—9) max{T3,Ta} xg,, TA—9)/2 216
2(|X19/2‘2+X19)Xp[m(?779) i 3 41_1952 })] (216)

: |:||90||Lip2(V,V) + ¢yt covo + 9,00+ C-9,000 + Covjo,—0p + Cvpp 920
+ Covp2 900 + 6719/2,719/2,0,0} < 0.

Corollary 6.9 (Weak convergence of exponential Euler approximations of SPDEs with mollified
nonlinearities). Assume the setting in Section and let € [0,1), p € [0,1 — ). Then it holds
that E[[lo(Xr)[lv + le(Yr)[v] < oo and

|E[e(xn)] ~E[p(yr)] |, < TRemRelmeditod o p e

(1—9—p) TP
xo T |||, OV s, 10
‘ {XO max{l, [ Xolles@w) ) + (1—9)p =+ s Xop T(’ ||B||L1p (VAU V_g5))
\/§X9 T(l_g) |F|Li 0(V,V7 ) 5
. ‘5(1_9) [ — P 0 4 T5 X6/2V 9 T(1-0) |B‘LipO(V,'y(U,V_9/2))
(1-9)
20 & (T 1-9 (3 Xo + 2 Xp+o + 3 |X19/2| + 4Xp+19/2 Xo/2 (217)

(1-9) max{Y3,T4} x T(1-9)/2
42 (ol + o), [+ T D]

: [||90||Lip2(v,v) FCy+Cyo Tt C90,0 T C9000 " Covfy v+ Cv)s—0/0

+ Cvp—0pp00 + 6’49/2,49/2,0,0} < o0.

7 Weak error estimates for exponential Euler approxima-
tions of SPDEs

7.1 Setting

Assume the setting in Section , let A: D(A) CV — V be a generator of a strongly contin-
uous analytic semigroup with spectrum(A4) C {z € C: Re(z) < n}, let (V,,[-]ly,), 7 € R, be a
family of interpolation spaces associated to n — A, let h € (0,7], 0 € [0,1), ¥ € [0,Y/2) N [0,8],
F € Lip'(V,V_y), B € Lip*(V,7(U,V_g/2)), ¢ € Lip*(V, V), let sp.p € R be the real number given
by ¢pp = max{1, HF’HC3 Vi) HBHC3 VAUV o } let x, € [1,00), r € [0, 1], be the real numbers

which satlsfy for all € [0, 1] that x, = max{l supre oy U (0 — A) e vy, supyeor 7 11 (n —
A (e = Tdy) |l let X,V [0,7] x @ — V oand X®: [0,T] x Q — V, z € V, k €
[0, T, be (Ft)iepo,r-predictable stochastic processes which satisfy for all x € [O,T |, z € V that
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SUDye(o.7] I Xell sy + | XE ] 2s@an] < o0, X5 =z, and Yy = X, and which satisfy that for all
k€[0,T], z €V, t e (0,7] it holds P-a.s. that

t t
X, = e Xy + / eI P(X,) ds + / e =94 B(X,) dW, (218)
0 0
t t
X =ty + / e Ht=9A pXRT) s 4 / " H=94 B(X T qW,, (219)
0 0
t t
Y, =Y, + / e=lslA p(y,),) ds + / e=lslnA By, ) aws, (220)
0 0

let u®: [0, T]xV — V, k € (0,T], be the functions which satisfy for all x € (0,T], z € V, t € [0,T]
that u®)(t,2) = E[p(X5")], let ¢ ;€ [0,00], &1, ..., 0 € (=12,0], k € {1,2,3,4}, x € (0, T],

be the extended real numbers which satisfy for all k € (0,7, k € {1,2,3,4}, 61,...,0 € (=1/2,0]
that

K
Cs,....5, — Sup sup sup
te[0,T) x€V vy,...,u,€V\{0}

ol ]y

(T —t)trt- *‘”f HU1HV51 ol

and let 555?,)52,53,54 € [0,00], 01, 09,03,04 € (—1/2,0], k € (0,T], be the extended real numbers which
satisfy for all k € (0,T], 01,02, 03,04 € (—1/2,0] that

~(x)

C61,62,63,64
((u®) (1) = (Fu) (¢, 22) (0r, - ), (222)
= Sup sup sup TR
te[0,T) xl,x;EV, v1,...,04€V\{0} (T — t)@rtt0a) [ —$2||v||1’1||v<sl '---'||U4||v54
T1FT2

(cf. Lemmal[6.2)).

7.2 Weak convergence result

Lemma 7.1. Assume the setting in Section[7.1. Then
(i) it holds for allk € {1,2,3,4}, 61, ..., 0 € (=1/2,0] with S.F_, &; > —1/ that SUD e (0,7] C<(51) 5 <

0o and
(i) it holds for all o1, ...,d4 € (—1/2,0] with Z?:l i > —1/2 that sup,.c(o 1) 6((5?7)52753754 < 00.

Proof. The proof of items (f))—({ii) is entirely analogous to the proof of items (iv)—(v) of Corollary 4.2
in Andersson et al. [I]. The proof of Lemma [7.1]is thus completed. O

Proposition 7.2. Assume the setting in Section[7.1] and let r € [0,1— 1), p € (0,1 —0). Then it
holds that B[||o(Xr)|lv + l¢(Yr)|lv] < oo and

IE ()] — Efe(va)]|l, < [57 |max{T, £} 77" |xo 2] hroedti=am

10
xoxoa+0 T I Fllea vy ) T2 5102 X(o0), VT B”C,}(V,’Y(U7V9/2))]

max{1, | Xo[l s} + == + Vi=0=5

5

V2x0 x9 T |F‘C§(V,V,9)
(1-0) -0

+ max{ s, Ts} xo x02V2T0-" |B !c;(v,w(U,v_em)]

r (
2"+ (Tl— (3 Xo + 2 X4 + 3 xopal® + 4 X010 Xopa (223)
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(-9 max{Ys,Ta} xg,, 719/
2 (opl? + ) [T D D]

2 K
lelles vy + sup [C(_g
Kk€(0,T]

IXp/2|? Ixol? Ixr|? Ixo—o1® IX(0-9)2° max{1,7="} ¢p 5
To/2 |<P’c;(v,\z) (1—9—r)T7

() (k) () () () (k) ~(K)
t+c 190+C 1900"‘0—19000"‘6 ofa,—0j2 T Copp a0 T Cop 0200 T Clipa, ﬂ/zoo}ﬂ < 0.

Proof. We first note that, e.g., Theorem 2.7 in Cox & Van Neerven [16] and Theorem 6.2 in
Van Neerven et al. [47] ensure that there exist up-to-modifications unique (F3):cpo,r7-predictable

stochastic processes Y0: [0,T] x Q = V, k,6 € [0 T], and X*9: [0,T] x Q — V, k,6 € [0,T],
which satisfy for all x,d € [0,T] that sup,cjo | X7 ||£5(]pv < o0 and X = Y’“S = 65AX0 and
which satisfy that for all x,d € [0,T], t € (0,77 it holds P-a.s. that

t t
X0 =X + / eFHAR (X0 ds + / eWH=AB(X ) W, (224)
0 0

t
}/tn,(s:etA}/O&(;_i_/ elt=Lsln)A HAF(Y
0

t
0 )ds + /0 el mLINA R AB (Y ) AW (225)

In the next step we combine Lemma with the fact that Vk,d € [0,7]: ‘|%ﬁ76||g5(p;v) < 00
to obtain that for all x,d € [0,7] it holds that sup,j ||}A/;H76||£5(]p;v) < oo. This, the fact that

Vi, 6 € [0,T]: supepr \|Xf’§’|c5(P;V) < oo and the assumption that ¢ € Lip*(V, V) ensure that
for all k,6 € [0,7] it holds that

E[llp(X7)llv + lo(¥Y7)Iv] < co. (226)

This proves, in particular, that E[[|o(X7)|lv + [[¢(Y7)|lv] < co. It thus remains to show (223).
For this we observe that the triangle inequality ensures that for all x,d € [0, 7] it holds that

[B[e(X7)] ~ E[(¥7)] ], <

IE[o(X2%)] — B[o(X5)]],
+E[p(55%)] — E[p(7) 220

I, + IELe(77)] = E[e(¥2 )],

In the following we provide suitable bounds for the three summands on the right hand side of
(227). For the first and the third summand on the right hand side of (|2 - ) we observe that Proposi-
tion 4.3 together with Holder’s inequality and the fact that Vs, € [0, T]: sup,cpo. [|Y]; il ° ey <

SUD;e(0.7] HYA;R’6||£2(P;V) < oo shows that for all x, 6 € [0, 7] it holds that

0,6 oy 5 1S 50,6 41xpsa? o
IE[0(X2°)] = E[o(X7)]]|, + [[E[e(Y7)] —E[o(Y2)]|], < =5 lelcpvy) &2 (228)
2
x0 Xpja+0 T || F|l 1 v T2 X6y X(p+0)V T IBllct vy, v o))
XOmaX{la||65AXO||£2(IP;V)}+ (1,9,p/2)0b(vv 9) + S b (Vo 0/2

(1-0) 2
[ [0 Floy )+ Yo VETO 30 x0s [Bleg )| -

Next we bound the second summand on the right hand side of (227)). For this we note that for all
€ (0,77 it holds that

KA KA
max{l, e FH?ég(v,v_ﬂ)a e BH%,;”(V,W(U,VJ/Q))}

3 6 —3(6—9) (229)
< Ixo—ol® [xw0-0y|° spp max{1, k }

This and Corollary [6.9 show that for all x, € (0,77] it holds that
IBLo(X7")] = Ele(V7)]]l,
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57 [xol? Ixr1? [x0— 9% [X(9—9)|® max{1,71=")} —3(0—9
< T cr,p max{1, k2" b7

: [Xo max{1, ||€6AXO||£5(IP’;V)} +

10
xo T(1=9) ||enAF||C;(VYV_6) T5 xo/,VTH =0) |len ABHCI(VW(UV 0/2))
(1-06) + V1—6

5

V2x9 TO=9) |em AR 1oy, ) K
: '5(1 9){ 0 4 T 2 V2T 00 e ABley vy 0/2))

2"+ oy <3 X9+ 2 X9 + 3 [Xopa|* + 4 X072 Xopo (230)
(1-9) max{Y3,Ta}x T(1=9)/2
T ——
[||g0||cs vy + 9+ o+ 00+ e p00 + c(_”g/%_% + c<_*’~g/27_ﬂ/270

(%) ~(x)
+ cfﬁ/2,719/2,0,0 + cfﬁ/z,fﬁ/z,o,o} :
Plugging (228)) and (230)) into (227 then shows that for all x,d € (0, 7] it holds that

HE[QO(X%(S)} — E[gp(f/o‘s }HV < max{4 K2 57maX{1 K~ 9_19)} hr} 0|

max{1, || Xol|zs @)} +

10
X6 Xpj240 T~ HF||c§(v,v,9> max{Y2,Ys} X5 X(p+0), VT~ HB”CI}(V,w(U,V 0/2))
(1—0—0/2) V1-0—p

V2x0x0 T Fletvy_g) Vo a-6) i
(1-6) N + max{Ys, Ts} xo Xg/2V2T |B|C§(V,7(U,V79/2))
r (1-9)
e (3 Xo + 2 Xrs0 + 3 [Xopal* + 4 Xrro Xopa (231)
(1-9) maX{T37T4}X19 T(A=9)/2
2 (‘Xﬁ/2|2 + Xﬁ) Xr |:X19(f_19) + 1_142 :|>]
| ‘ Ixol® Ixr|? Ixo—o|? Ix(6—9) |6 max{1, 7=} . .
. [ ?ﬂpp//é ’@’Cbl(v,v) + (l_ﬂ_r)/;r SF,.B [HSOHCS(V,V) + c(_g -+ C(—z;,o

(r) (r) () (r) (r) ~(K)
T €900 T C9,000 1 Clipa—opa T Clipn—0pn0 T Clipe 9200 T Cov/a,—9/2.0,0 H '

In addition, we observe that

inf max{élm 57max{1 p30=0) }hr}

Kk€(0,T7]

4

27 P} 2r *3(0*19)
< max{4 [min{l,T} | 2] “’*6("‘0”] , D7 max{l, [min{l,T} | 2] (P+6(9‘”))] } hr}

o 7% 21 73(0-9)
:maX{4 [min{LT}‘%‘@%w_o»} 5TH [min{l,T}l%V”*G‘e‘ﬁ”] } (232)

) P 6(6.719)7“ or
= max? HminlLTH2 57.T(p+6(93(_919,)39) hTe=o0
TGre@—0y)  [min{1,T}|

__pr
Imax{1,T}|" B L — ST hlewst=m
= 57max{|mm{1 T Tmin(LT] 0 ﬁ)}h‘”ﬁ(g Vs 309"
‘mm{T, T}|

Combining (231)) and (232)) yields that for all 6 € (0,77 it holds that

HE[SO(X%J)] — ]E[SO(YOJ }Hv [57 |max{T, T}| (r+3(0-9)) ’X0|20] =
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10
X0 Xpja+0 TA0 HF||C1(V ) max{"2,Y5} X0/ X(p+0)V T~ HB”CE}(V,W(U,VJ/Q))
- |max{L, | Xoll sy} + A=6=7) V0=

VE2x0xX0 T | Flor vy ) - i
‘ (1-0) { — + max{ s, T5} xo0 xp/2V 2T~ |B!c;(v,7(u,v_9/2))]
or 4+ % (3 X0 + 2 Xt + 3 |Xop2]? 4 4 Xotop2 Xy (233)
2 (Ixtopl® + x0) xr [Xﬂ(fi;f) i LELDRU T(lm} >]
[ g+ AL b [l + [
KE
o+ 00+ 000+ om0t anoo+ 8% snoo] H .

In the next step we note that Corollary yields that limgﬁoE[go(X%‘s)} = E[@(XT)] and
limg_,o]E[go(ng’é)} = E[¢(Yr)]. Combining this with inequality (233) proves the first inequal-

ity in (223). The second inequality in (223]) follows from Lemma . The proof of Proposition
is thus completed. []

Corollary 7.3. Assume the setting in Section and let p € (0,1 —0) N (6(0 —),00). Then it
holds that B[||o(Xr)|lv + l¢(Yr)|lv] < oo and

IE[p(X7)] — E[o(YD)]||,, < [57 [max{T, L}2H0 |xo[] nle~6E=")
max{1, ||X0H£5(]P’;V)} n X0 Xp/2+6 1 :) !:)HCl(V V_g) max{ Y2, 5} Xo/, X(p+ei//21TBllcg(v,w(v,vm))] .
‘ (1-6) |:\/§XO - T“’:)_I;IC;(V’V_M +max{ Y2, Ts} X0 xp/2V2T"" |B’cb1(v,7(U,v_9/2))} 5
2 4 (T“— (3 X0 + 2 Xpro + 3 |xop|” + 4 Xprop2 Xog (234)

(1-9) max{Y3, T4} xy9,, TL—?)/2
+ 2 (|xop)* + x0) Xp [Xﬂ(leﬁ) + il 1:’52 ])]

{|XP/22| | ) + |X0|3\Xp|2|X9719|3|X(9—q9)/2|6maX{LT(l_ﬁ)}W,B (
' CcH(V,Y

||<P||c3 v,y) T sup [C(—%
Kk€(0,T]

Tr/2 (1-9—p)T?
(H) (%) D) (%) (%) (%) ~(r)
+Clyo Tt Cyoot C(—ﬂ,o,o,o tC s —vps T C iy —vpa0 T Coife—0pp0,0 T Coiya, 19/2,0,0} )} < 0.
Proof. We first appl Proposition [7.2| to obtain that E[|l¢(X7)|lv + [[¢(Yr)|lv] < oo and

IE[o(Xr)] — E[p(2)] ||, < [57 Imax{T, 1}[@+30-9) |y,[20] prestom

max{1, | Xo[lgse.v)} + A=6=) V10—

10
X0 Xpy2+0 T HF”cl(vv o) max{T2,Ts5} X0/5 X(p+0)2 VT HBllcl(V—y(UV 9/2))]

5

\/EXOXQT(l |Flcl(vv )
‘ a 9>{ V= =+ max{T2, Ts} xo Xo/2V2 TV |Blogvawv_y,)

4with r = p in the notation of Proposition
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2° + (?11197_19;) (3 X9 -+ 2 Xp+19 + 3 |X19/2|2 + 4Xp+19/2 Xg/2 (235)

(1-9) maX{Tg,T4}X T(1=9)/2
42 (ol + o) x, [ 4 BT D]

lellesvy + sup [
Kk€(0,T7]

Ixp/2? Ixol? Ixo1? Ixo—01® IX(0—0)2° max{1,7=N} ¢p g
| e |§0’C§(V,V)+ (1—9—p) T?

< 00.

() () () () () () ~(K)
T Cp0 T Cp00 T C9000F Coope—opp T Cop 00T Covp_vp200 T 0_19/2,_19/2,070])

Next we note that

s — pelrsaar -1+ 4L 122 (236)
236
< |max{1, T} [Plsw=m75 "1+ 552] po-60-9) < |max{1, T}|? ho~60-),
Plugging (236)) into (235]) establishes (234). This completes the proof of Corollary [7.3] O

8 Weak convergence rates for exponential Euler approxi-
mations of SPDEs

Corollary 8.1. Consider the notation in Section[1.1] let (V,|-||;,) and (V,||-||,,) be separable UMD
R-Banach spaces with type 2, let (U, {(-,-)y . |‘ll;) be a separable R-Hilbert space, let T € (0, 00),
neR, kecl0yr), eV, pe Liph(V,V), let (Q,F,P) be a probability space with a normal
filtration (Fi)icor), let (Wi)epr be an Idy-cylindrical (2, F, P, (F)ico,r)- Wiener process, let
A: D(A) CV — V be a generator of a strongly continuous analytic semigroup with spectrum(A) C
{z € C: Re(z) <n}, let (Vi |I-|ly.), 7 € R, be a family of interpolation spaces associated to n — A,
let F € Lip"(V,V_,), B € Lip"(V,v(U,V_sp,)), let X: [0,T] x Q@ — V be a continuous (F)ieio.1]-
adapted stochastic process which satisfies that for all t € [0,T] it holds P-a.s. that

t t
X, = ¢ + / IAR(X,) ds + / eIAB(X,) dW, (237)
0 0

and let YN: {0,1,...,N} x Q — V, N € N, be stochastic processes which satisfy that for all
NeN, ne{0,1,...,N — 1} it holds P-a.s. that Y = & and

(n+1)T
VY, = ¥ (Yo + PV % + [o© B(Y)dWL). (238)
Then for every € € (0,00) there exists a real number C' € R such that for all N € N it holds that
Ello(X1)llv + le (V) llv] < oo and

|E[0(X1)] = E[p(YA)]]], < C - N~ omaxtn=i/200e), (239)

Proof. Throughout this proof let YV: [0,7] x Q@ — V, N € N, be (Ft)teo,r-predictable stochastic
processes which satisfy for all N € N that YV = ¢ and which satisfy that for all N € N, ¢ € (0,7
it holds P-a.s. that

t t
YN — AN /0 o= lslz/n)A F(YLJSVJT/N) ds + /O o= lslz/n)A B(YLJSVJT/N) dW,. (240)
Observe that for all N € N it holds that
PV =Yy) =1 (241)
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Next note that for all £ € (0, min{1 — k,4 — 7x}) it holds that

L=k = (L+ Dy (r)5 = 6(k — [min{r, 5} — F5Tpsn(x)])

= 1=k =35 =5 loym(K) = 66+ 6[min{r, 5} — FTp(x)]
=1—Tk—5—51ps(k) +6min{r, 1} — £ Lpp) (k)
=1-"7k—e+6min{x, 3} (242)
= 1—/@—6[/@—min{/§,%}} —€

= 1—/@—6max{0,/£—%} —€

zl—m—ﬁmax{n—%,O}—e.

Corollary(withV:V,V:V,U:U,T:T,n:n,W:W,A:A,VT:Vr,
h =T/n, 0 = k, ¥ = min{k, Y2} —/2lppny(k), F =F, B=B,p=¢, X =X,Y = YN,
p=1—r—(1+1py(k)) e for e € (0,min{l — x,4 —7x}), N € N, r € R in the notation of
Corollary [7.3), (240), (241)), items ({)—(vil) of Lemma [6.2] e.g., Kunze [36, Theorem 5.6], and, e.g.,
Van Neerven et al. [47, Theorem 6.2] hence ensure that for all ¢ € (0, min{1—~x,4—7x}) there exists
a real number C' € [0, 00) such that for all N € N it holds that E[||e(X7)|lv + [|e(Y3)|lv] < oo
and

E[o(Xn)] = E[p(] [, = [[Elp(Xn)] —E[e(7)][|, < € Nmrrometeiziizg, - (243)

This implies that for all € € (0,00), € € (0,min{l — x,4 — Tk, e}) there exists a real number
C € [0,00) such that for all N € N it holds that E[[¢(Xr)|lv + [|e(Y)|v] < co and

||]E|:90(XT)} — E[SD(YJ{[V)} HV < C . N—(l—fi—Gmax{n—l/;O}_e)

—C. N—(s—e) . N—(l—n—6max{n—1/2,0}—e) _ Ng_e) . N—(l—n—6max{n—l/2,0}—6) (244)

<C. N—(l—n—Gmax{f{—l/Q,O}—a)‘

The proof of Corollary [8.1]is thus completed. O

9 Weak convergence rates for nonlinear stochastic heat
equations

Corollary 9.1. Consider the notation in Section[1.1], let n,d, k € N, a € (—0,0), p € (max{n,
10120}, 20), (Vo) = (Lo B, [ lgngr, | son). et f2 BE = B be an n-times con-

tinuously differentiable function with globally bounded derivatives, let A: D(A) CV — V be the
Laplacian with Dirichlet boundary conditions on V, and let (V,, |||, ), r € R, be a family of
interpolation spaces associated to —A (cf., e.g., [44), Section 3.7]). Then

(i) there exists a unique function F:V — V,, which satisfies for all v € Ep()\(o’l)d;Rk) that
F([U]/\(O’l)d,B(Rkﬁ = [{f(v(l‘))}are((),l)d}A(O’l)mB(Rk) =[fo U}A(O’l)d,B(Rkw (245)
(i) it holds that F' is n-times continuously Fréchet differentiable with globally bounded derivatives,
(iii) it holds for allm € {1,...,n}, v € LP(Ag1a; RY), ur, ... up € LP™(Ng1)a; RF) that

F(m)([U]/\(O’l)d,B(Rkﬂ([ul]A(OJ)d,B(Rk)a cee [Um]x(o,l)d,rs(u@k))
= [{f(m) (v(@))(u1(z), ... 7um(x))}xe(O,l)d]A(o’l)d,B(Rk),
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(iv) it holds for all ¢ € [max{1, 2p|a‘+d}, ) that
sup [ [vllve ] < 00, (247)
vev\{o} LIvlzagn g ame)

(0,1)

(v) it holds for allm € {1,...,n}, ¢ € [max{1 r € [mgq,o0) that

d,
 Fplalrd) )

1FO (v) (u, . . ,um>||va]

sup sup m
veV u1,-..,UmELmaX{T’p}(>\(O,1)d?Rk)\{0} Hi:l ||ui”LT(/\(0,1)d;Rk) (248)
< ’f‘cgn(Rk,Rk) [ sup ||U||Va } < 00,
veV\{0} ||U||Lq()\(071)d§Rk)
and
(vi) it holds for allm € {1,...,n}, ¢ € [max{1, —Qp‘iz|)+d}7 5)’ r & [(m+1)g,00) that
Fm) () — f(m) e, U
sup sup TR ey | T i
vwe Lmax{rp} () iRE UL,y Um € U= WilLr(x RF) © L=y Tl L (A RE)
€ v;éu() (0,nd:RY), Lmax{re}(n ) aiRF)\{0} o0 o0 (249)
V|| Vy
< |f‘Lipm(Rk7Rk) sup o] }
veV\{0} HUHL‘!(A(OJWR’“)

Proof. Throughout this proof let ¢ € [max{1, 5 ola \+d}’ 2),let G:V — Lq()\(o’l)d;Rk) be the func-
tion which satisfies for all v € LP(X(1)e; R¥) that

G([,U])‘(O’l)d,B(Rk)) = [f e} /U]/\(O,l)d’B(Rk)’ (250)

and let ¢: V' — V,, be the function which satisfies for all v € V' that ¢(v) = v. Observe that item
is an immediate consequence of the fact that Vv € LP(Xq1)a; RF): fov € LP(Ng1ye; RF). Tt thus
remains to prove items f. For this note that the Sobolev embedding theorem and the fact
that

0 — 20 = —2a = 2|a| > dmax{0,/q — p} (251)
show that
sup { [(v)lv } = sup [ [vllve } < 00. (252)
ver\{o} LIvlzac g, umey ] veviioy Llvllzaen, , ums)
Combining this with the fact that
VR0 pagy g0 RY) (253)

proves that there exists a unique continuous linear function Z: LI(X( 1y¢; R*) — V,, which satisfies
forallve V C Lq()\(071)d;Rk) that
Z(v) =t(v) =v. (254)

Observe that (250)) and (254]) ensure that
F=To0G. (255)

Combining Proposition 2.6 in [15] (with k¥ = k, l = k, d =d, n =n,p =4¢q, q = p, O =
(0,1)%, f = f, F = G in the notation of Proposition 2.6 in [15]), (252)), and the fact that Z €
L(LY(Ao,1)4; R*), V,,) hence establishes items (if)—(vi). The proof of Corollaryis thus completed.

O]
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Corollary 9.2. Consider the notation in Section|[1.1], let n,d,k € N, a € (—00,0), p € [max{n +
1, dn/2lap}, 00), (V, ||-|ly) = (LP(Ao,1ya; R), H-HL,)()\(O 1)d§Rk))7 let f: RE — R* be an n-times continu-
ously differentiable function with globally Lipschitz continuous and globally bounded derivatives, let
A: D(A) €V =V be the Laplacian with Dirichlet boundary conditions on 'V, and let (V.. ||y, ),
r € R, be a family of interpolation spaces associated to —A. Then

(i) there exists a unique function F': V. — V, which satisfies for all v € LP(\1)4; R¥) that
F([U]A(Oyl)d,B(Rk» = [{f(?}(m))}xe(o,l)d])\(O’I)ng(Rk) =[fo U]A(O’l)d,B(Rk) (256)

and

(11) it holds that F is n-times continuously Fréchet differentiable with globally Lipschitz continuous
and globally bounded derivatives.

Proof. First, we note that the assumption that p > max{n + 1, %} ensures that
1< &y and dn < 2plal. (257)

This implies that d(n + 1) < 2p|a| 4+ d. Hence, we obtain that

d 1
2plal+d < (n+1)° (258)

Combining this with (257)) assures that

max{1 (259)

dp P
’2p\o¢|+d} S (n+1) "

Therefore, we obtain that (nf—l) € [max{1, Qpl‘iﬁl}, ). Ttems , , & of Corollary (with
n:n,d:d,k:k,a:a,p:p,f:f,A:A,m:m,q:(n’fl),r:pformE 1,...,n}
in the notation of items , , & Corollary hence prove items —. The proof of
Corollary [9.2] is thus completed. O
Theorem 9.3. Consider the notation in Section[1.1] let T, e € (0,00), 8 € (1/4,1/a+min{e1}/2s), p €
(m7 OO), (Vv ”HV) = (Lp()‘(O,l);]R)v ”’HLP()\(OJ);R)>7 <U7 <'7 '>U ’ ”HU) - (LQ()‘(OJﬁR)? <'7 '>L2()\(071);R) )
H-||Lz(,\(071>;R)), EeV,let f,b: R— R andp: V — R be four times continuously differentiable func-
tions with globally Lipschitz continuous and globally bounded derivatives, let (2, F,IP) be a probabil-
ity space with a normal filtration (Fy)icpo,r), let (Wi)iepo.r) be an Idy-cylindrical (2, F, P, (Fi)eeo,n)-
Wiener process, let A: D(A) CV — V be the Laplacian with Dirichlet boundary conditions on V,
and let (V,, ||l ), r € R, be a family of interpolation spaces associated to —A. Then

(1) there exists a unique continuous function F': V' — V_y5 which satisfies for allv € LP(X1); R)
that

F([honsm) = [{F @)} econ]y, , se = 1 0 Vo @), (260)

(1) there exists a unique continuous function B:'V — ~(U,V_g) which satisfies for all v,u €
£2p<)\(071);R> that

B([0]x o180 [ulx .80 = [{0(v(@) - w(@)}econ] s, | 5wy (261)

(iii) there exists an up-to-indistinguishability unique continuous (Fy)ejo,r-adapted stochastic pro-
cess X: [0, T) x Q — V which satisfies that for all t € [0,T] it holds P-a.s. that

t t
X, =+ / eHAR(X,) ds + / e IAB(X,) dW, (262)
0 0
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(iv) there exist up-to-indistinguishability unique stochastic processes YN:{0,1,..., N} xQ =V,
N € N, which satisfy that for all N € N, n € {0,1,..., N — 1} it holds P-a.s. that Y{" = ¢
and

N ZA n+1)T
Yo =ev (Yn +F(Y) 5+ [ur™ ™ B(Y) dWs), (263)
and

(v) there exists a real number C € R such that for all N € N it holds that E[|o(X1)|+|o(YY)|] <
0o and
IE[p(X7)] —E[p(YY)]| < C- NET2), (264)

Proof. First, note that the assumption that p >
min{e,1}/98) ensure that

T 1/4 and the assumption that 8 € (1/4,1/4 +

5 5 5 0
P2 5= 7 2(mntiifs)  (mnledljie) | minge, 1} (265)

> 70> 5 =max{5, 0} = max{5

Eats

Corollary (withn=4d=1k=1 a=-28,p=p, f=f, A= A in the notation of
Corollary hence establishes that item ({il) holds and that

F € Lip"(V, V_gp). (266)

Moreover, observe that Corollary 4.9 in [15] (withn =4, 8 = =, p=p, b =0, A = A in the
notation of Corollary 4.9 in [15]) together with (265)) proves that item (i) holds and that

B € Lip* (V.A(U,V_)). (267)

In addition, note that (266]) and (267]) assure that there exists an up-to-indistinguishability unique
continuous (F)¢epo,r-adapted stochastic process X: [0,7] x © — V which satisfies that for all
t € [0, 7] it holds P-a.s. that

t t
X, =ete+ / eHAR(X,) ds + / =IAB(X,) dW, (268)
0 0

(cf., e.g., Theorem 6.2 in Van Neerven et al. [47]). This establishes item (fii). Next note that induc-
tion shows that there exist up-to-indistinguishability unique stochastic processes YV : {0,1,..., N}x
Q0 — V, N € N, which satisfy that for all N € N, n € {0,1,..., N —1} it holds P-a.s. that Y = &
and

(n+1)T

YN, =¥ (Yn +FY)E+ [~ BOY) dW5>. (269)

This demonstrates item (§ . It thus remains to prove item . For this observe that - -
Corollary-vvlthV V.Y=RU=U,T=T,n=0,k=28,({=¢§ p=p, W=W, A=A,
F=F B=B,X=X,YN=Y" ¢=¢/for N €N in the notation of Corollary ., and
the fact that § € (1/4,1/4 4 ¢/28) show that there exists a real number C' € [0, 00) such that for all
N € N it holds that E[|o(X7)| + [o(Y)|] < oo and

E[p(Xr)] — E[p(Y)]| < € - N-O-28-0max(z8-/20)—4/2) _ 1 y=(-28-628-1/2)+12)
—C. N7(1725712B+375/2) =C. N(14B+5/274) (270)
< C. N(14(1/4+5/28)+5/2—4) —C . N(E_l/2).

This establishes item . The proof of Theorem is thus completed. O
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