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Abstract

In this article we establish regularity properties for solutions of infinite dimensional Kol-
mogorov equations. We prove that if the nonlinear drift coefficients, the nonlinear diffusion
coefficients, and the initial conditions of the considered Kolmogorov equations are n-times
continuously Fréchet differentiable, then so are the generalized solutions at every positive
time. In addition, a key contribution of this work is to prove suitable enhanced regularity
properties for the derivatives of the generalized solutions of the Kolmogorov equations in
the sense that the dominating linear operator in the drift coefficient of the Kolmogorov
equation regularizes the higher order derivatives of the solutions. Such enhanced regularity
properties are of major importance for establishing weak convergence rates for spatial and
temporal numerical approximations of stochastic partial differential equations.
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1 Introduction

In this article we establish regularity properties for solutions of infinite dimensional Kolmogorov
equations. Infinite dimensional Kolmogorov equations are the Kolmogorov equations associ-
ated to stochastic partial differential equations (SPDEs) and such equations have been in-
tensively studied in the literature in the last three decades (cf., e.g., Ma & Réckner [17],



Rockner [19], Zabezyk [27], Cerrai [6], Da Prato & Zabcezyk [11], Rockner & Sobol [21], Da
Prato [9], Réckner [20], Réckner & Sobol [22], Réckner & Sobol [23], Da Prato [10], and the
references mentioned therein). In Theorem below we summarize some of the main findings
of this paper. In our formulation of Theorem we employ the following notation. For every
neN={1,2,...,} and every non-trivial R-Banach space (V,|-||;;) we denote by Cy'(V,R) the
set of all n-times continuously Fréchet differentiable functions f: V' — R with globally bounded
derivatives, we denote by ||-|| cp(v,r) the associated norm on C(V,R) (cf. () below), we denote
by Lip"(V,R) the set of all functions f: V' — R in C}(V,R) which have globally Lipschitz con-
tinuous derivatives, and we denote by |- (k) an associated semi-norm on Lip"(V,R) (cf.
below).

Theorem 1.1. Let (H, |||y, () y) and (U, |||, )y) be non-trivial separable R-Hilbert
spaces, let U C U be an orthonormal basis of U, let A: D(A) C H — H be a generator

of a strongly continuous analytic semigroup, and let T € (0,00), n € N, F € C{H,H),
B e ClH,HS(U,H)). Then

(i) it holds that there exist unique functions P,: CH(H,R) — C(H,R), t € [0,T], such that
for every ¢ € CL(H,R) it holds that (Pyp)(z) € R, (t,z) € [0,T] x H, is a generalized
solution of

#(Pro)(x) =5 3 (Pp)" () (B(z)u, B(z)u) + (Pep) (v)[Az + F(x)] (1)

uclU
for (t,z) € (0,T] x D(A) with (Pyp)(z) = p(z) forx € H (cf., e.q., [I1, page 127]),
(ii) it holds for all k € {1,...,n}, t € [0,T)] that P,(CF(H,R)) C CF(H,R),

P,(Lip"(H,R)) C Lip"(H,R),

(iv) it holds for all k € {1,...,n}, 61,...,0 € [0,Y2) with S35 &; < /2 that

D [(Poo)®) () (uq, . ... ’uk)|] < 00, (2)

k
lellopcerm Ty Nl

sup sup sup sup
peCF(HR)\{0} €H uy,...,up, € H\{0} t€(0,T]

and

(v) it holds for all k € {1,...,n}, &,...,0¢ € [0,%2) with S35 6; < /2 and | Elpipk (i) +
| Blripk(m,msw,my) < o0 that

t2§:1 8

sup sup sup sup

[(Pp) P (2) — (Pop)® ()] (s, - . ,uwr]
(3)

k
e llipt () 10 = wlla TTicy il

< Q.



In the case n = 2, item (ii) in Theorem [1.1|is a generalization of Theorem 6.7 in Zabczyk [27]
and Theorem 7.4.3 in Da Prato & Zabcezyk [I1] (in this paper C¢-functions do not necessarily
need to be globally bounded; compare the sentence above Lemma 3.4 in [27] and item (ii)
on page 31 in [II] with @ in this paper). Theorem is a straightforward consequence of
Theorem in Section [3| below. In Theorem below we also specify for every natural number
n € N and every t € [0, 7] an explicit formula for the n-th derivative of the generalized solution
H >z~ (Py)(r) € R of at time ¢t € [0,7]. Moreover, Theorem below provides
explicit bounds for the left hand sides of and (see items and in Theorem
below). Next we would like to emphasize that Theorem and Theorem , respectively,
prove finiteness of and even though the denominators in and contain rather weak
norms from negative Sobolev-type spaces for the multilinear arguments of the derivatives of the
generalized solution. In particular, item in Theorem [1.1]above and item in Theorem
below, respectively, reveal for every p € [1,00), k € {1,2,...,n}, §1,02,...,0, € [0,1/2), x € H,
t € (0,T] that the k-th derivative (P;p)*)(z) even takes values in the continuously embedded
subspace

L(&{_H 5, R) (4)
of L(H®* R) provided that the hypothesis

b <2 ()

is satisfied. In addition, we employ items — in Theorem above and items and @
in Theorem below, respectively, to establish similar a priori bounds as f for a family
of appropriately mollified solutions of which hold uniformly in the mollification parameter;

see items — in Corollary below for details. Items — in Theorem above,
items and @ in Theorem below, and, especially, items f in Corollary below,

respectively, are of major importance for establishing essentially sharp probabilistically weak
convergence rates for numerical approximation processes as the analytically weak norms for
the multilinear arguments of the derivatives of the generalized solution (cf. the denominators
in and above) translate in analytically weak norms for the approximation errors in the
probabilistically weak error analysis which, in turn, result in essentially sharp probabilistically
weak convergence rates for the numerical approximation processes (cf., e.g., Theorem 2.2 in
Debussche [12], Theorem 2.1 in Wang & Gan [26], Theorem 1.1 in Andersson & Larsson [3],
Theorem 1.1 in Bréhier [4], Theorem 5.1 in Bréhier & Kopec [5], Corollary 1 in Wang [25],
Corollary 5.2 in Conus et al. [§], Theorem 6.1 in Kopec [16], and Corollary 8.2 in [15]).

1.1 Notation

In this section we introduce some of the notation which we employ throughout the article (cf.,
e.g., [I, Section 1.1]). For two sets A and B we denote by M(A, B) the set of all mappings
from A to B. For two measurable spaces (A,.A) and (B, B) we denote by M (A, B) the set of
A/B-measurable functions. For a set A we denote by P(A) the power set of A and we denote by
# 4 € NoU{oo} the number of elements of A. For a Borel measurable set A € B(IR) we denote by
pa: B(A) — [0, 00] the Lebesgue-Borel measure on A. We denote by |-]: R - Rand [-]: R —



R the functions which satisfy for all ¢ € R that [t| = max((—o0,t]N{0,1,-1,2,-2,...})
and [t] = min([t,c0)N{0,1,—1,2,—-2,...}). For R-Banach spaces (V,||;,) and (W, |||, )
with #y > 1 and a natural number n € N we denote by |"C§(V,W) : CM(V, W) — [0, 00] and
H~HC;L(V7W) : C™(V,W) = [0, 00] the functions which satisfy for all f € C™(V,W) that

|f|cg(v,w) = SUDgcy ||f(n)($)HL<n)(v7W) ) ||f||c;;(v,W) = ||f(0)||W + ZZ:1 |f|q§(v,W) (6>

and we denote by C;(V, W) the set given by Ci'(V,W) = {f € C*(V,W): HfHCg‘(V,W) < oo}
For R-Banach spaces (V, |-||,,) and (W, ||-||;;) with #y > 1 and a nonnegative integer n € N, we
denote by ||y n )+ C"(V, W) — [0,00] and ||| pipn vy = C"(V,W) — [0, 00] the functions
which satisfy for all f € C™(V, W) that

ILf(@)—f @)l o
‘fl Supx,yev,x;éy ( lz—ylly, W) n=20
Lip™(V,W) = 10D @)= FD W) ) o ,
SPeuerety ( el ) (nEN (7)

||f”Lip"(V,W) = [[f(O)flw + ZZ:O |f|Lipk(V,W)

and we denote by Lip"(V, W) the set given by Lip"(V,W) = {f € C*(V,W): Hf”Lipn(v,W) < 00}
We denote by I, II} € P(P(P(N))), k € Ny, the sets which satisfy for all & € N that
Iy = Iy = 0, 10}, = I\ {{{1,2,....k}}}, and

I, = {ACPN): [0 ¢ Al A [Useaa = {1,2,....k}JA[Va, b€ A: (a#£b=anb=0)]} (8)

(see, e.g., (10) in Andersson et al. [2]). For a natural number k € N and a set @ € I, we denote
by I, I, ..., IF_ € w the sets which satisfy that min(/f) < min(/57) < --- < min([g_). For
a natural number k € N, a set w € IIj, and a natural number ¢ € {1,2,...,#,} we denote by
1A 15, I7 . € I7 the natural numbers which satisfy that I}5 < I[5 < --- < [[%, _. For

a measure spacé (Q, F, ), a measurable space (S5,S), a set R, and a function f: Q — R we
denote by [f], s the set given by

[f]u,s ={ge M(F,S): (FA€ F: u(A) =0and {w € Q: f(w) #gw)} CA)}. (9)

1.2 Setting

Throughout this article the following setting is frequently used. Let T' € (0,00), n € R,
let (H, |||l )y) and (U, |||y, (-, )y) be separable R-Hilbert spaces with #5 > 1, let
(V,[Illy)) be a separable R-Banach space, let (€2, F,P) be a probability space with a nor-
mal filtration (F;)icpor, let (Wi)icp,m be an Idy-cylindrical (2, F,P, (F)iejo,r1)-Wiener pro-
cess, let A: D(A) C H — H be a generator of a strongly continuous analytic semigroup with
spectrum(A) C {z € C: Re(z) < n}, let (H,, ||z, ()5, ), 7 € R, be a family interpolation
spaces associated to n—A (cf., e.g., [24, Section 3.7]), for every k € N, w € Iy, i € {1,2, ..., #x}
let []7: H*!' — H?IF*! be the mapping which satisfies for all u = (ug, w1, ..., u;) € HF!

that [u]F = (uo,uml,u[%,...,ulw# ), for every k € N, § = (61,0,...,0:) € RF, a € [0,1),
i, i, i,# [

(3



€ [0,%2), J € P(R) let .5*” € R be the real number given by /5*" = dicanfio. k0 —
Li2,00)(#n(1,2,... ky) min{l —a, 1/2— 3}, and for every separable R-Banach space (J, ||| ;) and ev-
ery a € R, b € (a,00), I € B(R), X € M(B(I)&F,B(J)) with (a,b) C I let [’ X,ds € LO(P; J)

. b b
be the set given by [} X ds = [ [ L X0 | duoc} Ko ds]RB(J).

2 Some auxiliary results for the differentiation of random
fields

Lemma 2.1 (A chain rule for random fields). Let (U, ||-||,;) be an R-Banach space with #¢ > 1,
let (V| lly,) and (W, |||ly,) be separable R-Banach spaces, let (2, F,P) be a probability space,
let XF™ € Mpept oo LP(P;V), u € UM k € {0,1}, satisfy for all p € [1,00), z,u € U that
(U > Y = [XO,y]]P’B(V) c Lp(IP); V)) € Cl(U, LP(P; V)) and ( [onhplg(v))u = [Xl’(x’u)][p’g(v),

and let p € CY(V,W) satisfy that lim SUD,, ~oo SUDc v Ww < 00. Then

max{L[lz]|v }P

(i) it holds for all x,u € U that E[||o(X%%)||w + [|¢'(X%) X 1@ y] < oo,
(ii) it holds that (U > z — E[p(X*")] € W) € CY(U,W), and
(iii) it holds for all x,u € U that (LE[p(X"*)])u = E[¢/ (X)X H@w)].

Proof. Throughout this proof let ¢, € [0,00], r € (0,00), k € {0,1}, be the extended real
numbers which satisfy for all r € (0, 00) that

() [lw }

max (L, [} (10)

10" ()] Lovowy }

d -
o qTSWLmMLMMW

zeV

zeV

and let p € [1,00) be a real number which satisfies that ¢; , < co. We note that the fundamental
theorem of calculus implies that for all x € V' it holds that

1 1
nwm—mwmzl/wwmmﬂ < [ 1€ o el do
0 w 0

< cip [|lz]lv sup,epoy Imax{1, [[pz[[v }P = c1p [|z]|v [max{1, [z}
(p+1).

(11)
< c1p (max{1, [|z([v}]

This ensures that cg,41 < 0o. Holder’s inequality and the fact that ¢;, < oo therefore show
that for all z,u € U it holds that

E[l ¢/ (X®") XM lw] < e B[max {1, [ X0y 3P X C|y] (12)
< erp |lmax {1, [ X Hipan gy 1X 2@y < 00

and
E[llo(X%")Iw] < copsr E[max{L, [ X[y }|PHD] < oo, (13)

This proves item (). Next note that and the fact that V¢ € [1,00), x € U: (U S u—
(X1 gy € LYP; V) € L(U, LY(P; V)) ensure that for every € U it holds

5



a) that

sup [[E[g/ (X)X My

uel, [[ully=1

0,z D 1,(z,u) (14>
< cyp [[max{L, [ X2 v H oy sup [ X |2y < 0o
uel, ||lu|lp=1
and
b) that the function (U 3 u — E[p/(X**) X @] € W) is linear.
Hence, we obtain that
(U3 um Bl (XO) XMW e W) € L(U,W). (15)
In the next step we demonstrate that for all x € U it holds that
E XO,z+u —E XO,z —Elo XO,r Xl,(m,u)
g (P BlPCONBPCONCY _yy
U\{0}2u—0 [ullv

For this we first observe that for all z,u € U it holds that
IE[p(X°+)] = Elp(X*")] — B[/ (X)X 9|l
< E[p(X%H) — o(X7) — @ (X)X = XO0)][|w (17)
+ ||E[¢/(X0,x)(X0,z+u o XO,:;: . X17(27u))]||W~

Moreover, we note that Holder’s inequality and the fact that ¢; , < oo ensure that for all x € U
it holds that

lim sup
U\{0}5u—0

("E[QOI(XO’I)(XO’$+U o XO,I o Xl,($,u))] HW
Julle

< &' (X" | c2@nvwy) limsup (18)

U\{0}>3u—0

< ||X0,:c+u _ XO,I — Xl,(:z:,u) ||L2(IP’;V))
[[ulle
| X0t — X0 — XL ||£2<W)> )

||U||U

< ¢1,p |max{1, ||X0’z||v}||’22p(P;]R) Ul\i{r(lgl}sup0 (
Su—

Furthermore, we observe that the fundamental theorem of calculus shows that for all x,u € U
it holds that

||@<X0,z+u> . @(XO’I) . gOl(XO’m)(XO’x—W o XO@)HW

1
< [ X0t _ X0, / /(X0 4 p[XO 0 — XO0]) — o (X0 | ar dp.
0

1
/ [QOI(XO’:D 4 p[XO,eru - XO,:):]) o QOI(XO’QC)} (XO,x+u - XO,x) de
0

W (19)



Holder’s inequality and Jensen’s inequality therefore imply that for all x,u € U it holds that

[E[p(XPH) = (X)) — @ (X)X — X)) |w

1 1/2
< {B| [ o+ gt - X000 = 0O any do| | (20)
. HXO,:v—l-u . XO’mHEQ(IP’;V)-
Moreover, note that for all ¢ € (2,00), p € [0,1], x,y € U it holds that

E[l¢' (X% + p[X*¥ — Xo’x])H%(v,W)}
< Jerp| B [lmax{1, [ X% + p[X*¥ — X[}, }|]
< Jerp| Effmax{1, [ X[y, [ X ¥y }P]

< lewl (L + E[IXMIF] + E[IXOF]).

(21)

This and the fact that Vg € [1,00): (U 3 z — [X%*]pgny € LY(P;V)) € C(U, L%(PP;V)) ensure
that for all ¢ € (2,00), € U it holds that

1
lim Sup/o E[[l¢"(X*" + p[XO7 = XD L] dp < ler,|* (14 2E[IXO7[F7])

Usu—0

(22)
< o0.

In addition, observe that the fact that Vg € [1,00): (U > z = [X"|ppny € LIP;V)) €
C (U, L1(P; V')) shows that for all x € U it holds that

lim supy5,,_,, E[min{1, [ X" — X¥||,}] = 0. (23)
This implies that for all p € [0, 1], z € U it holds that
lim supy5,_,, E[min{1, [ (X% + p[X*¥ — X*7]) — X*||,}] = 0. (24)
The fact that ¢’ € C(V, L(V,W)) hence ensures that for all p € [0,1], z € U it holds that
lim supy sy o E[min{1, /(X0 + pXO¥ — XO]) — o/ (XO%) )] =0, (25)

This and Lebesgue’s theorem of dominated convergence imply that for all x € U it holds that

1

isup [ E[min{1, ¢ (X% + X075 = X0%1) = (X g H dp = 0. (26)
Usu—0 Jo

Combining this and, e.g., Lemma 4.2 in Hutzenthaler et al. [14] (with I = {0}, (Q, F,P) =

([07 1] X Q?‘B([O) 1]) ® F?M[OJ} X P)a c = 17 Xn(Q),(p,W)) = ”QD/(XO’I(M) + p[XO,a:+un(w) -

X0 (w)]) — cp’(XO’x(w))HL(Vw) for (p,w) € [0,1] x Q, n € N, z € U, (tun)men € {v €



M(N,U): limsup,,_, ||tm|lv = 0} in the notation of Lemma 4.2 in Hutzenthaler et al. [14]) es-
tablishes that for all € € (0,00), z € U and all sequences (u,)nexn C U with limsup,,_, o ||un||o =
0 it holds that

i sup, o (00) © B)({(p,) € [0.1] x 2 ¢ (XO(w) + pLXO= () — X0 ()]
= @' (X" (W)llzvw) = €}) = 0. (27)
This, (22), and, e.g., Proposition 4.5 in Hutzenthaler et al. [14] (with I = {0}, (Q, F,P) =
([07 1] X Q7 B([07 1]) ®F7N[0,1] ®P)7 p=4q, V= Ra Xn<®7 (pvw)) = ||@,<X07x(w) + p[X07x+un(w> -
X0 (w)]) = (X" ()| Lvwy for (p,w) € [0,1]xQ, n € No, z € U, q € (2,00), (Um)men, € {v €
M(Ny, U): limsup,,_,o |vm|lv = ||vo]lv = 0} in the notation of Proposition 4.5 in Hutzenthaler

et al. [I4]) yield that for all x € U and all sequences (uy)nen, € U with limsup,, ., ||un]lv =
||uo|lo = 0 it holds that

1
lim Sup/ E[[lo" (X% + p[X% e — XO0) — ' (X)L | dp = 0. (28)
0

n—oo

Moreover, observe that the triangle inequality and the fact that V¢ € [1,00), v € U: (U Su
(X1 oy € LIP; V) € L(U, LY(P; V)) assure that for all € U it holds that

] |:HXO,w+u _ XO’IH£2(]P’-V)}
lim sup ’
U\{0}3u—0 kol
XO,:Jchu _ XO,w _ Xl,(:]c,u) ) Xl,(ac,u) '
< limsup {” HE2(P’V)} + {H ”ﬁQ(P’v)} (29)
U\{0}5u—0 ||| welU\{0} l|lullo
{||X1’(x’“)||c2(m>;v>]
sup < 00
ueU\{0} [ ullv
Putting f into yields that for all x € U it holds that
o (VEPE) = o0 Y0 = X
U\{0}3u—0 l|w||v
XO,x—i—u _ XO,:L‘ ;
< limsup (H ||ﬁ2(1P’,V)) (30)
U\{0}3u—0 Jullo
) 1/2
| tmsup [ B[ (007 4+ X0 - XO%) = (X0 ] do| =0
U\{0}3u—0Jo

Combining , , and proves . In the next step we demonstrate that
(U S>x— (U Su— E[@’(XO’””)XL("”’“)] € W) e L(U, W)) e C(U,L(UW)). (31)

Observe that and the fact that V¢ € [1,00): limsupy, ,, E[|X%Y||{] = E[|X%*[]]] < oo
ensure that for all ¢ € (2,00), p € [0,1], x € U it holds that

lim SUPysy—a E[“SO/(XO’x + p[XO’y - XO@])”%(\/,ﬂ/)]
< el (L+E[XO7IR] + limsupys, . B[ X*[171]) (32)
= Je1p|? (L4 2E[|X"*[}7]) < oc.

8



Hence, we obtain that for all ¢ € (2,00), € U it holds that

i sup E[]/(2X°%) — ¢/ (X))

Usy—zx

0,z 0 0,279

< 2ql1Ur;1ys;1£)prer%%>1<}E[ng(X +p[ X7 - X ])HL(V’W)] < 0.
Moreover, note that (with p = 1 in the notation of ) and, e.g., Lemma 4.2 in Hutzen-
thaler et al. [14] (with I = {0}, (F,P) = (QFP),c=1 X"(0w) = ||¢(X""(w)) —
@' (X" (w)) |l Levw) forw € Q, n € N, (up)men, € {v € M(Ny,U): limsup,,_, |[vm—2vo||lv = 0}
in the notation of Lemma 4.2 in Hutzenthaler et al. [14]) establishes that for all € € (0, 00) and
all sequences (uy)nen, € U with limsup,, , . ||un — wo|ly = 0 it holds that

limsup, ., (¢ (X0") = & (X" |0, > <) = 0. (34)

Combining this, (33), and, e.g., Proposition 4.5 in Hutzenthaler et al. [14] (with I = {0},
(QFP) = (FP), p—q,V = R, X"(0,w) — /(X0 (w)) - ¢/ (X)) s, for w € S
q € (2,00), n € N, (tum)men, € {v € M(Ny,U): limsup,,_, [|vm — vollv = 0} in the notation
of Proposition 4.5 in Hutzenthaler et al. [I4]) yields that for all sequences (uy)nen, € U with
limsup,, ., [[un — uolly = 0 it holds that

lim sup,, o, E[[l¢/ (X)) — &' (X)L ] = 0. (35)

Next observe that the fact that for every ¢ € [1,00) it holds that the function U > z +— (U S
u s [XP@W]p gy € LUP; V) € L(U, LY(P; V) is continuous shows that for all z € U it holds
that

(33)

lmsup  sup X0V ey = sup [ XNE| ey < oo (36)
Usy—a uel, ||ul|y=1 uel, [Jully=1
and
limsup sup [ XBEW — XLO0) b py = 0. (37)

Usy—x wel, ||ullu=1

Holder’s inequality and (33)) hence ensure that for all z € U it holds that
limsup ~ sup HE (XOP) X @] — B[ (X)X e

Usy—x wel, ||u|lu=1

<limsup sup E[ng’(XOvz)(le(%u) _ le(y,u))”W}

Usy—z uel, ||ul|lp=1

Hlimsup sup  E[[¢/(X07) =/ (X)X 0]

Usy—z wel,||ullu=1

< H(p’(XO’x) HLQ(P;L(V’W)) limsup  sup HXL(’”’“) — Xt |’£2(]P);V)
Usy—z wel, ||uljy=1 (38)

+ [limsup [|¢"(X*%) — ¢/ (X®)|| 2@rvwy | limsup — sup HXl’(y’u)Hz?(P;V)
L Usy—zx Usy—z uel, ||ullu=1

< erp [[max{1, [ X[ 1 op gy limsup  sup (| XHE — XDy
Usy—a wel, |jully=1

+ [limsup [|¢' (X)) = &' (X | c2@ovwy | sup [|X O | g2y = 0.

| Usy—a uel, [|lullu=1




This proves . Combining , , and establishes item and item . The proof

of Lemma [2.1]is thus completed. O

Lemma 2.2 (Pointwise differentiation). Let (V, ||-||;,) and (W, ||-|l,;;) be R-Banach spaces with
#y > 1andletn €N, f € C(V,W), g € C(V, LYV, W)) satisfy for allu = (uy,uy, ..., u,) €
Vrox eV that

(n) () _
thUp ”f (x+h>u f ($)u gct)(“la”%"'a“n,h)”w

—0. (39)
V\{0}5h—0 |\ h]v

Then it holds that f € C"™(V,W) and f"V) = g.

Proof. We first note that and the fact that Vo, uy, us, ..., u, € V: (V S h e g(x)(ug,us, ...,
Up,h) € W) € L(V,W) and (V 2y — (V3 h— g(y)(ui,us,...,u,,h) € W) € L(V,W)) €
C(V,L(V,W)) imply that for all u = (uy,us,...,u,) € V", x,h € V it holds that (V Sy —
fM(yu e W) e CH(V,W) and (L (f™(z)u))h = g(z)(u1,us, ..., Uy, h). This and the fun-
damental theorem of calculus imply that for all u = (uy,ug,...,u,) € V", z,h € V it holds
that

£ (2 + h)u — f™) (z)u — g(x)(ur, v, . . tn, ) || w
= H fol [g(x + ph) — g(x)} (w1, ug, ..., Up, h) deW (40)
< 1Bl [T lusllv] Sy llg(@ + ph) = g(@) | onsns vw dp.

In addition, observe that the assumption that g € C'(V, L") (V, W)) ensures that for all z € V
it holds that

limsup sup |g(z + ph)|| Lmsnuy < 00 (41)
V>3h—0 p€l0,1]

Lebesgue’s theorem of dominated convergence therefore ensures that for all x € V' it holds that
: 1
lim supy 5,0 fo lg(z + ph) — 9($)||L<n+1>(v,W) dp = 0. (42)
Combining with yields that for all x € V' it holds that

=0.

— . 1) o+ ) = §O) () = gla)(un, -t )

VA{0}2h—0 u=(u1 up,. n ) E(V\ {O})" 1l TTizy llwillv
(43)
This and the assumption that g € C'(V, L"*V(V,W)) complete the proof of Lemma O

3 Regularity of transition semigroups for stochastic evo-
lution equations

This section establishes regularity properties of the transition semigroup.
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Lemma 3.1. Let (V,|-||,) and (W,|-||y,) be R-Banach spaces with #v > 1, let n € N, ¢ €
C™ YV, W), and let ®: V™ — W be the function which satisfies for all v = (vi, v, ..., Uyt1) €
Vit that ®(v) = 0™ (vn41)(v1, v, ..., v,). Then it holds for all v .= (vi,va,...,Uny1), h =
(hi,ho, .., host) € VI that @ € CH(V™H, W) and

®/(V)h :Sp(n+1) (Un+1)(U17 V2, ..., Un, hn+1)
+ 2?11 SO(n) (Un+1)(U17 Vo, ..., Vi1, By, Vig1, Vit2, .- 7Un>-

Proof. Throughout this proof let P: V™! — LMV, W) x V", : L™(V, W) x V" — W, and
¢: V2 — LW(V, W) be the functions which satisfy for all A € LM(V, W), v = (v1,vs,...,v,) €
V™ v, h €V that

(44)

P(vy,vg,. .., 0n,0) = (9™ (), V), B(A,v) = A(vy,va,...,05), (45)
and
o(v, h)v = "V (v)(vy,vs, . .., n, h). (46)
We note that for all v = (vy,vg,...,v,) € V" v € V it holds that
D(v1,v9,...,0,,0) = B(P(v1,v9,...,0,,0)). (47)

Furthermore, observe that the assumption that ¢ € C"™(V,W) ensures that for all v =
(v1,v9,...,0n), h = (hy, hy, ..., hy) € V™ v,h €V it holds that P € C*(V"+ LO(V, W) x V™)
and

P'(vy,v2, ..., 0, 0)(h1, ha, ..., hy, h) = (¢(v, h), h). (48)

Moreover, the fact that (3 is an (n+1)-multilinear and continuous function and, e.g., Theorem 3.7
in Coleman [7] assure that for all A, A € L™(V, W), v = (vi,v,...,0,), h = (h1,ha,... h,) €
V™ it holds that 3 € CY(L™(V,W) x V™ W) and

6,<A,V)(A, h) = 121(1)1,1)2, e ,Un) + ZA(’Ul, V2,...,V;_1, hi, Vi+1, Ui+, - - - ,’Un). (49)
=1

Combining — with the chain rule yields that for all v = (vq, v, ..., v,), h = (hy, he, ..., hy)
€ V" v,h € V it holds that ® € CY(V"T1 W) and

Q' (v1,v9, .., U, 0)(h1, hay o By, )

= B'(P(vi,v2, ..., 05,0)) P (v1,09, ..., 0n,0)(h1, hoy ..., hp, h)
= B'(P(v1,v2,...,0,,0))(¢(v, h), h)

= B'(¢"(v),v)(6(v, h), h)

n (50)
= Qb(l}, h)V + Z go(")(v)(vl, V2,...,V;_1, hi; Vit+1, Vit2, - - - ,Un>
i=1
= e (O) (01,2, vy ) 4 Y P )01, B Vi Vi, )
i=1
This implies . The proof of Lemma is thus completed. O
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Lemma 3.2. Assume the setting in Section[1.4 letn € N, p € Cp'(H,V), F € C}(H,H), B €
Cr(H,HS(U, H)), let X**:0,T) xQ— H,ue H*' ke {0,1,...,n}, be (F)tepr/B(H)-
predictable stochastic processes which satisfy for all k € {0,1,...,n}, u = (ug,uy,...,ux) €
H*1 pe (0,00), t €[0,T] that supse[O’T]E[HXf’“H%} < 0o and

[Xf,u ot 1{071}(@ Uth’,B(H)

t
= [ et []1{0}(/f) F(X2)
0

welly

n Z F(#@(XQ“O)(XfI?’[“]?, thgﬂ,[u}?f7 o ’szgw,[“]zwﬂ ds
(51)

t
+ / el=94 [wk) B(X00)

#ieo [T #rgulF #1g
S S

+ ) B (x0m)(X . ¢ #w4mzw)]dM@,

welly

, X

and let ¢: [0,T) x H — V be the function which satisfies for allt € [0,T], x € H that ¢(t,x) =
E[p(X)™")]. Then

(i) it holds for all k € {1,2,...,n}, u= (ug,uy,...,u,) € H**' t € [0,T] that
@ ,[u]f w ,[u]y #1w V[U]WW
ST E[[lp# (xpe) (T X T ] <00, (52)
welly
(it) it holds for all t € [0,T) that (H > x — ¢(t,x) € V) € C}(H,V),
(iii) it holds for all k € {1,2,...,n},ue€ H*, x € H, t € [0,T] that

(g 0) (t. 2)u
w,[(z,u)]7 = ,[(z,u)]5 H#rw 7[($7u)}ww
_ Z E [SO(#W)(X?’1> (Xt#ll [(z,w)]f X#I2 [(zw)]3 X 1z # )] 7 (53)

P 7 )t t
welly

(iv) it holds for all p € (0,00), k € {1,2,...,n}, § = (61,09,...,0) € [0,1/2)*, a € [0,1),
B € [0,12) with S5, 6; < V2 that

808

e Xk,(x,u) .
sup sup Hk t HLP(P’H) < 00,
xeH u=(u1,u2,..., uk)E(H\{O})k te(0,7] Hi:l Hu74||H—6Z

(54)
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(v) it holds for all k € {1,2,...,n}, § = (01,0,...,0) € [0,1/2)%, a € [0,1), B € [0,1/2) with
S 6 < VY2 that

sup sup

120 | () (1 v)u),
VEH u=(ut uz, ..y )E(H\{O}) LE(0,T]

k
[Ticy llwille,

< [T 12 minli=ad=5} o) (55)
5 a,B z,
[ e ||c#w(pH)]
< 00,

: Z H sup sup sup

L 1o PEH u=(ui)ier€(H\[0)#1 t(0.T] [Lics lluilla s,

(vi) it holds for all p € (0,00) that

XO,Z‘ _ XO,y )
sup sup I e < 00, (56)
x,y€H, te(0,T) ||x - yHH
THY
(vii) it holds for all p ek (0,00), k € {1,2,...,n}, 6 = (61,02,...,6,) € [0,12)%, «a € [0,1),
B € [0,%/2) with 3y 0 <2 and |F|yr iy m_ ) + IBluigs(mmsw.n_ gy < oo that
L8 .
X FE = XU o
sup sup < 00, (57)
PYEH, (1 e ECH\(O) EOT] lz =yl Ty Nl s,
and
(viii) it holds for all k € {1,2,...,n}, 6 = (81,09,...,0x) € [0,1/2)%, o € [0,1), B € [0,1/2) with
k
> i1 0i < Y2 and |F|Lipk(H,H,a) + | Blupkmasw,m_yy) + 1©luipk ) < 0o that
{20 t,w)lu
o [ - (@],
DEH, u=(ur ) (O 0T lv = wlla Ty uillzy,
<|T'v 1‘[k/2] min{l-e,}/2=8} HSDHLipk(H,V)
Z X7 = XY gt sy
: sup sup iz = ol
z,y€H, te(0,T -
welly ZZ‘J#y G( ]
504B wu
|XE o gy (58)
sup sup sup
Tew TE€H u=(u;);cre(H\{0})#1 t€(0,T] Hie[ HUZHH 5

+ Z sup sup sup
Iew xfif u=(u;)ier€(H\{0})#1 t€(0.T]

6 o.fB #J7 r,u
||X ”E#W(IP’;H)
sup sup sup < 0.
Jeon (1) TEH um(us)ie s €(H\(0)) 7 1E(0.T] [Lic lluille s,

t zi?z)gfl} ||X#I z,u) Xt#b(%U)“L#W(P'H)
2 = yllor TLies lwiller,
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Proof. Throughout this proof let o € [0,1), § € [0, 1/2) and let D, € P(R¥), k € N, be the
sets which satisfy for all k& € N that Dy, = {(01,0s,...,0) € [0,1/2)%: S2F  §; < I/2}. Note that
Hélder’s inequality shows that for all k € {1,2,...,n}, u= (uo,ul, o ug) € HFY ¢ €[0,7T] it
holds that

S B[ e (x]TE XPE xEy)

welly

[u]f
Z ’90’c#w HY) HHX [y

well

(59)

This, the assumption that ¢ € CJ'(H,V), and the assumption that Vk € {1,2,...,n}, u €
H*1' p e (0,00): supte[O’T]E[HXf’uH%] < oo establish item (). Moreover, note that
implies that for all k € {1,2,...,n}, 01,09,...,0, € [0,00), u = (uy,ug,...,ux) € (H\ {0})F,
x € H, t€[0,T] it holds that

1 PR P (CRY) Sl () #ig @)
5 T, 25" [Hw#w T T )
=1 ( H—(Si welly
=, [(au)]7 (60)
X
Z |90|O#W(HV)H H
welly ] 1 HUI

In addition, and item (ii) of Theorem 2.1 in [2] (with T =T, n=n, H = H, U = U,
W=W, A=A n=n F=F,B=B,a=0,=0k=k p=p 6§ =(0,0,...,0) € R*
for p € [2,00), k € {1,2,...,n} in the notation of Theorem 2.1 in [2]) ensure that for all
ke{l,2,...,n}, p€[2,00),te|0,T]it holds that

Xk,u )
sup —H 2 ler e < 0. (61)
u=(uo,ur.u) EHx (E\(OD* | [Timy [Jwillar

This, Jensen’s inequality, and (with k =k, 6, =0,0,=0,...,0, =0 for k € {1,2,...,n}
in the notation of ) imply that for all k € {1,2,...,n}, t € [0, 7] it holds that

sup sup (k;
r€H u=(u1,u2,...,ur)E(H\{0})* [Tz il
- 0,z #1w7[($7u)]11ﬂ #Iw,[(af:,u)]? #Iww 7[(1"“)};@,
]E[HSO(# )<Xt >(Xt ' 7Xt : 7"‘7Xt # )HVi| (62>
WGH}C
J(z,u)
X7 o
’90| #oo sup sup < 00.
w;k ey H = PEH u=(u;)ic 1 €(H\{0})#1 [Lics llwill e

Furthermore, and item (iii) of Theorem 2.1 in [2] (with T =T, n=n, H =H, U = U,
W=W,, A=A n=n F=F, B=DB,a=0,=0,k=%k p=p x =z for
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r € H, pe€l2,00), ke {l,2,...,n} in the notation of Theorem 2.1 in [2]) assure that for all
ke{l,2,...,n},p€[2,00), x € H, t€[0,T] it holds that

(H* 3 u e X" 5 € LP(P; H)) € LP(H, LP(P; H)). (63)
This and establish that for all k € {1,2,... ,n}, z € H, t € [0,T] it holds that

w,[(z,u)]7 w,[(z,u)]¥ #rw 7[($7u)]ww
(H* 30 3o, B[t () (x0T e P e )

e LW(H, V). (64)
In the next step we prove that for all k € {1,2,...,n}, t € [0,7T] it holds that

#va[(xvu)}? #va[(zﬂ'l)}?

(H9x|—> (Hk9u1—>2 [ #e) (XY (X, 1 LX)

welly

# w 7[($7u)]w
X, #= #W)} € V) c L““’(H,V)) € C(H,LW(H,V)). (65)

For this we observe that the triangle inequality and Holder’s inequality imply that for all k£ €
{1,2,...,n}, 01,09,...,0, € [0,00), u = (u1,us,...,ux) € (H\{O}* 2,y € H, t € [0,T] it
holds that

w,|(x, i w,[(z,u)]T H#w 7[($7u)]ww
k; Z E[(p(#w)(Xf’x) (Xt#ll [(z,u)]5 ,XfIQ [(z,w)]3 X g % )
Hi:l ||UZHH_51 WEHk
w,\Y> i @,[\Y, z H#w 7[(yau)]ww
_ (P(#w)(XtO’y) (Xt#fl (v, w)]f 7Xt#12 [(y,w)]3 X, 17 # )]
|4
1 (#) Oa: (#2)( vO0u #iws[(@w)F | #resl(zu)]F
= 15 wille 5 well, ( [H[ X - (X )] (Xt , Xy e
#ro [(zu)]g 0 #r=l@wF #zl@n)]F #ro Ll(zu)]g
XTI | ] [t ey (T xR
#va[(yvu)] #va[(yvu)]w #Iw ’[(y’u)]zw
_(p(#W)(X;J’y)(Xt ' 17Xt ? 27"'7Xt e )” ])
e, (66)
v @ +1(P;H

<> {Hso(#“)(X?’ ) = @)X | s b 1,1 H — —

well =1 Hj:zl ||UI?' [ -

sJ Iz,j
He #iz (@) #i1=(y )7
||X - Xt (P;H)
+ ’@lC#W(Hy) Z #1w
12 fhuse,

%)

i—1 #I.Wv[(yvu)}"w #w #I. 7[($ l.l
[ I, Jnﬁ#wmﬂ)” Ix; u.c#w@»m”

el i
j=i+1 =1 ||U/Ifl||H_5le
7

=t Il Mg s o
Js

Next we note that and item (iii) of Corollary 2.10 in [I] (with H = H, U =U, T =T,
n=na=08=0W=W,, A=A F=F B=B,p=p,0=0forp € [2,00) in the
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notation of Corollary 2.10 in [I]) ensure that for all p € [2,00) it holds that

X" — XY cogeny

sup  sup (67)
x,y€H, x#y tc[0,T] Hilf - yHH
This implies that for all z € H, ¢ € [0, T] it holds that
lim supy,, ., E[min{1, X2 — XY} = 0. (68)

The fact that Vk € {1,2,...,n}: ¢ € C(H,L®™(H,V)) therefore assures that for all k €
{1,2,...,n},x € H, t € [0,7T] it holds that

lim Sup 1oy 0 Efmin{L, [|o® (X0*) = 6® (X)]] 0 1.1, H] = 0. (69)

Combining this and, e.g., Lemma 4.2 in Hutzenthaler et al. [14] (with I = {0}, (Q, F,P) =
(97F7P)7 ¢ = 17 Xm(q)aw) = ng(k)<Xt07ym(w)) o So(k)(Xfyyo(w))HL(k)(H,V) for w € Q: t e [O’T]a
meN, ke {l,2,....,n}, (y)ien, € {v € M(Ny, H): limsup,_,, ||[vi—vo||lz = 0} in the notation
of Lemma 4.2 in Hutzenthaler et al. [I4]) establishes that for all k € {1,2,...,n}, € € (0,00),
t € [0, 7] and all sequences (Y )men, € H with limsup,, . [|[ym — vollz = 0 it holds that

lim sup,,, o IP>(||90(k) (Xz?’ym) - Sp(k) (Xto’yO)HL(k)(H,V) > 5) = 0. (70)

Combining this, the fact that Yk € {1,2,...,n}: sup,cy l¢® (2)|p0my) < oo, and, e.g.,
Proposition 4.5 in Hutzenthaler et al. [14] (with I = {0}, (2, F,P) = (Q, F,P),p=p, V =R,
XM (0,w) = [¢® X0 (w)) — g (X ()| oo aryy for w € O, ¢ € [0,T], p € [2,00), k €
{1,2,...,n}, m € Ny, (y1)ien, € {v € M(Ng, H): limsup, . ||vi — vol|g = 0} in the notation
of Proposition 4.5 in Hutzenthaler et al. [14]) therefore shows that for all &k € {1,2,...,n},
p € [2,00),t €[0,T] and all sequences (Ym)men, C H with limsup,, . |¥m — vollz = 0 it holds
that

lim sup,, oo E[[0®(X07) — o® X2 0 0] =0 (71)

)

Furthermore, and item (v) of Theorem 2.1 in [2] (with T =T, n=n H=H, U =U,
W=W, A=A n=n F=F B=B a=0,=0,k==Fk p=pforpe [20c),
k € {1,2,...,n} in the notation of Theorem 2.1 in [2]) ensure that for all £k € {1,2,...,n},
p € [2,00), t € [0,7] it holds that

(H>aw (H* 3 um XY 50 € LP(P; H)) € LW (H, LP(P; H)))
e C(H, LW (H, LP(P; H))). (72)

Combining (with k =k, 61 = 0,9, =0,..., 0 =0 for k£ € {1,2,...,n} in the notation
of (66)) with (61)), (71)), (72), and Jensen’s inequality yields that for all k € {1,2,...,n}, x € H,
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t € [0,T] it holds that

lim sup sup (k;
H3y—x u=(uy,usz,...,ur)E(H\{0})* [Ty luilla
T # w,[(x,u)}w # w,[(x,u)]w #Im 7[(x’u)]zw
S B[t () (xp T X X
welly
_ ) (X0) Xfflw,[(y,un?’ X:#Ig,[(y,ungf’ L sz;;wv[(yvu)lzw)} >
Vv

< Z {(hm sup [I\@(#“)(Xto’x) - w(#“)(Xf’y)Hc#w+1(1P;L<#w>(H,V))])

well), H>y—x

) H sup ”Xt#h(xm | c#e=1;m)
Tew u=(ui)icr€(H\{O})#I Hie[ HUZ”H

. HX#I»(LU) _ X#I’(y’u)HL#w Bl

Tew \ H2Y=% u=(u;);er€(H\{0})#1 Hie] ”UZHH

11 X e
. sup sup =0.
seonin e u—iesetmponts | Llies uilla

This proves (65). Next we claim that for all k € {1,2,...,n},u€ H* z € H, t € [0,T] it holds
that (H 2y~ ¢(t,y) € V) € CF(H,V) and

(73)

7%[?'7[(‘%711)]11D #[g,[(x,u)]zw #Izw’[(x’u)]zw)} (74>

(Fo)taju= & E[p#007)(X, X, X

welly

We now prove by induction on k € {1,2,...,n}. For the base case k = 1 we note

that (51), Jensen’s inequality, and items (ix)—(x) of Theorem 2.1 in [2] (with 7' =T, n = 7,

H=H U=UW=W, A=A n=n F=F, B=B, a=0,=0p=p, t=t

for t € [0,T], p € [2,00) in the notation of Theorem 2.1 in [2]) ensure that for all p € [1,00),
z,uy € H, t € [0,T] it holds that (H >y — (XY () € LP(P; H)) € C'(H,L*(P; H)) and

T 1,(z,u1
(%[X?’ Ipscm)u1 = [X; ( )]IP,B(H)- (75)

Lemma .1 (with U = H, V. = H, W =V, (O, F,P) = (UL F,P), X™" = X;™™, ¢ = ¢ for
t €[0,T],u e H™™ m € {0,1} in the notation of Lemma therefore implies that for all
z,u € H, t €[0,T] it holds that

(H>yw~ o(t,y) =Elp(X")] € V) € C'(H,V) (76)
and
(20)(t, z)u = B¢/ (X)X ). (77)

This and prove in the base case & = 1. For the induction step {1,2,...,n — 1} >
k— k+1 € {2,3,...,n} assume that there exists a natural number k € {1,2,...,n — 1}
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such that holds for k = 1, k = 2,....k = k, let ®,,: H"™ — V. m € {1,2,... k},
be the functions which satisfy for all m € {1,2,...,k}, u = (ug,ug, ..., Upy1) € H™ ! that
@, (1) = " (Upy1) (U, Us, - - -, Up), and let Y™VZU: [0,T] x Q — H#=*1 u € H* @ € Iy,
v € H™ m € {0,1}, be the stochastic processes which satisfy for all @ € II;, u € H*,
xz,h € H, t €[0,T] that

#r=,[(z,u)]7 #r=,[(zu)]5 #1w 7[(1711)]#12, T
Y?,x,w,u = (Xt g =l 7Xt 2 ez g 7Xt # ,Xto’ ) (78)
and
2.h) . #ro=+1,([(z,0)]7,h #ro+1,([(z,0)]5,h #rw +17([(x,u)]#w,h) I
Ytl7( 7h)7 u — (Xt Il ([( )]1 )7Xt 12 ([( )]2 )7 “e . 7Xt I#w 7‘:<t17( 7h)). (79)

Next note that Lemma(with V=H W=V, n=m,p=¢, &=>, forme {1,2,...,k}
in the notation of Lemma shows that for all m € {1,2,...,k}, u = (ug,ug, ..., Uni1),
0 = (U, g, ..., Uny1) € H™ it holds that ®,, € CH(H™ V) and

@%(u)ﬁ = go(m+l) (um+l)<u17 U2y . ooy Umy, ﬂ/m+l)
+ Z£1¢(m)(um+l)(uhuz7 ey Wity Ty Ui 15 Uiy - - - 5 W)

(80)

This and Holder’s inequality imply that for all m € {1,2,... k}, u = (uy,ug, ..., Upy1), @ =
(T, Uy - . ., Upyy) € H™ it holds that

15, (W)l

< el gy Nl T il + 20 Vel sl Tyequs, s Il (s1)

~ m m 1/2
< [lafl zmn [|¢|20?+1(va) [T, lJwill + |‘P|2cgn(H,V) > i Hje{1,2 ..... m3\{i} ||UJ||%{]

Hence, we obtain that for all m € {1,2,...,k}, u= (uy,ug, ..., Upnr1) € H™ it holds that

m m 1/2
195 (W) |z vy < el ooy TR Nuilld + 325 Theqaa, mpyy sl

< H90||c;”+1(H,V)
m m 1/2
' [Hi:1 max{L, ullgme }* + 3707, Hje{1,2 ..... m3\{i} Imax{1, ||u||Hm+1}|2}
<vm+1 ||g0||c;:1+1(H’V) lmax{1, [[u|| gm+ }|™.

(82)

This shows that for all m € {1,2,...,k} it holds that

®' (u m
sup | (Wl v) < 0. (83)
wermtt [max{1, |[al| gm+i ™

Next we note that for all m € N, p € [1,00), Y1,Ys,...,Y,, € LO(P; H) it holds that

[V, Y, Yallasgeaarmy = ISV | oy < I ¥l ooy

- (84)
<D WYl er iy
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This shows that for all m € {0,1}, p € [1,00), @ € Iy, u € H*, v.€ H™ t € [0,T] it holds
that
YV e LP(P; H =), (85)

Next observe that (63)), (84), and Jensen’s inequality imply that for all p € [1,00), w € I,
uec H¥ x e H,te€0,T] it holds that

(H 3 h e [YO=Y e LP(P; H*=*1)) € L(H, LP(P; H#*="1)). (86)

P,B(H#w+1)

Furthermore, we note that and item (vi) of Theorem 2.11in [2] (with T'=T,n=n, H = H,
U=UW=W, A=A n=n F=F, B=B, a=0,=0k=m,p=p, x=uxfor
r€ H,pe[2,00), me{2,3,...,k+ 1} in the notation of Theorem 2.1 in [2]) ensure that for
allme{2,3,...,k+1}, pe[2,00), z € H, t €[0,T] it holds that

['IX?_L(HU'”’“) — X x| e
[T (Jwilla
(87)

Combining and with and Jensen’s inequality yields that for all p € [1,00), w € I,
uec H¥ x e H,t€0,T] it holds that

lim sup sup = 0.

H\{0}>um—0 u=(u1,u2,....,um—1)€(H\{0})™~1

0,z+h,,u 0,z,70,u 1,(z,h),ww,u
lim sup ”Yt i X HLP(P;H#WH)
H\{0}5h—0 Pl e
0,x+h 0,x 1,(z,h
< Timsup | X; T X7 =X ( )||U’(IF";H) (88)
© H\{0}3h—0 Riv
#Iw7[(x+h7u)}iw #IW7[($,U)]? #Iw+17([($7u)]?’h)

i= . ”Xt ' - X - X HEP(]P'H)
+ Z lim sup ’ = 0.

“— 1\{0}3h—0 ||| o

In addition, combining with and Jensen’s inequality yields that for all p € [1,00),
well,,ue H* x € H, t €0,T] it holds that

[ HYtlv(w,h):‘W,u . Ytl,(y,h),w,u Hﬁp(]P’;H#erl)]

limsup sup

H>y—az heH\{0} ||h||H
. Hth,(x,h) _ th’(y’h)HLP(PH)
< limsup sup ’ (89)
H>y—az heH\{0} ||h||H
- #1= +1,([z,u]F k) #1=+1,([yu]7h)
z . ||Xt § - X, " ||£”(1P’;H)
+ Z limsup sup =0.
i—1 H3y—z heH\{0} 1]

Combining and hence yields that for all p € [1,00), @ € II, u € H* x h € H,
t € [0,7] it holds that

(H 2y~ Y™ € LP(P; H*=*Y)) € C'(H, LP(P; H*=11)) (90)

P,B(H#W+1)
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and .
(%[Y?w’w’u}ﬂwa{#wﬂ )h = [Y ol

This, (80), (83), and Lemma R.1] (with U = H, V = H#*=*' W =V, (Q,F,P) = (Q, F,P),
X0 = yoemu xLeh) — ypEh®n o g, fort € [0,T], x,h € H, u € H*, @ € II; in the
notation of Lemma assure that

(a) it holds for all w € II,, u € H* t € [0, 7] that

}P’B(H#erl)' (91>

(H SroE [cb#w (Y?””’w’“)]

w,[(z,u)]7 @ ,[(z,u)]5 #rw 7[(x7u)]ww
= E[o#=)(x07) (x/ (CWIF (i lewlF PR T )|ev)ecimy) (92

and

(b) it holds for all @ € IIy, u € H*, z,u;y € H, t € [0,T] that

w

T # w,[(az,u)]w # w,[(x,u)]w #Iw ’[(I’u)} w
<%E[@(#W)(X?’ J(x] TR x e xR )])ukﬂ

= ((,%]E [@#w (Y?,x,w,u):| )Uk+1

—F [q);iw (Y?,x,w,u)Ytl,(x,uk+1),w,u:|

:]E[w(#wﬂ)(Xto,x)(Xz#ziw,[(x,u)h Xl g el Xl’(“"”’“’““))} (93)

@, [(z,u)]¥ @ ,[(z,u)]T #rw (@)
Z [ () (Xox)(Xt#Il ()] ,Xt#12 [( )]2,-~-,Xt 21

9

Xjé]gﬂ"rl ([(x u)] uk+1), Xf[ﬁ17[(zvu)]ﬁ1, Xj#lﬁz’[(mfu)]ﬁQ, o 7Xjélzw 7[(x7u)}zw):| .

Combining item @ with the induction hypothesis shows that for all u € H*, ¢ € [0, 7] it holds
that

7 z,u =, [(z,u)]F # o ’[(w’u)}ww
(HBJCH> ZE[ #w)<X0x>(X#I (2,07 T oxt ( )JQ’_”,Xt I = >]

wwelly
a* 1
= (Zo)(t,z)u € v) e CY(H,V). (94)
[tem (]E[) hence proves that for all u € H*, x,h € H, t € [0,T] it holds that

(& [(F0) (t.x)u] )R
= Z {E [@(#WJFU(XE’I) (thiv,[(:v,U)}?’ Xt#lg’[(w,umw, N ’Xflzw,[(m,u)]zw | th,(x,h))]

welly

w w w 95)
#1w,[(z,u #1%=,[(z,u #r= L(zu)]Z (
§ |: # (l<0x) (xft Il [( )]1 7Xt 12 [( )}2 g e 7Xt Il !

X:#Iiwﬂ,q(x,u)]?,h)’ sl e (EwIR, Xff;fw’[(”’“”ﬁw)] }
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In addition, note that

Mt = {@ U {{k+1}}: = € T}

(96)
U{{I IF, TP IF Uk 1)1 I, T2 i e (1,2, #a ), weﬂk}.
This ensures that for all u = (ug, uy,...,ux) € H**' h € H, t € [0,T] it holds that
u # w,[(u,h)}w # w,[(u,h)]w #Iwwv[(uvh)];w
Zweﬂk_H (p(#W)(X} O)(Xt i ' 7Xt E ’ PR 7Xt ” )
w,uw w ,|u [ ] w u
= S, [P0 (T T R )
(97)
w,uw w,uw w 7[u]i—i #'.”7 1, u?’h
o e (P (] T X ”2,...,Xt O ey,
#Iiwlv[u}?1 #Iiﬁ'Qv[uL‘WQ H#iw 7[u];w
X, TR )].
Combining this with establishes that for all u € H* o, h € H, t € [0,T] it holds that
(i [(Ge0) (1 2)u] )
z,u,h w,[(z,u,h)]5 #rw 7[($1u’h)]ww
S E[ (o) g0y (T (OHIE i el g 7 7)] (98)
wellp 1
Hence, we obtain that for all u = (uy, uy,...,ux) € H*, x € H, t € [0,T] it holds that
lim sup —H(axk )(t, 2+ h)u— (Z£¢)(t,z)u
m{oysh—o \ |[Allz
@ ,[(z,u,h)]T @ ,[(z,u,h)]s #rw [(zu,h)]F
_ ZWGHME[@%)(XO;U)(X pllenIE b lemlE g (el 1. )
Combining (65) and Lemma- withV =H W=V, n=%k f=(H>z+— ,x) €
x # ()7 r=s(w, )}
V), g = <H 5@ (B 5 u o X Elpto (X0 (x0T el

#1w 7[(x’u)]w
X, R ") e V) e LEFI(H, V) for t € [0,T] in the notation of Lemma therefore

shows that for all u € H*', x € H, t € [0,T] it holds that (H > y > ¢(t,y) € V) € C*(H,V)
and

(Zrer0) (1, 2)u
w,[(z,u)]¥ w,[(z,u)]¥ #row 7[(93»‘1)}17,2.
_ Z E[w(#w)(XtO’x>(Xjéll [(zu)]f ,Xt#lz [(z,u)]3 o ,Xt 1z # )] ‘ (100)

Y

welly1

This and prove in the case k + 1. Induction thus completes the proof of (74).

Next observe that item and item follow immediately from . It thus remains to
prove items (iv)—(viil). To prove item we first note that and item (ii) of Theorem 2.1
in 2] (with T =T, p=nH=HU=UW=W, A=A n=n, F=F, B= B,
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a=a,f=pk=kp=p d=46ford €Dy, pec|200),ke{l,2...,n}in the notation of
Theorem 2.1 in [2]) ensure that for all k € {1,2,...,n}, p € [2,00), § = (J1,02,...,0x) € Dy it
holds that

5,a,8

Xk,ll )
sup X, HEP(P’H)] (101)

tL
u=(uo,ut ... )EH x (H\ {0})* t€(0,T] [ [T il

This and Jensen’s inequality establish item . Moreover, observe that for all k € N, 6 =
(61,09, ...,0r) € R*, @ € I}, it holds that

Sup t(fb(js’a”(a‘i’z'iel 61) — Sup tmin{17a71/27ﬁ} ZIE’E’ ]1[2,00)(#1)
te(0.7] e t€(0,7] (102)
_ puin{1-a/2-5) Sren lam) (1) < |77y 1|2 min{1-au1/2-5)

Combining ) with item ( ., , , and Jensen’s inequality yields that for all £ €
{1,2,...,n}, 5 = (01,02,...,0;) € ]D)k it holds that

sup sup sup

(i <sz¢) (t,v u”v
veH u=(u1,u2,...,ur)€(H\{0})* t€(0,T]

I, ||Uz'||H75i

welly t€(0,7] lew
5 o, z,u)
[ 167 e (P;m]) (103)

[Lec: ||“1HH751

w P u=(u;)icr€(H\{0})#1 t€(0.T]

< |T v 1|lk/2 mintl e 17225} lellex vy

Z H sup sup sup

welly, Iew & u=(w)iere(H\{0})#1 t€(0.T]

. ( H sup sup sup
Ie

5,a,3
£ HXt#I’(m’U)H,C#W ) )
Hie] ”ui“fLai

This proves item ([v]). Next we observe that and item (iv) of Theorem 2.1 in [2] (with T' =T,
n=n, H=H, U=UW=W,A=An=n F=F B=B, a=a,=08,k=Fk p=np,

=dford €Dy, p€(2,00), ke{l e€{l,2,....n}: |[Fluym .+ |B|Llp (HHS(WU,H_5) < O}
in the notation of Theorem 2.1 in [2]) ensure that for all £ € {1,2,...,n}, p € [2, oo) 4 =
(01,02, ..., 0k) € Dy with |Flpe g m_o) + [Blupk(asw,n_,) < 0 it holds that

(5 0),a,58 (z,u) k,(y,u
X — X o
sup sup sup (104)
PYEH, u=(us vz ) E(H\ O 1€(0.T] |z =yl Ty uillers,

Combining this and with Jensen’s inequality establish items and . Moreover, note
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that for all k € N, § = (61,02,...,0x) € R¥, @w € I}, I € w it holds that

sup [t( gi?iflf}zie[éi) H t(_L‘ff’a’ﬁﬂLZieﬂi)
te(0.1] Jewm\{I}

= sup pmin{l—a,l/2=B} [1437 e o\ 11y L2,00) (#7)] (105)
te (0,7

_ prin{l-a 2SI e 1) Haoe) (#)] < |7y 1)[K/2] min{1-as1/2-5},

Furthermore, note that item and imply that forall k € {1,2,...,n}, 8 = (01,02,...,0;) €
Dy with [[1;,6 1) < o0 it holds that

1210 || T (2 8) (¢, v) — (L) (¢, w)]u
sup sup sup [(8:ck¢)( )k (Bxk(b)( )] HV
DIEH, u=(ur e ) (O LEO.T [0 = wlla [Timy lwillm_s,

< Z {‘SO‘Lip#w(H,m( sup [Ht 4 ier 0i)

welly €(0,7] lew

X7 — X2\l o iy
sup sup
z,yeH, te(0,T) |z —ylla
T#y

5 a,f ||X#Ia(l' ,u Hﬁ#w+1(P;H)
. H sup sup sup
Tew TEH u=(u;);er€(H\{0})#1 t€(0,T] Hie] ||Ui||H_5i

+ ‘(;0|C#w HV)Z( sup [ %?ifﬁ"‘zz@l@) H t(—L‘}’a’ﬁ—i-Zie(,éi) )
Iew \1€(07] Jew\{I}
(5,0),0,6
t1u{k+1y ”Xt#b(%u) X#I, y,u) ||L#w -
| sup sup sup
BYEH, u= (e 1 €(H\{0)) 1 tE0.T] & = ylla Tlics Nuilla_s,
a7y

5af3
H HX#J’ " ”L’#W(PH)
. sup sup sup )
Jean () TEH u=(u)ies €(H\(0)#1 te(0.T] ics lluillzs,
(106)

Combining ([106]) with (67)), (101), (102), (104), (107)), and Jensen’s inequality establishes item (viii).
The proof of Lemma is thus completed. n

Theorem 3.3. Assume the setting in Section[1.4 and letn € N, ¢ € C;'(H,V), F € C}(H, H)
B e C}H,HS(U,H)). Then

(i) it holds that there exist up-to-modifications unique (Fi)cio.r1/B(H )-predictable stochastic
processes X®1: [0,T] x Q@ — H, u € H*' k € {0,1,...,n}, which satisfy for all k €
{07 17 ce 7n}; u= (u07u17 s 7uk> S H]H_l; pE <07 00)7 te [OvT] that SupsG[O,T] E[”Xﬁ:,u”%] <
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oo and
X8 e 10w

t
0

n Z F(#W)(Xg’"o)(XfI?’[U]?, szg,[U]?’ o ’XS#IZW,[U]iw)] ds

welly

(107)

t
0

u w ,[u]y #iw »[u}ww
+ 30 B (x0my(x T XFEE L xR )] AW,

welly

(i1) it holds that there exists a unique function ¢: [0, T|x H — V which satisfies for allt € [0,T],
v € H that ¢(t, ) = E[p(X{)],

(iii) it holds for all t € [0,T) that (H 3 x + ¢(t,z) € V) € CP(H,V),
(iv) it holds for all k € {1,2,...,n}, u = (ug,u1,...,ux) € H**', t €[0,T] that

Z E[ng(#w)(X?’uO) (quﬂv[u]?’Xflg’,[u]g’ o ,Xjﬁlgw’[u@w) HV:| < o0, (108)

well,
(v) it holds for all k € {1,2,...,n}, u € H* x € H, t €[0,T)] that
(azk¢)(t z)u
_ 3wl (T s thgw,[wu)lzw)}’ (109)

welly

(vi) it holds for all p € (0,00), k € {1,2,...,n}, § = (61,09,...,0) € [0,1/2)*, a € [0,1),
€ [0,1/2) with Zle 0; < 1/2 that

5 a,p (z,u)
X v
sup sup | ler@n < 00, (110)
2€H u=(us uz,....ux) €(H\{0})* t€(0,T] TTE lwillary,
(vii) it holds for all k € {1,2,...,n}, § = (61,02,...,0) € [0,1/2)*, a € [0,1), B € [0,1/2) with

S 6 < VY2 that

sup sup
VEH u=(uy,us,...,uy)€(H\ {0}k t€(0,T]

20 o (20) (¢, U)U‘HV]
| 1

< T v Wm0 o) o gy (111)

504[‘1 #I xu
Xy -
[ H ”L# IP’H)] < ’

Hie[ ||u2||H_5i

’ Z H sup sup sup
welly, Tew PEH u=(ui)iere(H\{0})#1 t€(0,7]
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(viii) it holds for all p € (0,00) that

XO,:J: . XO,y ]
sup sup 1% e erean < 00, (112)
x,yiH,tG(O,T] ||ZL‘ - yHH

a#y

(iz) it holds for all p € (0,00), k € {1,2,...,n}, § = (61,02,...,0) € [0,1/2)%, a € [0,1),
€ [0, Y/2) with Zf:l 0 < Y2 and |Flypegn ) + 1 BlLipk( (HHS(UH_g)) < 00 that

(60)aﬁ (z,u) k,(y,u
[ 15— XPO iy

] < 00, (113)

sup sup
Py, u=(us iz, u) €(H\ (0D t€(0T] |z = ylla T o,
and
(z) it holds for all k € {1,2,...,n}, § = (01,09,...,0) € [0,1/2)%, a € [0,1), B € [0,1/2) with

k
> i1 0i < Y2 and |F’Lipk(H,H_a) + |B|Llpk(H,HS(UH )+ 1@l Lipk a1y < 00 that

iy 6
sup sup sup t ' [(390’“ (b) (t U) (Bxk (b) (t w }u”v
w1\ O 00T ol TTs el

< |T \ 1|[k/2] min{l—a,l/2—

: E { sup sup
well, :r,é;if, te(0,77]

& HQOHLipk(H,V)

X0 = XDV gt sy
|z —yllr

sup sup sup
Tew P€H u=(u;)iere(H\{0})#1 t€(0,T]

6(1[3 xll
X o (114)
Hie] ||U’HH—51'
(8,0),
[t Iu{k+1} HX;#I:(x,u) _ Xfl’(y’u)HL#w(IP’;H)]

1z = ylla TLics lluwillms,

beo

Proof. Note that items ({i) and (ii)) follow immediately from item (i) of Theorem 2.1 in [2] (with
T=T,n=n, H=H, U=UW=W, A=A n=n F=F, B=B,a=0,=0in
the notation of Theorem 2.1 in [2]). Moreover, observe that items ({ii)—(x]) follow directly from
items f of Lemma The proof of Theorem is thus completed. m

+ Z sup sup sup
Iew mg”if’ u=(u;)ier€(H\{0})#1 t€(0,7]

||Xf]7(x’U)||£#w(P;H)

tL& ;o3
sup sup sup
Jem\ {1} “EM u=(ui)ic (H\{0}H)# 7 tE(0.T] Hie] HuiHHﬂsi

4 Regularity of transition semigroups for mollified stochas-
tic evolution equations

Lemma 4.1. Assume the setting in Section letn € N, a € 0,1), B € [0,Y2), F
Co(H,H_,), B € C(H, HS(U, H_y)), ¢ € Ci(H, V), let X*5: [0,T] x Q — H u e H’““
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ke {0,1,...,n}, € € (0,71, be (Fi)cjor)/B(H)-predictable stochastic processes which satisfy
for all k € {0,1,...,n}, u = (ug,uy,...,ux) € H*1 ¢ € (0,T], p € (0,00), t € [0,T] that
Supse[o,T]E[HX?k’uH%} < 00 and

[Xfykvu _ etA ]1{071}<k) U/k]]P’,B(H)

t
:/eﬁwﬂbmwﬂmﬁww
0

Ev#[iﬂa[u}?
S

+ ) FH#(X0m) (X

welly

t
+ /0 =94 [ﬂ{o}(k) B(X70)

e, # 1w ,[ul¥ &, # @ J‘ﬂzw
X X, T )| ds

57#&[%U 7[u]12”

X, X

+ Z B(#w)<X§’0’u0) (Xs»#ziﬂ,[u}?

welly

and let ¢.: [0, T)x H— V, e € (0,T], be the functions which satisfy for all e € (0,T}], t € [0,T],
x € H that ¢.(t,z) = E[p(X;"")]. Then

(i) it holds for all e € (0,T), t € [0,T] that (H 2 x — ¢.(t,x) € V) € CP(H, V),

(ii) it holds for all k € {1,2,...,n}, 61,02, ...,0 € [0,1/2) with 3.1, §; < V2 that

S (aa—;ms)(t,v)u\\v] ‘.

k
Lz llwilla s,

sup sup sup
£,t€(0,T) vEH u=(uy,uz,...,u)€(H\{0})*

(116)

and

(11) it holds for allk € {1,2,...,n}, 01,09,...,0k € [0,1/2) with Zle §; < 2 and |F|Lipk(H,H,a)+
| Blrivk (.15 i) T [ @luipk vy < 00 that

th:lai 2 t,v) — Xl t,w)lu
sup  sup sup [(mk 5)< )k (8xk €)< >] HV < oo.
SHEOT] DS (i ) V(O o — wla T ol

(117)

Proof. Throughout this proof let D, € P(R¥), k € N, be the sets which satisfy for all K € N that
Dy = {(61,0a,...,0) € [0,/2)%: S2F 5, < 1/}, let x, € [0,00), r € [0,1], be the real numbers
which satisfy for all 7 € [0,1] that x, = sup,ct" [|(n — A) e |y (see, e.g., Lemma 11.36
in Renardy & Rogers [18]), let B: (0,00)*> — (0,00) be the function which satisfies for all
z,y € (0,00) that B(z,y) = fol @D (1 — )Y dt (Beta function), let Eq,: [0, 00) — [0,00),
a,b € (=00, 1), be the functions which satisfy for all a,b € (—00,1), x € [0,00) that E,[z] =
1+ 2" TIr, B(1—b,k(1—b)+1—a) (generalized exponential function; cf. Chapter 7 in
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Henry [13] and (16) in [1]), let F.: H — H, e € (0,7], and B.: H - HS(U,H), € € (0,77, be

the functions which satisfy for all e € (0,7], x € H, v € U that

F.(z) = e4F(x) and B.(z)u = e B(z)u,

and let ©,: [0,00)* = [0,00], p € [1,00), A € (—00,1), and T;: [0,00)* —
A € (=00, 1), be the functions which satisfy for all A € (—o0, 1), p € [1, 00),

A Ty —
ONML, L) =
1/2
NG) Xa LV2T0-) 7 _ 1-25) 21" : 7 _
2 EQ)\,max{onB} Vi—a + X8 L \/p (p 1) T : (Aa L) € ( o0
E)a [Xa L T(l_a)] :L=0
00 : otherwise

(see, e.g., (17) in [1]) and
Nre o
T,(L,L) = sup sup ) (z,y).
z€[0,L] ye(o,L]

Note that for all A € (—o0,1/2), p € [1,00), L, L € [0, 00) it holds that
YNL,L) = max{O)(L,L),0)L,0)} < c0.
Moreover, observe that for all ¢ € (0,77 it holds that
F. e C(H,H) and  B. € CMH,HS(U, H)).
In addition, note that for all k € {1,2,...,n}, e € (0,7] it holds that

\Felopm_ay < Xo|Flesmn_,) < o0 and
|Ba\cg(H,HS(U,H,B)) < Xo |B\05(H,HS(U,H,B)) < oQ.
Furthermore, note that for all k € {0,1,...,n}, e € (0,7] it holds that
|F€’Lipk(H,H_a) < Xo |F|Lipk(H,H_a) and
| Be|Lipt (1,15 0,1_)) < X0 | BlLipk (s, 15,1 ))-

Item of Lemma (withn =mn, o = o, F = F., B= B., X" =

(118)

’OO:I) p e [1700)7
€ [0,00) that

) % (0,00)

(119)

(120)

(121)

(122)

(123)

(124)

Xoht, ¢ =gt =t

fort € [0,7], ¢ € (0,T], u € H**', k € {0,1,...,n} in the notation of Lemma and
prove item (). Next we combine and item (iii) of Corollary 2.10 in [I] (with H = H,
U=UT=T,n=na=aB8=8W=W, A=A F=(H>uzw— F() € H.,),
B=H>3>z— (Usuw— B(x)uec H.g) € HS(U, H_3)),p=p,d =0fore € (0,7], p € [2,00)
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in the notation of Corollary 2.10 in [I]) with (121)) and (124} to obtain that for all p € [2, 00) it
holds that

IXF2" — X5 | o ey

sup sup

A0 T e |z =yl

< Xo :gp SN <|F |L1p (H,H_qo |Ba|Lip0(H,HS(U,H_5))) (125)
g

< xo sup Yp(|Felpipomm . ’B€|Lip0(H,HS(U,H_5)))
€€(0,T]

< Xo Tp (Xo |F’Lip0(H,H_a)7 X0 ’B\LipU(H,HS(U,H_ﬁ))) < 0.
Next we claim that

(a) it holds for all k € {1,2,...,n}, p € [2,00), § = (61,02, ...,0;) € Dy that

5@5

[ HXEk $u)||£P]P’H)]

< o0
Hizl ||Uz||H_5Z

sup sup sup
e,t€(0,T) € H u=(uy uz,...,us,)€(H\{0})*

(126)

and

(b) it holds for all k € {1,2,...,n}, p € [2,00), § = (01,09,...,0x) € Dy with [Flykmp )+
|B|Lipk(H,HS(U,H_B)) < 00 that

sup sup sup

(50 ), E(xu k. (yu
1X0 5 = X e |
e,t€(0,T] x7y§H7 u=(u1,us,...,ux ) E(H\{0})
TFY

2 = yller [Ty Nl oy,

We now prove item @ and item (]ED by induction on k € {1,2,...,n}. For the base case

k =1 we combine and item (ii) of Theorem 2.1in [2] (withT' =T, n=n, H=H,U = U,

W=W, A=A n=nF=F.,,B=B,a=«a, =08k=1, p_p,é—éforge((] T],

€ [0,1/2), p € [2,00), in the notation of Theorem 2.1 in [2]) with (12I)—(123) to obtain that
for all p € [2,00), 0 € [0,1/2) it holds that

11 X5 2o oy
ol s

sup sup sup
,t€(0,7] x€H ue H\{0}

< x; sup ©° p(Felea .m0y | Belop (. msw.a_s)))

EG(OT] b ’ = (128)
< s SFP]T ([Felop a1y | Bel o (s p))
e€e(0

< Xs Tp(Xo |F|Cg(H,H_a),X0 |B|Cg(H,HS(U,H,B))) < 0.

Moreover, combining (115 and item (iv) of Theorem 2.1 in [2] (with T =T, n=n, H = H,
U=UW=W, A=A n=n F=F., B=B.,a=«a, =08,k=1,p=p, 6 =4 for
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€ (0,7T], 0 €[0,1/2), p € {r € [2,00): |FlLiptmr.r_o) + |Bluipt (m,550,1_4)) < 00} in the notation
of Theorem 2.1 in [2]) with (121]))-(124]) and (128)) assures that for all p € [2,00), 6 € [0, 1/2) with
|F|Lip1(H,H,a) + |B|Lip1(H,HS(U,H,3)) < 0 lt hO].dS that

sup sup sup
e,te(0,T] z,yeH, uc H\{0}
TH#Y

(6,0),0,8 g, L, (zx,u & L,\Yy,u
[#N It — Xt )||cP(P;H)]

[ =yl [l

(6:0),0,8
<|TVv1 Sng] {@pN (|Fs’c;(H,H_a)> |Bs|og(H,HS(U,H,,3)))
ec(0,

t(s ||Xf,1,($,u) H£2p(ﬂm;H)]

X0 Op (1 Feleg -0y | Bel ey mmsar_y)) Sup sup  sup [ Tl
-5

t€(0,T) xe H ue H\{0}

' |:Xa B(1— o, 1= 6) | Fe|luipt ooy + X5 \/@ B(1—28,1—26) HBE||Lip1(H,HS(U,H5)):| }

L(6.0)
<|TVv1 |Xo’2 Ty~ (Xo |F‘C§(H,H_a)a X0 |B|c,}(H,HS(U,H,B)))

.0 Fle , Xo | Bl sup sup su
p(X0| \ob(H,H_a) Xo | |cb(H,HS(U,H,B))) 67t6(£T]z€BueH\Izo}

: {Xa IB(l S 5) HFHLipl(H,H_a) + XB \/@ B(l —26,1— 25) HB||Lip1(H,HS(U,H,3)):|

< Q0.

[t(g ”X;‘,L(I,U) H£2p(]p;H)]

el s

(129)

This and establish item @ and item (]ED in the base case £ = 1. For the induction
step {1,2,...,n—1} 5k — k+1 € {2,3,...,n} assume that there exists a natural number
k€ {1,2,...,n — 1} such that item () and item (b) hold for all I € {1,2,...,k}. Observe
that (115)), item (ii) of Theorem 2.1in [2] (with T'=T,n=n, H=H, U=U, W =W, A= A,
n=n F=F,B=B,a=a,=pk=k+1,p=p, =20 fore e (0,T], § € Dy,
p € [2,00) in the notation of Theorem 2.1 in [2]), the induction step, and (121])-(123) imply that
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for all pE [2, OO), 6= ((51, (52, e ’5k+1) S ]D)k+1 it holds that

JQBHXskJrl ZU)H ]
k+1
T lwller sy,

LzS
<[TvV 1|]€Jrl S}éPT] {@pN(|F€|Cb1(H,HQ)u |Be|c,}(H,HS(U,H,B)))
ee(0,

sup sup sup
et€(0,T] z€H u=(u1,u2,...,upt+1)€(H\{0})k+1

k+1
- [xa B(L— a1 = X5 ) 1Pl o

— k
+ X5 \/% B(1—-28,1-2%" i 5) HB&HC'“H(H,HS(U,H@)):|

S | X # s HEP#W;H)H
sup sup sup

wellp, Iew te(0.T] 2€H u=(u;);icr€(H\{0})#1 Hie[ 4] H_s,

Saﬁ

(130)

L(S
<|T V1" X0 T (X0 |F|Cg(H,H,a)7 X0 |B|c;(H,HS(U,H_ﬁ)))

k
- [xa B(1—a,1— X5 ) 1 Fllosos )

— Bl s
+ s \/p(p2 ) B —-268,1-2> ", - ) ||B||c’chl H,HS(U,H,B))}
5 a,B I_l
| X; st (® || 2o # (B, 1)
> 11 suwp sw Sup )
welly,, Tew StEOTI 7€ u=(u)ic €(H\{0})#1 s HUZHH_Q

Furthermore, note that (115]), item (iv) of Theorem 2.1in [2] (with T =T,n=n, H=H,U = U,
W=W, A=A n=n F=F.,B=B.,a=q«,8=08,k=k+1,p=p,8 =24 fore e (0,T],
6 € Diyr, p € {r € [2,00): [Fluperimn_y) + | Blupr+immsw,n_y)) < 00} in the notation of
Theorem 2.1 in [2]), (122), and imply that for all p € [2,00), § = (61,09, ..., 0k41) € Drys
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sup  sup sup

D ) ek
oo Zfif’ u=(u1,uz,....up 1 )€(H\{0})h+1 H-T — Z/HH Hk+1 HquH 5

L(6.0)
<|Tv Hkﬂ Sng] {@pN (|Fs’c;(H,H_a)a \Be|cg(H,HS(U,H,,3)))
ee(0,

: (Xo O (| Fxlea (r.11-oys | Beley (s s))

Saﬁ

[ IXE# O oo 1)
[Licr luiller s,
(8,0) ;EI Z : (131>
tLIU’{k,Jré} HXfy#I»(x,u) _ X 7#1» y,u Hﬁp#w (HD H)
HI - y”H Hie[ HUZHH—ai

Z H sup sup sup

wellpy, I€w te(0,T) €H u=(u;);cr€(H\{0})#I

+ Z Z sup sup sup

well; |, Iew tc(0,T] = yiH u=(u;);cr€(H\{0})#I

L llwillas,

5 o, £ ,(z,u

[ X7 o m] >
sup sup sup

Jew\ {1} tEOTT2EH u=(u;);e s €(H\{0})#7

k+1
: [XaIB(l —a,1— ZZ; 5i) “FEHLipk“(H,H_a)

—1 k 1
+ Xp \/% B(1-28,1-2Y7"6) HBEHLipk‘H(H,HS(U,H5)):| }

This, the induction hypothesis, (121]), (123]), (124, and (130) imply that for all p € [2,00),
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L<> g Xs’kH’(y’u)Hﬁp(P%H)]

sup  sup sup
e E(0.T] 70 Hy u(un g 1S\ (O 41 e =yl [T (el
Ty

k+1 Lﬁf’”
<T VI xo T (xo |Fleim,m_0)s Xo |B|C§(H,HS(U,H_g)))

' (Xo Yo (X0 [Fley o) Xo | Blopmmsw.a_ )

‘s o8 &,#1,(z,u)
”X ”LP(#wH)(P ;H)
E | | sup sup sup
wellpy Iew &,t€(0,T] 2€H u=(u;);er€(H\{0})#1 Hie[ Hul“Hﬂy

ore (132)
[t Iu{k+2}||X #n(z) - X; sl ||£P#W(1P’H)]

[ =yl TLies [lualla s,

+ Z Z sup sup sup
wellp, Iew &t€(0,7] :z,xyif, u=(u;)ier€(H\{0})#I

5&5 z,u
[ 157 M)D
sup sup sup

Jean i} SEOT) € u=(u)),c s€(H\(0)#1 ics luille,

k 1
- [mu a1 = SO 1Pl

_ k+1
+ X5 \/% B(l - 25’ 1-2 Zzil 51’) ||B||Lipk+1(H,HS(U,H_5)) < 0.

Combining with proves item @) and item in the case k + 1. Induction hence
establishes item @ and item (]ED

Next note that item of Lemma[3.2] (with n =n, p = ¢, F = F,, B = B, X™" = X*™",
p=¢., k=k,d=86a=a, f=Fford €Dy, ke{l,2,....n},ue H"' me{0,1,...,n},
e € (0,7] in the notation of Lemma , , item @, and Jensen’s inequality ensure that
forall k € {1,2,...,n}, § = (61,02, ...,3;) € Dy, it holds that

th:ﬂs (g_:k¢€) (t>,U)uHV
H§:1 ”uiHH—ai ]

<|Tv HLk/ZJ min{l-a,1/2—3} H90|‘C,’5(H,V) (133)

|XE# o et

6 a,B
| <
Z H sSup Sup Sp [ Hie] “ulHH*‘;z‘ ] h

welly, Tew SO0 T T€H u=(u;)ier€(H\{0})#1

sup sup sup
e,t€(0,T] vEH u=(u1,uz,...,ur)€(H\{0})k

This proves item . It thus remains to prove item . For this we combine item of
Lemma.2 (withn=mn, p=¢, F=F.,, B=B., X™"=X"" ¢=¢., k=Fk 6§ =6, a=aq,
B=pfordeby kef{le{l,2... n}: |F|Lipl(H,H,a) + |B|Lipl(H,HS(U,H_ )+ |90|Lipl(H,V) < oo},

)
uec H™ m € {0,1,...,n}, e € (0,7] in the notation of Lemma with (122)), (124)),
(125)), item @, item @, and Jensen’s inequality to obtain that for all £ € {1,2,...,n}, § =
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(51, 52, Ce ,(5k> € Dk with ‘F|Lipk(H,H_a) + |B‘Lipk(H,HS(U,H,5)) + |(10’Lipk(H,V) < 00 it holds that

xR t,w)u
sup  sup sup [(396’“ 0c)(tv) - (axk ¢e) (t,w)] Hv
AT w0 H, () E(HVOD o = wlln T lluillary,

< |7 v 1|TR/2T minti e 25} e llLips (a1

' Z sup  sup ”X?OJ _ X'f’o’yuﬁ#w“(ﬁ”;H)
well e,t€(0,T a:,yiH, HLE - yHH
Ty

5 a,B x,
Bl P (134)
sup sup sup
Iew €,t€(0,T) zeH u:(ui),'g]e(H\{O})#I HiEI “ul HHféi
(8,0),0,8
tLIU{kJrl} HXE:#I?(CZ‘,U) o th F1,(y,u) Hﬁ#w (B.H)
+ Z sup sup sup
e SE(0,T] ayiH, u=(u;)ser€(H\{O})#I |z —ylln HiEI ||u1||H_5i
TFY
5 a,B T
X * | e
sup sup sup < 00.

Jean {1y SHEOT TEH u=(u));c s€(H\{0}) %7 ics luill e,

This proves item . The proof of Theorem is thus completed. O

Corollary 4.2. Assume the setting in Section and let n € N, o € [0,1), B € [0,1/2),
Fe CI?(Ha Hfa)7 B e ng(H) HS(U, Hf,B)); 2 € C[?(H, V) Then

(i) it holds that there exist up-to-modifications unique (Fi)icio.r1/B(H )-predictable stochastic
processes X°%: [0,T] x Q@ — H, ¢ € (0,T], * € H, which satisfy for all ¢ € (0,T],
p€ (0,00), z€ H, t €0,T] that SUPse[o,T]E[“X?x”m < oo and

t t
X7 = Malpgn = [ HMPOGET ds 4 [ MBOET W, (139

0 0

(1) it holds that there exist unique functions ¢.: [0,T] x H — V, e € (0,T|, which satisfy for
alle € (0,T), t €[0,T), x € H that ¢-(t,x) = E[p(X;)],

(iii) it holds for all e € (0,T), t € [0,T] that (H 2 x + ¢-(t,x) € V) € Cp'(H,V),
(iv) it holds for all k € {1,2,...,n}, 61,02, ...,0 € [0,1/2) with 3.5, §; < V2 that

i 6

k
(%‘be) (t, U)uHV
sup sup sup 7
£,t€(0,T] vEH u=(u1uz,....ur )E(H\ {0} ITis llwilla s,

< 00, (136)

and
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(v) it holds for allk € {1,2,...,n}, 61,02, ..., € [0,1/2) with Zle 6; < 1/2 and |F’Lipk(H,H_a)+
’B|Lipk(H,HS(U,H,@)) + ’(plLipk(H,V) < oo that

220 i

el (2
sup sup sup [(Bmk (bf'?) (t,?}) (sz (be) <t7w>]UHV

e,t€(0,7) vweH, u=(us uz,.,ux )€ (H\{O}) o —wllg Ty luille,
vFwW i

< Q.
(137)

Proof. Note that items ({i) and (ii)) follow immediately from item (i) of Theorem 2.1 in [2] (with
T=T,n=n, H=H, U=UW=W, A=A n=n F=F, B=B,a=0,8=0in
the notation of Theorem 2.1 in [2]) and item (i) of Corollary 2.10 in [I]. Moreover, observe that

items — follow directly from items “ of Lemma . The proof of Corollary is
thus completed. O
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