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Abstract

In this article we study the differentiability of solutions of parabolic semilinear stochastic
evolution equations (SEEs) with respect to their initial values. We prove that if the nonlinear
drift coeflicients and the nonlinear diffusion coefficients of the considered SEEs are n-times
continuously Fréchet differentiable, then the solutions of the considered SEEs are also n-
times continuously Fréchet differentiable with respect to their initial values. Moreover, a
key contribution of this work is to establish suitable enhanced regularity properties of the
derivative processes of the considered SEE in the sense that the dominating linear operator
appearing in the SEE smoothes the higher order derivative processes.

1 Introduction

In this article we study the differentiability of solutions of parabolic semilinear stochastic evolution
equations (SEEs) with respect to their initial values. (Semilinear) SEEs have been extensively
studied in the last decades by means of several different approaches; see, e.g., the monographs
by Rozovskil [21], Prévot & Rockner [19], and Liu & Réckner [I8] for results on SEEs in the
context of the so-called “variational approach” for SEEs, see, e.g., Da Prato & Zabczyk [§] for
results on semilinear SEEs in the context of the so-called “semigroup approach” for SEEs, and
see, e.g., Walsh [24] for results on semilinear SEEs in the context of the so-called “martingale
measure approach”. In this paper we employ the semigroup approach to establish differentiability
of solutions of parabolic semilinear SEEs with respect to their initial values. More precisely, we
prove that the smoothness of the coefficients of the considered SEEs transfers to the smoothness
of the solutions of the SEEs with respect to their initial values. We demonstrate that if the
nonlinear drift coefficients and the nonlinear diffusion coefficients of the considered SEEs are n-
times continuously Fréchet differentiable, then the solutions of the considered SEEs are also n-
times continuously Fréchet differentiable with respect to their initial values. In addition, a key
contribution of this work is to establish suitable enhanced regularity properties of the derivative
processes of the considered SEE in the sense that the dominating linear operator appearing in the
SEE smoothes the higher order derivative processes (see f@ below). In the following theorem
we summarize some of the key findings of this article.



Theorem 1.1. Let (H, |||, (-, ) u) and (U, |||l (-, -)v) be non-trivial separable R-Hilbert spaces,
letne N={1,2,...}, T € (0,00),n€ R, let F: H— H and B: H — HS(U, H) be n-times con-
tinuously Fréchet differentiable functions with globally bounded derivatives, let (2, F,P) be a proba-
bility space with a normal filtration (F;)scppr, let (Wi)ieo,r) be an Idy-cylindrical (2, F, P, (Fi)iepo,r))-
Wiener process, let A: D(A) C H — H be a generator of a strongly continuous analytic semigroup
with spectrum(A) C {z € C: Re(z) <n}, let (H,, ||'|g, () g ), 7 € R, be a family of interpola-
tion spaces associated ton—A (cf., e.q., [22, Section 3.7]), and for every F /B(H )-measurable func-
tion X : Q — H let [X] be the set given by [X] = {Y: Q@ — H: (Y is F/B(H)-measurable and P(X =
Y)=1)}. Then

(i) there exist up-to-modifications unique (F;)ieor/B(H)-predictable stochastic processes X%
[0,T)xQ — H, x € H, which fulfill for allp € [2,00), x € H, t € [0,T] that fot |et=)AF (X% 5
et B(X0) [0, d5 < 00, supcipy E[IX0%]1] < o0, and

[xP] =

t
{emx—i-/ =4 R (X0) ds]
0

t
T / IAB(X0) 1Y, 1)
0

(ii) it holds for all p € [2,00), t € [0,T] that H > x + [X,""] € LP(P; H) is n-times continuously
Fréchet differentiable with globally bounded derivatives,

(ii) there exist up-to-modifications unique (F;)iep,r/B(H)-predictable stochastic processes X*":
[0, T]xQ — H,ue€ H ke {1,2,...,n}, which fulfill for allp € [2,0), k € {1,2,...,n},
T, U1, Uy, . up € Hy t € [0,T] that supyep E[|\X§’(m’“1’"2""’“’“)H%] < oo and

(ZNXP7)) (g, ) = [X ) (2)

daF

(iv) it holds for all p € (0,00), k € {1,2,...,n}, 01,04,...,0 € [0,Y2) with S5 &, < /2 that

sup sup
u=(ug,u1,...,ur)EH x (H\{0})k t€(0,T]

< 00, (3)

k N u
#8020y () || X L iy
I el

and

(v) it holds for all p € (0,00), k € {1,2,...,n}, 01,0,...,0x € [0,1/2) with Zleéi < 1Y,

|F|Lipk(H,H) < 00, and |B|Lipk(H,Hs(U,H)) < oo that

$im )=z | X W x|

] <oco. (4)

sup sup sSup k
P (1 e E(H\(O) HEOT] 2 = ylla TTisy Nwillas,

In Theorem [1.1| we denote for non-trivial R-Banach spaces (V, [|-||;,) and (W, |-||y;/), a natural
number £ € N, and a k-times continuously differentiable function f: V' — W by [f[i;,xn the
k-Lipschitz semi-norm associated to f (see in Subsection below for details). Theorem

is an immediate consequence of items , , , , and @ of Theorem below. In Theo-
rem below we also specify explicitly for every natural number & € N the SEEs which the k-th
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derivative processes in above are solutions of (see item ({if) of Theorem below for details).
Moreover, Theorem below provides explicit bounds for the left hand sides of and (see
items and of Theorem below) in a more general framework than in Theorem above
and establishes several further regularity properties for the derivative processes in item ({iii) of
Theorem Next we would like to emphasize that Theorem and Theorem [2.1], respectively,
prove finiteness of and even though the denominators in and contain rather weak
norms from negative Sobolev-type spaces for the multilinear arguments of the derivative processes.
In particular, item of Theorem and item of Theorem below, respectively, reveal
for every p € [1,00), k € {1,2,...,n}, 61,02,...,0 € [0,1/2), x € H that the derivative processes
(H* 2 (w1, ug, ..., ug) = [X [ eu)) o pp(p: H)) € L(H® LP(P; H)), t € (0,T], even take
values in the continuously embedded subspace

L(®_ H-s,, L"(P; H)) (5)

of L(H®*, LP(IP; H)) provided that the hypothesis
i 8 < /2 (6)
is satisfied. Items — of Theorem and items and of Theorem below, respec-

tively, are of major importance for establishing essentially sharp probabilistically weak convergence
rates for numerical approximation processes as the analytically weak norms for the multilinear
arguments of the derivative processes (see the denominators in and above) translate in
analytically weak norms for the approximation errors in the probabilistically weak error analysis
which, in turn, result in essentially sharp probabilistically weak convergence rates for the numer-
ical approximation processes (cf., e.g., Theorem 2.2 in Debussche [10], Theorem 2.1 in Wang &
Gan [26], Theorem 1.1 in Andersson & Larsson [2], Theorem 1.1 in Bréhier 3], Theorem 5.1 in
Bréhier & Kopec [4], Corollary 1 in Wang [25], Corollary 5.2 in Conus et al. [7], Theorem 6.1
in Kopec [I7], and Corollary 8.2 in [14]). In the following we briefly relate items ({)—(v) of The-
orem and Theorem below with results from the literature. Item of Theorem is
well-known and can, e.g., be found in Theorem 7.4 in Da Prato & Zabczyk [§] (cf., e.g., Theorem
4.3 in Brzezniak [5], Theorem 7.3.5 in Da Prato & Zabczyk [9], Theorem 6.2 in Van Neerven et
al. [23], and Theorem 6.2.3 in Liu & Rockner [18]). Items (ii)—(iii) of Theorem [1.1] and items (),
, and of Theorem below are generalizations and enhancements of Theorem 7.3.6 in
Da Prato & Zabczyk [9]. In particular, we allow F and B to grow linearly (cf. (7)) in Subsection [L.1]
below), we prove continuous Fréchet differentiability (cf. item of Theorem [1.1]), and we develop
the combinatorics (cf., e.g., Theorem 2 in Clark & Houssineau [6]) to explicitly specify the SEEs
to which the derivative processes of any order are solutions of (cf. item ({if) of Theorem [2.1| below).
Nonetheless, the main contribution of this paper is to establish that the derivative processes even
take values in the space provided that the assumption @ is fulfilled.

1.1 Notation

In this section we introduce some of the notation which we employ throughout this article (cf., e.g.,
Section 1.1 in [I]). For two measurable spaces (A,.A) and (B, B) we denote by M(.A, B) the set of
A/B-measurable functions. For a set A we denote by P(A) the power set of A and we denote by



#4 € NgU {oo} the number of elements of A. For an R-vector space V we denote by VI¥ C V|
k € Ny, the sets which satisfy for all £ € N that VI =V and V¥ = V\{0}. For a real number
T € (0,00), a set Q, and a family (F;)wcp,p € P(P(S2)) of sigma-algebras on © we denote by
Pred((F;)iepo,r]) the sigma-algebra given by Pred((F;)ico,r)) = o< ({(s,t] x A: s € [0,T),t €
(s,T),Ae F,}U{{0} x A: A € Fy}) (the predictable sigma-algebra associated to (F;)iejo,r]). For
R-Banach spaces (V. ||-||;,) and (W, ||-||;;) with #1 > 1 and a natural number n € N we denote by
]-\CQ(V’W) :C(V, W) — [0,00] and ||- ch(vw C"(V,W) — [0, 00| the functions which satisfy for
all f e C*(V,W) that

‘f|C{)‘(V,W) = ilel‘l/) Hf(")(x)”L(n)(V’W) , Hf”cg(vw 1 (O)lw + Z ‘f|ck(vw (7)

and we denote by CI(V, W) the set given by C(V,W) = {f € C*(V.W): HfHCg(V,W) < 00}
For R-Banach spaces (V, ||-||;,) and (W, ||-|l,;/) with #y > 1 and a nonnegative integer n € Ny
we denote by ||y n )t C* (VW) = [0,00] and |[-[[ 0y + C*(V, W) — [0, 00] the functions
which satisfy for all f € C"(V, W) that

IIf(w)—f(y)Hw) ‘n=0

SUPz yev, ay < =P

||f<n><x>—f<n><y>||L<n>(V,W)) nEN’

|f|Lip"(V,W) =
SUDz yev, 2y =

1 i vy = L O)lw + Z | flLipk vy

and we denote by Lip"(V, W) the set given by Lip"(V,W) = {f € C"(V,W): || fllpipr vy < o0}
For an R-Hilbert space (H, |||, (-, ")), real numbers r € [0,1], n € R, T" € (0,00), and a
generator of a strongly continuous analytic semigroup A: D(A) C H — H with spectrum(A) C
{z € C: Re(z) < n} we denote by XX‘; € [0, 00) the real number given by X;{? = supyeot |1(n —
A)r e pimy (cf., e.g., [20, Lemma 11.36]). We denote by B: (0,00)* = (0,00) the function which

satisfies for all z,y € (0,00) that B(x,y) f @D (1 —)¥ Y dt (Beta function). We denote
by Enp: [0,00) — [0,00), o, f € (—00, 1) the functlons which satisfy for all «, 5 € (—o0,1),
x € [0,00) that Bqglz] = 1+ 30 2" [[{Z,B(1 — 8,k(1 — 8) + 1 — ) (generalized exponential

function; cf. Exercise 3 in Chapter 7 in Henry [12], (1 0.3) in Chapter 1 in Gorenflo et al. [11],
and (16) in [I]). For real numbers T' € (0,00), n € R, p € [1,00), a € [0,1), b € [0,1/2),
A € (—o00,1), an R-Hilbert space (H, |||, (:,-)y), and a generator A: D(A) C H — H of a
strongly continuous analytic semigroup with spectrum(A) C {z € C: Re(z) < n} we denote by
@?‘ff)ﬁ:\z:,T: [0,00)2 — [0, 00] the function which satisfies for all L, L € [0, co) that

a,b,\ #
@A,n,p,T(L7 L) =

L (1—a) 2 1/2 A
V2 Ez,\max{a%}[% XAnL\/p (- Qb)‘ } : (A, L) € (—00, 3) % (0,00)
EM[XA L0~ a>] . L=0
00 : otherwise



We denote by II;, IT; € P(P(P(N))), k € Ny, the sets which satisfy for all k € N that Il = IIj =
0, 10; = I\ {{{1,2,...,k}}}, and

My = {ACP(N): [0¢ A A [Upena = {1,2,.. ..k ANabe A: (a£b=anb=0)]} (10)

(cf., e.g., [6, Theorem 2]). Observe, for example, that Il = 0, IT; = {{{1}}}, IIs = {{{1,2}}, {{1},
{2}}}, and Ty = {{{1,2,3}}, {{L, 2}, {3}}, {{L, 3}, {2}}, {{1}, {2, 3}}, {{1}, {2}, {3}}} and note
that for every k € N it holds that I, is the set of all partitions of {1,2,...,k}. For a natural
number k£ € N and a set w € IIy we denote by I, I57,...,I7 € w the sets which satisfy that
min(]iﬂ) < min(]é”) << min(]%fw). For a natural number £ € N, a set @ € II;, and a natural
number i € {1,2,..., #x} we denote by I3, I7%, ..., I[7% _ € I7 the natural numbers which satisfy

’ 7”#[@

that I77 < I} < --- < I7, . For a measure space (Q,j—", i), a measurable space (5,S), a set R,
and a function f: Q — R we denote by [f]ms the set given by

flus ={9 e M(F,8): BA € F: u(A) =0and {w € Q: fw) #g(w)} S A} (1)

2 Stochastic evolution equations with smooth coefficients

2.1 Setting

Let T € (0,00), n € R, let (H, |||, (- )y) and (U, |||, (-, -)y) be separable R-Hilbert spaces
with #5 > 1, let (€2, F,P) be a probability space with a normal filtration (F;).cjo.77, let (Wy)eeo,n
be an Idy-cylindrical (2, F,P, (F)ico,r))-Wiener process, let A: D(A) € H — H be a gener-
ator of a strongly continuous analytic semigroup with spectrum(A) C {z € C: Re(z) < n}, let
(Hy, [l g, 5 (), ) 7 € R, be a family of interpolation spaces associated to n— A, for every k € N,

welly, ie{l,2,.. . #5}let [|7: H*' — H*F*" be the function which satisfies for all u =
(uo, v, - .., ug) € HM! that [u]F = (U07U1;71>U13'27 e ;ulf#lw)a let [H] : M(Pred((Ft)ep,m), B(H)) —

P (M (Pred((F:)iepo,r)), B(H))) be the function which satisfies for all X € M(Pred((Fi)icpo,11), B(H))
that [[X]] = {Y € M(Pred((F,)ico,r)), B(H)): infiepnP(V: = X;) = 1}, for every p € (0,00)
let £7 and L be the sets given by £P = {X € M(Pred((F;)iepo.r1), B(H)): sup;cor | Xell o) <
oo} and LP = {[[X]]: X € £P} and let [|-[|;, : L? — [0, 00) be the function which satisfies for all
X € L7 that ||[[X]]] 1 = SUDyeo 1) | Xill 2o pary, and for every separable R-Banach space (V [|-[|)
and every a € R, b € (a,00), A € B(R), X € M(B(A) ® F,B(V)) with (a,b) C Alet [* X,ds €

: b b
{[Ylps): Y € M(F,B(V))} be the set given by [’ X ds = | [| Il{f; 1Xully du<oo} S5 ds] BBV’

2.2 Differentiability with respect to the initial values

Theorem 2.1 (Differentiability with respect to the initial value). Assume the setting in Sec-
tion [2.1, let n € N, F € C(H,H), B € C(H,HS(U,H)), a € [0,1), B € [0,Y2), and for
every k € N, § = (61,09,...,0,) € RE, J € P(R) let 15 € R be the real number given by
G =Y icuniz,. a0 = Lzoo) (Fongra,. k) min{l —a,1/2 — 8}, Then



(i) there exist up-to-modifications unique (Fy)seo.r1,/B(H)-predictable stochastic processes X*™:
[0, T]xQ — H,ue€ H*' ke {0,1,...,n}, which fulfill for allk € {0,1,...,n}, p € [2,00),
u = (ug, us,...,u) € H*' t € [0,T] that sup ey E[[| XE|] < oo and

(X7 — e Loy (k) urlp s

t w ,[u]f w ,[u]y #row 7[u]ww
:/ (t= s>A[1{O}( F(XM) 4+ Y F#=)(X0m) YT P xR )] ds
0

welly

t w7uw w7uw # Z ,[U]ww
+/ e(t—s)A [1{0}(]5) B(Xg’uo) + Z B(#m)(XSO’UO)(Xfll [u]f ,Xjéh [u]3 ¢ i % ):| dWs,
0

welly
(12)
(ii) for allk € {1,2,...,n}, p € [2,00), & = (61,0,...,0,) € [0,1/2)* with S-F_ 6, < /2 it holds
that
NI X | oo )
sup sup T
u=(uo,u1,..., uk)E(XfZOH[i])tG(O:T] Hi:l ||uz||H_(SZ
< O3 (IF| 1B] )X L (k)
Amp, T\ ek (mH o) | Plel(aswa_p)) [ Xan L{1}

+ max{T"* 1} [Xj’z; ]B(l —a,1— Zle 51~) ”F”C{j(H,H,a) (13)

L B (1 - 28,1 25, 6) 1Bk s »}

9 ||Xfl’u||£p#w(p;H)
. E | | sup sup < 00,
: [Lics Nluillm_s,

well; Tew u=(u;);erugoy €(Xserugoy HH) t€(0,T]

(117) for all k € {1,2,...,n}, p € [2,00), € H it holds that (Hk Su [[Xk’(”’“)]] € IU’) €
LW(H, L),

(iv) for all k € {1,2,...,n}, p € [2,00), & = (61,02,...,0) € [0,1/2)F with S5 8 < 1,
|F|Lipk(H,H,a) < o0, and |B’Lipk(H’HS(U’H73)) < 00 it holds that

a0 (z ,
HX u) Xf,(y u) ||£P(]P’;H)
sup sup
Py (o) €ENODF t€0T]l2 = ylla [T llwill

aﬁL
< max{Tk, 1} @Anp]NT (|F‘Cl(HH ’B|Cg(H,HS(U7H_5)))
0,7 ~na,B,0
) ( @AipT<|F|c}1)(H,H,Q)a |B|c;(H,HS(U,H_B))>

tf ’|beu”£1’(#w+l>(ﬂ’;H)

211 o 1yt TToc, lllar s,

well), Tew U=(ui)icrugoy €(Xierugoy H) t€(0.T]
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+ Z Z sup sup sup
welly Iew xé/if u=(u;)ier €(H\{0})#1 t€(0.7]

H sup sup £ HXt#‘hu”5”7‘*%'(1P;H)
[Lics Nuwilla_s,

Jewm\ (1} U= W)icsuoy €(Xicsuiop H) LE(OT]

a, T k
' [XA,n ]B(l —a, 1=, 52’) HFHLipk(H,H,a)

(8,0)
[tLIU{k+1} HXfly(r,u) _ Xt#I,(y,U) ||£p#w (B

12 =yl [l lwill s,

| oo

X D B(1 = 2.1~ 2L, 8) | Bllmsin_ | <
(v) for all k € {1,2,...,n}, p € [2,00) it holds that (H 2 x +— [H* 2 u — [[XPEW]] € 7] €
LW(H,Lr)) € C(H,LW(H,L)),
(vi) for allk € {1,2,...,n}, p € [2,00), x € H it holds that

0, x 1,(z,
e e

| 2 (B, -0 k=1

limsup sup

H\{0}3uy,—0 t€[0,T] ez
k—1,(z4u ,u)_ k71,<z,u)_ k,(z,u,uy)
lim sup sup sup (X, P -Xy _ . Xy Mllepsy 0 - k>1
F\{0} g0 u(us uz,veou1 ) €(H\{O})F~1 £€[0,T] iz e
(15)
(vii) for all p € [2,00) it holds that (H > x — [[X°*]] € L?) € CI'(H,L*),
(viit) for all k € {1,2,...,n}, p € [2,00), x,uy,us, ..., u € H it holds that
T k
(% HXO, ”)(ul’UQ’ e ’uk) = (H = yr= HXO,yH S Lp>( )(‘r)(ubu?? cee 7uk> (16)

(iz) forallp € [2,00), t € [0,T] it holds that (H > x > (XD Ve sy € LP(P; H)) € C(H, LP(P; H)),
and

(x) for all k € {1,2,...,n}, p € [2,00), z,uy,uz,...,u, € H, t €[0,T)] it holds that

(ng_kk[X?’x]RB(H)) (ug,ug, ..., ug)

= (H 3y Xesm € L H)) Y (@) (ur, uz, o ug) = (X002 .

Proof. Throughout this proof let ro,r; € [0,1) be the real numbers given by 1y = a and r; = 3,
let 0, € R*, k € N, be the vectors which satisfy for all ¥ € N that 0, = (0,0,...,0), let
Vi Ml - € '>Vz,r)’ [ € {0,1}, r € [0,00), be the R-Hilbert spaces which satisfy for all r € [0, c0)
that

Vo e, G M) = (Heps T Cod ) (18)

and
(‘/1,7"7 H'HVLT ) <'7 '>V1’r) = (HS(U7 H*T)v ”'HHS(U,H,r) ) <'> '>HS(U,H,7”)>> (19>

7



let G;: H — Vo, | € {0,1}, be the functions given by Gy = F and G; = B, let [-]: R — R and
[-]: R — R be the functions which satisfy for all £ € R that

|t] = max((—o0,t]N{0,1,-1,2,-2,...}) (20)

and
[t] = min([t,00) N {0,1,-1,2,-2,...}), (21)

let 0: H™ ' — H™ m € N, [ € {0,1}, be the functions which satisfy for all [ € {0,1}, m € N,
u = (ug,us, ..., uy) € H™ that

l : =1
o7 (u) = {“” . m=t (22)

(ug + Wy, Uy, Uy ooy Uppq) 2 m > 1
and let D, € P(R*), k € N, be the sets which satisfy for all £ € N that
Dy, = {(61,00,...,0k) € [0,1/2)": S8 5 < 12} (23)

Next we claim that for every k € {1,2,...,n} there exist up-to-modifications unique (F4):cjo,r1/B(H )-
predictable stochastic processes X"%: [0, 7] x Q@ — H, u € H*' 1€ {0,1,...,k}, which fulfill for
alll €{0,1,...,k}, p € [2,00), u= (ug,us,...,w) € H*' t € [0,T] that sup,cn E[|X}] <
oo and

(X — e 1go,1y (1) wile.s0m)

t w ,[u]f w ,[u]y #rw 7[u]w
_ / e(t—s)A |:1{0}(l) F(Xg,uo) + Z F(#w)<Xg’u0)(Xjéll [u]f ,X;#IQ [u]g L ,XS 1% #w>:| ds
0 wGHl
t w ,[u]f w ,[u]y #rw 7[u]ww
+/ elt=94 [1{0}(Z)B(Xf’“°)+ S Bl (x0u0) (XTI PN X[ )] dW.
0 WEHZ

(24)

We now prove by induction on k € {1,2,...,n}. For the base case k = 1 note that, e.g.,
item (i) of Corollary 2.10 in [I] (with H = H, U =U,T =T, n=n,a=0,=0 W =W,
A=A F=F, B= B, =0 in the notation of Corollary 2.10 in [I]) ensures the existence of
up-to-modifications unique (F):ep,r1/B(H )-predictable stochastic processes X%: [0, 7] x Q — H,
x € H, which fulfill for all p € [2,00), z € H, t € [0,T] that sup o E[||XJ*||};] < oo and

t t
X0~ afeaun = [ PO ds [ OB AW (25)
Next we note that for all [ € {0,1}, p € [2,00), u € H,Y,Z € LP(P;H), t € (0,T] it holds that

IGHUX)Y — GIUX) Z | coevig) < |Giler gy 1Y — Zlleo@ny - and (26)
|GUX )0l e (i) = 0.

This allows us to apply item (i) of Theorem 2.9 in [I] (with H = H, U =U, T =T, n = n,
p=p a=0,a=08=006=0 Lo =|Fleum, Lo =0, L1 = |Bleymnsw,my) L1 =0,

8



W=W,A=AF= (0T xQx H> (tw,z) = F (X" (w)z € H),B=([0,T] x Qx H>
(t,w,z) = B(X)"™(w))x € HS(U,H)), § =0, A\ =0, &= (23w~ u € H) for up,u; € H,
p € [2,00) in the notation of Theorem 2.9 in [I]) to obtain that there exist up-to-modifications
unique (F)ieo.r)/B(H)-predictable stochastic processes X'%: [0,7] x Q — H, u € H? which
fulfill for all p € [2,00), u = (ug,u1) € H?, t € [0, T] that sup,jr E[|| X "[%] < oo and

t t
(X — ey lp s = / MTIHF(X M) XM ds + / TIABI(X ) X AW, (27)
0 0

This and prove in the base case k = 1. For the induction step {1,2,....,n —1} 2 k —
k+1¢e{23,...,n} we introduce more notation. Assume that there exists a natural number
k € {1,2,...,n — 1} such that holds for k = k, let X'%: [0,T] x Q@ — H, u € H',
l € {2,3,...,k}, be up-to-modifications unique (F});cjo,71/B(H )-predictable stochastic processes
which fulfill for all I € {2,3,...,k}, p € [2,00), u = (ug,uy,...,w) € HF t € [0,T] that
supejo 7 B X 2] < oo and

t w
u s woy [y i MIF A [ Hrg M,
X7 ]P’B(H):/o =4 Ny " plt) (X Dmo) (X TT X X PR ) ds
well;

#iz J[u]g iz

t w,llw ’[u]ww
" / oA 37 ) (0w (x T X PEME TR aw,
0

well;

let G*: [0, T]x Qx H — Vjo, u € H*?2 [ € {0,1}, be the functions which satisfy for all [ € {0,1},
u = (up, Uy, ..., upr1) € H*2 ¢t € [0,T], z € H that

w # 1w ,[ul? #w,[uly #rw 7[u]ww
i) = GYXO™) 2+ . GEH#=) (X0 (x] T X ME xR

k+1

), (29)

and let LY € [0,00), u € H*™2 p € [2,00), | € {0,1}, be the real numbers which satisfy for all
1 €{0,1}, p € [2,00), u € H*? that

LM = Ywery,, 1Gilet= sy [ 1 X#IF,[UFH [ (30)

Next we note that Holder’s inequality implies for all I € {0,1}, p € [2,00), u = (ug, U1, ..., urs1) €
H¥2 Y, Z € LP(P; H), t € (0,T] that

16 (8 Y) = G (8 D)l o) < |Giler vy 1Y = 2l ooy (31)

and

1G5 0| 2oeury o)

(#w) [ v O0,u #reuf  #reu]F #rz_ME,
< Zwen;;+1 |G (X (X , Xy 2 D )HCP(]P’;Vz,o) (32)
#o ||y 1T Fu,
S ZWGHZ+1 |Gl‘C#W(H’V‘l’0) HZ=1 HXt ﬁp#w(HD,H) S Ll p.

We can hence apply item (i) of Theorem 2.9 in [I] (with H = H, U =U,T =T, n =1, p=Dp,

a=0,a=0 =0 0=0 L= |F|cg(H,H)> Ly = Ly”, Ly |B\cg,(H,HS(U,H))7 Ly = LY,
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W=W, A=A F=G.B=G0=0A=0,=(Q3w— 0¢c H) forue H*,
p € [2,00) in the notation of Theorem 2.9 in [I]) to obtain that there exist up-to-modifications
unique (F;)sejo.r)/B(H )-predictable stochastic processes X*t11: [0, 7] x Q — H, u € H*"? which
fulfill for all p € [2,00), u = (ug, w1, ..., ups1) € H*2 t € [O,T] that sup,c o, E[|XEH ll||p] < o0
and

t t
X e = [ G X ds ¢ [ G xE ) aw,

t w w w ul?
:/ p(t=9)A Z F(#m)(Xg,uo)(Xs#zf7[u]1 ’Xjflg,[u]z ,...,Xfl#w’[ ]#w) ds

33
0 wGHk+1 ( )
t w w w ul%
+/ ellm4 y " Bl#=) (0 (T e E TR ey gy
0 welly i1

This proves in the case k + 1. Induction hence establishes . The proof of item ({il) is thus
completed.

For our proof of items (ii)—(x) we introduce further notation. Let X*":[0,7] x Q@ — H,
uec B ke {0,1,...,n}, be (F)epo.r)/B(H)-predictable stochastic processes which fulfill for all
ke{0,1,...,n},p€[2,00), u=(ug,u,...,ux) € H**' t € [0, T] that sup o E[[| X5 ||}] < 0o
and

(X" — etd Lio,13 () wrlp ey
t uly @ ,[u]g #row ’[u]ww
:/ (t— S)A|:j”‘{0}( XOuo Z F#w XOuo (X o[l ’XfIQ [u] ,---,Xs i # )] ds
0

well

t m,uw w ,[u]y #row 7[u]w
+/ e(tfs)A |:1{0}( XO uo Z B (#w) XO uo (X #1[ulf ’Xjélz [u]3 ,---,Xs T #w)} dWs,
0 welly

(34)

let L;p € [0,¢], w € P(P({l,Q,...,k}) \ {(Z)}), 0 € Dy, pe(0,00), ke {l,2,...,n}, be the
extended real numbers which satisfy for all k € {1,2,... ,n}, p € (0,00), § = (1,92, ...,0x) € Dy,
w e P(P({1,2,...,k})\ {0}) \ {0} that L§ =1 and

8 #1,u
tI X P .
6T . Sup[ X7l m,m], (35)

Iew u:(ui)iEIU{O}E(XiEIU{O}Hm) tG(O,T] Hie[ ||u’LHH_5l
let L, € [0,00], p € (0,00), be the extended real numbers which satisfy for all p € (0,00) that

X0 — XD 2oy
s ||z

ip: sup sup  sup , (36)

upg€H ui e H\{0} te(0,T]

let f)g:lu’p € [0,00],ue H* § €Dy, pe (0,00),1€{0,1}, k € {1,2,...,n}, be the extended real
numbers which satisfy forall k € {1,2,... ,n},1 € {0,1},p € (0,00), § € Dy, u = (ug, u1,...,u;) €

10



H**L that
LZ lu,p |T V. 1| |k/2] min{1—a,1/2—8}

Z |Gl|c#w HVi H sup [t

welly,

Lr#w (P H) |

for every k € {1,2,...,n}, 1 € {0,1}, u = (ug, w1, ..., ux) € H** ' let G2 [0,T] x Q@ x H = Vi
and G}, [0,7] x Q x H — Vo be the functions which satisfy for all z € H, ¢ € [0,T] that

G (1) = GHXP™)a + 5, GV (00 (T P xRy ()
and
(_}}c‘,l(t,x) =
([ Gy(XP 4+ p[X Mot — X)) 2 dp k=1
Gl(X™)
+ f(l] G;/(XO’UO + [XO,uo-i-uk o Xo,UOD (Xk—l,e’f(u)’X?,uﬁuk o Xto,uo) dp
)+ Zweﬂ* [fo G #=t1) (X004 plx Qo _ xOmo)) (Xfff'v[ef(u)]’f’ | (39)
Xt#,g,[o ( g ,...,Xt#lwwj[ P(u )]#wato,quruk B X,?’uo) dp E>1
T Q=) (x0u ( X:#Iwe'ﬁu)]?’ X:#I;Wun?’ - Xjﬁzgw’w’i(uﬂiw
- Gl(#w)(Xf’“O)(Xt#lf’[eg(uw, X:#zg[%(ﬂ)bw’ o 7Xf1zw7[90(“)]#w)}

and for every k € {1,2,...,n}, p € (0,00) let dy,,: H?> — [0,00] and dy,: H x (H\ {0}) — [0, 0]
be the functions which satisfy for all z,y € H, v € H \ {0} that

Xk,(x,u) _ Xk,(y,u) P
dk,p(:v,y) = sup sup B¢ _ ¢ I P (P H) (40)
u=(u,uz,u) ECHV{ON € (0] ITis llwill e
and
Jk’p(x7v)
sup ”X?’HU_X?’x_XtL(I’v)wmm} k=1
te(0,T] vl e (41)

sup sup

u=(u1,ug,....,ur,_1)€(H\{0})k¥—1 te(0,T]

||Xf—17(w+v,u)7Xf—1,(x,u) 7Xf’(x’u’v
k—1
lvll & Hi:l [lws || i

)”[,p(]P’;H):| . k > 1 )

In the next step we prove item and the fact that for all k € {1,2,...,n}, p € [2,0), z € H,
t € [0, 7] it holds that

H* 3 u e (XY sy € LP(P; H) (42)

is a k-linear function.
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We prove item and by induction on k € {1,2,...,n}. Note that for all [ € {0,1},
p€[2,00),ue H? Y Z € LP(P;H), t € (0,T] it holds that

1GY(t,Y) = Gt D) leviy) < Gilermyi, ) 1Y = 2l erry  and

; (13)
|G (40) e, =

Moreover, observe that and ensure that for all u = (ug,u1) € H?, t € [0,T] it holds that

t

(X, le.sm) = [ ulpse) + /

¢
e(t_s)AGio(S,X;’u) ds +/ e(t_S)AG?J(S,XsLu) dW. (44)
0 0

Combining ([43)-(44) with items (i)-(ii) of Theorem 2.9 in [I} (with H = H, U = U, T =T,
n=mnp=pa=a da=05=0 8=0, L =|Flemn_. Lo=0, L1 = |Bleymnsw.n_s):
Li=0,W =W, A=ATF = (0T xQx H > (twx) = GY(t,w,z) € H,), B =
(0,T) x Q@ x H 3 (t,w,z) — (U 3 u — G} (t,w,x)u € H_g) € HS(U,H_g)), § = 8§, A\ =6,
E= Q2w u € Hy) for u = (ug,uy) € H?, 6 € [0,%/2), p € [2,00) in the notation of
Theorem 2.9 in [I]) implies that for all p € [2,00), 0 € [0,1/2) it holds that

[tJHth,(uo,ul) ”EP(]P’;H)]

sup sup  sup

upeH U1€H\{O} tE(O,T] Hulqué

SUP¢e (0,17 (t5 ||€tAu1 | 2)
s (45)

a,3,0
< OYmpr(F im0y | Bleymswm_s)) sup sw [

a,f3,0
< LS(%I;] 0 |(n — A)aetAHL(H)} @Afy,p,T(‘ﬂcg)(H,H_a), |B‘c¢(H,HS(U,H,,3)))
€(0,

6,7 ,B,6
= XA,n ®i7§,p,T(|F|Cé(H,H,a)a |B|C]:1)(H,HS(U,H_g))) < 00.

This proves item in the base case k = 1. Next we observe that shows that for all p € [2, 00),
x,u, i € H, N € R, t €[0,T] it holds that supc E[HX;’(:E’“)H% - HX;’(:E’")H%} < 0o and

(X X e gy = (€ (w+ Ao sy

t ) t _ 46
b [ ey as [ e ey ay,
0 0
Item (fi}) therefore ensures for all z,u,u € H, A € R, t € [0,T] that
[XtL(m,uHﬂ)]RB(H) _ [th,(x,u) + )\th,(x,ﬁ)]RB(H)_ (47)

This proves in the base case k = 1. For the induction step {1,2,...,n—1} 2k —>k+1 €
{2,3,...,n} of item and assume that there exists a natural number k € {1,2,...,n— 1}
such that item and hold for k =1, k=2, ..., k = k. This ensures that for all [ € {0, 1},
p € [2,00), 8 € Dy, u e H*?2 it holds that

E‘,jfi{’l < 0. (48)
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This and Holder’s inequality imply that for all [ € {0,1}, p € [2,00), § = (01,09, ..., 0k+1) € Dy1,
u = (ug,uy,...,up41) € H**2 Y, Z € LP(P; H), t € (0,T] it holds that

HGkJrll t Y) o ;clJrl,l(ta Z)”ﬁp([p;vl”) < ’G1|Cé(H,Vl,Tl) HY - Z”LP(IP’;H) (49)
and

|Giya(2,0) HEP(IF’;VZ,T[)
#rw, 0T #reu]f #rg_E,

Hw 0,u, w

< Z HGl( )(Xt O)(Xt ' , Xy yeees Xy ’ )Hﬁp(P;Vz,rl)

wGHkJrl

LA
Iw

< Z ‘Gl|c#w (H\Vi,r,) HHX (P;H)

wEHkJrl

1, # .w:[u]i

B Z |Gl\c#w(anl) ﬁ j tIZ
o t((51+62+ +5k+1) (51w +51w+ +51w )

welly I? (50)
. Z |Gl‘C# (HVlTl tlw“X#I @, [ul w ) min{l—a,1/2—8}
B t(51+52+ A0k+1) L

welly

| l‘c# = (H,V,, # [u]7
e (H Vi) 15 [2,00) (#17) min{l—a,1/2—5}

S Z t(51+52+ AOk41) H | '

wellp =1

How 4o
I 7
<| X |Gilete (v, H Sup [5 R HEP#W(IP’H)
welly ) i=1 5€(0.T]

T v 1 |LED /2 min{loatomB) = Grbbatetin) — fRD = (Gibort i) < oo,

In addition, note that and ensure that for all u = (ug, uy, ..., upp1) € H¥2 t € (0,77 it
holds that

¢ t
[Xf+1’u]P,B(H) :/ e(t_S)AlelH,o(S,XfH’u) d5+/ - S)AGk—f—l (5, XM Wy (51)
0 0

Combining (48)—(51) with items (i)—(ii) of Theorem 2.9 in [1] (with H = H, U = U T =T,
n=mnp=p ad=aq, O‘_Zl 1517ﬁ ﬁﬁ Zk+1617L0—’F|C%H,H_) LO—Lk+107L1—
|Bleimmswa_py L1 = Lgfi, W =W, A=A F = (0,.T]xQx H 5 (t,w,x) = G}, o(t,w, ) €
H.,), B = ([0 TIx Qx H 3 (twa) = (U3 ur G (twr)u e H 3) € HS(U, H_g)),
b=, A=18,6=Q2w—0€ H) foruec H**2 § = (61,69,...,0141) € Diy1, p € [2,00) in
the notation of Theorem 2.9 in [I]) ensures that for all p € [2,00), § = (01,02, ..., 0k+1) € Di,
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u € H**2 it holds that

L5 k 17 757"
tS(l(l)PT] NN o) < O e (Fley o)y 1Bler(masw.m )
(0,

Lmzm B 1 5)

Wb L3 eeta=s=a0) e |1~ 98,1 — 2 0] ')|1/2]

7BL
< [T v 1| ey (| Fles .m0y | Bley,msw,a_s)))

A"ML (52)
a, T k+1
> {XAW B(l— a1 = 05 6) | Flgke g )
well} 4y
B,T (p—1) Bl s
+ XAy \/p o ( —28,1-231 ) ‘B|Cffw(H,HS(U,HB))}
0 #1w,[u]”
H sup |:t i ||X & (]P’;H)] .
i—1 t€(0,7]
This implies that for all p € [2,00), & = (01,09, . ..,0k+1) € Diyq it holds that
sup sup t ||Xk+17u||£p (P H)
k
u=(u0,u1,...,uk+1)E(X; JrlH i) te(0, T H ! ’uzuH,
o,B,08
< maX{T(kH 1} ®A,n,pH:IT(|F|C&(H,H,a)u |B|Cg(H,HS(U,H,ﬁ)))
o, T k+1
> B0 a1 S8 Flge g 5
welll

T k 1
+Xﬁ777 \/p(p 1) (1 — 25 1-— 22 + ) ’B|C#W(H,HS(U,HB)):|

2 ||Xt#1’uHLP#w(P;H)

. sup s ] :
Tew U=(ui)icrugoy €(Xierugoy HI) t€(0,7] HieI HUiHH—éi

This and the induction hypothesis imply item in the case £+1 and thus complete the induction
step for item . In the next step we note that for all A € R, 7 € {1,2,...,k+ 1}, w € I}, and
all u™ = (ug,us, ... w1, uz(-m), Uiy 1, Uira, - - Upy1) € HY2 m € {1,2,3}, with u,(;g) = ugl) +)\u§2)
it holds that there exists a unique natural number j € {1,2,...,#,} such that there exists a
natural number ¢ € {1,2, ..., #1?} such that for all [ € {1,2,...,#} \ {7} it holds that

=i, [V = u®F = p@p, (54)
and
[U(S)];U = (uO,qul,U[f27...,U[;ﬂq . 7, M —I—/\u( ) _H,U[ ""2’“'7“]]?#[@)‘ (55)
J

In addition, observe that for all @w € I}, j € {1,2,...,#} it holds that
#[Jw S {1,2,...,k}. (56)
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Moreover, observe that the induction hypothesis establishes that for all m € {1,2,...,k}, p €
[2,00), z € H, t € [0,T] it holds that

H™ 3 u s [X"" g sy € LP(P; H) (57)

is an m-linear function. Combining and with hence assures that for all A € R, i €
{1,2,...,k+1}, w € HkH, t € [0, T] and all M) = (ug, uy, . .. ,ui_l,ugm),uiﬂ,qu, ce Uky1) €

H ’”2, m € {1,2,3}, with ul- = u ) 4+ )\u it holds that there exists a unique natural number
j€{1,2,...,#x} such that for all [ € {1, 2, oy #= )\ {j} it holds that
#w7u(1)w #W7u(2)w #W7u(3)w

ZG []w, Xt Il [ ]z :Xt Il [ ]z :Xt Il [ ]l : (58)

and [u()] #1%,[u?)] #r=,[u®)]
#r=,[ulV]F =, [u?]F e [utF

(X +AX, Jesem) = [X 7 Jp,B(m)- (59)
This shows that for all A € R, I € {0,1}, i € {1,2,...,k+ 1}, t € [0, T} and all u™m =
(ug, Uty - ., U1, Ugm),Ui_A,_l,urL_i_Q, o Upy1) € HEP2 m o€ {1,2,3}, with ul( = u ) 4+ )\u it holds

that there exist j, € {1,2,... ,#w} w € I}, such that

QL X )

P7B(‘/l,0)
_ [G/(XO,UO)(X£6+Lu(1) + )\Xgﬁ-l,u@)) +3 . Gl(#w)()(?,MO)()(t#"iﬂ’[ll<l>Plv Xjélzw’[u(l)]?
we ZJrl 5 ey
#1e [aM]E #,ﬁv,[u@)]fw #zﬁ;ﬂv[u(l) Feot1 #zﬁ;ﬁ,[u(l) 4o #I;fw’[u(l)]zw
X, , X, , X, , X, sy Xy
P7B(‘/l,0)
= [uM= o [uM=
_ [G/(XO,UO)(Xf—&-Lu(l) + )\Xf—&-l,u(?)) + Zwenz Gl(#w)(XE,uO) (Xt#ll Jutl]g ,Xt#IZ ;[ut]5 . (60)
+1
#rw u®]E #rw [uM]= #rw uDT e D] #rw S u])=
Xt Jwo—1 J 17Xt Jw J +)\Xt Jw J 7Xt Jw+1 J +1;Xt Joo+2 J +27.”’

#Izw ’[U(l)]Zw

! }wvm)

u® k+1,u® u®? k+1,u®
= [sz-l—ll( 8XTT ) NG X )}P,B(Vz,o)‘

This, (51), and Lemma 3.1 in Jentzen & Pusnik [15] (with (Q,F, ) = (U F,P), T =t, Y (w, s) =
A~ u u® O Au® u A u®
He(t )AG +1l(5 W, Xk“ ( )“‘)‘Xfﬂ’ (w)) —elt )AGk+1l(8 w Xf“’ (w)) —Aelt )AGk+1,l

(s, w, XE+1u () || l“, ,s) = 0fors e [0,t], t € (0,T], w e Q1 € {0,1}, u® =

(wo, Upy .+ Ui 1,u —I—/\u( ) Uil Uig2, - -y Upg), U = (g, uy, ..., ui_1, u§2),ui+1,ui+2, ey Ugt1),
ul) = (uo,ul, . ,Ul_l,ugl),U/i_;’_l,uz‘_FQ, coUpy1) € HF2 0 € {1,2,...,k+ 1}, A € R in the no-
tation of Lemma 3.1 in Jentzen & Pusnik [I5]) prove that for all A € R, i € {1,2,...,k + 1},

€ [0,7] and all u™ = (ug,uy, ..., ui1, ugm),Ui+l,Ui+2,...,Uk+1) € H*2 m € {1,2,3}, with
u§3) = uz(-l) + )\uZ@) it holds that

t
k+1,u® k+1,u® t—s)A (3) k+1,u® k+1,u®
0

t 3 1 2 (61)
+/ e(tfs)AG;clii7l(8’X§+1,u< ) + )\X§+1,u( >) dw,.
0
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This and item (i) imply forall A € R, i € {1,2,...,k+1},t € [0,7] and all u™ = (ug, uy, ..., u;_1,
™ i, Uiga, - JUpy1) € H2 m € {1,2,3}, with u§3) = ugl) + )\ugz) that

)

u® N e) u®
X e sy = (X 4+ AXTT Y e sy (62)

This proves in the case k+ 1 and hence completes the induction step for . Induction thus
completes the proof of item and .

Combining with item establishes item . Next we prove item . We first
note that item implies that for all £ € {1,2,...,n}, I € {0,1}, p € (0,00), & € Dy,
w e P(P{1,2,....k})\ {0}), u € H**! it holds that

LS, + L) < oo (63)

We next apply the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [§],

.....andProposﬂzlonQ?m[](WlthH HU=UT= Tn—n,p D,
a=a,a=0,0=306=0,Lo=|Flawn_. Lo= kap = |Blevm,msw,a_s)» L= ka1yp’

W_W,A_A,F_ ([o,T]xQxﬂa(th)HGgO(tw z)EH_a) B = ([0 T x Qx H >
(t,w,2) = (U3 uw— Gy (tw,2)u € Hg) € HS(U H_p)), § = 0, Y = XF* y2 = Xk,
A= \for x = (z,u1,us,...,u), ¥ = (y,us,us,...,ux) € H* 1 X € (—00,12), p € [2,00),
k€ {1,2,...,n} in the notation of Proposition 2.7 in [I]) to obtain that for all k € {1,2,...,n},
p € [2,0), A € (—00,1/2), x = (z,u1,Us, ..., uk), Y = (Y, Uy, Us, ..., ux) € H*1 it holds that

k,x k, a,B,
tes(l(l)pT t ||X - X yHﬁp < @Ain(’ﬂC{)(H,H_a)a ‘B’CS,(H,HS(UvH—ﬂ)))
t
. sup [tA / elt=5)4 (G;;O(s, XExy - GZVO(S,Xﬁf’X)) ds
te(0,77] 0

t
+ [ (G (5, XE) — G . X))
0

LP(IP;H)] (64)
a,B,\
< @AfypT<|F|cg(H,H,a), |B|Cé(H,HS(U,H_ )))

t k,x
A aT IG¥ o (s,X5)—-GY, (SXs Mep@a_)
sup ¢ x4 / : o ds
te(O,T]{ Am 0 (t s)

t x k,x y kyxy 2 1/2
HG (S)Xs )_G (S)Xs )H .
1 ko1 ko1 LP(P;HS(UH_g))
+ sup {tAXAn[ (p2 )/ L K ds] }]
0

te(0,77]

Moreover, observe that ensures that for all k € {1,2,...,n}, 1 € {0,1}, x = (x,uy, ug, . .., ug),
y = (y,u1, Uz, ..., u;) € H**1 t € [0, 7] it holds that

GE (8, X[7) = GY, (8, X[7) = (GI(XPT) = GIX))) X

w T © #va[y}w #va[y]w #Iw ’[y]?fiw
+Zw6ﬂ* |:(Gl(# )(X;L )_G(# )(Xi?’y))(Xt ! ' 7Xt : ’ 7"'aXt e )
=X =,[x]7 #i= X 1w, [x]7 #1w,ylT (65)
+Zz‘iw1 #w)(Xox)(X#J [xIF ,Xt#IQ []2,---,Xt =, 1,Xt I7 (] —Xt I? [y] ’
Xt#lﬁf[yhﬂ ’ Xt# i+2’[y]i+2’ o ’X:#I;Zw’[y];w)] ‘
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Next note that Holder’s inequality ensures that for all &k € {1,2,...,n}, [ € {0,1}, p € [2,00),
0 =1(01,09,...,0;) €EDp, welly, € H y = (y,u,us,...,ux) € X _OH[Z] t € (0,7 it holds that

H#w 0,z H#Hw 0, #irw ’[y]w #rw 7[y}w Iww ’b’]#w
(G057 — G () (T P ey
[T o,
- #1w.ly]7
z ||X " (P;H)

S HGl(#W)(XtOJ) - Gl(#W)(X?y)ng(#wﬂ)

(B;L(#=) (H,V], ))H gl
Rty [Hm;1 Huff'm”H*‘SIW }
i,m

Ho L‘sv #I?v[y]iw
H i Ht ¢ t ||£P<#w+1>(IP~H)
h tl,? |: #IW i|
cw

i=1 | ||U17m||H e

— ||W#=)(x0m (#=) (¥ 0,
- HGl (Xt ) - Gl (Xt y)H£P(#w+1)([P;L(#w)(HJ/l’Tl))

|T vV 1|Lk/2J min{l—a,1/2—3} L6

(#w) 0,z (#w) 0
- $(G1+d24...+6%) @, p(#Hw+1) HGl (Xt ) - Gz (X )

?y
t w . w °
| erse v @izoreranninyy

(66)

In addition, Holder’s inequality establishes that for all & € {1,2,...,n}, [ € {0,1}, p € [2,00),
Y € [0,00), 6 = (51a627-"75k) S ]D)ka w € H;;7 .] € {1a27"'7#w}7 X = (ZL‘,Ul,UQ,...,Uk), y =
(y,u, U, . .., ug) € x%_ HU t € (0,7] it holds that

#w 0, #I ,[X]l #Iw,[x]gj #17"717[)(]?—1 #IW?[X}? #IW?[y];ﬂ
—Hl N |Gy = (X7 (X, X, s X, X, ~-X, ' ,
#r= YT 1 #rw »[Y]wz #rw 7[y]§w

X, T X, e a-'th e )HLP(IP’;Vz,rl)
< |Gl ]1—[ X v (P;H) ﬁ X, Lr#e (P;H)
= Mllef=(HV,,,) #iw #iw

i=1 Hm 1 urz, Nla- i A LimiH [Ty usz, lla- i
#I ’[ #I ’
. ||X _X HEP#W(IP’;H)
H#rw
Hm 1 || I]wm H_élfm

) ] j—1 tb‘;w x| ( )
B L : t (P;H) 67
- ‘Gl’C#w (Hr‘/l,’rl) [ ’7+L(6’0) H tl,?] [H #I?—’ ]

t

PO+ e\ (17} i1 Ly HqumHHfé .

zm

#w Ltsi :%I;‘V V[y]iw

II

Iw
i=it1 [ty lurz, 0,
i,m

L(6.0)
Yt+i;w #I 7[ ] #I 7
Lr#w (]P;H)] ¢ e “X ’ - X, ||£P#w (P;H)

Hm:jl lurz, |la_s,..

Jm
‘T V1 | [k/2] min{1—«,1/2—8}

o
= (Y +01 402+ +08) Sup v S%pT {‘Gl’cgﬁwm,w,m) Lw\{lf},p#w
v=)iermetyion T SO

w) #w 7( RY ) # .Wv( 3 )
S'Y+LI U{k+1}HX I _ Xs Ij o ||£p#w(IP>;H)}

Hiej;.ﬂ ||Ui||H_ai
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Combining (65)-(67) yields that for all k& € {1,2,...,n}, I € {0,1}, p € [2,00), v € [0, 00),

8 = (01,09,...,06) € Dp, x = (2,u1,Us, ..., uk), ¥ = (y,u1,us,...,u) € xF_HO ¢ € (0,T] it
holds that
[Galt XE%) = GL 6 X levai, g _ [T v 12 im0}
k] b 1A <
Hle HUiHHﬂsi - +(814+02+...40%)
6 (#=) 0,z (#) 0,
- ( D7 L8 e 1G0T = G2 X0 s i,
welly

(68)

[
Z > sup sup {IGzlcfw(H,vW Loy, vt

wEH* Tew v=(vi)icr€(H\{0})#1 s€(0,T]

37+L1u{k+1} ||X;/#17(ac,v) i X;’%‘EL(?J,V ||£p#w ®:H)
[ecr Tl |

This and Minkowski’s inequality unply that for all k € {1,2,...,n}, 1 € {0,1}, p € [2,0), § =

(01,09, ...,0,) € Dy, v €0, 1/2—2Z L6i), X = (T, up, U, ug), y = (Y, ur, ug, - uy) € XE_ HUED
€ (0,77 it holds that

x x X (+1) 1/@+1)
[/t (HGk,l(S’ Xf’ ) — GZ,;(S,Xf )HLP(IP;VW)> ds] <|TV 1|[k/2] min{1—a,1/2— 3}
k —

0 (=) Ty il ms

| [ /t < > L3 i 1GIF= (X07) = G2 (X0 ot s1 by 1131, )
0

g(01+02+...+0) (t — 5)7’1

welly
1
+ . sup sup ’Gz|c#w HV, Lw\{[} 4o
w;;t Igﬂ s(Fo1+02+.40k) (1 — )T v=(o1)ser €(H\ {01 we(0.7] { L) P

w“’ﬂﬁﬂ’?iﬂ} ||Xf1,(x,v) X#I, YsV) ||£P#w(]P> - (I+1) N 1/a+1)
L lvilla_s,

< |T v 1|Tk/2 min{1-a.1/2=}

- = - I+1) /(+1)
L t HGI(# )(Xg’ ) — Gl(# )(X£7y)||£p(#w+1)(P;L(#W)(vaz,rl)) ( ] /(141
Z @, p(#w+1) 0 5(51+52+...+5k) (t — S)Tl 5

welly
1/@+1)

£ Yo BB (14 1= (4 )+ T 60))

wGHZ Iew

y89) #r1,(z,v) #1.(y,v)
G| I w! B | XG T — X ot (o)
sup sup 1| ot o\ {1} phe .

v=(vi)ier €(H\{0})#1 we(0.T] COF (H V) T P [Lics llvillm_,

(69)

Hence we obtain that for all k € {1,2,...,n}, 1 € {0,1}, p € [2,00), d = (01,02,...,0,) € Dy,
€ [ 5.0) o), v € [O,/\—LI(I\?O s [0,1/2—2f:15i), X = (z,u1, U, ..., ug), y = (Y, U1, U, ..., u) €
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x¥_oHU it holds that

< x X (I+1) 1/(141)
sup A X’"l’ [P- (:v—_l)]l/2 /t ”GM(S’XL? )_ GZJ(S,X& )HEP(P;VZ’TZ) ds
A:
te(0.7 nloz 0 (t =) Ty il
min a, ry, T
g T8

welly
- sup <t [p(pzl)}l/2
te(0,T

Y
+ 30 Y e ) e (1 — (14 11— (L 1)y + L, 61)

well} Iew

#w xr #‘w l+1
t HGZ( )(Xg ) - G( )(XO y)”gp(#erl)([p L<#W)(HV1”)) Y+
/0 g+1)(61+02+...+0k) (t _ S)(H—l)rl ds

] 1/a+1)

'7+L§ij?,)€+1} ||Xf”($’v) X#I’ ||£p#w (P;H) })

sup sup 9§ |Gilg#= L inypie
v=(vi)icr €(H\ {0} #1 we(O,T]{ G (Vi) T\ [Tt lvilla s,

(70)

This shows that for all k € {1 2,...,n}, p € [2,00), 8 = (81,0,...,01) € Dy, A € [1o?, 1)),
WG[OA—LE\?O] N[0, 12—, )xyEHltholdsthat

1 a
Z sup sup {tA XX:Z [p—(pz_l)}

=3 u=(u1 s, i )€ (H\{0})F t€(0,T]

0
a: 5 Ty (l+1) 1/()
G (5, X5 = G (s X2 v\ T
S
(=g

< |T v 1| [k/2] min{1—a,1/2—8}

t =) w0z =) (X0
§ : @, p(#w+1) XA?? Sup 0 (t—s)@ s(01F02++0y)

welly (0 T]

= 0,z - 0,

N t || B#=) (X%%)— B#w) (X2 y)||Lp(#wH>(PL(#w>(HHS(UH » 1/2 (71)

+X 17 sup {1 3 (t—5)28 20105 FFo5) ds
t€(0,T] 0

(6,0)
Y4 #7,(x, #71,(y,
1U{k+1} | x 1 (@ u>—Xt nl U)HLP#W(P;H)

+ sup sup {L‘; IYp e —
w%;* I;z“—(uz)zeIG(H\{O})#I t€(0,7] e ierluln_s,

o Bl—al—y=30,4)

OH) \/7@ B(1—-268,1-2y—2%", 60] }) .

Combining with yields that for all k € {1,2,...,n}, p € [2,00), d = (01,09, ...,0k) € Dy,

. [XZ’; TO+1—a—-3E, &)

+ Xﬁ’,:; T(A+1/2757772f:1 )
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[(60 1/2), 76[0;)\—&](1\?0)] N [0, 1/2—2 i), ,y € H it holds that

A HXZC’(I’U) - Xf’(y’u)Hm(P;H)
sup sup k
u=(u1 uz,....uk) €(H\ {0} t€(0.T) Ty lusll s,

< ’T\/l”k/ﬂmm{l a,1/2—-p} 604:?7727 (‘F‘Cé(H,Hfa) ’B‘Cl (H,HS(UH_ )))

L \ t ||F(#w)(Xg 9”) F(#w)(XO y)||£p(#m+1)<]p L(#w) (H,H_,)) d
Z @ p(#e+1) XAn sup 4t . (t—s)a s@1T 02 ¥ F05)

welly (0 T]

t)\ p(p_l) t HB(#w)(XS I) (#w)(XO y)”ﬁp(#w"rl)(]p L(#W)(H HS(UH_ B))) d 1/2
- X A tes(l(l)F;] 2 0 (t—s)2B g2(01+92+...+3k) S (72)

(6,0)
s Iu{k+1}||X#1 oy # o, u)ng#qu H)

+ sup sup {L‘;\{I}’ #e m
w;* Igvu:(umge(m{on#f te(0.7) ’ Mier il s,

|:X 777 T()\+1 a—y— Zz 1

,Q)B(l —al—7y- Z?:l 52’)

1 k
+X5TT(A+1/2 B35, 6 |B|C#w (H,HS(U,H_g)) \/p(pz )B(1_26’1_27_2Zi15i)} })

In particular, this shows that for all k € {1,2,...,n}, p € [2,00), 8 = (01,09,...,0;) € Dy, z,y € H
it holds that

(5 0) k. (y,
sup sup HX o —X e ”U’(JP’;H )
u=(u1,uz,....ur ) €(H\{O})F tE(0.T] Hi L uille,
i a,f, L
<|Tv 1|fk:/21mn{1 a1/2-8} g an (|F|c1 o |B|c1 (HLHSU.H. B)))
[ (#w) XO@) FE#=) (x|
4 (8,0 I1F (Xs s Nep#Ho+1) (pL(#=) (H,H_,,))
’ ( Z Lw,p(#mﬂ XA,n tes(%%] {t 8 /0 (t—s) sC1+02++0) ds
welly L
r o< 0,z w 0,
B8, T L(5 ,0) p(p—1) t ||B#=) (X)) —B#=) (X y)||LP(#w+1)(]P L(#w)(H, HS(UH_g))) d 2
T Xan tes(l(l)laf] o > Jo (t—s)20 520102 % F0p) ° (73)

A0 #r@m)  H# )
t TU{k+1} ||X )y (Y, Hﬁp#w

5 t t (P;H)
+3y ) sup sup {Lw\{f},p #o Moes Tuilln

well} Iew u=(u;);er€(H\{0})#1 t€(0,T

GB(l—a,1- SF L 6)

<U,Hfﬁ>>\/(p21 B(1-26,1 222;&)]}).

Furthermore, we note that Corollary 2.8 in [1] (with H = H, U =U, T =T, n =1, p = p,
a=a a=0 08=08 8=0, L = |Flawn_., Lo = [FO)lu_.. L1 = |Blei.usw,m_s):
= |BO)|luswu_p, W =W, A=A F = (0T) x Qx H 3 (t,w,z) = F(z) € H_,),

(6,0) )
ST PR AR )

20



B=(0T]xQxH> (t,w,z) = (U uw~ B(z)uec H.g) € HS(U H_g)), § = 0, X! = X,
X2 = X% X=0forx,y€ H, pe |[200) in the notation of Corollary 2.8 in [1]) and show
that for all p € [2,00), ¥,y € H it holds that

«,B,0

S(‘(l)%] IX7" = XV | o ey < Xy e =l O ar (IFlei .y | Bleyauswom_yy) < oo (74)
te(0,

This implies that for all £ € {1,2,...,n}, m € {1,2,...,k}, p € [2,00), | € {0,1}, § =
(01,09, ...,0;) € Dy, z,y € H, t € (0,T] with z # y it holds that

(m) 0,2y _ ~(m) +0,yy(14+1) 1/(l+1)
N GG )”Lp@»;L(m)(H,w,rl)) d
0 (t—s) DT TFD @1 F6+F35)

L/a+1)

<’ t 1 d
st 0 (t—s) A1)y g1 (01 +d2+...+0k) S

- sup ([ GI(XE) = G (X | coeinon )

s€(0,7T
< U/t nmmin{-a =B 1B (] (14 1)y, 1 — (L4 1) 8, 6) |7 (75)
- sup ([ GIXE) = G (X | poeion )
s€(0,T]

< pUmnem D B (1L — (14 D 1= (1) 5, 6) |7

NGilupm v,y sup ([ X907 = X2V 2o o)
s€(0,T

< 7 (1/a+1)=ri—min{l-a,1/2—5}) @i’ff,g,:r(|F|cg(H,H,a)7 |B|cg(H,HS(U,H,B)))
1
BL-(+ D, 1-(1+1)3r,6)| fen Xoim |Gl arvi,) 12—yl

Combining this with establishes that for all k € {1,2,...,n}, p € [2,00), d = (01,09,...,0) €
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e @
15 — X oy
sup sup
P, (1 ) ECH\{OD tE(O.T) lz = ylla 1T llwill s,
min «a O‘fB’L
< |T v 1|[k/2 min{1-a.1/2-5} g ,n,pﬂf (|F|c1 a0y | Blemasw.a_s)

750
( Z LS @,p(#w=+1) XAn@ Amn,p,T (|F|Cg(H,H7a)v |B|cg(H,HS(U,H_ﬁ)))

welly
=1

' [XZ’,Z; pli-ommin{i-atf=fh | p| L B(1—a,1— X8 6)
(76)

T —B—min{l—a,1/2— -1 k
+ X B minm e | B s ) V’%B(l—w,l—mzléi)}

(6,0)
i b e i

+ sup sup sup {Lf; N opte — —
;; et uucrctmoys o) U le=vle ier el

(P3H )

a,T —a—min{l—a,l/2— k
: {XA,n VAl (1—a1/2—B}) | Flege rp_ ) BOL— 0,1 =377, 6)

4 X T(1/2 B—min{l—a,1/2—3}) ’B|C#w (H,HS(U,H_3)) \/@B(l - 2B7 1— 22?:1 61):| }) ’

Induction and hence imply that for all k € {1,2,...,n}, p € [2,00), § = (01,09,...,0) € Dy
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30
1%, — X0 ey
sup sup -
PYEH, u=(ut vz ) E(H\ (0D 1€(0.T] 1z = yllm TTizs lwillas,

BL
<|TVv 1|k inp]NT (|F|C1(HH |B|Cé(H7HS(U’H—ﬁ)))

OT ,
( Z L p(#wt+1) X @iipT(|F|cg(H,H,a)7 |B|cg(H,HS(U,H,B)))

welly

|:XAn|F|L1p#W(HH )B(l—a 1 - Zz 15)

7T -1 k
+ Xﬁ,n | BlLip#e (1,180,H_4)) \/% B(1-28,1-2>7, 51)}

(6,0)
|:tLIU{k+1} HX;#I’(:C’U) _X;#I7(y7u> ||Lp#w )

le=yllm [Lier luillm_s,

+ Lw\{]} o sup sup sup

k
{XAn |F’c#w H,H_ )B(l —a, 1 =370, 0)

-1 k
+XA17 ‘B’c#w (H,HS(U,H_g)) \/l%mg(1 —26,1- 22¢=1 51)}) < 0.

This implies and thus completes the proof of item . To prove item (v|) we first observe
that ensures that for all x € H, t € [0,T] it holds that

lim sup 5, E[min{1, X" — XY u}] = 0. (78)
This implies for all x € H, p € [0,1], t € [0, T] that
lm Sy . Emin{1, (X2 + p[X0¥ — X0%]) — X0 3] = 0. (79)

The fact that Vk € {1,2,...,n}, 1 €{0,1}: Gl(k) € C(H,L™(H,Vip)), e.g., Lemma 4.2 in Hutzen-
thaler et al. [I3], and, e.g., item (ii) of Theorem 6.12 in Klenke [I6] hence ensure that for all
ke{l,2,...,n},1€{0,1}, x € H, p € [0,1], t € [0,T], (xm)men, C H with limsup,, . [|Tm —
Zo||lg = 0 it holds that

lim sup,, o0 B [min{1, |G (X7 + p[ X — XP7]) = G (X0 | ooz ] = 0. (80)

Combining this and, e.g., Lemma 4.2 in Hutzenthaler et al. [I13] (with I = {0}, ¢ =1, X" (0, w) =
1GE (X7 () + pIXP (w) = XD (@)]) = G (X (@)l ooy ) for w € Q¢ € 0,T], p € [0, 1]
1€{0,1}, k€ {1,2,...,n}, (zj)jex € {y € M(N, H): limsup; , ||y, —2|lpg =0}, me N,z € H
in the notation of Lemma 4.2 in Hutzenthaler et al. [13]) establishes that for all ¢ € (0,00), k €
{1,2,...,n},1€{0,1},x € H, p€ [0,1],t € [0,T], (xm)men C H with limsup,, ,.. [|Tm—2z||lzg =0
it holds that

limsup,, o, P({w € Q: |G (X (w) + p[X)" (w) = X ()
— G @)l sw iy 2 €3) = 0. (81)
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This, the fact that Vk € {1,2,...,n}, 1 € {0,1}: sup,cy ||G§k)(x)||L(k)(HM’O) < o0, and, e.g.,
Proposition 4.5 in Hutzenthaler et al. [13] (with I = {0},p=p, V =R, X"(),w) = HGl(k)(XtO’xO (w)+
pIX™ (W) = X @)]) = GP X @) oy for w € 2t € [0,7], p € 0,1, p € (0,00),
1€{0,1}, k€ {1,2,...,n}, (z))jen, € {y € M(No, H): limsup, ., |y; — %ollz = 0}, m € Ny in
the notation of Proposition 4.5 in Hutzenthaler et al. [13]) ensure that for all k € {1,2,...,n},
1 €{0,1}, p € (0,00), p € [0,1], t € [0,T], (Zm)men, S H with limsup,,,_,.. [|Tm — o|lg = 0 it
holds that

limsup,, .. E [||G§’€> (Xm0 4 plx e — xPm0)) — GW (XD = 0. (82)

HL(k) H,V, O)]

Combining Holder’s inequality and Lebesgue’s theorem of dominated convergence with (with
p = 1 in the notation of (82))) yields that for all k € {1,2,...,n}, I € {0,1}, p € [2,00), ¢ €

(1, m), A € [max{a — Yq, B — Y290}, 0), © € H it holds that

k = (1+1
) p NG X0 = GO v, e
msup sup ; (t—s)(l“) S

H>y—x te(0,T

t 1 /la(i+1)]
< limsup sup {t’\ {/ —ds}
Hay—z t€(0,T) o (t—s)al+irm

(a=1)/[q(1+1)]
[/ G (x0) — (Xoy)\\qgﬁ&%qu;vw>)d51 }
= limsup sup { S )
Hay—ae teo1) |1 — q(l + 1)r]iat+0)
(a=1)/[q(141)]
U |G (x0) = G X0 | S e >>d5} }
T A+ la(+1)]=71)

T L= gl + 1)p] ]

(a=1)/[q(14+1)]
] 0.

T
s [ 1600000 - GO

H>y—x Jo
Moreover, observe that the fact that V¢ € (1, m) 0 < min{Y/q — a, /(29 — B} < min{l —
a,l2 — f} < 1/2 and (with k = k, p = p, § = 0, A = —min{l/q — o, Y/ (29) — B}, v =
min{l — «, Y2 — B} — min{Y/q — o, Y29) — B}, z = x, y = y for z,y € H, q € (1, m),
p€[2,00), k€ {1,2,...,n} in the notation of (72))) imply that for all k € {1,2,...,n}, p € [2,00),
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q € (1, m), x,y € H it holds that

sup su
u=(uy,uz,...,.ux)E(H\{0})* t€(0,7]

x5 — X gy
gmin{l/g—a,1/(29)— B} Hle s a1

min{l—co,1/2— a,8,— min{l/¢—a,1 —
< |7 v 1|k/21 min{1—at/2 ﬂ}@A’§7P,T {/a—aY/(20) 5}(|F\Cg(H,H_a)a!B|cg<H,Hs<U,H,ﬁ)))

. Z LOk ol w 1 t ”F(#W)(X‘?’z)iF(#W)(Xg’y)||£P(#w+1)(]P;L(#w)(H,H_a)) s
wp(#et+1) [XAn SUP ) e e 5} . (t—s)*

well), te(0,77]

#w) (X907 _ B(#=) (x9:¥y|2 1
T 1 (1) t || B#=)(X")—B#=) (X )||£p(#w+1)(p;L(#w)(H,HS(U,H,B))) d 2
X SUD N\ e a1 | 2 ) )7 §

te(0,7)

. |XF = XE O e ey
+ Z Z sup sup {ka\{[]np #o  ¢min{l/q—a,1/(29)-B} H

well} Iew u=(u;)scr€(H\{0}))#I t€(0,T)

iel || 21

: [XZ’,Z 7 (1—a—min{l—a,l/2—5}) |F\C#W(H7H_a) B(1 —a,1—min{l — o, /2 — 8} + min{1/q — o, 1/(29) — S})

BT r(1/2—B—min{l—a,1/2—
+ XA T(/2=5 { /2—=B}) |B|CfW(H,HS(U,H_ﬁ))

[PEUB(1 - 26,1 - 2min{1 - a, 2 — B} + 2min{l/s — @, Yoo — B})m })
(84)

Induction and (83)—(84)) hence ensure that for all k € {1,2,...,n}, p € [2,00), q € (1, m),
x € H it holds that

Xk,(:c,u) B Xk,(y,u) .
lim sup sup sup H tl - ! kHLp(P’H) = (85)
H3y—2 u=(urus,...cur) €(H\{0}) te(0,7] | tmin{/a—at/o=B} [T [lug|| g
This and show that for all k € {1,2,...,n}, p € [2,00), ¢ € (1, m), x € H it holds
that
| 127 = X oy
lim sup sup sup %
H3y—=a u=(uy uz,....up) €(H\{0})* 1E[0.T] [T lJuilla

k,(z,u) k,(y,u)
< Tmin{l/qfa,l/@q)fﬁ} lim sup sup su ||Xt - Xt ||U"(]P;H) —0

H3y—0 u=(un g, €(H\ {0} te(0,7] tmin{l/a=as /=B TT*_ |lu;|| 1

Combining with item proves item .
We now prove item by induction on k € {1,2,...,n}. Note that ensures that for all
p € (0,00) it holds that

L, < . (87)
Furthermore, observe that for all [ € {0,1}, u = (ug,u;) € H?, t € [0,T] it holds that
Gi(X™™) = Gi(X[™) = Gy (8, X0 — X). (88)
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This and imply that for all u = (up,u;) € H?, t € [0,T] it holds that

[X?,UO+U1 _ XS’UO]P,B(H) = [etAul]]P’,B(H)

¢ B t 89
+/ e(tfs)A Glio(S, X;),qurul o Xg,uo) dS + / Gllll( XO ug+ul Xg,uo) dWS ( )
0 0

Combining this with the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato &
Zabczyk [§], , (34), and Proposition 27l (withH =H,U=U,T=T,n=n,p=p,a=0,
a=0,08=0 8=0,L=|Flemm, Lo =0, Lt = |Bleymuswm)y, L1 =0 W =W, A=A,
F =Gl B=GY,d=0 Y= X0 _ X006 y2 = ylu \ =0 foru= (up,u) € H?,
p € [2,00) in the notation of Proposition 2.7 in [1]) ensures that for all p € [2,00), u € H? it holds
that

0,01 (u) 0,64 (u) 1, 0,0,0
tEBPT |26 = X - X u”LP(]P;H) < @A,n,p,T(|F|c§(H,H), |B|cg(H,HS(U,H)))
t
. tS([(l)lj;—‘] [' / e(t—s)A (G?70(37X270%(u) X() 61 ) Gil()( XO,G%(u) . Xg,%(u)» ds
€(o, 0

t
+ / eI (G (5, XQA) — XQHO) — Gy (5, XQAHW) — X000 W,
0 |

mmﬂj (90)

0,0,0
An ®A,n,p,T(|F|Cé(H,H)7 ’B|Cé(H,HS(U,H)))

T
: [/0 |G (s, X0 — x 0060y — GY (s, X0 — X OB 1)y ds

1/2
[ [t XEOI) = XO0) = Gt 5 X0 — XU 5] ]

In addition, Holder’s inequality yields that for all p € [2,00), [ € {0,1}, u = (up,u1) € H x (H \
{0}), t € (0,77 it holds that
Gy, (¢, X0 — X)) — Gy (8, X = X0 | e

[l

1
[ G0 e ) = G X0 dy
0

1

N |21 2

(91)

LP(P;Vi0)

1
< Loy [ IGHOX™  plXE™ ™ = X)) = GUX™) ey d
0

In the next step we combine with and Jensen’s inequality to obtain that for all p € [2, c0),
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u = (ug,u1) € H x (H \ {0}) it holds that

0,61 i(u) 0,04 (u) 1.u
”X - X =Xy ”LP(P;H) 7 0,7 ~0,0,0
Sup, Tl < Lop Xy O%ppr (1P ley .1y, | Bleyrrsw.iy)
T 1
NI eee g — X0~ PO oy dp ds 9
0 0

1/2
+ |ip(p 1) / / HB/ XOuo +p[X0uo+u1 XOuo]) . B/(Xg’uo)H%ZP(IP;L(H,HS(U,H))) dpd8:| ]

Furthermore, Lebesgue’s theorem of dominated convergence and yield that for all m €
{1,2,...,n},1€{0,1}, p € [2,00), up € H it holds that

T 1
lim sup / / |G (X 00 4 p[xOuorur _ xOuo]) _ Glm)(x0wuoy) L+ ydpds = 0. (93)
0

H>3u1—0 Jo LP(BL (HVi,0))
Combining with and establishes item in the base case k = 1. For the induction
step {1,2,....,n —1} 5 k - k+1 € {2,3,...,n} assume that there exists a natural number
ke {1,2,...,n — 1} such that item holds for k =1, k = 2, ..., k = k. Note that item
ensures that for allm e {1,2,...,n}, p € (0, oo) x,y € H,ve H\{0} it holds that d,, ,(z,y) +

dmp(w v) < oo. We also note that item (v|) and the induction hypothesis assure that for all
me{l,2,....k},pe (0,00), z € H it holdsthat

lim sup d,y, p(z,y) =0 and limsup dy, ,(z,v) = 0. (94)
H>y—x H\{0}5v—0

Next observe that shows that for all [ € {0,1}, u = (ug,us,...,ups1) € H*2 t € [0,T] it
holds that

k+1u k+ Alo+u k+104
Gl xPTT) = gy xp

w

+ Z G(#w) (XO,U0+Uk+1) (X#Iiﬂa[@]fﬁ-l(U)h X#I?»[Olfﬂ(u)]? X#Izw ,[9’f+1(u)]zw) (95)
l t t

, X, s X
welly
and
G, XTI Py x0T
+ 30 G (x0) (Xt#qv,[eo (u)]i”7 Xfrgmeé“(ung’“ 7 X:%Igw,[e(’;*l(u)}zw)' (96)

welly,
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This implies that for all I € {0,1}, u = (ug, u1, ..., upy1) € H*2, t € [0,T] it holds that

k1 k1 k41 k41
Gzll ( )(t Xk:91 ( )) . Gzol ( )(t Xkﬂo ( ))
_ G/( 0u0+uk+1)Xk9 G/(XOuO)XkQ H(u)

ot e @ 05 (W) #ig 7T (WIF,
+ Z [Gl(#W)(X?’ ot k+1)(Xt#11 07 (w7 ’Xt#lg (07 (w)]3 X I # )
wEHZ
w’9k+1 u)l® w,0k+1 )@ # 1w ’[9k+1(u)]ww
B Gl(#w)(XtO,uoxXt#Il [0 (WIf ,X:#IQ (05" (W]5 X, 1zl # )]

N k41
- G;(Xg,u())(th,Ol (w) Xk: Ok ) [G/( Ouo+wc+1) . G;(Xg’uo)]Xf’91+ (u)

#im 0T WIF #0yT (w]Y

w 0,up+u w K7 ’
+ Y [lEE e - G () (X X[
welly
H#rw [0 ()2 o, [P (w)]® o, [0 ()] #re 07T (w)Z
1z % #w)—FGl(#w)(X?’uO)(Xfll (077 ( )h,Xt#IQ (077 ( )]2,...,Xt 1z #w)
w, 9k+1 w # @, 0k+1 w # . ’[0k+1(u)]ww
= G (e (x0T O R )|

The fundamental theorem of calculus and hence yield that for all [ € {0,1}, u € H*"?2
t € [0,7] it holds that

k+1 k+1 k+1 k+1 k+1 k+104
Gp, W, xT Wy Gl W, x0Ty = G X X (98)

This, (34)), and imply that for all u € H**2, ¢t € [0, T] it holds that

k+1 k+1
[th»e1 (u) o vaao (u)]

t k+1 k+1
= / eIAGE, M (s, XPTO) Gl (s, XENT )] ds
0

P,B(H)

t K410y k+1 0
+/0 6(t—s)A [Gzh ( )(S’Xfﬂ’f"'l(u)) . GZ?1 ( )(S7X§’0§+1(u))] dWS (99)

/ A GR o(s, XEATT - XENT ) ds

0
t

+/ el G2+1,1(8 Xk o Xf79§+1(“))dWs,
0

Combining this with (31]), . , and Proposition 2. Tin[l) (withH=H,U=U,T=T,n=n,
P e Flegnns B0 = Sen,, Flegnan TS ([0

k+1

- # w uw
Ly = |B|Ckl)(H’HS(U7H))’ Ly = ZwEH* |B|C#W (H,HS(U,H)) H || [ X K ol ]H]Lp#w’ Ww=w, A= A7
F =G}, B=G},, =0, Yl = XkO e _ xk 9’““< W y2 = Xkluo )\ = for u e H*?2,
p € [2,00) in the notation of Proposition 2.7 in [I]) implies that for all p € [2,00), u € H*"? it
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holds that

k0%t (u) k05t (u) k+1, 0,0,0
Sup | =X = X ey < Odpr (Fley iy 1Bley o mrsw,my)
t .
o) ” / eI (GR, gs, XIOT ) Y RET W) G (s, RO BT ) s
€(0, 0
t
+/ e(t—s)A(_erLl(S Xk oF () Xk 0k+1(u)) k+11(S’Xf,Bf+l(u) _Xk 0k (u )) AW, ]
0 Lr(P;H)
(100)

The Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [8] hence
shows that for all p € [2,00), u € H**? it holds that

k05 (u) k,oE+
sup ||Xt — X,

te[0,T]

g 1
_ k,9k+1 u k,9k+1 u +1(u k’0k+1(u) 1 /2
/ ||GE+1’0(7§,Xt 1 ( )_Xt o ( )) k+10(t X Y )_Xt 0 )HEP(IP’;H) dt + [P(Z; )]
0

r T 1/2
— k,0k+1(u) k,9k+1(u) (u) k,9k+1(u)

' / (G (6 X5 = XP ) — a8 X - X, )H%P(P;HS(U,H))dt] ]

LJO

(101)

(u) k41, OT 0,0,0
- X uHLP(IP’;H) <X @Ain(|F|cg(H,H), |B|Cg(H,HS(U,H)))

Next observe that for all m € IN it holds that
I, = {wU {{m+ 1}}: w € Hm}
U{{J N s u{m+1},fg1,fg2,...,fgw}:z‘e{l,z,...,#w},wenm}.

This implies that for all m € N it holds that

(102)

M, = {wu {m+1}}: @ e Hm}

U{{I IF. . I u{m+1},fgl,fg2,...,fgw}:z'e{1,2,...,#w},wen’:n}

:{{{1,2,,..,m},{m+1}}}&){ U <{wu{{m+1}}} (103)

H*

m

{7 I, I I U m 4 1) I8 e TR Y € {1,2,...,%}})1.

This and prove that for all [ € {0,1}, u = (ug, us, ..., upy1) € H**2 2 € H, t € [0,T] it holds
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that

;;Jru(t, x) = G;(X?7u0>x i Z Gl(#w)<Xt0,uo) (quﬂu[u}i”’ Xffg[u}ff’ o ’X:#I;;w’[u]zw>
well}
— G;(XE’UO) T+ G;'(X,?’uo) (Xf,:(;l(u)’ th,(uo,ukﬂ))
i Z G;#WH)(X?,U,O) <Xjélfv[9§+l(u)]?, Xz%g[e’g“(u)}g’ N 7Xt#1gw,[9§“(u)};w | th’(uwkﬂ))
well; (104)
+ #Zw Gl(#w)(X?’uO) (Xz#qw,[e’ﬁl(u)}?, Xjélg,[ﬁgﬂ(u)]g, » flﬁl’[egﬂ(u) ?71’
=1
e T I ) Xf’ﬁf[egﬂ(u) T Xjérg,{e(’;*l(u)mz7 - jﬁfgwy[oé:“(u)]zw)] |

Moreover, observe that shows that for all [ € {0,1}, u = (ug, uy,...,upy1) € H*2 2z € H,

t € [0, 7] it holds that
G hr(t ) = Gl(X)") @
1 k1
_|_/ G;/(nguo + p[XtOvUOJF“kH . X?,Uo]) (th,&l* (u)7Xt07UO+uk+1 . XtO,uo) dp

0
#ig 107 ()5

b (#at]) [0 Ot O/ <o frse (5L ()P
2| [ ettt g e e (TR
welly [0
k+1 w©
j‘é]zw7[01+ (u)]#w7X2?1u0+uk+l o X?’UO) dp (105)
H#ow - = . ~ _
+ZG;#m(Xto,uO)(Xfrivv[e(’?“(u)h’ Xflfv”c’?“(ﬂ)]z,'”’ Z#ziw_l,[e(ﬁ%u)h_l, t#zg,[ef“m)h
=1
e /A O o O A () R T O AR ) it #iz 05T (WIF,
_th 0 >Xt +1 +7Xt +2 +a"'7 t#w )
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This implies that for all I € {0,1}, u = (ug, u1, ..., upy1) € H*2, t € [0,T] it holds that

=u k0% T! k08t (u u k05t (u k,0Ft (u
P XP M XTIy g XM = x )

Z“ [ (#e) (X0 “0)(X#’ = [0 (u)] P ’Xjéfg,[eé““(un?’ N ’Xfle’[eé“*l(u)l&,
X#Ig,[el WIF TN e LT W ) e O (1
- t - t ) t )

S 105 (wlE, X#I;W,[e’f“m)]zw)

' . ¢

w , 9k+1 w7 w,9k+1 )|y #iw »[9k+l(u)]z

+Gl(#w)(XtO7uO)(Xfll [o ( )h 7Xt#12 [0 ( )]2 ,---,Xt 7 1% 1’

oL W ) g O @IF e, 01 (I X#Izw’[ef“@”%)

t ) <Xt ) <3¢ A A 4

_ G(#w)(XO,UO) (Xffi”’[egﬂ(u)]?’ Xffg’[9§+l(u)]?’ o 7)(?’51’[95“(“) = 1’

e+ (05T WIF k) #rE 0T WIF e, 00T (w)F #iz 05 (g,

t X, X, X, e )]

#w+1) XO uQ X07u0+uk+l X07u0 G(#w+1) X07u0 X#Ilm' 7[0]164‘1(“)]111
+Z ( + p[X, - X)) =G (X)) (X ;
welly
w w b+l w)=@

X:#Ig’:[ 1 1(“)]2 o ’Xjél#w’[el ( )]#w’X?,UO+uk+1 - Xto,uo) dp

+ G(#w+1) (XO,UQ> (X#Iiv7[6§+1(u)}? X#157[9§+1(u)]2w X#Izw’[eg+l(u)]zw

l t t ) t 9ttty t )

X£)7U0+uk+l B X?’UO o th,(U07uk+1))

+G§#W+1)(vauo)(X#m O Xjélw [0 () Xf’%fw’[elfﬂ(u)]z“ Xt07u0+uk+1 _Xt(),uo)

w w k+1 u @
_ Gl(#wﬂ)(X?,uO)(szlw,{eé H)p ’thg,[Gngl(U)]z ,M’Xjﬁf#w,[eo ( )]#w’Xf,qurukJrl B Xtom) '

(106)
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This assures that for all [ € {0,1}, u = (ug, us, ..., upy1) € H*2, ¢t € [0,T] it holds that

_ k+1 k410, u k41 (4
OGRS U FY e SR AR
#iw 05+ #1206 (W)]F #rw 105T (W)]T
ZZ #w Xouo)(XI (05" (w)]IF ’th 6o ()]27.”’th171 0 1’
welly, =1
X#I?,Wfﬂ(u)]? B X#I?,WISH(U)]? B X#I?-‘rl’([elgﬂ(u)]?v“kﬂ) X#Iﬁrlv[elfﬂ(“) Fi)
t t t " )
X#]w 1T (w)F, Xf]gw,[GlfH(U)@w)
i #r=,[0F )T #w, [08TH(w))F #1= 05T (WP
+ Z Gl(#W)<X1?7uo)(Xt i [0 ( )]1 7Xt k [O ( )}27"'7Xt e 17
j=i+1
X#IFH,([agﬂ(u)F,ukﬂ) X# 05 () ﬁ27[9’5+1(u)m2 #1w ,[9k+1( Wi,
t » <3t y <3t PR R/ )
k+1 w k41 - gk+1 - k+1 . k+10,)]®
Xj/:j;z"[el (u)]j - Xt#];.z'y[eo (ll)]j ’Xj/:Iﬁ_lr[ 1 (u) j+1’Xt#Iﬂ27[01 (u) j+2’ . ,Xt#lzw ,[91 ( )]#w)

#w-i-l 0,uq 0,u0tugk+1 0,u0 (#=+1) 0,uq #Ii”’wlfﬂ(u)]?
+ ) (X + p[ X} — X)) — G (X)) (X, :

welly
- o eR L ()
Xj#[g"v[elerl(u)b L ,Xt#l#w7 01 (u)]#w’XE,u0+uk+1 o XE,UQ) dp
# w,9k+1 u)|¥ # w,9k+1 w)ly #w 7[9k+1( )} =
+Gl(#w+1)<XtO’uo)(Xt I3 6o ()]lth 13 0o ()}27“.’th # 7

0,up+u 0, 1,(uo,u
oty yOuo (uo k+1))

+ % =D g0y (x0T Tyt T e
l t t ) t e t

Y Y Y

i=1

k+1 w k+1 w - k+1 w - k+1 @ - k+1 w
Xt#lgx’v[el+ (w)]? . Xf[?a[90+ () ,Xt#12+1 (677 () z+1,X;#Ii+27[91 (u)LJrz X#I#w7[91 (u)]#w

yoe ey Ny ,
X?7U0+Uk+1 _ Xl?,uo) ‘
(107)

Furthermore, Holder’s inequality shows that for alll € {0,1},p € [2,00), w € II}, 5 € {1,2,..., #&},
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me{j+1,5+2,..., #5} u= (ug,us, ..., ups1) € xIHE ¢ € (0,7 it holds that

)

1 H (:#:w)()(o,uo)()(:#Iiﬂ7[95-‘—1(11)]11D X#I?7[9§+1(u)}12ﬂ 7X:%Iw 7[0k 1( )L 1

k+1 t Iy s
TT Nl

#rp I e BT el T ) s, BT T,

t t t ) t )
#re 07T ()7, #1g_ N ()4
X, ' s X, )Hz:ppvlo)
#I 7[ Jrl(u)]w #I 7[ (u)]w
<1q X | 2ot ;) X, | ot (1)
Gileg= (1,11, H T H (108)
[To=1 ||Ulgj~'q||H i=j+1 Hq 1 ||UIW |1

#1% 0y ()@ #rw [0 (w)]F #re+1,([06 T (W)]F upr1)
e A "

#1w
sl TTp=1 Nlwrs lla

0 7 _ %
< |Gilep= (v 0) Lavirmy st Wtrm +10# (00 Uki1) [ e 1yt ™

<|TvV 1|Lk/2J min{1—a,!/2— B} e

0k 7
|cfw (H,\Vi0) Lw\{lf},p H#e d#[;? +1p #e (U0, Ukt 1)

and
]_ w , 0k+1 u)|? # w , 9k+1 u)|y # w 7[9k+1(u)}_w7
e o IO e (T T
#re LG (WP upr)  #rw 05T (W), #re 05T ()7 # o5+ (w)z
Xt Ij Yo j o Yk+1 Xt Ij+1’ 0 j+1 Xt I]-+2v 0 j+2 Xt 17"2'717 0 m—1
Xf,%,[elfﬂ(u)m B Xff%’[egﬂ(“)m,)(#’?wl 10 (u )]m+1?X;#13+2, 9;«+1<u>m+2’ L
#rz_ 08T (w)Z
)Hﬁp (P;Vio)
#1105 (W)
X, Lr#e (PH)
< |Gleg= 10 [ 11 #1
i€{12,.m~1)\{j} [I=i lug,
- # =, [07 T ()] 7 #r=+1,(06 T (W]F uk1)
[ ﬁ [P e Hz:p#w(IP;H)] [HXt ! ’ Hz:p#w(IP;H)] (109)
#rw b
t=m+1 L= llwiz, llu luprallm [Tzt N, o
#rz 107 (W)]E #1105 (W]E
HX . — X, e HLP#W(]PH)
#i1=
H & ||U1w | a1
L0k+1

< Gllege 130 Luputryp e ka\{ff,lﬁ}p o Tttt (U0 o + Uiy

0k+1

. t 1 U{k+1} Hlew\{lw [w}t

< |T V 1| |k/2] min{1—a,1/2— 3} |Gl L0k+1 0y

o= (v0) LU Oty 1 e LN, 1510

: d#zg,p#w (o, o + Upt1)-
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In addition, Holder’s inequality also shows that for all I € {0,1}, p € [2,0), w € I}, u =
(U, U1, - - - upy1) € X3 HEL + € (0, T] it holds that

—1 ' GF#=t1) XO ug 0,u0+ugt1 0,ug (#=+1) [ v0,u0 #177[911”1(11)]?
T arll | o Gy ( + X, - X)) -Gy ()] (X, ,
# w,e k1 4 # w 7[0k+1(u)]ww u u m
X] 13 67 (u)]27.--,Xt rz_ol% # 7X2?’ o+ k+1_X2?7 O)dp
LP(P;V0)

/ HG (#w+1) (XO U + ,O[XO U0+ Uk 41 X;J,uo]) o Gl(#erl) (XtO’UO) "£p(#w+2)([PJ;L(#W"'U(H’VZ,O)) dp

E H#If‘

< [l ¢ e i) Gire

B PN (a0 ,
‘ =X et | 1K T = X2 o) ety
[y

Hl;p(#w+2)([P;L<#w+1)(H,Vl,o)) dp

L% Ly =
op#at?) Lota+) rem ™
/ ||G (#o+1) (XO U + p[XO MU0+ 41 XO uo]) G(#w-l-l (XO uo) H

min « 0
TV 1‘Lk/2j U=l L k,p(#w+2) Lp(#w+2)-

dp

LP(#w+2) (P; L(#w+1)(H Vi0))

(110)

Again Holder’s inequality assures that for all [ € {0,1}, p € [2,00), @w € T, j € {1,2,..., #x},
u = (U, U1, ..., up1) € xIHE ¢ € (0,77 it holds that

AT |G =D () (X Hrp 0T WIF At 0T (Wl
HkJrl || HH t t X,

#rg 00T W, 0ot u 1,(uo,u

t #Hw ’)(t7 0 k+1 XO, 0 _ Xtv( 0, k+1)) HEP(P;‘/Z’O)
< |G HX +1)(P;H) (111)
< |Glleteti sy 1T H#“”

i=1 !
HXI?,UOJF%H _ X}uo — th’(uo’wc“)Hﬁp(#wﬂ)(P;H)
||uk+1”H

<I|TvVv 1|Lk/2J min{l—a,1/2— 5} el

g eey

0 ~
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and

1 =[085 (w)]F = 05 (w5 #re 1057 (W)
“G(#w—i_l)(X?’uO)(Xt#ll (65" (W)]f ,Xt#IQ (0" (0)]3 L 7Xt 5 j—1
I luilla

X#I;—f,[l Yw)? X#I;.v,[eé““(u)]? X#Iw 107 (W], X#Iw J65 T ()],

- 1
t t ) t ) t )t
#IW 7[9k+1( )}#w 0,u0+u 0
Xt 7th 0TUR4+1 X ’UO)HLP(]P;VLO)
1 #1w, (061" (w)]@ - #1=, [0y ()]
<|G ]1—[ 1X; (P H) ﬁ 1X; LP(#e 1) (BH)
- Z|wa+1(H7W,o) #1w #iw
=1 IT=: | i=j+1 [T, |
o107 ()] #1106 (W]
Ix, T x0T | ot sn ey | 1K T = X0\ ot sn) ooy
1,7 il
= 7.q
k/2| min{l1—a,1/2— 0 T
<|T v 1|/ min{l=e.l/2=6) |Gl|cl’fﬁ’+l(H,Vl,0) L;\{If‘},p(#mﬂ) Lp(#o+1)

’ d#z;.xf p(#wﬂ)(uo, Uug + Uk+1)-
(112)

Combining (T07)-(T12)) yields that for all [ € {0,1}, p € [2,00), u = (ug, u1, . - ., ups1) € XA HEL
€ (0, 7] it holds that

=u k05 (u) k05 (u) K+ (u) k05t (u)
||Gk+1,l(taXt ! - X ) k+1l(t X - X )”U’(]P’;Vl,o)

<|Tv1lf
I lluillm
welly Iew
0 0y
- L{;Siml}}m#w Z Lw\{[ J}p#m Ay p#e (UO> Uy + Uk+1)

Jéew: min(J)>min(I)

. 3
+ Y [L o p(the+2) Lp(#mt2)

welly

|{5p(#w+2)(P;L(#WJfl)(H,Vz,O)) dp

1
. / HGl(#w+1) (XEMO + p[Xl?ﬂiO"‘uk-&-l _ X?’UO]) _ Gl(#w‘f'l)(X?,Uo)
0
+ |Gl|Cf”*1(H,w,o) (L?vlip(#wﬂ) dy p(p 1) (U0, Uk t1)

T Z Lw\{f},p(#w-i-l) L P(#w=+1) d#I,p(#w—H)(Um Uy + Uk+1>>] ) .

lew

(113)

This and Minkowski’s inequality imply that for all [ € {0,1}, p € [2,00), u = (ug, U1, ..., ups1) €
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x M HU it holds that

(1+1) 1/(+1)

dt

k05 (u)

k05t (u k,0Ft (u u
/T ||Gk+1l(t7Xt 1 ( )_Xt o ( )) k+1l(t X T )_Xt
0 1 Nl

N zr@:vi0)

=i [/0 ( Z Gileg= sz w\{I}p#w A 11 (0, k1)

well, Iew

0 O
+ Loy ptte >, LA 1yt Qs p# (U0, Uo + Uiy
Jew: min(J)>min(7)

0

welly

1
. /0 ||Gl(#m+1) (XtO,uo + p[X;),uo+uk+1 B X?,uo]) o Gl(#m+1) (Xt(),ug) dp

ng<#w+2) (P LF#=+1)(H,V, o))

o ~
+ |Gl’c#w+1(H,Vl,o) (L?;,p(#w—l-l) A1 p(#e-+1) (U0, Ust1)

(+1) 1/@+1)
+ Z Lw\{l},p (#w+1) L p(#w+1) d#l,p(#wﬂ)(um Ug + Uk:+1))] ) dt]

lew
o .
<[Tv 1|]C { [/ < Z |GZ‘C#W(HV¢0) Z [L;\{z},p#w A r+1,p #eo (U0, Upt1)
welly Iew
(+1) 1/@+1)
0 O
L0k ot > Loty ptte Qs (U0, 10 + Ukﬂ)] ) dt]
Jew: min(J)>min([)

1
" Z {{/ ( ,p(#w+2)L #w+2)/0 HGI(#“’“) (X0 g plxOotuess _ xOuop)

welly

(#w+1) [ 0 (I+1) /(1+1)
wt U
= G| ot e 1) dp> dt}

T
/0 ('Gl|wa+1(H,w,o) <Lzowk,p(#w+1) A1 (o +1) (U0, Ukt1)

(I+1) 1/@+1)
+ Z LW\{I},p (#=+1) L p(#w+1) d#[,P(#w"!‘l)(uO) Up + uk+1)> ) dt] } }

Iew

+

(114)

Jensen’s inequality hence shows that for all I € {0,1}, p € [2,00), w = (ug, U1, . . ., Upt1) € X1y HU
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it holds that

T (11G kOFF (W) k8T (W) u) k5 (u (+1) Y
/ HGE—}-LI(t? Xt ! - Xt 0 ) k—l—l l(t X — Xt Y
0

T2 uille

M er@vio) @t

S |T V 1|k { Z Tl/(l+1) |GZ|CZ&W(H,V[70) Z [L;\{I}m#w d#[“!‘LP#w (UO; uk-i—l)

well;, Iew

0 0y
+ L{%Ekﬂ}},p #w Z Lw\{[ J}p#ew ity p o (U0, Uo + Uk:+1)]
Jéew: min(J)>min(I)

T 1
T o 1 U O,u U 1 Ul
+ Z {Loﬁp(#ww Lp(#w+2){/ (/ HGI(# " )(Xto ’ "‘P[Xt ok _Xto O])
0 0

wEHk

(#w=+1) (0 (+1) e+
- Gl - (Xt’ 0) "Ep(#w+2)(]P)§L(#w+l)(H,Vi,0)) dp> dt:|

n 7Y+ |GZ|C§EW+1(H,VZ70) (Loﬁp(#wﬂ d17p(#w+1)(u07 Uk—H)

+ Z Lfo;\{l},p (#w+1) L p(#w+1) d#l,p(#w+1)(u0> Up + Uk+1)> }}

Iew

<[Tv 1|k{ >, e |Gilet= (r117,) > [ oy p st Dt (U0, Wit 1)

welly, Iew

0 0
+ L{;Sikﬂ}},p #ew Z ka\{l T p#e gy p o (U0, Uo + Uk+1)]
Jew: min(J)>min(7)

T 1
+ Z { ,P(#w+2 LP(#erQ) |:/0 /0 “Gl(#w+1)(X?7u0 _|_p[Xt07U0+uk+1 . Xt(),uo])

welly

— G (x Doy dpdt

/(+1)
Lp #w+2)(]p L(#=+1)(H, Vi,0)) :|

. -
+ TGyl ot g (kavp(#erl) dptten 1) (U0, 1)

+ Z LW\{I},p (#w+1) L p(#w+1) d#l,p(#wﬂ)(um Uy + Uk;+1)> }}

Iew

(115)
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Combining (101)) with (115]) ensures that for all p € [2,00), x € H, up41 € H \ {0} it holds that

k,(z+ugy1,u) k,(z,u) k+1,(z,u,ug41)
1 X: X, X, 2o e )

sup sup
(1 iz, g ) € (H\ {0} £€[0.T] [T il
0,0,0
< TV X, O (|Flei ar,mys | Blex s, my)
p(p—1)
{ Z [T|F‘wa(H,H) + \V p2 ‘B|C#w HHS(UH))}
welly
0y
Z [Lw\{l} D Hw d#1+1,p#w (7, up41)
Icw
0 [0]%
+ Ly #e > LAy ptre Bswtia (T, + “k+1)]
Jé€w: min(J)>min(I)
o T 1 ( )
T #w+1 0,z 0,x+upr1 _ w0,z
£ 3 B Tteorn ([ IPS0000 oty
welly

_ F(#wﬂ)(Xo’x)ng(#w+2>(1p> Le#tw+0) (11,1)) AP 3

4 {p(p 1) / / HB #m+l)(X0x+p[X0x+uk+1 XOxD

1/2
- B(#WH)(ng)|’ip(#w+2)(p;u#wﬂ)(H,Hs(U,H))) dp dS] )

(r=1)
+ [T‘F‘cfw“(H,H) +/ BT |B‘cfw+1(H,HS(U,H))}

<L$P(#w+1 dl,p(#wﬂ)(ﬂf; Uk+1)

T Z LW\{I} P(H#w+1) LP(#WH) d#f,p(#wﬂ)(li, T+ uk+1)>] }

Iew

This, , and establish item in the case k + 1. Induction thus completes the proof of
item .

Combining item , item , and item (fvi)) with item establishes item and item .
Next we note that and item ensure that for all k € {1,2,...,n}, p € [2,0), x € H,
t € [0,7] it holds that

(H* 3 us [ XY sy € LP(P; H)) € LP(H, LP(P; H)). (117)
In addition, item ensures that for all k € {1,2,...,n}, p € [2,00), t € [0,T] it holds that

(Hozw [H 3w (XY ]p g € LP(P; H)| € L (H, LP(P; H)))
cC(H, LW (H, L*(P; H))). (118)
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Combining (117) and (118)) with item (i) and item proves item (ix)) and item (x). The proof
of Theorem is thus completed.

]
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