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Abstract

Stochastic partial differential equations (SPDEs) have become a crucial ingredient in a
number of models from economics and the natural sciences. Many SPDEs that appear in
such applications include non-globally monotone nonlinearities. Solutions of SPDEs with
non-globally monotone nonlinearities are in nearly all cases not known explicitly. Such
SPDESs can thus only be solved approximatively and it is an important research problem
to construct and analyze discrete numerical approximation schemes which converge with
positive strong convergence rates to the solutions of such infinite dimensional SPDEs.
In the case of finite dimensional stochastic ordinary differential equations (SODEs) with
non-globally monotone nonlinearities it has recently been revealed that exponential inte-
grability properties of the discrete numerical approximation scheme are a key instrument
to establish positive strong convergence rates for the considered approximation scheme.
Exponential integrability properties for appropriate approximation schemes have been es-
tablished in the literature in the case of a large class of finite dimensional SODEs with
non-globally monotone nonlinearities. To the best of our knowledge, there exists no result
in the scientific literature which proves exponential integrability properties for a time dis-
crete approximation scheme in the case of an infinite dimensional SPDE. In particular, to
the best of our knowledge, there exists no result in the scientific literature which establishes
strong convergence rates for a time discrete approximation scheme in the case of a SPDE
with a non-globally monotone nonlinearity. In this paper we propose a new class of tamed
space-time-noise discrete exponential Euler approximation schemes that admit exponen-
tial integrability properties in the case of infinite dimensional SPDEs. More specifically,
the main result of this article proves that these approximation schemes enjoy exponential
integrability properties for a large class of SPDEs with possibly non-globally monotone
nonlinearities. In particular, we establish exponential moment bounds for the proposed
approximation schemes in the case of stochastic Burgers equations, stochastic Kuramoto-
Sivashinsky equations, and two-dimensional stochastic Navier-Stokes equations.
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1 Introduction

Stochastic partial differential equations (SPDEs) have become a crucial ingredient in a number
of models from economics and the natural sciences. For example, SPDEs frequently appear in
models for the approximative pricing of interest-rate based financial derivatives (cf., e.g., Theo-
rem 2.5 in Harms et al. [23] and (1.2) in Filipovi¢ et al. [19]), for the approximative description
of random surfaces in surface growth models (cf., e.g., (1) in Blémker & Romito [6] and (3)
in Hairer [21]), for describing the temporal dynamics associated to Euclidean quantum field
theories (cf., e.g., (1.1) in Mourrat & Weber [35]), for the approximative description of velocity
fields in fully developed turbulent flows (cf., e.g., (7) in Birnir [4] and (1.5) in Birnir [5]), and for
the approximative description of the temporal evolution of the concentration of an undesired
(chemical or biological) contaminant in water (e.g., in a water basin, the groundwater system,
or a river; cf., e.g., (1.1) in Kouritzin & Long [33] and also (1.1) in Kallianpur & Xiong [31]).
Many SPDEs that appear in such applications include non-globally monotone nonlinearities.
Solutions of SPDEs with non-globally monotone nonlinearities are in nearly all cases not known
explicitly. Such SPDEs can thus only be solved approximatively and it is an important research
problem to construct and analyze discrete numerical approximation schemes which converge
with positive strong convergence rates to the solutions of such infinite dimensional SPDEs.
In the case of finite dimensional stochastic ordinary differential equations (SODEs) with non-
globally monotone nonlinearities it has recently been revealed in the literature that exponential
integrability properties of the discrete numerical approximation scheme are a key ingredient to
establish positive strong convergence rates for the considered approximation scheme; cf., e.g.,
Hutzenthaler et al. [27], Hutzenthaler & Jentzen [24], and Cozma & Reisinger [12]. In particu-
lar, e.g., Corollary 3.8 in Hutzenthaler et al. [27] and Proposition 3.3 in Cozma & Reisinger [12]
(cf. also Lemma 3.6 in Bou-Rabee & Hairer [§]) establish exponential integrability properties
for appropriate stopped/tamed/truncated approximation schemes in the case of a large class
of finite dimensional SODEs with non-globally monotone nonlinearities. To the best of our
knowledge, there exists no result in the scientific literature which proves exponential integra-
bility properties for a time discrete approximation scheme in the case of an infinite dimensional
SPDE. In particular, to the best of our knowledge, there exists no result in the scientific litera-
ture which establishes strong convergence rates for a time discrete approximation scheme in the
case of a SPDE with a non-globally monotone nonlinearity (cf., e.g., Dorsek [18] and Hutzen-
thaler & Jentzen [24]). In this paper we propose a new class of tamed space-time-noise discrete
exponential Euler approximation schemes that admit exponential integrability properties in
the case of infinite dimensional SPDEs. More specifically, the main result of this article (see
Theorem in Section |3 below) proves that these approximation schemes enjoy exponential
integrability properties for a large class of SPDEs with possibly non-globally monotone nonlin-
earities. In particular, we establish exponential moment bounds for the proposed approximation
schemes in the case of stochastic Burgers equations (see Corollary in Subsection be-
low), stochastic Kuramoto-Sivashinsky equations (see Corollary in Subsection [4.4] below),
and two-dimensional stochastic Navier-Stokes equations (see Corollary in Subsection
below).

In this introductory section we now illustrate the proposed approximation schemes and our
main result (see Theorem in the case of a stochastic Burgers equation (cf., e.g., Section 1
in Da Prato et al. [14] and Section 2 in Hairer & Voss [22]). Let T' € (0,00), 6 € (0,1/18),
H = L*((0,1);R), let @ € L1(H) be non-negative and symmetric, let ({2, F,P) be a probabil-
ity space, let (W), be an Idg-cylindrical P-Wiener process, let A: D(A) € H — H be
the Laplacian with Dirichlet boundary conditions on H, let (e,)nen € H, (Py)nen € L(H),
F: Wy2((0,1),R) — H, & € Wy?((0,1),R) satisty foralln € N, u € H, v € W,((0,1),R) that
en(r) = V2sin(nm(+), Pu(u) = Y0 {ex, u)ger, F(v) = —v' v, let W*: [0,T] x Q — P,(H),
n € N, be stochastic processes with continuous sample paths which satisfy for all n € N,



t € [0,7] that P(W* = [ P,dW,) = 1, and let YN [0,7] x Q — Py(H), N,M € N, be
stochastic processes which satisfy for all N,M € N, m € {0,1,...,M — 1}, t € [2L, WFTUT]
that Y™ = Py(€) and

NM —mT/M)A N,M N,M mT
YN = o (YN Ly (I APRYN 11 castrsy Pr PO (= 5T)

QW -wx

mT/]bI) :|> (1)
1+||PNQ1/2(WtN_W71,\[T/M)”%-1

+

(cf., e.g., [26], 25, B7, 38, 27, B34], 20} B0, 2, 29] for related schemes). In Corollary in Sub-
section below we demonstrate that the approximation scheme (|1]) enjoys finite exponential
moments. More precisely, Corollary in Subsection proves'| that for all € € [1,00) it
holds that

e M1

sup Sup E[exp(m)] < Q. (2)
N,MeN t€]0,T]

Corollary follows from an application of Corollary below (see Subsection below
for details). Corollary , in turn, is a direct consequence of Theorem , which is the main
result of this article. Theorem [3.3| establishes exponential integrability properties for a more
general class of SPDEs (such as stochastic Burgers equations with non-additive noise, stochas-
tic Kuramoto-Sivashinsky equations, and two-dimensional stochastic Navier-Stokes equations
on a torus) as well as for a more general type of approximation schemes. Exponential inte-
grability properties such as are a key instrument to establish strong convergence rates for
SPDEs with non-globally monotone nonlinearities (cf. [24]). In particular we intend to use
and Theorem [3.3] respectively, in succeeding articles to establish strong convergence rates for
numerical approximations of stochastic Burgers equations and other SPDEs with non-globally
monotone nonlinearities.

While polynomial moment bounds for numerical approximations of infinite dimensional
SPDEs and exponential moment bounds for numerical approximations of finite dimensional
SODEs have been established in the scientific literature, Theorem is — to the best of our
knowledge — the first result in the literature which establishes exponential moment bounds for
time discrete numerical approximations in the case of infinite dimensional SPDEs. In partic-
ular, Theorem and its consequences in Corollaries [3.4] [4.11] [4.13] and [4.15] respectively,
are — to the best of our knowledge — the first results in the literature that establish exponen-
tial integrability properties for time discrete numerical approximations of stochastic Burgers
equations, stochastic Kuramoto Sivashinsky equations, and two-dimensional stochastic Navier
Stokes equations.

1.1 Notation

Throughout this article the following notation is used. For sets A and B we denote by M(A, B)
the set of all mappings from A to B. For a topological space (X, 7) and a set D C X we denote
by D C X the interior of D. For a natural number k € N and normed R-vector spaces (U, ||- i)
and (V, ||-||,,) we denote by L®) (U, V) the set of all continuous k-linear mappings from U* to V,
we denote by ||| Lo ¢y : L®(U,V) — [0, 00) the mapping which satisfies for all A € L*) (U, V)

Ywithd =1, D= (0,1),n=0,y=1Y2, T =T, e =ec—1v3,0 =0,U =H, H=H, H={e,:n €
N}’ U = {en: n € N}v )‘EN - *W2N27 (Q,]:,P, (-Ft)te[o,T]) - (QaF>P7 (UQ((WS)SE[O,t]))te[O,T])7 W =W,
Q=Q, A=A r = (Hy 3 v+ 2emax{l, /tracey(Q)} + 2e max{1, \/tracey (Q)}(|(—A)*v||3, € [0,00)),
b=1((0,1) xR 3 (z,y) — 1 € R), ¥ = tracey(Q), ¢ = 2e max{1, y/traceg(Q)}, R=1dy, F=F, £ = (2>
w— €€ WOI‘Q((O, 1),R)), YIOT/M,...Th{er,enbfen,went — YN.M for N M € N, e € [1,00) in the notation of
Corollary 4.11))



that [|All .o vy = SUDwy s, wpetr o3 ( A ool ), we denote by L (U, V) the set given

Tualo-TuallyTus o
by LO(U,V) =V, and we denote by |l o @y : V = [0,00) the mapping which satisfies for
all v € V that [[v|| o @) = |[v]lv. For measurable spaces (€21, F1) and (€2, F2) we denote by
M(F1, F2) the set of all F;/F,-measurable functions. For a normed R-vector space (V, ||-||;,), a
measure space (£2, F, 1), a real number p € (0, 00), and a measurable function f € M(F,B(V))
we denote by || f|lzr(uvy € [0,00] and || f|| zoo(uv) € [0, 00] the extended real numbers given by
ey = (o 1@ () and [[f e = inffe € [0,00): ul{v € Ve |f(w)] >
c}) = 0}. For a topological space (X,7) we denote by B(X) the sigma-algebra of all Borel
measurable sets in X. For a natural number d € N and a Borel measurable set A € B(R?)
we denote by pa: B(A) — [0,00] the Lebesgue-Borel measure on A C R?. For R-Hilbert
spaces (H, (-,) |-l ) and (U, (-,-)y, [Illy), a set H € P(H), and functions F': H — H and
B: H — HS(U, H) we denote by Grp: C*(H,R) — M(H,R) the function which satisfies for all
x €M, ¢ €C*H,R) that

(Grpo)(z) = (F(z),(Vo)(@))y + 5 tracey (B(z) B(z)" (Hess ¢)(x)). (3)
For sets  and A we denote by 1 4(x) the real number given by
l:xze A
ILA(I):{O:I¢A : (4)

For sets Q and A we denote by 1%: Q@ — {0,1} the function which satisfies for all z € Q
that 1%(z) = T4(x). For a set X we denote by P(X) the power set of X, we denote by
#x € Ny U {oo} the number of elements of X, and we denote by Py(X) the set given by
Po(X) = {0 € P(X): #9 < oo}. For a normed R-vector space (V,||-|l,,) with #y > 1, real
numbers n € N, ¢ € [1,00), a set B C R, and an open and convex set A C V we denote by
C'(A, B) the set given by

n _ n—1 Vr,ye Ai € NgN[0,n): £ (z) — f(i)(y>HL(i)(H,]R)
Cel4.B) = {f CCTABY e ylla (4 suprep [f(re + (1= e | O

(cf., e.g., (1.12) in Hutzenthaler & Jentzen [25]). We denote by (-) A (-): R? — R the function
which satisfies for all z,y € R that 2 A y = min{z,y}. For a real number 7' € (0,00) we
denote by wy the set given by wy = {0 C [0,7]: {0,T} C 6 and #4 < co}. For a real number
T € (0,00) we denote by |-|, : wp — [0,7] the mapping which satisfies for all § € wy that

6l = max{z € (0,00): (3a,b€6: [r=b—aand 01 (a,b) =0])} € (0.7).  (6)

Let us note for every T' € (0,00), 0 € wy that |0|p € [0,T] is the maximum step size of the
partition §. We denote by |-]4: [0,00) = [0,00), 0 € (Ure(o,00)@r), and L-g: [0,00) — [0, 00),
6 € (Ure(o,00)@r), the mappings which satisfy for all § € (Ure(o,o0)r), t € (0,00) that |t]g =
max([0,t] N 0), Ltiy = max([0,£) N ), and [0]y = L0y = 0. For a measure space (2, F, i), a
measurable space (S,S), a set R, and a function f: Q — R we denote by [f],.s the set given
by [flus ={9 € M(F,S): A€ F: p(A)=0and {w e Q: f(w) # g(w)} C A)}.

2 Exponential moments for time discrete approximation
schemes

2.1 Factorization lemma for conditional expectations

In this subsection we recall in Definitions 2.3] Lemma 2.4, Theorem and Lemmas
2.9 some well known concepts and facts from measure and probability theory. In particular,
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we recall in Lemma below a well-known factorization property for conditional expecta-
tions. We use this factorization property in the proofs of our later results. Definitions [2.1H2.3]
Lemma[2.4] Theorem [2.5] and Lemma[2.6|can, e.g., in a very similar form be found in Section 1
in Klenke [32] (see Definition 1.1, Definition 1.10, Theorem 1.16, Theorem 1.18, Theorem 1.19,
and Theorem 1.96 in Klenke [32]). Lemmas [2.7 can, e.g., in a very similar form be found
in Chapter 1 in Da Prato & Zabczyk [16] (see Proposition 1.12 in Da Prato & Zabczyk [16]).

Definition 2.1 (N-Stability). Let £ be a set. Then we say that € is N-stable if and only if for
all a,b € & it holds that anNb € £.

Definition 2.2 (Dynkin system). Let Q and A be sets. Then we say that A is a Dynkin system
on Q if and only if

(1) it holds that Q € A C P(Q),
(i) it holds for all A € A that Q\A € A, and
(11) it holds for all pairwise disjoint sets (Ap)nen € A that UyenA, € A.

Definition 2.3. Let Q and A be sets with A C P(Q). Then we denote by do(A) the set given
by

0A) = e fe 0 ot ygen) B ")

Lemma 2.4. Let Q be a set and let A be a Dynkin system on ). Then it holds that A is
N-stable if and only if A is a sigma-algebra on €.

Proof of Lemma 2.4 Throughout this proof assume w.l.o.g. that A C P(€) is a N-stable Dynkin
system on 2 (otherwise the statement of Lemma is clear). Note that the assumption that
A is a Dynkin system on €2 ensures for all A € A that

(Q\A) € A. (8)

This and the fact that VA, B € A: AN B € A imply that for all A,B € A it holds that
A\B = AN (Q\B) € A. Hence, we obtain that for all (A,),eny C A it holds that

UnenAn = A1 U [Unen ((+ - ((An1\An)\ A1) - )\Ay) ] € A (9)

Combining this, the fact that € A, and proves that A is a sigma-algebra on 2. The proof
of Lemma [2.4] is thus completed. O

Theorem 2.5. Let Q be a set and let A € P(P(Q2)) be N-stable. Then oq(A) = dq(A).

Proof of Theorem[2.5 Throughout this proof let Dy C P(Q2), A € da(A), be the sets which
satisfy for all A € 0g(A) that Dy = {B € dq(A): ANB € dq(A)}. Note that for all A € do(A)
it holds that AN Q = A € dq(A). This proves that for all A € §o(A) it holds that

Q€ Dy. (10)

In the next step we observe that for all A € dq(A), B € Dy it holds that
AN(\B)=A\(ANB)=AN[Q\(ANB)] = N[(NA) U(ANB)] € 6o(A).  (11)
Moreover, note that for all A € do(A) and all pairwise disjoint sets (B,,)nen C Dy it holds that
AN (UpenBn) = Unen(AN B,,) € da(A). (12)
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Combining (10), (L1)), and proves that for every A € do(A) it holds that D4 is a Dynkin
system on 2. Next note that the assumption that A is N-stable implies that for all A € A it
holds that A C D4. This and the fact that for every A € dq(A) it holds that D4 is a Dynkin
system on 2 proves that for all A € A it holds that dg(A) C dq(Da) = Da. This implies that
for all A € A, B € dq(A) it holds that AN B € 0g(A). This ensures that for all A € A,
B € 0q(A) it holds that A € Dp. Hence, we obtain that for all B € dq(A) it holds that
A C Dg. In particular, we obtain that for all A € dq(.A) it holds that A C D,4. Combining
this with the fact that for every A € dq(A) it holds that D4 is a Dynkin system on €2 assures
that for all A € dq(.A) it holds that dq(A) C dq(Da) = Da C dq(A). Therefore, we obtain that
for all A, B € 6o(.A) it holds that AN B € do(A). Combining this with Lemma [2.4] completes
the proof of Theorem [2.5] O

Lemma 2.6. Let (2, F) be a measurable space and let f € M(F,B(]0,00])). Then there exists
a sequence f, € M(F,B([0,00))), n € N, which satisfies for alln € N, w € Q that #, ) < o0,
fo(w) < for1(w), and lim,,, o frn(w) = f(w).

Proof of Lemma[2.6. Throughout this proof let A, € P(Q), n € N, and B, ; € P(Q), j €
NN [1,n2"], n € N, be the sets which satisfy for all n € N, 7 € NN [1,n2"] that A, = {w €
Q: f(w) € [n,00]|} and B, ; = {w € Q: f(w) € [U-V/2n,d/27)} and let f,: Q@ — [0,00), n € N,
be the functions which satisfy for all n € N, w € Q that

n2™

fa(w)=nly, (w)+ Z g, (w). (13)

Note that for every w € Q with f(w) € [0,00) it holds that there exist n € N, j € NN [1,n2"]
such that f(w) € [U—-1/2n, i/2n). This and imply that for every w € Q with f(w) € [0, 00)
it holds that there exists n € N such that 0 < f(w) — fu(w) < 27". Hence, we obtain that for
all w € Q with f(w) € [0, 00) it holds that

limsup | f,(w) = f(w)] = 0. (14)
n—0o0
In addition, note that for all m € N, w €  with f(w) = oo it holds that f,,(w) = m. This

proves that for all w € Q with f(w) = oo it holds that liminf,, o fin(w) = co. Combining this
and completes the proof of Lemma . O

Lemma 2.7. Let (Q, F,P) be a probability space, let (D, D) and (E,E) be measurable spaces, let
X, Y € P(F) be P-independent sigma-algebras, let X € M(X,D),Y € M(V,E), Ac DRE,
¥ € M(D,[0,00]), and assume for all x € D that V(z) = E[17*®(2,Y)]. Then it holds that
U e M(D,B([0,00])) and

E[13"" (X, V)| X] = [¥(X)]e| 5(0,00)- (15)

Proof of Lemma[2.7. Throughout this proof let yo: D — [0,00], C' € D ® &, be the functions
which satisfy for all C € D®E, x € D that y¢(z) = E[12°%(2,Y)] and let C C D®E be the set
given by C = {C € DRE: E[12"7(X,Y)|X] = [ve(X)]plx.B(0.00) }- Note that Tonelli’s theorem
and the fact that D x E > (z,y) — 15" (z,y) € [0,00] is (D ® &)/B([0, 0o])-measurable show
that

U e M(D, B([0,<])). (16)

Moreover, observe that for all x € D, C' € D ® £ it holds that

Yoxenc(@) =EAD5E(x,Y) = 127F(2,Y)]

DxFE DxE (17)
= ER:E(, V)] - 12 (2, Y)] = vox(2) - 10().
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This ensures for all C € C that
E[1 5o (X V)X = ERE(X,Y) — 157 (X, Y)| X]
— (125X, V)|X] - E12¥F(X, V)] (18)
= [Yox(X) = Y (X)|pl2 B(0.00) = [Y(DxENC(X)]Pl4,B([0,00])-

Next observe that the monotone convergence theorem proves that for all x € D and all pairwise
disjoint sets (Cy,)neny € D ® £ it holds that

YU, Cn (SE) =E []18%:?0” (SL’, Y)} =E [ 2?:1 ﬂanE(xv Y)}
= > oL B (2, Y)] = 30 e, (o).

The monotone convergence theorem for conditional expectations hence shows that for all pair-
wise disjoint sets (C,)nen C C it holds that

(19)

E[10x7e, (X Y)X] = B[ 3502, 16 (X, V)|X] = 3202 E[1e, (X, V)| X]

- (20)
=D e [ve (X)]e,B(0.00) = [Yuze e (X)B12,B([0,00])-

Combining (18], (20), and the fact that (D x E) € C implies that C is a Dynkin system on
D x E. Moreover, note that for all D € D, E € £ it holds that
E[1pXs(X,Y)|X] = E[1p(X) 15(Y)|X] = 1p(X) E[15(Y)|X]
= [1p(X) E[Lg(Y)]Je|v.5(0.00))-
This ensures that {D x E € P(D x E): D € D,E € £} C C. Combining this, the fact that

the set {D x E € P(D x E): D € D,E € £} is N-stable, and Theorem 2.5 (with 2 = D x E,
A={DxEecP(Dx E):DeD,E € £} in the notation of Theorem proves that

(21)

D®E=opxp({DXEeP(DxE):DeDEec&})

22
:5D><E({D x E GP(D X E) D GD,D S 5}) - 5D><E<C) - 6DXE(D®5> =DRE. ( )

The fact that the set C is a Dynkin system on D x E hence assures that D® E = dpxp(C) =C.
Therefore, we obtain that for all C € D ® £ it holds that

E[12 (X, Y)|X] = [ve(X)]plx.s0.00)- (23)
This and complete the proof of Lemma . ]

Lemma 2.8. Let (2, F,P) be a probability space, let (D, D) and (E,E) be measurable spaces,
let X,V € P(F) be P-independent sigma-algebras, let X € M(X,D), Y € M(Y,E), ® €
M(D ® &,B([0,00])), ¥ € M(D,[0,00]), and assume for all x € D that #oppxp)y < 00,
U(z) =E[®(z,Y)]. Then it holds that ¥ € M(D,B([0,¢])) and

E[@(X, Y)[X] = [W(X)]|.5(0.00)- (24)

Proof of Lemma[2.8 Throughout this proof let vo: D — [0,00], C' € D ® &, be the functions
which satisfy for all C € D® &, # € D that yo(r) = E[12*%(2,Y)]. Note that for all z € D,
y € E it holds that

2€D(DXE)

The assumption that ® € M(D ® &, [0, 00]) implies that for all z € ®(D x E) it holds that
®1({z}) € D® &E. Combining this and Lemma 2.7 (with (Q, F,P) = (Q, F,P), (D,D) =
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(D, D), (B,€) = (B,),X =X, Y=V, X=X,Y =Y, A=d"({z}) for z € ®(D x E)
in the notation of Lemma proves that for all z € ®(D x E) it holds that (D > x —
]E[]lg_xll?{z})(:c,Y)] € [0,00]) € M(D, B(]0,>])) and

E[Lg* Ty (X YT = [Yo1 () (X)]bl B(10,00]) - (26)
This and show that ¥ € M(D, B(]0, o0])) and

E[®(X,Y)|X] = ]E[Zzed>(D><E) < Ilng )(X’ Y)‘X] - Zze@(DxE) ZE[LI[:XE (X, Y)‘X]

'({z} —({=})
=2 caxp) 2 o1 (X)ele B0 = [ Xseaxe 2 16110 (X)), a0
= [W(X)el2.B(0.00)-
(27)
This completes the proof of Lemma [2.8 m

Lemma 2.9. Let (Q, F,P) be a probability space, let (D, D) and (E,E) be measurable spaces,
let X, € P(F) be P-independent sigma-algebras, let X € M(X,D), Y € M(Y,E), ® €
M(D ® E,B([0,0])), ¥ € M(D,[0,¢]), and assume for all x € D that ¥(xz) = E[®(x,Y)].
Then it holds that ¥ € M(D, B([0,])) and

E[®(X, Y)X] = [W(X)]el,,, ) B10.00) S BIR(X,Y)X] = [WX)]pl 500,00 (28)

Proof of Lemma([2.9. Throughout this proof let ¢, € M(D ® &,B(]0,])), n € N, be func-
tions which satisfy for all m € N, z € D x E that #4_ (pxp) < 00, ¢n(2) < dmy1(2), and
lim,, 00 @n(2) = ®(2) and let ¢,: D — [0,00], n € N, be the functions which satisfy for all
n €N, x € D that ¥, (x) = E[p,(z,Y)]. Note that the monotone convergence theorem ensures
for all € D that

limy, 00 V() = limy, 00 E[dn (2, Y)] = Ellim, 00 ¢n(2,Y)] = E[®(2,Y)] = ¥(2). (29)

Combining the monotone convergence theorem for conditional expectations and Lemma [2.8
(with (Q, F,P) = (Q, F,P), (D,D) = (D,D), (E,€) = (E,&), X =X,)Y =), X = X,
Y=Y, &=¢,, V=1, for n € Nin the notation of Lemma hence shows

(i) that Vn € N: ¢, € M(D, B([0,¢])) and

(ii) that
E[B(X,Y)|X] = Ellity a0 én(X, V)| X] = limy e Edn (X, Y)|X] )
= im0 [V (X)]Bl2,5(0,00) = 1M 00 Yn(X)]B|x B(10,00) = [ (X)]B|2,B([0,00)
Combining this and proves that ¥ € M(D, B([0, oc])) and
E[®(X,Y)|X] = E[E[®(X,Y)|X]|X] = E[¥(X)|X] (31)
= (X)) B(0.00) S [W(X)]BLx B(0,00]) -
The proof of Lemma [2.9]is thus completed. O]

2.2 From one-step estimates to exponential moments

In this subsection we establish in Corollary below exponential integral properties for ap-
proximation schemes (see in Corollary under a general one-step condition on the con-
sidered approximation scheme (see in Corollary below). We will verify this one-step
condition for a specific class of approximation schemes in Subsection below. Corollary
is an extension of Corollary 2.3 in Hutzenthaler et al. [27].
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Corollary 2.10. Let (H,(-,-)y,|I'll5) and (U, (-, -)y, |Ill;) be separable R-Hilbert spaces, let
T € (0,00), 0 € wr, p,c € [0,00), V € M(B(H),B([0,0))), V € M(B(H),BR)), ® €
M(B(H x [0,T) x U),B(H)), E € B(H), S € M((0,T], L(H)), let (Q,F,P,(F)ecor]) be
a filtered probability space, let W: [0,T] x Q@ — U be an ldy-cylindrical (ft)teoT] Wiener
process with continuous sample paths, letY € (B 0, T)®F,B(H )) be an (Ft)tepo,r)-adapted
stochastic process, assume for allt € (0,T], x € H that V(Siz) < V(x), V(Sir) < V(z), and

}/;f - St—Lth [H-H\E(Kth) : YLth + :H‘E<YI:tJ9) : q)(Ylithat - ‘—tJG; M/t - WLth)] y (32)

and assume for all x € E, t € (0,10]7] that [§ 15(Yis,) |V (Ys)|ds + f'elT ((x,s,Ws))|ds <
oo and

E [exp<vm><2tt,wt>> | [ V) ds)} < (Ve (33)
0
Then it holds for all t € [0,T] that
E [exp(v(m + f HE(YLSé,fS)V SO )] < €CtE[€V(YO)} : (34)
0

Proof of Corollary[2.10. We prove Corollary through an application of Lemma 2.2 in
Hutzenthaler et al. [27]. Assumption implies that for all ¢ € (0,|0|7], z € H it holds
that

E[exp<nE(x>V<<b<x,t,wt N f 15(@) V(®(z,5,W2)) ds)} < A V@), (35)

ert ers

Next note that ensures that for all ¢ € (0,77 it holds that

1 YLtJ V Yt t 1 Lty V YS
E |:eXp (% + f E+S)() d5> ‘ (}/;)SE[O,LMQ]‘|

Ltag

1 Y\_J VS—LJ(bY\_Jatit 7W7WLJ
_E[exp( 0 V(Stmstsg POt Wi W)

1 B(Yotsy) V(Ssmrtig®(Yiesgs—ttog, Ws—Wee,
+ tf B(YLey) V( tig (ep: C] [ ts9)) ds) ‘ (YS)SE[O7LtJ9]:| (36)
Ltag

t—Ltog exp(—prtag)
JlE( Lth) V( ( LtagsS, W, Ltigts— WLtJe )
+ g e ds

(Y:S ) s€ [O,Lth}:| .

Jensen’s inequality, , and, e.g., Lemma hence imply for all ¢t € (0, 7] that

t —
E {exp (M S R EUI) ds) . )se[o,Lth]}

Ltug

S ‘E[exp(ﬂ ( \_th)V( ( [REVE t l—tJG Wt W\_th))

eP(t—rtig)

exp(—prtag)

(37)

eprs

t—Ltg =
1 (Yitl,) V(RYitu,,s;Witiy+s—Weit,
+ f £ s 0 6 dS (}/;)SG[O,LtJQ]
0

S [ec(thth)#»]lE(YLtJe)V(X_tJo)]PB([O ]) e—PLrtig

S |:eXp <C(t - Lt-‘@) + IE(YLtngL)tE/g(YLtJG)

} P,B([0,00])
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This and show for all t € (0,7 that

E {exp (—ct + ) 4 f YLTQJ&) Y (¥e) dT’) ‘ (K’)T‘G[O,th]:|

t —

ert e/’t err

Ltag
- exp (—ct + —IE(Y“;,?T) S dr)
0

. ;
_ E{exp(l’f(yﬁ,‘f}vm - Lne(eg) V(S Y) | Mm—e)v(mdr) ‘(K)TE[O,JJ&} (38)

Ltag

ert err

Ltag
- exp (—ct + —HE(YLTEJ&) o) d7“>
0

S |:eXp (C(t _ LtJ@) + HE(YLt;gL)tK;(YLtJQ) _|_ ﬂH\E(YLt;zt) V(YLtJH) t + L}Je w dr):|
P,B([0,00])

Ltiig

Ltag
S |:eXp(_CI_tJ9+ V(E/ng + f Wd ):| .
P,B([0,00])

Lemma 2.2 in Hutzenthaler et al. [27] and establish (34). The proof of Corollary is
thus completed. O

Remark 2.11. Let (U, (-, ), |I'l;) be a separable R-Hilbert space, let T € (0,00), let (2, F,P)
be a probability space, and let W: [0, T] x Q — U be an Idy-cylindrical P-Wiener process. Then
dim(U) < oo.

2.3 A one-step estimate for exponential moments

In this subsection we establish in in Lemma below an appropriate exponential one-
step estimate for a general class of one-step approximation schemes. This exponential one-step
estimate and Corollary above (cf. in Lemma below with in Corollary
above) will allow us to establish exponential integrability properties for some tamed approxima-
tion schemes in Subsection .4l below. Lemma 2.21]below extends Lemma 2.7 in Hutzenthaler et
al. [27] from finite dimensional stochastic ordinary differential equations to infinite dimensional
stochastic partial differential equations. Our proof of Lemma [2.21] exploits several elemen-
tary/well known auxiliary lemmas (see Lemmas below). Lemma below is a
straightforward extension of Lemma 2.5 in Hutzenthaler et al. [27]. Lemma below follows,
e.g., from Theorem 5.8.12 in Bogachev [7].

Lemma 2.12. Let (H,{(-,-)y,|-llg) and (U,{-,)y.|ll;) be separable R-Hilbert spaces, let
T € (0,00), B € HS(U, H), let (Q, F,P) be a probability space, and let (Wy)icpo,r) be an Idy-
cylindrical P-Wiener process. Then it holds for all t € [0,T] that

Elexp(|| fo BdWllu)] < 2exp(511Bllisw.m)- (39)

Lemma 2.13. Let (E,dg), (F,dr), and (G,dg) be metric spaces and let f: E — F and
g: F — G be locally Lipschitz continuous functions. Then it holds that go f: E — G is a
locally Lipschitz continuous function.

Proof of Lemma|2.15 The assumption that f: E — F' is locally Lipschitz continuous implies
that for every x € F there exist real numbers ¢,, L, € (0,00) such that for all 21,2, € E with
max{dg(z,z1),dg(x, 2)} < J, it holds that

dF(f(x1)7 f(l’g)) S LxdE(xlwrQ)‘ (40)

11



Moreover, the assumption that g: F© — G is locally Lipschitz continuous implies that for
every y € F' there exist real numbers 0,,L, € (0,00) such that for all y;,y, € F with
max{dr(y,y1),dr(y,y2)} < J, it holds that

da(9(y1), 9(y2)) < Lydr(y1, ). (41)

Next note that proves for all 7, 71, 5 € E with max{dg(z,21),dp(z,z2)} < min{d,, 8¢)/La}

that max{dp(f(x), f(21)),dr(f(x), f(22))} < Lymax{dg(z,21),dp(x,22)} < 6f@). Combin-
ing this, (0), and ensures that for all z,xy,79 € F with max{dg(x,x1),dp(z,12)} <
min{6,, %/, } it holds that

de(g(f(21)), 9(f(22))) < Ly@ydp(f(@1), f(22)) < Lya)Ladp(z1, 22). (42)

The proof of Lemma [2.13|is thus completed. O

Lemma 2.14. Let (V,||-|ly;) be a normed R-vector space with #v > 1 and let ¢ € [1,00),
n €Ny, U € CMY(V,R), i € NgN[0,n]. Then it holds that U is locally Lipschitz continuous.

Proof of Lemma[2.14. The fact that U is continuous proves that for every (z,¢) € V x (0, c0)
there exists a real number J, . € (0,00) such that for all v € V with ||z — v||y < d,. it holds
that |U(xz) — U(v)| < e. This and the triangle inequality prove that for all z,z,, 22 € V with
max{|lz — z1||v, ||z — x2|lv} < s it holds that

U (1) — UD (@2) || oo vy < ellwr — 2llv (14 sup,epoq |U(rey + (1 = r)a2)])
< cllzr = zallv(1 + [U(2)| + sup,¢o ) U (rzy + (1 = r)a2) — U(x)]) (43)
< cllwy — 22|lv(2 4+ |U(2)]).

The proof of Lemma [2.14] is thus completed. [

Lemma 2.15. Let a € R, b € (a,00) and let f € C([a,b],R) be a locally Lipschitz continuous
function. Then

(i) it holds that {s € [a,b]: f is differentiable at s} € B(R),
(i1) it holds that ugr(la,b]\{s € [a,b]: f is differentiable at s}) =0, and
(1) it holds that f is absolutely continuous.

Lemma 2.16. Let (H,(-,")y,|l[|5) be an R-Hilbert space with #n > 1 and let ¢ € [1,00),
neNy, z,y€ H, V eC'"(H,[0,0)). Then

(i) it holds for all t € {s € [0,1]: R 3 u — V(x 4+ uy) € Ris differentiable at s} that
5V (@ +ty)] < cllyllu(l+ V(e +ty)' " and

(ii) it holds for all i € NN [0,n], z1,...,2 € H, t € {s € [0,1]: R > u — VO(z +
uy)(z1,...,2) € R is differentiable at s} that

|5 (VO (@ +ty) (e, 2))| S cllzalla - laillallylla (L + V(e +ty) =7 (44)

Proof of Lemma[2.16, First of all, note that the assumption that V' € C*™'(H, [0, c0)) ensures
that for all ¢t € [0,1], h € R it holds that

V(@ +ty) = V(e + (t+h)y)| < clhlllyllmll +sup,coy Ve + (E+ (L —r)h)y)] "

T
= c|b[|lylla[l + sup,cpy V(z + (E+rh)y)] 7"
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Next observe that Lemma ensures for all £ € [0, 1] that
lim sup(R\{O})ahﬁo | Supre[ovl] V(IE + (t + Th/)y) — V(m + ty)’ =0. (46)

Combining this with proves ({i). In the next step observe that for all ¢ € NN [0,n],
21,...,2; € H\{0}, t € [0,1], h € R it holds that

VO (g Z1yeees 2=V (g h Z1yeees Zi [ 7
VO (@tty) (21 ||z1)HH~-~Hz(i||;(t+ WLzl <16 (1 4 ty) — VO (2 + (£ + P Lo ar)

< clhlllyllult + sup,epoy Vi + (¢ + (1= )by~ (47)
= C|h| ||y||H[1 + SUP,¢[o,1] V(I 4 (t + T’h)y)]l_l/c'

This and establish ({). The proof of Lemma is thus completed. O

Lemma 2.17. Let (H,(-,")g,|l'[|) be an R-Hilbert space with #r > 1 and let ¢ € [1,00),
v,y € H, V € Ci(H,[0,00)). Then 1+ V(z+y) <271+ V(x) + [lylly)-

Proof of Lemma|2.17. Throughout this proof let f: R — R be the function which satisfies for
all t € R that f(t) = V(x + ty). Next observe that item (i) in Lemma implies for all
te{se€[0,1]: R>uwr f(u) € R is differentiable at s} that

5L+ FED] < cllylle (X + F(2) . (48)

Lemma 2.11 in Hutzenthaler & Jentzen [25], Lemma [2.13] Lemma [2.14} and Lemma hence
prove for all ¢ € [0, 1] that

L+ f() <27 [1+ £(0) + Iyl - (49)

This implies that 1 + V(z +y) < 271+ V(2) + ||ly|l%] . The proof of Lemma is thus
completed. O

Lemma 2.18. Let (H,(-,")y,|l[|) be an R-Hilbert space with #5 > 1 and let ¢ € [1,00),
n €Ny, z,y € H, V eC'(H,[0,00)). Then

,,,,,, VO @) = VOl owe < 2 Hlz —yla(L+ V(@) + e —yllzh) . (50)

Proof of Lemma[2.18 Note that Lemma[2.13| Lemma[2.14] Lemma[2.15] item (i) in Lemma[2.16]
Lemma and the fact that Vr € [0,1], a € [1,00), b € [0,00): (a+b)" < a+ b" prove that

V() - Vi)l < | #V (@ iy — )| dr
{s€[0,1]: Rou—V (z4u(y—=z))€ER is differentiable at s}

(51)

1

<cfz - ?J”H/ L+ V(e+rly =)' dr <c27 Mo —yllu (1+V(2) + lly — =]l ).
0

Moreover, Lemma [2.13, Lemma Lemma [2.15 item ({i) in Lemma [2.16| Lemma [2.17 and

the fact that Vr € [0,1], a € [1,00), b € [0,00): (a+b)" < a+b" ensure that for all i € NN[0, n],
21y ...,2 € H\{0} it holds that

(VO () =V (2))(21,....,2)]| < 1
BNz AP = lailla-llzilla

‘%(V(i)(x +r(y—x))(z,... ,zi)) ‘ dr (52)
< cllz - yHH/O L+ V(z+rly—a))' " dr <e2 Mo —yllu 1+ V(z)+ Iy —zll5").

Combining this with completes the proof of Lemma [2.18] O

13



Lemma 2.19. Let (H,(-,")y,|l"[|y) be an R-Hilbert space with #n > 1 and let ¢ € [1,00),
neNy, zeH, Vel (H,[0,00)). Then maxicgo,.n} |V (@) pomr < c(1+ V().

Proof of Lemma[2.19. Lemma proves for all y € H, t € [0, 1] that

Vit + (1 —t)y) = V(@) < 2o —yla(1+ V(@) + |z —yl5") - (53)
This implies for all € € (0,00), y € H with ||z — y||g < € that
|sup,cjoq Vrz + (1 —r)y) = V(z)] <e2le (14 V(x) +e7). (54)

Hence, we obtain that
limsup, ., |supre[071} Virz+ (1—r)y) —V(z)| =0. (55)
Moreover, the assumption that V € C*™(H, [0, 00)) assures for all i € NgN[0,n], y € H that
VO @) — VO o < elle — ylla(l +supreon Vire + (1 — )% (56)
Combining this with completes the proof of Lemma m m

Lemma 2.20. Let (V. |-||;,) be a normed R-vector space, let (2, F, j1) be a finite measure space,
and let X € M(F,B(V)). Thenliminf, ,o || X||zr(uvy = limsup, oo | X zouvy = [ X 2o uvy -

Proof of Lemma[2.20. Throughout this proof assume w.l.o.g. that || X || zee (41 > 0 and let A5 C
Q, 5 € (0,00), be the sets with the property that for all § € (0,00) it holds that As = {w €
Q: [[X(w)|lv = 0}. Next observe that for all p € (0,00), § € (0, || X|| oo (1) it holds that

X 2oy 2> 1 X Daglleruavy = 18 Lag oy = 0 [1a(As)]7. (57)

Hence, we obtain for all § € (0, || X||ze(uvy) that liminf, o || X||zr(uy) > . This shows that
liminf, oo | X 2r(uivy = || X || 2o (uyv). Moreover, note that for all p € (0,00), ¢ € (0, p) it holds
that

Xl = [ IX@IIX@IE wl@)] < IXIED Xy 59)
This implies that limsup, ., | X|zr@vy) < | X||zeo(uvy. The proof of Lemma is thus
completed. O

Lemma 2.21. Let (H,(-,")y,|lly) and (U,(-, )y, lIll;) be separable R-Hilbert spaces with
#Huy > 1 < #y, let ,h € (0,00), ¢,v,711 € [1,0), p,d € [0,00), 72 € [0,12], x € H,
F € M(B(H),B(H)), B € M(B(H),BHS(U,H))), V € C(H,R), V € C}H,[0,00)), ® €
CY2([0,h] x U, H), let (,F,P) be a probability space, let W: [0,h] x Q@ — U be an Idy-
cylindrical P- Wiener process with continuous sample paths, assume for allr € [1,00), s € (0, h],
y,2 € H that [V(y) = V(z)] < c(L+ V(@) +|V()[") ly = zllu, V()] < T+ V(y)™),
V(z) < ch™, max{||F(z)|u, || B(®)||lusw.m} < ch™®, ®(0,0) =z, and

(GraV)(@) + 5 | B@) (VV)(@)|lg + V() < pV (), (59)
max{ || (5P)(s, W) — F(x )Hz:4 P;H)s H(agq))( W,) = B(@)|| cs@msw.my) § < €57, (60)
| X uew (5 W5)) (u, u) H£4 pa) = €57 (61)
[P (s, We) = 2l o,y < cmm{L [I1F @) s + |1 B@) Wl || 2 g - (62)
Then it holds for all t € (0, h] that
e e
(63)

eV(z)

0

min{s?tmaxale 13 ) fmings, 1})7F 000
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Proof of Lemma[2.21 Throughout this proof let U € P(U) be an orthonormal basis of U, let
Y:[0,h] x Q@ — H be the function which satisfies for all s € [0, h] that Y; = ®(s, W), and
let 7,,: Q@ — [0,h], n € N, be the functions which satisfy for all n € N that 7,, = inf({s €
[0,h]: ||Ws||lg > n} U{h}). Next observe that P(Yy = x) = P(®(0,Wy) = x) = P($(0,0) =
x) = 1. Tt6’s formula hence implies for all ¢ € [0, h] that

[exp (ePtV(Yt) + /0 t e "V (Y,) dr) — ev@] -
_ /0 t [exp (e‘psV(Y;) + /0 V(Y dr) eIV (V) (20) (s, Ws)} aw,
.

/Ot exp (e_pSV(Ys) + /OS e "V (Y;) dr) e |:V(Ys> — pV(Y,) (64)

V(Y2 (20) (s, W2) + %traceU<[(a%cp)(s,ws)]*mess V)(Y) (2®) (s, W8)>

1
+ 2ePs

[(F®) (5 W] (V) + 3 X VD ((F22) (5, W) (w, )} ds]

uel P.B(R)

Therefore, we obtain for all ¢ € [0, h], n € N that
tATn _
E [exp <e”(tAT")V(Yt/\Tn) + / e "V (Y;) drﬂ — V@
0

tATh s _ _

[ en(emvi s [Cervanar) e (von - v
0 0

+ V'(Y) (ZD) (s, W) + %traeeU([(aﬁycb) (s, We)]" (Hess V)(Y5) (%@)(s, WS)>

[(20)(s,W)] (VX[ + 3D VYD) ((£2) (s, W) (u. )) ds|.

uelU

=E

1
+ 2ers

| I |

This implies for all ¢ € [0, h], n € N that

tATh
oo (e ) + [ v ar) | - e
0

—E / e (ePSV(Ys) FTVY) dr) e ((gF,BV><x>

B(z) (VV) (@)l + V(z) = pV (z) + V(Va) = V()
)= Vix)) + 1 traceU<[(8%(I>) W,)]" (Hess V)(Y.) (20) (s, W5)>
(2®) (s, W,) — x) (z) — & tracey (B(z)*(Hess V) (z) B(z))

Yo) (5
[(%@)@Ws] YVl = 53 1B@) (VV)(@)]5

QZUEUV’ ((5) (5 72)) ) ) s .

2eP5

AVARE
+V’

(66)
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Assumption hence proves for all ¢ € [0, h], n € N that

e[ i |

0

tATh

e "V (Y,) d?") } — V@

<E /0 o exp (e—PSV(Ys) + ze_”f/(Yr) dr)
(V00 = V@) V() = V@) + V) (£0) (5, = V) FGo) .
+1 traceU([((%(I))(s W,)]" (Hess V) (Y,) (@) (s, WS)>
— tracey (B(z)* (Hess V) (x . Z0)(s,W,)) (u, )(
o I VI - |\B<x>*<vv><x>nz\) |
Fatou’s lemma therefore shows for all ¢ € [0, h] that
E[exp (e"’tV(Yt) + /0 t e_WX_/(Y,,)dr)} — V@
< liminf {exp (e—f’“WV(Y;M") n /O v dr)} L v®
<| [Cew(vou+ fervona) (V) - Vol + v - vie)
+ V() (20) (5, W,) = V'(2) F ()| + & |tracey (B(z)*(Hess V) (z) B(x)) (68)
- traceU<[(8%q))(s W,)]" (Hess V) (Y) (@) (s, WS)>
+ 52 1 (22) (s W) (VV))|E - [1B@) (VV) (@)%
3 VOO () (s, W) ))) ds].
Tonelli’s theorem and Hlder’s inequality hence imply for all ¢ € [0, h] that
E[exp (e-ﬂtV(Y;) + /0 t e—pﬁ‘/(mdrﬂ — V@
< | t (V)4 [Cervoar) o, (VO V@l
V) () (5. W) = V@ (0 | oy + 3 tracen (Ba) (Hess V)@ BG@) o0
_traceU< (20)(s,W,)]" (Hess V)(Y,) (2 @) (s, W)> .
+ 5o H[(a%@) } Vlly = 1B@ (V)@ , 0
3|2 o VO () s W) (), IV OR) = V@) sy ) s

Next we estimate the £2(P; R)-semi-norms on the right-hand side of separately. Lemma
implies for all y,z € H, i € {0,1,2} that

IVOW) = VO s < 2y —=lu 1+ VW) +ly—2lE" . (70)
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The assumption that Yy € H: [V (y)| < ¢(1+ |V (y)]") and Hélder’s inequality hence prove
for all s € (0, h] that

E{exp (QV(YS) + 2/08 V(Y dr — 2V (x )>]
<& [oxp 21V )~ Vi) + 2 V0] ar)

< E[exp(c?[l + V(@) + Vs — 2|5 1Y — 2llm +2¢f (1 + |V ( T)|“’1)dr)}
< Hexp(c?c[l +V(z)+ ||Ys — 2|y }||Y — x||H)H£1(P;R)

: Hexp(ch (1+[V(Y)M) dr)HEOO(PR

< Elexp(e2[1+ V(&) + 1Y = o] Ve = all)] exp(2e ] [1 + V() B dr).

Next we estimate the two factors on the right-hand side of separately. Observe that
ensures that for all » € [1,00), s € (0,h] it holds that || ®(s, W) — x|/ zr@;x) < ¢. Combining
this with Lemma establishes that for all s € (0, ] it holds that ||®(s, W,) — || ze@.m) < c.
Holder’s inequality, Tonelli’s theorem, and therefore show that for all s € (0, h] it holds
that

E[exp(c2°[1 + V(z) + | Ve — 2[l57'] 1Y — 2ll7)]

—E|Y L 14 V(e )+H<I>(s,Ws)—xH%‘l]"!|<I>(s,Ws>—x!|Z]
n=0
:; [ V@) (s W) = 2l T G W) el |,
< EL 4+ V(@) + (19(s, W) — 2| 5oy " 11005, W) = 2l o (72)
n=0
< Z 2%)" [1+V(z)+ ccfl]n (s, W) — tz"(IP;H)

<Y EL (14 V(2) + < E[(IF (@) s + || B) W m)"]

= IE[eXp(C 2°[e(1+ V(@) + cJUIF @) lrs + 1Bx)Willar)) |-

The assumption that Vs € (0, h]: max{||F(z)||u, | B(z)|lnsw,m} < ch™® < ¢s7°, the fact that
Va,b €[0,00): (a+b)* <27 (a + b°), and Lemma hence show that for all s € (0, h] it
holds that

Elexp(c2°[L + V(@) + |Ys — 2|5 [ 1Ys — 2lm)]

< Efexp(c®2° [1 + V(@) + '] (|1F ()]s + | B(2)Willu) )]

< IE'l[eXp(c2 2°[1+ c[min{s, 1} + cc_l] (|1F(x)||ms + | B(x)Wsllm) )]

< Elexp(3 - 2°¢*[min{s, 1}]7* (||[F() | s + | B(x) Wil m)) ]

= exp(3 - 2¢¢“ 2 [min{s, 1}]*§HF($)HH5) E[exp(B - 2¢¢“ 2 [min{s, 1}]*<HB($)WSHH”

< 3 20 c+2 : 1 —g F ) 9'22CC2C+4HB(17)H]Q-[S(U’H)S
< exp(3- 2% [min{s, 1}] 7| F(2)|s) 2 exp 2 fmin{s 11

< 2exp(9 - 227 ¢ Hs[min{s, ] [[|F (@) |la + 1B lfisw.m )
< 2exp(9- 2% * M smin{s, 1}]7* [6875 + 025725])
< 2exp(9-2%c**Ps[min{s, 1}]72 %) .

(73)
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In the next step we combine (62), (70), and Lemma to obtain for all s € (0, h] that

IV (Yl zopmy < V(@) + [V(Ya) = V(@) 2o pm)
< V()42 (L4 Vi) + 1Y = 2l ) 1Y = o] g oy (74)
< V(@) +c27 [e+ Amin{s, 117 + ¢ < s~ 4227 2 [min{s, 1}] 7 + ¢]

< 2 e min{s, 1}]7¢

Therefore, we obtain for all s € (0, h] that
2¢ [ [1 + IV 2o R)] dr < 2cs + 2¢s (277 ¢“"?[min{s, 1}] 7)™
< 2HHeFIm I et 2m min {5 1}] %5,

Combining this with and ensures that for all s € (0, k] it holds that

E {exp <2V(YS) +2 g e V(Y,) dr — 2V(:v)ﬂ

< 2exp(9-2%c**Os[min{s, 1}]72 ) exp(22+(C+1)7101+(C+2)71 [min{s, 1}]77%s) (76)
<2 exp( |:9 . 220620+6 + 22+(c+1)71 Cl+(c+2)71} s[min{s, 1}]—25—max{2,'yl}c)

< 2exp (22071 +4 2em+m +58[min{s, 1}] —25—max{2,'yl}g) .

Hence, we obtain for all s € (0, h] that

(V0001200

Moreover, (62)), the assumption that Vs € (0,h]: max{||F(z)|u, |B(@)|usw.m} < ch™® <
cs79, the triangle inequality, and the Burkholder-Davis-Gundy type inequality in Lemma 7.7
in Da Prato & Zabczyk [16] assure that for all r € [2,00), s € (0, h] it holds that

gﬁexp(

2cv1+3 2¢y1+71+5
2 c s ) Vi)

[min{s, 1}]20+max{271}¢ (77)

£2(P;R)

IYs = )l ey = [|© (5, We) = ]| o ey < €f[|1F (@) || as + | B(2) Wl £r(PR)
< C(HF Wes + /sr(r —1)/2 || B(x) |us@.m) < c(es'™ +ey/r(r—1)/2577%) (78

< Ars* P max{y/s,1} < Ar[min{s, 1}]/*7° max{s, 1}.

Combining this with , , and Holder’s inequality implies that for all r € [2,00), i €
{0,1,2}, s € (0, h] it holds that

VO = VO@| rprcomy
< HCQC A+ V@) 1Y =2l ) 1Y =l

Lr(P;R)

< 2o (”Y;’ - 75”0(1?;1{) + V() [|Ys — xHU(JP;H) + Y — 9[3”006(]?;1{))
<27 (1 +os™ + Y - x”m P;H ) 1Ys — x”LTC(]P’;H)

< ¢*2°7' [2¢[min{s, 1}]7° + ¢“'] r[min{s, 1}/ max{s, 1}

< et 27 [min{s, 1}]77°° max{s, 1}.

(79)

Hélder’s inequality, the assumption that Vs € (0, h]: max{||F(z)|w, || B(2)|lusw.m} < ch™® <
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cs™, (60), and Lemma hence show for all s € (0, h] that

x)Hﬁz(p;R) < IV'(Ys) = V/(x)HLZ’(P;L(H,R)) 1 F(@)]|
+ an' ez | (Z®) (. W) = F@)]
< IV @) o | (22) (5, W) = F@)| oo
V) = V@) sz IF@N + 11(22) (5 W) = F@)| i (50
< A4V ()] 87 + 23 ¢ minds, 11]777°7 [es™° + e57] max{s, 1}
2 [1 + Cs—g] g7 9etd otb [min{s, 1}]1/2—26—g [max{s, 1}]1+w

< 2945 5 [mins, 1127 [max{s, 1}]1*72.

V(Yo (&£®) (s, W) = V'(z)F

L£2(P;R)

In addition, observe that , Holder’s inequality, , Lemma [2.19) and the assumption that
Vs € (0,h]: max{||F(z)||u, || B(@)|lusw,m} < ch™® < cs™ ensure that for all s € (0, 4] it holds
that

HV,(Y;)(a%q))(S7 W) —V'(z)B x)Hﬁ(P;L(U,R))

< HHVI(Y;)HL (H,R) I (a%q))<5’ Ws) — B(x)HHS(U,H)‘
+ IV (Ye) = V@O ooy 1B(@) sy

< |IV'@)l e H(dy ) (s, Wy) — B(x)Hﬁ‘i(]P’;HS(U,H))

FIV'OR) = V@) | eseiziann IB@ s + 11 (Z®) (5 W) = B@) | osqpasiomy
<[l 4 V(@) es™ 4 24 min{s, 1172707 [es™° + 57 max{s, 1}

< P [14 es™] 4 2°7°¢“ [min{s, 1172727 [max{s, 1}]*+7

< 26665 [min{s, 1372727 [max{s, 1}]' 2.

L4(P;R)

(81)

Moreover, note that for all Ay, Ay € HS(U, H), By, By € L(H) it holds that

| tracey (A} B1Ar — A3ByAg) | = | Y (A1 BiAr — A3ByAg) u, u)y,

uelU
> (BiAwu, Awu)y — > (BaAgu, Ayu)y | = [ (A, BiAy) ug ) — (A2, BaAo) s |
u€elU uelU
= [ (A1 — Az, Bi Ay >HS U,H) + (Az, Bi(4 A2>>HS U,H) + (A2, (B1 — B2)A2>HS(U,H) |
< 1Ay = Asllus v,y 1 BrA s,y + 1 A2llus oy 1B1(Ar = Ao) s, (82)

+ 1 A2 llus m) (B — Ba) Asllus
2
< 114 = Aellusan 11l (1A lnsgonin) + 1 42lusioon | + 181 = Bell oy 1 4ellscomn
2
141 = Al + 2 141 = Asllisiony Mellusan | [1B1 = Ball oy + 12l

2
+1B1 = Bl 1y 1 A2 s 0,y

(cf., e.g., (62) in Hutzenthaler et al. [27]). Next we apply (82) (with A; = ( yCID)(s W),
Ay = B(z), By = (Hess V)(Y;), and B, = (Hess V)(x) for s € [0, /] in the notation of (82))), we

take expectations, we apply Hélder’s inequality, we apply Lemma [2.19] we use the assumption
that Vs € (0, h]: max{||F(z)||m, | B(@)|lusw,m} < ch™® < es7?, and we apply and to
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obtain that for all s € (0, | it holds that

tracey ([( ay@) (5, W,)]" (Hess V() (5:®) (s, Ws) — B(x)*(Hess V)@:)B(@)

L2(P;R)
HH( ) (s, B<x)HiIS(U,H) - 2”(8%;@) (s, Ws) — B(x)||HS(U,H)”B(:C)”HS(U’H) CAPR)
+[(Hess V) () [y + [|(Hess V) (Yy) — (Hess V) (@)l| za g1, |
+ [|(Hess V)(Y) — (Hess V)(x )HL? w0 [1B(@) s
< [?s2 +2cs™cs ™0 [e(1 + V(2)) + 273 [min{s, 1}]727°*max{s, 1}]
+ 2672 4 min{s, 1}]/*7°~ Cmax{s 1}c?s™ (83)

< 3¢’[min{s, 1}]™°[max{s, 1}]* [2¢°[min{s, 1}]* 4 2°*3¢***[min{s, 1}]7*7*max{s, 1}]
+ 2672 5 min{s, 1}]7*~ % “max{s, 1}
< 3c®[max{s, 1}]""2[2c*min{s, 1}]> 7075 + 23" min{s, 1}]/*F272 ]
+ 2672640 min{s, 11]/273max{s, 1}
< 2P0 max{s, 1} [min{s, 1}]72 73,
Furthermore, the fact that Va,b € U: |||a||? —b||Z] < lla=bllv (2|b]l; + [la — b]l;), Holder’s in-

equality, (81)), Lemmal[2.19} and the assumption that Vs € (0, h]: max{||F(z)||x, | B(z)|lusw,m} <
ch™ < ¢s7° show that for all s € (0, h] it holds that

lI122) 6 wal (T — 1B (v}

L2(P;R)

< [[[(5,2) (. W (VV)(¥) = Ba) (VV)(x) 21B) lasgran | (V) @)

H£4(P-U
+[I[(72) (. W] (VV)(Ya) = B(a)" (VV)(@)]],,

< 2963 min{s, 1}]72_26_§[max{s, 1}]1”2
267571 + s + 270" min{s, 1327 [max{s, 1}]'72]

< %2t 0 min (s, 1}]”2*45*% [max{s, 1}]*7272,

(84)

L4(P;R)

In addition, note that Hélder’s inequality, Lemma [2.19] , and imply for all s € (0, A
that

| e VO (59) (5. W) (1, )

L2(P;R)
< IV esnimy [ Soew ((Fe®) 6 W) ) @w|,
< (IV'00) = V@)l nimay + IV @) gz ) | D0 ((229) (5. W) (w,0) (85)

LA(P;H)
(2¢F3¢  [min{s, 1}]7* 7 *max{s, 1} + c[1 + V(2)]) es™
(2¢F3¢ M [min{s, 1}]7* 7 *max{s, 1} + 2c*[min{s, 1}]°) s

2¢H4 T min{s, 137270 [max{s, 1}]} 2.

ININ TN

Moreover, the assumption that Vy,z € H: [V (y)=V(2)| < c(1+ |V ()| + [V (2)]°) |y — 2] &,
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(74), and show for all s € (0, h] that

H (Ys) = V(@) ooy < e @+ V@)™ + VD) IYs = 2l gl 2oy
<c(1+[V@) + [V P @ry )Y — 2l 220

<c (1 + |V ()] + [QCH “F2Imin{s, 1}]~ }WO)QCQ[min{s, 1}]1/2_5 max{s, 1} (86)

<

¢*lmin{s, 1}]*~° max{s, 1} [1 + 705710 4 00D 20l i {5, 1}]_m]

2
200(cFDF20(eHDH3 maxLs 1} [min{s, 1372707,

In the next step we insert , , , , , , and into to obtain for all

€ (0, h] that

IN

Elexp(e "V (Y;) + [fe "V (Y,) dr)] — "™
/ V2exp( 2t e ) (Vo [p 22 ¢ fmin{s, 1]~ max{s, 1}
+2°%% ¢t [min{s, 1} [max{s, 1}]'"2

1205 8 max{s, 1}]"72 [min{s, 1}

+ 122718 2010 [min {5 1372797 max{s, 1}

(87)
120 o fminds, 112707 [max{s, 1}]1+72
+ 2v0(etD)+2 o(et2)+3 max{s, 1} [min{s, 1}]1/2*5*0/0 } ds
t
0 [ VB L 1) oo e
0 9’
- [max{s, 1}]*"? [min{s, 1}~ ds.
This implies for all ¢ € (0, k] that
V(Y p
E|exp ) f
0
c c 88)
t exp ?(2 +3m C(Ii;:f})'yls - c(2¢+10)7g [max{871}]2+2’y2 (
= eV(x) b maX{p? 1} 2(20+13)’YO/0 ([mm{8’1}]26+[min2’;¥§270+46_72 ds|.
The proof of Lemma [2.21]is thus completed. [

2.4 Exponential moments for tamed approximation schemes

In this subsection we apply Lemma and Lemma[2.2T] above to establish in Proposition [2.22
below exponential moment bounds for an appropriate tamed exponential Euler-type approxi-
mation scheme (cf., e.g., [20], 25] 37, 38| 27] for related schemes in the case of finite dimensional
SODEs and, e.g., [34, 20] B0, 2, 29] for related schemes in the case of infinite dimensional
SPDEs).

Proposition 2.22. Let (H, (), ||ly) and (U, ("), |-lly) be separable R-Hilbert spaces
with #y > 1 < #y, let T € (0,00), p € [0,00), § € [0,Y14), ¢,vy € [1,0), ¢ € (0, 12112475),
F e M(B(H),B(H)), B e M(B(H),BHS(U,H))), V € C}(H,[0,00)), V € C(H,R), S €
M((0,T1, L(H)), D € M((0,T], B(H )) let (Q, F,P,(Fi)icpor)) be a filtered probability space,
let W:[0,T] x Q= U be an Idy-cylindrical (F;)ejo.1)- Wiener process with continuous sample
paths, assume for allh € (0,71, x,y € H that V(Spz) < V(x), V(Spx) < V(x), |[V(x)-V(y)| <
c(+ V@) + VD) llz = ylla, V(@) < c(l+[V(@)]"), and Dy, € {ve H: V(v) < ch <},
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assume for all h € (0,T], x € Dy, that max{||F(z)||a, | B(z)llusw.m} < ch™ and (GrpV)(x)+
s1B@)*(VV)(2)||F+V (z) < pV(z), and let Y?: [0, T)xQ — H, 0 € wr, be (Fy)iepo,r)-adapted
stochastic processes with continuous sample paths which satisfy for all 6 € wy, t € (0,T) that

B(YS  Y(Wi—Wii,)
Y= St (YL“G + 1o, (V) [F(YL) (b= o) + 5w, Lugxwt—wui)n%zD -

Then
(1) it holds that

t1 V(e
limsup sup E[exp(vgt —|—f Ploir{ épjf) o) ds)} < lim supE[eV(Yo")] (90)
|6] - \O0 te[0,T] 16 \0

and

(1) it holds for all 6 € wr that

t1 V(Y
supE[eXD( ipt +f Pl épjf ds)}
te[0,7)

exp 2[720maX{T,p,1}c3}<7200 max{T,1}+7)y
< exp( ( ) E[ewyf)]

[min{\H\T,l}]<+<’Y+75— 172

(91)

Proof of Proposition[2.23. Throughout this proof let ¢ € [1,00) and g, € (0,00), h € (0,77, be
the real numbers which satisfy for all s € (0,77] that ¢ = 360c*max{T, 1} and

2¢](28+6)7 g 2¢](26+13)7 [max s,p, 114
Qs - eXp<min{£2(J+max{2,7}§’1}) [[Illin{s’l}]£+g'y+{76p71/}2] 9 (92)
let v: H — H be the mapping which satisfies for all x € H that (z) = T and let
H
U: Hx[0,T]xU — Hand ®}: [0,h] x U — H, (x,h) € H x (0,T], be the mappings which
satisfy for all h € (0,T], x € H, s € [0,h], y € U that

\Ij(‘rasay> :JI—FF(I’)S—F% and (I)i(‘s?y) :\I’(.T,S,y). (93)

We now verify step by step the assumptions of Lemma [2.21] First, note that for all h € (0, 7],
x € H it holds that

®7(0,0) = . (94)
Furthermore, observe that for all h € (0,7], z € H, s € (0, h], y € U it holds that
(5®5)(s.y) = F(a). (95)

Next we note that ¢ € C*(H, H) and we observe that for all z,u,v € H it holds that

/ — U _ 22<27U>H
V(U= o T TR (96)
and
! eyl i) By ()
Vi) = =T T (97)

Moreover, note that ensures for all h € (0,T], x € H, s € (0,h], y,u € U that

2 HT o B(z)u _ 2B(z)y(B(z)y,B(z)w)
(55 @) (5:9)v = TG CHB@UEE (98)
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The Cauchy-Schwarz inequality hence implies for all h € (0,7], v € H, s € (0,h], y € U that

I (dy R (s,y) = (x)HHS(U,H)

B(z) 2B(@)y(B(@)y,B(@) () u

< ||Bear — Bl HHS(U,H) GBI lssqo.m
= ‘<1+IIB(1x)yII§{ B 1) B(x)HHs U,H) T HzB(x)yH}ﬂlfl(lg(yxll)lz—jl|l|§)(§)HHS(U’H) o
< |t — 1 1@ s + 21 B@lE B s,
This ensures for all h € (0,7], z € H, s € (0,h], y € U that
H ay ;) (s,y) — (m)HHS (UH)
< ‘1 s | 1B@) lasw.m + 21 B@)yll 1B (@) |nsw,m (100)

1B(2)ylI311B@)lnsw,
= IPEWEIPOlswin 4 ) B(a)y |3 Blx) s < 31B@wI3IB@) s .

The Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [16] there-
fore proves that for all h € (0,7, z € Dy, s € (0, h] it holds that

[(5;25) (5, We) = B(@)|| gs sy < 3B @) lsco.en B (@) Wil s ey
= 3|\ B(@) lusw,=) | Bx)Wel[Zuo ) < 311 B (@) [usw,a) (F%5°) 1B(@) [fisw,ms (101)
= 360|| B(2) |fis(.mys < 360(ch™°)%s < 360c°s" .

This and show that for all h € (0,7T], x € Dy, s € (0, h] it holds that
9 HT 0 HT
max{H (%) (s, W) — F(‘T)HL‘l(P;H)’ | (5 ®7) (s, W) — B($)||£8(P;HS(U,H))} (102)
< 360cs' %0 < est

Next observe that implies that for all z,u € H it holds that

" 8zl(zu) 2 2[2ulzu) g +2lully]
Ju) = - il 103
V(=) w) (140213 )° (1+12113,) (103)

Therefore, we obtain that for all x € H, y,u € U it holds that
(2=0(B(x)y)) (u,u) = ¢ (B(x)y) (B(x)u, B(z)u)

8Bl (B@rB@u)?  2[2B@uB@yB@w+B@ylBeul]  (104)
(1+1B@)wlI%)° (1+1B@)yl%)’ '

The Cauchy-Schwarz inequality hence shows for all x € H, y,u € U that

H il ) (u “>H < SIB@YIHIBE@UE | slB@ly B
dy )

(1+1B@wlI%)’ (+1B@)wI% )
_ 8||B<m)y||H+6<1+||B<x>y||H> Bla Blaull? (105)

< 6||B(x)y||HHB( Jull7-

This, the triangle inequality, and the Burkholder-Davis-Gundy type inequality in Lemma 7.7
in Da Prato & Zabczyk [16] imply that for all h € (0,7T), x € Dy, s € (0, h] it holds that
< 6 B@)Will sy ), IBa)ullfy

HZ 82 27 (s, WS))(u,u)‘
uel L4(P;H) ; well (1()6)
< 6||B(x)||HS(U,H) V6s < 6vV6c3s77730 < pg'/2m3,
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Next observe that for all h € (0,7], x € Dy, s € (0,h], r € [1,00) it holds that

v B(x)Ws
9705, 190) e < I + St

L7 (P;R)
< mm{HHF( HHS + 2‘ Lr(P;R)’ ”HF ) lms + || Bx)Ws HH’ LT (BR) }
< min{ ! @)l + 1B@Wilal g ) (107)
< min{} (@)l + 1B Wl ooy
< emin{1, [[[|F@)]ws + B Willa] oo

Moreover, note that the fact that ¢ € C*(H, H) implies that for all h € (0,T], x € H it holds

that ®7 € C2([0,h] x U, H). Combining this, (94)), (102), (L06), and (107) allows us to apply
Lemma- (withec=¢,h=h,c=¢ =711 =7%p=p 0 =07 ="1Y2—-35,z=ux,

F=F,B=B,V=V,V=V,&=&f forx € Dy, h € (0,7] in the notation of Lemma-
to obtain that for all h € (0,7, x € Dy, t € (0, k] it holds that

]E|:8Xp< (® h(t W) +j-V(<I>TepsSWs)) dS):| S (1 ‘I’fé 05 dS) BV(x). (108)

Next note that the estimates 1 — 20 —max{2,v}s > 0 and /2 —¢ — ¢y — 76 > 0 ensure that the
function (0,7] > h = g5 € (0,00) is non-decreasing and that limsup,\ o 0» = 0. Combining
this with (108)) implies that for all h € (0,T], x € Dy, t € (0, h] it holds that

E[exp(” Ao Oj e ds)} (1+ fLoeds) V@ < (1+ gut) @, (109)
This ensures for all § € wy, € Dy, t € (0,|6|7] that
E {exp<v( ‘GLT,Jtt (t, W) j V(e ‘o‘eTpis,Ws)) ds)] < eQolptHV (@) (110)
0
Hence, we obtain for all § € wyp, x € Djg,., t € (0,]0|7] that
E{@J){p(v(@(:ﬁ,m)) n j V(W) ds)} < OtV @), (111)

Corollary 2.10] (with T = T', 6 = 0, p=p c=0p V=V, V=V, 06=U E=D, S=25,
W=W,Y=Y%for € wp, he (O T in the notation of Corollary - therefore yields that
for all # € wr, t € [0,T] it holds that

9 \/ )
E {exp( im ) 4 f L Lp,,.( elzie)V(YS) dg):| < eQIHITt]E[eV(Yoe)] . (112)
This assures that for all 8 € wr it holds that
\/ 6
sup E{exp(vg; n f t 1D ( eL:JSQ)V(YS ) ds)] < GQ‘Q‘TTE[GV(YOO)] . (113)
te[0,7

This and the fact that limsup,. o0, = 0 establish . It thus remains to prove .
For this observe that the fact that Vo € [2%°,00): 2 < exp(ml/A‘) and the fact that V0 <
wr: (|0|p)t =20 max27}s < max{1, T} show that for all @ € wy it holds that

T — ex [72063maX{T71}](720c3max{T,1}+6)'y|9‘T [72063maX{T’1}](720c3max{T,1}+13)7[max{‘9|T7p’1}]4T
Glolr = = &P [min [0}, 1] TS [min{[6], 11+ + 772

< exp([7zoc3max{:r, 1}](72063%”’”””) Dot p TN LD (114)

[min{‘e‘T71}]§+§W+75*1/2

< exp (2[72063maX{T, 0, 1}](72003maX{T71}+7)7> 1

[min{|0|,1}]sTsr+76=1/2"

Combining (113)) with (114)) establishes (91). The proof of Proposition is thus completed.
[
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3 Exponential moments for space-time-noise discrete ap-
proximation schemes

In Proposition in Section [2] above we established exponential moment bounds for a class
of time discrete approximation schemes. In this section we extend this result in Theorem
and Corollary below to obtain exponential moments for a class of space-time-noise discrete
approximation schemes. Theorem below proves exponential moment bounds for numerical
approximations of SPDEs whose coefficients satisfy a general Lyapunov-type condition. Corol-
lary 3.4 below specialises Theorem |3.3|to the case where the considered Lyapunov-type function
is an affine linear transformation of the squared Hilbert space norm. Our proof of Theorem
uses two well-known auxiliary lemmas (see Lemma and Lemma below).

3.1 Setting

Let (H,(, )y, ll'lly) and (U,{-,-)y,"ll;) be separable R-Hilbert spaces, let H C H be a
non-empty orthonormal basis of H, let U C U be a non-empty orthonormal basis of U,
let T € (0,00), v € [0,00), § € [0,Y14), A € M(H,R) satisfy that sup(im(\)) < 0, let
(0, F, P, (Fi)iepo,n) be afiltered probability space, let (W;)ico,r) be an Idy-cylindrical (F)ieqo,r)-
Wiener process, let A: D(A) C H — H be the linear operator which satisfies for all v €
D(A) that D(A) = {w € H: ¥, | (h,w) > < oo} and Av = 3, g A (R, 0)y h, let
(Hy, () s Il g, ), 7 € R, be a family of interpolation spaces associated to — A (see, e.g., Defini-
tion 3.6.30 in [2§]), let £ € M(Fy, B(H,)), F' € M(B(H,),B(H)), B € M(B(H,),B(HS(U, H))),
D = (Dp)unermxor € M(P(H) x (0,T],B(H,)), and let P € L(H), I € P(H), and
P; € L(U), J € P(U), be the linear operators which satisfy for all I € P(H), J € P(U),
v H,yecUthat P(z) =, (h.w)yhand P;(y) = >, (u,y), .

3.2 Exponential moments for tamed approximation schemes

Lemma 3.1 (cf., e.g., Lemma 1 in Da Prato et al. [I5]). Let (2, F,u) be a sigma-finite
measure space and let T € (0,00), Y,Z € M(F @ B([0,T]), B(R)) satisfy for all t € [0,T]
that w(Yy, # Z;) = /L(fOT‘Y;’dS = o0) = 0. Then p(Q\{w € Q: fOT]Y;(w)| + | Zs(w)| ds <
oo and fOTYS(w) ds = fOT Zy(w)ds}) = 0.

Proof of Lemma (3.1 First, note that the Tonelli theorem implies that

T T
/(f\Y;—ZSMS) du:/ (I‘Y;—Zs‘du) ds = 0. (115)
Q \0 0 Q

This shows that p( [ [Ys — Zs|ds > 0) = 0. Therefore, we obtain that ,u(fOT lYs — Zs| ds =
00) = 0. This and the assumption that z( fOT Y| ds = 00) = 0 proves that

p(FIVilds + [ 1Y, = Zolds = o0) = u({ J Vil ds = 0o} U { [1Y, = 2] ds = o)

. . (116)
< ([ Vil ds = 00) + pu( [ 1Y, = Z| ds = o) = 0.
0 0
The triangle inequality hence proves that
T T T
,u<f|Zs|ds:oo> S,u(/ |Zs—Ys|d8+/ |Y;|ds:oo) = 0. (117)
0 0 0
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Next note that (115]) ensures that

/T
Q1|0

Hence, we obtain that

(Y — Zy) ds

T
duﬁ/ (f|Ys—Zs|ds) dp = 0. (118)
Q \0

(ST Yu=Zu| du<oo}

“(OfT U Y Zu\du<oo}(Y Zs)ds # 0) (119)

This shows that .
(fﬂ{fo Val+Zu] du<oc} (Vs = Zs) ds # 0) (120)
Combining and ((120)) completes the proof of Lemma . O

Lemma 3.2. Let (H,{:,)u,|||lz) and (U, (-, v, | ly) be separable R-Hilbert spaces, let T' &
(0,00), let Q € L(U) be a non-negative and symmetric linear operator, let R € HS(Q7*(U), H),
let (2, F, P, (Fi)ecpo,m) be a filtered probability space, let (Wy)ieor be a Q-cylindrical (Fy)ejo,r-
Wiener process, let G C F, t € [0,T], satisfy for all t € [0,T] that G, = oo(F U{C €
F:P(C) = 0}), and let W:[0,T] x Q — H be a stochastic process with continuous sample
paths which satisfies for all t € [0,T) that [Wilp s = fOthWs. Then it holds that W is an
RR*-standard (G;")iejo,1)- Wiener process.

Proof of Lemma[3.3. Throughout this proof let Uy C U be an orthonormal basis of Kern(Q"?)
and let U; C U be an orthonormal basis of Kern(Q"?)*. Next note that for all v,w € H,
s€[0,T),t e (s,T] it holds that

E[(v, W, — W) u{w, W, — W)y = E K“ Z RdWT>H<w’ s} RdWT>H:|

KZ(v RAW.)n )({t(w,RdWr>H)} (121)
IR

K (R U,dWr)Ql/z(U))(5(R*w7dWr>Q1/2(U))].

[t6’s isometry hence shows for all v,w € H, s € [0,T), t € (s,T] that

2 Bl W= W, 75— W)
= ((Q"*(U) 3 z = (R, z)guewy € R), (Q*(U) 3 2z = (Rw, 2orewy € R) >HS(Q1/2(U
= (U322 (R0,Q"2)quzw) €R). (U 3 2= (R'w, QP 2)qu2w) € R) g

- ZUEUQUUl R v, Q /2u>Q1/2(U)<R*w7 Q1/2u>Q1/2(U)

- Zuelh R*v, Q1/2u>Q1/2(U) (R*w, Q1/2u>Q1/2(U)

_ Z . —1/2 R* ) Q_1/2(Q1/2u>>U<Q_1/2(R*U}),Q_I/Q(QI/QU»U

— Z GU —1/2 R* ) > <Q_1/2<R*w),u>U

— —1/2( ok IRV

N ZuEUoUUl Q <R U>’U>U<Q (R ’ll)), u>U

= Q7 (R), Q" M (Rrw))u = (B, Bw) gy = (v, RE™w) .

)R)

(122)

Next observe that the assumption that W is a Q-cylindrical (F;)¢cjo,r1-Wiener process and, e.g.,
Proposition 6.1.16 in [28] ensure that (Q, F,P, (G; )iejo,17) is a stochastic basis and that W is a
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Q-cylindrical (G;")tejo,7)-Wiener process. This implies that for all s € [0,7), t € (s,T] it holds
that oo(W; — W) and G} are P-independent and that W is (G,"),cpm-adapted. Combining

this with (122)) completes the proof of Lemma |3.2] O
Theorem 3.3. Assume the setting in Subsection let p € [0,00), ¢, 1 € [1,00), s € (0 12;1245)7

V e C¥H,[0,00)), V € C(H,R), assume for all h € (0,T], z,y € H that V(e"z) < V(z),
V(eMz) <V(z), [V(z) =Vl < c@Q+ V(@) + V) |z = ylla, V(@) <+ [V(@)]),
and suprep, ) B[V 9] < oo, assume for all I € Po(H), J € Po(U), h € (0,T], z € Dj
that DI C {v € H:V(v) < ch™}, max{|PF(z)||a, ||PrB(z )PJHHS vm} < ch™, and
Gp, e, V(@) + 5 II(PB@) Py (VV)(@)IE + V(x) < pV(@), and let Y07 [0,T] x Q —
Pr(H,), 0 € wr, I € Po(H), J € Po(U), be (Fi)icpp,r-adapted stochastic processes with con-
tinuous sample paths which satisfy for all 0 € wy, I € Po(H), J € Po(U), t € (0,T] that
Yo' = Py(€) and

Y o (b iy = [ (=t (Y917 1, (Ye LY p (v LT (f — LtJQ))}

t t t
o e - PB(P; (H,))
Sy ety (VG {;’) BBy ds (123)
%_ " 0,1,J
LSS, PrBOYS, )Py dWsl,

Then it holds that

0,1, t 0,1,J
limsup sup sup sup E [exp(b + [T (YLQSJI J) % ds)]
16],\0  T€P,(H) JEP,(U) t€[0,T] o Dleir ¢

< sup E[e"9] (124)
IePo(H)

0,1,J O 6,1,J
< sup sup sup sup E{exp( (Y ) —I—fllDz (Y@’f"]) %ds)] < 00.
e I€Po(H) JEPo(U) te[0,T)] 17 ¢

Proof of Theorem[3.3 Throughout this proof let G, C F, t € [0,T], be the sets which satisfy
for all ¢ € [0, 7] that

G = oq(FU{C € F: P(C) =0}), (125)
let ug € U, let W7: [0, T]xQ — Pju{uO}(U>, J € Py(U), be stochastic processes with continuous
sample paths which satisfy for all J € Py(U), t € [0,T] that [W/]p sw) = fot pju{uo} dW, and
Wi =0, let Fr: H— H, I € Py(H), and By y: H — HS(Pyiuey(U), H), I € Py(H), J €

Po(U), be the functions which satisfy for all I € Py(H), J € Py(U), 2 € H, u € Py (U) C U
that

Fylz) = {PI(F(x)) cx € H, and BLJ(:B)U _ {P[(B(l’)pju) cx € H, |
0 .z € H\H, 0 e H\A,
(126)

and let Y71 [0,T] x Q@ — H, 0 € wy, I € Py(H), J € Py(U), be the functions which satisfy
for all € wr, I € Py(H), J € Py(U), t € [0,T] that Y7""/ = P(€) and

0,1,J
}§;7 ’

Br(¥50 W -w

Liig

. 127)
_ (t—ctap)A [ 0.0, 0,1,0 01,0y (1 Ctg) (
= e (Y + 1D{9|T(Y ) F](Y ) (t I_tJQ) + 1+||B[ J(Yg T, J)(WJ W‘] )”2 :| > .

Lth Ltag Lth
Ltug Ltug

In the next step observe that, e.g., Theorem 2.4 in Chapter V in Parthasarathy [36] ensures
that B(H.,) C B(H). This implies that for all I € Py(H), J € Py(U), h € (0,T] it holds that

Dl € B(H), F;e M(B(H),B(H)), and Bj;€ M(B(H),B(HS(Psiu(U), H))). (128)
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In addition, note that, e.g., Proposition 6.1.16 in [28] ensures that (G; )07 is a normal
filtration on (2, F,P) and that W is an Idy-cylindrical (G;")iejo.77-Wiener process. Lemma
(with H = PJU{uO}(U), U=U,R=U>3uw~ PJU{UO}(U/) € PJU{UO}(U>>, Q = Idy, (-Ft)te[o,T] =
(Fi)eeor), W = W, W = W for J € Py(U) in the notation of Lemma hence assures
that for all J € Po(U) it holds that W7 is an (U > u + Py (u) € Proguey(U))(U 2
u = Propuy () € Proguey(U))*)-standard (G;")sepor-Wiener process. This shows that for
all J € Py(U) it holds that W7 is an Idpju{uo}(U)—standard (G;")tepr-Wiener process with
continuous sample paths. Combining the fact that for all 0 € wy, I € Py(H), J € Po(U)
it holds that Y%/ is a (G )icpo,r-adapted stochastic process with continuous sample paths,
the fact that VI € Po(H), h € (0,T]: D} € {v € H: V(v) < ch™}, (128), and item of
Proposition [2.22| (with H = H, U = Pju{uO}(U> T=T,p=p,d=6c=c,7y=16 =,
F= F],B B[J,V VV VS ((OT]Bt'—>(H9x»—>etAa:€H)EL(H)),Dh:D,Iz,
(E)tG[O,T = (Qt )tE[O,T W = WJ Yo = }76’]"] for h € (O,T], 0 € wT, I e P()(H), J e P()(U)
in the notation of Proposition hence proves that for all 6 € wy, I € Py(H), J € Py(U) it
holds that

6,1 J ~ v (vO.1,
sup E [exp <(Y— f 1pr (YLZ’JI’J) V(ETJJ) ds)]
te[0,T) olp ™ L200

exp 2[720max{T,p,l}c:‘}(mOC max{T,1}+7) 0,1,7
< oxp [ L0 " ARG
fmin (ol o712

(129)

This, the fact that 1/2 — ¢ — ¢ — 7§ > 0, and the assumption that sup;cp, E[eVPrO)] < oo
imply that

i v 9”) 0,17\ V(¥IY)

limsup sup sup sup E|exp + f 1y <YLsJ ) YO s

10]2\0 I€Py(H) JEPo(U) te[0,T] 1ol 0

< ™1 (130)
IEP()(H)

0,1,J t (0,1,
< sup sup sup sup E{exp (M + [1pr (stf J) V(isps )ds)] < 00.
9€wor I€Py(H) JePo(U) te[0,T) 0 Dioj ?

Furthermore, note that and - ensure that for all 0 € wy, [ € Py(H), J € Py(U),
t € [0,7] it holds that [Y ’I’J][P,B(pI(H ) = [Y;Q’I’J]p,g(pl( i,))- Combining this, Lemma ,
and (130]) establishes (124]). The proof of Theorem is thus completed. O

Corollary 3.4. Assume the setting in Subsection let ¥ € [sup,ep, \|B(:1:)|\12{S(U7H),oo] N

R, b1,by € [0,00), € € (0,00), 5 € (0, 1_4145), ¢ € [2max{l,eby, eV, e}, 00), assume that
Eleclél] < oo, assume for all h € (0,T], I € Py(H), J € Py(U), z € D} that D} C {v €
H: VO +elollfy < ch™}, max{||PrF(2)||m, | PrB(«)Psllusw.m} < ch™, and (x, PrF(x))y <
bi+bolz||%, and let YOI7: [0, T] x Q — Pr(H,), 0 € wr, I € Po(H), J € Py(U), be (F)iejor)-

adapted stochastic processes with continuous sample paths which satisfy for all 0 € wr, I €

Po(H), J € Py(U), t € (0,T] that Y = Pr(€) and

N [ N Lpi, (Y(”I’J)PIF(YG’I’J )(t — Lm))}

Ltig Ltag Ltag PB(P;(H,))
) ad

T {;’) PB(Y 1) By dw, (131)
T

0,1,J
LSS, PrB(YS, )Py dWsl,
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Then it holds that

0,1,J
limsup sup sup sup E[exp(% fllDe (Yﬁ,fo"])%d )]
16]7\0 T€Po(H) JEPo(U) te[0,T] Olr
< E[eVP+eltli]

0,1,J t (132)
< sup sup sup sup E{exp<% —f ILDIe (YLQS’JIGJ) 2521:23)3 ds)]

0cwr I€Py(H) JEPo(U) t[0,T] o o

0,1,7
<e¥’sup sup sup sup E[exp(%)} < 00.
bcwr I€Py(H) JePo(U) t[0,T)
Proof of Corollary[3.4. Throughout this proof let V: H — [0,00) and V: H — R be the
functions with the property that for all z € H it holds that V(z) = V4 + ¢||z||% and V(z) =
—2eb; — e0. First of all, observe that for all x,y € H it holds that |V (z) — V(y)| < 2\/¢||z —
Yl (1 +sup,epp [V(rz + (1= r)y))2, V(@) = V'»)lleowr < 2ellz = ylla, and [V"(2) —
V" ()|l L@ gy = 0. Hence, we obtain that

V € Comax(1 ¢} (H, [0, 00)). (133)

Next note that the assumption that Vh € (0,T), I € Po(H), J € Po(U), z € Di: (x, PIF(z))g <
b1 + by||z||% shows that for all h € (0,T], I € Py(H), J € Py(U), x € D} it holds that

(gPIFPIBﬁ']V) €T %H PI )pJ)*(VV HQU + ‘7(@
=2¢(z, PIF —1—52 z)Pyu, P B(x) Pyu)y
+ 252”(131 ( )By)lff — ngl — e (134)
— 2¢ (2, PF(2)) ; + el PB(@) By ooy + 22| (PB(2) By ey — 22by — <0
< 2e(by + eV)||z||3 < 2(by + 9)V ().

Combining this, (133), the fact that sup;cp, ) Ele¥ 719 < eV? E[elél ], the assumption that
Eleslél] < oo, the fact that Vo € H: |V(z)| < ¢(1 + |V (x)]), and Theorem . with p =
2by +ed),c=c,1=1,=0,¢c=¢,V=V,V= VY“J Y‘”JfOIQEwT,IGPO( ),
J € Py(U) in the notation of Theorem [3.3) establishes (132)). The proof of Corollary [3.4]is thus
completed. O

4 Examples

In this section we illustrate Corollary by some examples. In particular, we prove in the
case of a class of stochastic Burgers equations (see Subsection , stochastic Kuramoto-
Sivashinsky equations (see Subsection , and two-dimensional stochastic Navier-Stokes equa-
tions (see Subsection that a certain tamed and space-time-noise discrete approximation
scheme (see below) has bounded exponential moments.

4.1 Setting

Let d € N, D = (0,1)%, n,v € [0,00), T,e € (0,00), 6 € (0,Y18), (U, {0, |I'lly) =
(L2 (1o RY), (-5 ) 12(upira) s [l £2(iprey): let U € U be an orthonormal basis of U, let H C U
be a closed subvector space of U, let H C H be a non-empty orthonormal basis of H, let
A € M(H,R) satisfy that sup(im(\)) < 0, let (2, F,P, (F;)cpo,r)) be a filtered probabil-
ity space, let (W})icpm be an Idy-cylindrical (F;)sejo,r1-Wiener process, let Q € L(U) be
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a non-negative symmetric trace class operator, let A: D(A) C H — H be the linear op-
erator which satisfies for all v € D(A) that D(A) = {w € H: >, 4|\ (h,w),|* < 00}
and Av = >, u A (h,v)gh, let (Ho () g 5|l ), 7 € R, be a family of interpolation
spaces associated to —A (see, e.g., Definition 3.6.30 in [28]), let » € M(B(H,), B([0,0))),

b€ M(B(D x ), BRY)) satisty sup, cp,yers scio ) (162, ) owa + HEDHNatcs) o,

ly—2llga

let ¥ = tracey(Q)(sup,ep yerd [|6(2,Y)[|Raxa)s ¢ € [2 max{1,ev¥,e},00), let P € L(H), I €
P(H), and P; € L(U), J € P(U), be the linear operators which satisfy for all I € P(H),
J€P(U),veH, weU that Pr(v) =3, (hv)y h and Pr(w) = 3, oy (u, w),, u, for every
I € Py(H), h € (0,T] let DI € P(H,) be the set given by D} = {z € Pi(H,): r(z) < ch™°},
let R € L(U) be the orthogonal projection of U on H, for every n € N, v € W?(D,R")
let v = (Ov,...,0qv) € L*(up;R™4) be the vector which satisfies for all i € {1,...,d},
NS Cé’;t(D,R") that (O;v, [¢]HD78(Rn)>L2(MD;Rn) = —(v, [%¢]/L@,B(R")>L2(MD;R")7 let F' € M(HV, H),
B € M(H,,HS(U,H)), ¢ € M(Fy,B(H,)) satisty for all u € U, v € M(B(D), B(R?)),
w € [H,NW2(D,RY)NL>® (up; RY)] with [v],,,, swae) € H, that E[eclél#] < oo, B([v] 1, Bra))u =
R([{b(x, v(2)) }oen]up praxay(VQu)), and F(w) = R(nw — 3¢ w;0w), and let YOI [0, 7] x
Q — Pi(H), 0 € wp, I € Py(H), J € Py(U), be (Fi)icp,m-adapted stochastic processes with
continuous sample paths which satisfy for all ¢ € (0,7, 0 € wr, I € Py(H), J € Py(U) that
Yy = Py(¢) and

yoLd _ [ (t—tog)A (Ye,I,J+ 1 " PR (f— Lt ﬂ
Y; ]PyB(PI(H'y)) € Ltag {r( L) <ell01r) 0} 1 ( Ltag ) (t = ct) PB(Py (Hy))

TP 2 Y PrBY%SLN P, dw,

n {r(Y(y 5, ) <ellolr] =0} Ltag
0.1,
L[y, PrBOYE )Py dWs 3

(135)

4.2 Properties of the nonlinearities

In this subsection we establish a few elementary properties for the nonlinearities /' and B in

Subsection [4.1] (see Lemma 1.1, Lemmal[4.2, Lemma[4.8] Lemmal[d.9] and Corollary below).

To do so, we also recall in this subsection some well-known properties of the involved Sobolev
and interpolation spaces (see Lemmas below).

Lemma 4.1. Assume the setting in Subsection[f.1 and let v,w € [H,NW'(D, RY)NL>® (up; RY)).
Then 1t holds that

HF(U)”LQ(;LD;RCI) < n||v||L2(uD;Rd) + dHUHLO"(MD;Rd)||8U||L2(MD;RdXd) < o0 (136)
and

1F(v) = F(w)ll2upra) < nllv — wlr2upre)

(137)
+ d(HaUHLQ(uD;RdXd)HU - w||L°°(uD;Rd) + ||w||L°°(uD;Rd)||8(U - w)HLQ(uD;RdXd)) < 0.

Proof of Lemmal{.1. Note that the triangle inequality and Holder’s inequality imply that

d
IE )| 2 upirety < nlloll 2 upmey + || X5y UjajUHLQ(#D;Rd)
d
< lloll gz + Sy 031l 1070 2
d d
< llollz2gumizs) + 4/ 105 iy Y s 1250022 ey

< llvll 2y + dl|v] oo (upra) 10V]] L2 upiraxa).

(138)
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In addition, observe that

d d
”F(U) - F(w)l|L2(uD;Rd) - 77““ - wHLQ(u'D;Rd) < H Zj:l(ajv)vj - Zj:l(ajw>ijL2(MD;Rd)
d d
< 251 050) (5 = wi) || pagp ey T | 51 (B30 = Q)| o
d d
< Zj:l 1(05v)(v; — wj)| L2 up ey + Zj:l 190 — Ojw)w; || L2 (up ey

d d
< 2 51 1950l 2 upmay ([0 = will e uoimy + 22521 11050 = 05wl p2up ey W | £oe (i)

(139)

Holder’s inequality hence proves that

d d
1) ~ F) | p2upiit) < /s 10702 Vs 125 = 0512 iy

d d
+ \/Zj:l |00 — ajw’&?(ﬂp;ﬂ{d)\/Zj:l ij”QLOO(#D;R) +nllv — w”LQ(uD;Rd) (140)
< d([|0v] 2 (upimeaxay [0 = W] oo (upirety + W] Lo (i) 100 = 0) || 2 upimaxay)

+0llv = wlg2upira)-

The proof of Lemma 4.1} is thus completed. [

Lemma 4.2. Assume the setting in Subsection . Then it holds for all v,w € H, that

IB() s, < (SUPpep yera |0(2,y)|[pixa) /tracey (Q) = Vi < oo (141)
and

1B(v) = B(w)llusw,m)
[1b(2y)—b(,2) | pax /
< (Sque’D,yeRd,zeRd\{y} yHy—zHRd “ d) [0 = wl| Lo (up ety V/ tracen (@)

Proof of Lemma[{-4 First of all, note for all v € M(B(D), B(RY)) with [v],, srae) € H, that
B ) sy = 3, 1B (Wl el

<D e NHE@ 0@ Yol oy (@ ) (143)

< (supsep yesa 10, Y)Iaca) D QP ullty = (5upsep yepa [1b(x, ) [7oxa) tracey (Q).

(142)

Next observe for all v,w € M(B(D), B(R?)) with [v],, pra), W],y sre € Hy that

1B([)ip s5(:0)) = B[], 5000 s
< Zuem [0, v(@)) — b(w, w(x)) }ae)umsraxa) (Q )|

(144)
< [{b(e, v(@)) = b, w(@)) }oen | 2 gupganty Y 1Q"ull?
< o) =b(z2)lgaxa | %), 2 ¢
— SumeD,yERd,ZGRd\{y} ly—2llga HU w||£°°(uD;Rd) raceU(Q).
Combining ((143)) and ((144)) completes the proof of Lemma |4.2] ]
Lemma 4.3. Assume the setting in Subsection[{.1] and let p € [0,00), v € H,. Then
1/2
[0l oo (upma) < ||U||Hp(Sup ||h||L°°(uD;Rd)> Z A7) (145)
heH pp
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Proof of Lemma[.3. Note that Holder’s inequality proves that

S ) 1 bl oty < (supnhnm e ) S|k o)

heH heH
< (suplilleiumien ) S P G chal > (1
heH
2
< ||U||HP(SUP ||h||L°°(uD;]Rd)> [Z |>‘h|_2p] .
heH ppt
This completes the proof of Lemma m

Lemma 4.4. Assume the setting in Subsection let p € [0,00), and assume for all j €
{1,....d}, v,w € H that HH C WH*(D,R?), supe ([|0;h]v [An] ™) < 00, (Ojv, d;w)u L vy (w) =
0. Then

(i) it holds that H, C W'?(D,R%),
(1) it holds for allu € H,, j € {1,...,d} that

1/2
05ulle = (3, b whndihllf ) < ((suppes Hok Y lull, <00 (147)
and Oju =Y, cy(h, u)gO;h, and

(iit) it holds for all uw € H, that

1/2
O;h
||8u||Lz(HD;Rdxd < {Z ||8 u||L2 (4 ]Rd):| < \/_{sup sup ||)\Jh||/|JU:| ||u||Hp < 0. (148)

heH je{1,...,d}
Proof of Lemma[{.4. Note that for all u € H,, j € {1,...,d} it holds that
;h
> 10w sl < (suprs ") D7 Pl lh,u)al? )
_ 195hllZ: 2
= \ SUPrem 3,20 HUHH,, < Q.

The fact that for all j € {1,...,d}, v,w € H with v # w it holds that (0;v,0;w)y = 0 hence
shows that for all u € H,, ¢ € C°° (D,R%), j € {1,...,d} it holds that

cpt

heH heH

(u, [%¢]uD,B(Rd)>U = <Z<h wuh, [ ~Olus, B(Rd)> = Z(h,u>U<h, [%¢]uD,B(Rd)>U

(150)
= - Z<h7 u>U<ajh> [¢]uD,B(Rd)>U = - <Z<ha u>Uajh: [¢]MD,B(Rd)> .
heH heH U
This and (149) complete the proof of Lemma H

Lemma 4.5 (Weak product rule (cf., e.g., Proposition 7.1.11 in Atkinson & Han [I])). Let
deN, uv e [WH((0,1)%,R) N L®(uon;R)], 7 € {1,...,d}. Then it holds that u - v €
[WE2((0,1)%,R) N L>®(p(o,1y2; R)] and 9;(uv) = udjv + v d;u.
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Proof of Lemma[/.5. Throughout this proof let i,,v, € C*([0,1]4,R), n € N, and u,,v, €
WL2((0,1)4,R), n € N, satisfy for all n € N that u,, = [an’(oyl)d]“m’l)d’g(ﬂg), v, = [6n|(0’1)d]u<071)d’3(ﬂg),

and limsup,,, .. (|[u — @nllwrzo1)ir) + v = Omllwrz(o)ir)) = 0 (see, e.g., Theorem 7.3.2 in
Atkinson & Han [I]). Observe that for all f, g € L*(j4g,1y¢ R) h € L>(p1(0,1y¢; R) it holds that

107 = )bl ity < 1 — gl oMl ) < 000 (151)
Hence, we obtain for all ¢ € C.((0,1)%,R), i € {1,...,d} that

8 ) == Jim (e [3 )
uv, = — lim (u
< [axz(b}“(Ovl)d’B(R) L2(ng,1ya:R) novoo \ Y [ax’gb]“(o,l)d’B(R) L2(p(o,1)a3R)

= — lim | lim <u Uy [ 22 >
00 o0 nYym: |:8131 ¢] M(071>d7B(R) LQ(M(OJ)d;R)

— _ lim { lim /Dﬂn(l‘) Um(2) (55;9) (@) dx]

n—oo m—00

— lim { lim /D [(aiﬁn)(x) Ty () + i () (a%iﬁm)(x)}gb(x) d:c]

n—oo m—00

(152)

n—oo m—ro0

= lim [ lim (v, Ostty, + Uy, O;0p, ¢>L2(u(0 1)d§R):|

= lim (v Qjuy, + up 07V, @) 12

n—oo

,U'(O’l)d;R) = <U alu + u aiv’ ¢>L2(H(071)d§R)'

This completes the proof of Lemma m

Lemma 4.6 (Weak integration by parts). Let d € N, u,v € W5*((0,1)4R), j € {1,...,d}.
Then it holds that
(153)

<8juvv>L2 _<u’ 8J‘U>L2

(ﬂ(()J)d;R) - (:u‘((),l)d;R) ’

Proof of Lemma[/.6. Throughout this proof let i,,v, € C¥([0,1]4,R), n € N, and u,,v, €
W};.’2((O, 1)4,R), n € N, satisfy for all n € N that u,, = [an’(()’l)d]u(oyl)d’B(R), U = [Un](0,1)2 ]“(0 L BER);

and lim sup,,, o ([|u—[ml0,1))u g , a8 lwr2(0,1)08) H0=[Oml 0,1 g 1 a8 lwr2(0,1)27)) = 0.
Observe that integration by parts and the fact that Vn € N: 4, 0, € C%([0, 1]¢,R) prove that

(Gju, U)LZ(M(OJ)d;R) = TLILIEQ(@jUn, U>L2(M(0‘1>d§R) = lim ( lim <0 Unp, vm>L2(M(0,1)d;R)>

n—o0 m—00
= lim [ lim /17m z) (24, (z dm) = — lim (lim /ﬂn z) (23, (z dx)
== <nll~r>n {ttn; O Um>L2(“(o,1>d?R)> = = m (un, 050) 20 100:%)

—_ —<u, ajU>L2(#<O,1)d;R).
The proof of Lemma [£.0]is thus completed. O

Lemma 4.7 (Weak integration by parts revisited). Let d € N, u,v,w € [W5*((0,1)4, R) N
L=y R)], j € {1,...,d}. Then it holds that u-v € [WH2((0,1)%,R) N L*(pu(,1y0; R)] and

<a] (U'U), w>L2(u(O’1)d;R) = —<U'U, ajw>L2(p(0’1)d;R) : (155)

Proof of Lemma[/.7. Throughout this proof let @, ¥,, @, € C¥([0,1]4,R), n € N, and u,,, v,, w, €
W},g(((), 1)4,R), n € N, satisfy for all n € N that u,, = [an|(071)d]u(071)d7B(R), Uy = [6n|(071)d]u(0’1)d7B(R),

Wy, = [wn|(0’1)d]‘u<oyl)d’3(ﬂ§), and limsup,, .. (Hu — U [lwr2(o,y4r) + 1V = Vmllwrzoyer) + |lw —
wm||W1,2((071)d7R)) = 0. Observe that Lemma (withd = d, u = u, v = v, j = j in the notation
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of Lemma and the product rule for differentiation prove that u-v € [W12((0,1)4,R) N
L>(p0,1y0; R)] and

(05 (uv), w) L2, vy = (WOU + 0 Oju, W) 20 4R

= lim ((Uz 00, W) 12 o) T (0 Dy, w)L?(u(O,l)d;RO

= lim (T}ggo ((Ul 050 Wn) L2y i) + (0 Oy, wn>L2(u(0,1>d;R)>>

— zliglo (nh_)rgo <W1Ll_>rr(1>o ((ul 0, wn)Lz(u(o,l)d;R) + (U, ajul,wn)Lz(M(O’l)d;R)») (156)
= fim (i, (Jin (o005, + 0 Oy )21,

= fim (il (0, 0t0), 101010 )

Integration by parts and the fact that Vn € N: @, 0,, w0, € C¥([0,1]¢,R) hence show that

(05 (w0), ) 1201, ) = hm(hm ( lim /(W (2 () - 5 (2))] wn@)dx))

—00 n—o0 m—0o0

— hm ( lim ( hm &l (@) O (7) (32 10y) (2) d:p))
(157)
=~ Jim (Jim (T}:L%o W 00 2010 )
=i <nh—>r20 wv, 0; w”>L2(“<o,1)d?R))
= }gg)@“vv ajw>L2(N(071)d§R) = —(uv, ajw>L2(M(0,1>d;R)'
The proof of Lemma is thus completed. O

Lemma 4.8. Assume the setting in Subsectz'on let p € [y,00), uw € H,, and assume for all
je{l,...,d}, vyw € H that H € W'(D,RY), (3, |M|™) + suppen (12l oo (upray +
10;h]|u| A7) < oo, (0jv,0;w)y Ly (w) = 0. Then it holds that uw € [W4*(D,R?) N
L>(pup; RY)] and

1/2
dih
HaUHLQ(MD;Rdxd < |iz H@ UHLQ(MD Rd):| < \/_|isup sup ”|)J\h|pU:| HUHHP < 00, (158)
hel je{1,...,d}
1/2
HUHLw(uD;Rd) < HuHHp(SuthHLw(uD;Rd)> [Z ’)‘h|2p] < 00, (159)
hel heH

IE @) < nllullm

& (160)

Favalul, (s s B (sup il )| S0l | <o
heH je{1,...,d} " heH heH

Proof of Lemmal[{.8 First, note that Lemma (with p = p, v = w in the notation of

Lemma [4.3) proves ([159)). Moreover, observe that Lemma (with p = p in the notation
of Lemma [4.4) establishes that v € W1?(D,R?) and (158). This and (159) ensure that

u € [WhH2(D, Rd) ﬁ LOO(,uD,Rd)]. Combining Lemma (with v = u, w = w in the nota-
tion of Lemma , and ([I59) hence proves (160). The proof of Lemma is thus

completed. O
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Lemma 4.9. Assume the setting in Subsection [{.1, let p 6 [ ,00), u = (Ug,...,uq) €
H,, and assume for all j € {1,...,d}, v,w € H that H C D,Rd ), (EheH])\h|_2p) +
SUDpen (”h”Loo(u,D;Rd) + HathUP\h]_p) < 00, (0;v,0;w)y HH\{U}( w) = 0. Then it holds that
u € [Wp*(D,RY) N L= (up; RY)] and

2(u, F(w))n = 2nllull + 35— (u, uyu)o = 2nlullf + (L (w)?, X5, 9515) 2, - (161)

Proof of Lemmal[/.9. First, note that Lemma (with p = p, u = u in the notation of
Lemma ensures that
c [WH(D, R N L™= (up; RY))]. (162)

Moreover, observe that

lim SUPp, (H)sI-H Hu - Zhe[<h7 U>Hh||L2(uD;Rd) = 0. (163)

In addition, note that item in Lemma, (with p=p,u=wu, j=jforje{l,...,d} in
the notation of Lemma proves that for all j € {1,...,d} it holds that

lim SUPp,(H)s1—H Haju - Zhe[<h7 U>Hajh||L2(uD;Rd) = 0. (164)

Combining (162)—(164) with the fact that Vv € Wh*(D,RY): |2

HWL?(D,Rd || ||L2 (upiRY) +
Zj L 10; UHLQ(MD )y PrOVes that

im supp, (s 7-m lw =2 her(h, W) nhllwrzpgrey = 0. (165)

The fact that W52((0,1)4,R?) is a closed subspace of W2((0, 1)?,R?), (162), and the fact that
VI € Py(H): 3, (h,u)rh € W5((0, 1), R?) hence show that

u € [Wp*(D,RY) N L™ (up; RY)]. (166)

This and Lemma (with d = d, u = w;, v = u;, j = j for i,5 € {1,...,d} in the no-
tation of Lemma [4.5) prove that for all 4,5 € {1,...,d} it holds that wu; € W'*(D,R)
and 0;(u;u;) = u; 0ju; + uj Oju;. Combining this and the fact that Vi € {1,...,d}: u; €
[WA*(D,R) N L™(up; R) N H] with Lemm (withd=d, u=wu;, v=uj, w=uy;, j=jfor
i,j € {1,...,d} in the notation of Lemma {4.7]) ensures that
(u, F(u)) g = (s R(nu = 325_, u; Opu))m = nllullfy — 5=, (Ru,u; dju)y
= nllullf; — S0 (uwy Ou)y = nllulld — Y0 S (uau ) 2 (up )
= nllullf — 35—y S (i, D) p2upmy = nllullFr + 50 Yoy (0 (i), wi) 12 (i)
= nllull + 325 S (s 05 + uj Ojui, i) L2 m)-
Hence, we obtain that
(u, F(w))or = nllullF + 35520 Yo (s ws 905 + 1 0504) 12 i)
= nllull}; + X0 (u,wdpu)y + 35 (u,uy u)y
= 2nllully; — [nllullf — (Ru, X5 w; u)u] + 355, (us wdjug)o (168)
= 2llullf; = [(u, ROpu)) i — (u, RS, widhw)) ] + 35— (uyu du)y
= 2nllullf; — (u, F(w)n + X5 (u, udju;)u.
In addition, note that
S (wwdnug)y = 35 S (s, s 055 12 i) = Dy Doiey (U3)2, 0705 12w
:<Zi:1 u;) aZ a“J>L2 (upiR)’
Combining this, , and (| - completes the proof of Lemma . O
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Corollary 4.10. Assume the setting in Subsection and assume for all j € {1,...,d},
v,w € H that H C WH(D,R?), (Y cu [A™?) +subnen (1Al o (upray + [|05R]lu|An] ™) < oo,
(0jv, 0;w)y Lm\foy(w) = 0. Then it holds that F' € C(H,, H) and B € C(H,,HS(U, H)).

Proof of Corollary[{.10 First of all, note that Lemma (with p = ~ in the notation of
Lemma assures that

H, CW"*(D,R%) continuously and H, C L*®(up;R?)  continuously. (170)

This and Lemma (with v = v, w = w for v,w € H, in the notation of Lemma show
that for all v,w € H, it holds that

||F(U) - F(w)||L2(uD;Rd) S 77||U - wHLQ(MD;Rd) (171)
+ d(HaU||L2(uD;Rdxd)||U — W[ oo (upird) + (| W] oo (upirey [[O(v — w)”L?(uD;RdXd)) < 0.

In addition, Lemma (with v = v, w = w for v, w € H, in the notation of Lemma|4.2)) proves
that for all v,w € H, it holds that

1B(v) = B(w)llasw.m

[5(2.9)=b(,2) fr—rot (172)
< <S‘1pxeD,yeRd,zeRd\{y} yHyszRd “ d) [0 = wl| Lo (up ey / tracen (@)
Combining this and ((171)) with (170) completes the proof of Corollary O

4.3 Stochastic Burgers equations

Corollary 4.11. Assume the setting in Subsection let (en)nen € H, and assume for all
neN ve H, thatn=0,d=1,v> 12 e, = [{\/isin(nﬂx)}xep]m,g(m, A, = —mn?,
r(v) > max{V9 +el|v|%, \%HUH%{W} Then

YB,I,J

sup sup sup sup E[exp(‘auézT”%)} < 00. (173)
Ocwr I€Py(H) JEPo(U) t€[0,T)

Proof of Corollary[{.11] First of all, note that the fact that {e,: n € N} CH C H C U shows
that
{e,:neN}=H and H="U. (174)

In the next step we observe that

-2y __ 2. 2|—2y __ _—4y —4y -2 —2
Dol =D =y <Aty nt<oo.  (175)

Moreover, note that for all n € N it holds that

10enllt|hen |7 = [I[{mnV/2 cos(nm2) }yeep) up s |l 720277 (176)
= mn|r*n?| ™7 = W <1l

Combining (T74)—(L76)), the fact that supjcy [|Allz=(upr) = V2, and Lemma (with p = 7,
u = v for v € H, in the notation of Lemma proves that for all v € H, it holds that

H, C [WY3(D,R) N L=(up; R)] and

_o\1/2
IF@)|a < 2(3,an?) [vll7, = vl < oo (177)
Next note that
w2
H C D(A) = [W22(D,R) N W2*(D,R)] € Wi*(D,R) = Cy(D,R) rs)
- 1,2
cexD.R) Y —wi(D,R).
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This, (174)—(L76), the fact that sup,cy ||h||Loo (o) = V2, and Lemma (with p=~,u==2x
for z € H in the notation of Lemma ensure that for all + € H, it holds that H, C

WD, R) N L™(1ip; R)] and

2(z, F(x))n = 2|2l + (z, 2 0x)u = 2nx|F + (=, R(z 0x))n

179
= 2nlelfy + . F@) = (2. P )

Hence, we obtain that for all [ € Py(H), x € P;(H) it holds that
(x, PIF(x))y = (Prz, F(x))yg = (x, F(x))g = 0. (180)

In the next step we observe that (I[74)—(I76)), the fact that sup,cy ||bllL~@pr) = V2, and
Corollary assure that /' € C(H,, H) and B € C(H,,HS(U, H)). This proves that

Fe MB(H,),B(H) and B e M(B(H,),BHEHSU, H))). (181)

Moreover, ((177)) and Lemma (with v = 2, w = z for & € Upe(o.1) Urep,ary D}, in the notation
of Lemma [4.2)) imply for all h € (0,T], I € Po(H), J € Po(U), z € D} that

max{[|PF ()|, | PrB (@) Psllus,mn b < max{||F(2) |, | B(x)l|usqw,m }

182
< max { Zz||z||%,, VI} < r(z) < ch’. (182)

Furthermore, we observe that the fact that Vv € H,: vV + ¢||v||3 < r(v) shows that for all
I € Py(H), h € (0,T7] it holds that

Dl ={x e P(H): r(z) < ch™®} C{x e P(H): VI +¢|z||}, < ch™’}

183
C{ve H: Vi+e|v|} <ch™}. (183)

In addition, we note that Lemma {1.2] ensures that sup,c . [|B(2)[3ig ) < ¥ < co. Combining
([180)—(183) and Corollary B4 (with H = H, U =U H=H, U=U,T =T,~v =1, § =4,
AN=MNA=A = F=F, B=B,Dl=Dl9=9,0,=0,bpb=0,e=¢,¢=0,c=c,
yOld = y®.LJ for h € (0,T), 6 € wr, I € Po(H), J € Py(U) in the notation of Corollary
hence completes the proof of Corollary [4.11} n

Remark 4.12. Consider the setting of Corollary . Then the stochastic processes Y17
0, 7] x Q2 — Pi(H), 0 € wp, I € Py(H), J € Py(U), are space-time-noise discrete numerical
approzimation processes for the stochastic Burgers equation

dXi(x) = [ZXi(x) — Xo(2) - 2 X,(x)] dt + b(a, X, (2)) d(v/ QW) (184)
with Xo(x) = &(x) and X;(0) = X¢(1) =0 fort € [0,T], x € (0,1) (cf., e.g., Section 1 in Da
Prato et al. [T]|] and Section 2 in Hairer & Voss [22]).

4.4 Stochastic Kuramoto-Sivashinsky equations

Corollary 4.13. Assume the setting in Subsection let (ex)rez € H, and assume for all
ne€N kelZ ve H thatn € (0,c0), d =1, v > V1, eg = [{1}2eD)up.BR): €n =

[{VEcos(2mm2)}acplp sm)s €-n = [(VISIn@700) el ey, 7o) = ma{v/T+ ol el
+5max{1,n " }Hvl% }, Ae, = 4k°7% — 16k*7* — 1. Then

c Y@,I,J
sup sup sup Ssup E[exp(%)} < o0. (185)
Ocwr I€Po(H) JEPo(U) t€[0,T]
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Proof of Corollary[4.13. First of all, note that the fact that {¢;: l € Z} CH C H C U shows
that
{q:1€Zy=H and H=U. (186)

Hence, we obtain that
D oner AT = s Py | 72 = D 116K T — 4P a? 4 |~
=02 2300 |16kt — 4kPT 4 |7 <7 423000 12Kt + 7
<7230 12K T = P 4 |127|'24|2’Y D ohet B

—2 2 1 - 1 - 2
SNt G e i S A =0+ < oo

(1274)1/2

(187)

Moreover, note that for all n € N it holds that

_ ||[{27”“/5Sin(2””$)}xe(o,1)]u(0 1),B(R)”U 9 9
||aen||U|>‘€n| 7= [16n7d—dn2m2+n|7 - \16n47r4—1227r2+77|7 < |12n477rr‘?+77|“’ (188)
< |127211r;l2|7 = n(122)7§74ﬁ - (122)\/1?/4 <2
This shows that for all n € N it holds that
_ ll{27nv2 cos(2mnz)} e (0,1)] B® U 9

||86_n“U|)\e—n| 7= ‘16n47r4—4n27r2+7]|(wo’1) = ‘167’14#4—22271'2-{-77“ S 2. (189)

Combining (T86)—(189), the fact that supjcy [|Allz=(up®) = V2, and Lemma (with p = ~,
v = v for v € H, in the notation of Lemma proves that for all v € H, it holds that

H, C [WL?(D,R) N L>®(up; R)] and
— 2 1/ — 72 1/
IE@)g < nllvlg +2v2(0> + %) “llolld, = allvle + 807 + 242=) "lvll3, (190)
- 2\ 1 -
< nllv||lg + max{1,n"}(8 + %) /ZHUH%W < vl + 5max{1,777}v|%, .
Next note that

wWi2(D,R

H C C¥(D,R) '~ wl(D,R). (191)

This, (186])—(189)), the fact that supjcg |2l (upir) = V2, and Lemma (with p=~, u==2x
for x € H, in the notation of Lemma ensure that for all + € H, it holds that H, C
[Wp*(D,R) N L*®(up; R)] and

2(z, F(2)) g = 2nllzllf + (@, 2 02)y = 2n||z]|f; + (z, R(x 92))

(192)
= 3nllzllf — [, R(nx)) i — (, R(z 9))n] = 3nl2l[f — (2. F(2))n.
Hence, we obtain that for all I € Py(H), x € P;(H) it holds that
(@, PP (2)) i = (Pre, F(x))n = (z, F(z))n =l (193)

In the next step we observe that (I86)—(189), the fact that supjcy [|h|lz=(pr) = V2, and
Corollary assure that /' € C(H,, H) and B € C(H,,HS(U, H)). This proves that

FeMB(H,),B(H) and Be M(B(H,),BHSU,H))). (194)

Moreover, (190 and Lemma (with v = 2, w = z for & € Upe(o.1) Urep,ary D}, in the notation
of Lemma [4.2)) imply that for all h € (0,T], I € Po(H), J € Po(U), x € D} it holds that

max{|| PrF (), [|PrB(x) Psllusw,m} < max{||F(2) ||, | B(x)llusw,m}

195
< maxc {nllall s + Smax{1, 5 |e|} . VI} < r(x) < ch’. 1)
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Furthermore, we observe that the fact that Vo € H,: v + ¢|[v]|3, < r(v) implies that for all
I € Py(H), h € (0,T7] it holds that

Dl ={z e Pi(H): r(z) < ch™°} C{x € Pi(H): VO +el|z||% < ch™®}

196
C{ve H: Vi+e|v|} < ch™}. (196)

In addition, we note that Lemma 4.2 ensures that sup,c . || B() ||12{S(U7H) <1 < co. Combining
1} and Corollary (with H=H, U=UH=HU=U,T=T,y=7,0 =9,
A=NA=A¢=¢( F=F,B=B,DI=D/9=9,b=0,bp=n,e=¢,¢=0,c=c,
yOLd = yOIJ for h € (0,T), 6 € wr, I € Po(H), J € Py(U) in the notation of Corollary
hence completes the proof of Corollary [£.13] O

Remark 4.14. Consider the setting of Corollary . Then the stochastic processes Y17
0,T] x Q@ — Pi(H), 6 € wp, I € Py(H), J € Po(U), are space-time-noise discrete numerical
approximation processes for the stochastic Kuramoto-Sivashinsky equation

dXi(x) = [ - Z:Xi(2) — L Xo(x) — Xi(2) - 2 X ()] dt + b(z, Xi(x)) d(v/QW),(x), (197)
with X,(0) = X,(1), X}(0) = X/(1), X/(0) = X'(1), X2 (0) = X§3>(1), and Xo(z) = &(x) for
te [0, 7], z€(0,1) (cf., e.gq, Duan & Ervin [17] and Section 1 in Hutzenthaler et al. [29]).

4.5 Two-dimensional stochastic Navier-Stokes equations

Corollary 4.15. Assume the setting in Subsection[4.1], let (¢r)rez € C((0,1),R), (¢r)kiez S
C(D,R), (eij0)ijez C U, eop1 € U, and assume for all n € N, (k1) € Z*\{(0,0)}, v € H,,
z,y € (0,1) that H = {epp1} U{eijo: %,J € Z}, ne (0,00), d=2, 7> 12, po(x) =1, p,(z) =
V2cos(2nmx), p_n(z) = V25in(2n7x), dri(2,y) = er(@)ei(y), €000 = [{(1,0)} @ y)en)un 52,
c001 = [{(0, )} wyenluns®2), rio = [{/VRFE(n1(7,y), k—r1(2,9))wwen] . pmey Aerno

_77_472(k2+l2)7 )‘60,0,0 = )‘60,0,1 = -1, T(U) 2 maX{\/E—i_gHUH%{a77HU|’H+6[77_27+21'J€Z(77+
. . _ 1/2
4m2(i + 7)) Pol%, ). Then

0 I,J2
sup sup sup sup E[exp(%)} < 00. (198)
bcwr IePy(H) JePo(U) t€[0,T)

Proof of Corollary[4.15. Observe that

ST =0T X (AP (R 4 17)) 7
heH (k,)ez?

= T 230+ 4R 2 30 (4 Antk?)
=1 k=1

i (1 + Am2(k2 + 12))~2

<2+ E(4W2k’2)‘2"’ +4 30 S (Ar (K + 7)™
k=1 k=11=1

||Mg

(199)

=2 4 i k=% 4 4124 f} (k2 + 12)~%

k=1

||M8

WL S N4 Y (B2

k=1 k=1

Next note that the fact that Vk € N: k=47 < fkkq x~% dx proves that

Zk4'7—1—|—2k47<1+2fx_47da:—1+fx_47dx—1+—. (200)
k=1 k=2 f=2k-1
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In addition, we observe that the fact that Vk,1 € N: (k?+1?)~ sz . fl (KPP dedy <
fkk_l fll_l(y2 + %) de dy = fkk_l fll_l(JCQ + y2)_2“’ dx dy proves that

T8

(B +2)2 = S (1 + 172+ (14 1)77 + 3 (K + 1)

=2 k=21=2

ko

1

SQkZ_:lk 47+1;§fk_1ﬁ_1($2+y2) Q'dedy

oo o (201)
=2 Z 0+ [+ y?) T da dy = 2 2 F 4 27 [2 s ds du
=2m [[° s 47ds+22k = 2+22k "= 1+22k 4,
Combining ((199)—(201]) proves that
> (A7 < oo (202)

heH

Moreover, note that for all (k,1) € Z*\{(0,0)} it holds that

|01er 0l ey 0l
= &>+ )20 Zna(m,y), kL dp—1(2.9))}w)enup 5 |0 Aen 0]
= | {(k* + 1)~ 2(=2rklp i1 (2, y), 27k B 1 (2, Y)) } o) D) i B (R2) | Aers0l 7 (203)

= (K> + )72k VI + 2|\, |77 = 20k An® (K* 4+ 1%) + 9|
2rk 2k
— 472 (k24+12)+n| /2 < 2 (k2+12)1/2 =1

IN

and
[02ex10llu [ Xeysol ™
= |[{(B* + )71 Z bra(,9), k bk 12, 9) }omenlun B [0 ey o7
= |{(**+ )~ 2(—2ﬂ12¢k,4(w, Y), 2mklo_1i(2, Y) }awyenlun BE2) Ul Aer, 0™ (204)
= (K + 1) 721VE + |, |7 = 20l|dn? (K + 1) + |

< 2wl < 2l <
= |[Am2(k2412)4n|/2 = 2m(k2412)/2 = 1

Furthermore, observe that for all (k,1) € Z*\{(0,0)} it holds that
Hek,l,OHL‘X’(uD;RQ) = Vﬁ“(lgbk,la k‘(bfk,fl)HL‘x’(,uD;RQ)
= S 1P16ki O + B2 ok 1 C) Pl oy

205
=i s VAPl P+ eGPl )
P D) 2VI12+k2
< VI R = 2
Hence, we obtain that
SUPprecH ||h||L°°(uD;R2)
= max {le,0,0l| 2o (up2): 1€0,0.1 | L% (upi2)» SUP (1 ez2\ (0,0} N €k10ll 2% (uim2) } (206)

< max{l,1,2} = 2.
Combining (199), (202), ([203)), (204), (206)), and Lemma4.8|(with p = v, u = v for v € H, in the
4.8

notation of Lemma4.8) proves that for all v € H, it holds that H., C [W2?(D, R?)NL>®(up; R?)]
and

_ _ 1/2
IE @) < nllvll + 6072 + X goyeze (0 + 4m2 (k2 +12) 2] o3, (207)
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Next note that W2 g2
HcoxDR) T —wlD,R). (208)
This, (202), (203), (204), (206), and Lemma (with p = v, v = u for u = (w1, u2) € H,
in the notation of Lemma ensure that for all v = (u,u2) € H, it holds that H, C
WE(D, R?) N L% (jip; R?)] and

2(u, F(u))n = 2nl|ullfy + ((w1)* + (u2)?, Orwr + Opus) r2(up m)- (209)
In addition, note that for all (k,1) € Z* z,y € (0,1) it holds that
12 i, y) + k26 i(z,y)| = | — 2kl (@, ) + 2mklo_ iz, )| = 0. (210)
This assures that for all b = (hy, ho) € H it holds that
O1hy + 0oha = [{0}sep]up B(R)- (211)
Moreover, note that , , and item in Lemma (with p =~, u =wu, j = j for

u e H,, j €{1,2} in the notation of Lemma prove that for all w € H,, j € {1,2} it holds
that

lim supp, 57w 1071 — Do per(hy W) wOjh| L2 (upm2) = 0. (212)

This implies that for all u = (uy,us) € H,, j € {1,2} it holds that

W Supp )5 1 10505 = D hehy poyer (s W a0 L2 (upiw) = 0. (213)
Next note that (211]) ensures that for all u = (uy,us) € W2(D,R?), I € Py(H) it holds that
|O1u1 + Oauia || 2y )
= H@lul + 82u2 — Zh:(hl,hg)el<h7 U,>H(81h1 + 82h2)||L2(uD;R)
S ||alu1 - Zh:(h1,h2)61<h7 u>Halh1 ||L2(HD§R)
+ |02tz = 35—y pgyer (B W O 2| 12 i)-

(214)

Combining (213)) with the fact that H, C W'?(D,R?) hence shows that for all u = (uy, u2) € H,
it holds that

|O1ur + Oouia| L2(up i)

= lim suppo(H)alﬁH ||81U1 + 82U2 - Zh:(h1,h2)61<h’ U>H<(91h1 + a2h2>||L2(uD;]R)

< Hmsuppymysr-m |01t = D20, poyer (B W rO || 22 ) (215)
+ lim supp (s 1m [Oauz — Zh:(hl,hz)el<h7 w)rO2hal| L2 up ) = 0.
This assures that for all u = (uy,us) € H, it holds that
Oy + Orug = [{O}xeD]uD,B(R)- (216)
Equation therefore proves that for all I € Py(H), x € P;(H) it holds that
(@, PrF () = (Prz, F(z))n = (&, F(2))n =nllz|% (217)

In the next step we observe that (202)), (203), (204)), (206, and Corollary assure that
FeC(H, H)and B € C(H,,HS(U, H)). This proves that

Fe MB(H,),B(H)) and B e M(B(H,),BHSU,H))). (218)
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Moreover, note that (207) and Lemma [4.2] imply that for all h € (0,77, I € Py(H), J € Py(U),
x € D! it holds that

max{ || P F(z)| . | PrB(x) Prllusw.mn } < max{[|F ()| | B(@)|nsw,m}

_ Coanl
< maX{T]HxHH + 6[77 2y 4 Z(k,l)eZZ(n + 4% (k% + 1%)) 27} /2||x||%{7, \/g} (219)
< r(z) < ch™®.

Furthermore, we observe that the fact that Vv € H,: V0 + ¢llv||3; < r(v) implies that for all
I € Py(H), h € (0,T7] it holds that

DI ={x e P(H): r(z) <ch™®} C{z e PI(H): VI +¢|z||}, < ch™}

220
C{ve H: Vi +elvllf < ch ™} )

In addition, we note that Lemma 4.2 ensures that sup ¢ || B(z )||HS(UH <1 < co. Combining
1} and Corollary (with H=H, U=UH=HU=U,T=T,y=7,0 =9,
A=)NA=A¢=¢ F=F, B:B,DI:D,{“19219,b1:0,b2:n,€:5,§:5,c:c,
yOLd = yOIJ for h € (0,T), 0 € wr, I € Po(H), J € Py(U) in the notation of Corollary
hence completes the proof of Corollary [.15] O

Remark 4.16. Consider the setting of Corollary[{.15. Then the stochastic processes Y1+
0,T] x Q@ — Pi(H), 6 € wp, I € Py(H), J € Po(U), are space-time-noise discrete numerical
approzimation processes for the two-dimensional stochastic Navier-Stokes equations

4X,(x) = [(Ze + 2 Xi(2) + (RUZX) - X0)(@)] dt + b, X,(2)) d(VQW)i(x)  (221)

with periodic boundary conditions, (div X;)(z) = 0, and Xo(x) = &(z) for t € [0,T], x =
(1,22) € (0,1)* (cf., e.g., Section 2 in Da Prato & Debussche [13], Carelli & Prohl [11],
Carelli et al. [10], BrzeZniak et al. [9], and Bessaih et al. [3]).
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