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NUMERICAL ANALYSIS OF LOGNORMAL DIFFUSIONS ON §2
LUKAS HERRMANN, ANNIKA LANG, AND CHRISTOPH SCHWAB

ABSTRACT. Numerical solutions of stationary diffusion equations on S? with isotropic lognor-
mal diffusion coefficients are considered. Holder regularity in L? sense for isotropic Gaussian
random fields is obtained and related to the regularity of the driving lognormal coefficients.
This yields regularity in LP sense of the solution to the diffusion problem in Sobolev spaces.
Convergence rate estimates of multilevel Monte Carlo Finite and Spectral Element discretiza-
tions of these problems on S? are then deduced. Specifically, a convergence analysis is pro-
vided with convergence rate estimates in terms of the number of Monte Carlo samples of
the solution to the considered diffusion equation and in terms of the total number of degrees
of freedom of the spatial discretization, and with bounds for the total work required by the
algorithm in the case of Finite Element discretizations. The obtained convergence rates are
solely in terms of the decay of the angular power spectrum of the (logarithm) of the diffusion
coefficient.
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1. INTRODUCTION

In the present paper, we are concerned with the existence, regularity, and approximation of
solutions of elliptic partial differential equations (PDEs for short) with stochastic coefficients
on the unit sphere S?. In particular, we are interested in PDEs with isotropic lognormal
random field coefficients a, i.e., T' = loga is an isotropic Gaussian random field (iGRF for
short) on S2. Let, therefore, (€2, A,P) denote a probability space and write S? for the unit
sphere in R3, i.e.,

S? .= {z € R, |jz|| = 1},

where || - || denotes the Euclidean norm.
For a given smooth, deterministic source term f, and for a positive random field a taking
values in C°(S?), we consider the stochastic elliptic problem

(1) — Vs - (aVgu) = f on S2

Since dS? = (), no boundary conditions are required for the well-posedness of (1). Fur-
thermore, the diffusion coefficient a in (1) is a random field, which yields that the solution u
of (1) is strongly measurable from (Q,.4) to (H*(S?)/R, B(H'(S?)/R)). The error and con-
vergence rate analysis of Finite Element and Spectral Galerkin discretizations on S? of the
PDE (1) combined with multilevel Monte Carlo (MLMC for short) sampling is the purpose
of the present paper.

While the combined Finite Element MLMC discretization of PDEs with random input data
has received considerable attention in recent years (see, for example, [6, 15] and the survey [13]
originating from Heinrich [19]), the invariance properties of the particular geometry S? entail
several specific consequences in the numerical analysis which allow more precise convergence
results. Specifically, as we showed in [26, 20], the geometric setting of S? allows for an
essentially sharp characterization of Holder regularity exponents of realizations of ¢ in terms
of the angular power spectrum of the Karhunen—Loeve expansion of the Gaussian random
field T = loga. Furthermore, 9S? = () implies the absence of corner singularities. We are
therefore able to obtain elliptic regularity estimates in Sobolev scales, cp. [17], as well as
Schauder estimates of classical elliptic regularity theory as presented for example in [12] and
elaborated in detail for the presently considered PDE (1) in [20]. Based on these we derive
explicit convergence rate bounds of discretizations of (1). Particularly, we obtain convergence
rates with respect to the mesh width of Finite Element discretizations and to the spectral
degree of Spectral Galerkin discretizations on S? solely in terms of the decay of the angular
power spectrum of the Gaussian random field 7" = log a. These convergence rates are, in the
Finite Element case, bounded by the polynomial degree of the basis functions. We confine
our error analysis to sufficiently smooth source terms f in (1), which yields that the lack of
smoothness of solutions is caused by the roughness of the lognormal random coefficients a.

Throughout the paper, we employ standard notation. We denote in particular by H*(S?)
Sobolev spaces of square integrable functions of (not necessarily integer) order s on S2. By
Vg2, Vg2-, and by Age = Vg2 - Vg2 we denote the spherical gradient, the spherical divergence,
and the Laplace-Beltrami operator on S?, respectively.

The outline of the paper is as follows: In Section 2 we recapitulate basic properties of
iGRFs from [28, 5]. We introduce standard notation and classical results from the differential
geometry of surfaces as required in the ensuing developments. We also review results on the
Holder regularity of realizations of the random field from our earlier work [26], and relate
the Holder exponent to the angular power spectrum. We develop Hoélder regularity here in
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the LP sense. In Section 3 we review and establish basic results on existence, uniqueness,
integrability, and regularity of solutions to the stochastic partial differential equation (SPDE
for short) (1). In Section 4 we present isoparametric Finite Element (FE for short) discretiza-
tions of the SPDE (1) on S? and establish apriori estimates on their convergence. Particular
attention is given to the dependence of the convergence rate in terms of the Hélder regularity
of the random field a. In Section 4, we prove convergence rate estimates for two families of
discretizations of (1). Section 4.1 is devoted to the analysis of Finite Element discretizations,
while Section 4.2 to the convergence analysis of Spectral Galerkin discretizations. In Sec-
tion 5 we address the convergence of multilevel Monte Carlo methods for either variant of the
Galerkin discretizations.

2. ISOTROPIC GAUSSIAN RANDOM FIELDS ON THE SPHERE

In this section we introduce isotropic Gaussian random fields and their properties. We
focus in particular on Karhunen—Loeve expansions of these random fields. In doing so we
follow closely the introduction of Gaussian random fields in [28, Chapter 5] and also present
results from [20, 26].

2.1. Definitions and basic properties. Let (S?,d) be the compact metric space with the
geodesic metric given by

d(z,2") := arccos({x, ') ps

for every z,2' € S%. Let {(U;,n;),i € I} be a finite C*° atlas of S?, where {U;,i € T} is
a finite open cover of S? and {n; : U; — 7;(U;) C R?,i € I} are the respective coordinate
charts, which are sometimes also simply called coordinates. Here and throughout, we do not
separate indices for doubly sub- or superscripted functions and coefficients by a comma, with
the understanding that the reader will recognize double indices as such. With this in mind, let
g be the metric tensor which is expressed for any zo € S? locally in the coordinates {n;,i € Z}
as

<3m—1(550) 3771'_1(500)>
ozk 7 0zt R3
for k,¢ = 1,2, where &9 = n;(z¢) and i € Z is such that zg € U The matrix g(zp) induces

820) k=1,21ie., forv=

S lvkam , =37 w kam ( o) ¢ T,,S?, it holds that (v, w)gs = Zk,f:l gkg(xo)vkwe
We denote the components of the inverse of g at any arbitrarily chosen xo € S? by ¢*(xg) :=
(g7 (x0))ge for k, £ = 1,2 and further introduce |g|(xo) := det(g(zo)). The spherical gradient
V2 and the spherical divergence Vsz- are locally expressed with g, i.e., for any xg € S?,i € T
such that 29 € U; and &g = n;(xo),

gre(xo) =

an inner product on the tangent space T, S? at ¢ in the basis

o Z —1z
Ve f(wo) = ) gke(:vo)a(f n; 1) (o) O, x( 0)

and
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on

-1
where f : S — Ris a function and Z = Y7_, Z° 52 a vector field, cp. [23, (3.1.17), (3.1.19)].

We define the spherical Laplacian, also called Laplace—Beltrami operator, by
A82 = VSQ . VSQ.

Furthermore, we denote by o the Lebesque measure on the sphere which admits for every

1 € T the local representation
do(z) = +/|g|(x)dz'd?

on U; by [23, (3.3.8)], where x € U; and & = n;(z). Note that for any 2o € S?, the inner product
that is induced in T}, S? by g(x¢) does not depend on the choice of the coordinates {n;,i € Z},
cp. [23, (1.4.4), (1.4.5)]. For further details, the reader is referred to [23, Sections 1.4 and 3.1].

Definition 2.1. A mapping T : Q x S? — R is called a random field (RF for short) if T
is measurable from (Q x S, A ® B(S?)) to (R, B(R)), where B(S?) and B(R) are the Borel
o-algebras of the respective sets.

A random field T is called strongly isotropic if for every k € N, xy,...,z; € S? and for
g € SO(3), the multivariate random variables (T'(z1),...,T(zx)) and (T(gx1),...,T(g9xr))
have the same law, where SO(3) denotes the group of rotations on S2.

It is called n-weakly isotropic for integer n > 2 if E(|T(z)|") < +oo for every x € S? and if
for 1 <k <mn,x1,...,7x €S?, and for every g € SO(3),

E(T(x1) - T(xy)) = E(T(g1) - - - T(g1))-

Furthermore, the random field is called Gaussian if for every k € N, z1,...,x; € S?, the
multivariate random variable (T'(x1),...,T(zx)) is multivariate Gaussian distributed, i.e.,
Zle a;T(x;) is a normally distributed random variable for every a; € R, i =1,... k.

In what follows, we focus on real-valued random fields. Similarly to a Gaussian random
field (GRF for short) on R, d € N, a GRF on S? has the following property proven, e.g.,
in [28, Proposition 5.10(3)]:

Proposition 2.2. Let T be a GRF on S?. Then, T is strongly isotropic if and only if T is
2-weakly isotropic.

Therefore, 2-weakly and strongly isotropic Gaussian random fields will in the following be
referred to as isotropic Gaussian random fields (iGRFs as introduced in Section 1).

2.2. Spherical harmonics. To introduce Karhunen-Loéve expansions of iGRFs on S? and
also for the convergence analysis of Spectral Galerkin discretizations of (1) on S?, we introduce
the surface spherical harmonics Yz, on S?. Being Karhunen-Log¢ve eigenfunctions of iGRF's
(see, e.g., [28]), in the ensuing analysis they will take a crucial role.

To define them, we recall the classical Legendre polynomials (P, ¢ € Ny) which are defined,
for example, by Rodrigues’ formula (see, e.g., [34])

1 df
L
n W(M

for every ¢ € Ny and for every p € [—1,1]. The Legendre polynomials define the associated
Legendre functions (Ppy,l € Ng,m =0,...,¢) by

Py(p) =2 2-1)

14

Pan(i) := (~1)™(1 u2>m/2cigpe<u>
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for 0 € Ng, m =0,...,¢,and p € [—1,1]. We further introduce the surface spherical harmonic
functions Y := (Y, £ € No,m = —£,...,¢) as mappings Yy, : [0, 7] x [0,27) — C, which are
given by

2 14— ! .
Yim (9, ) := \/ ATLE=mlp  (cost)eims

4 (L+m)!
for ¢ € No, m = 0,...,¢, and (9,¢) € [0,x] x [0,27), and by Yy, := (—1)"Yp_,,, for
¢ € Nand m = —/,...,—1. In what follows, we set for y € S? Yy,,(y) := Yo (9, ), where

y = (sinv cos ¢, sin ¥ sin ¢, cos V), i.e., we identify (with a slight abuse of notation) Cartesian
and spherical coordinates of the point y € S2.

For every p € [1,400) and a measure space (X, X, 1), we denote by LP(X, i) all measurable
functions f : X — R such that |f|P is p-integrable, which we abbreviate with LP-integrable.
We equip LP(X, ) with its usual norm, which makes it a Banach space. In the case that
the measure is clear from the context of the measure space, we will omit it. Complex-valued
LP-integrable mappings are denoted by LP(X, u; C). The usual inner product on the Hilbert
spaces L?(S?) and L%(S?;C) is denoted by (-, -). It is well-known that the functions of ) are
orthonormal with respect to this inner product. For later use, we also record the following
properties of the spherical harmonics which are for example proven in [30, Theorem 2.4.5].

Proposition 2.3. Let x,2’ € S®. Then, for every £ € Ny, there holds

— 2+1
> You(@) Ve @) = = —Pul(@,2/)ws)
] <¢
as well as the identity
20+ 1
(2) > Won(@) P = =

Im|<¢
for every x € S2.

It is well-known (see, e.g., [29, Theorem 2.13]) that the spherical harmonics ) are the
eigenfunctions of —Ag2 with eigenvalues (¢(¢ + 1),¢ € Ny), i.e.,
—Ag2 Yo = 0L+ 1)y,

on S? for every £ € Ng, m = —/£,..., . Furthermore, it is shown in [29, Theorem 2.42] that
L?(S?; C) admits the direct sum decomposition

+oo
(3) L*(S*C) = P He,
=0

where the spherical harmonic spaces (H¢, ¢ € Npy) are spanned by the spherical harmonic
functions

He = span{Yp,,,m = —(, ... l},
i.e., H, denotes the space of eigenfunctions of —Agz that correspond to the eigenvalue ¢(£+1)
for ¢ € Ny. This direct sum decomposition, cp. (3), implies with the mentioned orthonormality
that ) is an orthonormal basis of L?(S?; C). Every real-valued function f in L?(S?;C) admits
the spherical harmonics series expansion

oo /4

{=0 m=—¢
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and the coefficients satisfy (cp., e.g., [28, Remark 3.37])
fem = (=) fo—m,

i.e., f can be represented in L%(S?) by the series expansion

400 4
(5) £ =3 (fuoYio+2 Y (Re fum Re Yo — Im fom Im Yom) ).
=0 m=1

We shall be partly concerned with spectral approximations on S? which are obtained by
truncation of the spherical harmonics expansion (4). To state results on convergence rates of
such truncations, we introduce for any truncation levels L1 < Lo € Ny the spaces
Lo

(6) Miyn, = @ He € L*(S%C)

(=L
and identify Hy.r, := Hp for any L € Ny. Evidently, Ho.;, is a space of finite dimension that
satisfies for L € N that

(7) L? < Ny :=dim(Ho.p) = (L +1)? < 4L?
and thus, in particular, closed. For a function f € L?(S?/C) and any L € Ny, we denote
by Iy : L?(S? C) — Ho.r the projector on Ho., given by the truncated Karhunen-Loeve
series (4) of f, i.e.,

L

(8) HLf = Z Z fﬁmnm'

=0 |m|<t

To characterize the decay of the coefficients in the expansion (4) and, accordingly, also con-
vergence rates of the projections Iy, in (8), we introduce for a smoothness index s € R and
q € (1,400) the Sobolev spaces on S? as H;(SQ) = (Id —Ag2)~%/2L9(S?). Then, for every
f € Hy(S?),
[l a5 (s2) == [I(Id —Ag2)*? | pags2)

defines a norm on Hg(SQ). For s < 0, the elements of H;(SQ) have to be understood as
distributions (cp. [33, Definition 4.1]). The positive definiteness is implied by [35, Theo-
rem XI.2.5]. These spaces are discussed in [33, 35]. Recall the C* atlas {(U;,n;),7 € Z} from
Section 2.1. Furthermore, let ¥ = {¥,;,i € Z} be a C*° partition of unity, which is subordinate
to {U;,i € I}, i.e., supp(¥;) C U; for every i € Z. The support of a function is the closure
of the points, where the function is non-zero. We infer from [37, Theorem 7.4.5] and [16,
Theorem 3.9] that Sobolev spaces on S? can be equivalently characterized via pullbacks with
respect to general coordinates, i.e., v € HS(S?) if and only if (v¥;) o nte HE(R?) for every
1 € Z, where vV; has to be understood as pointwise multiplication, and

1/q
v (1% 01 )
i€l

is an equivalent norm on Hj(S?), where H(R?) denote the usual Bessel potential spaces
on R?, which are equal to the Sobolev-Slobodeckij spaces for ¢ = 2 with equivalent norms,
cp. [38, Definition 2.3.1(d), Theorem 2.3.2(d), Equation 4.4.1(8)]. More precisely, [37, Theo-
rem 7.4.5] implies that H, q (S?) can be equivalently characterized via pullbacks with respect to
the geodesic normal coordinates. In [16, Theorem 3.9] it is shown that the characterization
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of Sobolev spaces on manifolds with bounded geometry, e.g., S?, via pullbacks with respect
to arbitrary coordinates does not depend on the coordinates and different coordinates lead
to equivalent norms. We remark that a function like (v¥;) o n; " on 1;(U;) can be extended
smoothly by zero to all of R?, since ¥; o n; 1 is smooth and compactly supported in ni(U;).
For details on the geodesic normal coordinates, we refer the reader to [16, Example 3]. They
are sometimes also called (Riemannian) normal coordinates cp. [23, Definition 1.4.4]. For a
detailed description of Bessel potential spaces, we refer the reader to [36, Chapter 2|. In the
case ¢ = 2 we omit ¢ in our notation and simply write H*(S?). In this setting H%(S?) is
identified with its dual space H°(S?)* and H*(S?)* = H~*(S?) for every s > 0. Since the
norm on H;’(SQ) is well-defined for every s € R and every ¢ € (1,+00), we obtain that

(9) (Id —Age)¥? : HY(S?) — HL(S?)
is bounded and surjective for every ¢ € R. Since ) diagonalizes —Ag2 and therefore
(10) (1d—Ag2)" Vg = (1 4+ 00 + 1))V

for every Yy, € YV by the spectral mapping theorem, cp. [31, Theorem 10.33(a)] applied to
the bounded inverse of (Id —Agz) on L%(S?), we obtain the following approximation result of
the operator (Id —1IIy).

Proposition 2.4. For every —oco < s <t < +oco and for every f € H'(S?),
—(t—s —sar—(t—s)/2
1f = e fllee) < LN iy < 27N ey
for every L € Ny.
Proof. Let —0o < s <t < 400, and f € H'(S?). Then, for L € N, it holds by (4) and (10)
that

+o00 ¢
If = Teflipsny = Do D [feml A+ LLC+D))

(=L+1m=—¢
+00 )4 YAt —s
< D> el Qe+ (LELJSrll))y
{=L+1m=—L

+o0 ¢
<L) N S S (1 00+ 1) < L2 .
{=L+1m=—¢

The relation between L and Ny, in (7) implies the assertion. O

2.3. Karhunen—Loéve expansions. The significance of the spherical harmonic functions
lies in the fact that every 2-weakly isotropic random field admits a mean-square convergent
Karhunen-Loeve expansion. In this section we recall these facts from [28] similarly to [26]
and start with an implication of the Peter—Weyl theorem applied to SO(3).

Theorem 2.5 ([28, Theorem 5.13]). Let T be a 2-weakly isotropic random field on S?, then
the following statements hold true:

(1) T satisfies P-almost surely

/ T? do < +o0.
SQ
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(2) T admits a Karhunen—Loéve expansion

oo 4
(11) T=>" > amYim

=0 m=—¢
with
Apyn, = / TY,,, do
SQ
for £ € Ng and m € {—¢(,... (}.
(8) The series expansion (11) converges in L*(2 x S?), i.e.,

lim E(/S2(T - HLT)Qda) ~0.

L—+4o00
(4) The series expansion (11) converges in L*(S2), i.e., for every x € S%, it holds that
. . 2\ _
LETOOE((T(Q;) .7 (x))%) = 0.

For the efficient computational simulation of iGRFs, special properties of the random co-
efficients A := (agm,? € No,m = —¢,...,¢) will be useful in statements on convergence of
Karhunen—Loéve expansions. Its properties are analogous to those of Fourier series represen-
tations of translation invariant GRFs on the torus (see, e.g., [25]). First of all, we recall [26,
Lemma 2.4].

Lemma 2.6. Let T be a strongly isotropic random field on S* with Karhunen—Loéve coef-
ficients A. The elements of the sequence A are, except for agy, centered random variables,
i.e., B(apn) = 0 for every £ € N and m = —/, ..., L. Furthermore, there erists a sequence
(Ay, ¢ € Ny) of nonnegative real numbers such that

E(afmn afzmz) = A€1 55152 5m1m2

for 1,05 € N, and m; = —¥4;,...,4;, i = 1,2, where énym = 1 if n = m and zero otherwise.
For the first element agg, it holds that

E(aoo@em) = (Ao + E(aoo)?)d0eSom-

The sequence (Ag, ¢ € Ny) is called the angular power spectrum of 7.
The random variables agy, and ag_p, satisfy for £ € N and m=1,...,¢ that

Apm — (_1>m ap_m.

Using the properties of Gaussian random variables, we conclude this section with the
following corollary, which can also be found in [26].

Corollary 2.7. Let T be a 2-weakly isotropic Gaussian random field on S*>. Then, T admits
the Karhunen—Loéve expansion

oo L
T = Z Z aﬂm}/ﬁmv

(=0 m=—/(
where (Yo, £ € No,m = —£,..., ) is the sequence of spherical harmonic functions and the se-
quence A = (agy,l € No,m = —£,..., ) is a sequence of complez-valued, centered, Gaussian

random variables with the following properties:

(1) At := (apm,? € No,m =0,...,0) is a sequence of independent, complez-valued Gauss-
tan random variables.
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(2) The elements of Ay with m > 0 satisfy Reag, and Imayg,, are independent and
N(0,Ap/2) distributed.

(3) The elements of Ay with m = 0 are real-valued and the elements agy are N(0, Ay)
distributed for £ € N while aog is N(E(T)2/m, Ag) distributed.

(4) The elements of A with m < 0 are deduced from those of At by the formulae

Reap, = (—1)"Rear_pm, Imag, = (—1)"Imas_,,.

2.4. Holder continuity, differentiability, and approximation. So far, our analysis of
iGRF's via the Karhunen-Loeéve expansion focused on mean square properties.

In this section, we consider Holder regularity and differentiability of iGRF's in p-th moment,
in relation to the decay of their angular power spectrum, and we investigate the resulting
convergence rates of truncations of the Karhunen—Loéve expansions with respect to the cor-
responding norms. To be more precise, let us start with the introduction of Holder spaces
on S2.

For « € Ny, we denote by C*(S?) the space of (-times continuously differentiable functions
taking values in R and, for v € (0,1), by C*7(S?) C C*(S?) the subspace of functions whose
1-th derivative is Holder continuous with exponent . We identify C“°(S?) with C*(S?). Let
{(Ui,m:),i € T} be the finite C*° atlas of S* with subordinate partition of unity {¥;,i € 7}
that was introduced in Section 2.1. We equip the Holder spaces C*7(S?), « € Ng, v € [0,1),
with the norm || - || (s2) given by

[vllger(sey = max 1(0¥3) 0 m; oo (r2)

for every v € C“7(S?). This norm is well-defined, since different choices of atlases and
partitions of unity will lead to equivalent norms (cp. [20, Proposition 6.9]). The Holder
spaces satisfy the Sobolev embedding that Hj(S?) C C*7(S?) is continuously embedded for
s—2/q> 14,y #0, which is stated and proven in Theorem A.1 in the appendix.

Let (B, || - ||g) denote a Banach space. As a special case of LP spaces, we introduce next
Bochner spaces LP(); B), p € [1,+00), where the probability space is used as measure space
and which consists of all strongly B-measurable functions X : Q — B such that || X||p is in
LP(Q)). For definiteness, we recall that the elements of LP({2; B) are B-valued P-equivalence
classes under the equivalence relation ~, where X ~ Y if | X — Y||p = 0, P-a.s. The
Bochner integral is well-defined even though the integrands may take values in a (possibly
not separable) Banach space (B, || - ||p), e.g., Holder spaces. The integrands will have a P-
almost separable range in (B, ||-||5). This is a consequence of the strong B-measurability (cp.
Definition A.2) and of Theorem A.3. In particular, for the numerical analysis in the following
sections, the use of the Bochner integral is very convenient, since numerical concepts can be
applied directly on samples. For details on measurability, the reader is referred to Appendix A.
Let us denote by [ - [ zr(0;p) the corresponding norm, which is naturally given by

1/p
1Xl @5 = (E(IXI))

for X € LP(§%; B), and which makes (LP(Q2; B), || - ||»(o;5)) @ Banach space (cp. [9, Theo-
rem I11.6.6]).
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Since L2(2 x S?) and L?(£2; L?(S?)) are equal, Theorem 2.5 implies that every iGRF T is
in L2(Q; L?(S?)) and satisfies by Proposition 2.3 and Corollary 2.7 that

+oo
20+1
2
HTHL2(Q;L2(S2)) = ;AE dr

ie., ZZ:"S Ayl converges and is finite.

It was shown in [26, Theorem 4.6] that summability of the angular power spectrum with
respect to higher orders of ¢ leads to regularity of the iGRF. More precisely, the finiteness of
S5 AP implies the existence of a modification in C*7(S?) for ¢+~ < 8/2.

In the present paper, we develop strong measurability and LP-integrability of iGRFs, i.e.,
possible choices of ¢ and 7 such that T € LP(Q; C*7(S?)), which will then imply [26, The-
orem 4.6]. Furthermore, we will develop a convergence rate analysis of the projected fields
in these spaces. Also it will be sufficient to obtain particular regularity for P-a.e. sample.
Additionally to Definition 2.1 we will only consider continuous iGRF's to ease the following
presentation, which exists due to [26, Theorem 4.5] or [20, Theorem 5.4] whenever the angular
power spectrum satisfies that

+oo
(12) > AP < 400

£=0
for some 8 > 0. These results are presented in the following theorem and can also be found
as [20, Theorem 6.20].

Theorem 2.8. Let T be a continuous iGRF that satisfies (12) for some 3 > 0. Then, for
every p € [1,4+00), ¢ € Ng, and v € (0,1) with 1 +~ < B/2, it holds that T € LP(; C*(S?)).
Furthermore, there exists a constant C,, , which is independent of (Ay, £ € Ng) such that for
every L € Ny,

1/2
||T - HLTHLP(Q7CL7'Y(S2)) S Cp,b,’y <Z A[€1+B) .
{>L

Proof. Tt suffices to prove the theorem for p even, i.e., for p = 2p/ and p’ € N. The result for all
remaining p € [1, +o0) follows then by Holder’s inequality. We set T := II; T and show first
that (T*, L € Np) is a Cauchy sequence in LP(€2; C“7(S?)). The smoothness of the spherical
harmonics implies with Pettis’ theorem (see Theorem A.3) that T is strongly measurable
in every function space that contains C*°(S?), L € Ng. In particular, T is strongly B-
measurable, B € {CW(SQ),Hgﬂ(SZ), q € (1,+00)} for every L € Ng. With the properties of
spherical harmonics and the Karhunen—Loéve expansion from Corollary 2.7, we observe that
Zf;z:fz o Yom () is N(O, (2¢ + 1)/(47) Ay)-distributed for every £ € N and z € S? as well

as that (an:% apmYem(x),€ € Np) is a sequence of independent random variables for every
fixed z € S?. Hence, for L1 > Ly € Ny, we obtain with Fubini’s theorem and the fact that for
centered Gaussian random variables, E(X %) = (2p/)!/(2/'p/1) E(X?)?’ that
Ly 0
i _ L2 :/ IE( aem (1 + (€ + 1))y, 2p')da
I Hsz (Q;pr/f(gz)) S2 (gzg_H m;g em( ( ) Zm)
L1

(@2 e 2041 82\
= Sl |(z ;HAZ (1)) < oc,
=L2
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where finiteness follows since (12) holds. This implies especially with the Sobolev embedding
(cp. Theorem A.1) that there exists a constant C' such that

)NV EN 2041
20! !) ( Ae 47
(=Ly+1
for 8/2—1/p’ > 1+ and therefore that (T'F, L € Np) is a Cauchy sequence in L% (Q; C47(S?))
that converges due to completeness. Furthermore, the result extends by Holder’s inequality
to LP(Q; C7(S?)) for every p < 2p’. Since LP limits are P-almost surely unique and we know
from Theorem 2.5 that (T, L € Np) converges to T in L2(Q; L2(S?)), T € L% (Q; C*(S?))
holds also due to the assumed continuity.

For given p > 1, we choose p’ € N such that p < 2p’ and /2 — 1/p’ > 1+ + v for fixed ¢
and . This implies that there exists a constant Cy, i.e., Cp, 4, such that

1/2
|TH — 7" 2w (@i (s2)) < C<47T (L+£(+ 1))5/2>

L1 1/2
(13) IT5 = T2 ey < Cpany (D Al)
{=Lo+1
We obtain the claimed convergence rate by taking the limit L; — 400 in (13). O

Remark 2.9. Since T' € LP(£2; C*7(S?)) in the framework of Theorem 2.8, this theorem implies
that T € C*7(S?), P-a.s. By setting T'(w) := 0 for every w in the remaining set of measure
zero, we obtain a modification that is in C*7(S?) and therefore we recover [26, Theorem 4.6]
with a different approach under the continuity assumption on the random field, which can be
established by the construction and existence of a continuous modification in [26, Theorem 4.5]
or [20, Theorem 5.4] for all cases covered by [26, Theorem 4.6].

Remark 2.10. If T, .,~ satisfy the conditions of Theorem 2.8, it implies that the iGRF T
is strongly C*7(S?)-measurable and hence by Theorem A.3 T is P-almost separably-valued
in C“7(S?), i.e., there exists a measurable set Q* satisfying P(2*) = 1 such that the range
{T(w),w € O*} is separable in C“7(S?). This illustrates the applicability of the Bochner
integral although C*7(S?) is not separable.

2.5. Isotropic lognormal random fields. In this section we consider isotropic lognormal
random fields on S?, which have been considered in [20, 26]. Specifically, if T is a continuous
iGRF on S? we are interested in a := exp(T) given by a(x) := exp(T(z)) for every z € S°.
In our setting in Section 3, isotropic lognormal random fields are of interest as diffusion
coefficients of elliptic differential operators. For the approximation of these lognormal random
fields, we set for every L € Ny
al = exp(II.T).

Our goal in this section is to establish regularity and approximation results for a” converging
to a that correspond to Theorem 2.8 in the case of a continuous iGRF. Questions of this kind
have been addressed in [20, Section 7.2], whereas sample regularity exclusively is addressed
in [26, Section 6]. First, we show that a and a”, L € Ny, are in LP(2; C°(S?)) for p € [1, +00).
The following proposition can be found as [20, Proposition 7.5]. We present the proof for the
sake of completeness.

Proposition 2.11. Let p € [1,+00), and T be a continuous iGRF such that (12) is satis-
fied for some B > 0. Then, exp(T),exp(II,T) € LP(Q;C°(S?)) for every L € Ny and the
LP(Q; CY(S?))-norm of exp(IIT) can be bounded independently of L.
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Proof. Tt will be sufficient to prove the case that T is centered, i.e., E(T) = 0 € C°(S?).
By Definition 2.1 E(T) is a constant function on S?, which implies | exp(T)|| LP(Q;C0(S?)

| exp(T — E(T))|l Lo (;c0(s2)) exp(E(T')). Hence, the general case can be reduced to the case
of a centered, continuous iGRF. So in the following we can assume that 7T is centered.

The idea of the proof is to apply Fernique’s theorem, cp. [7, Theorem 2.7], on the separable
Banach space C?(S?). Therefore, we have to establish that the law of 7" is a centered (sym-
metric) Gaussian measure on CY(S?), i.e., for every G € C%(S?)*, the dual space of C%(S?),
there exists og € [0,400) such that G(T) ~ N(0,03). This is the first requirement in order
to apply [7, Theorem 2.7]. We remark that in [7] the term ’symmetric’ Gaussian measure
is used instead of centered meaning the same. For every L € Ny, II;T has the finite real
expansion according to (5)

L 4
T =3 (agOYéo +23" (Reayn Re Yey, — Imagy, Im nm)).
=0 m=1

From Corollary 2.7 we deduce that {a, Re apm, Imagy,, ¢ € No,m = 1,..., ¢} are independent
real-valued random variables. Additionally this corollary implies that as ~ N(0, Ay) and
Re apm, Imag, ~ N(0,4,/2) for £ € Ng and m = 1,...,¢. Let L € Ny and G € C°(S?)* be
arbitrary. Hence,

L

¢
GILT) = Z(aeog(yzo) +2) " (ReagmG(Re Yen) — Imag,G(Im Yzm))) ~N(0,05 1)

=0 m=1
and therefore the characteristic function ¢g 1, of G(IIT) is given by
1
A= g L(A) = exp(—i)\QUaL)a

where
L
ot =3 Ar(G(Yio)? +2 Z (Re Yon)? + G(Im Y )?) )
£=0

Thus, I1,T is a centered Gaussian measure on C°(S?) for every L € Ny. The next step is
to show that the sequence (05’ 1. L € Np) is uniformly bounded. The Riesz representation

theorem for C°(S?) (cp. [3, Theorem 7.10.4]) and [3 Theorem 3.1.1, Remark 3.1.5] imply that
there exist a finite, positive measure v on (S%, B(S?)) and a measurable function ¢ satisfying
lg(x)| = 1 for every z € S? such that G(v) = fSQ vgdv for every v € C°(S?), which implies
with the Cauchy-Schwarz inequality that for every v € C°(S?),

G0 = ([, vadv)” < [0l 91 = ol aen#(6%).

This implies with (2) from Proposition 2.3 that

G(Yuo) +2Z (Re Yom)® + G(Im Yorn)?)

< (/ Y2+ 2 Z (Re Yon)? + (Im Vi) 2)dw ) v(S?)

m=1
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) </82 Z 'Y‘m'zdy)”(% e

Summing the previous inequality over ¢ implies with the finiteness of Z£>0 Ag%H that
(ag7 - L € Np) is uniformly bounded in L. Hence, there exists a unique og € [0,400) such
that Oé,L — 0 as L — +o0o. Thus, limz 4 g, (A) = exp(—1/2 A?03) =: pg(A) for every
A € R. The L?(Q; C°(S?))-convergence of I, T — T, which is implied by Theorem 2.8, yields
that GIIL,T) — G(T) in L?(Q) and thus in distribution. Lévy’s continuity theorem, cp. [27,
Theorem IV.13.2.B|, implies that G(T) ~ /\/’(O,aé) and we conclude that the law of T is a
centered (symmetric) Gaussian measure on C%(S?).

We infer from Theorem 2.8 that there exists an upper bound K of the L?(Q; C°(S?))-norm
of T and of II; T, L € Ny, which is uniform in L. Let in the following X € {T,1I;T, L € Ny}.
We choose zo € [1/(1 + exp(—2)),1), which implies that log((1 — x¢)/x0) < —2, and set
ro := K/v/1 — x9. We use the Chebychev inequality to obtain that

E(X[20) K2
2
0

— P([| X |lcos2y < 10) = P(||X||co(s2) > 10) < — 2 <z =l-u,

0
which implies that P(|[X||co(s2) < ro) > wo. We choose A > 0 such that A < (1 —x0)/(32K?),
which implies that 32)\7‘% < 1, and arrive with the monotonicity of the logarithm at the

inequality

(1 — P([[Xllco2) <70)
(

1
+32)\r2 < lo
P([[ X [cos2) < 70) ) 0 g(

—0) 432008 < 1.
xo

This is the second requirement for [7, Theorem 2.7]. Since X is a centered Gaussian measure
on CY(S?), [7, Theorem 2.7] implies that
exp(2)
exp(2) — 1’
which is a bound that is independent of L, because the choices of rg and A do not depend

on L due to the uniformity of the bound K. Since 0 < (VAz — p/(2v/)\))? implies that
pr < Ax? + p?/(4)) for every x € R, we conclude that

E(exp(A| X [[Zo(s2))) < exp(16X13) +

2
E(| exp () o(gz)) < E(exp(plX llcose)) < Elexp(MIX [2oge) exp( 2 ).

which finishes the proof of the proposition. O

We remark that the last paragraph of the proof is similar to the proof of [5, Proposi-
tions 3.10], but here it is extended and in a slightly different context. Furthermore, Fernique’s
theorem was originally proven by Fernique in [11].

In the discussion of (1), several random quantities are of importance which are introduced
in what follows. For a continuous iGRF T, we set already a := exp(T") and further define

a:=maxa(r) and  a:= mina(z),
zeS? zeS?
and for every L € Ny we set previously a” := exp(II;T) and further define now
al .= maxa®(z) and al:= minal(2),
zeS? zeS?

which are elements of LP(f2), p € [1, +00), by the made assumptions.
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Corollary 2.12. Let T be a continuous iGRF, then a, a~*, a*, and (al)~* are in LP(Q) for
every p € [1,400) and every L € Ny, where the LP(Q)-norm of a* and (a*)~1 can be bounded
independently of L.

Proof. Since
&~ o) = ||(;Iéi§g a(@)) e = | max exp(—=T'(2)) | Lr() = Il exp(=T)| Lr(;c0(s2))

and
lall ey = lexp(T)l Lo (:c0s2))5

the claim follows with Proposition 2.11 applied to —7 and T. The assertion for a’ and a”
follows with the same arguments. O

Lemma 2.13. Let . € Ny and vy € (0,1) then there exists a constant C, ., such that for every
v e CY(S?),

(14) lexp(v)llgur(szy < Cunll exp(v) eoge) (1 + 0G5 (g2)-

Proof. Generally, this proof is inspired by [22, Theorem A.8], but it achieves a specific result
that is not covered by [22, Theorem A.8§].

Let D C R? be a bounded, convex open domain. The first step is to prove the estimate
for Holder spaces over Euclidean domains, i.e., C*7(D). We set g := exp and recall that the
derivative ¢’ is again equal to g.

For convenience, we will omit the set D if the context is clear. For ¢ = 0, it is easily
seen that for every @ € C%7(D), it holds that ||g(?)||cor < |lg(?)|lco(1 + ||7]|con), cp. the
proof of [22, Theorem A.8], which is the base case of an induction argument to the following
induction hypothesis:

Let the estimate in (14) be satisfied for Holder spaces over the Euclidean set D, i.e., for
functions @ € C™7(D) for every n € {0,...,. — 1}. We directly perform the induction step
fromn =t —1ton+1 = For 01,09 € C*7(D), the product estimate |o102]cry <
C, - ||51]| e || B2]|cen holds by [22, Theorem A.7], which implies with the chain rule from
calculus and the induction hypothesis that

l9(@)llcer = lg(@)llco + D 1023 (g 0 D)1
7=1,2

<lg@llco+Corny Y N9 (@)1 10558l i1
(15) 7=1,2
<lg@lco+Com1 \9( M1 [[0]| e
< lg(@)llco + Com17Co14119(0) o (1 + 18]l u-1.7) 1|5 crv

< Cupllg(@® oo (1 + IB1IEEL),

and finishes the induction step. Note that for convenience we used 9,; := 9/9z7, j = 1,2.
Next let {(U;,m;),i € Z} be a finite C* atlas and {¥;,i € Z} a C partition of unity

subordinate to {U;,i € Z}. We fix j € T and choose another C* partition of unity {¥;,i € Z}

subordinate to {U;,i € T} such that ¥; = 1 on supp(¥;). We can assume that D :=
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supp(¥; o 77]._1) and supp(\i/j o 77]._1) are convex and observe with (15) that
exp()T5) 0 77 lcen g2y = Iexp()T5) 077 gy
< Conllexp(®) 0 17 o oy 125 0 15 o )
< Cupllexp(v) o n; o) (1 + v o n; HIE, )
< Con lexp(0) ) 0 15wy (1 -+ 1 (08) 07 5L ).

We apply that different C> partitions of unity result in equivalent norms on C*7(S?) and
conclude the estimate of the lemma by taking the maximum over j on both sides of (16). [

(16)

A version of the following theorem (with a different proof) can be found in [20, Theo-

rem 7.7].

Theorem 2.14. Let a = exp(T) be an isotropic lognormal RF such that T is a continuous
iGRF satisfying (12) for some 8 > 0. Then, for every p € [1,+00), ¢ € Ny, and v € (0,1)
satisfying + + v < B/2, and every L € Ny, it holds that a,a” € LP(Q;C*V(S?)), where
the LP(S; C*(S?))-norm of a® can be bounded independently of L. Furthermore, for every
e € (0,0), there exists a constant Cy, . such that for every L € Ny, it holds that

1
la — a®|| posco(s2)) < Cpe (Z I‘WHE) g
>L

Proof. Since the composition with the exponential function is a continuous mapping from
C“7(S?) into itself and T is strongly C*7(S?)-measurable by Theorem 2.8, Lemma A.4 implies
strong C*7(S?)-measurability of a = exp(T’) and of a* = exp(II;T) for every L € Ny.

Since T' as C“7(S?)-valued P-equivalence class takes values in C*7(S?), Lemma 2.13 is
applicable and implies with the Cauchy—Schwarz inequality that there exists a constant C
that does not depend on T such that
lallr e (s2)) = 1l exp(T) | v icevs2)) < Cllexp(T) || erosco(s2y) (1+ T LLJE;(L+1)(Q;CL,7(82)))-
The first assertion is then obtained with Theorem 2.8 and Proposition 2.11. The second
assertion about a” is proven completely analogously and the LP(Q; C*?(S?))-norm of a’ can
be bounded independently of L due to Theorem 2.8 and Proposition 2.11.

For the proof of the third claim, note that the fundamental theorem of calculus implies
for arbitrary ¢, s € R that |exp(t) — exp(s)| < (exp(t) + exp(s))|t — s|, which yields with the
Cauchy—Schwarz inequality that

la — a®[| rscos2)y < (lall pzo@icos2y) + lla” | zer @002 1T = LT p2n (0,00 (s2)) -
Therefore, the third assertion follows with Theorem 2.8, since the L?P(Q; C°(S?))-norms of a

and a” are bounded uniformly in L due to Proposition 2.11. (Il

3. EXISTENCE, UNIQUENESS, AND REGULARITY OF SOLUTIONS

3.1. Existence and uniqueness. We now turn to the basic existence and uniqueness result
for the elliptic SPDE (1)

(1) — Vg2 - (aVgeu) = f,

where a = exp(T') is an isotropic lognormal RF resulting from a continuous iGRF T' that
satisfied (12) for some § > 0. The right hand side f of (1) is assumed to be deterministic.
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Since S? is a closed, compact submanifold of R? without boundary, solutions of PDEs
may exhibit nonuniqueness due to the random differential operator —Vg2 - (aVsz) having a
nontrivial kernel, i.e., u = const. is a solution of the homogeneous equation. Therefore, we
shall work in factor spaces of function spaces which are orthogonal (in L2(S?)) to constants.
The closed subspace of H'(S?) that consists of all v € H'(S?) whose inner product with 1
satisfies (v, 1) = 0 is denoted by H'(S?)/R. For every v € H*(S?)/R,

vl s2y/m = [ Vs2v|l £2(s2)

deﬁnes a norm on }I1 (Sz)/R, since the second Poincaré inequality 1mphes that
[v]] < =S | |
v 2(]2 2V 2(82).
L) = 5 V20| L2(s2)

Remark 3.1. The closed subspace of H!(S?) of functions that are orthogonal to constants
in L2(S?) and the factor space of H'(S?) with respect to the equivalence relation ~, where
vi, vy € HY (SZ) satisfy that v1 ~ vy if and only if there exists a constant ¢ such that v; = va+c¢
are isometrically isomorphic. That justifies to denote both by the symbol H'(S?)/R. The
isometry between them will preserve strong measurability due to Lemma A.4. In the following
we will use the first interpretation of H'(S?)/R as a closed subspace of H'(S?).

Since H(S?)/R is a closed linear subspace of H!(S?) and the norm || - || H1(s?)/r is induced
by the inner product (Vsz-, Vg2-), H'(S?)/R is a Hilbert space.

We consider the variational formulation of the SPDE in (1) in H*(S?)/R with right hand
side f € H~1(S?) such that f(1) = 0: find a strongly H'(S?)/R-measurable mapping u such
that

(17) (aVseu, V) = f(v) VYo € HY(S?)/R.

Moreover, we want to show that this mapping u : Q@ — H'(S?)/R is LP-integrable. To
this end, let us fix f € H1(S?) such that f(1) = 0. In the flavour of the Bochner spaces
LP(Q; HY5(S?)), p € [1,4+00), and s > 0, we will to this end consider the solution u as
H'(S?)/R-valued P-equivalence class.

Remark 3.2. Since all continuous modifications of a are in the same C°(S?)-valued P-equiv-
alence class, this notion of solution is independent of a particularly chosen continuous repre-
sentative a.

We recall certain elements of the deterministic existence and uniqueness theory in order to
expose how it extends to the SPDE (17). In the following we frequently require the space

CU(s?) = {ae CO(SQ),znéng a(x) > 0}.

For every a € C9(S?), the bilinear form (aVgz-, Vgz+) is continuous and coercive on the space
HY(S?)/R x HY(S?)/R, i.e.,

(18) (@Vs2v, Veew) < [|allcos2y vl sz rllwllms2yr  Yo,w € H'(S?)/R
and

1
(19) 1011771 g2y /R < (aVgev, Vgev) VYo € HY(S?)/R.

min,cs2 a(z)
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Existence and uniqueness of a solution @ € H*(S?)/R to the respective variational PDE is
then implied by the Lax—Milgram lemma, i.e.,

(20) (aVeil, V) = f(v) Yo e HY(S?)/R,
as well as the estimate

5 1 3
(21) %] 1 (s2) /m < in, e 6(2) §HfHH*1(S2)a

where we used supgye i (s2y/r | (0)I/10] m1s2) R < /3720 f [l 5-1(52)-

The difference of two solutions with respect to different coefficients and the same right hand
side can be estimated with a version of Strang’s second lemma. This is stated as the next
lemma, where the PDE in (20) will also be considered with respect to subspaces of H*(S?)/R
as well, to be applicable in Section 4.

Lemma 3.3. Let V C H(S?)/R be a not necessarily strict subspace of H'(S?)/R endowed
with the H'(S?)/R-norm. For ay,as € CY.(S?), let 1,02 € V satisfy

(diszﬂiv ngv) = f(’U) YveV
and (21) fori=1,2. Then,

i — il gy m < 1/ 1Al a1 — sl cogs2
VRV 2 (ming e an (o)) (mineg2 (7)) e
Proof. For V.= H'(S?)/R, this is [20, Proposition 8.6] (with a different norm on f). The
proof of [20, Proposition 8.6] also applies verbatim in the case that V C H*(S?)/R is a strict
subspace. O

We denote the solution map that maps the coefficient a € C’?_(SQ) to the respective unique
solution @ € H(S?)/R by

(22) P, CU(S?) — HY(S?)/R.

The following proposition enables us to apply the deterministic theory to our stochastic
framework. It is a direct consequence of Lemma 3.3.

Proposition 3.4. @ : C(S?) — H*(S?)/R is continuous.

Proof. For every sequence (aj,j € Ng) in CY(S?) satisfying |lao — ajllcos2)y — 0 as j —
+00, Lemma 3.3 implies that |[®f(ao) — ®s(a;)|g1(s2)/r — 0 as j — +oo. Hence, ®; is
continuous. O

We are now able to state the basic existence and uniqueness result for the weak formulation
of the SPDE (17).

Theorem 3.5. Let a = exp(T) be an isotropic lognormal RF such that T is a continu-
ous iGRF satisfying (12) for some B > 0. Then, there exists a unique u such that u €
LP(Q; HY(S?)/R) for every p € [1,4+00) and u is the unique solution of the SPDE (17).

Proof. Since by the continuity assumption of this theorem a takes values in CQ(SQ), we can set
u := ®¢(a), which solves (17) uniquely. The solution u is strongly H'(S?)/R-measurable by
the continuity of ®f, cp. Proposition 3.4 and Lemma A.4. LP-integrability follows with (21)
and Corollary 2.12. O
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Since the computation of the random coefficient a = exp(7") does not seem to be feasible in
general due to the infinite Karhunen—Loeéve expansion of T', we consider solutions with respect
to the coefficients (a”, L € Ny) in what follows and analyze the convergence of the resulting
sequence of solutions in LP(€2; H*(S?)/R), p € [1,+00). For every L € Ny, we consider the
problem to find a strongly H'(S?)/R-measurable mapping u” such that

(23) (alVeul, Vev) = f(v) Yo e H(S?)/R,
which is also LP-integrable for every p € [1, +00).

Corollary 3.6. Let the assumptions of Theorem 3.5 be satisfied. For every L € Ny, there
exists a unique u” such that u* solves (23) uniquely and its LP(Q; H'(S?)/R)-norm is finite
for every p € [1,400) and can be bounded independently of L.

Proof. Since al also takes values in C{(S?) we can set ul := ®¢(al), which is strongly
H'(S?)/R-measurable due to Proposition 3.4 and Lemma A.4. The LP(Q2; H'(S?)/R)-norm
of u” can be bounded uniformly in L due to (21) and Corollary 2.12. O

We show next that the sequence (u”,L € Npy) that results from the previous corollary
converges to the unique solution of (17). The following result can be found in [20, Proposi-
tion 8.17]. We include its short proof for the convenience of the reader.

Proposition 3.7. Let the assumptions of Theorem 8.5 be satisfied. Let u be the unique
solution of (17) and (u”,L € Ng) be the sequence of unique solutions of (23). For every
p € [1,400) and € € (0,3), there exists a constant Cp. such that for every L € Ny, it holds
that

1/2
lw — u®|| Lo (.11 52)/R) < Chpee (Z AMHE) :
>L

Proof. For every L € Npy, Lemma 3.3 implies an estimate for [|u — uL||Lp(Q;H1(S2)/R). A
twofold application of Holder’s inequality implies the claim with Corollary 2.12, Theorem 2.14,
and (21), i.e., there exists a constant Cj, . such that for every L € Ny, it holds that

3 L .
lu = w | Loy s2) ) < \/;||f||H1(S2) 11/all oo l11/@" || an (g la — @™ || Ln(aico(s2))

<C,. (Z AMl*E) vz O

>L

3.2. Regularity of solutions. In the previous subsection we showed existence and unique-
ness of the solution u € LP(Q2; H'(S?)/R) to (17). To be able to perform numerical analysis
with Finite Element Methods on samples we are interested in proving higher regularity of
the stochastic solution u to (17). Precisely we will show that u takes values in H1*5(S?) for
s > 0 such that the range of possible values for s depends only on the decay of the angular
power spectrum of the underlying iGRF T satisfying a = exp(T") and the regularity of the
right hand side f.

For every L € Ny, Theorem 2.14 provides sufficient conditions for Holder regularity of
the isotropic lognormal RF @ and LP-bounds of the norms of a and a’ independently of L.
We are going to treat the case of H!T#(S?)-regularity and LP-integrability for s € [0,1) first
and then recursively show higher order regularity with the known theory for the operator
Id —Ag: presented in Section 2.2. For s € (0,1), the H!*$(S?)-regularity will be concluded
with a classical regularity estimate, which in the case of domains in Euclidean space is due to
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Hackbusch, cp. [17, Theorem 9.1.8] (see also [12]). The explicit dependence on the coefficient
of the elliptic operator in the estimate is of interest, which has been studied in [6] in the
case of domains of Euclidean space and will be transferred to the case of S? in the following
proposition, which will be proven in Appendix B.

Proposition 3.8. For some 0 < s < v < 1, let 4 € HY(S?)/R, f € H '*5(S?), and
a € C%(S%H) N CY(S?) satisfy (20), then, @ € H'T5(S?) and there exists a constant C, which
s independent of u, f, and a, such that

lallco (s2)
(mingeg2 a(z

[l rres g2y < C IE | f Il -1 (s2)-

The following product estimate will be needed. Its proof is the translation of the estimate
on domains of Euclidean space in [36, Theorem 3.3.2] to S%.

Proposition 3.9. Let ¢ € (1,400) and let © € Ny, v € (0,1), and s € R be such that
s| < v+, Ifv e CY(S?) and w € HS(S?), then vw € HS(S?). Moreover the following
product estimate holds: there exists a constant C, 5 such that for every v € C*7(S?) and every
w e Hi(S?),

lowlligse) < Conllollcuen Il s -

Proof. Let s > 0. We recall the finite C°° atlas {(U;,n;),i € I} of S? with subordinate
partition of unity {¥;,i € Z} from Section 2. We fix i € Z and choose a subdomain D C R?
with smooth boundary satisfying supp(¥; o n; ') CC D CC n;(U;) and another partition of
unity {\ilj,j € I} subordinate to our atlas such that ¥; = 1 on n; 1(D). Note that with
the symbol ’CC’ we mean compact inclusion. Since, for non-integer order, the Holder and
Zygmund spaces agree (up to equivalent norms), cp. [38, Theorem 4.5.2.1(b), Remark 4.5.2.3],
we conclude with [36, Theorem 3.3.2(ii)] that (vw¥;) on; ' € Hj(D) and that there exists a

constant C’Z such that
(0w®s) o n |l g7s 2y = Il (0w ¥s) 0 077 || 113y
< Cillo o 1 gy 1 () 0 1 )

(24) A ES -1 —1
< Cill(vWi) o m llovore) (W W) © 0y |l s (m2)

< Cillvll s (W) 0 077 || g r2)-

This argument can be repeated for the remaining indices in Z, which implies that vw € H; (S?).
Furthermore, we obtain the claimed estimate by summing the ¢'" power of (24) over i and
then taking the ¢'® root. We obtain the assertion of the proposition with C.r = |Z| maxez C;.
The other case that s < 0 follows now by duality, i.e., for every n € HI*I(S?), it holds that

|(w) ()] = lwlon)| < [wllms @2 [vnll sz < Coallwllms @ lvllcere Il ges)- B

In the following we argue with properties of the solution map ®; introduced in (22). We
will analyse the domain and the respective range of ®; more precisely. We remark that the
domain of ® reflects the regularity of a coefficient a in the elliptic operator in (20) and that
the range of ® reflects the regularity of the respective solution @ = ®(a).
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Proposition 3.10. Let « € Ny, v € (0,1), and s € [0,400) satisfy s < v+~. If f €
H~=1+5(S?), then it holds that

Oy C(SH)NCY(S?) — H'T(S?)
1s continuous.

Proof. The case s € [0,1) will serve as a base case for an induction argument. There the
case s = 0 is already known from Proposition 3.4. So let s € (0,1) and assume that ¢ = 0
and v € (s,1). From Proposition 3.8 we infer that ®¢(a) € H'5(S?), which establishes the
claimed domain and range of ®¢. To prove the continuity of ®; let (a;,j € Ng) be a sequence
in C%(S?)N CY(S?) such that [|a; — aollco(s2) — 0 as j — +o00. We observe that for every
J € N, it holds that

(25)  (a0Vs2(@f(a0) — @4(ay)), Veav) = (—(ao — ;) V2 @1 (), Vszv) Vo € H'(S?)/R.

Since ®¢(a;) € H'*5(S?), j € N, we obtain with Proposition 3.9 that there exist constants
C1, Cs such that

Vs - (a0 — @) V2@ (a;)) | -1+ (s2y < Cul[(Go — ;) V2 @r(ay)|| s (s2)
< Callao — ajllcoqys2)l| P (as) | rvs s2)-

Hence, Proposition 3.8 applied to the setting in (25) implies that there exists a constant C,
which is independent of (a;,j € Ny) and f, such that for every j € N, it holds that

llaoll o (s2) @]l o (s2)
(minges2 do(x))* (minges2 d;(x))
We have ||ao — @;||co(s2) =: €5 — 0 as j — 400, which implies that €; < 1/2min,cg2 ao() for
every j that are sufficiently large, i.e., j > jo for some jo € N. Since @;(2") > min g2 ao(z)—¢;
for every 2/ € S%, we obtain that 1/mingese @j(x) < 2/mingege do(x) for every j > jo.
Since [|d;|co.(s2) and (min,ege @;(x)) 2 can be bounded independently of j, it follows that
[@5(a;) — Ppao)ll pivsszy = 0 as j = +oo, ie., & : CO(S?) N CUS?) — H'T5(S?) is
continuous.

For s > 1, it must hold that ¢ > 1. Since a € C*7(S*) N CY(S?) and @ := ®s(a), for any
w € H'(S?), we take w/a — 1/|S?| [q» w/ado € H'(S?)/R as a test function and thus rewrite
the PDE in (20) as

. w . o w _ .
(U, w) + (f, T) = (a,w) + (avgzu, Vg2 (g)) = (U, w) + (Vs2t, Vgew) — (

a
where we applied that (f,1) = 0. Hence, for every w € H'(S?), it holds that

[®f(a0) =P (@)l gr+sszy < C 5 [1f | r—1+s 52y |do — gl con(s2)-

Vs2d - Vel
~ 7w)7
a

Vs2a - Vsl
(a7 w) + (VSQ’av VSQw) = (f s SQ&G S2u7 w) + (a7 w)a
which is stated with equality in H~1(S?) as
(26) (Id—Age)i = L TV Vel 0 g

a
We observe with (9) that (Id —Ag2)~! is a linear and bounded operator from H"(S?) to
H"2(S?) for every r € R. The claim is now shown by induction. Let us write s = |s| 4+ {s},
where {s} € [0,1) is the fractional part of s, and assume as induction hypothesis that ® :
C™(S2) N CY(S?) — HFHsH(S?) is continuous for every n € {0,1,...,|s| — 1}, which we
already showed for n = 0. Let n € {0,1,...,|s] — 1} and let a € C"*17(§?) N CY(S?). Since
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by our induction hypothesis @ = ®;(a) € H'*"+{s}(S?), we conclude with Proposition 3.9
that the right hand side F in (26) is in H'*(»=D+{s} The fact that (Id —Ag2)~! is a linear
and bounded operator from H'+t(m=D+{s}(§2) o 1+ +D+{sk(S?) implies that @ = ®4(a) €
H'(+D+{s}(S2). Moreover it implies with Proposition 3.9 a regularity estimate for 4 =
Pr(a), i.e., there exist constants C,C” that are independent of @ and f such that

Hq’f(d)‘|H1+(n+1>+{s}(§2)
< CHFHH1+(7L—1)+{S}(S2)

27 ~ - -
&7 < O (I/allna @) (1 s o sto1 @)+ Nallemsn ey 1B5@)] a2

+ ||(pf(a’) HHlJr("*l)Jr{S} (S2)> .

This implies the claimed domain and range of ®;. To prove continuity of ® let (a;, j € Np)
be a sequence in C"17(S?) N CY(S?) such that ||a; — aollcn+1.s2) — 0 as j — +oo and let
(uj = ®¢(a;),j € No) be the sequence of respective solutions. The same manipulations that
showed (26) imply with (25) that

Vg2 - ((ELO - &j)VSzﬂj) + Vgseag - VSz(ﬂo — ﬂj)

(Id —Ag2) (g — @) = » + (o — iy ).

Similar estimates as in (27) imply that
@ (ao) — (I)f(aj)HHlJr("H)Jr{S}(S?)
< Cl(”l/dOHC"N(S% (lao — ajllenrrve2y 1@ (@)l grsn+ ) s2)
+ llaoll grervs2) @5 (@0) — Py ()| grovns o) s2y)
19 (@0) = (@)l rrn+00 52, )-

Since by our induction hypothesis ®; : C™(S?) N C(S?) — H*"H5H(S?) is continuous,
[®5(ao0) = @ s(a@;)|l gn+ts1s2) < 19 f(@0) — @y (a@;)[| grrnt sy g2y — 0 @s j — +o0, which implies
with ”&0 - aj||Cn+l,'y(SQ) — 0 as j — 4oo that ||(I)f(d0) - (I)f(dj)”H1+(n+1)+{s}(Sz) — 0 as
j— +oo, ie., &y O"FL(S2) N CY(S?) — HFHDUHsH(S2) is continuous. This finishes the
induction and the proof of the proposition. O

The continuity of the solution map ®; also with respect to domains and ranges that re-
flect higher regularity will enable applicability of classical regularity theory to the stochastic
solution u to (17), since strong measurability of u can be shown.

Theorem 3.11. Let a = exp(T') be an isotropic lognormal RF such that T is a continuous
iGRF satisfying (12) for some 8 > 0. Furthermore, let u be the unique solution of (17) and
(u*, L € Ng) be the sequence of unique solutions of (23). Then, for every s € [0,/2) and
L € Ny, it holds that u,u* € LP(Q; H'**(S?)) for every p € [1,4+00), if f € H™1T5(S?).
Moreover, for every L € Ny, the LP(2; H'T5(S?))-norm of u’ can be bounded independently
of L.

Proof. Let us write s = |s| + {s}, where {s} € [0,1) is the fractional part of s, and then
set ¢ := |s| € Ny and choose v € ({s},min{/5/2 — ¢,1}), which implies that s < ¢ +~. We
deduce that a,a®” € LV (Q; C*V(S?)) for every L € Ny, p’ € [1,400), from Theorem 2.14. In
particular, these RFs are strongly C*7(S?)-measurable and positive. Hence, by the properties
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of the solution map ®¢, cp. Proposition 3.10 and Lemma A.4, the mappings © = ®¢(a) and
ut = ®;(a®) are strongly H'**-measurable for every L € Ny.

The boundedness of the LP(2; H'*5(S?))-norm will be proved inductively. As a base case
we apply the estimate of the H'+15}(S?)-norm of u from Proposition 3.8 and use the Cauchy—
Schwarz inequality to obtain that there exists a constant C' > 0 (independent of u, a, and f)
such that

[l ooty g2y) < CllF -1+ g2y lall 2v o2y 182l 2 () -

We infer from Theorem 2.14 and Corollary 2.12 that the right hand side of the previous
inequality is finite. Let us assume as induction hypothesis that the LP(€; H!'*7+{s}(s2))-
norm of w is finite for every n € {0,1,...,|s| — 1}, which we just established for n = 0. Let
n€{0,1,...,|s] — 1} and let us apply the estimate of the H'*("*+D+{s}(S2)-norm in (27) to
u and apply the Cauchy—Schwarz inequality twice to obtain that there exists a constant C
that is independent of u, a, and f such that

l[ull o (s i+ +153 s2))
< C(Hl/aﬂmp(ﬂ;ow(sz)) (1 g en-no3 g2y
+ llall sr (ien 1 g2y 1l oo (0 e+ s2))

+ ”UHLP(Q;Hu(n—l)Hs}(Sg))).

Since 1/a = exp(—T'), Theorem 2.14 is applicable to the continuous iGRF —7T', which sat-
isfies (12) in the same way that 7' does. Hence, the L3P(Q; C™7(S?))-norm of 1/a is finite.
The induction hypothesis, Theorem 2.14, and Corollary 2.12 imply that the right hand side
of the previous inequality is finite. This completes the induction. We conclude that the
LP(Q; H'*3(S?))-norm of u is finite. The proof for u”, L € Ny, is analogous. The uniform
boundedness of the LP(Q; H'*$(S?))-norm of u’ in L € Ny is implied by Theorem 2.14 and
Corollary 2.12. O

We remark that the HT$(S?)-regularity for every s < /2 of the solution can also be
deduced from higher order Holder regularity, which is implied by Schauder estimates, cp. [12,
Chapters 6 and 8], applied to pullbacks of the solution to the chart domains. Specifically,
the continuous embedding C*7(S?) ¢ H*¥ (S?) for « € Ng,y € (0,1), and s’ > 0 such that
L+~ > s, which is an immediate consequence of Proposition 3.9, would imply H'**(S?)-
regularity. Since the explicit dependence of the coeflicients of the elliptic operator in these
estimates is analysed in [20, Section 8.2] also LP-integrability could be deduced.

4. DISCRETIZATION

4.1. Finite Elements on S?. In Proposition 3.7 we analyzed the error that occurs when
we consider the solution u = ®;(a”) to the SPDE (17) with respect to the approximating
isotropic lognormal RF a” = exp(II;T) for L € Ny, where a” = exp(II1T) can be simulated
via the truncated Karhunen—Loéve expansion of the iGRF T for every L € Ny. In this section
we aim at a spatial discretization to numerically simulate realizations of u’, L € Ny, with
a Galerkin Finite Element Method and analyze the error in the LP(Q; H'(S?)/R)-norm for
p € [1,400).

We recall parts of the deterministic theory of Finite Elements on S?. Finite Elements
on surfaces to approximate solutions of elliptic PDEs appear to have been first introduced
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n [10]. There, first order convergence estimates were obtained using affine approximations of
the surface. Higher order estimates were shown in [8], where also an FE Method is defined
on the surface so as to avoid a surface approximation error. We refer to [8, Section 2.6] for
details.

Given a regular, quasiuniform triangulation 7 of S? into parametric, curvilinear triangles
K € T of mesh width h > 0 (which we indicate by tagging 7 with the subscript h, i.e., by
writing 7) we define S*(S?,T) to be the space of continuous, piecewise parametric polyno-
mials of degree k > 1 on the triangulation 7;, of S? and equip it with the H'(S?)-norm. To
approximate functions in H'(S?)/R we define the subspace of S¥(S2,7,) of functions that
have zero average, i.e.,

ViE = (" e S¥(S?, T), (v, 1) = 0}.
Then, V** ¢ H'(S?)/R and we equip it with the H'(S?)/R-norm. The FE spaces S¥(S?, T,)
and V% h > 0, are of finite dimension such that dim(S*(S?, 7)) = dim(V"*) + 1. Also it
holds that the degrees of freedom Nj, := dim(V"*) = O(h=2) as h — 0 for fixed polynomial
degree k € N. We refer to [32, Chapter 4] for details and remark that we will only tag elements
of V¥ respectively S¥(S?,7;,) with the mesh width % keeping in mind that they implicitly
also depend on the polynomial degree k of the FE space, i.e., let v € VF,

For every a € 02(82), h >0, and k € N, we consider the variational problem (20) over the
space V¥ to find a unique Galerkin FE solution 4" € V"* such that

(28) (aVs2 ", Vgeo) = f(0") Wl e VIE,

The conformity of the FE Method, i.e., V¥ ¢ H'(S?)/R, implies with (18) and (19) that the
bilinear form (@Vg:-, Vge-) on VP* x VA is continuous and coercive with coercivity constant
(mingege a(z)) ™! which is independent of h and of k.

Hence, by the Lax-Milgram lemma, the Galerkin approximation @" € V"* exists and is
the unique solution of (28). Also @" satisfies the estimate in (21) uniformly in h > 0, i.e.,

1 3
h
(29) 12" || 1 (s2)/m < ngcegzci(:r)\/;fm_l(g?)'

As in the previous section we introduce a solution mapping @’}’k that maps the coefficient
a € CY(S?) to the respective unique Galerkin FE solution @" € V7* by

®pE Y (S?) = VI,
Proposition 4.1. @?’k : CJOF(SQ) — VIMF s continuous for every h > 0 and k € N.

Proof. Similarly to the proof of Proposition 3.4, the continuity of @?’k follows, since for every

sequence (@, € No) in C (S?) satisfying |ao —ajllco(s2y — 0 as j — +o0, Lemma 3.3 implies
Rk~ Rk~ 4

that [|®%"(ao) — @ (ay) || a1 (s2)r — 0 as j — 4o0. O

Functions in H1+%(S?) and in particular solutions to (20) can be approximated in S*(S?, T3,),
s,h > 0, and k € N, cp. [8, Proposition 2.7]. We will phrase this in terms of the solution

mappings ®; and @?’k, h >0 and k € N, in the following proposition. In the proof this well-

known approximation property of S*(S2,7;,), h > 0 and k € N, in H'(S?) will be combined
with Céa’s lemma.
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Proposition 4.2. Let k € N be the polynomial degree of the FE spaces V"% h > 0, and
let 1 € Ny and v € (0,1). For every s € (0,1 + ) such that f € H-1*5(S?), there exists a
constant Cy such that for every h > 0 and every a € C*V(S?) N CY(S?), it holds that

lallcose)
min,cg2 a(z)

hmin{s,k} )

Hq)f(d) - (I)?’k(&)”Hl(SQ)/R < Cs ||‘1>f(c~b)”H1+s(Sz)

Proof. We observe that Proposition 3.10 implies that ®¢(a) € H'**(S?). The approximation
property for integer orders, cp. [8, Proposition 2.7], implies by interpolation that for every
h and k, there exists an interpolation operator I™* which is, for every s > 0, continuous
from H'*$(S?) — S¥(S?,T;) and a constant Cs > 0 such that for every h > 0 and for every
function v € H'*$(S?), it holds that

(30) [v — T8 g1 g2y < O R™™EF o] o gay,

where Cs > 0 is independent of h but depends on s. The coercivity and Galerkin orthogonality
imply in the usual fashion that for every v € V?¥ it holds that

107(3) — (@) 12 02y < ————— (AVs2(D (@) — B (@), Vea (@ (@) — B (@)

min,cg2 a(z)

1 ~ ~ Rk~ ~ h
(31) = m(avs2(q’f(a) — @y (a)), Ve (P (a) —v"))

~ min, g2 a(x)
When we equip H'(S?)/R with the H'(S?)-norm, the orthogonal decomposition H'(S?) =
H!(S?)/R @ span{1} holds, which implies with (31) that

[®f(a) — (I)?k(a)HHl(S?)/RHq)f(a) — 0"l g2y -

llal|co(s2 . .
&) inf D) — 0" |12z

~ h,k(~
125(@) = @5 (@l e/m < 5220 B

allcosz) h
<———— inf ||[Pr(a)—
= i, gz a(2) Uhler‘l/h,k |®f(a) —v ||H1(S2)

lallcogs2) h
= M e 194(8) — v ,
mingcge a() UhESk(S2,7—h)” (@) a2

where we also used that ®;(a) € H'(S?)/R. Now the claim follows with (30). O

Since the mappings @?’k, h > 0,k € N, are continuous due to Proposition 4.1, the intro-
duced theory on Galerkin FE Methods is applicable to our stochastic framework. Indeed, for
every L € Ng, h > 0, and k € N, the problem to find a strongly H'(S?)/R-measurable u/"
such that

(32) (a'VguP" Veuh) = f(u") vl € VIF

admits a unique solution by setting u™" := @l}’k(aL), where we omit k in our notation of
the solution. The strong H'(S?)/R-measurability of u’" follows due to the strong C°(S?)-
measurability of e’ and the continuity of @I;’k with Lemma A.4. Moreover Corollary 2.12
implies with (29) that for every p € [1,400), there exists a constant C, such that for every
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L € Ny and every h > 0, it holds that

. 3
| (s (s2)/R) < ||1/aL’LP(Q)\/ngHH—l(SQ) < Cp.

Theorem 4.3. Let the assumptions of Theorem 3.11 be satisfied. Let u = ®¢(a) be the unique
solution of (17) and for every h > 0, let ul"" = @?’k(aL) be the unique Galerkin FE solution
of (32) for k € N. For every s € (0,/2) such that f € H-'*5(S?) and every p € [1, +00),
there exists a constant Cp s such that for every h > 0 and every L € Ny, it holds that

lw = w M| Lo e g2y m) < Cps (L5 + R&IRLSRY),

(33) [l

Proof. For every L € Ny, let us set ul := @ f(aL ). A twofold application of Holder’s inequality
implies with Proposition 4.2 that there exists a constant Cs such that for every L € Ny and
every h > 0, it holds that

[u® — w1 s2)/my < Cslla || Ln(osco(s2)) I11/a | 3n () U™ || pow oy s szyy R H.

Due to Proposition 2.11, Corollary 2.12, and Theorem 3.11 there exists a constant CA'M such
that for every L € Ny, it holds that

Cslla™ || v sco g2y 11" || ov oy [0 | w142 (s2)) < Cps-
Let € := g —2s € (0,3). We apply the triangle inequality and conclude with Proposition 3.7

that there exists a constant that we also denote by C), s such that for every L € Ny and every
h > 0, it holds that

Il — " o s2y) < Chs (Z Aefl+€>
>L

[ I

+ ép,s hmin{s,k}.

We further estimate

ZA€€1+€ < (L_I)B_EZAZEH_ﬂ < (L—l)stAKEH_B'
0>L £>L >0

Since Zzzo AP < 400 by assumption, we conclude the proof of the theorem. O

4.2. Spectral Methods on S?. In Theorem 4.3 we established a rate of convergence for
Galerkin approximations of the stochastic solution from subspaces V/* of continuous, piece-
wise polynomial functions on a quasiuniform triangulation 77, on S2. The obtained bound for
the convergence rate in Theorem 4.3 indicated an asymptotic convergence order N, min{s,k}/2
as Nj, = dim(V?*) — 400, i.e., the convergence rate is limited by the regularity of the solu-
tions (as expressed in the Sobolev scale parameter s > 0) and by the polynomial degree k € N
of the Finite Elements used in the discretization. If, in particular, the Sobolev regularity of
solutions is high, i.e., if s > 0 is large, the convergence of the Galerkin FE approximations
u™" defined in (32) is limited by the order k of the used Finite Elements. Spectral Elements
do not have this drawback.

To introduce it, we recall the space Ho.p« C H'(S?) spanned by spherical harmonics of
order at most L* defined in (6). Since we are interested in a conforming method, we restrict
ourselves to the functions that are orthogonal to constants as in the FE case, i.e., we consider
Hi.ru as Spectral Element spaces, L* € N. In the following the index L® refers to the degree
of the approximation of a and L“ refers to the degree of the Spectral Element space. Its
dimension is Ny« := dim(Hy.z«) = O((L%)?) as L% — +00, and is also referred to as degrees
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of freedom. Let a = exp(T') be an isotropic lognormal RF that results from a continuous iGRF
T satisfying (12) for some 5 > 0. Similarly to (32), for every L, L* € Ny, we define a Galerkin
approximation as the solution of the problem to find a strongly H'(S?)/R-measurable u/"*"
that takes values in Hq.r« such that

(" Veut 1" Veol™) = f(") Yo" € Hipw.

The coercivity of the bilinear form (aLaVS2~, Vs2+) implies that ul" " exists and is unique,
since Hy.pw C H'(S?)/R is a closed subspace. Strong H'(S?)/R-measurability of u’"*"
follows in the same way as in Section 4.1.

Theorem 4.4. Let the assumptions of Theorem 3.11 be satisfied. For every s € (0, 3/2) such
that f € H=175(S%) and for every p € [1,+00), there exists a constant Cp 5 such that for every
L* L" € Ny, it holds that

= 6 | s ey my < Cps (L4754 (19)7).

Proof. The proof is similar to that of Theorem 4.3. We use the approximation result Propo-
sition 3.7, the quasioptimality, the regularity result Theorem 3.11, and the approximation
property of Hy.r« in Proposition 2.4 to conclude the assertion. O

5. MLMC CONVERGENCE ANALYSIS

In this section we aim at approximating the expectation E(u). So far we established for FE
approximations in Section 4.1 that the constructed double indexed sequence (uL’h, L € Ny, h >
0) converges to u in LP(Q; H(S?)/R) for every p € [1,+00) with a particular convergence
rate, cp. Theorem 4.3. The remaining part of the numerical analysis is to approximate E(uL’h)
for L € Ng and h > 0. To this end, we apply an MLMC estimator in order to reduce the
computational cost that a conventional Monte Carlo simulation would incur.

The error analysis of MLMC discretizations is standard, by now, and our development is
analogous to those carried out in [14, 2, 1]. In particular, in [14] the error from truncating a
Karhunen—Loéve expansion of the Gaussian random field was considered. In contrast to the
situation there, we will benefit in our analysis from the knowledge of the properties of iGRF's
and of the behavior of their Karhunen—Loéve expansions that we develop in Sections 2.3 — 2.5.
This relieves us from additional assumptions on the Karhunen—Loéve eigenfunctions, on the
behavior of the truncated Karhunen—Loeve expansion, and on the iGRF itself, apart from
summability assumptions on the angular power spectrum.

We introduce the usual Monte Carlo (MC) estimator and the MLMC estimator in a general
setting. Let (V.|| - ||y’) be a separable Hilbert space. For every v € L?(; V), let (¢;,4 € N)
be a sequence of independent, identically distributed random variables in L?(€2; V') such that
they are independent from v and have the same law. For every M € N, the MC estimator
FEj of v is then defined by

It is well-known that for every v € L?(Q; V) and every M € N, it holds that

1 1
(34) IE() = Exe ()20 = v - E() |72y = M(HUHQLQ(Q;V) — [1E@)[)-
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For every L?(£; V)-valued sequence (v7,j € Np), we consider a finite telescoping sum expan-
sion with the convention that v=! = 0, i.e., for every J’ € Ny, it holds that

J/

, L
v/ = g v — I

§=0
and define for every N-valued sequences (M;,j =0,...,J), J € Ny, the MLMC estimator E7
of v’/ by

(35) Z B, (v =077

such that the MC estimators (Ey, (v) — v7~ 1),j =0,...,J) are independent.

Lemma 5.1. For every L?(Q;V)-valued sequence (v, € Ng) and every integer-valued
(Mj,j=0,...,J) sequences with finite J € Ny, the MLMC estimator E'(v’) satisfies that

7
1 _— —
IE(w”) = B (o) 200 = > M(HW — ey — 1E@ = 1)”%/)-
j=0""7

Proof. The independence of the MC estimators in (35) on the different levels (M;,j =
0,...,J) and (34) imply that

J
IE@?) — B (v’ HLQQV_HZE 7= 0?7 = By (07 = v Dl

J
= STIEW — v ) = By (0 — o) Bagaay

=0

T , . . ,
=3 g (7 = gy — 1B =0 IR). O

.
Il
o

Theorem 5.2. Let the assumptions of Theorem 4.3 be satisfied. Further, let u be the unique
solution to (17), (Lj,j € Ng) be an increasing N-valued and (hj,j € Ng) a decreasing (0, +00)-
valued sequence, and let (u"""i| j € Ny) be the corresponding sequence of FE solutions to (32),
i.e., let k € N be such that for every j € Ny, it holds that

(aliVgulihi Vo) = f(uh) voli € Vhik,
Then, for every s € (0, 3/2), there exists a constant Cs such that for every N-valued sequences
(Mj,5=0....,J), J € Ny, it holds that
J L_QS +h2m1n{s Jk}

1 min{s,k} 1/2
E(u) — B (ul7:h . <O+ L% pmint .
[ E(u) ( Mz (s2)/r) < (Mo > - M, )

J=1

Proof. Theorem 4.3 implies that there exists a constant C, independent of (L;,j € Ny),
J
hi,j € Ng), and of J such that for every j =1,...,J, it holds that
J
||ULj’hj — ulithi | L2(0 11 (52)/R)

Lj;_

< lu— w9 || g2 s2)m) + e — w0 | L2 a1 (s2) Ry
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< C (L_s + hmm{s k} +L_Sl + hmm{s k}) < 2@ (L_sl + hmln{s k})’

where we applied that (Lj,j € Np) is increasing and (h;,j € Np) is decreasing and recall
that the elements of (u”3""i, j € Ny) depend on the polynomial degree k of V?*. Another
implication of Theorem 4.3 is that for the same constant Cj, it holds that

N ls ke
I E(w) = E@" )| geym < =™ | sy < Cu(L3° +R™H),
and due to (33) there exists a constant C' that is independent of Ly and hg such that
[0 | 12 a1 (s2) /) < C-
Hence, we conclude the claim of this theorem with the triangle inequality, Lemma 5.1, and

with the elementary inequality that (11 + 72)% < 2(r? + r3) for every 71,72 € R. Specifically,
for Cs := 4max{Cs, C}, it holds that

I E(u) — B (u™7")|| 12011 s2) /)
< | E(u) — E(u™"7)|| 1 s2ym + | E@"7"7) — B (7| 20, 11 (s2y )

. min{s 2 2 + R
S\/i(CE(L;SJth {”“})2+MO+4C§Z( i1 Mj ))
j=1
J 2s 2m1n{s k}
+ h; ) . 1/2
] 1 —2s 2 min{s,k}
<M0 + ]z; + L% 4 Y ) . 0

Remark 5.3. The convergence analysis of the MC estimator is also covered by Theorem 5.2
for the choice J = 0.

It is natural to set
hj = Z_jho for every j € Ny,
for some initial mesh width hgy > 0. Generally, one attempts to equilibrate the error con-
tributions. From Theorem 4.3 or Theorem 5.2 we see that to equilibrate the error contri-
butions from the truncation of the Karhunen—Loeéve expansion of the continuous iGRF and
the error contribution from the Galerkin FE approximation we need to choose the increas-
ing sequence (L;,j € Ny) comparably to (hj_l,j € Np), i.e., there exists a constant C with
C~lh; < (L;)~! < Ch; for every j € Ny, which implies that (L;,j € Ng) is comparable to
(27Lg,j € Np). Hence, without loss of generality we can consider

L;= 2Ly for every j € Ny

for some initial truncation level Ly € N. Under our only assumption that the angular power
spectrum of the continuous iGRF satisfies (12) for some 8 > 0 we obtained with Theorem 3.11
that the unique solution u to (17) is in LP(£2; H'T5(S?)) for every s € [0,3/2) and every
p € [1,400). To determine the sample sizes for a given g > 0, we fix s € (0,5/2) such
that s < k, where k denotes the polynomial degree of the FE space. A possible choice of
the sample numbers (M;,j = 0,...,J), J € Ny, in the MLMC estimator is to equilibrate
the error contributions of the MLMC estimator across the discretization levels according to
Theorem 5.2. This leads to the following choice: for a given maximal discretization level
J € Np, we set

hj—1
hy

2s .
(36) My = [h;%"d — [223Jh62sﬂ*| and Mj — "( ) ]1+EK;‘ — {223(J7J+1)j1+€f€~|
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for j = 1,...,J, a scaling factor k > 272 (allow x > 0 if J = 0), and a positive constant
e > 0. If s > k we make the same choices as in (36) with s replaced by k.

Corollary 5.4. Let J € Ny, let the conditions of Theorem 5.2 be satisfied for some 5 > 0
and with the made choices for (Lj, hj, M;,j =0,...,J), and let ¢ denote the Riemann zeta
function. Then, for every s € (0,3/2), and for e > 0 as in (36), there exists Cs > 0 such that

1 12 .
IE(u) — B (u"™) )| 21 (s2)/m) < Cs (C(l +e)- + 1) pyn{sk)
If for m;y > 0 and ny > 0, the work to compute one sample of u " is comparable to

hj_QW1 log"Q(hj_Q), j=0,...,J, then the total work to compute E’ (ul7"7) satisfies

W O(h 2 ™ok gy = O(2min{sh}/ ) min{s, k} >
/ O(h;2771 max{J, 1} +2+eg) = O(2%/M max{J, 1}2+2t5) min{s, k} <n
where the contributions of hal, Lo, m1,m2 are absorbed into the Landau symbols.

Proof. Let sp := min{s,k}. The error estimate follows by the choices of the values for
(Lj,hj,M;,j=0,...,J) due to Theorem 5.2, i.e., we conclude that

I E(u) — B (u™7") | 20,11 (s2)m)
J —2s 2s
. 1 Lj_l—HLj_O1 ) 0s\ 1/2
TEENS L= Rl TR
—C(Mo+j:1 M, Tl

A

IN

ol ! 1 1 /2,4,
S(; + E((Loho)%o + 1>C(1 + 8) + (Loho)QSO + 1) g

where Cj is the constant from Theorem 5.2. Since ((1+¢) > 1 for every £ > 0, we obtain the
claimed estimate with Cy := Cisv/ (Lohg)~2%0 + 2. To prove the bound on the computational
work, we insert the values for M; and h; and obtain with C; > 0 and a constant Cy > 0
depending on Lg, hg, n1, 72 that

J
Wy < Cy(Mohg ™" log™ (hg2) + S M;(h; ™™ 1og™ (%) + b1 1og™ (%)) )
j=1

J
< CQ/€<223°J + Z 2250(J*j+1)+2jmjn2+1+s>.
j=1
If.so < m, then Wy = O(me ‘]772+2+a’€) = O(h;%l J"2+2+5/€). In the other case that so > nq,
it follows with the fact ZjZI pjjn2+1+s < too for every p € (0, 1) that

J
W, < 022280‘]/{(1 + 22—2j(so—n1)j772+1+6) _ 0(2280‘]/1) _ O(h;%o,{). 0
j=1

Note that the choices (M;,j =0,...,J), J € Ny in (36) depend on the regularity of the
solution u to (17). However, the closer s is to /2 the harder it should be to observe the
convergence behavior that is theoretically guaranteed by Theorem 5.2, because constants may
become arbitrarily large. We conclude the paper with several remarks on the convergence
bounds.
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Remark 5.5. For smooth source terms f € C™®(S?) = (N, H~1*5'(S?), the convergence
rate for Spectral Methods is given by s without further restrictions, c¢p. Theorem 4.4 and
Remark 5.7. The decay of the angular power spectrum of the logarithm of the stochastic
diffusion coefficient, i.e., T' = log(a) satisfies (12) for some S > 0, is the only constraint of
the convergence rate s with s < [3/2. For Finite Element Methods, the convergence rate is
additionally bounded by the polynomial degree k of the Finite Element space, cp. Theorem 5.2.

We conclude that we have essentially determined the achievable convergence rates of MLMC
FE and Spectral Methods solely with the decay of the angular power spectrum of the logarithm
of the isotropic lognormal diffusion coefficient, which in the FE case are bounded by the
polynomial degree of the basis functions.

Remark 5.6. There exists an algorithm to compute samples of an iGRF that has a complexity
behaving as O(N log?(N)), cp. [18], where N is the number of sample points. In the FE case,
iterative solvers such as multigrid, cp. [4], suggest to have a complexity that is linear in the
degrees of freedom, where here the resulting linear systems do not render the classical theory,
since condition numbers of system matrices may be close to degenerate due to the lognormal
diffusion coefficient. In the setting of Corollary 5.4, this would allow for 71 = 1 and 7y = 2.

Remark 5.7. The proof of Theorem 5.2 is not restricted to the considered FE Methods above.
If the conditions of Theorem 4.4 are satisfied with 8 > 0, an analogous argument implies the
respective statement in the case of Spectral Methods, i.e., for every s € (0, 3/2), there exists
a constant Cs > 0 such that for J € Ny,

J

o pu 1 1o 9\1/2

VE(u) — B (X555 | 2t 2y my < Cs<ﬁ0 +y ELj_Ql + L2 ) 7
j=1

where the degrees of a7 and of H;. LY J € Ny, are chosen as increasing sequences that define
L; = min{L?, L;-L}, j € Ng. As in the FE case the number of samples to equilibrate the MC
errors on the levels can be chosen My := [L%°k] and M; := [(L;/L;—1)*j k], j =1,...,J,
for a positive constant € > 0 and & > (L;/Lj_1)"%* (allow x > 0 if J = 0). Hence, there
exists Cg > 0 such that

a U 1 1/2 —s
| () — B @59 | am @nymy < G (¢ +e)- +1) L7

Remark 5.8. Since the degrees of freedom of either of the considered spatial discretiza-
tions relate to the discretization parameter with Nj,, = dim(V"*) = O(h;?) and Ny« =
dim(Hy..«) = O((L*)?), cp. Section 4, respective convergence estimates and work bounds
from Corollary 5.4 and Remark 5.7 in the degrees of freedom are implied.

Remark 5.9. A decrease of the choices of samples (M;,j = 0,...,J) in (36), ie., if & < 1,
will increase the MC error contribution in Theorem 5.2 basically by the inverted square root
of £ due to a larger MC error contribution. For instance, applying [24, Theorem 1] in our
setting yields sample numbers scaled by a factor of 272min{sk} for j =1, ..., J sacrificing an
increase in the corresponding constant C (in the notation of [24, Theorem 1]) of the error
estimate that is scaled by a factor of 22 min{s,k} and appears under a square root, which is a
natural consequence of the convergence rate of 1/2 of MC methods.
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APPENDIX A. MEASURE THEORY AND FUNCTIONAL ANALYSIS

In this appendix we collect additional background material for completeness of the presen-
tation and for the convenience of the reader.

Theorem A.l1. If s € (0,400),q € (1,400),t € Ny, and v € (0,1) satisfy s —2/q > 1+ 7,
then the embedding HE(S?) € C*7(S?) is continuous.

Proof. Let {(U;,n:),i € I} be a finite C™ atlas of S? with subordinate partition of unity
{W;,i € I}. In [38, Theorem 4.6.1(e)] it is shown that the embedding H(R?) C C*7(R?) is
continuous with p = ¢, n = 2, and £ = ¢ + v in the framework of the theorem. Hence, every
v € H5(S?) has a representative, also denoted by v, such that (v¥;) on; b € C(R?) for every
t € 7 and satisfies the estimate

1(w®:) o n; lovarey < ClW) 0y Hlms ey < Cllvll (s

where C' does not depend on v. We take the maximum of the left hand side and obtain the
assertion. U

Let (B, ] - ||g) be a Banach space with dual space B*. We recall the definition of weak
and strong measurability and mappings being P-almost separably-valued in the following
definition, which corresponds to [21, Definitions 3.5.3 and 3.5.4].

Definition A.2. Let X : ) — B.

(1) X is called weakly measurable if for every G € B*, the real-valued function G(X) is
measurable.

(2) X is called countably-valued if X assumes at most a countable set of values in B on
countably many, disjoint measurable subsets.

(3) X is called strongly measurable if there exists a sequence of countably-valued mappings
(Xn,n €N), X, : Q— B, such that lim,,_, . X,(w) = X(w) in B for P-a.e. w € Q.

(4) X is called P-almost separably-valued if there exists a measurable set N with P(N) =0
such that the set {X(w),w € Q\N} is separable in B.

Weak and strong measurability are connected through Pettis’ theorem, which can be found
in [21, Theorem 3.5.3].

Theorem A.3 (Pettis’ theorem). A B-valued mapping on ) is strongly measurable if and
only if it is weakly measurable and P-almost separably-valued.

In applications various Banach spaces occur, which is why we include them in our notation
and write 'strongly B-measurable’ as well as 'weakly B-measurable’.

Lemma A.4. Let By, By be Banach spaces and let ¢ : B1 — Bsy be continuous. If f : Q0 — By
is strongly By-measurable, then @ o f is strongly Bo-measurable.

This follows directly from the definition of strong measurability. We remark that a mapping
X : 2 — B is Bochner integrable if and only if it is strongly B-measurable and the real-valued
function || X || p is integrable, cp. [21, Theorem 3.7.4]. The strong B-measurability of X implies
that the real-valued function || X||p is measurable.
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APPENDIX B. DETAILS TO SECTION 3.2

In this part of the appendix, we provide the details that are missing in Section 3.2.
Lemma B.1. For some 0 < s < v < 1, let « € HY(S*)/R, f € H'*5(S?), and a €
CO7(S%) N CY(S?) satisfy that
(37) (aVeil, Vsev) = f(v) VYo € H(S?)/R,

then @ € H'*(S?) and there exists a constant C, which is independent of @, f, and a, such
that
1

m(”&HCOW(SQ)HaHHl(SQ) + [ fll 145 (82)) + H@HHI(SQ))-

il resey < €

Proof. Let {(n;,U;),j € I} be a C*-atlas and {V;,j € Z} be the subordinate partition of
unity. Let us fix i € Z. We observe with the product rule and (37) that a\W; satisfies for every
v e HY(S?)/R that

(ELVSQ (’[L\Ifz), VSQU) == (deQfL, VSQ (’U\I’l)) - (dezﬂ . VS2 \Ifi, ’U) + (EL’&VS2 \Ifi, VS2U)

1
= f(v¥; — 2] /v‘llida) — (aVs2t - Vg2 U5, v) + (aaVs2 V4, Vs20)

1

= f(v¥;) - @f(l)(‘l’i, v) = (aVget - Vg2 Uy, v) + (auVg2 ¥, Vi2v),
where we remark that for every v € H'(S?)/R, it holds that v¥; —1/|S?| [v¥,do € H(S?)/R.
Let V; := n;(U;) and let D C R? with smooth boundary be such that supp(¥; o n; ') CC
D ccC V;. We recall that for two functions wq,ws : S — R, the first fundamental form of
their gradients satisfies with respect to the coordinate chart 7; that on V; it holds that

_18 wyon; ") O(wyom; )
oxF Oxft '

(Vszwy - Vgawy) o ;! Z g on

k=1
Furthermore, there exists a constant A\, > 0 such that for every y € U, Ziﬁ:l g (y)€Eplr >
A Zi 1 f,% for every el S2. We also recall that with respect to the coordinate chart n; it

holds that do(y) = /|g[(y)dx, where |g|(y) = det (g(y)) and y = n; *(x), and |g|(y) > 0 for
every x € V;. We choose x € COO(]R2) such that x = 1 on supp(¥; o ni_l) and xy = 0 on the
complement of D. We define the matrix-valued function

Ao JWglag™) on ) x4 minyer {V/Igl(W)aw)}Ag (1 = x) Idg2 on Vi
mingey, {v/|gla}Ag (1 — x) Idge else
and the functions

~ _10(to 0 \IjiO .71
b= (( ’g‘a) OT]Z )X Zkl lg 77 ! (aznk ) ( ale ) on ‘/z
X else

I

(x, X)T else

We use these three functions to define the functional F' for every w € H'(R?) by

(38) w— F(w) := f(((wx) on)¥;) — ’812‘]”(1)(\1!2, (wx) om;) — /}R2 bw dx + /R2 c-Vw dzx.

-~ _ 2 —10(¥;0
CF{«|WWOmUXZkMﬁﬂ%TWf(m$) on V.
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We observe that for every w € H'(R?), the function ((wy)on;) can be extended to a function

w € H'(S?)/R, which then satisfies that
1
F(w) = f(TI}\I/Z) — @f(l)(\lfz,ﬁ)) — (dVSQlNL . VS2\I’Z‘,'U~}) + (d"avS2\Ijz‘, VSTUN))
and

/ AV((w;) 0 57 Y) - Vi de = (aV e (wly), Vez ),
Vi
where we used that x =1 on supp(¥; o n{l). Since supp(¥; o n;l) C V;, we obtain that

(39) AV((u¥;) on ) - Vw de = F(w) VYw € H'(R?).
R2

We now aim to prove finiteness of the H~!7¢(R?)-norm of F and to find a suitable bound.
Let {¥;,5 € T} be another partition of unity subordinate to the open cover {U;,j € T} such
that ¥; o 77;1 = 1 on supp(x) D supp(¥; o 77;1), which necessarily implies that \ifj =0 on
supp(¥;) for every j # i. Thus we obtain with the characterization of the H'~*(S?)-norm
on chart domains, the partition of unity property of {\i/j, j € I}, Proposition 3.9, and [36,
Theorem 3.3.2(ii)] that there are constants Cy, Cy, C3 such that for every w € H'7%(R?), it
holds that

£ (((wx) 0 mi) W) < Cull fllr-1+ss2 1 (((wx) 0 mi) W) 0 mi s vy | Wil o sy
< Coll Fll sy lwx vy 13 0 05 o oy
< Ol fll -1+ss2) [0l -5 ®2) Ix 1l 02 (7 -

The forth summand in the definition of F' in (38) can be written in a distributional sense as
w = — fRQ(V - ¢)w dx, where we applied that ¢ is compactly supported in V;. Note that for
¢ =1,2 and s € R, the linear operators % : H(R?) — H*71(R?) are bounded, Hence, we
conclude as in the proof of Proposition 3.9 with [36, Theorem 3.3.2(ii)] and the property that
x =1on supp(\f/i on; 1) that there exist constants C1, Cy, C3, Cy such that

IV - ell 1452y < Crllelms g2y < Call(@ o ni )Xl comwpy1¥3 0 05 Hlon wpy 1@ o 1 )X 15 12y
< Csll@ls) o m; o i 1@%) 0 157 s vy 1 2. 7
< Cyllallcon(s2)lal s (s2),
where we applied that derivatives of smooth compactly supported functions, e.g., ¥; on;1 and
X, are bounded. Their norms have been included into the constants appearing in the above

inequalities. The H~1*%(R?)-norm of the third summand in (38) can be treated similarly,
i.e., there exists a constant C' such that [|b|g-1+s@r2) < Cllallco(s2)l|illg1(s2)- The second

summand in (38) poses no difficulty. Hence, we conclude that F € H~1+5(R?) and that there
exists a constant C', which is independent of a, @, and f, such that
(40) I 1452y < C(fl-1+s(s2) + llallcos2) il mr(s2) + @]l coq 2yl s s2))-

We observe that for every & € R?, it holds that ¢ A¢ > Ag mingcy; v/|g(x)| min, g2 a(x)eTe
on R?. Since the matrix-valued function A is constant on the complement of V;, we observe
that there exists a constant C such that

A(x) — A(y) ||r2x2 -
(41) sup 14() (QHR < Cl|all cons2)-
z,y€R2 z#y HLL‘ - yHR2
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We are now in the situation to apply the regularity estimate in [6, Lemma 3.2] to the problem
in (39), which implies that (uW¥;)on; ' € H**(R?). Also it implies together with the estimates
in (40) and in (41) that there exist constants C1, Cs, C3 such that

1
_ 1 . _ 1
[(@¥;) om; HHHS(R?) < Clm(”a”c‘oﬁ(s2)”(uq’i) o1n; HHl(R2) + HFHH*HS(R?))
+ Ch[(av;) o TlleHl(W)
1 ~ -
< C2m(”aﬂco»v(82)HUHHI(SQ) + ([ f 1145 (s2)
+ llallcoy @l g1 (s2) + llallcons2)llill gs(s2)) + Cillall g (s2)
1 - - -
< C3(Im2d($)(HGHCM(S2)HUHH1(S2) + 1 fll—1+s(s2y) + HUHHl(SQ))y

where the first inequality is the estimate from [6, Lemma 3.2] applied to our setting.

This argument can be repeated for all remaining i € Z, which implies that @ € H'T$(S?),
and therefore we can establish the previous estimate for every ¢ € Z. Hence, we sum this
squared estimate over all ¢ € Z and take the square root. We maximize the constants over
the finite index set Z which establishes the estimate claimed in the lemma. 0

Proof of Proposition 3.8. From Lemma B.1 we readily conclude that @ € H!™$(S?). Also this
lemma implies with the H'(S?)/R-estimate in (21) that there exist constants C7, Co such that

1 N 5 -
m(”‘lncowsa||U||H1(S2) + Hf||H—1+S(S2)) + ||U||H1(SQ))

s <

e
oy Il

min,cs2 a(z)) > 1 and summarized the resulting terms. [

REFERENCES

[1] Andrea Barth and Annika Lang. Multilevel Monte Carlo method with applications to stochastic partial
differential equations. Int. J. Comput. Math., 89(18):2479-2498, 2012.

[2] Andrea Barth, Christoph Schwab, and N. Zollinger. Multi-level Monte Carlo finite element method for
elliptic PDEs with stochastic coefficients. Numerische Mathematik, 119(1):123-161, 2011.

[3] Vladimir Igorevich Bogachev. Measure Theory. Vol. I, II. Springer-Verlag, Berlin, 2007.

[4] James H. Bramble. Multigrid Methods. Pitman Research Notes in Mathematics Series, Vol. 294. Longman
Scientific & Technical, Harlow; copublished in the United States with John Wiley & Sons, Inc., New York,
1993.

[6] Julia Charrier. Strong and weak error estimates for elliptic partial differential equations with random
coefficients. SIAM J. Numer. Anal., 50(1):216-246, 2012.

[6] Julia Charrier, Robert Scheichl, and Aretha Teckentrup. Finite element error analysis for elliptic PDEs
with random coefficients and applications. SIAM J. Numer. Anal., 50(1):322-352, 2013.

[7] Giuseppe Da Prato and Jerzy Zabczyk. Stochastic Equations in Infinite Dimensions. Encyclopedia of
Mathematics and Its Applications, Vol. 152. Cambridge: Cambridge University Press, second edition,
2014.

[8] Alan Demlow. Higher-order finite element methods and pointwise error estimates for elliptic problems on
surfaces. SIAM Journal on Numerical Analysis, 47(2):805-827, 2009.

[9] Nelson Dunford and Jacob T. Schwartz. Linear Operators. I. General Theory. With the assistance of W.
G. Bade and R. G. Bartle. Pure and Applied Mathematics, Vol. 7. Interscience Publishers, Inc., New
York; Interscience Publishers, Ltd., London, 1958.



[10]

[11]
[12]

[13]
[14]

[15]

[16]

[17]

18]
[19]
[20]

21]

22]
23]
24]
[25]
[26]
[27]
28]
[29]
[30]
31]

32]

33]

[34]

LOGNORMAL DIFFUSIONS ON §? 35

Gerhard Dziuk. Finite elements for the Beltrami operator on arbitrary surfaces. In Partial Differential
Equations and Calculus of Variations, Lecture Notes in Mathematics, Vol. 1357, pages 142—-155. Springer-
Verlag, Berlin, 1988.

Xavier Fernique. Intégrabilité des vecteurs gaussiens. C. R. Acad. Sci., Paris, Sr. A, 270:1698-1699, 1970.
David Gilbarg and Neil S. Trudinger. Elliptic Partial Differential Equations of Second Order. Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], Vol. 224.
Springer-Verlag, Berlin, second edition, 1983.

Michael B. Giles. Multilevel Monte Carlo methods. Acta Numer., 24:259-328, 2015.

Claude J. Gittelson, Juho Kénno, Christoph Schwab, and Rolf Stenberg. The multi-level Monte Carlo
finite element method for a stochastic Brinkman problem. Numerische Mathematik, 125(2):347, 2013.
Ivan G. Graham, Frances Y. Kuo, James A. Nichols, Robert Scheichl, Christoph Schwab, and Ian H.
Sloan. Quasi-Monte Carlo finite element methods for elliptic PDEs with lognormal random coefficient.
Numerische Mathematik, 131(2):329-368, 2015.

Nadine Grosse and Cornelia Schneider. Sobolev spaces on Riemannian manifolds with bounded geometry:
general coordinates and traces. Math.Nach., 286:1586-1613, 2013.

Wolfgang Hackbusch. Elliptic Differential Equations. Springer Series in Computational Mathematics, Vol.
18. Springer-Verlag, Berlin, English edition, 2010. Theory and numerical treatment. Translated from the
1986 corrected German edition by Regine Fadiman and Patrick D. F. Ion.

Dennis M. jun. Healy, Daniel N. Rockmore, Peter J. Kostelec, and Sean Moore. FFTs for the 2-sphere—
improvements and variations. J. Fourier Anal. Appl., 9(4):341-385, 2003.

Stefan Heinrich. Multilevel Monte Carlo methods. In Large-Scale Scientific Computing, Lecture Notes in
Computer Science, Vol. 2179, pages 58—67. Springer-Verlag, Berlin, 2001.

Lukas Herrmann. Isotropic random fields on the sphere - stochastic heat equation and regularity of random
elliptic PDEs. Master’s thesis, ETH Ziirich, October 2013.

Einar Hille and Ralph S. Phillips. Functional Analysis and Semi-Groups. American Mathematical Society,
Providence, R.I., 1974. Third printing of the revised edition of 1957, American Mathematical Society
Colloquium Publications, Vol. XXXI.

Lars Hérmander. The boundary problems of physical geodesy. Archive for Rational Mechanics and Anal-
ysis, 62(1):1-52, 1976.

Jiirgen Jost. Riemannian Geometry and Geometric Analysis. Universitext. Springer-Verlag, Berlin, sixth
edition, 2011.

Annika Lang. A note on the importance of weak convergence rates for SPDE approximations in multilevel
Monte Carlo schemes. In Proceedings of MCQMC 2014, Leuven, Belgium, 2015.

Annika Lang and Jiirgen Potthoff. Fast simulation of Gaussian random fields. Monte Carlo Methods Appl.,
17(3):195-214, September 2011.

Annika Lang and Christoph Schwab. Isotropic Gaussian random fields on the sphere: Regularity, fast
simulation and stochastic partial differential equations. Ann. Appl. Probab., 25(6):3047-3094, 12 2015.
Michel Loeve. Probability Theory I. Springer-Verlag, New York, fourth edition, 1977. Graduate Texts in
Mathematics, Vol. 45.

Domenico Marinucci and Giovanni Peccati. Random Fields on the Sphere. Representation, Limit Theorems
and Cosmological Applications. Cambridge: Cambridge University Press, 2011.

Mitsuo Morimoto. Analytic Functionals on the Sphere. Translations of Mathematical Monographs, Vol.
178. Providence, RI: American Mathematical Society, 1998.

Jean-Claude Nédélec. Acoustic and Electromagnetic Equations. Applied Mathematical Sciences, Vol. 144.
Springer-Verlag, New York, 2001.

Walter Rudin. Functional Analysis. McGraw-Hill Series in Higher Mathematics. McGraw-Hill Book Co.,
New York-Diisseldorf-Johannesburg, 1973.

Stefan A. Sauter and Christoph Schwab. Boundary Element Methods. Springer Series in Computational
Mathematics, Vol. 39. Springer-Verlag, Berlin, 2011. Translated and expanded from the 2004 German
original.

Robert S. Strichartz. Analysis of the Laplacian on the complete Riemannian manifold. Journal of Func-
tional Analysis, 52(1):48-79, 1983.

Géabor Szeg6. Orthogonal Polynomials. American Mathematical Society, Providence, R.1., fourth edition,
1975. American Mathematical Society, Colloquium Publications, Vol. XXIII.



36 L. HERRMANN, A. LANG, AND CH. SCHWAB

[35] Michael E. Taylor. Pseudodifferential Operators. Princeton Mathematical Series, Vol. 34. Princeton Uni-
versity Press, Princeton, N.J., 1981.

[36] Hans Triebel. Theory of Function Spaces. Monographs in Mathematics, Vol. 78. Basel-Boston-Stuttgart:
Birkhauser Verlag, 1983.

[37] Hans Triebel. Theory of Function Spaces II. Monographs in Mathematics, Vol. 84. Birkhduser Verlag,
Basel, 1992.

[38] Hans Triebel. Interpolation Theory, Function Spaces, Differential Operators. Johann Ambrosius Barth,
Heidelberg, second edition, 1995.

(Lukas Herrmann)

SEMINAR FUR ANGEWANDTE MATHEMATIK

ETH ZURICH,

RAMISTRASSE 101, CH-8092 ZURICH, SWITZERLAND.
E-mail address: lukas.herrmann@sam.math.ethz.ch

(Annika Lang)
DEPARTMENT OF MATHEMATICAL SCIENCES
CHALMERS UNIVERSITY OF TECHNOLOGY & UNIVERSITY OF GOTHENBURG,
SE-412 96 GOTEBORG, SWEDEN.

E-mail address: annika.lang@chalmers.se

(Christoph Schwab)

SEMINAR FUR ANGEWANDTE MATHEMATIK

ETH ZUriIcH,

RAMISTRASSE 101, CH-8092 ZURICH, SWITZERLAND.
E-mail address: schwab@math.ethz.ch



Recent Research Reports

Nr. Authors/Title
2015-39 T. Zimmermann and S. Mishra and B. Doran and D. Gordon and A. Landsman
Tunneling time and weak measurement in strong field ionisation
2015-40 R. Kaeppeliand S. Mishra
A well-balanced finite volume scheme for the Euler equations with gravitation
2015-41  A. Perego and R. Cabezon and R. Kappeli
An advanced leakage scheme for neutrino treatment in astrophysical simulations
2015-42 H. Ammari and Y.T. Chow and J. Zou

Super-resolution in imaging high contrast targets from the perspective

of scattering coefficients

2015-43

2015-44

2015-45

2015-46

Ch. Schwab and R. Stevenson
Fractional space-time variational formulations of (Navier-) Stokes equations

S. May and M. Berger
An Explicit Implicit Scheme for Cut Cells in Embedded Boundary Meshes

L. Jacobe de Naurois and A. Jentzen and T. Welti
Weak convergence rates for spatial spectral Galerkin approximations of semilinear
stochastic wave equations with multiplicative noise

A. Jentzen and R. Kurniawan
Weak convergence rates for Euler-type approximations of semilinear stochastic
evolution equations with nonlinear diffusion coefficients



	1. Introduction
	2. Isotropic Gaussian random fields on the sphere
	2.1. Definitions and basic properties
	2.2. Spherical harmonics
	2.3. Karhunen–Loève expansions
	2.4. Hölder continuity, differentiability, and approximation
	2.5. Isotropic lognormal random fields

	3. Existence, uniqueness, and regularity of solutions
	3.1. Existence and uniqueness
	3.2. Regularity of solutions

	4. Discretization
	4.1. Finite Elements on S2
	4.2. Spectral Methods on S2

	5. MLMC convergence analysis
	Appendix A. Measure theory and functional analysis
	Appendix B. Details to Section 3.2
	References

