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Abstract

In this article we develop a framework for studying parabolic semilinear stochastic
evolution equations (SEEs) with singularities in the initial condition and singularities at
the initial time of the time-dependent coefficients of the considered SEE. We use this
framework to establish existence, uniqueness, and regularity results for mild solutions of
parabolic semilinear SEEs with singularities at the initial time. We also provide several
counterexample SEEs that illustrate the optimality of our results.
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1 Introduction

There are a number of existence, uniqueness, and regularity results for mild solutions of semilin-
ear stochastic evolution equations (SEEs) in the literature; see, e.g., [10, 1T} 4, 23] [T5] 17, 19, 22]

and the references mentioned therein. In this work we extend the above cited results by adding



singularities in the initial condition and by introducing singularities at the initial time of the
time-dependent coefficients of the considered SEE; cf., e.g., Chen & Dalang [7, 8]. To illus-
trate the results of this article, we assume the following setting throughout this introductory
section. Let (H, |||, (-,-)y) and (U, |||, (-,-)y) be nontrivial separable R-Hilbert spaces,
let T € (0,00), n € R, p € [2,00), @ € [0,1), & € (—00,1), B € [0,1)2), B e (—o0,1/2),
Lo, Lo, Ly, Ly € [0,00) satisty (o) (L1) - [a+ ] < 32, let (Q, F, P, (Ft)tefo,r) be a stochas-
tic basis, let (W}):co,r] be an Idy-cylindrical (F)¢cpo,rj-Wiener process, let A: D(A) € H —
H be a generator of a strongly continuous analytic semigroup with spectrum(A) C {z €
C: Re(z) < n}, let (Hy, |llg, ()g.), 7 € R, be a family of interpolation spaces associ-
ated to n — A (cf., e.g., [14} Definition 3.5.25]), let F € M (Pred((F,)icpo,r)) ® B(H), B(H_,)),
B € M(Pred((F,)icpo,r) @ B(H), B(HS(U, H_g))) satisfy for all ¢ € (0,7], X,Y € LP(P; H)
that

IF(t, X) = F(t,Y) | oo@aro) < Lo | X = Ylzo@my, |FE ) | o@n o) < Lot ™, (1)
IB(t, X) — B(t, V)| o@msworr_p) < LillX = Y|omys IBEO) | o@mswn ) < Lit™, (2)

for every a,b € (—o0,1) let E,p: [0,00) — [0,00) be the function with the property that
for all # € [0,00) it holds that E,pfz] = 1+ 3200, 2" [}, 01 t7b (1 — t)FA=0=a gt (cf.) e.g.,
[13l Chapter 7]), for every r € [0,1] let x, € (0,00) be the real number given by y, =
supye(or ' I1(n — A) e Ly, let k € {0,1} be the real number given by k& = 1(ge)(L1),
and for every A € (—00, 3[1 + L{03(L1)]) let ©, € [0,00) be the real number given by

(1+m)]

In displays f below we illustrate the above framework through several examples and
applications.

Our first result is a suitable perturbation estimate for predictable stochastic processes. More
formally, in Proposition below we prove for all § € R, A € (=00, 3[1 + 1y0;(L1)]) and all
(F)iejo,r-predictable stochastic processes Y1, Y2: [0, T]xQ — Hs with Ugeg10)Y*((0, T x Q) C
H and lim SUD, 711141 ) (L) M8Xke (1,2} SUPre(0,7] tNYE Lo,y < oo that Vi € [0,77: P(Zzzl

t —s —s
SR (s, YE) 1 + e~ B (s, Y) 250, ds < 00) = 1 and

(2—k)/2

O, = 2"/ (3)

k/2 p(1—a)
X Lo BT 4 s Loy Jp (p — 1) TO=29

E(lJrn))\,max{a,QB/i} [

t t
YV — [eF (s, Y ) ds — [ e B (s, Y. AW,

sup [ 1 = V2 lwean] < sup [ v - ] j

te(0,T] te(0,7]

t t
+ [eIAR (s, Y2) ds + [ OB (s, Y2) AW, — Y
0 0

} O,. (4)

LP(P;H)

We note that the right hand side of might be infinite. Moreover, we would like to em-
phasize that Y! and Y? in are arbitrary (J;)cjo,r)-predictable stochastic processes with
Ure(1.23Y*((0,T] x ) C H and lim SUD, 717111 1) (L)) MKk (1,2} SUDe(0.1] Y| ey < 00
and, in particular, we emphasize that Y! and Y2 do not need to be solution processes of some
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SEEs. Estimate follows from an appropriate application of a generalized Gronwall-type
inequality (see the proof of Proposition below for details).

We use inequality to establish an existence, uniqueness, and regularity result for SEEs
with singularities at the initial time. More precisely, in Theorem below we prove that
for all 6 € ( — oo, 3[1 + Lgoy(L1)]), A € [max{d,a+ & — 1,8+ 8 — Y2}, 1[1 + Ly (L1)]),
§ € LP(P|r; Hos+) with sup,cq ¢ [|e"€]| oy < oo it holds (i) that there exists an up-
to-modifications unique (F;);e(o,r7-predictable stochastic process X : [0,T] x € — H_s+ which
satisfies for all ¢ € [0, 7] that X((0,7] x Q) € H, that sup,c 7 5™ || Xl o) < 00, that
IP’(f(;f e =AF (s, X,) || + He(t_S)AB(s,XS)H%S(UH) ds < 00) =1, and P-a.s. that

t t
X, = e + / IR (s, X,) ds + / e 9AB(s, X,) AW, (5)
0 0

and (ii) that

sup (21Xl ooy | < T O
te(0,T]

)|1/2 (6)

L —1)B(1-28,1-23
xs L1|p (p—1) B(1—28,1-23 < .

V2T (B+B-1/2)

. [Suptem,ﬂ(t‘sclﬁméllwmﬂ)) 4 Xo i;ﬁ(j{;ﬁ,)l—d) +
Inequality @ follows from the perturbation estimate (with Y! = X and Y? = 0 in the
notation of ) We now illustrate Theorem and f@, respectively, by some examples.
In particular, in Corollary below we prove by an application of Theorem that for all
F e Llp([’]7 H_a), B e Llp(H, HS(U, H_/B)), 0= %[1+]]-{0}(|B|Lip(H,HS(U,H,5)))] it holds (1) that
there exist up-to-modifications unique (F;);cjo,r1-predictable stochastic processes X*: [0, 7] x
QO — H_s5,z € H_s,6 €0,0), which fulfill for all ¢ € [2,00), § € [0,0), z € H_s, t € [0, T] that
X7((0,T] x Q) C H, that sup,c .1 8° [| XZ|| Loy < 00, and P-a.s. that

t t
X? =etr + / eIAR(XT)ds + / eDAB(XT) dW, (7)
0 0

and (ii) that

Vde[0,6), g€ [2,00): sup sup max
z,yeH _s,t€(0,T
T#Y

ONXE oy 0 1XF — XY || Lace:
(P;H) ¢ |lLa(P;H)
! < 0. (8)

max{l, [zlla_s}" v —yla_,

Here and below we denote for R-Banach spaces (V, ||-||\,) and (W, ||-||;,) by Lip(V, W) the set
of all Lipschitz continuous functions from V to W and we denote for nontrivial R-Banach
spaces (V,[|-|ly) and (W, ||-|l,) and a function f € Lip(V,W) by |f|y;,wwy € [0,00) the real

number given by |f{ i, vw) = SUPywev, vrw W The finitness of the second element in

the set in the maximum in follows from the perturbation estimate (4)) (with Y! = X* and
Y? = XY for x,y € H_5,§ € [0,0) in the notation of (4)) and the finiteness of the first element
in the set in the maximum in is a consequence from @, which, in turn, also follows from
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the perturbation estimate (see above and the proof of Corollary for details). Roughly
speaking, Corollary establishes the existence of mild solutions of the SEE and also
establishes the Lipschitz continuity of the solutions with respect to the initial conditions for
any initial condition in H_s and any § < 5 = %[1 + IL{O}(|B|Lip(H,HS(U,H75)))} (see ) In
Corollary [3.1] Proposition [3.2, Proposition [3.4] and Proposition [3.5 below we demonstrate that
the regularity barrier

1/2 . B is not a constant function

5=%P+ﬂwM3hmmmWHaw}:{ (9)

1 : B is a constant function

for the regularity of the initial conditions revealed in Corollary (and Proposition and
Theorem , respectively) can, in general, not essentially be improved. In particular, Corol-
lary and Proposition below prove in the case where H = U = L*((0,1); R), where
B € (Ya,1/2), where A: D(A) C H — H is the Laplacian with periodic boundary conditions on
H, and where B € L(H,HS(H, H_p)) satisfies Vu,v € H: B(v)u = v-u (B is not a constant
function) that it holds (i) that there exist up-to-modifications unique (F)ico,r-predictable
stochastic processes X*: [0,T] x Q — H_5, x € H 5, § € [0,1/2), which fulfill for all ¢ € [2, 00),
5 €10,Y2), z € H_s, t € [0,T] that X*((0,T] x Q) C H, that sup,eqr s° || X7 || zaesm) < o0,
and P-a.s. that

t
X¥ =y + / VA B(XT) AW, (10)

0

(ii) that
|XY — XY | pa )
Vo el0,12), g€ |2,00), te(0,T]: sup{ ’ < 00,
R A (1)
a#y

and (iii) that

Vo € (Y2,00), ¢ € [2,00), t € (0,T]: sup [
:c,yiH,
z#y

Hth _XéyHLq(IP%H):| _ (12)

lz —ylla_,
The SEE is sometimes referred to as a continuous version of the parabolic Anderson model
in the literature (see, e.g., Carmona & Molchanov [6]). In addition, Proposition below
disproves the existence of square integrable solutions of the SEE ({L0f) with initial conditions in
(UserHs)\H_1/2. The noise in the counterexample SEE is spatially very rough and one
might question whether the regularity barrier @ can be overcome in the case of more regular
spatially smooth noise. In Proposition below we answer this question to the negative by
presenting another counterexample SEE with a non-constant diffusion coefficient but a spatially
smooth noise for which we disprove the existence of square integrable solutions with initial
conditions in (User H;5)\H_1/2 (cf., however, also Proposition 3.3/ below). Proposition 3.5 below
also provides a further counterexample SEE which illustrates the sharpness of the regularity
barrier @ in the case where B is a constant function.
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Proposition , Theorem , and Corollaryoutlined above (see —) are of particular
importance for establishing regularity properties for Kolmogorov backward equations associated

to parabolic semilinear SEEs and, thereby, for establishing essentially sharp probabilistically
weak convergence rates for numerical approximations of parabolic semilinear SEEs (cf., e.g.,
Lemmas 4.4-4.6 in Debussche [12], Lemma 3.3 in Wang & Gan [25], (4.2)—(4.3) in Andersson
& Larsson [I], Propositions 5.1-5.2 and Lemma 5.4 in Bréhier [2], Lemma A.4 in Bréhier &
Kopec [3], Lemma 3.3 in Wang [24], (79) in Conus et al. [9], Proposition 7.1, Lemma 10.5, and
Lemma 10.10 in Kopec [18], and (183)—(184) in Jentzen & Kurniawan [16]). The analytically
weak norm for the initial condition in (8] translates in an analytically weak norm for the approx-
imation errors in the probabilistically weak error analysis which, in turn, results in essentially
sharp probabilistically weak convergence rates (cf., e.g., Theorem 2.2 in [12], Theorem 2.1 in
Wang & Gan [25], Theorem 1.1 in Andersson & Larsson [I], Theorem 1.1 in Bréhier [2], The-
orem 5.1 in Bréhier & Kopec [3], Corollary 3.7 in Wang [24], Corollary 5.2 in Conus et al. [9],
Theorem 6.1 in Kopec [I8], and Corollary 8.2 in Jentzen & Kurniawan [16]). The perturbation
inequality in Proposition (see () above) is also useful to establish essentially sharp prob-
abilistically strong convergence rates for numerical approximations and perturbations of SEEs
(cf., e.g., Corollary 8.2.26 in [I4], Proposition 4.1 in Conus et al. [9], and Proposition 4.3 in
[16]).

1.1 Notation

Throughout this article the following notation is used. For two measurable spaces (A, .A)
and (B,B) we denote by M(A,B) the set of all A/B-measurable functions. For a set A
we denote by P(A) the power set of A and we denote by #4: P(A) — [0,00] the counting
measure on A. For a Borel measurable set A € B(R) we denote by ps: B(A) — [0, 00]
the Lebesgue-Borel measure on A. For a real number T" € (0,00) and a probability space
(2, F,P) with a normal filtration (F;);cpm (see, e.g., Definition 2.1.11 in [20]) we call the
quadruple (2, F,P, (F)eo,r)) & stochastic basis. For a real number 7' € (0,00) and a filtered
probability space (Q, F, P, (F¢)icjo,r1) we denote by Pred((F;)icpo,r) the sigma-algebra given by
Pred((Fy)icpo,r) = oprixa({(s,t] x A: s,t € [0,T],s < t,A € F} U{{0} x A: A € F})
(the predictable sigma-algebra associated to (F;):cjo,r1). We denote by ()™, (-)7: R — [0,00)
the functions with the property that for all x € R it holds that 27 = max{z,0} and 2= =
max{—=z,0}. We denote by [-]5: R — R, h € (0,00), the functions with the property that for
all h € (0,00), t € R it holds that [t], = min([t,00) N {0, h, —h,2h, —2h,...}). For R-Banach
spaces (V. [|-[ly) and (W, [|-|lyy) with #v(V) > 1 we denote by ||y, ) : C(V.W) = [0, o0]
and [|[|p;, ) : C(V. W) — [0, 00] the functions with the property that for all f € C(V, W) it

holds that
1f(x) = f(y)llw
= |
Lip(V: W) @Y€V, zty |’$_y”v

Hf”Lip(V,W) - “f(O)HW + |f|Lip(V,W)

and we denote by Lip(V, W) the set given by Lip(V,W) = {f € C(V,W
For a separable R-Hilbert space (H, |||, (-, )y), real numbers T € (

(13)

): ’f|Lip(V,W) < 00}
0,0), n € R, r €

bt



[0,1], and a generator of a strongly continuous analytic semigroup A: D(A) C H — H with
spectrum(A) C {z € C: Re(z) < n} we denote by XZ{?; € [0,00) the real number given by
Xif; = sup,cory t 1(n — A) e Ly (see, e.g., Lemma 11.36 in Renardy & Rogers [21]). We
denote by B: (0,00)? — (0, 00) the function with the property that for all z,y € (0, 00) it holds
that B(z,y) = fol @D (1 — )"V dt (Beta function). We denote by Eq4: [0,00) — [0, 00),
a, 8 € (—o0, 1), the functions with the property that for all o, 8 € (—o0,1), x € [0, 00) it holds
that Eqplr] = 14+ 30% 2" [[iZgB(1 — B8,k(1 — 8) + 1 — ) (generalized exponential function;
cf. Chapter 7 in Henry [13] and, e.g., Corollary 1.4.5 in [I4] and Lemma [2.4] below). For real
numbers T € (0,00), n € R, p € [1,00), a, A € (—00,1), b € (=00, 3), a separable R-Hilbert
space (H, |||, (-,-) ), and a generator A: D(A) C H — H of a strongly continuous analytic
semigroup with spectrum(A) C {z € C: Re(z) < n} we denote by @fﬁ{f’?;:\p’T: [0,00)2 — [0, o]
the function with the property that for all L, L € [0, 00) it holds that

b P
@?47n,p,T(L’ L)=
G LvaTte 2]|1/2 .
\/Q E2)\,max{a72b} |: A’WW + Xfi,n L \/p (p - 1) T(1_2b)‘ : ()‘a L) € (—OO, %) X (07 OO)
B Xy LT L L=0
o0 : otherwise

(14)

For a measure space (€2, F, i), a measurable space (5,S), and an F/S-measurable function
f:Q — S we denote by [f]#’s the set given by

(fls={9€ M(F,S): (BA€ F: p(A)=0and {we Q: f(w) #g(w)} C A)}. (15)

For a measure space (2, F, 1) and a measurable space (S, S) we do as usual often not distinguish
between an J/S-measurable function f: Q@ — S and its equivalence class [f] .

2 Stochastic evolution equations (SEEs) with singulari-
ties at the initial time

2.1 Setting

Throughout this section the following setting is frequently used. Let (H, |||y, (:,:)y) and
(U, ||l » (s -)yy) be separable R-Hilbert spaces with #5(H) > 1, let T € (0,00), n € R,
p € 2,0), a€0,1),ae (—o0,1), €02, € (—o0,Y2), Lo, Lo, L1, L1 € [0,00)
satisfy 1(oe0)(L1) - [ + @] < 3/2, let (Q, F, P, (Fi)cpr)) be a stochastic basis, let (Wy)ieo,n
be an Idy-cylindrical (F;):cjo,rj-Wiener process, let A: D(A) € H — H be a generator of
a strongly continuous analytic semigroup with spectrum(A) C {z € C: Re(z) < n}, let
(Hpy -l » (), ), 7 € R, be a family of interpolation spaces associated to n — A (cf,
e.g., [14, Definition 3.5.25]), and let F € M (Pred((F;)iwcjor)) ® B(H),B(H_,)) and B €



M (Pred((F)epp.r) @ B(H), B(HS(U, H_g))) satisfy for all ¢t € (0,T], X,Y € L£P(P; H) that

IF(t, X) = F(t,Y)| o) < Lo | X = Ywo@my, IFE )o@ o) < Lot™,  (16)

IB(t, X) = B, Y)|lr@easw,a_s)) < Lil| X = Y| o@my, 1B, 0)||cr@msw,m_s)) < Lt
(17)

2.2 Predictable stochastic processes with singularities at the initial
time

The next result, Lemma [2.1] is an elementary lemma that slightly generalizes Proposition 3.6
(i) in Da Prato & Zabczyk [10].

Lemma 2.1 (Existence of predictable modifications). Let T" € [0,00), let (Q2, F, P, (Fi)ico,1]) be
a stochastic basis, let (E,dg) be a complete and separable metric space, and let Y : [0, T|xQ — E
be an (Fi)iecpo,m-adapted stochastic process which satisfies for all t € (0,00) N (—o0,T] that
limsﬁtE[min{l, dp(Ys, Y})}} = 0. Then there exists an (F;)scp,m-predictable stochastic process
X:[0,T] x Q — E which satisfies for all t € [0,T] that P(X; =Y;) = 1.

Proof. First, we observe that the assumption that (€2, F,P) is a probability space ensures that
Q2 # () and this implies that [0, 7] xQ # (. The assumption that Y: [0,7]xQ — F is a mapping
from [0, T] x Q to E therefore ensures that E # (). Hence, there exists an element ey € E. In the
next step assume without loss of generality that 7' > 0, let ZV: [0,T] x Q2 — E, N € N, be the
functions with the property that for all N € N, ¢ € [0, 7] it holds that ZN = max{[t]7/x—T/N,0}»
and let w: (0,7] x N — [0, 00) be the function with the property that for all e € (0,7], N € N
it holds that

w(e,N)=sup E[min{l,dg(¥;,,Ys,)}]. (18)

t1,t2€[e, T1,
[t1—t2|<T/N

The assumption that V¢ € (0,7]: lim,_; E[min{1, dg(Y;, Y;)}] = 0 ensures that for all e € (0, T
it holds that limy_, w(e, N) = 0. This implies that there exists a strictly increasing sequence
N, € N, k € N, with the property that for all £ € N it holds that

w(s, Ni) < 55 (19)

Next let X: [0,7] x 2 — E be the mapping with the property that for all (t,w) € [0,T] x Q it
holds that

(20)

limy o0 Z % (W) ¢ (ZM(w))ken is convergent
Xt(W) = ) .
€g : else

The fact that for all N € N it holds that Z" is Pred((F;):co,r1)/B(E)-measurable, the assump-
tion that (F,dg) is complete and separable, and, e.g., Lemma 5.3.19 in [I4] imply that
{(t,w) €[0,T] x Q: (ZNE (W) ken is convergent } € Pred((F;)sejor))- (21)

This together with the fact that for all N € N it holds that Z% is Pred((F;)ieo.r7)/B(E)-
measurable, and, e.g., Theorem 2.4.7 in [14] ensure that X is Pred((F;)¢cjo,r1)/B(E)-measurable.
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It thus remains to prove that X is a modification of Y. For this we note that for all N € N,
t € (£,T] it holds that

E[min{1,dp(Y;, Z})}| = E[min{1,dp(Y:, Vi, y-1/n) }] S w(t — %, N). (22)

This together with (19)), the fact that Vej,eo € (0,7], N € N with gy < &9: w(eq, N) >
w(ez2, N), and the fact that V¢ € (0,7], k € NN (HF,00): £ < t — le ensure that for all
t € (0,77] it holds that

f: E[min{1,dp(V,, 2) }| = > E|min{1, du(¥;, Y0, 1m0

k=1 keN

- Z E[min{l,dE(K,YmT/Nk_T/Nk)H

kENN(0,(T+1)/4]

+ Z E [min{ 1, dp (Y, Y7, ~T/N, ) H (23)

EeENN((T+1)/t,00)

T+1 T+1
keENN((T+1)/¢,00) kEeENN((T+1)/t,00)
T+1 1
Iy Lo
kENN((T+1)/1,00)
This implies that for all ¢ € (0,77] it holds P-a.s. that limsup,_,.. dg(Z*,Y;) = 0 (see, e.g.,
Lemma 10.2.1 in [14]). This and ensure for all ¢t € (0,7] that P(X; = Y;) = 1. This and
the fact that VN € N: X, = Z) =Y complete the proof of Lemma . O

Lemma 2.2 (Non-stochastic integral). Assume the setting in Section letd € R, A €
(—00,1), andletY : [0,T|xQ — Hj be an (Fy)ejo,r-predictable stochastic process which satisfies
Y ((0,T] x Q) € H and supye ot |Vl o) < 00. Then

(1) for allt € [0,T) it holds P-a.s. that fg |e®=)4F (s, Ys)| g ds < oo,

(i1) there exists an up-to-modifications unique (F;)eo 1) -predictable stochastic process Y : [0,T]x

Q — H such that for all t € [0,T)] it holds P-a.s. that Y; = fot et=94F (5,Y,) ds,
(11i) and it holds that

sup t(max{)\,d}—i-a—l) ||Yt||LP(IP’;H) < s(up ] max{ 1’ t>\ ||Yt||LP(IP>;H)}
te(0,T

te(0,T] (24)
(Lo + ﬁo) TV 1M B(1 - a,1 — max{\,a}) Xj’,z; < 0.
Proof. Throughout this proof let K € [0, 00) be the real number given by
K = sup max{l,t)‘ ||Y1€HLP(IP’;H)} (25)

te(0,T]



and let k. € (0,00), r € [0, 1], be the real numbers with the property that for all r € [0, 1] it
holds that

— A) (e —1d
K, = Sup max{tT H(U . AyetAHL(H); H(U ) (6 H)HL(H) } ‘ (26)
t€(0,T) tr

We observe that implies that for all ¢ € (0,77 it holds that
t
t—s)A
B2y
t
a, T —a
<y [ =97 (PG Y0 = P+ P 0 e ) ds
t
5 [ = (1 Wl o)
= Xap ; ( ) o 1Yl (P;H) 0 (27)
t
< K(Lo + [:0) Xi’,:g/ (t—s)“ max{s_’\, s‘d} ds
0
t
< K(LO -+ Lo) Xig; |T V 1||)\7d| / (t — 3)_a Sfmax{)\,d} ds
0
< K(Lo + [Azo) Xj’; |T Vv 1||’\_‘3‘| ]B(l — a, 1 — max{\, d}) lima—max{Aah),

In particular, this ensures that for all ¢ € [0, T it holds P-a.s. that fg e (s, Y,)|| g ds < 0.
Moreover, we note that for all o € (0,1 — «), t1,t2 € (0, T] with ¢; < 5 it holds that

to t1
/ e2=)4F (5, Y,) ds — / e1=94F(5,Y,) ds
0 0

Lp(P;H)

t1 to
< / H (e(tzfs)A _ 6(251fs)A) F(S, Y;)HLP(]P-H) ds + / He(tgfs)AF<S’ Y;)HLP(P.H) ds
0 N ’ t1 ’ (28)
= ” (IdH _e(tz_tl)A) HL(HQ,H)/O He(tl_S)AHL(H,a,Hg) IF (s, Yo)llr iy ds

to
+ /t He(t278)AHL(H_a,H) HF(S, Y;)HLP(IP’;H,Q) ds.
1

Assumption hence implies that for all p € (0,1 — «), t1,t5 € (0,7] with ¢; < t5 it holds
that

to t1
/ e2=)4F (5,Y,) ds — / e1=)1F (5, Y,) ds
0 0

(29)

Lp(P;H)

t1 R .
< wptigralte = " [ (0= 5 (Lo [Vl + Lo ) ds
0

to . .
+ ma/ (t2 = ) (Lo [¥ill ooy + Lo 57 ) dis

t1



t
< K(Lo + fzo) Ko Kota |t2 _ t1|9/ ! (tl B S)—(a-i-g) max{s*’\, Sid} ds
0
to
+ K(Lo + io) Ka/ (ty — s)™° max{s_)‘, S_@} ds
t1

to
< K(Lo+ Lo)|T v 1| {ma / (ty — )~ s~ max{rad g
t1

t1
+ Ko Kota |t2 — t1|g/ (tl _ S)_(OH‘Q) S—max{)\,a} d8:|
0

Ko [ta—t1 ]~ + Ko Kota [t2—t1]? B(l—a—p,1—max{\,a})
= (17(1) min{|t1|max{)\,d}7‘t2|max{)\,&}} ‘t1|(g+a+max{)\,d}—1)

K (Lo + Lo)|T v 1]A-4l,

Combining , , and Lemma completes the proof of Lemma . ]

Lemma 2.3 (Stochastic integral). Assume the setting in Section let 5, € R satisfy
A (o,00)(L1) < V2, and let Y: [0,T] x Q — Hj be an (F;)icjor)-predictable stochastic process
which satisfies Y ((0,T] x Q) € H and sup,¢ )t |Vell Loy < 00. Then

(i) for allt € [0,T) it holds P-a.s. that [} [|e“~4B(s, Yllfrsw.m ds < oo,

(ii) there exists an up-to-modifications unique (JF;);eo.r)-predictable stochastic process Y : [0,T]x
Q — H such that for all t € [0,T)] it holds P-a.s. that Y, = fg e=94B(s,Y,) dW,,

(i4i) and it holds that

sup ¢ maxA=0=B)1 g0y (La),5}+5-1/2) 1Y,
te(0,T]

< \/’#B(l — 28,1 —2max{\ — (/\—5)1{0}([/1)75}) (30)
(L + Ly) T v P50 s(up]rnaX{LtAHYtHLP(P;H)} < 0.
te(0,T

| Lo (p51)

Proof. Throughout this proof let K € [0, 00) be the real number given by

K = sup maX{l,t’\HY}HLp(p;H)} (31)

te(0,T7]

and let k, € (0,00), r € [0, 1], be the real numbers with the property that for all » € [0,1] it
holds that

(32)

I(n — A)~" (" —1dg )|z }
tr '

Ky = Sup max{tr H(?? - A)TetAHL(H%
t€(0,7T7]

10



We observe that implies for all £ € (0,7 that

t
(t—s)A 2
/0 He B(s, K*)HLP(IP“;HS(U,H)) ds
¢ N2
T 2 -
<P [ =™ (B Vol + a5 s
t
< K2 |X,3T 2 (Ll + j—il)Q/ (t . S)fZﬁ max{s 2(A—(A— ,3)11{0}(L1) 2/3} ds
. . 0 . (33)
< K? |X%,n 2(Ly + Ly)?|T Vv 1|2M_B|1(0’°°>(L1)
t R R
_ / (t — 5)"% s 2max D010 (1)) g g
0
< KPP (L4 La)? [TV PR ()
B(1— 28,1 —2max{\ — (A — B) 1oy (L1), B}) t1 -2 2max{A=(=51op(E1).5D),
This implies, in particular, that for all ¢ € [0, T it holds P-a.s. that fot 1e=B (s, Y|4 50 @

< o0. In addition, and the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da
Prato & Zabcezyk [10] ensure that for all ¢ € (0,7 it holds that

t
/e“WB@Jgﬂ%
0

Lp(P;H)

p=1 ") s i
S [T/ He(t )AB(S7§/S)HLP(]P’;HS(U,H)) ds

<K P(P 1) XAn<L1+L1)|T\/1||A BI1(0,00) (L1)

1/2

(34)

JB(1— 28,1~ 2max{A — (A = B)Lgy(Ly), B}) 102 PmesO- 0Dt (105D

Furthermore, we observe that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in
Da Prato & Zabczyk [10] proves that for all o € (0,1/2 — ), t1,ty € (0,7 with ¢; < t5 it holds

11



that

< [p(p21) /tl | (Idg —el2714) er=24B (s, Y,
0

to t1
/ e(tgfs)AB(S, Y‘S) dWs _ / €(t175)AB<3, Y;) dWs
0 0

Lp(P;H)

, 1/2
) HLP(IP;HS(U,H)) ds]

-0 [ ts)a 2 v

— to—s

+ {p 5 /t He ’ B(s’}/;)||LP(IP;HS(U,H)) ds]
1

t2 1/2
1 —s 2 2
{p(p2 )/t He(tz )AHL(H%’H) IB(s, Yo )l ommswar_y) ds}
1

IN

11 1/2
—1 —3)A 2 2
+ |ip(p2 ) /O‘ He(tl ) HL(H,Q,HQ) HB(S, YS)HLP(P;HS(U,H,B)) d3:|

: H (IdH _e(tQ_tl)A) HL(HQ,H) :

Assumption hence ensures that for all o € (0,12 — ), t1,t5 € (0,T] with ¢; < t5 it holds
that

to t1
/ e(tg—s)AB(S7 )/S) dWS _ / 6(t1—s)AB(8, YS) dWS
0 0

(36)
LP(P;H)

’ ) s 1/2
< g kg [t2 — t1|9 {p_(p;l) / (t; — 3)7(2ﬁ+29) <L1 ”Y;HL"(P;H) + L 3_ﬁ> ds}
0
) t2 9 T 7\ v
s [P [t 7 (Wl + ) ]
t1

< K\ 28k by (L + L) [TV 1P |ty — 12
t1

X A 1/2
. |:/ (tl _ S)*(25+2g)872max{)\—(,\fﬁ)]l{o}(Ll)”B} d5:|
0

K rg [TV =81 (Li4Ly ) /28D jtp—, |29
min{|t; [max{}8} |ty |max{X\.5}}/T—25

Ko Fotp \m—tﬂ@\/IB(1—2<6+g>,1—2max{A—(A—B)n{O}wl),B}) i [ta—t2] (172
= ‘tl|(max{)\—()\76A)]l{0}(Ll),ﬁ}+g+ﬁfl/2) min{|t1|max{)\,B}’|t2|max{>\,B}}\/@

N EED R TV 1P (L 4 Ly).

Combining (34), (36), and Lemma [2.1] completes the proof of Lemma [2.3| O

2.3 A perturbation estimate for stochastic processes

Lemma is a generalized Gronwall inequality from Chapter 7 in Henry [13].

12



Lemma 2.4. Let o, f € (—00,1), a,b € [0,00), T € (0,00), € € M(B([O,T]),B([O,oo])) satisfy
for all t € (0,T] that fOTe(s) ds < oo and e(t) < & + fg (if(ss))ﬂ ds. Then for all t € (0,T] it
holds that e(t) < &Eq 5[0t =21,

Lemma is, e.g., proved as Corollary 1.4.5 in [14]. We next prove a strong perturbation
result that will be used several times throughout the paper.

Proposition 2.5 (Perturbation estimate). Assume the setting in Section let 6 € R,
and let Y1, Y?: [0,T] x Q@ — H; be (Fy)iep,r-predictable stochastic processes which satisfy
Uken,23Y*((0,T] x Q) C H and i Supy, 14 g g, (£,)) MAXke (1,2} SUPse (0,7 MY oy < o
Then it holds that inf i) P( 35—, fot |eE=)AF (s, YF) || g+ e 4B (s, Yf)”?qS(U’H) ds < 00) =
1 and it holds for all X\ € ( — oo, 3[1 4+ 10} (L1)]) that

sup [ [V = Y| ioean] < O30 (Lo, L)
te(0,T]

- sup [t)‘
t€(0,7T]

t t
}/;1 o /0 e(tfs)AF<S’ }/;1) ds — /O' e(ffs)AB(S7 }/Sl) dWS (37)

t t
+ / AR (5, Y2) ds + / e =B (s, Y2) AW, — Y2
0 0

LP(]P’;H):| .

Proof. Throughout this proof let r € (—oco, 3[1 4 L0} (L1)]). We observe that Lemma and
Lemma . prove that inf,epo 7y P( S fg |eC=AF (5, YF) || + || e=4B(s, YS’“)H%{S(MH) ds <
oo) = 1. It thus remains to prove . For this we assume without loss of generality that

t ¢
sup {tr Y} — / e(t_S)AF(S,Ysl) ds — / e(t_S)AB(s, Y} dw
te(0,7] 0 0
’ ' (38)
- / e AR (5, Y2) ds + / eI1B(s, Y2) dW, — Y2 } < 0.
0 0 Lp (B;H)
Next we note that the triangle inequality shows that for all ¢ € (0, 7] it holds that
' A ' A
||Ytl . YtZHLP(P;H) < ‘ Ytl _/0 e(tfs) F(S,Yj)ds _/O e(tfs) B(S,Ysl)dWS
t t
+ / =R (5, Y2) ds + / e IAB(s, Y2) AW, — Y/
0 0 Lv(B;H)
t (39)
| [ s v - Pl v) as
0 LP(P;H)
t
+ / eI (B(s,Y)) — B(s,Y7)) dW,
0 Lr(P;H)
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This and the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [10]
imply that for all ¢ € (0,77 it holds that

1 2
”Yt Y, HLP(IP’;H)
u u
<t | sup u" Yul—/ e(“_S)AF(S,Y;l)dS—/ eI1B(s, V) AW,
u€ (0,7 0 0

+ / IR (5, Y2) ds + / e"1B(s, Y2) dW, — Y2
0 0

LP(]P’;H):|

t
+ Xcﬁ; LO/ (t— )1} = Y2 Loesr) ds
0

1/2

t
T L [M [ = 15 = V2 ds}

Combining this with Lemma proves in the case L; = 0. It thus remains to prove (37)
in the case L; > 0. For this we observe that together with Holder’s inequality ensures that
for all ¢ € (0,7 it holds that

1 2
HYt Y ||LP(IP’;H)
<t™"| sup u" Yul—/ e(“_S)AF(S,Y;)dS—/ e(t_S)AB(S,YSI)dWs
w€ (0,7 0 0

+ / AR (5, Y2) ds + / e IAB(s, Y2) dW, — Y2
0 0

Lr(P;H)

1/2

t t
iy [Tt [ gy [ o V2 ]
0 0
¢ 1/2
XL {p_wgw preste250) (g - o) e VI 2R, ds} -
0
The fact that Va,b € R: (a+ b)? < 2a® + 20 hence yields that for all ¢ € (0, 7] it holds that

t
1Y) = Y270 @m) < / (t —s)~mexl2P Y] — Y27, 5y ds
0

2
a, 1/2—a+max{B,a/2} 71 ax{a/2, —
) [X Z; [, Y27 : +Xﬁm Ly /p(p — 1)Tmexte/25} B]

i / AR (s, V) ds — / e AB (s, Y1) dW,
0 0

L2 { . (42)
— | sup u
t2r u€e (0,77

+ / " F (s,Y]) ds + / e MB(s, Y2) AW, — YV,
0 0

2
LP(IP;H):| .

14



Combining this with Lemma [2.4) and the fact that

a,T 1/2—a-tmax{B,a/2} T
Xy Lo 2 + x5 Liv/p(p—1)

E2'r max{«a,28} |iT(1max{a,2B})

= E2r,max{o¢,26} [ XAn LO \[T(l il + XATLl\/p — 1 1 28) ]
(43)
ensures that for all £ € (0,77 it holds that
HY;tl - }/tQH%PUP;H) S EQT,maX{a,2B} XA?? LO fT(l 2l + X L1 \/p — 1 1 —2p) ]
2 u u
e [ sup u” ||V — / R (5, YY) ds — / 1B (s, Y1) dW, (44)
U7 | ue(o,1] 0 0
u u 2
+ / AR (5, Y2) ds + / W IAB (s, Y2) dW, — Y2 } :
0 0 Lp(P;H)
Hence, we obtain that
sup [t (1Y} = Y|l zecein |
te(0,T7]
o7 11/2
< V2| By mas{a,26) [ X Lo 2= 4 X5 L \/p (p—1)T0=29) ]
: ‘ (45)
- sup [t’” Y} — / IR (5, Y ) ds — / =B, Y AW,
te(0,T 0 0
t t
+ / AR (5, Y2) ds + / eIAB(s, Y2) AW, — Y2 } :
0 0 Lv (F;H)
This finishes the proof of Proposition [2.5] n

Corollary 2.6 (Initial conditions). Assume the setting in Sectzon., letd € [0, 2[1+1101(L1)]),

and let X, X?: [0, T)xQ — H_s be (Fy)ieo.r)-predictable stochastic processes which fulfill for all
ke{l, 2}, t € [0,T] that X*((0,T)xQ) C H, that lim SUD) 1 (111 10y (Ly)) SWPse(0.7] M| XEN Lo
< 00, and P-a.s. that

t t
XF=eXE+ / e IR (s, XF) ds + / e =DAB (s, XF) dW,. (46)
0 0
Then it holds for all X € [6, 3[1 + Lgoy(L1)]) that

Sup (XY = Xl vemn] < X TOVNXs = Xollren_p O%npr(Lo, L) (a7
(0,
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2.4 Existence, uniqueness, and regularity for SEEs with singularities
at the initial time

Theorem 2.7. Assume the setting in Section and let 6 € (— o0, 3[1 + Lyoy(L1)]), A €

[max{0, a+a—1, f+f—1/a}, s1+10p(L1)]), € € LP(Plry; Hosv) satisfy supye . t° 1€ Lo oy
< 00. Then

(i) there exists an up-to-modifications unique (F)ico,r)-predictable stochastic process X : [0, T x
Q — H_s+ which satisfies for all t € [0,T] that X((0,T] x Q) C H, that supe o ™

t _s —s
[ Xl oy < 00, that P( [y [|e"4F (s, X)[|a + [ 4B(s, Xo) 350,y ds < 00) = 1,
and P-a.s. that

t t
X, = et + /0 e IAF (s, X,) ds + /0 e =I1B(s, X,) dW, (48)

(i1) and it holds that

sup [P 1Xulen | < T €570 Lo L)

te(0,T
SIltA o, T 7 ~ B, T 7 A (1/2 (49)
supyc 0,1 (t°lleEllpemy) | Xaly LoB—a1=4) Xy L1|P(P*1)B(1*2571*25)|
' T + T(at+a—1) + V2T (B+5-1/2) < 0.
Proof. Throughout this proof let £ and LL be the sets given by
[— XeM(Pred((Fe)iefo,r7)B(H_s+)): X((0,T]xQ)CH, 50
= U WXolluneur_+subeeqo.a P 1Xel oo ooy <00 (50)

and L = {{Y € L: infeponP(Y; = X;) = 1} € £: X € L} and let ||, : L — [0,00),
r€ R, and |-, : L —[0,00), 7 € R, be the mappings with the property that for all r € R,
X € L it holds that [ X[ . = sup,e(ory [€" t* || X¢|| Lo por)] and 1X],. = HXOHLP(P;H%” + X,

Here and below we do not distinguish between an element X € L and its equivalent class
{Y € L: inficp 1 ]P’(Yt = Xt) = 1} € L. We observe that for all ¢ € (0,77 it holds that

e € Loy < THY SHP}S‘SWAISHLP(P;H) < 0. (51)
s€(0,T

This ensures that ([0, 7] xQ 3 (t,w) — e"*¢(w) € H_s+) € L. Combining this with Lemma
and Lemma [2.3] shows that there exists a unique mapping ®: L. — L with the property that
forall Y € L, t € [0,7] it holds P-a.s. that

t t
BY) =gt [ B V) ds [ OB V) i (52)
0 0

Our next aim is to prove that there exists a real number r € R such that ® is a contraction
on the R-Banach space (L, ||-||; ). Banach’s fixed point theorem will then allow us to prove
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(i)). Observe that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato &
Zabezyk [10] proves that for all Y, Z € L, r € R, t € [0,T] it holds that

t
[B(V)e — B(Z)ll ooy < \ [ e v~ B z)as

L (P;H)

t
+ /e(tS)A (B(s,Y,) — B(s, Z,)) dW,
0

Lp(P;H)

t
—5)A
< [Ny IO = P2 g
(p=1) ' A2 2 2
— t—s
+ {%/ﬁ [ | P HB(YS)—B(ZS)HLP(P;HS(U,Hm)ds}

t
< xi’,:;/ Lo (t =) " IYs = Zsll 1o e,y ds

+xi’£[ =) / i (= )22 1Y, — Zumwds]

<XA Y — Z|LT/LO(t—s) Y5 e ds
0

(53)

2

2

Y = 2 [P L) e

1
= {XA n Jo Loe™™ (t— )™ s ds + X347 [@ Jo [Laf? €720 (8 — 5) 727 572 ds] 2]
Y = 2|, < oo,

Hence, we obtain that for all Y, Z € L, r € (—o0, 0] it holds that

[S(Y) = @(2)]|...

= 1900 = ¥l + 5 [NV = Sl
S )

t Loer(t s t)\

1
—1 t|L 262'r(t—s) 22 b3
< sup [XAn 0 e ds Xy [p(pz s ds} ]‘Y_Zhw (54)

te(0,T7]

1
a, T 1 erts t(1—a) T 1 |Lq]2 e2rts ¢(1—-28) 2
< (XA,?7 SUPye(0,7] [ 0 —Losa(lfsy ds] + X [p—(p L Supye o1 [fo bl — iw e ds” )

Y =2,

Next note that Lebesgue’s theorem of dominated convergence ensures that for all » € R it holds
that the functions

L rtstla 1 rts
[0, 7] 9t|—>/ ¢ ds—Ltla/e—Adse[O,oo) (55)
(1—s)" 0o s (1—y9)
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and

1 2 2rts 1(1-28) 1 2 2rts
L t L
0,72t~ [Laf"e ds = (1728 —| 1f7e ds € |0, 00 56
2X 2X
o s (1-y3s) 0o s (1—ys)

are continuous. This and the fact that for all ¢ € [0, T] it holds that

1 rts 1(1—a) 1 2 2rts 1(1-28)
L t L t
lim sup / OG—A ds| = limsup e 5—ds| =0 (57)
r——00 0o s8¢ (1 — S) r——00 0 s28 (1 — S)
allows us to apply Dini’s theorem (see, e.g., [14, Proposition 10.3.1]) to obtain that
1
1 T |:/1 Lo erts t(1—a) q 1 n BT | pp—1) |:/~l |L1 |2 e2rts ((1-26) d :| 2
imsup | X%, sup et ~ds| + x4 |5~ sup | ——ds
r——00 An te0,1] LJo ¢ (1-5)* AT 2 te(0,7] LJo 52 (1-5)* (58)

=0.

The Banach fixed point theorem together with hence establishes , that is, there exists
an up-to-modifications unique X € £ which fulfills that for all ¢ € [0,7] it holds P-a.s. that
Iy 1e=4B (s, X 1+ B (5. X,) 350,40, ds < 00 and X, = etAe+ ) e=I1F(s, X,) ds+
fot e=94B(s, X,) dW,. It thus remains to prove (ii}). For this we apply Proposition (with
Y!'=X,Y? =0, and r = ) in the notation of Proposition to obtain that

sup (11Xl e < ©5557(Lo, L)
te(0,7T

t t
- sup lt’\HXt—/ eI (s, X,) ds—/ e =I1B(s, X,) dW,
0 0

te(0,T]

(59)

¢ t
+/ e =94 (s,0) ds—l—/ e=94B(s, 0) AW,
0 0 Lr(B:H) |

= @Z’,’fﬁz,T(LOa Ly)

¢ t
- sup {tAHetAﬁ—i—/ e=94F (s, 0) d3+/ e =94B(s, 0) AW,

te(0,T] 0 0

LP(P;HJ '

Next we note that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato &
Zabczyk [10] implies that for all ¢ € [0, 7] it holds that

t t
etAf—i—/ e=9F (s, 0) d8+/ e=4B(s,0) dW,

0 0 Lp(P;H)

t ¢ 1/2
<€ sy [ B0y 05+ [P [ B 0

t t . 1/2
o, T —a —& s T —1 — —
< 4 ey i L [ (0= s s B2 [

< H tASH n X4y LoB(1—a,1-&) " XAt L1 v/p (p-1) B(1-25,1-20)
= € LP(P;H Hata—1) 51 (BLA—1/2)
( b

(60)

18



This shows that

t t
sup |t |le ¢ +/ e AR (5,0) ds + / e =1B(s,0) AW,
te(0,T] 0 0 Lr(P;H)
< T(A=8) sup [taHetAf”LP(IP’;H)] + ng; j?o T +1-a-a) B(l —a,1—a) (61)
t€(0,T]
BT} p(A+1/2-5-B) — —28,1-28
XagIh T Vp (p—1) B(1-28,1-25)
+ ui 7 < 00
Combining this with completes the proof of Theorem . O

Corollary 2.8. Let (H, |||y, () g) and (U, |||, (-,-)y) be separable R-Hilbert spaces with
#u(H) > 1, let T € (0,00), n € R, a € [0,1), B € [0,Y/2), let (2, F,P,(Fi)icpor)) be a
stochastic basis, let (Wy)icpo,r) be an Idy-cylindrical (Fy)icjo,r- Wiener process, let A: D(A) C
H — H be a generator of a strongly continuous analytic semigroup with the property that
spectrum(A) C {z € C: Re(z) <n}, let (H,, |||l () g), 7 € R, be a family of interpolation
spaces associated to n — A, and let F € Lip(H,H_,), B € Lip(H, HS(U, H_z)), § = 1+
Loy (| Bluip(n. rsw,n_s)] - Then
(i) there exist up-to-modifications unique (F;)cjo,r-predictable stochastic processes X : [0, T]x
Q— H_s, 2 € H.g, 6 €10,5), which fulfill for allp € [2,00), § € [0,8), z € H_s, t € [0,T]
that X*((0,T] x Q) C H, that supeor &° || XZ || o) < 00, and P-a.s. that

t t
XF = ety 4 / eIAF(XT) ds + / e=IAB(XT) AW, (62)
0 0

(i) for all p € [2,00), & € [0,0) it holds that

tXE | oo,
p(P’H) a7676
sup sup <6 Flrip(a,a_0) | BlLip(H,HS(U,H_
eH._s te(0.1] [max{l, ||J7||H_,;} A,n,p,T(| | p( ) | ’ p( ( 5))) (63)
s | XAIFO g T /o) XA 1BOgsw,m_y) T2
| Xam T 1—a) + Womwv: < 00,
(iii) and for all p € [2,00), & € [0,0) it holds that
{té |XF — XY | pe )
sup  sup
z,yeH_5,t€(0,T) ||I - yHHﬂS (64)
TFY

<X OGS (| Fluip(tr—a)s | Bluip(masw,i_s)) < 0.

Proof of Corollary|2.8. Throughout this proof let Ly, L1, ﬁo, L, € [0,00) be the real numbers

given by Lo = |F|Lip(,1_0), L1 = | BlLip(a,asw.m_4)), Lo = || F(0)| s, and L, = 1 B(O) s, m5)-
We note that for all ¢ € (0,7], X,Y € LF(P; H) it holds that

IF(X) = FY)|lpoer) < Lo | X = Ylpo@my,  1FO)||o@a_.y < Lo, (65)
|B(X) = BY)||wr@uswa_g) < LillX =Ye@m, |BO)|werswn g < L. (66)
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We can hence apply Corollary [2.6] and Theorem 2.7, More specifically, an application of Theo-
rem (with A=68, a=0=0, Ly = |F|Lip(H,H ) Lo = |F(0)||g_., L1 = | B|Lip(#, HS(U,H_5))
and Ly = |1 B(0)|| zrsu,z_s) for 0 € [0, 0) in the notation of Theorem proves (i) and assures
that for all p € [2,00), d € [0,0), z € H_s it holds that

T (o7 95
S [ 1 e | < O55 (P i | Blisansisivn )
€

|:XAn 1 ll_, + X5y IFO) |, TOT " B(1 - a,1) (67)
T IBO s sy T Dlp (o 1) B1-25,1)]"2

+ — — 7 }<oo

This implies (fi). In addition, an application of Corollary [2. (with X! X T X?2=XY \=9,
and r = ¢ for r,y € H, 6 € [0, d) in the notation of Corollary [2.6) ensures that for all
pe[2,00),8€(0,0), z,y € H_s it holds that

sup [t | X7 — XY || 1o s

te(0,77] (68)
d, a,f3,8
< Xy 12 =yl 0370 1 (1 Fluip(r._o)s | Bluipmasw.a_s)) < 0.
This establishes . The proof of Corollary is thus completed. O]

3 Examples and counterexamples for SEEs with irregu-
lar initial values

3.1 Stochastic heat equations with linear multiplicative noise

In the next result, Corollary we illustrate Corollary 2.8 in the case of a simple example.

Corollary 8.1. Let (H. |y () = (E2(01 R). Il ia s - Vs )» 1t T €
(0,00), B € (Y1,1)2), f,b € Lip(R,R), let (2, F,P, (F;)icpo,r) be a stochastic basis, let (Wy)ejo.1
be an Idg-cylindrical (Fi)icjo, - Wiener process, let A: D(A) € H — H be the Laplacian with
periodic boundary conditions on H, let (H,, |||y ,{,)y ), 7 € R, be a family of interpola-
tion spaces associated to n — A, and let F: H — H and B: H — HS(H,H_g) satisfy for

all v € 52(M<01>5R>; u € C([0,1], R) that F([ Vo smw) = {f(0@)}acon]uponm) and
B([v]0,1).58) [t 0.0 10,0y 5m) = [{0(0 }xe(O,l)}y<071),B(R)' Then

(i) there exist up-to-modifications unique (F;)icjo,r)-predictable stochastic processes X®: [0, T x
QO — Hy, x € Hyg, §€[0,12), which fulfill for all p € [2,00), § € [0,1/2), x € H_s,
t € [0,T] that X*((0,T] x Q) C H, that sup,c 77 5° | X7 || Lo@:my < 00, and P-a.s. that

t t
X® = ey + / eIAR(XT) ds + / =IAB(XT) AW, (69)
0 0
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(i1) and for all p € [2,00), 6 € [0,1/2) it holds that

t0 “thHLP(IP’;H) t0 ||X£T - XtyHLP(JP’;H)

sup  sup + < 00. (70)
wyeH_g te0,r) | max{L [|z[m_;} = ylla_,
T#yY
Proposition 3.2. Let (H ||||H y A\ (LQ(:M || ||L2 1)5R) <'7 '>L2(u(0’1);IR) )7 let T, U
v € (0,00), 7 € [0,00), § € R, ,8 € (3.3), let (Q F, P, (.Ft)te[oT) be a stochastic basis,

let (Wi)epor) be an Idg-cylindrical (]:t)te[o 11-Wiener process, let (by)nez © H satisfy for
all n € N that by = [{1}ee©1)]uo.B0R): bn [{\/icos(me)}megl)]u(o BR), and by,

[{\/5sin(2n7m:)}x€(071)]u(oyl)75(]3), let A: D(A) C H — H be the linear operator which satzsﬁes
D(A) ={ve H: Y ,|n*byv)ul* < oo} and which satisfies for all v € D(A) that Av =
—U Y ez W (b, V) by, let (Hy, HHHq () ) q € R, be a family of interpolation spaces asso-
ciated ton— A, let £ € ./\/l(]:o, B(H, )) B e L(H HS(H H_3)) satisfy for allv € L*(p1(0,1); R),

u € C([ ’ ]’R) that B([ ]H(o 1),B(R) )[u! 0,1 ]H(o 1),B®R {v() - u<x>}x€(0,1)}u(o,1),B(R); and let
X:[0,T]xQ — Hj be an (F)iepp,m-predictable stochastzc process which satisfies for allt € (0,7

that X ((0,T)x Q) C H, that E[||e*¢|3,_ ] +f0t]E[He(t‘s)AB(Xs)H%S(Hﬂ_r)} ds < 00, and P-a.s.
that X; = etA§ + f (=9)AB(X,) dW,. Then for all t € (0,T) it holds that P(§ € H_yj5) =1
and 2727 (1= e )2 e 2y ) < 1 Xl 2 @i,y < o0

Proof. Throughout this proof let k; € [0,00], & € Z, be the extended real numbers which
satisfy for all k& € Z that
1B ()bl ,

ve(meerb N0} TlF_

R —

(71)

Observe that the product rule for differentiation and the fact that the mapping C([O, 1], ]R) >

v = [V|0,1)]ue. Br) € Hije is continuous ensures that for all n € N it holds that Vu,v €

sE]RH u-v e mseRH and Supuve(ﬂseRHS)\{O} ||U||| "

W < o0o. This implies that for all
k € Z, n € Ny it holds that

B(x)b B(x)b

“up |B(@)bxlm_, sup |(u, B(x)bx) |

ve(nuer N0} 17llE_, wue(oer HO\0} 12—, |l m,
b — A (- by), ( — A)m
_ sup [(u-bp, )| sup [((n — A)"(u-bp), (n— A)""x) 4| (72)
sucoen BN} 1T, ullm, s ueuenia)\{0} Nl z_, llullm,
-b

< sup |- bkl c

weuen N0} |ullm,
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Hence, we obtain that for all k£ € Z it holds that

IB@)bell7,

R =

reuentN0 2l
r 2
B(x)b
<= Ay gy |y WP,
| ee(nuenH)\{0} #][m_,
r 2
e /e,
<f(n—A)7 111“%(1{) sup —— =
ee(uertioNy  1€]la, (73)
92
||B(x)bk||H]'—'rfl—|1
eeent\0y 1 €lla_, ]
= ||(n — Ay 1l — A gy
92
||B(x)bk||H]'—'rfl—|1
< Q0.
oeuent\0}  1€lla_, Ly,
In the next step we observe that for all ¢ € (0,7 it holds P-a.s. that
t 2
Xl = e+ [ e Bee aw,
0 H,
) (74)

t t
= [le¢]l, +2<e“*£, / e<”>AB<XS>dWs> + / eIAB(X,) dW,
- 0 H_, 0

H_»

Combining with It0’s isometry and the assumption that V¢ € (0,7]: E[|le™¢|l3,_ | +
fOtIE[He(t_s)AB(XS)|\§{S(H7H_r)] ds < oo proves that for all ¢ € (0,77 it holds that

tA ! (t—s)A
<e {,/0 e B(XS)dWS>H_r]

E[IXll}, | = E[le ]3] +2E

2
‘ H_,

t
=E[|le"¢|3_ ] +2E <etA§,E[ / e =IAB(X,) dW,
0
t N 9
+/D E[”e(t—s) B(Xs)HHS(H,H,T)} ds
t
:E[HetAf‘ﬁ{_J +/0 E[He(tfs)AB(Xs)HiIS(H,H_T)] ds

t
=E[le"¢lf ] + 2 / E[He@—S)AB(XS)kaU ds < oo.
kEZ J O

t
+E /e(t‘s)AB(Xs)dWs

0

) >H] (75)
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Moreover, we note that for all k € Z, t € (0,7, s € (0,t) it holds P-a.s. that

e B(X,)b 2

e(t—s)AB( sAg + / (s— u)AB(Xu) qu) bkz
0
elt==4p ( / e WAB(X,) qu> be
0 H_,

+92 <€(t—s)AB( g)b t=9)A R (/ (s— u)AB(Xu) qu) bk> (76)

H_,

kHH_T - ‘
H_,

2
= [ B(e )bl +

> [l B (e,

+9 <€(t—s)AB (esAé) b, / et=9)AR (e(s—u)AB(Xu) qu) bk> ‘
H_,

0

This and the assumption that V¢ € (0,7]: E[|le¢||3,_ ]+ f(f]E[He(t_S)AB(XS)H%S(H’Hirﬂ ds <
oo imply that for all k € Z, t € (0,T], s € (0,t) it holds that

. |:Z /s He(t_S)AB(e(S_u)AB(Xu) bn)kaz— du]
neZ JO -

—s 2 ° S—u 2
< B[S [ BB b i

s (77)
S PR Dol B Ee e A ]
= By B [ B s ] <o
and
BB n ] < e B[l ] <o 9

Combining with (77)-(78) proves that for all k € Z, ¢ € (0,T], s € (0,¢) it holds that

E [“e(t_S)AB(XS)kaZ,J >E [He(t—s)AB(esAf) kai{q}

<e(t_S)AB(68A§) br, / B (TB(X,) dW,,) bk> ]
0 Hey

— B[l B bl ] (79

),

+2KE

+2E

<€(ts)AB(€SA§) b, E {/ et=9)AR (e(sfu)AB(Xu) qu) b
0

=B B(e ) bl |
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Combining this with ensures that for all ¢t € (0,77] it holds that

00> E[IXil5, | 2 Elle el ] + 2 [

keZ

[HetsAB< sAg by }ds

t

Z/OtIE[He(t_S)AB(GSAg)HiIS(H’HT)] ds:/ [H (n—A)" ot SAB( )HZS(H)} ds
= [E[IBE 0= A g s
_Z/ HB sAg ts)A77 A) rbH:|

ne”L
2/0 E[||B(e4¢) e (g — 4) "] ds
t 80
=0 [E[iBe e nly]ds = [ Blletel) as 0
—27" sA 2 — 2 ! 2(vn?4n)s 25
%/ b”’§>H‘ }ds N %/0 e e [|<bn7£>H| ]
B B - (1—672(’m2+n)t)]E[|<bn,§> |2}
r (vn? )S _ T H
? nEZZ/ 2t |<bm§>H| }ds ’ % 2 (vn2 + 1)
1
=W;<l—e 2 (= A) 72, €) |
_ —2t
> (o) Sl ), ]
ne”Z

In particular, we obtain that E[ZnGZ | <(77 — A"V, §>H m < 00. Therefore, it holds that
IP’(£ € H_1/2) = 1. This and complete the proof of Proposition . n

Proposition 3.3 (Positive example). Let (H, |||z, (-, -)y) be a separable R-Hilbert space,
let k € N, T € (0,00), n,6 € R, let (8F,P,(Fi)icpor)) be a stochastic basis, let W =
WO WA WY [0,T] x Q — R* be a k-dimensional standard (F;),c(o.)-Brownian mo-
tion with continuous sample paths, let A: D(A) C H — H be a diagonal linear operator (see,
e.g., [14, Definition 3.5.1]) with spectrum(A) C {z € C: Re(z) < n}, let (Hy, |||l 5 () g )
r € R, be a family of interpolation spaces associated to n — A, let £ € M(}"O,B(H(;)),
(Li)ieqio,.xy © L(H), B € L(H,HS(R*, H)) satisfy for all i,j € {1,2,...,k}, v € H,
u€ D(A),y = (y1,Y2, - - -, yx) € R¥ that L;(D(A)) € D(A), L;Lju—L;Lyu = L;Au—AL;u =0,
and B(v)y = S0, wiLyv, and let X : [0,T] x Q — Hj satisfy for all t € [0,T)] that

Xy = eXp(tA + Zz 1[ l)L a %t(Ll) ]) (81)

Then X has continuous sample paths and for all r € ]R t € [0, 7] it holds P-a.s. that
Jo 1A B(X) |4 g i g, ds < 00 and X, = e4¢ + [ e!=9AB(X,) dW.
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Proof. Throughout this proof let r € [0,00) and let ¢ € C([O,T] x RF x H,, HT) be the map-
ping with the property that for all t € [0,T], y = (y1,¥%2,...,ux) € R¥, v € H, it holds
that ¢(t,y,v) = exp(Zle[yiLi — 1¢(L;)*))v. Note that the assumption that W has con-
tinuous sample paths ensures that X also has continuous sample paths. Next observe that
Y E CQ([O, T] x R* x H,, H,,). Ito’s formula (cf., e.g., Theorem 2.4 in Brzezniak, Van Neerven,
Veraar & Weis [5]) therefore implies that for all ¢ € (0,77 it holds P-a.s. that

I 6 W0 ey b = [ S NG Weset e, s

(82)
=[S ) W A = B By 0 < o0
and
t
Xi = p(t, W, e€) = 9(0,0,€"¢) +/ () (u, W, e€) du
0
t
/0 () (s, We, e46) AW, + = Z/ ) (5, W, €6) ds
¢ (83)
tAf / Z S Ws,etAé;) d8+/ (t— S)AB(XS) dWS
0
t
+ = Z / ©(s, W, e4€) ds = et¢ + / E=9AB(X,) dW,.
0
This, (82), and the fact that X, = £ complete the proof of Proposition [3.3] m

3.2 Stochastic heat equations with nonlinear multiplicative noise

Proposition 3.4. Let (H, |||, (-,-)y) be a separable R-Hilbert space with #y(H) > 1, let
T € (0,00),n,6 €R, r,p€0,00), let (Q,F,P,(Ft)icpm) be a stochastic basis, let W: [0,T] x
Q — R be a standard (F;)icjo,r)-Brownian motion, let A: D(A) € H — H be a diagonal
linear operator with spectrum(A) € {z € C: Re(z) < n}, let (Hy, ||, (. )a,), @ € R, be
a family of interpolation spaces associated to n — A, let w € H_g\ {0}, £ € M(}"D,B(H(;)),
B e C(H,HS(R, H_p)) satisfy for allv e H, u € R that B(v)u = u ||v||; w, and let X : [0,T] x
Q0 — Hs be an (Fy)icpo,r-predictable stochastic process which fulfills for all t € (0,T] that
X((0,T] x Q) € H, that E[||e4¢|} ] + [y B[l B(X) |45, ds < oo, and P-a.s.
that X; = "¢ + f (=9)AB(X,) dW,. Then for all t € (0,T) it holds that P(§ € H_yj5) =1

and
9-1/2 e*ln\t (1 . e*Q[W*Sup(Up(A))]t)l/Q HetAwHH_r ”fHLQ(IP’;H,l/Q) < HXtHLQ(]P’;H_T) < 00. (84)

Proof. Throughout this proof let B C H be an orthonormal basis of H and let A\: B — R be a
mapping which satisfies sup,eg —A, < 7, which satisfies D(A) = {v € H: 3,5 [N (b,v) 5 > <
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oo}, and which satisfies for all v € D(A) that Av = =7, .z Ay (b,v); b. Note that for all
€ (0,77 it holds P-a.s. that

t
X3, =1le el +2<e“45, / e<t-S>AB(Xs>dWS>
’ 0 H_

2 ' (85)

t
+ / HAB(X,) dW,
0

H_,

Equation together with It0’s isometry and the assumption that V¢ € [0, T]: E[[|e"¢]|3,_ ]+
fgE[||e(t*s)AB(XS)||?{S(]R’H_T)] ds < oo hence prove that for all ¢ € (0,7 it holds that

< tA5’/ (i SAB(XS)dWS>H_T]

E[IX05, | = Efle*€l3_] +2E

2
‘ H_,

=E[[le"¢]5 ] +2E <etA§, E {/t eIAB(X,) dW, 0} > ] (86)
0 o
+/O E[H@(t*s)AB(XS)HiIS(R,H_T)} ds

t
— E[H@me?{,J +/0 E[He(t_S)AB(XS)leﬁIS(IR,H,T)} ds < 0.

Next we note that for all ¢ € (0,77, s € (0,¢) it holds P-a.s. that

t
+E /e(ts)AB(Xs)dWS

0

2

He(t_s)AB(Xs)HHS(]R,H—T) -

G(t_s)AB( SAf‘i‘/ (s— u)AB( u) qu)
0

HS(R,H_,)
2

He(t—s)A

2
wlly,

(t s)AB (/ (s— u)AB(Xu) qu>
0
+2 He(t_s)Asz <65A§,/ TVAB(X,) qu>
. ; .

> B g 2l (4, [ emp an,

—s s 2
= ||€(t )AB(B A§)||HS(RH ")

+2He(tS)AwH2r< Ayerie, / n— AT s“)AB(Xu)qu>

e A¢ + / eCWAB(X,) dW,
0

2

— ||e(tfs)AB (68145) 2

||HS(]R,H_T) +

HSR,H_,)
(87)

H

H
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In addition, the assumption that Vt € (0,7]: E[||e"*¢||3,_ ] < oo implies that for all ¢ € (0, 7]
it holds that

Elle¢llz, ] < le2 i, m) Elllez€ll7_,] < oo. (83)
It6’s isometry and the assumption that V¢ € (0,7T]: fOtE[He(t*S)AB( M@ }ds < o0
hence prove that for all t € (0,7, s € (0,¢) it holds that

E| [ B(x > E| [ B(e

s HHS(]R,H_T):| SAf HHS(RH—T)}

+2}|e(”>AwHZ_TE[<(77 Ay /Os(n—A)re““)AB(Xu) qu>H1

BB &
+2 e ul, B[ (- A)TesAg,E[ [ - aranpo ]z ) |
0 H
—s s 2
_ E[Heu AR (e*4¢) HHS(]R,H—T)] .
Furthermore, we observe that for all ¢t € (0,77, s € (0,¢) it holds that
e wln, < Nl o e wlln, < & M wlu, < e e wlly,.  (90)
Combining with and ensures that for all ¢ € (0,77 it holds that
t
oo > E[IIXill}, | = E[lle¢l% ] + / E| [ B(e¢) g | ds
t t
> / E[[leB () g | d5 = / e w3, E[lesel3) ds
t
> e etulfy [ Bl ds = e el S [ B[l be), [ ds
o =
_ —2n+t ||€tA HH Z/ —2(Ap+n)s 2775 [|<b §>H| ]
 beB
S o L MR -
" beB

—2nlt || A, ||2 1 — e 2R bafHQ
ooy o w;g‘; e

beB
el

YT = Z (1 — e 2 ) [K n—A) 2 £>H‘ }
beB

(1 — e 2(infoep Ap+n) )

el -
= 2e20nlt : ZE[K(U_A) 1/2b7£>H‘2}‘

beB
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This and the assumption that w % 0, in particular, assure that E[ >, 5 [{(n — A)~'/2b, §>H|2 | <
oo. Hence, we obtain that ]P’(f € H_l/g) = 1. This and complete the proof of Proposi-
tion 3.4l O

3.3 Nonlinear heat equations

Proposition 3.5. Let (H, |||, (-,-)y) be a separable R-Hilbert space with #y(H) > 1, let
B C H be an orthonormal basis of H, let (2, F,P) be a probability space, let T € (0,00),
n,6 € R, let \: B — R be a function which satisfies supyep —A\y < 1, let A: D(A) C H —
H be a linear operator which satisfies D(A) = {ve H: Y, 5l (b, v) ,|* < oo} and which
satisfies for all v € D(A) that Av = — 3, g Ny (b, )y b, let (Hy, |||l () ), 7 €R, bea
family of interpolation spaces associated to n — A, let w € H, by € B, £ € M(f,B(H5)),
F € C(H,H) satisfy for all v € H that (by,w)y; > 0, w = (by,w) 5 by, and F(v) = |jv] 5w,
and let X € M(B([0,T]) ® F,B(Hj)) satisfy for all t € (0,T] that X((0,T] x Q) C H, P-a.s.
that f(f e F(X,)||m, ds < 0o, and P-a.s. that X; = !¢ + f (t=)AF(X,)ds. Then for all
t € (0,T] it holds that P({ € H_1) =1 and P-a.s. that

(bo, w) e~ (Ag HInht [1 _ o~ (infren )\b+77)t:| 1€ = (o, &) 5 bOHH,l
< (bo, Xy — ), < || X — e, < o0

Proof. Throughout this proof let P € L(H_(;—) be the linear operator with the property that
for all v € H it holds that P(v) = v — (b, v) bo. We observe that the assumption that
X((0,7] x Q) C H implies that for all t € (0,77 it holds P-a.s. that

(92)

00 > HXt — etA§||H = <b0,Xt — etA / <b elt=s AF )>H ds
t
:/ (boy 4w X, ds = / (bo, w) gy e~ Cro D) 169X | g
0 0
t
> (b w)y e [ e 0w PX | ds (99)
0
t t
— (b, )y e / e Cut ) A PEy ds > (by, w) oot / e Pe ds
0 0

t 1/2
= (boyw>H€(/\b°+n+)t/ [Zbel&\{bo} ‘ei(AbH])s e (b, €>H‘2] ds
0
This and the Minkowski integral inequality imply that for all ¢ € (0,77 it holds P-a.s. that
o0 > HX o etAéHH <b07Xt N etA§>H

1/2
> (bo, w) e~ Pt [ZbeB\{bo} fo |e Qotn)s (b, €) H| ds’ 1
2 27 1Y/2 (94)
o~ O+t [1—e=Cotmt] (b6) |
<bO, bo 171 |:Z beB\ {bo} PYEEE
1/2
<bO> —(ApyFInl)t [1 *(lnfbeJB%)\b+77 ] [ZbeB\{bo} |<(77 A) 1y §>H| ]
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The assumption that (by, w); > 0 hence implies that it holds P-a.s. that

e (1= A)710,) | < oo (95)
This ensures that P({ € H_y) = 1. This together with completes the proof of Proposi-
tion 3.5 O
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