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Abstract

Stochastic wave equations appear in several models for evolutionary processes subject to
random forces, such as the motion of a strand of DNA in a liquid or heat flow around a
ring. Semilinear stochastic wave equations can typically not be solved explicitly, but the
literature contains a number of results which show that numerical approximation processes
converge with suitable rates of convergence to solutions of such equations. In the case of
approximation results for strong convergence rates, semilinear stochastic wave equations with
both additive or multiplicative noise have been considered in the literature. In contrast, the
existing approximation results for weak convergence rates assume that the diffusion coefficient
of the considered semilinear stochastic wave equation is constant, that is, it is assumed that
the considered wave equation is driven by additive noise, and no approximation results for
multiplicative noise are known. The purpose of this work is to close this gap and to estab-
lish essentially sharp weak convergence rates for spatial spectral Galerkin approximations of
semilinear stochastic wave equations with multiplicative noise. In particular, our weak con-
vergence result establishes as a special case essentially sharp weak convergence rates for the
hyperbolic Anderson model. Our method of proof makes use of the Kolmogorov equation, the
Holder-inequality for Schatten norms, and the mild It6 formula.
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1 Introduction

In the field of numerical approximations for stochastic evolution equations one distinguishes be-
tween two conceptually fundamentally different error criteria, that is, strong convergence and
weak convergence. In the case of finite dimensional stochastic ordinary differential equations, both
strong and weak convergence are quite well understood nowadays; see, e.g., the standard mono-
graphs Kloeden & Platen [25] and Milstein [36]. In the case of infinite dimensional stochastic
partial differential equations with regular nonlinearities strong convergence rates are essentially
well understood, but weak convergence rates are still far away from being well comprehended (see,
e.g., |1, 12, 3, 5], 16, 7, 110, (16} {17} 18, 119, 20} |21, 24, 26, 27, [28| 29, 31, 32, |35, 41, 44} 45, 46| for
several weak convergence results in the literature). In this work we are interested in weak conver-
gence rates for stochastic wave equations. Stochastic wave equations can be used for modelling
several evolutionary processes subject to random forces. Examples include the motion of a DNA
molecule floating in a fluid and the dilatation of shock waves throughout the sun (see, e.g., Sec-
tion 1 in Dalang [14]), as well as heat conduction around a ring (see, e.g., Thomas [42]). Of course,
these problems usually involve complicated nonlinearities and are inaccessible for current numerical
analysis. Nonetheless, numerical examination of simpler model problems as the ones considered
in the present work are a key first step. Even though a number of strong convergence rates for
stochastic wave equations are available (see, e.g., |4, [8, 19, 29,30, 39, 43, 44, 47]), the existing weak
convergence results for stochastic wave equations in the literature (see, e.g., [21, 27, 28, [29] 144])
assume that the diffusion coefficient is constant, in other words, that the equation is driven by
additive noise. The purpose of this work is to establish essentially sharp weak convergence rates
for semilinear stochastic wave equations in the case of multiplicative noise.

To illustrate the main result of this article, we consider the following setting as a special case
of our general framework (see Section below). Let (H,(:,)u,||lz) and (U, (-, v, ||I-|l;) be
separable R-Hilbert spaces, let T' € (0,00), let (©, F,[P) be a probability space with a normal
filtration (F3)scjo,r7, let (Wi)ieo,r) be an idy-cylindrical (F)iecpo,r)-Wiener process, let {e, }nen € H
be an orthonormal basis of H, let {\,}nen C (0 o0) be an increasing sequence, let A: D(A) C
H — H be the linear operator such that D(A) = {v € H: > |Aulen,v Vul? < oo} and such
that for all v € D(A) it holds that Av = Y . —Aulen, v)men, let (Hy, () ms I-llg,), 7 € R,
be a family of interpolation spaces associated to —A (see, e.g., Definition 3.5.25 in [23]), let
(Hy, (-, )1, I llg, ), 7 € R, be the family of R-Hilbert spaces such that for all r € R it holds
that (HT'7 <'> '>Hr7 HHHT) = (H’"/2 X H, 2—1/2, <'7 '>Hr/2><Hr/2_1/27 H"|Hr/2><H,./2_1/2)7 let Py: UreR H, —
U,er Hr, N € NU{oo}, be the mappings such that for all N € NU{oo}, r € R, v € H, it holds that
Prn(v) =N ()" en, v) i, (An) "en, let Py U,er Hr = U, g Hr, N € NU {o0}, be the map-
pings such that for all N € NU{oo}, r € R, (v,w) € H, it holds that Py(v,w) = (Py(v), Py(w)),
let A: D(A) € Hy — Hj be the linear operator such that D(A) = H; and such that for all
(v,w) € Hy it holds that A(v,w) = (w, Av), and let v € (0,00), 5 € (V/2,7], p € [0,2(y — 5)],
Cr,Cp € [0,00), £ € L*(P|5,; Hy,—p)), F € Lip°(Hy, Hy), B € Lip®(Hy, Lo(U, Hy)) satisfy that
(—A)~? € Li(Hy), Flu, € LipO(HP7H2(7_ﬂ)), Blu, € Lip’(H,, Lo(U,H,) N L(U, H,)), Fln .1,
€ C(Nyer Hr, Ho), Bl eH. € Ce(Myer Hr, Lo(U, Hy)), Cp = sup,,, 02€0,crHy, [[v1 gz, V02, <1
[ () (v1, v2) [y, < 00, and U = SUPy oy wen, caby, o1 gy Vilealg, <t 1B () (V1 02) | 1 0,y < 00

Theorem 1.1. Assume the above setting. Then

(i) it holds that there exist up to modifications unique (F¢)cjo,r)-predictable stochastic processes
XN = (XN, M) 0,7 x Q2 —= Px(H,), N € NU{cc}, which satisfy for all N € N U{co},
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t €10,7] that SupSE[O:T]HXéVHLZ(]P’;Hp) < oo and P-a.s. that
t t

XN = AP e + / AP LyF(XY) ds + / AP yB(XY) dw, (1.1)
0 0

(i1) and it holds that

((AN)”‘B E[p(XF)] - E[p(X7)] |)

HSO”cg(HO,R)
_ 2
S [Hf”Ll(P;Hzm_g)) + THF’HPHLipO(Hp,HQ(,Y_ﬁ)) + 2TH(_A> 5HL1(H0)HB‘HPHLipO(HP,L(U,HV)):|
’ (1 Vv [T(C% + 20123)] 1/2> eXP(T[% + 3‘F‘LipO(Ho,H0) + 4’B‘iipO(Ho,L2(U,Ho))D

(1v ||£Hi2(P;Hp)) exp(T |:2HF|HPHLipO(Hp,Hp) T HB|HﬂHiipO(HP,LQ(U,Hp))}) < 0. (1.2)

sup sup
NEN peC} (Ho,R)\{0}

Theorem is a consequence of the more general results in Remark [3.1]and Theorem below
(see Corollary . Let us add a few remarks regarding Theorem .

First, we briefly outline our proof of Theorem [I.I As usual in the case of weak convergence
analysis, the Kolmogorov equation (see below) is used. Another key ingredient is Holder
inequality for Schatten norms (see below). In addition, the proof of Theorem employs
the mild It6 formula (see Corollary 1 in Da Prato et al. [12]) to obtain suitable a priori estimates
for solutions of (see Lemma in Section below for details). The detailed proof of
Theorem [1.1] and Theorem respectively, can also be found in Section [3.2]

Second, we would like to emphasize that in the general setting of Theorem [I.1], the weak conver-
gence rate established in Theorem [I.1]can essentially not be improved. More precisely, Theorem
together with Corollary in Section below proves that for every n € (0,00) there exist
7, Co € (O’ OO), JS [07'7]’ {CE}EE(O:OO) C [07 OO)’ (H> <'> '>Ha ||||H)7 (U’ <" '>U7 ||||U)> A: D(A) C
H — H, ¢ € L*(P|x;H,), ¢ € C3(Hy,R), F € Lip’(Hy, Hp), and B € Lip”(Hy, L2(U, Hy)) such
that Flu, € Lip”(H,, H,), Bln, € Lip"(H,, Ly(U, H,) N L(U, H,)), F|n, _ &1, € C2(N,ex Hy, Ho),
Bln, o1, € Co((Myer Hry La(U, Ho)), SUPLen, b, SUPw, wmen, e, ol Vilea g, < I () (01, 02) |, <
00, SUPen, oH, SUPy, voen, crH,. ||121||HOV||1)2||H0§1||B”(I)<U1’UQ)HLQ(U,H()) < 00, and such that for all
e € (0,00), N € N it holds that

Co- (M) 7" < [E[p(XF)] —E[p(XF)]| < C- ()" (1.3)

(with v = 2n, 8 =2+4+¢, p =10, = U=7/2, and p = 2/5 in the setting of Theorem and
Corollary .

Third, we illustrate Theorem by a simple example (cf. Corollary . In the case where
(H7 <'7 '>H7 HHH) = (U7 <'7 '>U> HHU) = (LQ()‘(OJ);R)’ <'7 '>L2(>\(0,1>;R)a ”'HLQ(,\(O,U;R)): f = (50)51) €
H}((0,1);R) x H, F = 0, where A: D(A) C H — H is the Laplacian with Dirichlet boundary
conditions on H, and where B: H x H_.j, = Lo(H, H x H_,},) is the mapping which satisfies for all
(v,w) € H x H_1j5, u € C([0,1],R) and A 1y-a.e. z € (0,1) that (B(v,w)u)(z) = (0,v(z) - u(x)),
the stochastic processes XV: [0,T] x Q — Py(H), N € NU{oo}, are mild solutions of the SPDEs

Xi(x) = L X, () + Py X (x)W(z) (1.4)

with X;(0) = Xi(1) = 0, Xo(z) = (Pnéo)(z), Xo(z) = (Py&)(x) for t € [0,T], z € (0,1),
N € NU{oo}. In the case N = oo, (1.4) is known as the hyperbolic Anderson model in the
literature (see, e.g., Conus et al. [11]). Theorem [1.1] applied to (1.4)) ensures for all ¢ € CZ(H,R),
e € (0,00) that there exists a real number C' € [0, 00) such that for all N € N it holds that

Elp(XF)] ~E[o(X7)]] < O~ N (1.5)
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(see Corollary . We thus prove that the spectral Galerkin approximations converge with
the weak rate 1- to the solution of the hyperbolic Anderson model. The weak rate 1- is exactly
twice the well-known strong convergence rate of the hyperbolic Anderson model. To the best
of our knowledge, Theorem [I.1] is the first result in the literature that establishes an essentially
sharp weak convergence rate for the hyperbolic Anderson model. Theorem also establishes
essentially sharp weak convergence rates for more general semilinear stochastic wave equations
(see Corollary and Corollary below).

The remainder of this article is organized as follows. In Sections[I.I]and[I.2]the general notation
and framework are presented. Section [2.1] states mostly well-known existence, uniqueness, and
regularity results, while Section [2.3] collects basic properties about the interpolation spaces and
the semigroup associated to the deterministic wave equation. The main result of this article,
Theorem below, is stated and proven in Section [3.2] It establishes upper bounds for the
convergence rates of weak errors. Section [3.3] in turn, shows how this abstract result can be
applied to relevant problems, in particular, the hyperbolic Anderson model (see Corollary and
Corollary below). Finally, Section [4]is dedicated to proving lower bounds for the convergence
rates of weak errors to show that the rates from the previous section are essentially optimal (see

Corollary |4.10)).

1.1 Notation

Throughout this article the following notation is used. For a set A we denote by P(A) the power
set of A and by Py(A) the set of all finite subsets of A. Furthermore, for two sets A and B
we denote by AAB be the set given by AAB = (A\ B) U (B \ A) and by M(A, B) the set
of all mappings from A to B. Moreover, for two sets A and B we denote by 14: A — R the
indicator function of B on A, that is, it holds for all a € AN B that 14(a) = 1 and for all
a € A\ B that 14(a) = 0. In addition, let (:) A (-),(-) V (-): R2 — R be the mappings with
the property that for all z,y € R it holds that + A y = min{z,y} and = V y = max{z,y}.
Moreover, let I': (0,00) — (0, 00) be the Gamma function, that is, for all z € (0,00) it holds that
= [;7t= Vet dt, and let & : [0,00) — [0,00), 7 r € (0, oo) be the mappings such that for all

€ (0,00), z € [0,00) it holds that & [z] = [> 07, F&Eii)} (cf. Chapter 7 in Henry [22] and,
e.g., Definition 1.3.1 in [23]). Furthermore, for a metric space (F,dg), a dense subset A C E,
a complete metric space (F,dr), a uniformly contlnuous mapping f: A — F, and the unique
mapping f € C(E,F) with the property that f|4 = f (see, e.g., Proposition 2.5.19 in [23]), we
often write, for simplicity of presentation, f instead of f in the following. In addition, for two
R-Banach spaces (V, ||-||,,) and (W, ||-||;;;) with V' % {0}, an open subset U C V, and a natural
number k € N = {1,2,3,...}, let |'|ce iy I lop C*(U,W) — [0, 00] be the mappings with

the property that for all f € C*(U, W) it holds that

1f® (@) (v, )l
| flew zsupllf( (@)l Lo =sup  sup
G (W) Lwww) z€U vy,...,v,€V\{0} ||Ul||v et ||Uk||v

, (1.6)

||f||ck ow) — ||f ||W+Z|f|cf(UW (1'7)

and let Cf(U, W) be the set given by CF(U, W) = {f € C*(U,W): ||f||C§(U’W) < 00 }. Moreover,
for two R-Banach spaces (V, ||-|l,,) and (W, ||-|l;;;) with V' 2 {0}, an open subset U C V, and a
number k € No = {0,1,2,...}, let [ ey [ lipr ) CHU,W) — [0,00] be the mappings



with the property that for all f € C*(U, W) it holds that

e () im
Lty = SEITPTR G (1.8)
1p ) z)— YN L&) (v,wy . '
1 gk oy = (10 ||W+Z|f|Llp Uw) (1.9)

and let Lip®(U, W) be the set given by Lip"(U, W) = {f € C*(U,W): || fll iy < 00} Addi-
tionally, for two normed R-vector spaces (V, [|-[|y,) and (W, [|[[) let [|-[|y.q v p : MV, W) — {0 , 0]
be the mapping such that for all f € M(V,W) it holds that [|fl;qwmw) = SuPuev mJﬁf—W)
For an R-Hilbert space (H, (-, ), |||l ;) let J#: L& (H,R) — L(H) be the mapping with the
property that for all 5 € L®(H,R), hy,hy € H it holds that S(hy, hy) = <h1,jéqh2>H. Fur-
thermore, for two R-inner product spaces (V, (-, )v,|ll,,) and (W, (-, )w, |-|ly) we denote by
(VX W, (-, Yvxw, Il «w) the R-inner product space such that for all z1 = (vy, w1), 2 = (v2, W) €
V x W it holds that (z1,xe)vxw = (v1,v9)v + (w1, wa2)w. Moreover, for a probability space
(2, F,P), an R-Hilbert space (H, (:,-)u,||-||;), an F/B(H)-measurable mapping X : Q@ — H with
the property that for all v € H it holds that E[|(v, X)Hﬂ < 00, we denote by CovOp(X) € L(H)
the covariance operator of the Hilbert space valued random variable X (see, e.g., Definition 5.3.13
and Definition 5.3.11 in [23]). Furthermore, for R-Hilbert spaces (H;, (-, ")m,, ||ll5,), © € {1,2},
let ||, (my mpy 0 L(H1, H2) — [0,00], p € [1,00), be the mappings with the 1property that for all
p € [1, oo) A € L(Hi, H,) it holds that |[All; o, 5, = = (tracep, ((A*A)"7*)) ", " et L »(H1, Hy) be
the set given by L,(H;, Hy) = {A € L(Hy, Hy): HAHL (L H) < oo} let L,(H,) be the set given by
Ly(Hy) = Ly(Hy, Hy), and let [|-[| 7,y L(H1) = [0, oo] p € [1,00), be the mappings which satisfy
for all p € [1,00) that |||,y = Il 1, (s, 1,)- In addition, for an R-Hilbert space (H, (-, ), |||l 7).
an orthonormal basis B C H of H, a mapping \: B — R, a linear operator A: D(A) C H - H
satisfying that D(A) = {v € H: >, A, vyul® < oo} and that for all v € D(A) it holds that
Av =73, 5 Ap(b,v) gb, and a mapping ¢: R — R, let ¢(A): D(p(A)) € H — H be the linear oper-
ator satisfying that D(¢(A)) = {v e H: >, yle(h)(b, v)g|* < 0o} and that for all v € D(p(A))
it holds that p(A)v =, .5 ©(As)(b,v) gb. Finally, for a Borel measurable set A € B(R) we denote
by Aa: B(A) — [0, 00| the Lebesgue-Borel measure on A.

1.2 Setting

Let (U, (:,-)u, |Ill;) be a separable R-Hilbert space, let U C U be an orthonormal basis of U,
let T € (0,00), let (€2, F,P) be a probability space with a normal filtration (F;)co,7], and let
(Wi)tepo,r) be an idy-cylindrical (F3):cpo,77-Wiener process.

2 Preliminaries

2.1 Existence, uniqueness, and regularity results for stochastic evolution
equations

Theorem below is a direct consequence of Theorem 7.4 in Da Prato & Zabczyk [13].

Theorem 2.1. Assume the setting in Section let (H,(-,Yu,|llz) be a separable R-Hilbert
space, let S: [0,00) — L(H) be a strongly continuous semigroup, and let p € [2,00), F €
Lip’(H,H), B € Lip°(H,Ly(U,H)), € € LP(P|5,; H). Then there exists an up to modifications
unique (Fy)iepo,m-predictable stochastic process X : [0,T] x @ — H such that for all t € [0,T] it



holds that sup e 11l| Xsl| o,y < 00 and P-a.s. that

t t
Xt = St§ +/ St—SF(XS) dS + / St—sB(XS) dWS (21)
0 0

Remark 2.2. Assume the setting in Section let (H,(:,-)u,||"l|;;) be a separable R-Hilbert
space, let S: [0,00) — L(H) be a strongly continuous semigroup, and let F' € Lip’(H, H), B €
Lip’(H, Ly(U, H)). Then T heorem shows that there exist up to modifications unique (F)scpo,1-
predictable stochastic processes X*: [0,T7] x Q — H, x € H, such that for all z € H, t € [0,T],
p € [2,00) it holds that sup,eo 7l X7 | 1o,y < o0 and P-a.s. that

t t
XP = S + / Sy F(X®)ds + / S, B(XT) dW,. (2.2)
0

0

Lemma 2.3. Assume the setting in Section let (H,(:,)u|lly) be a finite-dimensional R-
vector space, let A € L(H), F € C}(H,H), B € C3(H, Ly(U,H)), p € C}(H,R), let X*: [0,T] x
Q— H,xc H, be (F)teo,r-predictable stochastic processes satisfying that for allxz € H, t € [0,T
it holds that sup i | X5 || 2 ey < 00 and P-a.s. that

t t
X® =My + / A RP(XT)ds + / A= B(XT) dW,, (2.3)
0 0
and let u: [0, T] x H — R be the mapping with the property that for all t € [0,T], x € H it holds
that u(t,z) = E[p(X})]. Then
(i) it holds that uw € C**([0,T] x H,R),
(i1) it holds for all (t,x) € [0,T] x H that

(Bu)(t,2) = (Zu)(t,2)[Ax + F(2)] + 3> (Zu)(t, 2)(B(x)u, B(x)u), (2.4)

uelU

(11i) and it holds that

sup |u(t, - < {sup oAs ]
te[O,T]’ ( )|C]:1)(H,R) |90|cg(H,R) se[o,T}H HL(H)

(2.5)
2 As||2
- exp (T[|F|Cg(H,H) + %|B|Cg(H,L2(U,H))] 521[(1)%]”6 HL(H)) < 00,
tSE(l)I;]W(t’ ')|cg(H,R)
|0,
2 2 /2 As||3
< llellczm) <1 v [T(|F|03(H,H) + 2’B|C§(H,L2(U,H)))} ) SSBPT}”e ||L(H) (2.6)

- exp (T[% +31F |,y + 4|B|Z’é(H,L2(U,H))} SEEPT]“GAS“i(H)) < 00.

Proof of Lemma[2.3. Tt is well-known (cf., e.g., Sections 4 and 5 and Lemma 5.10 in Krylov [33])
that the assumption that H is finite-dimensional and the assumptions that ¢ € CZ(H,R), F €
C:(H,H), B € C3(H, Ly(U, H)) imply that (i) and (ii) hold, that there exist up to modifications
unique (F).ejo,r-predictable stochastic processes XU, X2 [0, T|xQ — H, x,v1,v, € H, sat-
isfying for all z, vy, vy € H, t € [0, T], p € [2,00) that sup (o 1 (||Xf7”1HLP(P;H)+||X§’”1’02‘|Lp(p;H)) <



oo and P-a.s. that

t t
X = ety + / A FI(XT)XE ds + / AT BI(XT) X AW, (2.7)
0 0
t
xpoe= | <->uﬂwxmxx3waxzww—%F%Xﬁ»XfMM)ds
(2.8)
T A(t—s) BII Xx)(X:cm Xxv2)+B/(Xx)Xxv1 UQ) dWS,

and that for all (¢,z) € [0 T| x H, vy,vy € H it holds that
(g )(t, z)v = B[/ (X)X, (2.9)
(t, @) (v1,v2) = E[o" (X7) (X7, X[77) + @ (X7) X0 (2.10)

It thus remains to prove (iii). For this let ¢,: H — R, p € [2,00), be the functions satisfying
for all p € [2,00), © € H that ¢,(z) = ||z||%;. Then note for all p € [2,00), x,v1,v2 € H that
¥, € C*(H,R) and that

0 cx =10
")y = L ’ 2.11
“lo) {mmw o 2 A0, (21)
2(v1, v2) 1 Lp=2,
Uy () (v1,02) = S 0 C(p#£2)A(z=0), (2.12)

pllally{or, vasr + p(p — 2)llally v le, )i <@ £ 0.

An application of the mild It6 formula in Corollary 1 in Da Prato et al. [12] on the test functions 1,
p € [2,00), and the Cauchy-Schwarz inequality hence yield for all p € [2,00), z,v € H, t € [0,T]
that

B [[1X11%] = E[vp(Xi)]
t
_ ¢p( At ) / E[¢/ (eA(t_S)XSx’v)eA(t_S)F/(X;C)Xf’U} ds

! Z/ A(t 9 X ) (eA(tfs) (B/(X7)X)u, pA(t=s) (B'(XH)X2")u)] ds

uel

t
< vl {SUP HeASHi(H)} +p{ EEPT]HGASH]Z(H)} |F|Cé(H,H)/O E[||X3"]5] ds

s€[0,T

(2.13)

t
+ g[ sup ||eAS||L(H } |B|?11(H,L2(U,H))/ E[|| X515 ds
s€[0,T) b 0

t
+ I@ [SEE%]HGASHL(H)] ‘B|20g(H,L2(U,H)) /0 E[HX;MH%} ds
A
s€[0,T

t
AS p —1 2 -
+pL§[;PT]He HMH)} (1Fla ey + pT|B|C’]})(H,L2(U,H)))/O E[|X7|%,] ds
Therefore, Gronwall’s lemma shows for all p € [2,00), z,v € H that

sup | X5 || Lo .y
t€[0,T]

(2.14)
<[l {SEE%]HeASHL(H)} eXp (T“F’cg(H,H) + p%l’BfCé(H,LQ(U,H))} SEEPT]HGASHQ(H))-
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Furthermore, applying again Corollary 1 in Da Prato et al. [12]| on the test function 1, the Cauchy-
Schwarz inequality, and the fact that Va,b € R it holds that ab < azgﬁ imply for all x, vy, vy € H,

t € [0,7] that

E[|| X7 |%]
t

_9 / [0 xmomm oAl ((XT) (X0 XT0) 4 F/(XT)X50)) ] ds
0

t
+ /O E[[|et9 (B(X2)(X57, X2%) + B(XHXZ) |3 o] ds

t
= / e P D X oy + X0 ey s
O ) bl

2 {SEE%]HGASHi(H)] ’F’cg(H,H) /OtE[HX?vl’w”?f} ds (215)
+2 /OtE[IleA“-s)B"(Xf)(vava X)W pan + 12T B DX ] ds
< [0 16 X2 | T 0P g+ 2B i) 0 1)
+2 Li[%% ]HeASHi(H)} (3 + 1 Flom + |Bléaaiow,my) / tE[HX:’“’”?H?A ds.
Gronwall’s lemma and (2.14), therefore, imply for all x,v;,v, € H that
2D IXE™ e
= LEE%]HXE s 153 ’UZHL‘*(IP’;H)} TF gy + 2BlEg oy | )
. LZ%% ]||eASHL(H)} exp (T[é + 1F e oy + 1B 1 o) S ]He““*Hi(H)) (2.16)

1/2
2 2 3
< il gllvall [T(|F|cg(H,H) + 2|B|cg(H,L2(U,H)))] Lz}é%]HeASHL(H)}

- exp (T[% + 3 Flea ) + 4 B1&y a1 2a(w,m)) e HGASHZH)) :
Next note that (2.9), (2.10), ([2.14), and ensure for all (t,z) € [0,T] x H, v;,v, € H that
| (Frw) (t 2)vr| = B[ (X)X ]| < |l oy BLIX ] ]
< Noull el [SEE%}HGAS”L(H)] (2.17)

- exp <T[|F‘cg(H,H) + %|B’20g(H,L2(U,H))] SEE%]HGAS”ZH))



and
[(Zzu) (¢, @) (v, 0) | = [E[" (XP) (X7, X7 + o (X7) X
< lelez 1K | 2 oo |1 X572 | ey + 12l army B[]

< ||U1||H||UQ||H|¢|C§(H,]R) [ EBPT]HGAS”ZH)} exp (T [2|F|Cll)(H,H) + |B|20é(H7L2(U,H))} EEPT]HGASHZH))

1/2
2 2 As||3
+ ||U1||H||U2||H|90|cg(H,R) [T(|F|Cg(H7H) + 2|B|Cg(H,L2(U,H)))} { EBPT}HG ||L(H):|

- exp (T[% + 3|F|cg)(H,H) + 4|B|ég(H,L2(U,H))] SEEPT]HG’ASHL;(H)

1/2
2 2 s||3
< lorll o Ll Plloznmy (1 | TUF e + 21 Blesniawiy)| ) [ sup [ IIL<H)]

. exp (T[% +31F |2 g,y + 4|B|i%(H,L2(U7H))] SEB%]HGASHZH))'

(2.18)

This completes the proof of Lemma 2.3 O

2.2 Setting

Let (H, (-, )u, ||| ) be a separable R-Hilbert space, let H C H be a non-empty orthonormal basis
of H, let \: H — R be a mapping such that sup, .z Ar <0, let A: D(A) € H — H be the linear
operator such that D(A) = {v € H: ZheH|)\h(h,v>H|2 < oo} and such that for all v € D(A)
it holds that Av = >, .y An(h, v)mh, let (Hy, (-, ) m,, |-lg, ), 7 € R, be a family of interpolation
spaces associated to —A, let (H,., (-, *)u,, |||, ), 7 € R, be the family of R-Hilbert spaces such that
for all 7 € R it holds that (H,, (-, )u,, ||y, ) = (Ilﬁ/2 X Hopy1ps, (- ~)H,./2xHT/2_1/2, ||-HHT/2xHT/2_1/2),
and let A: D(A) C Hy — Hj be the linear operator such that D(A) = H; and such that for all
(v,w) € Hy it holds that A(v,w) = (w, Av).

2.3 Basic properties of the deterministic wave equation

2.3.1 Basic properties of interpolation spaces associated to the deterministic wave
equation

Lemma 2.4. Assume the setting in Section[2.9 and let A: D(A) C Hy — Hy be the linear operator
such that D(A) = Hy and such that for all (v,w) € Hy it holds that

S sl Ml (B, ) b
A == 2 2 2 . 219
(v ) (zheﬂuhr/ (Ml Ry, [wlh (2.19)

Then the R-Hilbert spaces (H,, (-, -)u,, |-l ), 7 € R, are a family of interpolation spaces associated
to A.

Proof of Lemma[2.4. Observe that A: D(A) C Hy — Hj is a symmetric diagonal linear operator



with inf(op(A)) > 0 and that for all r € [0, 00) it holds that

D(A") = {x € Ho: Y [Nl (R, 0), 2)m | + AL (0, |Ah|1/2h),x>H0\2 < oo}

heH

= {(v,w) € Hoi Z‘)\h|r’<h,v>Ho|2 + ’)\h‘r|<‘)\h|1/2h,w>H_1/2}2 < OO}

heH

= {’U € Hy: Z|)\h|r|<h,’U>H0|2 < OO} X {w S H,1/22 Z|)\h|ril}<h, 'LU>HO‘2 < OO}

heH heH
- 7'/2 X Hr 2_1/2 - HT'

(2.20)

Moreover, for all r € [0,00), 1 = (v1,w1), T2 = (v, w2) € H, it holds that

(A1, A"z2)p, = <Zw|r/2<h,v1>Hoh,ZM/2<h, v2>Hoh>
Hy

heH heH

+ <Zuhr*/2<w|l/2h,w1>H_1/2\Ah|1/2h, >l (Al 0, w2>H_1/2w\1/2h>H (2.21)
,1/2

heH heH
= ((=A) 01, (= A) Poa) s, + (= A) Pwi, (= A) Pwo)rr_y,
= <U1,U2>Hr/2 + <w17w2>Hr/271/2 = (21, T2)H, -
In addition, for all r € (—o00,0], x = (v, w) € Hy it holds that
2 2
_l’_
Hop

2
HAT[K“HO =

S Il B v) b > Nl B w) (Al R
heH heH -2 H_1/9 (2.22)

r 2 r 2 2 2 2
= 1=l + 1A wlly = olly,, + el , = o],

This completes the proof of Lemma [2.4] n

2.3.2 Basic properties of the deterministic linear wave equation

The next elementary and well-known lemma can be found in a slightly different form, e.g., in
Section 5.3 in Lindgren [34].

Lemma 2.5. Assume the setting in Section[2.4 and let S: [0,00) — L(Hy) be the mapping such
that for all t € [0,00), (v,w) € Hy it holds that

cos((—A)*t)v+ (—A)~" sin((—A)l/Qt)w) .

Silv, w) = <_<_A)1/2 sin((—A)"2t)v + cos((~A)2t)w (2.23)

Then S: [0,00) — L(Hy) is a strongly continuous semigroup of bounded linear operators on Hy
and A: D(A) C Hy — Hy is the generator of S.

Lemma 2.6. Assume the setting in Section[2.4 Then for all t € [0,00), © € Hy it holds that
le® ||y, = ll7llg, and supeppoolle® ||, = 1-
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Proof of Lemma[2.6. Lemma [2.5] implies for all ¢ € [0, 00), z = (v,w) € H; that
2 —1/2 - 2 2
||eAtx||iIO = [|cos(( (—A)Y2¢ tv+ (—A) g sm((—A)l/ t)wHHO

+ ||—( A)l/2 sm(( )1/275)'0 + (:05;((—A)1/225)11)HZU/2

= [[cos((=A)" 1), + [|(=4)~" sin((=4) )],

—A)"sin((—A) "t )UHHJ/Z + eos((—a)t)wlfy,
+2(cos((—A)"*t)v, (—A)"sin((—A) "t)w) g, (2.24)
( I/Qt) A)1/2 cos((—A)l/Qt)w>H71/2

= [Jeos (=) #t)o][},,

sin((-Ay ), |

—2 sm

+ [lsin((=4) )]y,

+leos((- ARl

2 2 2
= vl + lwll,, = Nl
This completes the proof of Lemma [2.6] m

Lemma 2.7. Assume the setting in Section let Pr: U,ep Hr = U,er Hr, 1 € P(H), be the
mappings such that for all I € P(H), r € R, v € H, it holds that P;(v) = >,/ {|Au]" h,v) g, "h,
and let Pr: J,cg He = U, g Hy, I € P(H), be the mappings such that for all I € P(H), r € R,
(v,w) € H, it holds that P (v,w) = (P;(v), Pr(w)). Then for all I € P(H), x € Hy it holds that
AP;(z) =P;A(z) and for all I € P(H), t € [0,00), x € Hy it holds that eA'Pr(x) = Prefi(z).

Proof of Lemma[2.7. For all I € P(H), = (v,w) € H; it holds that

P;A(z) = Pr(w, Av) = (Pr(w), PiAv) = (Pr(w), AP;(v)) = AP (). (2.25)

In addition, Lemma [2.5| shows for all I € P(H), ¢ € [0,00), = (v,w) € Hy that

: _ (cos((—=A)*t) Pr(v) + 2 gin((—A)Y*t) Pr(w)

Py(z) = (—(—(A)1/2 sinz(—A) /2t)p, —i—cos(( /22) w))

_ (PI (cos((—A)"*t)v+ (—A)~/*sin((—A) /Qt)w)) (2.26)
Pr(—(=A)"2sin((—A)"2t)v + cos((—A)"2t)w)
= P[eAt<l’).

The proof of Lemma [2.7]is thus completed. ]

3 Upper bounds for weak errors

3.1 Setting

Assume the setting in Section [1.2] let (H, (-,-)u, ||:|| ;) be a separable R-Hilbert space, let H C H
be a non-empty orthonormal basis of H let A:H — R be a mapping such that sup,cy An <0, let
A: D(A) C H — H be the linear operator such that D(A) = {v € H: 3, ulAn(h, vyul® < oo}
and such that for all v € D(A) it holds that Av = ZheH Anh,v)hy let (Hyp, () ms [l g,
r € R, be a family of interpolation spaces associated to —A, let (H,, (-, )n,., HHHT), r € R, be
the family of R-Hilbert spaces such that for all € R it holds that (H,, (-, Yu,, |-[;z.) = (Hrp2 x
Hojaospo, ) Heyax Hypy 10 ||.||HT/2xHT/2_1/2), let Pr: U,ep Hr = U, Hr, I € P(H), be the mappings
such that for all 7 € P(H), r € R, v € H, it holds that Pr(v) = >, /(| | "h,v)u, [ M| "R
let Pr: U, g Hr = U,eg Hr, I € P(H), be the mappings such that for all I € P(H), r € R,
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(v,w) € H, it holds that P;(v,w) = (P;(v), Pr(w)), let A: D(A) C Hy — Hy be the linear
operator such that D(A) = H; and such that for all (v,w) € H; it holds that A(v,w) = (w, Av),
let A: D(A) € Hy — Hj be the linear operator such that D(A) = H; and such that for all
(v,w) € Hy it holds that A(v,w) = (3 ,cul Ml (B ) sohy S pemlAnl (Al A, w>H Pl 7h),
and let 7€ (0,00), 5 S (7/277]7 IS [O 2(7 - /B)] C’F761B S [0 OO) f S L? <P|foaH2’Y /3))
F ¢ LipO(Ho, H,), B € Lip’(Hy, L»(U, Hy)) satisfy that A= € Ly(Hy), F|u, € Lip"(H,, Ha(,—g)),
B|Hp € Lip (H LZ(U H ) N L(U H )) F|ﬂT6RHT € Ct (mreR H“H0>7 Blﬂre]RHr S Cg(mreR H,,
Ly(U.Hy)), Cr = SUPcn, o1, SUPy, 02€NexHr, 01 a1, V92l <1 [F (2)(v1, v2)[ly, < 00, and Cp =
SUPzen, epH, SUPv voen,exHy, o1l Vilval, <1|IB"(z )(017U2)| Lo(UHg) < OO

3.2 Weak convergence rates for the Galerkin approximation

Remark 3.1. Assume the setting in Section |3.1, The assumptions that F]H € Lip® (H,, Ha(,_p))
and B|g, € Lip’(H,, L,(U, H,) N L(U, H,)) then ensure that Flg, € Lip’(H,, H,) and B|g, €
Lip’(H,, Ly(U,H,)) and Theorem [2.1] . 1| hence shows that there exist up to modifications unique
(F2)teo,r)-predictable stochastic processes X': [0,7] x Q@ — P;(H,), I € P(H), satisfying for all
I € P(H), t €[0,T] that supse[O’T]HX‘fHLQ(P;Hp) < oo and P-a.s. that

t t
X = eAPre + / AP F(X)ds + / AP B(X]) dw,. (3.1)
0 0

The following lemma provides global L?-bounds on the stochastic processes X’: [0,T] x  —
P;(H,), I € P(H), in Remark [3.1]

Lemma 3.2. Assume the setting in Section and let X1:[0,T] x Q@ — P;(H,), I € P(H),
be (Fi)iepo,m-predictable stochastic processes such that for all I € P(H), t € [0,T] it holds that
SupSE[O,T]HXSIHLQ(]P;Hp) < oo and ]P—CL.S. that

t t
X = eMPe + / AIPF(XT)ds + / AP, B(X]) dw,. (3.2)
0 0

Then

1v[|x] 1V
Bt 2 P ly) < 0 el

" 6Xp (T[HFal“LipO(HP,Hp) + %HBlHP||iip0(Hp,L2(U,Hp))]> < 0.

Proof of Lemma[3.2. Corollary 1 in Da Prato et al. [12], Lemma and the Cauchy-Schwarz
inequality ensure for all I € P(H), t € [0, 7] that

(3.3)

B3, ) = BIIAPiel, ) +2 [ BLAXL NIRRT ds
+ [ BN BOD, g ]
< E[IP1€l,] +2 [ (PO, B ] PPl i,y B D) 05
+ [ (IPBOE 0, +2IPBO 0, [PrB,
P Bl o, oy BU,)) s
< E[IP1€I,] + (2P, Ly, TPl i, ) [ 1V I )

12
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Gronwall’s lemma hence implies for all I € P(H) that

tg[%%](l VX ) < OV IPLE 2 em,)

1 2
$exp (T[HPIF’HPHLip%HP,Hp) +3|[PrBlu, HLipO(Hp,Lz(U,Hp))D (3.5)
<(1v H§||L2([P’;Hp))
2
" eXp <T [HF|Hp LipO(Hp,Lg(U,Hp))} ) :
The proof of Lemma [3.2]is thus completed. O

Lemma 3.3. Assume the setting in Section and let X': [0,7] x Q — P;(Hy), I € P(H),
be (Fi)icpo,m-predictable stochastic processes such that for all I € P(H), t € [0,T] it holds that
SUDPs¢lo,T] Xy HLQ(P;HO) < oo and P-a.s. that

Lip®(H,,H,) + §HB|Hp

t t
X = eAPre+ / AP F(X) ds + / AP, B(X]) dw,. (3.6)
0 0

Then it holds for all I,J € P(H) that

ts[%pTHXI XP || oy < V2EV2TIP10sFl Lo st 1) + V2T P 10sBluign st 20 w510

(3.7)
- sup HP[\JX +PJ\]X HLQ(]P’H < 00.
t€[0,T

Proof of Lemma[3.3. Observe that Corollary 3.1 in Jentzen & Kurniawan [24] and Lemma
imply for all I, J € P(H) that

t:%%]||XI X‘]HLQ(PH <\/_51[\/_T|PIHJF|LIP HOH0)+ VQT‘PIHJB|L1p HOLQ(UHO))}

- sup
te[0,7)

X/ - {/ AP F(X]) ds +/ AP B(X]) dWS}
0 0

t t
+ { / AP F(X] ) ds + / eA“—S)PmB(Xj)dWS} - X/
0 0

L2(P;Hy)

- \/551 [\/§T|PIQJF|Lip0(HO,HO) +v 2T|PIQJB|Lip0(H07L2(U7H0))} (3 8)

- sup
te(0,7)

t t
X! —PJ(eA@S)PIgJr / AIP F(XT)ds + / Al=IP B(X]) dW;)
0 0

t t
+ Py AP e+ / AIP F(X) ds + / Al=9IP ;B(X7) dWs> - X/
0 0

L2(P;Ho)
= \/_51 [\/_T|PWJF|L1p (Ho,Ho) + v 2T|PIQJB|Lip0(H0,L2(U7H0))}

- sup [|[PpuX] —PogX; HL2(JP>H0
te[0,7)

This implies (3.7) and thus completes the proof of Lemma |3.3] O

Remark 3.4. Assume the setting in Section [3.1] Then Remark shows that there exist up
to modifications unique (F)tepo7-predictable stochastic processes X”7: [0,T] x Q@ — P ;(Hy),
z € P;(Hy), J € P(H), satisfying that for all J € P(H), x € P;(Hy), t € [0,7] it holds that
suP,e (o, 1 XM L2 popry) < 00 and P-as. that

t t
X = ety +/ AP F (X)) ds +/ AUTIP B(X] ") AW, (3.9)
0 0
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Lemma 3.5. Assume the setting in Section [3.1) let X7*: [0,T] x Q — P;(Hy), z € P;(Hy),
J € Po(H), be (Fi)icpo,r)-predictable stochastic processes such that for all J € Po(H), x € P ;(Hy),
t €[0,T] it holds that supepo | X || 12@p, a1,y < 00 and P-a.s. that

t t
X[ = A [ MR R ds 4 [ AR, BOK AW, (3.10)
0 0

let p € CE(Hy,R), and let u’: [0,T] x P;(Hy) — R, J € Py(H), be the mappings which satisfy
for all J € Py(H), (t,x) € [0,T] x P;(Hp) that u’(t,z) = E[@(X{M)} Then for all J € Po(H) it
holds that u’ € C*?([0,T] x P;(Hy),R) and

sup  sup |u’(t, ')|Cé(PK(H0),]R)

KePo(H) te[0,T] (3.11)

2
< |90|cg(HO,R) eXp(T“F’LipO(HO,Ho) + %‘B|LipO(H0,L2(U,Ho))]) < 00,

K ) o \1/2
sup - sup Jun{t,- <ll¢ (1\/ T(C2 +2C )
KePo(H)te[07T]| ( >|C‘§(PK(H°)’R) | ||cg(HO,R) [T(Ce B)]

2
" 6Xp (T[% + 3|F|LipU(H0,H0) + 4|B|Lip0(H0,L2(U,Ho))D < 0.

Proof of Lemma[3.8 The assumptions that F|n _ wu, € CZ((,cx Hr, Ho) and Bl _ 1, € CY(N,er
H,, Ly(U,Hy)) and the fact that for all J € Py(H) it holds that P;(Hy) is a finite-dimensional
R-vector space ensure that P,;F|p,m, € CE(P;(Ho),P;(Hy)) and P;Blp, @, € CL(P,(Hy),
Ly(U,P;(Hp))). Lemma [2.3| and Lemma [2.6| then prove for all J € Py(H) that

(3.12)

J
t:{‘é%}’u (t, -)|C§)(PJ(HD),R) < |90’PJ(H0)|cg(pJ(HO),R)
, (3.13)

2
" 6Xp (T HPJF|PJ(H0) |cg(PJ(HO),PJ(Ho)) T % ‘PJB|PJ(H0> |Cé(PJ(Hg),Lg(U,PJ(HO)))} )

and

J .
t:}ég]w (t, )lCﬁ(PJ(Ho),R) < H‘p|PJ(Ho)Hcg(pJ(HO),R)
2 2 1/2
' (1 v [T(|PJF|PJ<H°>|c§<PJ(Ho),PJ<Ho>) + 2‘PJB|PJ(H0)|C}Q)(P.J(Ho),Lz(U,PJ(Ho))))} )
) exp(T[% + B‘PJF|PJ(HO ) + 4‘PJB|PJ(H0 < 0.

(3.14)

This implies (3.11)) and (3.12) and thus completes the proof of Lemma O

In the proof of the main result of this article, Theorem below, we use the following elemen-
tary and well-known lemma.

Lemma 3.6. Let p € [0,00), let J,, n € Ny, be sets such that | J, oy Tn = Jo and such that for
all n € N it holds that J, € Jni1, and let g: Jo — (0,00) be a mapping with the property that

Zhejo(gh)p < 00. Then

2
) ‘cg(PJ(HO),PJ(HO ) ‘cg(PJ(Ho),LQ(U,PJ(HO)))] )

nh_)rxolo sup({gn: h € Jo \ Jn} U{0}) = 0. (3.15)
Proof of Lemma[3.6. Without loss of generality we assume that p € (0,00) (otherwise (3.19)) is
clear). Then observe that for all n € N it holds that
> (o) + [sup({gn: h € B\ Ty U{O)]" <> (gn)P+ D (9P = D (gn)’ < o0. (3.16)
hejn hejn ]’LEJ()\Jn hEJO
Moreover, note that Lebesgue’s theorem of dominated convergence proves that

Jim > (o) =D (an) (3.17)

hEJn hEJO
Letting n — oo in (3.16]) and combining this with (3.17)) complete the proof of Lemma [3.6] O
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Theorem 3.7. Assume the setting in Sectz’on let X1:[0,T) x Q — P;(H,), I € P(H), and
X77:00,T] x Q= Py(Hy), x € P;(Hy), J € Po(H), be (Fy)iejo,r)-predictable stochastic processes
such that for all I € P(H), J € Po(H), x € P;(Hy), t € [0, T] it holds that supse[O,T](HXSIHLQ(P;HP)+
1X N 2 pay)) < 00 and P-a.s. that

t t
X! = eAPre+ / AP, F(XT)ds + / AP, B(X]) dW,, (3.18)
0 0
t t
X" = eMy + / AP R (X)) ds + / AP B(X)) AW, (3.19)
0 0

let p € CE(Hy,R), and let u’: [0,T] x P;(Hy) — R, J 6 Po(H), be the mappings which satisfy
for all J € Py(H), (t,x) € [O,T] x P;(Hy) that u’(t,z E[@(Xt‘m)} Then it holds for all
I € P(H)\ {H} that

[E[(X7)] - Elp(X7)]|

T
< sup sup |uf(¢,- ] [ 19 , + sup / E[||[F(XE ds}
([KGPO(H)te[O,T]l ( )‘Cé(PK(HO)’R) | HLl(P’HQ(”*m) KePo(H) Jo [H ( )HHZW*B)}

T
2
+||A_5||2 [sup sup |uf(t,-) } sup /E B(XSK) ds)
L2(Ho) KE%(H”E[O,T}‘ |C§(PK(H0)7]R) Kepom) Jo [H HL(U,HW)}

B—
: [ inf |\, @ < 0.
heH\I

(3.20)

Proof of Theorem[3.7]. Throughout this proof let v/, v{: [0,T] x P;(Hy) — R, J € Py(H), and
vie: [0,T) x Py(Hg) — LO(P;(Ho),R), ¢ € {1,2}, J € Po(H), be the mappings such that for
all J € Py(H), (k,¢) € {(1,0),(0,1),(0,2)}, (t,) € [0,T] x P;(Hp) it holds that v’(¢, )
E[¢(X;",)] and v (t,z) = (8‘?:;[@]) (t,z). Note that for all J € Py(H), (¢,2) € [0,T] x P ;(Hy)
it holds that v”/(t,z) = u/(T —t,z). Next observe for all J € Py(H), z € P;(Hy) that

o(z) = Elp(w)] = u’ (0,2) = v/ (T, 2). (3.21)

Moreover, note for all J € Py(H) that

Bl (1)) = E[/(1, %3)]) = B[ (0.5)]. 522
Combining and shows for all J € Py(H), I € P(J) that

[E[o(X7)] = E[e(X7)]| = [E[¢(X7)] - E[¢(X7)]]
= [B["(T.X7)] — E[v’ (0, X7)]| (3.23)
< B[’ (T, X7)] = B[’ (0. X5)] + [E[v”(0,X5)] — E[+ (0, X5) |-

In a first step we establish an estimate for the second summand on the right hand side of (3.23)).
For this observe for all J € Py(H), I € P(J) that

E[o’ (0, X1)] - E[+” (0, X7)]| = ‘E[/Ol ol (0.0 + 7 (X7 — X)) (X — X1) df}

< |u/(T,

VE[)1X0 = Xollg, ] (3:24)

XJ) P, XJ ||L1 (P;Ho)"

|cl (P (Ho),R

= |“ |01(P,HO)R HPI(
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In addition, it holds for all x € Hy(,_g), I, J € P(H) with I # J that

IPr(2) ~ Py, < 1A Pras ] gy Pras (@),

B—v B—v (325)
=[] P, < [int ul] e
(cf., e.g., Proposition 8.1.4 in [23]). Putting (3.24]) and (3.25) together proves for all J € Py(H),

[ €P(J)\ {H} that

|E[’UJ(O,X[{)} —E[UJ(O,XOJ)” < { sup  sup |uK(t

y " f .
I L0 P T P

(3.26)

B—
: [ inf ])\h\} < 00.
heH\T

Inequality ([3.26)) provides an estimate for the second summand on the right hand side of ([3.23)).
In a second step we establish an estimate for the fist summand on the right hand side of (3.23)).
The chain rule and Lemma 2.3 show that for all J € Py(H), (t,z) € [0,T] x P ;(Hy) it holds that

vi{o(t, T) = —v(‘il(t, x) [A:E + PJF(:E)] — % Z v({z(t, z)(P;B(z)u, P;B(z)u). (3.27)

uelU

The standard Itd formula and prove for all J € Py(H), I € P(J) that
T T
E[v/(T,X7)] — E[v7(0,X{)] :/ E[vi{o(s,XSI)] ds—l—/ E[v(‘{l(s,XSI)AXSI] ds
0 0

+/0 E vy, (s, X)P/F(X])] ds+§Z/ E vy (s, X1) (P/B(X])u, P;B(X!)u)] ds

_ /TE[Ugl(S, XDPF(X!)] ds — / TE[%{l (o, XV B(X)] ds (3.28)
#33 [[ (Blodalo, X2 (PrBOC L PBOC )]

~ E[u, (s, X!) (PyB(X])u, PyB(X])u)] ) ds.
This shows for all J € Py(H), I € P(J) that
IE[o” (T, X1)] - E[v’ (0, X2)]| </ E[vf, (s, X1) (PR(XT) — P,F(XD))]| ds
(3.29)
‘ Z/ (s, XD (PB(X))u+P,;B(X))u,P;B(X))u — P;B(X})u)] ds

uelU

Inequality (3.2F]), Lemma [3.5] and Lemma [3.2] thus prove for all J € Py(H), I € P(J) \ {J} that

/ E[vg, (s, X]) (P/F(X]) - P,F(X]))]|ds
_A Eluf (5, X!) (PrF(X]) = P,F(X]) ] ds

T
< tZ’B%‘“J(t?')’c}i(PJ(Ho),R)/0 E[[|[P/F(X]) = PyF(X])||,] ds (3.30)

T
< K(t,. / E[||F(XEX d
<[ s [0 ] 0 [ BRG], Jas

B—
. { inf |)\h@ < 00.
he\I

16



This estimates the first summand on the right hand side of . Next we consider the second
summand on the right hand side of (3.29). Observe for all J € Py(H), s € [0,7], I € P(J),
w € Q that vy(s, X! (w)) € L®(P;(Hy),R). Let Ry y.: Q — L(P;(Hy)), I € P(J), J € Po(H),
s € [0,T], be the mappings with the property that for all s € [0,T], J € Py(H), I € P(J), w € Q
it holds that

P;(H
Rrgs(@) = T (R (3.31)

Then note that for all s € (0,71, J € Po(H), y1,y2 € P;(Hy), I € P(J) it holds that v, (s, XI) (41,
y2) = (y1, Rr.7sY2)m,- The Holder inequality for Schatten norms therefore implies for all s € [0, 77,
J € Po(H), I € P(J) that

S E[uly (s, XI) (P +Py)B(X u, (P — PJ)B(XSI)U)}‘

uelU

[ (P;+Py)B(X)u, Ry 5(Pr — PJ)B(XSI)WHJ
uelU

(3.32)
‘ [traceU D*(P;+Py)*R;ys(Pr — PJ)B(XSI))} |
<E[||B( PI+PJ)*R”S(PI—PJ)B(XSI)HL N
<E |: PI + PJ HL(%) (Ho, U)HRI JSHL(PJ HO))H(PI - PJ)B(XSI)HL(zﬁ)/(zﬁ—w)(U,Ho) )

Moreover, observe for all s € [0,T], J € Py(H), I € P(J) \ {J} that

|IB(XD)*(P;+P,)* — |B(X)*ATA (P, +P,)*

HL(M)M(HO,U) HL(M)M(HO,U)

= ||B<X§>||L<U,HW ||A 5|P/"HO)HPI+PJHL(H0 < 2HB XD e A1 o) < o

and

|(Pr — PJ)B(XSI)HL@[})/@B”)(U,HO)

< Pr = PO A e B

I
S HPI - PJ||L(2[3)/(2B77>(HW,H0) HB<XS ) HL(U,HA,)

(3.34)
I T (x1h
= [ ] IAE G B e
In addition, Lemma [3.5] implies for all s € [0,T], J € Py(H), I € P(J) that
| Rr, JSHL(PJ (Hyy) < sup |u ')|C§(PJ(H0),1R) < 0. (3.35)

te[0,7]

Inequalities (3.32)—(3.37)), Lemma [3.2] and Lemma [3.5] prove for all J € Py(H), I € P(J)\ {J}
that

‘ Z/ (s, XD (PB(X)u+P,B(X))u,P;B(X))u — P;B(X})u)] ds

uel

T
—B12 K(y Ky[|2 3.36
< A7, (110 [KesgﬁH) t:;é?ﬂ‘“ (t, )‘C’g(PK(HO),R):| KESEEH)/O E[||B(X] )”L(U,Hﬂ,)} ds (3.3

B—
. { inf |\, @ < 0.
heJ\I
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Combining this with (3.29)) and (3.30)) ensures for all J € Py(H), I € P(J) \ {H} that

[E[o"(T, X7)] = E[v”(0, X;)]|

T
K K
< (ngﬁmgg};}}u <t7->\cg<pK<Ho>,R>] S / E[[F(X) g, , ] ds

T (3.37)
+ [[AP)? [ sup sup |uf(t,- } sup / E[||B(XE 2 ds)
|| HLg(Ho) KE%(H)tE[O’T]‘ ( MC%(PK(HQ),R) KepoH) Jo [H ( )HL(U,H,Y)}

B—
: [ inf |/\h]} < 00.
heH\I

This constitutes an estimate for the first summand on the right hand side of (3.23)). Inequalities

(3-37), (3-23), and show for all J € Py(H), I € P(J)\ {H} that
[E[o(X7)] —E[#(X7)]|

T
< K4 . F(XE) d
< (nggmtgag]lu (t >\Cé(PK(HO),R)} [HfumﬂgﬁB>>+K§g§H) / B[P, ] 8}

T
+HABH%2(H0{ sup  sup ‘U ')|Cg(PK(HO)7R):| P / E[HB(XSK)HZU’HV)} ds)

KePo(H) t[0,T] KePo(H) Jo
B—v
: [ inf |>\hq < 00.
heH\I
(3.38)

In a third step Lemma Lemma [2.6), Minkowski’s integral inequality, the Burkholder-Davis-
Gundy inequality (see, e.g., Lemma 7.7 in Da Prato & Zabczyk [13]), and the Cauchy-Schwarz
inequality imply for all n € N, {Jy}ren, € P(H) with U,y Jx = Jo and VE € N: Jp C Jipy €
P()(H) that

sup HXtJO — XtJ”
te[0,7

<V28& [\/§T|PJnF|LipO(HQ,HO) + v 2T|PJnB|Lip0(HO,L2(U,Ho))] tS[LéI;]HPJo\JnX
€10,

HLQ(]P’;HO)

"
t 1lL2(P;Ho)

S \/581 |:\/§T|F|Lip0 Ho, HO) + \% 2T‘B|Lip0 Hpy, LQ(U,HO)):|
1/2
) <||PJ0\Jn€||L2(IP;HO [ / HPJO\Jn HL2(IP’ ;Ho) ds}

1/2
[/ ||PJ0\Jn B(X[° HLQ(]P“LQ(UHO))d} )

Therefore, Lebesgue’s theorem of dominated convergence proves for all {J;}ren, € P(H) with
UkGN Jy=Joand Vk € N: J, C Jp11 € P()(H) that

(3.39)

lim sup HXJO X/

HLZ(RHO) =0. (3.40)

Moreover, observe that (3.38) ensures for all n € N, I € Py(H) \ {H}, {Ji}ren € Po(H) with

18



Uken Jx = Hand Vk € N: I C J; C Jiyq that

Ele(X7)] —Elp(X1)]] < [Elp(X7)] - E[p(X7)]| + [E[o(X7")] - E[p(X7)]]

< ’90’Lip0(H0,Ho)HX£/EH - XfF,”HL?(P;HO)

T
+ sup sup |uf(t,- ][f , + sup / FXK ds]
([, 50 1oy [, o+ 0 [ BIRCE

T
+ AR5 {sup sup |u™(t,- } sup /]E B(XE) 2 ds)
AN, o) KGPO(HHG[OTJ )}Cg(PK(HO),R) Ly A [l o m)]
B—v
: [ inf |)\h|} .

heH\T
(3.41)

Letting n — oo in (3.41) and (3.40) complete the proof of Theorem in the case that [ €
Po(H) \ {H}. In a last step we prove the remaining cases. Estimate (3.41) ensures for all n € N,
IO € P(H) \ {H}, {[k}keN Q PO([O) with UkeN [k = [0 and Vk € N: [k g Ik+1 that

Elp(X7)] - E[p(X)]] < [E[o(X7)] - Elp(X7)]] + [E[(X7)] - E[p(X)]]

T
< sup  sup |u . ]{é . + sup /E F(XE ds]
([, o 1 ymyomg | 1+ son [ EOPOE ]

T
+ [[AP)? { sup  sup |u . } sup / ElB XSK 2 ds)
H ||L2(Ho KepO(H)te[OT‘ )|Cg(PK(H0),R) Kepo(H) Jo [H ( >HL(U,HW)}

B—y
I I
' [hl%f\lp\h@ T |('0|Lilﬁ>0(H0,Ho)HXTO - XT HLQ(P;HO)-
(3.42)
Equation (3.40) and Lemma thus complete the proof of Theorem [3.7] O

The next corollary is a direct consequence of Theorem [3.7] and Lemma [3.2]

Corollary 3.8. Assume the setting in Section let X7:[0,T] x Q— P;(H,), I € P(H), and
X720, T) x Q — P ;(Hy), z € P;(Hy), J € Py(H), be (Ft)eejo,r)-predictable stochastic processes
such that for all I € P(H), J € Po(H), x € P;(Hy), t € [0,T] it holds that supse[O,T](HX;'HLQ(P;HP)—I—
1X N 2 pay)) < 00 and P-a.s. that

t t
X! = eAPre+ / AIP,F(XT) ds + / AP, B(X]) dW,, (3.43)
0 0
t t
X[ = eMlg + / AP F (X ") ds + / AP B(X) AW, (3.44)
0 0
let p € CE(Hy,R), and let u’: [0,T] x P;(Hy) — R, J 6 Po(H), be the mappings which satisfy

for all J € Po(H), (t,z) € [O,T] x P;(Hy) that u ( = [go(Xth)} Then it holds for all
I € P(H)\ {H} that

[E[o(X7)] - Elp(X7)]|

< [max sup  sup ‘uK(t,~)
i€{1,2} KePy(H) te[0,T]

sup sup (1VE[[| X[ 1)
KePo(H) te[0,T]

+ T“A_BHLQ(HO) ||B|Hp ||iip0(Hp7L(UaHv)))

Cﬁ(PK(Ho),R)}

(3.45)
: (HfHLl(P;HQ(W_ﬂ)) + THF‘Hn ||Lip0(Hp

=y
: [ inf |\, ]1 < 00.

heH\ T

Hoy—g))
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The last result in this section, Corollary below, follows immediately from Corollary
Lemma (3.5} and Lemma |3.2

Corollary 3.9. Assume the setting in Section and let X1:[0,T] x Q@ — P;(H,), I € P(H),
be (Ft)ico,r)-predictable stochastic processes such that for all I € P(H), t € [0,T] it holds that
supse[O,T]HXSIHLQ(P;HP) < 0o and P-a.s. that

t t
X! =eMPie+ / AP F(XT)ds + / A=IP, B(X]) dw,. (3.46)
0 0

Then it holds for all ¢ € C}(Hy,R), I € P(H) \ {H} that
E[e(X7)] —E[e(X])]]| < ”SOHCg(HO,R)(l \ Hﬂ’i?(x@;ﬂ,,))
_ 2
: (”fHLl(P;HQ(W_ﬁ)) + THF‘Hp”LipO(H,,,HQW_g)) +T[|A BH%2(H0)||B|HP||Lip0(Hp,L(U,H7)))

1 3.47
(v [7(CE +208)]") exp(T S + 3P|y, ) + AIBE ot racrmon]) (3.47)

B—
FOxXP <T |:2||F|HPHL1PO(HP:HP) + HB‘HP||12—lip0(Hva2(U’Hp)):|> [hé%ﬁfp\h@ =

3.3 Semilinear stochastic wave equations and the hyperbolic Anderson
model

The following elementary lemma is well-known (cf., e.g., Example 37.1 in Sell & You [40]).

Lemma 3.10. Let K € {R,C}, let (H,(-,)u,|'|ly) be a K-Hilbert space, let H C H be an
orthonormal basis of H, let A: D(A) C H — H be a symmetric diagonal linear operator with
inf(op(A)) > 0, and let (H,,(-,")n,, |-lg), v € R, be a family of interpolation spaces associated
to A. Then

(i) for allv € J,cx Hs, v € R it holds that v € H, if and only if

sup Hew, v)o| < 00, (3.48)

wespan (H)\{0} Hw “H,,«

(i1) for alls € R, v e H g, r € [—s,00) it holds that v € H, if and only if

sup K, vy, | 00, (3.49)
weH\{0} ||wHH,T
(i1i) and for allr € R, v € H,, s € [-r,00) it holds that
0]l 5. = sup Hew, v)o| = sup —|<w’U>H°’. (3.50)
" wespany, (H)\{0} lwlly_, wemaqoy g,

Proof of Lemma[3.10. Note that for all r € R, v € H,, w € H_, it holds that
|<wvv>Ho| = |<A_rw7ATU>H0| < HwHH,T“vHHT' (351)

This proves the “=" direction in the statement of (i). Next we consider the “<” direction in the
statement of (i). Let s,r € R and v € H, satisfy (3.48)). Without loss of generality we assume that
s <r (otherwise it clearly holds that v € H,.). It then follows that

AT AT
B T B [ GOV 7 ' S (AL '3 RO

wespangy BN} W5, wespang @y 1A%l wespany @0y 0]

H,
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Proposition 2.5.19 in [23]| and the Riesz representation theorem hence prove the existence of a
unique element v € H, which satisfies that

~ U, W)H,
folly, = sup Mot (3.59)
wespan gy B\ (0} (@],
and which satisfies for all w € spany (H) that (0,w)y, = (v,w)y,. This implies for all w €

spany, (H) that (0, w)y, = (v,w)q,. In addition, let {wy, }nen € spany, (H) satisfy that lim,, ,[|0—
v — Wyl . = 0. It then follows that

1o = vl = lim (6 — v, wa), =0, (3.54)

which shows that o = v € H,.. This proves (i) and together with and the first equality
in (3.50). Next note that the “=" direction in the statement of (ii) follows directly from (3.51)),
while the “<” direction in the statement of (ii) is a consequence of (i). Finally, also shows
forall r € R, v € H,, s € [-r,00) that

" wespany, (H)\{0} lwllg_, wer\{o} |[wllg_, wer_\fo} llwllg i
This completes the proof of Lemma |3.10] m

In the next result, Corollary we illustrate Corollary above by a simple example.
Corollary is an elementary consequence from Corollary
Corollary 3.11. Let T, 9 € (0,00), v € (Y/1,Y/2), p € [0,Y/2], r € [/6,00), let (2, F,P) be a proba-
bility space with a normal filtration (Fy)ico,r, let (H, (-,-)u, ||| ) be the R-Hilbert space given by
(H, w1 g) = (LMo, R), ¢ VL2 (Ao.1)R) ||~||L2()\(071);R)), let (Wy)iepo,r be an idg-cylindrical
(Ft)ecjo,r- Wiener process, let {en}tneny € H satisfy for all n € N and \gq)-a.e. x € (0,1) that
en(r) = V/2sin(nrx), let A: D(A) € H — H be the Laplacian with Dirichlet boundary conditions
on H multiplied by 9, let (Hs, (-, )u,, |l g.); s € R, be a family of interpolation spaces associated
to —A, let Py: Hy x H_.j, — Hp X H_l/;, N € NU {oo}, be the mappings which satisfy for all
N € NU{oo}, (v,w) € Hy x H_i), that Py(v,w) = SN (en,v)gen, <\/1_97men,w>H71/2\/§7men),
let A: D(A) C Hy x H_.j, = Ho x H_y), be the linear operator such that D(A) = H.;, x Hy
and such that for all (v,w) € Hyj, x Hy it holds that A(v,w) = (w, Av), let & € L*(P|z; Hij X
Hy), ¢ € C}(Hy x H_1),,R), f € Lip*((0,1) x R,R), B € Lip"(Ho, Lo(Ho, H_15,)) satisfy that
Bly, € Lip®(H,, Ly(Ho, H,—1,) N L(Ho, Hy—1p)), Blu, € CE(H,,Ly(Ho,H 1)), and sup,cp.
Supvl,vzeHr,||v1||H0v||v2HH0§1“B”(x)(vlvU2)HL2(HO,H,1/2) < oo, and let F: Hy x H_.j, — Hij x Hy
and B: Ho x H_1, = Ly(Hy, Hy X H_.s,) be the mappings which satisfy for all (v,w) € Hox H_y,
and Apqy-a.e. z € (0,1) that (F(v,w))(z) = (0, f(z,v(z))) and B(v,w) = (0, B(v)). Then
(i) it holds that ¥ € Lip®(Ho x H_vjp, Hyy X Ho), ¥lu,xm,_,, € Lip*(Hy X Hy_ypp, Hyp X Hy),
B € Lip°(Hy x H sp, Lo(Ho, Hy X H 1)), Blu,xn, ,, € Lip"(H, X H, v, Ly(Ho, H, X
prl/g) N L(Ho, ny X H»Y,1/2)), B|Hr><HT,1/2 € Cg(Hr X HT,1/2, LQ(H(), HO X H,1/2)), and

I @) r02) g, HIB @ @102) Ly gt a0

5—1/2

Vo € (—o0,1/4): sup < 0
( ! /) erTXHT71/27 ‘|1’1||hr()><1171/2||U2||HO><1171/2 ’
Ul,’UzEHrXHT71/2\{O}
(3.56)

(ii) there exist up to modifications unique (F;)iejo,r)-predictable stochastic processes X™ : [0, T] x
Q= Py(H, x Hy1py), N € NU {00}, which satisfy for all N € NU {00}, t € [0,T] that
supse[oﬂ||X§V||L2(P;prHp_l/2) < oo and P-a.s. that

t

t
XN = AP e+ / AIPVF(XN)ds + / AP B(XN) dW,, (3.57)

0 0
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(iii) and for all € € (4(1/2 — ), 00) there exists a real number C' € [0,00) such that for all N € N
it holds that
E[e(X°)] —Elp(XD)]| <C- N (3.58)

Proof of Corollary[3.11. Throughout this proof let fy,: (0,1) x R — R, k,¢ € {0,1,2} with
k + ¢ < 2, be the mappings such that for all k,¢ € {0,1,2}, (z,y) € (0,1) x R with k + ¢ < 2

ak+£

it holds that fi.(z,y) = (Wf) (z,y) and let F': Hy — Hy be the mapping such that for all
v € Hy and A 1)-a.e. € (0,1) it holds that (F(v))(z) = f(z,v(z)). Then note for all u,v € H,

w € H_.), that F(v,w) = (0, F(v)) and

1 1/2
1 (w) = F(0)ll 4, = (/O |/ (2, u(z)) - f(%v(w))Ile’) < flupooyxemlle = vllg,- (3.59)

This proves that F' € Lip"(Hy, Hy). Hence, we obtain that F € Lip°’(H, x H_yj,, Hyy X Hp). Next
observe that the Sobolev embedding theorem ensures for all 6 € [1, 6] that

[l s a0
sup B o,niR) (3.60)

wer {0y llwllg,

Moreover, it holds for all v, h € Hy and A q)-a.e. z € (0,1) that
|f(z,v(z) + h(z)) — f(z,0(2) = for(z,v(x))h()|

1 ) (3.61)
/0 [fO,I(IvU<x> + yh(z)) — fo,l(%v@))]h(ﬂﬁ) dy‘ < |f|Lip1((o,1)xR,R)|h(I)| :

This, Holder’s inequality, and (3.60|) imply for all v € H,., h € H, \ {0} that

1 "
HhﬁH (/0 |f(z,0(x) + h(x)) — flz, v(z)) — fo,l(ﬂﬁ,v(x))h(:c)]de)

2 (3.62)
H h’“L4()\(011) ,R)

| |Lp((o,1)xR,R) 1Rl | |Lp((071)xR’R) we\ {0} |wl| g,

]l e o\ 2
#) Ihlly, < oo.

In addition, it holds for all v, h € H, that

1 1/2
2
([ MostostaDn@l as) < legomens il < Wlegomanltlls, g o0

= |f|Lip0((O71)><]R,]R)“h“Hr < 0.

Inequalities (3.62) and (3.63) prove that F|y.: H, — Hy is Fréchet differentiable, that for all
v,h € H, and Agq)-a.e. x € (0,1) it holds that

(F/(0)h) (x) = fou (z, v(@))h(x), (3.64)

and that sup,eq, | F"(0)[| a1y < ‘f|Ct1)((0,1)><lR,R) < 00. Furthermore, Holder’s inequality and
(3.60) show for all u,v, h € H, that

1 1/2
I(F"(u) = F'()hll g, = (/0 | [fou(z,u(@)) — fo,l(w,v(x))]h(x)IZdaf)

< |f|Lip1((0,l)><]R,]R) Ju— U||L4(A(O,1>;R) “h“L‘l()\(O,l);]R) (3.65)

||w||L4(/\ R) 2
%) et = ol 10ll, < oo.

< [flpip P
| ‘Lp ((0,1)xR,R) (’wEHr\{O} [wl
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This ensures that F|y € Lip'(H,, Hy). Similarly, observe for all v,h,g € H, and A(0,1)-a.€.
€ (0,1) that

| for(z,v(z) + g(x))h(z) = for(z,v(z))h(x) — foo(z,v(x))h(z)g(7)]

1 (3.66)
2
= /0 [foo(z, v(x) +yg(x)) = foo(x, v()]h(x)g(x) dy| < |Fliipzonyxrm P@)]19(2)]".
This, Holder’s inequality, and (3.60|) establish for all v,h € H,, g € H, \ {0} that
1 ) 1/2
(] sl o) + o)) = foalo o)) = foalo, oo he)o(o) o)
H,
2
< |f|L1p (0,1)xR,R) (/ () lg(2)] dm)
HQHHT (3.67)
|h ||L6(/\<0’1);]R)||g||L6()\<0Y1);R)
< |f|Lip2((O,1)><R,R)
1911,
HwHLG()\ R) s
< higroman ( sp =28 Y Yl i, < oo
LR (OB \ | a0y 1wl &, Hy B
Furthermore, Holder’s inequality and (3.60)) also prove for all v, h,g € H, that
1 1/2
2
</0 | fo2(z,v(z))h(z)g(z)] dx) < |f|C§((O,1)><R,R)||h||L4(>\(0’1);R)HgHL‘l(A(O’l);R)
||w||L4()\ R) 2
< legromes(_sup Z 8 i, o] 3.68)
Cy((0,1)xR,R) weH,\{0} HwHHT H, H, (
HwHL‘l(A R) 2
nan( g Y g
HR(OIXRBN epnoy  llwllp,

Combining (3.67) and (3.68) ensures that F|y,.: H, — Hy is twice Fréchet differentiable, that for
all v, h,g € H, and A py-a.e. z € (0,1) it holds that

(F"(v)(h, 9))(x) = fo(x, v(z)h(z)g(z), (3.69)
and that o] )
W LA\ 1):R)
sup || F" (0)|| ;2 < ( sup ¢> < 0. 3.70
S 1 0oy < Voo (500 i (3:70)

In addition, Holder’s inequality and (3.60)) establish for all w, v, h, g € H, that

1 1/2
H@W@—F%Mhﬂ@—(ﬁHmwmmw—mmquMwwm%ﬁ

< |f|Lip2((0,1)><IR,R) Ju— UHLG()\(OJ);R) ||h||L6(>\(0’1);R) ||9||L6(A(071);R) (3.71)
HwHLG(,\ R)
< flusy (Lsup S ) ol il gl < o
Lip#((0,1)xR,R) weH,\ [0} ”wHHT H, H, H,

This shows that F|z, € Lip*(H,, Hy). Hence, we obtain that Flo, <m, 1y, € Lip?(H, x H, _1yp, Hupy X

Hy). Next, note that the assumptions that B € Lip® (HO,L2(H0,H_1/2)) Bly, € Lip®(H,, Ly(Hy,
H,_ 1/2)ﬂL(H0,H _152)), and By, € C2(H,, Ly(Ho, H_1,)) ensure that B € Lip®(Hox H_1/,, Lo( Hy,
Ho % Hovp)), Bl ), € Lip"(H, X Hyvs, Lo(Ho, H, x Hyoy) O L(Ho, Hy % H, ), and
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Blu.xu, ,, € C2(H, x Hy_1j, Lo(Hy, Hy X H_1,)). In addition, Lemma W proves for all § €
(—o0, Y/4) that

Fl/ h
sup (w, (U)< >g)>H0
weH15_5\{0} le|H1/24

1E" (0) (R )|,

1/2 =

3.72
(- (3.72)

i Wit
e (O e L L

: : "
This and the assumption that sup,,, ,.cm,. ||v1||H0VHv2HHOS1HB (5B>(U1>U2)HL2(HO,H,1/2) < oo show

(3.56). The proof of (i) is thus completed. Furthermore, observe that (ii) follows directly from
(i) and Remark 3.1] It thus remains to prove (iii). For this let & € (4(Y2—~),1], 8 € (Y/2,27]
and \, € R, n € N, be real numbers which satisfy for all n € N that § = 1/2 + (¢=4(%/2=7))/2 and
A = —97*n® and let A: D(A) C Hy x H_y, — Hy x H_1j, be the linear operator such that
D(A) = Hyj, x Hy and such that for all (v, w) € Hy, x Hy it holds that

S0 Al (ens v 1pEn
Alv,w) = ( §~eo 1y 271y |2 /2 (3.73)
<Z"1|)\”| <|)‘”| €n; w>H,1/2|)‘n| €n

Then note for all v € Hy that Av =>"" | A, (e,, v) g€, and ||A7/B||L2(H0><H71/2) < 00. Furthermore,

observe that (i) and the fact that 2y — 8 = (1=)/2 imply that F € Lip"(Ho X H_1j, Hoy—g5 X
Hy,_3_1). This and again (i) enable us to apply Corollary 3.8 to obtain that there exists a real
number C' € [0, 00) such that for all N € N it holds that

Bo(x)] ~ E[p(x3)]] € Owal2 < 00N a7
The proof of Corollary is thus completed. O

In the proof of Corollary below we use the following elementary and well-known result,
Lemma [3.12]

Lemma 3.12. Let K € {R,C}, let (H,(-,)u,|'|l5) be a K-Hilbert space, let H C H be an
orthonormal basis of H, let A: D(A) C H — H be a symmetric diagonal linear operator with
inf(op(A)) >0, let (H,, (-, )m,, |-lz), 7 € R, be a family of interpolation spaces associated to A,
and let g € R, p € [q,00), s € R, r € [s,00). Then

(i) for all B € L(H,, H) it holds that B € L(H,, H,) if and only if

[Bwl g,
B(spany, (H)) C H, and sup —" <0 |, (3.75)

wEspanpy, (H)\{0} ||w||Hq

(it) for all B € L(H,, Hy) it holds that B € L(H,, H,) if and only if

[Bwl g,
B(H,) C H, and sup  ———— < 00 |, (3.76)
weHp\{0} HwHHq

(i) and for all B € L(H,, H,) it holds that

| Bwl| | Bwll,
1Bl s,y = sup Tl = sup Tl (3.77)
wESpanHO(H)\{O} w H, weH,\{0} w H,
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Corollary 3.13 (Hyperbolic Anderson model). Let T, ¢ € (0,00), o, € R, let (2, F,P) be
a probability space with a normal filtration (Fy)icpom, let (H,(-,-)u, |||ly) be the R-Hilbert space
given by (H, () [-l) = (L2 oniR), ) 2o 12 @) - let (Woiepay be an idg-
cylindrical (Fy)iejo,r)- Wiener process, let {e,}nen € H satisfy for alln € N and A 1y-a.e. € (0,1)
that e,(z) = v/2sin(nrx), let A: D(A) € H — H be the Laplacian with Dirichlet boundary
conditions on H multiplied by ¥, let (H,, (-, -)m,, |-|lz ), 7 € R, be a family of interpolation spaces
associated to —A, let Py : Hyx H_1, — HoxH_.;,, N € NU{oo}, be the mappings which satisfy for
all N € NU{oo}, (v,w) € Hyx H_y, that Py (v, w) = SN ({en, v) ren, (\/Eﬂnen,w>Hil/2\/57men),
let A: D(A) C Hy x H_.j, = Hy x H_y), be the linear operator such that D(A) = H.;, x Hy and
such that for all (v,w) € Hij X Hy it holds that A(v,w) = (w, Av), let & € L*(P|x,; Hij, X Hy),
¢ € C3(Hy x H_1,,R), f € Lip®((0,1) x R,R), and let F: Hy x H_1, — Hyj, x Hy and B: Hy x
H_., = Lo(Hy, Hy X H_.s5) be the mappings which satisfy for all (v,w) € Hyx H_.),, w € Hy and
Ao-a.e. z € (0,1) that (F(v,w))(z) = (0, f(z,v(x))) and (B(v,w)u)(z) = (0, (a+ Bv(z))u(z)).
Then

(i) there exist up to modifications unique (Fy)iejor)-predictable stochastic processes XN : [0,T] x
Q = epym Py(Hyx Hy1p), N € NU{oo}, which satisfy for all p € [0,Y/1), N € NU{oo},
t €10,T] that SupsE[O,T]||X5N||L2(]P;Hp><Hp71/2) < 0o and P-a.s. that

t t
XN = AP e+ / AIPVF(XN)ds + / AP yB(XN) AW, (3.78)
0 0

(ii) and for all € € (0,00) there exists a real number C € [0,00) such that for all N € N it holds
that
E[e(X)] —Elp(XD)]| <C- N (3.79)

Proof of Corollary[3.15 Throughout this proof let B: Hy — Lo(Ho, H_1/,) be the mapping which
satisfies for all v € Hy, u € Hy and Agg)-a.e. € (0,1) that (B(v)u)(z) = (o + Bu(z))u(z).
Section 7.2.1 in 23] then implies for all p € [0,/4) that B € Lip’(Hy, La(Ho, Hy—15)). Remark
and (i) in Corollary thus prove (i). Next observe that the Sobolev embedding theorem proves
for all p € (0,1/4) that

sup < 00. (3.80)

weH,\{0} ||w||H,,

HwHLl/@p)(,\(O,l);R) HwHLQ/(lfélp)()\(o,l);R)
sup

wern\{oy Wl

This and Hélder’s inequality ensure for all p € (0,1/4), v € H,, u € H; that

B
sup [(w, B(v)u) i |
wer\foy  @lla,,

[ ||w||L1/(2f))()\ ~R)_

<| sup C N e+ Bl pza- mllu : 3.81
| weH1\{0} H'LUHH1/4—p | Iz 4'0)()‘(071)’R)H ”LQ(A(OJ):R) ( )
[ 1wl Lyezn R | 1wl L27a-10) :

< | sup ——r PO | sup AT o+ B, < oc.
| weH \{0} Hw’|H1/4_p | [wer\{0} lwllg, :

Lemma [3.10 hence shows for all p € (0,1/41), v € H,, v € H; that B(v)u € H,_1,. In addition,
(8.81), Lemma [3.10}, and Lemma [3.12] prove for all p € (0,Y/4), v € H, that B(v) € L(Ho, H,—y,).
Furthermore, Holder’s inequality shows for all € € (0,1, v € (Y2 — ¢/4,1/2), p € [y — V/4,1/4),
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v,w e H,, u e H that

[(w, (B(v) = B(w))u)n, |

[(B(v) — B(w))ul = sup
v em\ oy lwll,,
3.82
Hw”Ll/@p)()\(o’l);R) [wll p2/a- 49) (A(g.1);R ( )
< | sup sup 2181 — wll g, lull g, < oo
wer\{oy @l weH,\{0} [wllg,

This, Lemma and Lemma [3.12] establish for all ¢ € (0,1], v € (Y2 —¢/4,12), p € [y — 1/4,1/1)
that B|Hp € L1p (H,, L(Ho, Hy_1)5)). Corollary-thus completes the proof of Corollary 3. O

4 Lower bounds for weak errors

The weak convergence rates for the Galerkin approximation obtained in Section [3| provide upper
bounds for weak errors. In this section we prove lower bounds for weak errors in the case of
concrete examples of stochastic wave equations with additive noise and without drift nonlinearity
which allow to show that the weak convergence rates established in Theorem are essentially
sharp. We argue similar to the reasoning in Section 6 in Conus et al. [10] and Section 9 in Jentzen &
Kurniawan [24]. First results on lower bounds for strong errors for two examples of stochastic heat
equations were achieved in Davie & Gaines [15|. Furthermore, lower bounds for strong errors for
examples and whole classes of stochastic heat equations have been established in Miiller-Gronbach
et al. [38] and in Miller-Gronbach & Ritter [37], respectively. Results on lower bounds for weak
errors in in the case of a few specific examples of stochastic heat equations can be found in Conus
et al. [10] and in Jentzen & Kurniawan [24].

4.1 Setting

Let (H,{-,")u,|ll;) be a separable R-Hilbert space, let T" € (0,00), let (2, F,P) be a prob-
ability space with a normal filtration (F;)icpo,r, let (Wi)ieporp be an idg-cylindrical (F).ejo.r1-
Wiener process, let H C H be a non-empty orthonormal basis of H, let \: H — R be a
mapping such that sup,cy A < 0, let A: D(A) € H — H be the linear operator such that
D(A) = {v € H: ZheH|)\h<h,v>H|2 < oo} and such that for all v € D(A) it holds that
Av = 3 g An(h,v)yph, let (Hp, () m,, |llg ), 7 € R, be a family of interpolation spaces as-
sociated to —A, let (H,, (-, )u,, [|'[lg ), 7 € R, be the family of R-Hilbert spaces such that for
all 7 € R it holds that (HT7<'7'>HT7 HHHT) = ([_L'/2 X H, 2—1/27<'>'>Hr/2><Hr/2_1/27 H'HHT/QXH,‘/Q_l/Q)v
let Pr: U,ep Hr = U,er Hr, I € P(H), be the mappings such that for all I € P(H), r € R,
v € H, it holds that Pr(v) = >, (|l hv) g, | A A, let Pr: U, g He = U, ep Hy, I € P(H),
be the mappings such that for all I € P(H), r € R, (v,w) € H, it holds that P;(v,w) =
(Pr(v), Pr(w)), let A: D(A) € Hy — Hy be the linear operator such that D(A) = H; and such
that for all (v,w) € Hy it holds that A(v,w) = (w, Av), let u: H — R be a mapping such that
Y hem |“"‘| < 00, let B € Lyo(H,Hy) be the linear operator such that for all v € H it holds that
Bv = 60 S nem in(h, v)gh), let X = (X1 X12): Q — P(Hy), I € P(H), be random variables
such that for all I € P(H) it holds P-a.s. that X! = fT AT=)p;B dW,.

4.2 Lower bounds for the squared norm

Lemma 4.1. Assume the setting in Section[{.1. Then for all I € P(H) it holds P-a.s. that

I T Y2p
X! = P,X" = (Xﬁ) = Zhe[('“'l/;fo Pl 0 ) 40 W )1 (4.)
X" ner (52 Jo cos((Aal”*(T = 5)) d(h, Wi ) Il *h
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Proof of Lemma[{.1 Lemma [2.5 proves that it holds P-a.s. that

T T
X = / ATTIBAW, =) / AT=IBRLA(h, W,) g
0 0

heH

- (uh Jo (A7 sin (AT = ) hd{h, WS>H>
heH Hh fO COS((_A)l/Z(T - 8))h d<h7 WS>H

- <|— S (3T — ) dh, WS>H> (12
r \ o fy cos(Il (T — ) hd(h Wi
S nen (3247 Jy sin(Ihal (T = )) d{hn, W )

S nen (5247 Jy cos (1l (T = ) d(h, Wi ) Dl

Furthermore, Lemma [2.7 shows that for all I € P(H) it holds P-a.s. that

T T
P, X" = / P AT 9B AW, = / AT=9P,BdW, = X! (4.3)

0 0
This and (4.2) complete the proof of Lemma [4.1] [

Lemma 4.2. Assume the setting in Section and let I € P(H). Then

(i) it holds that (h, X' g,, h € H, is a family of independent centred Gaussian random vari-
ables,

(i) it holds that <|)\h|1/2h, X' heH, is a family of independent centred Gaussian random
variables, e

(111) and for all h € H it holds that

. 1/2
1, sin(n] T
Var(<haX[’l>Ho) = ]ﬁﬂ(h) ‘)\h| 5 T— W ) (44)
. 1/2
|pen]? 1 sin(2|\,| T
Var((l".x12), ) = 1f e (1 —(2‘ e D), as)
/2
2 |p“h|2 1 —cos 2|)‘h|1 T
COV(<h’7 XLl)HO’ <’)\h‘1/ h7XL2>H_1/2) = ]]‘%H<h) |)\h| 4’£\h’1/2 ) ’ (46)

Proof of Lemmal[{.3. Observe that Lemma [4.1] implies (i) and (ii). It thus remains to prove (iii).
Lemma [4.1] implies for all » € H that it holds P-a.s. that

T
(h, X" gy = 111}“(@%/ sin(|A]2(T = 5)) d(h, W) u, (4.7)
h 0
T
(Al X12) , ﬂ&“(@#/ cos (M| A(T = )) d(h, W) i1, (4.8)
_1/9 h 0
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It6’s isometry hence shows for all A € H that

2 T
Var ((h, X" ) = E[|[(h, X"V i )?] = 15 (h) 41 [sin (A 2(T = 5))|* ds
0

|Anl (49)
_ 1 )|,uh] 1<T— Sin(2])\h‘1/2T)) )
‘)‘h| 2 2|)\h|1/2 ’
2
var(<|/\h|l/2h’XI72>H_1/2> - EH<‘)\h|1/2h XI’2>H 1/2 }
|Mh| /2
‘)\h| ‘cos |An| (T — s )’ ds (4.10)
’1 sm(2|/\h|/2 )
I( ) |)\h| 2 2|)\h‘1/2
Furthermore, observe for all h € H that
Cor (1 X" oy (Ml 0 X12), ) =BG X"y (Dl "0 X7,
2 T
= ﬂ]}{(h)% i sin(|)\h|1/2(T —s)) cos(\)\h|1/2(T —s))ds
: | 2
_ gyl (lsm(lm ") ) (4.11)
Y 2|72
_ el <1 —cos(21l"'T) )
P 4|
The proof of Lemma [4.2]is thus completed. O

Corollary 4.3. Assume the setting in Section and let I € P(H). Then for all (v,w) € Hy it
holds that

(D ()
_ />
N (1 (3028|§\2h||)1\/z| T))(h,@m (|)\h?1/2h>
+ (T+ %)wm Wy (M ‘|{/Q )]

Proof of Corollary[{.3 Lemma and Lemma prove for all z; = (v, w), x2 = (ve,w2) € Hy

(4.12)
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that
(21, CovOp(X")z2) 1, = Cov ({1, X my, (z2, X )11, ) = E[ (21, X Y1, (22, X )11, |
=E[((vr, X" i, + (w1, Xy, ) ((2, X ) g + (w2, X))
= ZV&I’((h,XI’1>HU)<h, U1>H0<h, UQ)HO

heH
+h%:HCOV< (h, X1 H0,<|/\h|1/2h XI2>H 12) (h U1>HO<|/\h|1/2h7w2>H71/2
+ %Cov((h,Xl’l>Ho, <|>\h!1/2h, XI’2>H_1/2> <h,U2>Ho<|/\h|1/2h,w1>H_1/
+ ZVar(<|)\h\1/2h,XI’2>H71/2)<|)\h’1/2h, w1>H71/2<|)\h‘1/2h,w2>H71/2
heH
= <U1,Z[Var(<h, X5 1) (s v2)
heH
+ cov(<h, XY o, (Al s XI’2>H_1/2> {|An]"?h, w2>H_1/2] h>H (4.13)
0
+ <w1, Z [Cov((h,XI’1>HO, <|)\h]1/2h, XI’2>H_1/2> (h,vo)
heH

o+ Var (Dl X72) Yl R ws),, \Ah|1/2h>

H_ 1/

— <1’1’Z|:Val"(<h,XI’1>H0)<h7v2>Ho

heH

1 h
- Coe (b X (0. X2}, (b, ] (6))
0

+ <:1c1, > [Cov (X g, (Il X72), | Vb v) g

heH
1 ! 0

(a3, Yo ] 0)),

+ Var (| As] >H_1/2 (Il w2>H—1/2 Aul R H,

This and again Lemma [£.2] complete the proof of Corollary [4.3] O

Lemma 4.4. Assume the setting in Section[{.1] and let I € P(H). Then for all i € {1,2} it holds
that X! € L*(P;Hy) and

Hn
E[[1X|I5, ] TZ' | (4.14)
hel
1
IE[HX“HZ ]_ Z'“”( M)@Q (4.15)
Hyaya] 2 L Ny (—1)i2|A ]2

Proof of Lemmal[{.4]. 1td’s isometry and Lemma [2.6] imply that

\Mh!
} T\PBIL, ) = ZM . (4.16)

hel

2

T
/ AT=P,BdW,
0

Hyo

B[] ~E|
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In addition, Lemma [4.2| shows for all ¢ € {1,2} that

1,i)2 if2— 1/2 1,
B[00, ) = B[,

]

1 4.17
Lyl (g AT o
et [l (—1)i2 A"
The proof of Lemma is thus completed. [

Proposition 4.5. Assume the setting in Section and let infpeg|pn| > 0. Then for all I €
P(H) \ {H} it holds that

. 1
B[IX7,) ~ E[XI,) = BIX™ 5] > T jntlml® 3 77> 0 (4.18)
heH\I

Proof of Proposition[{.5 Orthogonality and Lemma imply for all 7 € P(H) \ {H} that
E[[IX|l,] + E[IX™V]5,] = E[IP: X, + E[Pu X" |5,]

(4.19)
=E[||(P; + P ) X3, ] = E[IX"5, |-
This and Lemma [4.4] show for all I € P(H) \ {H} that
B[ X"lf,] — E[IX[I,] = E[IX™I5,]
|Mh\ 1 (4.20)
> —_ .
T ) 2 Timtml > >0
heH\I heH\ T
The proof of Proposition is thus completed. ]

In Corollary .7 and Corollary 4.8 below lower bounds on the weak approximation error with
the squared norm as test function are presented. Our proofs of Corollary 1.7 and Corollary use
the following elementary and well-known lemma (cf., e.g., Proposition 6.4 in Conus et al. [10]).

Lemma 4.6. Let p € (0,00), 0 € (—00, Y2 —1/(2p)). Then for all N € N it holds that

NP(20—-1)+1

p(20—1)
XN:Hn 2 o ) T (4.21)

Proof of Lemma[{.6. Observe that the assumption that 6 € (—oo,1/2 — 1/(2p)) ensures that p(20 —
1) € (—o0, —1). This implies for all N € N that

i np(26—1) _ Z / np(26 1) do > Z / p(26—1)

n=N-+1 n=N+1 n=N+1
_ / I O\ ) (4.22)
N+1 p(20 —1)+1
NP(20-1)+1
>
= (- 20) - 2021
This completes the proof of Lemma [4.6| m

Corollary 4.7. Assume the setting in Section[.1] let ¢ € (0,00),p € (1,00), let e: N — H be a
bijection such that for all n € N it holds that \., = —en?, and let Iy € P(H), N € N, be the sets
which satisfy for all N € N that Iy = {ey, e, ...,ex} CH. Then for all N € N it holds that

T infheH\,uh ’2N1—p

E[1X ] ~EI1X ) = =7 =y

(4.23)
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Proof of Corollary[4.7. Proposition [4.5] and Lemma [£.6] prove for all N € N that

e}

1 1
)2 In 2 : 2 IS P 2 1
E[[1X" s, ] = B[X ™[, ] = T inf | > Pl ¢ T inf || np
heH\In n=N+1 (4.24)
> Tinfh€H|/Lh|2Nl_p
c(p—1)2r1t
The proof of Corollary [£.7] is thus completed. O

Corollary 4.8. Assume the setting in Section [{.1, let c,p € (0,00), § € (—o0,Y/2 — V(2p)), let
e: N — H be a bijection such that for all n € N it holds that \., = —cnP, let : H — R be the
mapping which satisfies for all h € H that || = |M|°, and let Iy € P(H), N € N, be the sets
which satisfy for all N € N that In = {ey,ea,...,ex} CH. Then for all N € N it holds that

T e20—1 \P(26—1)+1
[p(1 = 26) — 127021

E[IX75,]) — E[IX™|I,] > (4.25)

Proof of Corollary[4.8 Proposition Lemma [4.4] and Lemma [4.6] show for all N € N that

2

2 2 |n 26—1
E[1X" 5] —E[IX™5] =T > ol =T Y M
i Z o5-1) 251 Np(26-1)+1
=Tc n .
ol — [p(1 —20) — 1]2r(1-20)—1
This completes the proof of Corollary 1.8 O

4.3 Lower bounds for the weak error of a particular regular test function

The next proposition, Proposition[4.9|below, follows directly from Lemma[d.2]above and Lemma 9.5
in Jentzen & Kurniawan [24].

Proposition 4.9. Assume the setting in Section and let p;: Hy — R, i € {1,2}, be the
mappings which satisfy for all i € {1,2}, (v1,v9) € Hy that p;(vy,ve) = exp(—HviHih/z)_i/z). Then
for alli € {1,2}, I € P(H) it holds that ¢; € C3(Hy,R) and

M52 . 1,2
IE|:||’><— HH1/277"/2i| E|:||X ||H1/2,i/2i|
exp (GE[| X543, 1)

Corollary 4.10. Assume the setting in Section [{.1] let ¢,p € (0,00), § € (—00,Y/2 — V2p)), let
e: N — H be a bijection such that for all n € N it holds that \., = —cnP, let : H — R be the
mapping which satisfies for all h € H that |up| = ])\h|6, let Iy € P(H), N € N, be the sets which
satisfy for all N € N that Iy = {ej,ea,...,en} C H, and let p;: Hy — R, ¢ € {1,2}, be the
mappings which satisfy for all i € {1,2}, (vi,v2) € Hy that ¢;(vy1,v2) = e:><p(—\|vi|ﬁq1 ). Then
for alli € {1,2}, N € N it holds that ¢; € C2(Hy, R) and e

E[%(XI)] - E[%(XH)] >

(4.27)

: T 26—12p(26—1)Np(26—1)+1
Elo(XN)] - Elp(X7)] > |14 e MO ] T e > 0. (428)
z€[2c /QT:OO) (_ ) z [p(]_ — 2(5) — ]_] exp(w)
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Proof of Corollary [4.10. Lemmaﬂ Lemma and the fact that Vx € (0,00):
for all i € {1,2}, N € N that

. /2
' ‘ 1 |Mh|2 sm(2|/\h|1 T)
B }_E[XW ]:_ 4 SREATL)

Smgcﬂ| < 1 prove

heH\ Iy
> |1+ inf sm 2’)%‘/2 26 !
- heH (—1)i2|\,| T
hEH\IN (429)
26-1 >
> (1 + inf sin(z )Tc Z pp(20-1)
xe2¢Y/2T, oo) =N 41
sm T 20— 12p (26—-1) Np(26 1)+1
(1 +  inf ) > 0.
ze2¢Y/2T, oo) 1 — 25) — 1]
Furthermore, the assumption that § € (—oo, 1/2—1/(2p)) ensures that p(20 —1) € (—oo, —1). Hence,

we obtain that

[ee] oo n+1 )
S <14y / PO Q1 4 / P(26-1) g
n=1 n=1Y" 1

(4.30)
B 1 B p(20 — 1)
T p(20—-1)+1 p(26—1)+1°
Lemma |4.4| and (4.30]) imply for all i € {1,2} that
exp(—GE [HXH,inqI/QJ/Q]) > exp(—6E[||XH||iIOD = exp (—6T025—1 Z np(%—l))
n=1 (4.31)
S 6p(25 — 1)Tc*! >0
exp| — :
S TG Y S
Combining this and (4.29) with Proposition concludes the proof of Corollary O

Corollary below specifies Corollary to the case where the linear operator A: D(A) C
H — H in the setting in Section [£.1]is the Laplacian with Dirichlet boundary conditions on H. It
is an immediate consequence of Corollary [£.10]

Corollary 4.11. Assume the setting in Sectionu let 6 € (—o0,1/4), let e: N — H be a bijection
such that for all n € N it holds that )., = —7?n?, let u: H — R be the mapping which satisfies
for all h € H that |uy| = |)\h\5, let I € P(H), N € N, be the sets which satisfy for all N € N
that In = {e1,ea,...,en} CH, and let ¢;: Hy — R, i € {1,2}, be the mappings which satisfy for
all i € {1,2}, (’Ul,UQ) € Hy that pi(v1,v2) = exp(—HvZHH1 ). Then for alli € {1,2}, N e N it
holds that ; € CE(Ho,R) and e

3 T 4 2 2671N4671
E[p;(X™)] — E[p:(XH)] > |1+  inf sin() (47) >0, (432
relrtioo) (~1)2 ] [1 — 46] exp (2 ET=)
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