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SPARSE ADAPTIVE TENSOR GALERKIN APPROXIMATIONS
OF STOCHASTIC PDE-CONSTRAINED CONTROL PROBLEMS*

ANGELA KUNOTH! AND CHRISTOPH SCHWAB#

Abstract. For control problems constrained by linear elliptic or parabolic PDEs (partial differ-
ential equations) depending on countably many parameters, i.e., on o; with j € N, we proved in [KS]
analytic parameter dependence of the state, the co-state and the control. Moreover, we established
that these functions allow expansions in terms of sparse tensorized generalized polynomial chaos
(gpc) bases. Their sparsity was quantified in terms of p-summability of the coefficient sequences for
some 0 < p < 1. Resulting a-priori estimates established the existence of an index set A, allowing
for concurrent approximations of state, co-state and control for which the gpc approximations attain
rates of best N-term approximation.

The regularity and N-term approximation results of [KS| serve as the analytical foundation for
the development of adaptive Galerkin approximation methods in the present paper. Following the
ideas in [Gi2, SG] and the realizations in [EGSZ, EGSZ, GAS] for a single PDE, we construct de-
terministic adaptive Galerkin approximations of state, co-state and control on the entire, possibly
infinite-dimensional, parameter space. The starting point for these constructions are control prob-
lems formulated as abstract symmetric saddle point problems as in [KS]. Specifying this to adaptive
wavelet based schemes in space and time, we prove convergence as well as optimal complexity esti-
mates, when compared to best N-term approximations.

Key words. Linear-quadratic optimal control problems, stochastic or parametric coefficients,
linear elliptic or parabolic PDE, analyticity, polynomial chaos approximation, symmetric saddle point
problems, tensor Galerkin discretization, adaptivity, wavelets, convergence, optimal complexity.

AMS subject classifications. 41A, 65K10, 65N99, 49N10, 65C30.

1. Introduction. The numerical solution of PDEs (partial differential equa-
tions) with random inputs, and the simulation of systems modelled by parametric or
stochastic PDEs, has received increasing attention in recent years. On the one hand,
in optimization PDEs on high—dimensional design spaces are approximated by sparse
polynomial interpolation, or random field solutions of stochastic PDEs driven by noise
are approached by means of Wiener chaos [GS, KX, Sch, W].

Solving for a parametric, deterministic representation of the law of the random
solution of such problems leads to parametric PDEs depending on a large or even
countably infinite number of parameters o; for j € N.

Already for a single scalar elliptic PDE, uncertainty quantification for such count-
ably parametric PDEs pose enormous challenges for numerical simulations. Over the
past years, the efficient numerical simulation of such problems has become a very ac-
tive field of research, see, e.g., [BNT, BTZ, CDS1, GWZ, SG, ST] and the references
therein. For optimal control problems governed by such PDEs, an additional challenge
arises: even in the completely deterministic situation, during the optimization process
arises the need to solve a system of coupled PDEs. At the core of efficient numerical
simulation of PDE-control problems depending on countably many parameters is the
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question of approzimation: state, co-state and control need to be approximated as
parametric functions on the entire parameter space. Previous studies have focussed
either on control problems involving none, or at most only finitely many parameters,
see e.g., [CQR, GLL, HLM] and the references therein.

A new approximation paradigm for parametric PDE problems with infinitely
many parameters is based on sparsity in the solutions’ parameter dependence. It has
been introduced in [CDS1, CDS2] for a single linear elliptic PDE with PDE operator
depending affinely on the parameters (0;);>1. Affine parameter dependence arises,
e.g., for diffusion problems with diffusion coefficients expanded in terms of Karhunen—
Loeve approximations, see, e.g., [ST] for such expansions and their numerical analysis
for elliptic PDEs with stochastic coefficients. It has since been generalized to large
classes of countably parametric equations of state with both, affine and general non-
linear holomorphic parameter dependence in [CCS2].

The main line of argument in the new paradigm is as follows. First, it is shown
that the solution of the PDE depends analytically on (o;);>1. Even stronger, the
solution is shown to be regular p-analytic for some 0 < p < 1 if the PDE opera-
tor is; this notion is defined precisely below. This then allows an expansion of the
solution into tensor products of Legendre polynomials with a sparse, p-summable
coefficient sequence. In turn, this enables convergence rates of best N-term poly-
nomial approximations of the parametric solution of the parametric PDE. Based on
these theoretical results, corresponding greedy-type algorithms based on tensorized
polynomials in the parameter domain and finite elements in the space domain were
proposed in [Gi2, SG] together with convergence results and many practical consid-
erations; for implementational aspects for elliptic PDEs with random input data, we
refer to [EGSZ, EGSZ, GAS].

In our previous paper [KS], the first step of this paradigm is shown for a large class
of PDE-constrained control problems involving linear elliptic and parabolic PDEs,
depending on a possibly infinite sequence of parameters (¢;);>1. The main idea is to
formulate the first order necessary conditions for optimality as a saddle point problem
in the state and the costate variables and prove p-analyticity of the saddle point
operator under the assumption that the underlying PDE operator for the constraining
PDE is p-analytic for some 0 < p < 1. Quite surprisingly, this result in turn allows for
concurrent N-term truncated gpc (generalized polynomial chaos) tensorized Legendre
expansions for state, adjoint state and control on the entire parameter domain at a
rate N~(/P=1/2) (in mean square with respect to a probability measure 7 on the
space I' of parameters). This means that all three parametric variables occurring in
the control problem can be approximated at this rate with IV degrees of freedom each
in the parameter domain with the same, finite set An (of cardinality at most N) of
active polynomials of the parameter. In addition, as we show in the present paper,
the results of [KS] can be sharpened in the sense that the sets Ay can be chosen with
monotone structure which renders them computationally accessible.

Besides, the purpose of the present paper is to provide a practical construction
of this index set and the corresponding approximation of the solution triple state, co-
state and control with respect to the parameters ¢ and with respect to time t and space
2. First, building on the results for a single parameter-dependent PDE from [EGSZ,
EGSZ, Gi2, GAS, SG], we show how this approximation in parameter space can be
realized by employing greedy-type algorithms. Second, we tie this discretization to
an appropriate one with respect to the space and time variables. For this purpose, we
will employ adaptive tensor Galerkin approximations based on wavelets. Together,
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this allows for sparse adaptive tensor discretizations of control problems constrained
by linear elliptic and parabolic PDEs, along the lines as they were developed for the
non-parametric case in [DK, GK, K].

The method of attack to derive these results for control problems is to formulate
the main results first for a class of abstract saddle point problems as in [KS]. In order
to do so, we first specify in Section 2 the classes of PDE-constrained control problems
considered here and specify their first order optimality conditions as symmetric saddle
point problems. We reformulate the main theoretical results for abstract parametric
saddle point problems from [KS] in Section 3. Section 4 specifies the type of wavelet
bases for the discretization with respect to space and time so that we can derive in
Section 5 a representation of the saddle point problem as a bi-infinite linear system,
in terms of parameter o, space and time. Section 6 recalls the main ingredients of
adaptive approximations for parametric elliptic and parabolic problems from [EGSZ,
Gi2, GAS, SG] and extends them to the abstract saddle point problem. Section 7
highlights the corresponding tensor product structure for the biinfinite saddle point
operator, followed by adaptive Galerkin discretizations in terms of a Riesz basis built
by tensorizing a Legendre polynomial chaos in stochastic space and a multiresolution
analysis in physical space in Section 8 and an approximation of the deterministic
operator in Section 9. Finally, in Section 10, we discuss sparse, adaptive tensor
discretizations of the parametric KKT operators.

2. PDE-constrained control problems.

2.1. First order necessary conditions. We begin by recalling some general
statements about constrained optimization problems from, e.g., [NW], see also [BS].
Let Y,U be Hilbert spaces over R which shall host the state y of a system and a
control by which the state can be influenced. Let J : Y x U — R be a functional
which is twice differentiable with respect to y and u, and K : Y x U — Y’ be a (in
y, u Fréchet-) differentiable function where Y’ denotes the topological dual of Y. We
shall be concerned with the constrained minimization problem

inf  J(y, 2.1
sy T (2.1)
subject to  K(y,u) = 0. (2.2)

For the constraints (2.2), we assume that there exists a unique solution y € Y for the
case that u € U is given. A typical way to solve (2.1) subject to (2.2) is to compute the
zeroes of the first order Fréchet derivatives of the corresponding Lagrangian functional.
It is built by introducing a new variable p, the costate or adjoint state in terms of
which the constraints (2.2) are appended to the functional (2.1), i.e.,

L(y,u,p) := J(y,u) + (K (y,u),p)y'xy (2.3)

with L : Y x U xY — R. We always indicate spaces for duality pairings (-,-) by
subscripts.

Denote by L. (y,u,p) := %L(y, u,p) and L. (y,u,p) := ;—;L(y, u, p) the first and
second variation, respectively, of L with respect to z = y,u,p. Then the necessary
conditions for optimality read

Ly(yv uap)
Ly(y,u,p) | =0 (2.4)
Lp(ya U,p)

OL(y,u,p) :=
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which is for (2.1), (2.2)

Jy(y, ) + (Ky(y,u), p)y =y
Ju(y, u) + <Ku(ya u)aP)Y’XY =0. (25)
K(y,u)

If J is now quadratic in both y,u, and K linear in y,u, system (2.5) can be
specified to the linear system of equations

Lyy Ly, K; Y A B (y u)T
Ly Ly K| |u]=g9 <= (B 0)( ’ )=g
K, K, 0)\p p
—: Gqg=yg (2.6)

with some right hand side g. Here C'* denotes a linear operator which is the dual of
C, ie., (C*q,r) := (¢, Cr). The Hessian of L or the Karush-Kuhn-Tucker (KKT) op-
erator G has for such linear-quadratic problems constant entries. For linear-quadratic
optimization problems, the necessary conditions are then also sufficient for the infi-
mum. Moreover, if J or K do not contain products yu, one has Ly, = Ly, = 0 so
that A is a block diagonal operator.

Typically, the quadratic functional (2.1) contains inner products so that the re-
sulting Riesz operators Ly, Ly, are symmetric which implies that A is symmetric.
This is the situation we will always consider from now on.

Regarding the unique solvability of (2.6), one has the following result from, e.g.,
[BBF, Theorem 4.2.1].

THEOREM 1. Let V, Q be Hilbert spaces and let A:V — V', B:V — Q' be linear
continuous operators. Moreover, assume that InB = Q' and that A is invertible on
KerB. Then the saddle point problem (2.6) has for g € V' x Q' a unique solution
geV x Q.

In view of the general argument to derive (2.6), we consider in the remainder
of this work the design and analysis of adaptive stochastic Galerkin discretizations
of parametric, symmetric saddle point problems (2.6) with a boundedly invertible
linear mapping G : X — X’ where X := Y x U x Y, and where the operator G
depends on possibly countably many parameters o. Before detailing this, we present
some standard examples from [KS] to which this scenario applies and specify the
corresponding system (2.6).

2.2. Dirichlet problem with distributed control. Consider the standard
weak formulation of a second order elliptic PDE with homogeneous boundary condi-
tions. Choosing Y := H(Q)) and U := Y, we consider for given f € Y’ the linear
operator equation

K(y,u):=Ay—f—u=0 (2.7)
and quadratic objective functional
1 2 Wy2
Iy, u) = glly = yally + Sllully (2.8)
for a given target state y, € Y and any fixed weight parameter w > 0. We assume

that A : Y — Y’ is a linear boundedly invertible operator. However, we do not
assume that A is self-adjoint. This is, in particular, essential for the treatment of
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parabolic evolution equations, see Section 2.3. The norms in (2.8) can be norms
on Hilbert spaces as long as they are induced by inner products and as long as the
constrained optimization system (2.1) together with (2.2) is well-posed, leading to a
unique solution pair (y,u) according to Theorem 1.

Denote by R : Y — Y’ the Riesz operator defined by the inner product (-,-)y
inducing || - ||y,

(v, Rw)y xy := (v,w)y, v,w €Y. (2.9)

Since (-, )y is symmetric, R is also. The Lagrangian defined in (2.3) takes the form

1 w _
L(y,u,p) = (U= RY—y:)) vy + 5 (u, R )y sy +(Ay— f—u, p)yrxy (2.10)

2 2
Thus, the system (2.6) becomes
R 0 A* y Ry,
0 wR™ —I|lu]l=| 0], (2.11)
A -1 0 P f
ie.,
A=diag(R,wR™") and B=(A,-1I). (2.12)

The system matrix G defined in (2.11) is symmetric since R is. Moreover, A is positive
definite and B has full rank since, by assumption, the constraints (2.1) have a unique
solution for given u. Thus, by Theorem 1, G is boundedly invertible.

Note that this form also applies to Dirichlet problems with Neumann boundary
control by introducing an additional linear operator C' applied to the control in (2.7),
see [KS]. This results in a system (2.11) with —I in the third row replaced by —C
and in the second row by —C*, respectively.

The situation also applies to the Dirichlet problem with Dirichlet boundary con-
trol formulated as an (outer) saddle point problem of (inner) saddle point problems
as in [KS].

2.3. Parabolic PDE with distributed control. The full space-time weak
formulation of a linear parabolic evolution PDE from [SSt] in the variation from
[ChSt] fits into this framework as well. The parabolic operator equation is formulated
such that the resulting operator B is boundedly invertible from X := L*(I) @ Y to
X = (LX) Q@Y)N(HLI)®Y') where H}(I) is the closure of the functions in H'(I)
which vanish at end time T" and I := (0,T) denotes the time interval.

For the control problem, the constraints are of the form (2.7) with the parabolic
evolution operator B = d; + A in full weak space-time form as in [ChSt] in place of A,
see [GK] for details. Choosing the objective function then as in (2.8) with the obvious
changes for the norms, i.e., using the norms for X, Y, we arrive at a system very
similar to (2.11) with symmetric A = diag(R5,wRy) with the respectively defined
Riesz operators. The corresponding operator G is here a boundedly invertible mapping
from X := X x X x X onto X”.

Similarly as for the elliptic control problem with Dirichlet boundary control,
Dirichlet boundary controls can be handled for the case of the control problem subject
to a parabolic PDE as well, by formulating the PDE in full space-time weak form and
appending the Dirichlet boundary conditions by Lagrange multipliers. Thus, one has
to deal again with an (outer) saddle point problem of (inner) saddle point problems
involving a nonsymmetric operator B = 9; + A in (2.7) in place of A. Again, the
resulting saddle point operator G in (2.6) is symmetric and boundedly invertible.
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3. Parametric saddle point problems. At the heart of our analysis are linear
parametric saddle point operator equations where the amount of parameters may
be countably infinite, such as they arise for elliptic PDEs with random coefficients
expanded in Karhunen-Loeve representations. We recall the main notions and results,
first in an abstract setting, from [KS], specified to symmetric saddle point problems.

3.1. Boundedly invertible operators. Let X be a reflexive Banach space
over R with (topological) dual X’. By L(X,X’), we denote the set of bounded linear
operators mapping from X to X”. Recall from, e.g., [Au], that Riesz’ representation
theorem associates with each G € L(X, X”) a unique bilinear form G(-,+) : X x X - R
by means of

G(v,w) = (w,Gu)xxxr forall v,w € X. (3.1)

For solving linear operator equations G¢ = g with given data g € X’, we use the
following existence and uniqueness result which is a straightforward consequence of
the closed graph theorem, see, e.g., [BBF, NSV].

PROPOSITION 2. A symmetric operator G € L(X,X') is boundedly invertible if
and only if its associated bilinear form G(-,-) satisfies the inf-sup conditions: there
ezists a constant v > 0 such that

inf G(v,w) >~  and inf

p W G (v, w) > (3.2)
0£veX owen |[v]|x [lw]x

Sup T — =2
0£weX gvex [Vl xllwl|x
hold. In this case, for every g € X' the operator equation

findge X : G(q,v) ={g,0)x'xx foralveX (3.3)

has a unique solution q € X with the a-priori estimate

1
llallx < 5 lgllx (3.4)

3.2. Parametric operator families. We shall be interested in parametric fam-
ilies of operators G(o) € L(X,X’). Specifically, we shall treat the practically most
important case of countably infinite sequences o := (0;);es of (independent) parame-
ters which we assume to take values in I' C RV, i.e., each realization of ¢ is a sequence
of real numbers. We equip the parameter domain I' := [~1,1]" with the product
probability measure

w(o) = ® T (Om) - (3.5)

m>1

For our regularity and approximation results, we require G(c) to be (real) analytic
with respect to o, i.e., the parameter family G(o) is infinitely differentiable with
respect to o and coincides in an open, nonempty neighborhood of each point with its
Taylor series at that point. The precise format of the parameter dependence shall be
the following.

ASSUMPTION 1. The parametric operator family

{G(o) e L(X, X): 0 €T}

is regular p-analytic for some 0 < p <1, i.e.,
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(i) G(o) € L(X,X’) is boundedly invertible for every o € T with uniformly
bounded inverses G(o)~1 € L(X', X), i.e., there exists Co > 0 such that

sup [ G(0) ™ o ) < Cos (3.6)
oc

(ii) for any fived o € [—1,1]N, the operators G(c) are analytic with respect to each
o; and there exists a nonnegative sequence b = (b;);>1 € £*(N) such that

for all v € F\{0} : (S,lélp) H(G(O))fl(agG(a))HL(XVX) < Cpb” . (3.7)

Here, the index set
F:={veNy:#suppr < oo} (3.8)

appearing in (ii) where suppv := {m € N : v, # 0} is countable; it contains all
finitely supported sequences of nonnegative integers, i.e., sequences which only have a
finite number of nonzero entries. For v € §, b” denotes the (finite) product b7 b5 ...
with 0° := 1, and 0%G(0) := g:l g: - G(o).

We point out that the estimates in (3.7) are taken for all finite order derivatives
from the countable index set §. This will be the key for dealing with infinitely many
parameters o. The regularity parameter p € (0,1] which controls the derivatives
0%(G(0))~! according to (3.7) will later determine the best N-term approximation

rate in (3.31) below.

3.3. Affine Parametric Operator Families. The dependence of G(o) on o
formulated in Assumption 1 allows for very general situations. One of the most fre-
quently and particular relevant appearing case is the one where the operator family
G(o) depends on o in an affine fashion, sometimes also denotes as the (stochasti-
cally) linear case. This appears, for example, for diffusion problems with stochastic
coefficients when the diffusion coefficients are represented in terms of a Karhunen—
Loeve expansion using a spectral approach, see, e.g., [ST]. Then there exists a family
{G,}j>1 C L(X,X') such that the parametric operator G(¢) can be represented as

Voel: G(O’):Go—f—ZO’jGj, (39)

j>1

with Gy = G(0) the nominal or mean-field operator and fluctuation operators G;, j >
1. Asin (3.1), we associate with each operator G, a bilinear form G;(-,) : X x X — R.
We impose the following assumptions on {G;};>1.
ASSUMPTION 2. The family of operators {G;}j>1 in (3.9) satisfies:
(i) Go € L(X,X") is boundedly invertible with constant o > 0 in (3.2);
(i) The {G,;}j>1 are small with respect to Go: there exists a constant 0 < k < 1
such that

Z 1Gjllx—xr < K0 (3.10)

Jjz1

Assumption 2 on {G,};>1 implies the following statements [KS, Thm. 2].

THEOREM 3. Let Assumption 2 on {G;}j>1 hold. Then one has:

(i) The sum in (3.9) converges absolutely and uniformly on [—1,1]N.

(i) The parametric operator G(o) is boundedly invertible uniformly in o with
constant v = (1 — )y > 0.
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(iii) For every g € X' and for every o € T, the parametric operator equation
find q(o) € X satisfying G(o) q(o) =g (3.11)

has a unique solution q(o) which satisfies the a-priori estimate

g ’
sup lg(o) v < 2 (3.12)
cel’ (

1 — k)0 '

() The affine parametric operator family {G;}j>1 satisfies Assumption 1 with

p=1and
1 |Gl x—ar .
Co=——— and b;:=""L=% forallj>1.
T T w ST T T2
Moreover, if
DGR n < o0 (3.13)
i>1

holds for some 0 < p < 1, then the family {G;};>1 satisfies Assumption 1
with the same p.

We remark that stronger assumptions than (3.10) on the sequence {G;};>1 in
the affine family (3.9) allow the verification of p-summability (ii) in Assumption 1
with condition (3.13) for a smaller exponent p’ < p. As the convergence rates of
adaptive stochastic Galerkin approximations are only based on Assumption 1, and

11

yield approximation rates N7, r := bt with N gpc degrees of freedom, they will

also apply in these cases. Optimality will be shown in Theorem 5 and Corollary 6.

3.4. Analytic parameter dependence of solutions. For the remainder of
this Section, we return to the case of general parameter dependence from Subsection
3.2. Next we recall analytic dependence of the solution ¢(o) on o, with precise bounds
on the growth of the partial derivatives. This later allows for a-priori estimates for
finite dimensional approximations of ¢(o) relative to o, see (3.23) and Theorem 5
ahead.

THEOREM 4. Let the parametric operator family {G(o) € L(X,X’) : ¢ € T}
satisfy Assumption 1 for some 0 < p <1 and sequence b = (b;);>1 € (°(N). Then,

(i) for every g € X' and every o € T, there exists a unique solution q(o) € X of

the parametric operator equation (3.11),

G(o)qlo) =g  in X';

(i) the parametric solution family {q(c):0 € T'} depends analytically on o;
(iii) the partial derivatives of q(o) satisfy the bounds
’ Co y
sup [|(97a)(0)llx < 1 llgllar (V]! for allv € F. (3.14)
ocel n?2
3.5. Stochastic Galerkin formulations. The bounds (3.14) are the basis for
quantifying approximability of g(o) in the space L2 (T'; X) This Lebesgue-Bochner
space is the space of all functions v with finite norm

o]z (rx) = (/F lv(@)% dﬂ(d)) - : (3.15)
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It is isometrically isomorphic to the Hilbert tensor product L2 (I') @ X see, e.g., [Au],
where L2 (T') is the Hilbert space of all functions v for which the norm |[v|| .2 (ry defined
by ”vH%i(F) = [p|v(o)|? dm (o) is finite.

We shall be concerned with Galerkin-type approximations of (3.11). These for-
mulations are based on the Bochner space L2 (T'; X). The weak stochastic formulation
of the problem reads as follows: given g € L2 (T; &”), find ¢ € L2 (I'; X) such that

E(G()a(),v) = E((g,v)) for all v € L7 (I'; X) (3.16)

holds. Here, the mathematical expectation E(-) is defined for v € LZ(T'; X') as Bochner
integral

E(v) := /Fv(o) dm(o) € X . (3.17)

Note that the right hand side remains unchanged since g does not depend on ¢ and
E(9) =g [rdm(0) = g on account of (3.5).

If the right hand side g € X’ is deterministic (as we have assumed up to now),
problem (3.16) is well-posed for the solution space L2 (I'; X') and test space L2 (T'; X).
The resulting parametric Galerkin formulation reads: given o € I,

find ¢(o) € X : (G(o)q(0),v)xrxx = (g, V) xrxx foranyv € X . (3.18)

The pointwise in o variational formulation (3.18) is the foundation for the so-called
“stochastic collocation” approaches, where (3.18) is “sampled” on judiciously chosen
subsets Xy C T' of cardinality not exceeding N, either from sampling methods (eg.
[SG, BNT, BTZ]) or selected adaptively (eg. [CCDS, CCS1]. At present, no rigorous
results on adaptivity of stochastic collocation approaches seem to be available. Here,
we are interested in the situation that we also discretize adaptively in the parameter
domain I': the stochastic Galerkin formulation reads: given g € LZ(T; X’), find q €
L2(T; X) such that for any v € L2(T; X) it holds

J (G v inio) = [ oo o) xdnla). (319
The stochastic Galerkin formulation (3.19) is the basis for adaptive stochastic Galer-
kin discretizations to be considered ahead. As it has been shown in [Gil, Gi2, GAS]
for elliptic and parabolic problems, these adaptive discretizations produce sequences
of finitely truncated gpc approximations of which realize optimal convergence rates
afforded by sparsity of the solutions, using techniques from adaptive wavelet approx-
imations in [CDD1, CDD2]. The control problems for parametric operator equation
as formulated in Section 2 always lead to symmetric operators G(o). Therefore, we
work in the following with the stochastic Galerkin formulation (3.19).

Adaptive stochastic Galerkin algorithms produce approximations gy € Qp to the
parametric solution ¢(o) of (3.19) which are supported on a finite index set A C § of
cardinality N. Here, the approximation space is defined as

Qp = {UA(U) = Z v,P.(0), v, € X} CLA(T;X). (3.20)
AEA

Here {P,} .5 is some basis for L?(T', ). which as well as the specific form of the index
set A will be specified below in Section 3.6. The Galerkin approximation gy € Qa to
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q is then defined as the unique solution of the problem to find g € Q4 such that

/(G(o)q(o),v(o));\g/x;( drm(o) = / (9(0),v(0))x'xx dm(c) for all vy € Qa
r

[—1,1]"

(3.21)
holds. Note that (3.21) may be considered as a semi-discretization with respect to
o: with respect to space and time, the expansion coefficients in (3.20) are still taken
from the infinite-dimensional space X.

3.6. Gpc (generalized polynomial chaos) approximations and N-term
approximation rates. Our goal is to compute the Galerkin approximation gy := qa
to ¢ having at most #A = N degrees of freedom such that

lg —anllezrxy S N7° (3.22)

with some largest possible rate r > 0. Here the symbol < denotes inequality
up to constants that are specifically independent of N. If we are able to establish
such an estimate with a rate r exceeding the Monte-Carlo benchmark rate 1/2, this
approximation would converge faster than Monte-Carlo methods, assuming equal,
uniform cost for the solution of each system (3.11). In particular, this holds in the case
of only finitely many parameters o. After having established the type of smoothness
for ¢ with respect to ¢ in Section 3.4, such an error rate with possibly high r depends,
in addition, on the choice of the approximation space Qx. A second fundamental
aspect of the spectral approximation methods proposed in [KS] which we recall next
is that they allow for reduced resolution in  and ¢ in large parts of the parameter
space. This stands in contrast to Monte-Carlo sampling which mandates the same
level of resolution in all sampling points.

Our error analysis begins by applying a generalization of Céa’s lemma to solutions
of saddle point problems, called quasi-best approximation property in [NSV, Theorem
3.2]. Applying the same reasoning used there with respect to the discretization for o
yields

lg —anllzzr.a) <Cy inf [l —vn|rz @) (3.23)
VN EQA

with constant C., := v~ (sup,cr [|G(0)||z(x,x7)). Note that in this case the LBB-
constant with respect to the discretization for o does not depend on A since « is a
uniform lower bound for all o, see Theorem 3, (ii).

Thus, the approximation problem (3.22) is reduced to establishing an a-priori
error estimate for the best N-term approximation vy of g, independent of the con-
crete Galerkin problem (3.19). This means that vy possesses at most N degrees of
freedom and minimizes the error to ¢ with respect to the norm of the Bochner space
L2(T; X). Naturally, this approximation is tied to the choice of the closed subspace
Qn of L2(T; X) and its Riesz basis.

In the context of random parameters, the spectral approach introduced in [GS],
see also [KX, Sch], is based on representation of the parametric state and control as
so-called Wiener or generalized polynomial chaos (gpc) expansions. These expansions
are performed in terms of tensor products of orthogonal polynomials with respect to
countable product probability measure in L?(—1,1). The choice of this interval stems
from choosing the parameter space I' which then determines the choice of orthogonal
polynomials. The expression “polynomial chaos” goes back to N. Wiener [W] for
the spectral representation of Gaussian processes in terms of Hermite polynomials
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of i.i.d. Gaussian random variables, and ‘generalized’ expresses that one works with
orthogonal polynomials with respect to the inner product for L2 (T'; X') weighted by
the uniform probability measure d (o) in (3.5).

Such spectral approaches offer at least three distinct advantages over other meth-
ods: (I) It is a (deterministic) spectral expansion in terms of orthogonal polynomials
which entails that one can achieve an ezponential convergence rate in the polynomial
degree N. Such an optimal result was first established in [BTZ] for a finite number K
of random coefficients o for elliptic PDEs with random inputs. However, the constant
in the error estimate depends strongly on X which means that, as  — oo in the
convergence analysis, this result requires an assumption of truncation with respect to
K. Error estimates for the general case of infinitely many parameters were for the first
time established in [TS] for the same problem class under the assumption that the
Karhunen—Loeve expansion of the stochastic diffusion coefficient decays exponentially
to zero in the L* norm. This was relaxed in [CDS1] to the more realistic assumption
of algebraic decay, as in (3.14). (II) The spectral approach allows for an immediate
computation of the mean field E(¢n), as detailed below in (3.32). (III) All the inner
products in relation to o for different polynomial degrees vanish which is a signifi-
cant computational advantage that is not tied to the particular choice of probability
measure 7r.

We base our approximations on univariate orthogonal polynomials which provide
an orthogonal polynomial basis for L2 (—1,1) with respect to the measure m,, (we
refer to [EMSU] for an analysis of such polynomials in the representation of random
fields). To this end, let P!™ denote the orthogonal (with respect to the measure )
polynomial of degree n > 0 defined via the recursion formula

ap' Pl (om) == a) s P (o) +an P (0m), om € (=1,1), m,n>1, (3.24)

n
where, in the case of the uniform measure, ie. dmy, (o) = dop,/2, apty = n + 1,
a’ :=2n+ 1 and a]’ ; := —n, and with the initialization Pj"(s) := 1 and P"(s) :=
s. In anticipation of their use for the parameter space and the measure (3.5), we
normalize them such that

1
/ |Py (o) ditm (0m) =1, m,n €N (3.25)
—1

so that for all m = 1,2,..., the collection {P/"},>0 is an orthonormal basis of
L% (—1,1). For v € § with multi-index § from (3.8), we define the tensorized orthog-
onal polynomials

P,(o):= [[ P (om), o€T. (3.26)

m>1

On account of taking v € §, there are only finitely many nontrivial factors in this
product, and each P, (o) depends only on finitely many of the ;. It is shown, e.g.,
in [EMSU, Gil] that the countable collection

P:={P,(o):veF} (3.27)

is a Riesz basis for the function space L2 (T), that is, a dense, orthonormal family in
L2(T). This means that each v € LZ(T") admits an orthonormal expansion

v(o) = Z’UVPV(O') , where v, = / v(o)P,(0)dm (o) € X . (3.28)
veF r
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The sequence {v, : v € F} satisfies Parseval’s equality, ie.

ol 72 oy = D lowll% (3.29)
veES

and the synthesis map 7p is an orthogonal isomorphism which is given by

Tp: *(F) — L2(T),  (cuues = Y culu - (3.30)
HET

The polynomial chaos representation (3.28) is the basis for the analysis of best
N-term approximation rates. Denote by A C § a subset of cardinality N := #A < co.
Denote by g, the Legendre coefficients of the solution ¢ of the parametric operator
equation (3.11). From (3.23) and Parseval’s equality (3.29), we bound the Galerkin
error as

2 .
||q - QNHLgr(F;X) <Oy m\}lelfcng llg - UNH%g,(r;x) =y Z ||qy||%( .
vEA

Best N-term approximation rates in || - || 22 (r;x) now follow from summability of the
norms ||g, || x of the Legendre coefficients by Stechkin’s Lemma (see, eg. [CDS2]). We
proved in [KS] that the sequence of the norms of the Legendre coefficients satisfies
(lgvllx)ves € €P(F) for the same value of the regularity parameter p € (0, 1] for which
G (o) satisfies Assumption 1. Since p < 1, we refer to such sequences as sparse and to
the corresponding expansions of the type (3.28) sparse generalized polynomial chaos
(gpc) expansions. Finally, we arrive at the following result on convergence rates of best
N-term polynomial approximations of the parametric solution ¢(o) of the parametric
operator equation (3.11).

THEOREM 5. [KS] Let the parametric operator family {G(c) € L(X,X") : 0 € T'}
satisfy Assumption 1 for some 0 < p < 1. Assume moreover that the probability
measures T, (om) which charge the parameter o, are uniform, ie. that m, = )\1/2
where X' denotes the Lebesque measure in RY. Then there exists a nested sequence
(AN)Nen C § of index sets of cardinality less or equal N such that

H‘I*QNHLE,(F;X) SN, or= (3.31)

= |~
N |

Here, qn = qa, where qp, denotes the sequence in L2 (T; X) whose entries q, equal
those of the sequence q if v € Ay C § and which equal zero otherwise.

From Theorem 5, we can immediately derive from gx an approximation to the
mean field or “ensemble average” §:= E(q) as

o =E(gn) = > ey . (3.32)

IIEAN

Here ¢, are the expansion coefficients

qQy = /Fq(a) P,(o)dm(c) € X (3.33)

and e, are the vth moments of the Legendre polynomials

e, :=E(P,(0)) = /FPV(U)dW(U) .
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In the case of a uniform probability measure (3.5), the orthogonality and normalization
properties of the Legendre polynomials (3.25) yield e, = 0 for all v except v = 0 in
which case we have eg = 1. Thus, the mathematical expectation E(-) of the Galerkin
approximation with respect to the probability measure 7 in (3.5) of gy is just given
by the 0th polynomial chaos expansion coefficient of gy, i.e., by

7 =B =w= [ | ao)in(o). (3.34)

Moreover, one has by the Jensen and the Cauchy-Schwarz inequality the estimate

17— a7l < / la(,) — a (o llxdm(o) < lla — anllzz o (3.35)
T

which, together with the main approximation estimate (3.31) yields the same rate
also for the mean fields.

COROLLARY 6. Let the operator family {G(o) € L(X,X') : 0 € T'} satisfy
Assumption 1 for some 0 < p < 1. Then, with the approximation qyn defined in
Theorem 5, it holds

l[g—anllx S N7, r= (3.36)

N =

1
p
As a consequence, if the parametric operator family {G(o) € L(X,X') : 0 € T}
satisfies Assumption 1 just for weakest case p = 1, our spectral approach achieves
the same benchmark rate as Monte-Carlo methods. For any p < 1, the rate of the
spectral Galerkin approximation will already outperform Monte-Carlo methods. In
the extreme case that Assumption 1 holds for any 0 < p < 1 as in the case of affine
parameter dependence of Section 3.3, the above rate r is arbitrarily high.

In the next sections, we will establish the practical construction of the index
sets in Theorem 5 and the computation of the Galerkin approximation ¢y of (3.21).
This will be achieved simultaneously with a finite-dimensional approximation of the
Galerin approximation with respect to time and space. The starting point for these
routines will be an equivalent matrix representation of the continuous problem (3.19)

in terms of the basis P for the approximation of ¢ and an appropriate wavelet basis
for X specified next, as in [GAS].

4. Wavelet bases on the physical domain. For the discretization of the
operator GG with respect to the physical variables, i.e., space and time, assume at our
disposal wavelet bases for X. These bases should be Riesz bases of A which, being
the cartesian product of function spaces for state, costate and control y, u,p (see the
abstract formulation (2.6)), will in turn be triplets of wavelet-type Riesz bases for the
respective spaces: For all situations encountered in Section 2 ahead, the space X will
be a cartesian product of Sobolev spaces (or intersections of Sobolev spaces). For each
of these, constructions of Riesz bases were detailed in [GAS, SSt] and in [DK, GK, K]
for corresponding control problems. Here, we state only those properties of the Riesz
basis ¥ which are required in what follows.

PROPERTIES 7. We call the collection ¥ := {1, : v € I} a wavelet basis for X if

(R) W is a Riesz basis for X, i.e., every v € X has a unique expansion in terms

of ¥,

v = Z’UV ¥, = v W, v:i= (v)ver, (4.1)
vel
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and its expansion coefficients satisfy the norm equivalence
c|vilem < IVT¥lx < Clvlem, v e L) (4.2)

with some finite positive constants ¢, C;
(L) (Locality) all functions 1, are compactly supported;
(CP) (Cancellation property) There exists an integer d such that

|<Ua ‘I’u>X’><X| 5 2_‘M(n/2+d) Hv(d) HLoo(supp Pr)» (4-3)

where n is the dimension of the underlying domain and oD denotes the weak
dth weak derivative of v.

5. Bi-infinite matrix equations for parametric saddle point problems.
Recall from (3.30) that the polynomial synthesis operator

Tp: *(§) —» L2(T), vi={v,:veF}r > v,P,
veES

is an orthogonal isomorphism. Moreover, the Riesz basis property (R) in Properties
7 means that the wavelet synthesis operator

Ty : (M) =X,  vi={v,:p€l} =Y vuthy (5.1)
pel

is boundedly invertible. Combining both, the synthesis operator Tpgw for the ten-
sorized basis P ® ¥ equals the tensor product of the synthesis operators so that

Tpow =Tp @ Ty : A(FxI) - L2T; X))~ LA(D) @ X (5.2)

is an isomorphism of Hilbert spaces. In particular, P ® W is a Riesz basis for L2 (I') ®
X (which, we recall, is isometrically isomorphic to the Bochner space L2 (T; X) of
strongly measurable functions which are square integrable in X-norm). We shall use
the notation L2 (T; X) = L2(I') ® X to underline the tensor-product structure of the
space and the bases.

Using the analysis and synthesis operators, we reformulate the Galerkin system
(3.19) equivalently as bi-infinite matrix-vector equation in the sequence space £2(F x1I).
Define

a:=Tppgq € PF x1), g:=Tpgeg € P(Fx1) (5.3)
and
G :=TpeeGTpgw: (T x 1) = Z(F x1). (5.4)

Owing to the isomorphism properties of Tp, Ty, the stochastic Galerkin formulation
(3.19) of the infinite-dimensional parametric control problem is then equivalent to the
bi-infinite linear system

Gq=g, (5.5)

and the solution ¢ € L2 (T") ® X can be reconstructed from the expansion coefficients
q € *(F xI) via

q=Tpewq = Z Quy P ® 'l/)u . (56)
(v,p) €FRI
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In the case of affine parameter dependence as in Section 3.3, the structure of the
operator G in terms of A, B, see (2.6), and these, in turn, of the differential and Riesz
operators, can be provided explicitly also as tensor products, separating the temporal
and the spatial coordinates, see [Gil, GAS].

6. Adaptive stochastic Galerkin methods. After having established the ex-
istence of a sequence of nested index sets (Ax)yen C § for which the a-priori estimates
(3.31), (3.36) hold, we will describe next how to construct these index sets and how to
practically compute the Galerkin approximation ¢y in (3.22). This will be achieved in
an adaptive a-posteriori fashion, following the ideas in [Gi2, SG] and the realizations in
[EGSZ, GAS] for a single elliptic or parabolic PDE. Essentially, the approximation of
the bi-infinite system (5.5) follows ideas known from adaptive wavelet discretizations,
see, e.g., [St2] for an extensive survey covering specifically [CDD1, CDD2], applied to
both discretizations in terms of orthonormal polynomials and to wavelets.

6.1. Basic ideas and routines. Once the bi-infinite system (5.5) is derived,
we can employ routines which have been established in [CDD1, CDD2] for solving
deterministic stationary linear operator equations, discretized in terms of wavelets.
These techniques were extended in [SSt] to adaptive space-time Galerkin discretiza-
tions of parabolic PDEs. We will abbreviate ¢? := ¢2(F x I) and || - || := || - || g2 for the
corresponding sequence norm.

Given an arbritrary vector of coefficients v € £2, the most economical approxima-
tions for v with IV coefficients are provided by those vectors with support of length
N which contain N largest (in modulus) coefficients from v, yielding a best N-term
approximation of v in £2. We denote any such best N-term approximation of v in ¢?
by HNV.

We first describe the main ingredients as black-box solvers. The first is a rou-
tine RHSg[e] — g which, for given tolerance ¢ > 0, produces a finitely supported
approximation of the right hand side g such that ||g — g.|| < e. We require

< i - <el, .
#suppg. < JggN{Hg Oygll Se} (6.1)

The vector g is supposed to be of minimal support prescribed tolerance e, and the
number of arithmetic operations to compute g. is bounded by some absolute multiple
of #suppg. + 1. This is achieved by a routine

Applygw, €] — z (6.2)

which, for any € > 0 and any finitely supported vector w, constructs a finitely sup-
ported vector z with |Gw — z||,2 <e.

The concrete format of the routine Applys has been specified for the control
problem derived from the Dirichlet control problem in Section 2.2 in [DK] and for the
control problem constrained by a parabolic PDE mentioned in Section 2.3 in [GK].
In both cases, the routine Applys is based on a gradient method for the control
variable u (the condensed equation) which is updated by applying a routine Apply o
(or Apply g in the parabolic case) to update the current approximation y, followed by
applying a routine Apply . (or Apply g« in the parabolic case) to update the current
approximation p. Here A, B denote the bi-infinite representations of the elliptic and
parabolic differential operators appearing in (2.7) and Section 2.3, with respect to the
basis for ¢2(F x I) in analogy to G defined in (5.4). Similarly, the Riesz operators
appearing in (2.11) or Section 2.3 can be written as bi-infinite matrices R for which
corresponding routines Applyg can be designed as well.
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The discrete operator G is called s*-admissible for a given s* € (0, o0] if, for all

€ (0,s%), #suppz < 6_1/‘3Hw||}4/5S (¢2) and the number of arithmetic operations and

storage locations used by Apply;fw,e] is bounded by (6.4) up to a fixed constant

independent of w. Here A3_(¢£?) denotes the subspace of £2 defined by the quasi-norm

(6.3) We recall from (6.2) the routine APPLYg[v, €] — v. which determines for a given

tolerance € > 0 and a finitely supported input vector v a finitely supported sequence
v, such that (6.2) holds.

In order to quantify the computational complexity when designing APPLY, we
employ the following notions. We collect in one class all vectors v whose best N-term
approximations Iy v converge to v in ¢2 at rate s > 0.

To this end, we introduce the approximation class AS_(£?), the subset of £? of all
sequences for which the quasi-norm

[v]las_(e2) == sup (N +1)*|lv — Py (v)]|e2, (6.3)
NeNy

is finite, where Py (v) is any best N-term approximation of v in /2.

If q is the solution of an infinite matrix-vector equation like (5.5), best N-term ap-
proximations Py (q) require an infinite search, and are therefore not computationally
accessible.

The main issue of the construction of adaptive schemes is to design a practical
method that yields approximations Pxn(q) of q which, if g € A® for some s > 0,
converge to q at this rate s with linear computational complexity. To realize this
means to find an adaptive scheme which is asymptotically not more expensive than
an absolute, fixed multiple of the support size N of the best N-term approximation
Px(q), and assuming that the vector q was known.

The operator G is called s*-admissible for a given s* € (0, o] if, for all s € (0, s*),
the output vector satisfies suppv. < e/ 5||VH}4/SS and the amount of arithmetic op-
erations and storage locations used in APPLYg[v, €] is bounded by

571/5||VH“14/5S + suppv + 1, (6.4)

up to a fixed constant independent of v.

In all the cases where G stems from a saddle point problem as in Section 2, G is
symmetric but not coercive. The formulation in [KS], eliminating the control, yields
a coercive but nonsymmetric system (for weight parameter w € (0, 1] in the control
functional (2.8)). In both situations we can work with an APPLY routine which realizes
applications to a finitely supported vector for the (bi-infinite) normal equations

G'Gq=G"g. (6.5)
Routines which are valid within the general setting of [CDD2, GHS] are

APPLYG+g[V,€] := APPLYG:[APPLYg[v,c(2|G|)~1,e/2]]

(6.6)
RHSg-gle] = APPLYg- [RHSg[e(2]|G|) 7], e/2]

where ¢ > 0 is arbitrary, and where APPLYg~ is the equivalent of APPLYg when
exchanging G by G*.
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6.2. Approximate application of bi-infinite operators. The construction
of APPLY¢ hinges on the ability to approximate the bi-infinite matrix G' by sparsely
populated matrices with controlled error versus accuracy. Any bi-infinite matrix C €
L(0?,0?) is called n-sparse if each column of C contains at most n nonzero entries. G
is called s*-compressible for some s* € (0, 00] if there exists a sequence {GY)} ey in
L(¢2, %) such that GY) is nj-sparse with strictly increasing sequence (n;)jen € NV
which satisfies sup,cy nj41/n; < 0o and such that for every s € (0,s*), the sparse

GY) converge to G in norm with rate essentially s* with respect to n;, i.e.,

sup (n;)* |G = GV |2 < o0 . (6.7)
jEN

The definition of s*-compressibility involves the parameter n; which is proportional
to the cost of accessing one column of GY. T his, however, does not include the cost
of assembling this column. A stronger notion is s*-computability (eg. [GHS, St2]):
The bi-infinite matrix operator G is called s*-computable for some s* € (0, c0] if it is
s*-compressible and if the number of arithmetic operations and storage locations used
to construct an arbitrary column of GY) is bounded by an absolute, fixed multiple of
n; for all j € N.

THEOREM 8. [CDD1, CDD2, GHS] If G is symmetric positive definite and s*-
admissible, then for any ¢ > 0, the adaptive wavelet methods from [CDD1, CDD2,
GHSJ construct an approzimation q. of q with ||q —q.| e <. If q € A5 (€?) for any
s > 0, then #suppq, < 5_1/SH(IHA30(22)- If s < s*, then the number of arithmetic
operations and storage locations used to compute q,. is bounded by an affine function
of V% ||qll as_(e2)-

REMARK 9. The estimate #suppq, S 5’1/5||q||Aio(gz) can be interpreted as
follows: if ||g — Pn(q@)|lez= S N7°, then ||q|| as_(e2) is finite, and consequently ||q —
q.llez < e < (#suppq.)~®. Thus adaptive Galerkin methods recover the optimal
convergence rate in terms of the support size, albeit with a larger constant in the error
estimate. In the case s < s*, the same estimate holds for the computational cost and,
in this sense, the solvers have optimal complexity.

REMARK 10. Replacing G by G*G and f by G*g, Theorem 8 applies to the
normal equations for nonsymmetric or to symmetric, but indefinite systems such as
those which arise from the saddle point formulation (2.6), see [DK, GK] for details.
In this case, valid Apply and RHS routines are given by

Applyg-g[w, €] := Applyg- [Applyglw, e/ (2]|G||)], £/2] (6.8)
and
RHSG+g[e] := Applye-[RHSg[e/(2]|GI))],€/2] , (6.9)

where |G| denotes the operator norm of G in €*(F x I). The product G*G is s*-
admissible if both G and G™ are s*-admissible. A slightly weaker but sufficient variant
of (6.6) is required to hold for RHSgxg.

7. Tensor structure of bi-infinite matrix equation. We now apply the fore-
going, general concepts to the first order necessary conditions of the symmetric saddle
point formulations, ie. to (2.6) and its instances (2.11) of optimal control problems
for affine parametric operator eqations, ie. to the case where the operator A in the
equation of state depends affinely on the parameter sequence o. This affine depen-
dence implies, in turn, that the operator G in (2.6) and its instances will take the form
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(3.9) with self-adjoint (but indefinite) operator Gy. To apply the general approach,
we convert the parametric control problem (2.6), (3.9) to a bi-infinite matrix equation
(5.5). Due to the symmetry of G in (2.6), the bi-infinite matrix G is symmetric, ie
G"=G.

7.1. Tensor structure of the bi-infinite operator. We separate the spatial
and temporal discretization from that in the parameter sequence o € I'. Here and in
the following, we restrict to the setting of Section 3.3, ie. G(c¢) has the form (3.9)
with affine dependence on o € T'.

To this end, we construct an approximation to the sesquilinear form G in (3.1)
which is independent of the parameter o € I'. We interpret Gy also as an operator
Go € L(X,X*). Similarly, we interpret G,, as a bounded linear map from X to X™*.
Then, due to the affine parameter dependence (3.9), for w € X and for v € X,

m=1

G(w,v) :/F (go(w,v) + Z amgm(w,v)> dm(o) . (7.1)

Define for m > 0 the operators G, := Tg, G/ Tw. These operators are bounded linear
maps from ¢%(I) to ¢*(I) and can be represented as bi-infinite matrices. To capture
the dependence on the parameter sequence o € I', we consider the representation of

Kp: LA(T) — LA(T), v(0) = opmv(o) (7.2)

with respect to the polynomial basis P. Solving for the term {P; in (3.24), it
follows that for all m € N, K, :== Tp K, Tp € L(*(F)) has the form

(ch)# = ﬂ;nm+lcﬂ+6m + O‘;Tmc,u + ﬂzznc,ufem , M€ S ’ (73)

for ¢ = (c,)uez € C3(F), where ¢, = 0 if p,, < 0 for any m € N, and where €,
denotes the Kronecker sequence (€;,)n = 0mn. Also, let T be the identity on £2(F).

Inserting the above basis representations into (5.4) yields, with convergence in
L(2(F x 1), 0%(F x 1)), the representation

G=I2Gy+» Kn®Gy. (7.4)

m=1

7.2. Tensor structure of the bi-infinite normal equations. Since G is
symmetric but in general not positive definite since it results from a saddle point
problem, we consider the discrete normal equations

G'Gq=G"g, (7.5)

where the discrete adjoint operator G* = Tp, ¢ G*Tpxw: (2(F x 1) = 2(Fx 1) =G
due to the symmetry of G in (2.6). Since G is bijective, (7.5) is equivalent to (5.5),
and G*G is positive definite. The KKT system (2.6) being symmetric, there holds
G = G* which implies that we have for the bi-infinite matrices Gy = Gy* and
G = G),. Since I and K, are likewise symmetric,

G*:I®G0+2Km®Gm. (7.6)

m=1
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8. Adaptive Stochastic Galerkin discretization of parametric saddle
point problems.

8.1. Approximate application of discrete operators. The construction of
a routine Apply hinges on the ability to approximate G by sparse matrices. We
call a bi-infinite matrix G € L(¢?) n-sparse if each column of G contains at most
n nonzero entries. It is s*-compressible for an s* € (0, 00] if there exists a sequence
(G})jen in L(£?) such that G is n;-sparse with the increasing sequence (n;) ey € NV
satisfying

sup Bl o (8.1)
JEN Ty
and such that for every s € (0, s*), (6.7) holds. Condition (6.7) states that the sparse
operators G; converge to G with a rate of essentially s* with respect to n;.

By (8.1), the sequence (n;)jen grows at most geometrically. Consequently, for
any r > 0, there is a j(r) such that n;,y < r and sup,.o7r°[|G — G || < oo for all
s € (0,s*). Here, we extend the sequence of approximations by Gy := 0 with ng = 0.
In particular, we may assume without loss of generality that n; = j, as is done eg in
[GHS, SSt].

In the definition of s*-compressibility, n; is proportional to the cost of accessing
one column of G;. In order to capture also the assembly cost, we introduce following
[GHS], somewhat stronger notion of s*-computability: a bi-infinite matrix G € L£(¢?)
is s*-computable if it is s*-compressible and if the number of arithmetic operations
and storage locations used to construct an arbitrary column of G is bounded by a
multiple of n; for all j € N. The following result has been shown in [CDD1].

PROPOSITION 11. If G € L({?) is s*-computable for some s* € (0,00] then
it is s*-admissible. ~ This result was given in [CDDI] for wavelet discretizations
by constructing a suitable routine APPLYg for the case of G being a deterministic
stationary linear elliptic operator. Since the appearance of [CDD1], several variants
of the (constructive) proof of [CDD1] have been obtained with subsequent refinements
in [Gi2, MP, St2).

9. Approximations of deterministic operators.

9.1. Compressibility of discrete elliptic and parabolic operators. The
wavelets in Section 4 were chosen to ensure that the deterministic operators appearing
in the series expansions (7.4) and (7.6) of G and G* be s*-computable.

PROPOSITION 12. For sufficiently smooth a and a.,, m € N, the bi-infinite
matrices Go, G, are s*-computable with s* = min(Jt, JI)

A proof of Proposition 12 is given in [SSt, Sec. 8]. Proposition 12 implies that
there is a sequence (Go;)jen of bi-infinite matrices such that Gy is ng, j-sparse with
(no,;j)jen increasing and satisfying (6.6), and

HGO — GOjHl?(]I)%éZ(]I) 5 na; Vs € (O, S*) . (91)

Furthermore, the number of arithmetic operations and storage locations required to
compute any column of Gy; is an affine function of ng ;. We extend these sequences
by Gog := 0 and ng := 0. By the self-ajointness of G,,, m > 0, analogous proper-
ties hold for Go*, G, and G},,. We denote the sequences of sparse approximations
by (Go})jeny, (Gm.j)jen, and (G, ;)jen,, and the corresponding sparsity indices

m,j
*

by (15,;)jeNos (Mm,j)jen, and (n), ;)jen,, respectively. The matrices Go and Gy j
resulting from the KKT conditions (2.6) for controlling affine-parametric operators
G(0) as in (3.9) are symmetric. Thus Gy, ; = G ; for all m > 0.
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9.2. Compressibility of discrete Riesz maps. Recall that the Riesz oper-
ators appear in the definition of the Lagrangian (2.10) as the representation of the
chosen norms in the optimization functional (2.1). In (2.8), these have been chosen as
the natural norms for the Dirichlet problem with distributed control. For the partic-
ular case Y = H{ (), R would coincide with Laplace’s operator in weak formulation.
It was observed already in [DK] that the choice of the norms in the functional allows
for a large amount of ambiguity. One can essentially reduce all the cases which lead to
a well-posed control problem to Riesz operators which can be represented as a diag-
onally scaled version of a mass matrix. Thus, R as well as its inverse is compressible
with the same properties as for the elliptic and parabolic PDE operator, see [GK,
Prop. 4.2] and [P, Sect. 2.2.6].

9.3. Numerical approximation of error bounds. For constructing sparse
approximations of G, we require explicit knowledge of the constants in the estimates
(9.1) and similar estimates for G,,, or, more precisely, we require numerical sequences
(Em,j)jeNy, m € No, such that

1Go — Gojllezmy—exqy < €0y and  [|Grm — Gujlleem e < émj - (9.2)

Optimal values of €g ; are given by the square roots of the spectral radii of the positive
symmetric operators (Go — Go;)*(Go — Go;) since

[Go — G0j|‘?2(]1)~>€2(]l) = Ssup |UT(G0 - GOj)T(GO = Goj)vl, (9.3)

H”Hﬂ(n):l

and similarly for é,, ;. Following [CJG, Sec. 6], we approximate these bounds by a
power iteration with suitably approximated matrix-vector multiplies.

The primary component of this power iteration is the repeated approximate ap-
plication of the operators (G — Go;)* and G — Go; to finitely supported vectors.
This is achieved using the sparse approximations G+ — Go,;, k €N, of Go — Gy
and Gojj, — (Go;)* of (Go — Go;)* in routines

NApplyg_g,[v, N| =z and NApply g_g,)v[w, N] — 2 (9.4)

similar to Applyg from (6.6), but with a prescribed maximal support size # supp z <
N instead of a target accuracy . These routines combine to

NApPply (g-g,)T(G-c;) [vs N] == NADPDly(¢_g,)T INAPPlyg_g, [v, N, N].  (9.5)

All vectors appearing within these routines are ensured to have support size not larger
than N.

The approximate power iteration for the computation of €y ; consists of repeated
application of NApply(G_Gj)T(G_Gj) and normalization of the resulting vector. The
approximations of €y ; are given by the scalar products

T
~ ~ UV, Un+1
€0, = &= =, Uny1:= NAPDPy(g_g,)" (G-, [vn, N], (9.6)
v) v,
where vy is chosen randomly and N is fixed. We use analogous iterations to approx-
imate €., ; as well as the bounds in

1Go" = Go, lezy—ezy < €55 and |G, — G illeey—ezqy < € (9.7)

used to construct sparse approximations of G™.
Convergence of (a somewhat idealized variant of) (9.6) is shown in [CJG, Thm.
6.3].
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10. Approximations of countably-parametric KKT operators for sto-
chastic control problems. We discuss the existence and construction of sparse
approximations of the operators G, which appear in the expansion (7.4).

In fact, the saddle point operator G derived from (2.6) contains operators A in
the case of the elliptic PDE, B for control problems constrained by parabolic PDEs,
their adjoints, for some cases mass matrices, and diagonal matrices. For the PDE
operators and their adjoints, s-sparsity has been established in [CDD1, CDD2] and
[SSt], respectively. As detailed in [DK, GK], the application of G is reduced to a
consecutive application of the solution of each of the single block systems in the
discrete version of (2.6).

10.1. Sparse approximation of discrete random operators. We construct
sparse approximations of G by truncating the series (7.4) and by replacing the re-
maining bi-infinite matrices Go and G, by appropriate sparse approximations Gy,
and Gy, 5, -

To this end, we assume that sequences (&, ;) en, are available for all m € Ny such
that (9.2) holds. These can be computed numerically as described in Section 9.3 and
[CJG, Sec. 6] or derived analytically as in [St1, BDD]. By switching to a subsequence,
we assume without loss of generality that (€, ;);en, is nonincreasing for all m € Ny
and, if ¢ > j, then

—(Em,it1 — Emi)

(B i1 — B
o o =) o)
Nmyi+1 — Mimyi Mmj+1 = Mim,j

where G o is ng, j-sparse and G, ; is npy, j-sparse.
For all finitely supported sequences j := (jm)men, in No, we define

Gj=1®Go,+ Y Kn®Gnj, . (10.2)

m=1

Since j is finitely supported and since Gy,,0 = 0 for all m, the sum in (10.2) is finite,
and no convergence issues arise. By the triangle inequality,

HG - GjHZZ(Sx]I)—)Z?(SXH) < Z ém,jm = éj . (103)

m=0

By (7.3), K,, is op,-sparse with o, = 2 if the distribution =, is symmetric, and
om = 3 in general. Consequently, K, ® Gy, j is opnm, j-sparse. We set og 1= 1
such that I @ Gy is ogno,j-sparse for all j € Ng. Then the total number of nonzero
elements in any column of G is at most

Nj = Z TN s (10.4)
m=0

and, assuming that entries of Go; and G, ; can be computed in unit time, INV; is also
a bound for the cost of constructing any column of G.

We use a greedy algorithm to select a sequence (j)ren,, and define Gy, := Gj,,
which is an approximation of G with error at most é; := €;, , and containing at most
N := Nj, nonzero elements per column.
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We initialize the adaptive Galerkin iteration with Gy = 0, with j, := 0. In the
adaptive refinement 5, = (jx,m)men, t0 Jjy1, the entry ji,, for which m maximizes

~(Emojg m+1 = Em )

(10.5)

Om (nmyjk,erl - nka,m)

is incremented by one. If this m is not unique, one maximum is selected, eg. the
smallest natural number m that maximizes (10.5).

In order to ensure optimality of this greedy algorithm, we assume that the se-
quence (Em,0)men is in ¢! and o,,'n, " (Em1 — Emo) is nonincreasing in m. The
following optimality property of the sparse approximations Gy, is [CJG, Cor. 7.2].

THEOREM 13. For all k € Ny, 3, minimizes the error bound €; among all finitely
supported sequences j in No with Nj < Ni. Furthermore, if €5, # 0, then j, minimizes
Nj among all 3 with €5 < €.

10.2. Compressibility and computability. In order to derive s*-compressi-
bility of G, we assume that the estimate (8.1) holds uniformly for all (n., ;) e, ie.

sup sup Bmijtl o (10.6)

meNg jeN  Tmj

The following theorem is the first case of [CJG, Thm. 8.4]. All unspecified norms
refer to operator norms between sequence spaces 22 for the appropriate index sets.
THEOREM 14. If (10.6) holds, and if

)ﬁ < o0 (10.7)

oo
> (supn, |G — G
—1 JeN

m=1

for all s € (0,5), then G is s*-compressible for s* = min(dy, d,,5) and (Gi)ren, from
Sec. 10.1 is a valid sequence of sparse approximations, satisfying

. o] 1 s+1
NG = Gil < ((Supné,jllGo = Go, )T+ Y (supn, |G — Ginl) S“) ,
JEN m—1 JEN

(10.8)
for all s € (0,s*), where Gy, is Ni-sparse. Compressibility of G can also be derived
if (10.7) does not hold, as in the following theorem, which is the second case of [CJG,
Thm. 8.4].

THEOREM 15. [Compressibility for parabolic PDE operator] If (10.6) holds and

if
Y 1G] TT < oo (10.9)
m=1
for all s € (0,50), and
M
—T S %
sup M Z (sup nmJHGm - Gm1j||52(]1)_>g2(]1)) T <o (1010)
MeN =1 JeN

for all s € (0,38), then G is s*-compressible for

o = Tin(de,ds, §) (10.11)
14+ 7/30
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and (Gg)ken, from Section 10.1 is a valid sequence of sparse approximations.

In case of the elliptic operator, the compressiblity indices need to be adjusted:
choose in (4.3) the constant d as d = max{d;, d,}.

REMARK 16. A numerical algorithm for constructing an arbitrary column of
Gy is provided in [CJG, Sec. 7.2]. It assumes that either (j,) are precomputed, or
that the operators Gy, are accessed sequentially, such that only one step of the greedy
optimization needs to be performed the first time Gy, is accessed. If the work for this
precomputation step is disregarded, s*-computability, and thus s*-admissibility, of G
follow from Theorems 14 and 15.

The above discussion carries over to show s*-computability of G*, and s*-admissi-
bility of G*G follows as in Remark 10. In particular, Theorem 8 applies, showing
optimality of adaptive Galerkin discretizations based on tensor products of Legen-
dre polynomial chaos with wavelet bases on the space-time domain applied to the
parametric operator equation (7.5).
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