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Exponential convergence of simplicial 2p-FEM
for H'-functions with isotropic singularities *

Ch. Schwab

Abstract For functions u € H'(£) in a bounded polyhedron Q C R?, d = 2,3,
which are analytic in 2\.7 with point singularities concentrated at the set .7 C Q
consisting of a finite number of points in £, we prove exponential rates of con-
vergence of hp-version continuous Galerkin finite element methods on families of
regular, simplicial meshes in . The simplicial meshes are assumed to be geomet-
rically refined towards .# and to be shape regular, but are otherwise unstructured.

1 Introduction

Many nonlinear PDEs exhibit solutions with are analytic but exhibit isolated point
singularities at a set .¥”. We mention only nonlinear Schrodinger equations with self-
focusing, density functional models in electron structure calculations (eg. [8, 2, 4]
and the references there), nonlinear parabolic PDEs with critical growth (eg. [15]
and the references there, or continuum models of crystalline solids with isolated
point defects (eg. [16] and the references there).

We prove an exponential convergence result for C°-conforming hp-FEM on reg-
ular, simplicial mesh families with isotropic, geometric refinement towards the sin-
gular point(s) ¢ € .. These meshes are in addition required to be shape-regular.
This type of mesh arises for example in adaptive bisection-tree refinements. Specif-
ically, for singular solutions u € H'(Q) where Q C R?, d = 2,3 belonging to a
countably normed space with radial weights introduced in [6], we construct a con-
tinuous, piecewise polynomial interpolant /"7y which exhibits exponential conver-
gence: there exist constants b,C > 0 which depend on £2 and on u, in general, such
that

= 1" 1] 11 ) < Cexp(—bN"/4HD) . 1)
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2 Ch. Schwab

Here, d = 2,3 denotes the space dimension and N denotes the number of degrees
of freedom in the hp-FE approximation. This rate coincides, in the cases d = 1,2,
with the bounds obtained in [9, 10] for corner singularities on structured geometric
meshes, and in space dimension d = 3 generalizes the hp-approximations in [17,
Sec. 5.2.2] in the case of vertex singularities to unstructured, tetrahedral meshes
with geometric refinement towards ..

The structure of the note is as follows: in Section 2, we introduce a model prob-
lem, the geometric assumptions on the singularities, and precise the analytic regu-
larity in countably normed, weighted Sobolev spaces with radial weight functions.
In Section 3, we introduce the hp-version FEM; we specify in particular the assump-
tions on the simplicial, geometric meshes, and on the elemental polynomial degrees,
and on the definition of the hp FE spaces. Section 4 contains statement and proof of
the exponential convergence bound in H! () on regular, simplicial geometric mesh
families.

2 Analytic Regularity

Analytic regularity is characterized in countably normed weighted Sobolev spaces
which have been introduced and used in exponential convergence estimates in a
number of references; we only mention [9, 10, 1, 11, 12, 6] and the references
there. Here, we denote by . C Q the set of singular points c; we consider solutions
u € H'(Q) which are smooth in 2\. so that the singular support of u coincides
with .. We work under the following separation assumption on .7

The singular set .# consist of a finite number of isolated points c € Q.  (2)

Assumption (2) implies €(2,.%) := min{dist(c,c’) : ¢,c’ € S,c # '} > 0, and
allows to partition the set 2 into || many disjoint neighborhoods @, of the singu-
larities ¢ € .. We set Q.5 := (J.c.o» @ and denote Qy := Q\U,c.o O.

We characterize analytic regularity of singular solutions by weighted Sobolev
spaces. To define these, we introduce distance functions:

re(x) = dist(x,c) , XeEQR, ced. 3)
With ¢ € . we collect all singular exponents . € R in the “multi-exponent™
B={B::ces}eR”l (4)

We assume (8 > s and 3 £ s understood componentwise for s € R) [Dist. 2d and
3d] N N

b:=—1-B€(0,1/2), ie. =1 >B> —3/2. Q)
Consider the semi-norms (cp. [6, Definition 6.2 and Equation (6.9)], [1] and [11]),
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: = |ul? B+l 2
|M|ME(_Q) = |M|Hk(go) +C§7 ag,g [|r< Da””LZ(w(.) , keNy. ©

|ot|=k

We define the norm ||u||Mkn(Q) by HMHZME"(Q) =Y |u|§lg(9). Here, |u[gm(q,) is the

usual Sobolev semi-norm of integer order m on €, and D% denotes the partial
derivative of order o € Ng . The space ME’(Q) is the weighted Sobolev space ob-

tained as the closure of C3(£2) with respect to the norm ||-|| my(@)- Under (5), for

©Q C R’ holds Mj(Q) C H'+9(Q) for some 6 > 1/2: choose 8(B) =1— B, — &

in [11, Thm. 3.5] with B, := —1 —B. € (0,1/2),and 0 < € < 1/2— B,, =3/2+ ..

In dimension d = 2, ie. for Q C R?, we find under (5) that Mlz3 (Q) Cc H'*9(Q) for

some 6 >, so that in any case Ml% (Q) c C°(Q) with continuous embedding. With

M’é (Q) in (6), the analytic class in [6, Definition 6.3] reads

Ap(S:Q) = {ue ﬂM;;(Q) :3C, > 0s.t. |u\M[;§(Q> < CKHLp VkeNo} . (D

k>0

Several application problems have solutions in this class, cp. [8] for electron struc-
ture models, [1, 6] for elliptic problems in polyhedral domains.

3 hp-Finite Element spaces

For two parameters 0 < k,0 < 1, we consider families My ¢ = {4 (Z)}[Zl of geo-
metric meshes .#Z () ¢ My . The meshes .# € M. 5 are regular partitions of the
polyhedron € into a finite number of open simplices (triangles in space dimension
d = 2, tetrahedra in space dimension d =3) T € .# ©, Here, regular means that
for every .4 € My o, the intersections of closures of any two distinct 7,7’ € .4
are either empty, a vertex v, an entire edge e or an entire face f. We assume the
family 90t to be uniformly x-shape regular: for a simplex T € .# ®), we denote
by hr = diam(T) its diameter and by p7 = sup{p > 0|B, C T}, the radius of the
largest ball B, that can be inscribed into 7'. For a regular, simplicial mesh .#, the
(nondimensional) shape parameter k(.# ) = max{hr/pr|T € .#} is well defined.
A collection {.# (@}521 of regular, simplicial meshes is called k-shape regular, if
supy; K(#D) <k < oo,

Each simplex T € ., is the image of the reference simplex, defined by T:=
{eR3: % >0, Zl‘»lzl %; < 1}, under the affine element map Fr, ie.

T=F(T), T>x=Fp(f)=Bri+br, £€T. (8)

For a regular, simplicial triangulation .# of Q with k(.#) < oo, the affine el-
ement maps are nondegenerate: the jacobians Br = DFr in (8) are nonsingular,
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and ||Brl||r < kx(A&), see, eg., [3, Sec. II]. The reference simplex T is contained
in the unit cube K = (0,1)4; with each T € .#, we associate a parallelepiped
via K = Fr (I?) and assume that K C Q. Here, for T € .# the local polyno-
mial approximation space P?(T) = span{x® : |a| < p} is the linear space of all
multivariate polynomials on T € .# whose total degree does not exceed p. The
space PP (T') is invariant under the affine mapping Fr, i.e. u € PP(T) if and only if
H:=uokre ]P)IJ(T)_

On parallelepipeds K, the polynomial space Q7 (K) is the affine image of Q7 (K),
K =17 with T = (0, 1), given by

QP(K)=span{x*: 0<0;<p, 1<i<d}. )

For each parallelepiped K7 associated with a tetrahedron T € M (resp. a triangle
if Q C R?), with associated affine element mapping Fr : K — K7 and polynomial
degree p > 0, we set

@ (Kr) = {ve LK) : Ol o Fr) € Q(R) ) (10)

For polynomial degree p > 1, and for a family of regular, simplicial triangulations
yASES My s of £, we introduce the finite element spaces

sy = {ueHl(.Q) : u|TeIPP(T),T6//N>}. 11

hp-FEM are obtained when the level ¢ of geometric mesh refinement is tied to the
polynomial degree p.

Mesh layers A key ingredient in exponential convergence proofs of hp-FEM is
geometric mesh refinement towards the set . of singularities. We call a regular,
simplicial mesh family My 5 = {4 (ﬁ)}gzl o-geometrically refined towards . C
Q if there exists 0 < 6 < 1 such that forevery T € #Y) TN =0,0=1,2,...
holds

diam(T) 1

We tag members of a 6-geometric family 91, 5 by a subscript 0, i.e. we write ///éé).

Proposition 1. Consider a regular, nested and oc-geometrically refined, k-shape

regular simplicial mesh family My 5 in L. Then, all elements T € ///c(;é) for every
€ > 1, can be grouped in mesh-layers: there exists a partition

U =g080... (13)
>1

and a constant ¢c(My ) > 1 with
Vk>1: #(Lh) < (M) (14)

and such that, for every T € £ and every k > 1,
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1 diam(T)
0< < <c(M . 15
eg) = or - W) -
Proof. The proof is by induction over /.

Based on Proposition 1, for ¢ sufficiently large, and for any constant ¢z (k) > 0
which is independent of ¢, every mesh ///((,Z) € My may be partitioned into

A =oP gy (16)

where ‘
Dﬁf) = Dgil) U Sg =£ UEQ U...U S[ ,
and there exists ¢ > 0 being independent of ¢ such that for all £ holds
sc U T, dist(s,99)>cz0". (17

Te‘ZEf)

The terminal layers ‘I C ///6 in (16) satisfy the following properties.

Proposition 2. There exists a constant c¢<(x,0) > 0 such that for every ///
My o, the set ‘I( ) has the followzng properties: for all £ > 1 holds (1) #(T ))
cx(k,0),2) Yee € 1TV Nw| <cx(k,0)0%, (3) VT €TV 1 hy <cex(x,0)0".

4 Exponential Convergence

4.1 Statement of the Exponential Convergence Result

Theorem 1. Let u € M? i B(.Q) with weight vector B as in (5) in a bounded poly-

hedron Q C R4, d = 2,3.
Then, for every sequence My () of nested, regular simplicial meshes in Q
which are ¢-geometrically refined towards . and which are K shape-regular, there

exist continuous projectors IT¢ 5 : le—/} (Q2)— S”(///((;p)) and constants b,C > 0
(depending on x, Cy, d,, in (7) and on © ) such that there holds the error bound

[[ue =TI ]| 1 ) < Cexp(=b “VN) . (18)

Here, N = dim(Sp(///c(;p))) =0(p*™).
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4.2 Proof

The proof of the approximation result Theorem 1 is based on constructing the pro-
jectors IT, ,’(’76; our construction will proceed in several steps and we detail it for d = 3,
the case d = 2 being a (minor) modification. first, we review from [17, Section 5] a
family of univariate 4p-projections with error bounds which are explicit in the poly-
nomial degree as well as in the regularity of the functions to be approximated A cor-
responding family of polynomial projectors on the unit cube K= (0,1)3 with analo-
gous consistency error bounds is then obtained as in [17, Section 5] by tensorization
and scaling. We shall use these bounds for a tetrahedron 7 € Dg) C ///ff) € M o
as follows. By Proposition 1, T € £; for some 1 < k </ — 1. The (up to orientation)
unique parallelepiped K7 = FT(I?) associated with T € £; has the same scaling
properties as T, in particular (15) also holds for K7. For u belonging to the analytic
class (7) with weight vector satisfying (5), u € C°(Q)NC*(Q2\.#). For T € Dﬁf),
the pullback iy = u|k, o Fr satisfies on K the same analytic derivative bounds as
ulr o Fr on T (with larger constant C,,, depending on k, but independent of ¢ and
of T). The tensorized hp interpolation operator from [17] on K is therefore well-
defined and allows to construct a polynomlal approx1mat10n iy € Q” (K ) with ana-
lytic consistency error bounds on K; since 7 C K, and since Q?(T ) c PP(T), the
pushforwards of the restrictions 7 \T under the affine mapping Fr : T — T will be
local polynonnal approximations of degree pd with exponential convergence esti-
mates in H' '(T'). Moreover, since the tensorized interpolant is nodally exact in the
vertices of K, and since the set of vertices of T is a subset of the set of vertices of
K, the pushforwards of “T|T under Fr are nodally exact in the vertices of T. By
the continuity of u € Ag(.; ) on 2\.7, the resulting global, piecewise polyno-
mial interpolant is nodally exact (and, in particular, continuous) in all vertices of
T e Dg’ ), but has polynomial jump discontinuities across edges and (in space di-

()

mension d = 3) faces of T € Oy’ which we remove by polynomial trace liftings,
preserving the exponential convergence estimates.

4.2.1 Univariate hp-Projectors and /p Error Bounds

Let I = (—1,1) be the unit interval. For any k > 1, we write H¥(I) for the usual
Sobolev space endowed with norm |[ul| «;). For ¢ > 0, we denote by g0 L*(1) —

IP4(I) the L?(I)-projection. The following Ck I_conforming and univariate projector
has been constructed in [7, Section 8].

Lemma 1. For any p,k € N with p > 2k — 1, there is a projector 7Arpk H*(I) —
PP(I) that satisfies (T, u)*) = T, 1 o(u®), and (T 1) Vu(£1) == ul) (1), for
any j=0,....,k—1.

Moreover, there holds:

(i) For every k € N, there exists a constant C, > 0 such that
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Vue HY (1) Vp > 2k—1: |7y xttll yery < Cillall gy - (19)

(ii)For integers p,k € N with p > 2k — 1, k = p—k+ 1 and for u € H*"*(I) with
any k < s < K there holds the error bound

~ ; K s .
(”_@MWUWbm<EK+§H WD J=01 0k (20)

We refer to [7, Proposition 8.4] and [7, Theorem 8.3], respectively, for proofs, and
further references.

4.2.2 Tensor projector on the unit cube

Based on the univariate projectors 7, x, we constructed in [17] polynomial projec-
tion operators on I¢ = (0, l)d by a) translation and scaling of the projectors T,  to
(0,1) and b) by tensorization, as follows: for integers k > 0 and d > 1, we define

HY (1) = HNI) ® -0 HN(D), Q1)

d—times

where @ denotes the tensor-product of separable Hilbert spaces. These spaces are
isomorphic to Bochner spaces, ie. HY, (1) ~ H*(I; HX, (171)) ~ HX, (191, HX(1)).

In I? of dimension d > 1 and for p > 2k — 1, we define the projector
k—®”ﬁzmmﬁwm) (22)

where 77:( ) denotes the univariate projector in Lemma 1, applied in coordinate 1 <
i < d. For d k > 1 there exists a constant C 4 > 0 such that for all p > 2k — 1 there
holds the stability bound

”Hg.k"”[-]”;ix(ld) > VHH,’;DC(I‘J) (23)

and

=],

d .
oy S Cea L Iv= Tt 101 24

mtx

We choose throughout what follows k = 2 as in [17], and obtain from (24), (20)

Proposition 3. [17] Assume that the polynomial degree p > 5. Then, for any inte-
gers 3 <s < p, andforv e HS+5( ), there holds

s+5
73 2 2
||V7HPa2v||H3”.X(I?) S lprl,sfl Z |V|m71? 25)
m=s

where the constant implied in < is independent of s and of p, and where
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g 722(r+3)r(61+1—”)

= . 0<r<g. 26
q’ Clg+1+7) 9 (26)

Moreover, ﬁ;zv is nodally exact in the vertices ofl/(\ =(0,1)3:

~

(H;ZV)(X] ,X0,x3) = v(x1,%,x3) Vx; €{0,1}. 27

4.2.3 Transformation Formula

For u € H*(Q), and for a simplex T € .4, lir = u|p o Fr € Hk(f) for every k > 0.
Quantitative bounds on derivatives under affine transformations Fr in (8) are pro-
vided by the transformation formula (eg. [3, Section 11.6.6]).

Lemma 2. Let G C R4, d > 2, denote a bounded polyhedron which is affine equiv-
alent to G via (8), ie. G = Fr(G). For v € H*(G) and for any k € N, the pullback
V1 :=v|g o Fr satisfies with |V|,2n’T =Yaj=m ||D°‘v||i2(G) and with the Frobeniusnorm
\|IBr||F of the matrix By in (8) the bound

A

91,6 < d"|IBrl|7|det(Br)| ™ Vi - (28)

|m,G —

4.2.4 Element Interpolants
For any simplex T € DEf ), the function u € Ag(; Q) is analytic in the associated

parallelepiped K7 C Q.In T € Dﬁ?, the polynomial approximation of u|r is ob-
tained by applying Proposition 3 to iy := u|k; o Fr:

Vreod: b= (ﬁ;z(mK, oFT)) |7 oF\ Y. (29)
With . as in (29) we define the hp-base interpolant I? in Df’, by
VT e 0L c.al (IPu)|7 = ub. . (30)

The bound (17) with cxz > 0 sufficiently large, independent of ¢ ensures that there
exists ¢(k, o) > 0 such that the associated K satisfies

VeeNvreo¥:  dist(Ky,#)/diam(Kr) > 1/c. 31)

4.2.5 Exponential Convergence in Broken Sobolev Norms

Proposition 4. For u € Ag(7; Q) with (5), there are b,C > 0 (depending on u) such
that for every p > 1 and for I? in (30) holds
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llu—1Pul| ,, S, < Cexp(=bp) . 32)

(95”)
Here C > 0 depends on u and G, but is independent of p, and H' (Dg >) denotes the
broken H' space over OO with corresponding norm.

Proof. Since . consists of finitely many singular points ¢, by localization and
superposition, we may assume wlog. . = {c} and denote by = . > —2. For
1 <k <{< p,consider a simplex T € £, Nw, C imﬁ,) and the associated paral-
lelepiped K7 = Fr(K) D T. It satisfies 0 < & < re(x x)|k, /0% < 1/0. By assumption,
Kr C Q and, by (17), dist(Kr,.#) > cxo’. Then, for u € Ag(.; Q) and for this

T € &, it = u|g, o Fr is analytic in ? and satisfies, by (28) with G = K7 and
G =K,
VmeN: |ir|, g <d"|Br|F|det(Br)|""/*|ulmk; -

Foru € Ag(./;Q) and T € £, we obtain for |ul, x, using (12) and (15)

+m ___
U2y = 1D"u)25 ) S 12" oK BT D2,

< o2k B+m HrﬁHanqu < 0-72k(ﬁ+m) (m+1)( !)2'

We define uf € QP(T) C PP4(T) as in (29). From (25), for every integer 3 <s < p
and with ¥ , as in (26) and for j =0,1,2,

) s+5
D7 (2 — a7) 17, ) < 1D (@ — A7) 17 ) < Fp15- IZ i} % -
n

Using the k-shape regularity of T € £ C ///ém € My o, we find ||Br||r < khr (eg.
[3, (Chap. 11, (6.9)]) and, by (15) and (28), that hy < k¥ so that for every m € N

B (kdo*)*m (kdc*)>m

2k(B+m) ~2(m+1) \2
ok = gaE T e = deay) G (ml)”

We obtain for j = 0, 1,2 the bound

545 KdG ,2k(13+m)cg(m+l) (m‘)z .

AT o e

Transporting to T = Fr(T) € £, we find for B, = —1 — b, and j = 0,1, ...

s+5 .
D7 (u — “I;)”im) <SW Z (K.dck)Z(mfj)672k(ﬁ+m)cg(m+l)(m!)z

<Y, 11 (kdC,) ¥ o IFbe=I (54 6)2 .

~

(33)
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For T € D), we define the piecewise polynomial interpolant /7u|7 by (29). Then
I7u coincides with u in the vertices of all 7 € O and is in particular continuous in
these vertices; it is, however, in general discontinuous across edges and faces.

Using the finite cardinality (14), and summing the bound (33) with j = 0,1 over
layers £, ..., £,, we obtain with C := C,kd and . = —1 —b., 0 < b, < 1

p -
e = 1Pu] 1 o) < C(K,0) Y Wp1,5-1C 07D (s4+6)* . (34)
k=1

Using [17, Lemma 5.9], we find that there exist b,C > 0 (depending on C > 0 and
on k and d) such that for every p > 1 holds

min {'P,, 15-1C SF s+6) }<Czexp( 2bp) . (35)

]<s<

Inserting this bound into (34), summing the geometric series and absorbing a linear
factor of p into the exponential completes the proof.

4.2.6 Polynomial Trace Lifting in oﬁ;’)

By the nodal exactness (27), the hp base interpolant I? constructed in (30) of Propo-
(p)

sition 4 is continuous in vertices of simplices T € O, but has in general discon-

tinuities across interelement edges E € &7 of simplices T € D (1n dimensions
d = 2,3) and across interelement faces F € %7 of simplices T € DG (in dimen-
sion d = 3) with polynomial trace jumps [/7]}z and [I7] .

Foreach T € DE,P >, the nodal exactness (27) of /Pu implies for each E € & that
[IPu]e € PPY(E) := (PP NHY)(E), d = 2,3, and, for d = 3 and each F € Fr,
[IPu]F € PP4(F). We lift successively these polynomial trace jumps first for all
interelement edges E € & and, second, in dimension d=3 also for all interelement
faces F € .Zr, for every T € D( ?) Since T S D C //l 6 My & is K shape-
regular, so are all F € %7. For E € &7, let Fg € %7 denote any face in Fr with
E C JF.

We recapitulate from [14, Lemma 15, Thm. 1] the required lifting and the sta-
bility estimates. Consider the reference simplex T Cl RY, d = 2,3. Given a piece-
wise polynomial function g, of degree p on each Fe % that is continous on

oT, in (14, Lemma 15, Thm. 1], a polynomial trace lifting ¥, = 2% p) €

R 7or(8
PP(T) is constructed which satisfies on the reference simplex T in space di-
mension d = 2,3 the bound HVP”Hl < C||ngH1/2 o7) (with C > 0 indepen-

dent of p). As H'/*(T) = (LX(T),H" (T)) 1/2> We have the interpolation inequality

||gp||H1/2 at) = C||gp||lLézaT ng||;l/12aT With the polynomial inverse inequality on

each face F C 9T we get (with a possibly different constant € > 0 which is inde-
pendent of p)
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19117y < CplIgpll 27 - (36)

Squaring this and scaling T to T = Fr(T) € Dgﬁ we find
||$T,8T(gp) ”iZ(T) + h%”D]gT,aT(gp)”iz(r) < C(K)chT”ngiZ(aT) . (37)

Iterating (36) twice, from £ C F to F C 9T to T, we obtain for g, € P (E) a
polynomial edge lifting % 3(g)) € P” (T) on the reference simplex T C R? with

ij‘.ﬁ(gp)”Hl(T) < CP2||§p||L2(E”) : (38)
Squaring (38) and scaling to T = Fr(T) € Dg)) yields for g, € PH(E) on E € &7

h;QHXT,E(gp)HiZ(T) + ”DlgT,E(gp)Hiz(T) < C(K)P4ng||iz(5) . (39)

Let now d = 3 and let F,F' € %1 be two distinct faces which share edge E =
FNF’. Using (36) in dimension d = 2 and scaled to T, we lift g, = [[Pullg €
Pgd(E) twice, once into F and once into F/, resulting in a v, € CO(FUF’), v, €
PPA(F)UPPY(F'), and v, | yz5= O which satisfies (37) with F in place of T. We
may therefore extend this continuous, piecewise polynomial function v, from F U F’
by zero to a function ¥, € C%(dT) which is, on each F € .%7, a polynomial of total
degree at most pd. There exists a lifting 27 r(v,) € PP4(T) such that for each
F € Fr we have L1 r(V)) |[F=vp |[Fron F € Fg, (Zrr(Vp) |F) [E=gp on E and
such that (39) holds. For each edge E in DE,P ) , we lift the polynomial jump in this
way into all T € Dﬁf ) for which E € &r by the edge-lifting operator

Ze(gp):= ), Lre(g)- (40)

T:Ecér

By « shape regularity, #{T € Dg’ ). E € &r} is bounded independently of p and of
the particular edge E by an absolute constant depending only on x. With 7 in (30),
we define
IPu:= ipu—ZXE([[fPu]]E) . 41
E

Then, IPu is continuous across edges E € &7 for every T € Dg’ ) and [IPu]r €
PYY(F) := (PP NHY)(F) for all F € Fr.

We next lift, for each face F € Fr, the face jump [IPu]lr € Pgd (F) by extending
first by zero to all other faces F’ € %7\ {F}, then lift polynomially by referring to
[14, Theorem 1]. By construction, this lifting % ¢ ([I?u]r) € PP(T) will vanish
on all F € %7 : F' # F. For each face F, we repeat this lifting at most twice for
T,T' € ng ) such that F € Fr N Z . We define the continuous interpolant
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Pu:= ipu— Z gTj(Hipuﬂp)
~ FeﬁT:TeDﬁf) _ (42)
=u— ) Z(Pule)- Y Zrr([Pu]F).
Eeé’T:TeDgp) FefT:TeDSf)

To verify exponential convergence in submesh DE;p ) , we estimate in (42)

= 1ull py oy < N =Pull o+ X Ze([Pule)
E€£’T:T€D£)-p) HI(DE)-p))

+ Y  Ze([Pu]lr)

FE?T:TEDS.P) H‘(DE}’))
(43)
The first term was bound in Prop. 4. We bound the second term.
ForT ¢ Dg’), we write, using [u]g =0 for E € &7
he? | Zr e ([P ule) |22 ) + 1D L1 e (1Pl £) 172 )

< COP P ule gy = CO0OPH I~ TPl e

The multiplicative trace inequality implies for a x-shape regular simplex T C R¢
with diameter hr that for every F € %7 and for every ¢ € H'(T) holds

101F 12y <€) (R 11912 7y + hr D' 9l 22, ) 43)
Iterating this for T € DQ” from E € & to F € Fr gives, for ¢ € H*(T),

Ilelz2 ) S B2 10172 ) + 1D @122 )+ HFID* @12 ) (46)

where the implied constant depends only on K.
Using (46) with ¢ = (u—IPu)|r = u|r —u} € H*(T) for T € Dg]) in (44) gives

2
_ 5 . 20j=1) 1 1rj
2 e (0740 +10' 2 (e oy 50 1D it
j=
Using (33) and that iy ~ o for T € £; we obtain
|2 (Ple) By gy S 9% 11 (KAC)PT(s+ 6202 . (a)
Finally, we bound the third term in (43), ie. ||-Zr r ([[Pu] F) || ;1 (r) for F € Fr. Since

Zrp([IPu]F) =0 0n dT\F, by the Poincaré inequality in {v € H'(T) : v|y7\p = 0}
it suffices to bound ||D' %7 ¢ ([IPu] ) |27 Since [u] r = 0, using (41) we obtain
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hp 'L ([Pl P) 2y S ID L (TP ullP) 2y = D' L (T =P ull ) | 27 -
We estimate further, using the stability of the lifting .27 r and (45),

D2 (=17l ) B gy S PPl V
< P2y 1Pl 4 b D = TP 25 )
(48)
Recalling (41), we bound for j =0, 1

107 = 17) 2 ) = 1D (= PP+ Ep L (1FPu])
<D= 120) 2y )+ K 1D (Zr ([Pl

We use (33) for the first term, and (47) for the second term to conclude for j =0, 1
1D (4~ 170) |22 ) S P*Wo-1,51 (KAC,)PT (54 6)2 0241 0e0)

k

Using again that T € £; satisfies Ay ~ ¢*, we insert into (48) and arrive at

10" L (T = PPl P ) S PO 1.1 (RACL T (s + 667

Inserting this and the bound (47) into (43), we obtain for ||u 7IPU”H'(D(")) ex-

actly once more the bound (34) (with a slightly higher power of p). Absorbing the
polynomial factor into the exponential, we conclude the exponential error bound

HM_IPMHHI(Dg’)) SC@Xp(—bp) (49)

for the continuous hp-interpolant /”u defined in (42) in ng ) using again (35).

4.2.7 Approximation in sﬁf )
Under (5), for Q € R? holds M3(Q2) C H'*9(Q) for some 8 > (d —2)/2,d = 2,3.

B
From Proposition 2 items (1)-(3), the collections {T € Tg’ )T e .}, c € 7 have

uniformly bounded (w.r. to p) cardinality and shape regularity. Then u € H'*%(Q)
and for a Clément-type, continuous, piecewise linear quasiinterpolant Hép Ju in
fz(ﬂ) N

(e} (o

u— 11 < ¢(k,0)0°% = Cexp(—b'p) . (50)

i (s v

Combining (49) and (50) and applying a bounded (uniformly w.r. to p by Prop. 2,
item (1)) number of further polynomial edge- and face liftings at the interface of

Dg’ ) and Sg’ ) completes the construction of /7 in (1) and, hence, the proof.
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5 Concluding Remarks

We have proved the exponential convergence rate (18) for continuous hp-FE ap-
proximations K shape-regular, simplicial meshes with geometric refinement tof an-
alytic functions with isolated point singularities at a set .# in a bounded domain
D C R? d=1,2,3. Apart from k-shaperegularity and o-geometric mesh refine-
ment the proof did not assume further structural assumptions on the triangulations.
In particular, simplicial partitions which are obtained by successive bisection tree
refinement in the course of adaptive subdivisions are admissible. The approxima-
tion results imply the exponential convergence rate exp(—b+/N) for second order,
elliptic PDEs in polygons D C R? (where . denotes the set of corners of D) which
are considered, for example, in [1, 7, 12]. Theorem 1 also implies the exponential
convergence rate exp(—b+/N) for hp-approximations of electron densities in DFT,
due to the quasioptimality of Galerkin approximations shown, for example, in [2, 4]
and the references there. In this application, € denotes the set of nuclei, whose
centers ¢ € . are assumed known. Unlike other approaches such as plane waves,
hp-approximations do not, apriori, impose any specific functional form of the elec-
tron densities. Due to the locality of approximation and the separation (2) of the
points ¢ € ., we may apply Theorem 1 in each neighborhood @, implying that the
total number of degrees of freedom to achieve accuracy € > 0 in the norm H'(D)
scales as O(#(.7)|loge|*), ie. linear scaling in the number #(.#) of nuclei and poly-
logarithmic scaling in the target accuracy €. This is analogous to what is reported
recently for discontinuous Galerkin discretizations in [13], where Proposition 4 can
be used a starting point of proof of an exponential convergence result on tetrahe-
dral meshes; for geometric meshes of hexahedra, analogous results can be found in
[17, Sec. 5.2.2]. Exponentially convergence quadrature algorithms for the (singu-
lar) electron-pair integrals are available in [5]. The results in the present note are
confined to space dimension d < 3. The approach generalizes, however, directly to
hp-approximations of point singularities in any dimension d with exponential rate
exp(—b “V/N). Likewise, the result will remain true for linear polynomial degree
vectors and, more generally, for degree vectors of bounded variation as introduced
in [17]. The details will be reported elsewhere.
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