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The key observation of this article is to reveal the phenomenon of loss of regularity in Kolmogorov partial
differential equations (PDEs). This observation has a direct consequence on the literature on regularity analysis
of linear PDEs, on the literature on regularity analysis of stochastic differential equations (SDEs) and on the
literature on numerical approximations of SDEs. We will illustrate the implications for each field separately.

Regularity analysis of linear partial differential equations For some d,m € N, let u: R? — R? and
o: RY — R?™ be smooth functions such that there exists a real number p > 0 such that (z, u(z)) < p (1 + ||z[|?)

and ||O'(£E)||i(Rm7Rd) < p (14 [|z][?) for all z € R (Here and below we write (-,-) and ||-|| for the Euclidean
scalar product and norm on R™.) Let furthermore ¢: R — R be a globally bounded and continuous function
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Abstract

The celebrated Hérmander condition is a sufficient (and nearly necessary) condition for a second-order
linear Kolmogorov partial differential equation (PDE) with smooth coefficients to be hypoelliptic. As a
consequence, the solutions of Kolmogorov PDEs are smooth at all positive times if the coefficients of the
PDE are smooth and satisfy Hormander’s condition even if the initial function is only continuous but not
differentiable. First-order linear Kolmogorov PDEs with smooth coefficients do not have this smoothing effect
but at least preserve regularity in the sense that solutions are smooth if their initial functions are smooth.
In this article, we consider the intermediate regime of non-hypoelliptic second-order Kolmogorov PDEs with
smooth coefficients. The main observation of this article is that there exist counterexamples to regularity
preservation in that case. More precisely, we give an example of a second-order linear Kolmogorov PDE
with globally bounded and smooth coefficients and a smooth initial function with compact support such that
the unique globally bounded viscosity solution of the PDE is not even locally Holder continuous. From the
perspective of probability theory the existence of this example PDE has the consequence that there exists a
stochastic differential equation (SDE) with globally bounded and smooth coefficients and a smooth function
with compact support which is mapped by the corresponding transition semigroup to a non-locally Holder
continuous function. In other words, degenerate noise can have a roughening effect. A further implication of
this loss of regularity phenomenon is that numerical approximations may convergence without any arbitrarily
small polynomial rate of convergence to the true solution of the SDE. More precisely, we prove for an example
SDE with globally bounded and smooth coefficients that the standard Euler approximations converge to the
exact solution of the SDE in the strong and numerically weak sense, but at a rate that is slower then any
power law.
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and consider the second-order PDE
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for (t,x) € (0,00) x R%. The PDE (1.1) is referred to as Kolmogorov equation in the literature (see, for example,
Cerrai [5], Da Prato [10], Rockner [64], Rockner & Sobol [65]; it is also referred to as Kolmogorov backward
equation or Kolmogorov PDE, see, e.g., Da Prato & Zabczyk [11], @ksendal [59]). It has a strong link to
probability theory and appeared first (in a slightly different form; see display (125) in [44]) in Kolmogorov’s
celebrated paper [44]. Corollary 4.17 in Section 4 below implies that the PDE (1.1) admits a unique globally
bounded viscosity solution. More precisely, Corollary 4.17 proves that there exists a unique globally bounded
continuous function u: [0,00) x R — R such that u|(gc)xra is a viscosity solution of (1.1) and such that
u(0,7) = @(x) for all x € R?. In this article, we are interested to know whether solutions u of the PDE (1.1)
preserve reqularity in the sense that u|(g .)xre is smooth if the initial function u(0,-) = ¢(-) is smooth. In
particular, we will answer the question whether smoothness and global boundedness of the initial function
©: R? — R implies the existence of a classical solution of the PDE (1.1).

In the case of first-order Kolmogorov PDEs with smooth coefficients, that is, o = 0 in (1.1), regularity
preservation of solutions of (1.1) is well known. More precisely, if o(x) = 0 for all z € R? and if the initial
function p: R? — R% in (1.1) is smooth, then it is well known that there exists a unique smooth classical solution
of (1.1). In this sense, the PDE (1.1) is regularity preserving in the purely first-order case 0 = 0. In the second-
order case o Z 0, the situation may be even better in the sense that the PDE (1.1) often has a smoothing effect.
More precisely, if the PDE (1.1) is hypoelliptic, then by definition solutions u of the PDE (1.1) are smooth in the
sense that u|(g o)xre is infinitely often differentiable even if the initial function (0, -) = ¢(-) is only continuous
but not differentiable. In the seminal paper [31], Hormander gave a sufficient (and also nearly necessary; see
the discussion before Theorem 1.1 in [31] and Section 2 in Hairer [26]) condition for (1.1) to be hypoelliptic; see
Theorem 1.1 in [31]. To formulate Hérmander’s condition, set oo(z) = p(z) — 5 Yj-, o4 (z) ox(z) for all z € R™.
Then the Hérmander condition is fulfilled if

span{ oy, (z), [0y, 03,](2), [[04, 0i1], 03] (7), ... € R%: dg, 41, d0,... € {0,1,...,m},ip # 0} = R? (1.2)

for all x € R? where [f, g] denotes the Lie bracket of two smooth vector fields f,g: R — R?. Consequently, if
Hormander’s condition (1.2) is satisfied, then the PDE (1.1) admits a unique globally bounded smooth classical
solution even if the initial function ¢: R? — R is assumed to be continuous and globally bounded only. Clearly,
there are many cases where the Hérmander condition (1.2) fails to be fulfilled and where (1.1) is not hypoelliptic,
e.g., if o = 0. Next we point out that if all derivatives of the drift coefficient u, of the diffusion coefficient o and of
the initial function ¢ are globally bounded (v and o are then, in particular, globally Lipschitz continuous), then
smoothness of the solution of the PDE (1.1) is known even in the non-hypoelliptic case (see, e.g., Theorem 4.32
in Krylov [47] for twice differentiability of the solution; infinitely often differentiability of the solution follows
analogously as in the proof of Theorem 4.32 in Krylov [47]). Obviously, there are many cases where u and o
are not both globally Lipschitz continuous, for example, when p is a polynomial with a degree greater or equal
2 (see, e.g., Section 4 in [34] for a list of examples). To the best of our knowledge, regularity of solutions of
the PDE (1.1) is in general unkown in the non-hypoelliptic case if o # 0 and if x4 and o are not both globally
Lipschitz continuous.

In this article, we address the question whether second-order linear PDEs with smooth coefficients of the
form (1.1) at least preserve regularity in the non-hypoelliptic case. The following Theorem 1.1 answers this
question to the negative. More precisely, the key observation of this article is to reveal the phenomenon of loss
of regularity in the sense that the solution u of the PDE (1.1) starting with a smooth compactly supported
function u(0,-) € CZ,(R? R) may turn into a non-differentiable function u(t,-) ¢ C' (R4, R) for every positive
time t € (O,oo). In analogy to the well-known “smoothing effect” in the hypoelliptic case, we will say in
the case of loss of regularity that the PDE (1.1) has a roughening effect. Here is a simple two-dimensional
example with polynomial p and linear o which has this roughening effect. In the special case d =2, m = 1 and
w(x) = (21 - 22, —x}) and o(x) = (0,z2) for all x = (x1,22) € R?, the PDE (1.1) reads as

0 a3 07 0 5 0
au(t,x) = ?a—xgu(t,x) + xlxga—xlu(t, x) — a—mu(t, x) (1.3)

for (t,z) € (0,00) x R% Theorem 2.1 and Corollary 4.17 below imply that there exists an infinitely often
differentiable function ¢ € ngt (]Rd, R) with compact support such that the unique globally bounded viscosity
solution u: [0,00) x R* = R to (1.3) with u(0,-) = ¢(-) has the property that u| c)xra is not differentiable
and not locally Lipschitz continuous. In particular, we thereby disprove the existence of a globally bounded
classical solution of the PDE (1.3) with u(0,-) = ¢(-). Note that the drift coefficient u of the PDE (1.3) grows
superlinearly. One could wonder whether the roughening effect of example (1.3) is due to this superlinear growth



of u. To exclude this possibility, we prove for an example PDE with globally bounded and smooth coefficients
that there exists a smooth initial function with compact support such that the solution w is not even locally
Holder continuous; see Theorem 1.1 below. In particular, Theorem 1.1 implies that, in general, the PDE (1.1)
does not have a classical solution even if the coefficients and the initial function are globally bounded and infinitely
often differentiable.

Theorem 1.1 (Disprove of the existence of classical solutions of the Kolmogorov PDE with smooth and globally
bounded coefficients and initial function). There exists a natural number d € N, a globally bounded and infinitely
often differentiable function p: R? — R?, a symmetric nonnegative matriz A = (Aij)ijeqr2,...day € R4 gnd
an infinitely often differentiable function ¢ € Cg;t(le, R) with compact support such that there exists no globally
bounded classical solution of the PDE

d d
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u(0, ) = p(x)

for (t,x) € (0,00) x R?. In addition, there exists a unique globally bounded viscosity solution u: [0,00) x R — R
of (1.4) and this function fails to be locally Hélder continuous.

Theorem 1.1 follows immediately from Corollary 4.17 in Section 4 and from Theorem 3.1 in Section 3.
More precisely, Corollary 4.17 and Theorem 3.1 imply that there exists an infinitely differentiable function ¢ €

Copt (R3, R) with compact support such that the unique globally bounded viscosity solution u: [0,00) x R?* — R
of the PDE .
%u(t,x) = %wgu(t,x) + cos (w3 exp(z3)) - a%lu(t,x) (1.5)

with initial condition u(0,z) = ¢(z) for (¢t,z) = (t,x1,22,23) € (0,00) x R? is not locally Holder continuous.
In particular, the PDE (1.5) with u(0,-) = ¢(-) has no globally bounded classical solution. The PDE (1.5) has
a globally bounded and highly oscillating drift coefficient and a constant diffusion coefficient and serves as a
counterexample to regularity preservation for Kolmogorov PDEs. An SDE with a globally bounded and highly
oscillating diffusion coefficient and a vanishing drift coefficient has been presented in Li & Scheutzow [49] as a
counterexample for strong completeness of SDEs. Another interesting observation is that the PDE (1.5) without
the second-order term on the right-hand side of (1.5) preserves regularity and has a smooth classical solution and
that the PDE (1.5) without the first-order term on the right-hand side of (1.5) also preserves regularity and has a
smooth classical solution. Thus, the roughening effect of the PDE (1.5) is a consequence of the interplay between
the first-order and the second-order term in (1.5). We add that Theorem 3.4 in Section 3 is a stronger version
of Theorem 1.1 in which the roughening effect appears on every arbitrarily small open subset of the state space;
see Section 3 and also Theorem 1.2 below for more details. Note that in both counterexamples to regularity
preservation (PDE (1.5) and PDE (1.3)) it does not hold that all derivatives of y and o are globally bounded.
Indeed, in both counterexamples the drift coefficient u is not globally Lipschitz continuous. As observed above,
regularity preservation is known if all derivatives of p and o are globally bounded. Moreover, note that the
coefficients in our counterexample PDE (1.5) are analytic functions and that the initial function ¢: R¢ — R,
may be chosen to be analytic (see Theorem 3.1 for details). We emphasize that this does not contradict the
classical Cauchy-Kovalevskaya Theorem (e.g., Theorem 4.6.2 in Evans [18]) proving existence, uniqueness and
analyticity of solutions of PDEs with analytic coefficients as the Cauchy-Kovalevskaya Theorem applies to (1.4)
in the case A = 0 only. Moreover, we would like to point out that Theorem 1.1 does not contradict to Theorems
7.1.3, 7.1.4 and 7.1.7 in Evans [18] which show the existence of a unique classical solution of (1.4) if A is strictly
positive (note that A in (1.5) is nonnegative but not strictly positive).

Theorem 1.1 shows that a general existence theorem for globally bounded classical solutions of the PDE (1.1)
cannot be established. However, it is possible to ensure the existence of a viscosity solution of the PDE (1.1)
under rather general assumptions on the coefficients. More precisely, one of our main results, Theorem 4.16
below, establishes the existence of a within a certain class unique viscosity solution for every second-order linear
Kolmogorov PDE whose coefficients are locally Lipschitz continuous and satisfy the Lyapunov-type inequal-
ity (4.74). To the best of our knowledge, this is the first result in the literature proving existence and uniqueness
of solutions of the Kolmogorov PDE (1.1) in the above generality; see also the discussion after Theorem 4.16 for
a short review of existence and uniqueness results for Kolmogorov PDEs. A crucial result on the route to The-
orem 4.16 is the uniqueness result of Corollary 4.14 for viscosity solutions of degenerate parabolic second-order
linear PDEs.

The roughening effect of the PDE (1.1) revealed in this first paragraph of this introduction has a direct
consequence on the literature on regularity analysis of SDEs. This is subject of the next paragraph.

Regularity analysis of stochastic differential equations For the rest of this introduction, we use the fol-
lowing notation. Let (2, F,PP) be an arbitrary probability space with a normal filtration (F;);c[o,00) Which sup-



ports a standard (F);e[0,00)-Brownian motion W: [0,00) x  — R™ with continuous sample paths. It is a clas-
sical result that the above assumptions on p and o ensure the existence of a family X* = (X7,..., X7): [0,00) X
Q — R%, 2 € RY, of up to indistinguishability unique solution processes (see, e.g., Theorem 3.1.1 in [63]) with
continuous sample paths of the SDE

AX7(t) = p(XZ (1)) dt + o(XT(t)) dW (t) (1.6)

for t € (0,00) and # € R? and with X®(0) = x for all z € R? (see, e.g., Theorem 1 in Krylov [46]). Here, the
function g: R? — R? is the infinitesimal mean and the function o-0*: R — R%*? is the infinitesimal covariance
matrix of the SDE (1.6). It is also well known that the coercivity assumption on p and the linear growth bound
on o additionally imply moment bounds sup,c(yepa. ||y\|§p}E[SuPte[0,p} | X*(t)|[P] < oo for all p € [0,00) for

the solution processes of the SDE (1.6). The transition semigroup P;: Cy(R%,R) — Cy(R%, R), t € [0,00), of
the SDE (1.6) is defined by (Pyp)(z) := E[p(X*(t))] for all t € [0,00), z € R? and all ¢ € Cy(R% R) where
Cp(R%, R) is as usual the space of globally bounded and continuous functions from R? to R. Note for every
¢ € Cp(R%,R) that the function R? 3 z — E[p(X(t))] € R is continuous (see, e.g., Theorem 1.7 in Krylov [47])
and hence, the semigroup (P;)se(0,00) is well-defined. Observe also that the function R? 5 z — E[p(X*(t))] € R
is continuous for every ¢ € C,(R% R) although the SDE (1.6) is, in general, not strongly complete; see Li &
Scheutzow [49] and see, e.g., also Elworthy [15], Kunita [48] and Fang, Imkeller & Zhan [19] for further results
on strong completeness of SDEs.

Theorem 1.1 in Hérmander [31] and Proposition 4.18 below imply that if the Hormander condition (1.2) is
fulfilled, then the semigroup is smoothing in the sense that P;(Cy(R% R)) C C;°(R?,R) for all ¢ € (0,00). To
the best of our knowledge, it remained an open question in the non-hypoelliptic case whether SDEs with infinitely
often differentiable coefficients such as (1.6) in general preserve regularity in the sense that P, (C;°(R% R)) C
C°(R4,R) for all t € (0,00). This article answers this question to the negative. More precisely, the following
theorem reveals that smooth functions with compact support may be mapped to non-smooth functions by the
transition semigroup of the SDE (1.6). In analogy to the well-known “smoothing effect” of many SDEs, we will
say that the semigroup has a roughening effect in that case. Here is a simple two-dimensional example SDE
with polynomial drift coefficient and linear diffusion coefficient which has this roughening effect. In the special
case d =2, m =1and p(z) = (21 - 22, —2}) and o(z) = (0, ) for all = (21, x2) € R?, the SDE (1.6) reads as

AX7(t) = X7 () - X5 () dt

(1.7)
dX3(t) = —XT(t)* dt + X5 (t) dW (1)

for t € (0,00) and x € R?. Observe that (1.3) is the Kolmogorov PDE of (1.7); see Corollary 4.17 for details.
Moreoever, note that (z, u(z)) = 0 for all z € R? in this example. Thus the solution process of the associated
ordinary differential equation stays on the circle centered at (0,0) € IR? going through the starting point.
Theorem 2.1 in Section 2 shows for the SDE (1.7) that there exists an infinitely often differentiable function
¢ € C5 (R, R) with compact support such for every ¢ € (0,00) the functions R? 3 z — E[@(X*(t))] € R and
R?> 2w E[X x (t)] € R? are continuous but not differentiable and not locally Lipschitz continuous. For every
t € (0,00) we hence have the roughening effect P, (Cg;t(IRd, R)) Z C*(R%,R) in the case of the SDE (1.7). The
drift coefficient u of the SDE (1.7) grows superlinearly. As above, the superlinear growth of 4 is not necessary
for the transition semigroup of the SDE to be roughening. This is subject of the next main result of this article.

Theorem 1.2 (A counterexample to regularity preservation with degenerate additive noise). There ezists a
natural number d € N, a globally bounded and infinitely often differentiable function p: R* — R% and a constant
function o: R? — R4, that is o(z) = o(0) for all x € RY, with the following properties. For everyt € (0,00)
the function R? > z E[X*"”(t)} € R? is continuous but nowhere locally Hélder continuous and for every
non-empty open set O C R? there exists an infinitely often differentiable function ¢ € ngt(le, R) with compact
support such that the function O 3 x — E[p(X*(t))] € R is continuous but not locally Holder continuous. In

particular, for every t € (0,00) we have P; (ngt(IRd,]R)) Z Uae(0,00) C*(R%, R).

Theorem 1.2 follows immediately from Theorem 3.4 in Section 3. The roughening effect of some SDEs with
smooth coefficients revealed through example (1.7) and Theorem 1.2 above, has a direct consequence on the
literature on numerical approximations of SDEs. This is subject of the next paragraph.

Numerical approximations of stochastic differential equations Starting with Maruyama’s adaptation
of Euler’s method to SDEs in 1955 (see [51]), an extensive literature on the numerical approximation of solutions
of SDEs has been published in the last six decades; see, e.g., the books and overview articles [42, 43, 52, 23, 3,
53, 57, 38, 41] for extensive lists of references. A key objective in this field of research is to prove convergence
of suitable numerical approximation processes to the solution process of the SDE and to establish a rate of
convergence for the considered approximation scheme in the strong, in the almost sure or in the numerically
weak sense.



Almost sure convergence rates of many numerical schemes such as the standard Euler method or the higher
order Milstein method are well known for the SDE (1.6) and even for a much larger class of nonlinear SDEs;
see Gyongy [22] and Jentzen, Kloeden & Neuenkirch [39]. Many applications, however, require the numerical
approximation of moments or other functionals of the solution process, for instance, the expected pay-off of
an option in computational finance; see, e.g., Glasserman [21] for details. For this reason, applications are
particularly interested in strong and numerically weak convergence rates. The vast majority of research results
establishing strong and numerically weak convergence rates assume that the coefficients of the SDE are globally
Lipschitz continuous or at least that they satisfy the global monotonicity condition that there exists a real
number p € R such that (z —y, u(z) — p(y)) + 3 Sopey llow(@) — oe(y)||> < pllz — y||? for all 2,y € RY (see, e.g.,
Theorem 2.4 in Hu [33], Theorem 5.3 in Higham, Mao & Stuart [28], Schurz [67], Theorems 2 and 3 in Higham
& Kloeden [27], Theorem 6.3 in Mao & Szpruch [50], Theorem 1.1 in Hutzenthaler, Jentzen & Kloeden [36],
Theorem 3.2 in Wang & Gan [68]). Strong and numerically weak convergence rates without assuming global
monotonicity are established in Géngy & Rasonyi [25] in the case of a class of scalar SDEs with globally Holder
continuous coefficients, in Dorsek [14] in the case of the two-dimensional stochastic Navier-Stokes equations and
in Dereich, Neuenkirch & Szpruch [13], Alfonsi [1], Neuenkirch & Szpruch [58] in the case of a class of scalar
SDEs (including, e.g., the Cox-Ingersoll-Ross process) that can be transformed in a suitable sense to SDEs that
satisfy the global monotonicity assumption. The global monotonicity assumption is a serious restriction on the
coefficients of the SDE and excludes many interesting SDEs in the literature (e.g., stochastic Lorenz equations,
stochastic Duffing-van der Pol oscillators and the stochastic SIR model; see Section 4 in [34] for details and
further examples). It remains an open problem to establish strong and numerically weak convergence rates in
the general setting of the SDE (1.6).

In this article, we establish in the setting (1.6) the existence of an SDE with globally bounded and infinitely
often differentiable coefficients for which the Euler approximations converge in the strong and in the numerically
weak sense without any arbitrarily small polynomial rate of convergence. More precisely, our main result for the
literature on the numerical approximation of SDEs is the following theorem.

Theorem 1.3 (A counterexample to the rate of convergence in the numerical approximation of nonlinear SDEs
with additive noise). Let T € (0,00) and o € R* be arbitrary. Then there exists a globally bounded and
infinitely often differentiable function p: R* — R* and a symmetric nonnegative matriz B € R*** such that the
stochastic process X : [0, T] xQ — R* with continuous sample paths satisfying X (t) = zo Jrfg w(X(s))ds+BW(t)
for all t € [0,T] and its Buler-Maruyama approzimations Y~ : {0, %, %, ..., T} x Q — R* N € N, satisfying
YN(0) = 29 and YN(%) = YN(%)—HL(YN(%))%—FB (Winsnyr/n — Waryn) foralln € {0,1,..., N—1},
N € N, fulfill that

. o . o 0 :a=0
Jim (N -E[|X(T) - YN(T)|]) = lim (N> ||E[X(T)] — E[YN(T)]]]) = {OO w0 (1.8)
for all a € [0,00). In particular, for every a € (0,00) there exists no real number ¢, € (0,00) such that
|E[X(T)] —E[YN(T)]|| < ca- N~ for all N € N.

Theorem 1.3 follows immediately from Theorem 5.1 in Section 5. In the deterministic case o = 0, it is well
known that the Euler approximations converge to the solution process of (1.6) with the rate 1. In the stochastic
case o Z 0, this rate of convergence can often not be achieved. In particular, Clark & Cameron [6] proved for
an SDE in the setting of (1.6) that a class of Euler-type schemes cannot, in general, converge strongly with a
higher order than % Since then, there have been many results on lower bounds of strong and numerically weak
approximation errors for numerical approximation schemes of SDEs; see, e.g., [66, 4, 30, 29, 12, 55, 56, 57, 35, 45]
and the references therein. Now the observation of Theorem 1.3 is that there exist SDEs with smooth and globally
bounded coeflicients for which the standard Euler approximations converge in the strong and numerically weak
sense without any arbitrarily small polynomial rate of convergence. To the best of our knowledge, Theorem 1.3 is
the first result in the literature in which it has been established that Euler’s method converges to the solution of
an SDE with smooth coefficients in the strong and numerical weak sense without any arbitrarily small polynomial
rate of convergence. Clearly, this lack of a rate of convergence is not a special property of the Euler scheme and
holds for other schemes such as the Milstein scheme too. It is based on of the fact that our counterexample SDE
for Theorem 1.3 (see (5.3)) suffers under the roughening effect revealed in Theorems 1.1 and 1.2 (see Corollary 5.2
and Theorem 5.1 in Section 5 for details).

Comparing Theorem 5.1 with Theorem 2.4 in Gyongy [22] reveals the remarkable difference that the Euler
approximations for some SDEs have almost sure convergence rate %— but no strong and no numerically weak
rate of convergence. More formally, Theorem 2.4 in [22] shows in the setting of Theorem 1.3 that there exist
finite random variables C.: Q — [0,00), € € (0, 3), such that | X(T) — YN (T)|| < C- - NE=2) P-as. for all
N € N and all ¢ € (0,1). Taking expectation then results in E[||X(T) — YN(T)|] < E[C.] - N¢=2) for all
N € Nandall € € (0, %) and from Theorem 1.3 we hence get that the error constants have infinite expectations,
i.e., E[C.] = oo for all € € (0,1). In addition, we refer to Theorem 2.3 in Milstein & Tretjakov [54] for a weak



convergence result restricted to certain subevents of the probability space. Finally, we emphasize that Monte
Carlo simulations confirm the slow strong and numerically weak convergence phenomenon of Euler’s method
revealed in Theorem 1.3. For details, the reader is referred to Figure 1 in Section 5 below.

2 Counterexamples to regularity preservation with linear multiplica-
tive noise

In this section we establish the phenomenon of loss of regularity of the simple example SDE (1.7) with polynomial
drift coefficient and linear diffusion coefficient. For this we consider the following setting. Let (Q,F,P) be a
probability space with a normal filtration (F3),¢(9 ), let W: [0,00) X € — R be a one-dimensional standard
(F1)te[0,00)-Brownian motion with continuous sample paths and let X* = (X, X3): [0,00) x 2 — R? z € R?,
be the up to indistinguishability unique solution processes with continuous sample paths of the SDE

dX7(t) = X7() - X3 () dt

2 (2.1)
dX5(t) = — (XT(t))” dt + X5(t) dW (t)

for t € (0,00) and z € R? satisfying X*(0) = x for all z € R2. Corollary 2.6 in Gyéngy & Krylov [24] ensures
that the processes X®: [0,00) x  — R?, z € R?, do indeed exist. The following Theorem 2.1 shows that
the semigroup associated with the SDE (2.1) looses regularity in the sense that there exists an infinitely often
differentiable function with compact support which is mapped to a non-smooth function by the semigroup.

Theorem 2.1 (A counterexample to regularity preservation with linear multiplicative noise). Let X*: [0, 00) X
Q — R2, 2 € R2, be solution processes of the SDE (2.1) with continuous sample paths and with X*(0) = z for
all x € R?. Then SUPe{yeR?: ||yl <p} E[supte[o,p] | X7 (t)||P] < oo for all p € [0,00) and there exists an infinitely

often differentiable function p € C2, (R2,R) with compact support such that for everyt,p € (0,00) the mappings

R23z— E[X"(t)] € R, R223 2 E[p(X*(t))] € R and R? 5 x +— X*(t) € LP(Q;R?) are continuous but not
locally Lipschitz continuous and not differentiable.

The proof of Theorem 2.1 is deferred to the end of this section. The proof of Theorem 2.1 uses the following
simple lemma.

Lemma 2.2 (Restricted exponential integrals of a geometric Brownian motion). Let (2, F,P) be a probability
space and let W: [0,00) X Q@ — R be a one-dimensional standard Brownian motion with continuous sample paths.

Then )
E |:]l{a<eW(t)<b} exp (C : / eV dS)} = 00 (2.2)
- - 0

for all t,a,b,c € (0,00) with a < b.

Proof of Lemma 2.2. Independence of W (t) from (W (s) — W (t))sejo,¢ for all t € (0,00) implies

t t
E[ﬂ{aSeW(t)Sb} exp (C'/O W) ds)] > E[ﬂ{afeW(t)Sb} exp (C'/O e(WE—W W) g5 dS)]

I :
> P[a <e® < b} -E [exp (tc -min(a, 1) - %/ (W)= W) ds)] (2.3)
0

> P[a <M < b} -E{exp (tc -min(a, 1) 'eXPC /Ot W(s) =W () ds))]

for all ¢,a,b,c € (0,00) with a < b where we used Jensen’s inequality and convexity of the exponential function

in the last step. The time integrated Brownian bridge fot W(s) — ;W(t)ds on the right-hand side of (2.3) is
normally distributed with mean 0 and variance

-
= /Ot /OtE{W(S)W(”) —EWEW() = sWEOW () + 5 (W(0)°] drds (2.4)
= [ [ iz paras=2 [ [[eopyaras= [ (#-2)s=he00

for every t € (0,00). As the double exponential normal distribution has infinite mean, we conclude that the
right-hand side of (2.3) is infinite for all ¢, a,b, ¢ € (0,00). This finishes the proof Lemma 2.2. O

- ]EM /Ot (W(s) - 2W(0)) (W(r) — TW(0)) dr ds}



The proof of the following Lemma 2.3 makes use of Lemma 2.2. Using Lemma 2.3, the proof of Theorem 2.1
is then completed at the end of this section.

Lemma 2.3. Let X%: [0,00) x Q — R?, 2 € R?, be solution processes of the SDE (2.1) with continuous sample
paths and with X*(0) = x for all z € R?. Then sup,cyere. ||y<p) B[ SUPiejo ) | X7 (#)[[P] < 00 for allp € [0, 00)
and

lim

O#HO(I E[Xul,m)() X{O,wz)(t)}):ooz lim (L.||X1(w17m)(t)_Xl(owz)(t)”Lp(Q;R)) (2.5)

021 —0 \ 171

or a , L2, € o) an ere exists an injinitely ojten aifjerentiaole junciion ¢ € with compac
It 0, d th st infinitely often di tiabl ti Coi(R? R) with t

support such that limog, o ( E[ ( (T’l’m?)(t)) - @(X(O’m)(t))]) =00 for all t,zq € (0,00).

Proof of Lemma 2.3. The global Lipschitz continuity of o, the local Lipschitz continuity of p and (z, u(z)) =0
for all z € R? imply that sup,e(yene. HyH<p}E[Supt€ ||X””( )IP] < oo for all p € [0,00). Next we disprove
local Lipschitz continuity of the mapping R? > z + Xa”( ) € LP(;R) for every t,p € (0,00). More precisely,
aiming at a contradiction, we assume that the second equality in (2.5) is false. Then there exist positive real
numbers ¢, z4,p € (0,00) and a sequence of real numbers h, € R\{0}, n € N, such that lim,_,. h, = 0
and such that limsup,, ., Ih—ln‘Hth’““)(t) - Xl(owz)(t)”Lp(Q;R)
Proposition 3.2.1 in Prévot & Rockner [63]) yields that sup,cjq g | X #772)(s) — X(©#2)(s)|| — 0 in probability
as n — oo. Hence, there exists a strictly increasing sequence ny € N, k£ € N, of natural numbers such that
limy—s 00 SUP,e(o,4 [| X (hrim2) () — X (022) (5)|| = 0 P-a.s.; see, e.g., Corollary 6.13 in Klenke [40]. Applying this,
Fatou’s lemma and Lemma 2.2 implies

< oo0. Theorem 1.7 in Krylov [47] (see also

(Bt

00 > limsup( |HX e m)( t) — X(O’m)(t)HLP(Q;R)) = liinsup(
— 00

k—o0
) " (ngw2)
exp(/ X2 fin 2 s)ds > > liminf{exp(/ X, "R (s) ds)}
L (QR) k—o0 0
t
exp (/ X;O’Iz)(s) ds) = ||exp </ eW)=s/2) g . x2>

0 LP(S4R) 0

t 1/p

2 (E [GXP</O ) ds - 15/2) .]1{1<6W(t)<2}:|) = 00.

This contradiction implies that the second equality in (2.5) is true. The first equality in (2.5) follows from the
second equality in (2.5) as I—(X(””1 2) (1) — Xl(OM)(t)) € [0,00) for all z; € R\{0} and all z5 € (0,00). In
the next step let ¢ € (0,00) be an arbitrary fixed real number and let 11: R — R and 9¢5: R — [0,00) be
two infinitely often differentiable functions with x - ¢4 (z) > 0 for all z € R, with ¢1(z) = 2(x) = 0 for all
z € R\[-¢ — 1,c+ 1] and with ¢1(x) = = and ¢(z) = 1 for all x € [—¢,¢]. Due to partition of unity, such
functions indeed exist. Next let p: R? — R be given by ¢(z1,22) = ¥1(z1) - ¥2(x2) for all x = (z1,22) € R2.
Note that ¢ € Ccpt(R2 R) is an infinitely often differentiable function with compact support. We now show

that limgg, 0 ( Efp(X(@172) (1)) — gp(X(O*I?)(t))]) = oo for all ¢t,x2 € (0,00). Aiming at a contradiction,

assume that there exist positive real numbers ¢,z € (0,00) and a sequence h,, € R\{0}, n € N, such that
lim,, o hy, = 0 and such that

. lomy)

= lim sup
k—o0

Lp(Q4R)
(2.6)

Lr(;R)

hmsup( e ]E{(p(Xl(h"’m)(t)) - @(Xl(o’mz)(t))}) < 0. (2.7)

n—o0

Theorem 1.7 in Krylov [47] yields that sup,coy | X (Pnow2) (5) — X (O22) ()| — 0 in probability as n — oo,
Hence, there exists a strictly increasing sequence ny € N, k € N, of natural numbers such that limy .
SUDse(0,4] | X Pnio®2) (5) — X (0:72)(5)|| = 0 P-a.s.; see, e.g., Corollary 6.13 in Klenke [40]. Applying this, the fact
i (p(x1,22) —©(0,22)) € [0,00) for all z; € R\{0} and all x5 € (0,00), Fatou’s lemma and Lemma 2.2 then

results in

(hn, ,29) ,x
00 > limsup (7B (X o) (1)) - (X0 (1))] ) :nmsupE“mx £ (1)~ (X2 (1) }

k~>oo k—o0 Tk

> E | liminf [ 232220 o (X022 () ] E[hmlnf( A e IQ)M))]

k—o0 by, k—o0 by,
[ (0,22) X" ) (0,2) L W) 2
=E |2 (X537 (1)) 11r£1nfT =E |12 (X3 (1)) - exp / e ds - o
L &S] ' 0

- t
W(s)—s
>E ]l{gﬁmz-exP(W(t)*t/mgc} FxP </0 T ds x2>} -
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This contradiction implies that limgzz, o (z% Efp(X @172)(t)) — <p(X(O’”C2)(t))]) = oo for all ¢t,22 € (0,00).
The proof of Lemma 2.3 is thus completed. O

Proof of Theorem 2.1. Theorem 1.7 in Krylov [47] (see also Proposition 3.2.1 in Prévot & Rockner [63]), in
particular, shows for every ¢ € [0, 00) that the mapping

R? 5z +— X*(t) € L°(;R?) (2.9)

o0

ot(R?*R) and every t € [0,00) that the mapping R* > x —
E[p(X*(t))] € R is continuous. Moreover, Lemma 2.3 proves that SUPge (yeR?: [|y||<p} ]E[SUPte[om] X ()] <
oo for all p € [0,00). Combining this, (2.9), Corollary 6.21 in Klenke [40] and Theorem 6.25 in Klenke [40]
shows for every t,p € [0,00) that the mappings R? 5> = — X*(t) € LP(Q;R?) and R? 5> = — E[X*(t)] € R?
are continuous. Furthermore, Lemma 2.3 implies that there exists an infinitely often differentiable function
© € C2,(R?,R) with compact support such that for every ¢,p € (0, 00) the mappings R? > x E[Xw(t)] € R?,

is continuous. This implies for every ¢ € C

cpt
R? 5 2 — E[p(X*(t))] € R and R? 5 & — X*(t) € LP(;R?) are not locally Lipschitz continuous and not
differentiable. The proof of Theorem 2.1 is thus completed. O

In the remainder of this section, we briefly consider slightly modified versions of the SDE (2.1). The generator
of the SDE (2.1) is nowhere elliptic. We remark that the phenomenon of loss of regularity may also appear for
an SDE whose generator is in many points of the state space elliptic. For example, let (2, F,P) be a probability
space with a normal filtration (F)iejo,00), let W = (W1, Wa): [0,00) x © = R? be a two-dimensional standard
(Ft)te[0,00)-Brownian motion and let X = (X¥, X7): [0,00) x Q2 — R?, 2 € R?, be the up to indistinguishability
unique solution processes with continuous sample paths of the SDE

dXT (1) = XT() - X3 () dt + X7 (2) Wi (1)

! (2.10)
dX3(t) = — (X7(2)” dt + X5 (t) dWa(t)

for t € (0,00) and = € R? satisfying X®(0) = z for all x € R?. The generator of the SDE (2.10) is in every
point & = (z1,22) € R? with 1 - 25 # 0 elliptic but there exists a function ¢ € CZ5 (R, R) such that for every
t € (0,00) the functions R? 5 z — E[X*(t)] € R* and R? 3 x — E[p(X*(t))] € R are not locally Lipschitz
continuous. The proof of this statement is completely analogous as in the case of the SDE (2.1). Furthermore,
the same statement holds if the two independent standard Brownian motion in (2.10) are replaced by one and
the same standard Brownian motion. More precisely, if (Q, F,P) is a probability space with a normal filtration
(F)te(o,00) and if W [0,00) x @ — R is a one-dimensional standard (F3),¢(y «)-Brownian motion, then the up

to indistinguishability unique solution processes X% = (X%, X¥): [0,00) x Q@ — R?, z € R?, of the SDE

. X{(t) - X3(t) .

dX"(t) = S|t X aw(t) (2.11)
- (X7(1)

for t € (0,00) and z € R? with continuous sample paths and with X(0) = z for all x € R? fulfill that there

exists a function ¢ € O (IR? R) such that for every ¢ € (0,00) the functions R? 3 x — E[X*(t)] € R* and

R? 5 z — E[p(X”(t))] € R are not locally Lipschitz continuous.

3 Counterexamples to regularity preservation with degenerate ad-
ditive noise

In this section we show the roughening effect for an example SDE with globally bounded and infinitely often
differentiable coefficients. For this, it suffices to consider the following counterexample to regularity preservation.
Let (92, F,P) be a probability space, let W: [0,00) x Q2 — R be a one-dimensional standard Brownian motion and
let X% = (X¥,X$,X%):[0,00) x @ — R?, # € R?, be the up to indistinguishability unique solution processes
with continuous sample paths of the SDE

dX{(t) = cos( X5 (t) - exp(X3(t)*)) dt
dX3(t) = V2dW(t) (3.1)
dX5(t) =0dt

for t € [0,00) and = € R3 satisfying X*(0) = z for all z € R3. Observe that
¢
XT(t) =21 + / cos (z3 - exp([z2 + V2W(s)]*)) ds (3.2)
0

P-a.s. for all t € [0,00) and all x = (1, 72, 73) € R?.



Theorem 3.1 (A counterexample to regularity preservation with degenerate additive noise). Let T' € (0, 00)
and let X®: [0,00) x Q@ — R3, 2 € R3, be solution processes of the SDE (3.1) satisfying X®(0) = x for all
x € R3. Then there exists an infinitely often differentiable function ¢ € CS;t (R3,R) with compact support such
that for every t € (0,T] the functions R® 3 z — E[X*(t)] € R? and R® >z — E[p(X*(t))] € R are continuous

but not locally Hélder continuous.

In the following, regularity properties of the solution processes X® = (X7, X%, X%):[0,00) x Q — R3,
r € R3, of the SDE (3.1) are investigated in order to prove Theorem 3.1. To do so, we first establish a few
auxiliary results. We begin with a simple lemma on trigonometric integrals.

Lemma 3.2. Let a,b € R be real numbers with a < b, let ¥ [a,b] — [0,00) be a continuously differentiable
function and let ¢ [a,b] — R be a twice continuously differentiable function with e*?(®) =i and with ¢'(x) >0,

©"(x) >0 and ¢'(z) <0 for all x € [a,b]. Then fab cos(p(z)) Y (x)dx < 0.

Proof of Lemma 3.2. First, assume w.l.o.g. that ¢(b) > ¢(a)+n (otherwise we have cos(¢(x)) < 0 for all z € [a, b]
and hence f; cos(p(x)) Y (z) de < 0). Moreover, assume w.l.o.g. that ¢'(x) > 0 for all x € (a,b] (otherwise con-
sider @lfap): [@, 0] — R where a := inf({z € [a,b]: ¢'(x) > 0} U {b}) and observe that ff cos(p(x)) Y(z)de =
fab cos(p(z)) ¥ (z) dx). In particular, ¢: [a,b] — R is strictly increasing and there exists a unique strictly increas-
ing continuous function ¢=1: [p(a), p(b)] — [a,b] with =1 (p(x)) = z for all z € [a,b] and with ¢(p~1(z)) = =
and (1) (z) = m > 0 for all z € (p(a), p(b)). Integration by substitution and integration by parts
therefore imply

[ eosiotan) vt e = / ((j) con(@) (7 (@) - () @ e = ((j) corly) 0o ) g,
_ B0 UV 0]y l Ve @) ’eb(cpl(fv))tp”(sol(w))] ey Y
' (7 () w(a) [ (o= ()] [/ (9~ ()]
This completes the proof of Lemma 3.2. O

The next lemma analyzes suitable regularity properties of the solution processes X% = (X7, X7, X7): [0, 00) x
Q — R3, x € R3, of the SDE (3.1). Its proof is based on Lemma 3.2.

Lemma 3.3 (A lower bound). Let (0, F,P) be a probability space and let W: [0,00) x & — R be a one-
dimensional standard Brownian motion. Then

1—E[cos(h-exp([z + W(t)]*))] > exp(*T8 [\ ln(&)w3 + mﬂ) (3.4)

for all h € (0,5 exp(—|[Vt+a]VO]})], t€(0,00) and all x € R and
t 5 t —64|W (8)|2
/ E[Lweay (1= cos(h- el W) ds > 3'E[H{W(t)€A}eW} exp (=2 [| (£ +22]) (35)
0

for all h € (0,% exp(— [Vt + |z] + sup,e4 \a|]3 )], 2 € R, t € (0,00) and all bounded and Borel measurable sets
ACR.

; : . [ln(r/@A]V 3 -2
Proof of Lemma 8.8. First of all, define a family ¢, p: [ NG 7oo) — R, (t,x,h) € {(O,oo) x R x
(0,00): h < Z exp(—|z Vv 0[*)}, of functions by

Pton(y) == h-exp(fz+ Vy]*) (3.6)

for all y € [%, 00), t € (0,00), h € (0,% exp(—|z Vv 0[*)] and all # € R. Observe that

o) = 3VE [+ Vi) oo n(y) = 0 (3.7)

and
Pl () = 6 [+ Viy)oran () +9t[r + Vi) erany) = 0 (3.8)
for all y € [%,m), t € (0,00), h € (O, Fexp(—|z Vv O|3)} and all x € R. In addition, note that
@t,x,h(%) = Z forallt € (0,00), h € (0,%exp(—|z Vv 0]*)] and all z € R. We can thus apply

Lemma 3.2 to obtain that

1 > 3\ =g
E [ln(‘fr/@h))]l/g—z cos (h ' exp([x + \/%y] )) € dy g 0 (39)
2



for all ¢ € (0,00), h € (0, % exp(—|z v 0*)] and all € R. This implies

E [cos(h - exp([z + W (t)]*)) m/ cos h exp([z + Vity] )) e%ﬁdy
In(r/@n)]M /3o .
S\/12? . : cos (- exp([z +Viy]®) ) e+ dy (3.10)
n(m 1/3_1, ol 1/3 .
<P Wls[l(/(”j/)g] 1:1_1@[W1>“(/(22]

for all ¢ € (0,00), h € (0,% exp(—|z v 0]*)] and all € R. Moreover, Lemma 22.2 in Klenke [40] yields

e
P[W; > y] > > W 3.11
Wi>yl2 War(l+y?) ~ yem o (8.11)

for all y € [1,00). Combining this and inequality (3.10) then shows

1/ —4 |[In(7 1 —acz
1—E[cos(h-eXp<[x+w<t>13>>}zp[w1>““W(”jg] ”]zexp( it/ )P \> (3.12)

for all h € (0,5 exp( — |[Vt+ 2] VO[*)], t € (0,00) and all z € R and the estimate — |a + b]> > —2a2 — 202 for
all a,b € R therefore results in the first inequality in (3.4). Next the first inequality in (3.4) implies

E[]l{w(t)eA} |1 — cos(h - exp([z + W(s)]*))] }
—E [1{%)6,4} E [1 —cos(h-exp( [z + W (t) + W(s) — 2W(t)])*)) |W(t)} ] (3.13)

> E[Liwwea ep (525 [ (P2 + [+ 5w (0)]]) ]

for all h € (0, % exp( — [V + |z] + sup,e4 |a|}3)]7 x €R, st e (0,00) with s < ¢t and all bounded and Borel
measurable sets A C R. Hence, we get

t

N

E|1iw¢)ea ‘1 - cos(h exp([m + W (s)] ))|] ds

NS
&

Z/fE[Jl{W(t)eA} |1—COS(h'eXP([xJFW(S)P))” s (3.14)
E 3.14

S|t
b

> /; E[H{W(t)eA} eXp(% [| In(E)2/3 + [o+ fW(t)]QD } n
> 5 Bt owwen ep( = [P + o + o] )

for all h € (0,5 exp(— [Vt + |&] + sup,c 4 |a|]3 )], € R, t € (0,00) and all bounded and Borel measurable sets
A C R. This completes the proof of Lemma 3.3. O

We are now ready to prove Theorem 3.1 stated at the beginning of this section. Its proof uses the lower
bound established in Lemma 3.3 above.

Proof of Theorem 3.1. First of all, note that (3.2) and Lemma 3.3 imply that

lim (E[X?’O"”(t) - X" )] ) (EUJ 1 — cos(h- exp([V2W(s)]*)) ds] )

= lim

h\0 he R\0 he

— lim f(f 1- E[Cos(h . exp([W(23)]3))] ds . 02t 1 E[COS(h . exp([W(s)}?’))] .
h™\0 he hAN0 2he (3 15)
> i JP1 —E[cos(h-exp([W(s)]*))] ds - 2 EXP(;8 |In lh)]?/?’) ds

. l - —e Y — ™
= }111{% <2 ~exp(78 |ln(%)|2/3 + In(h ))) =3 lim (exp(TS |ln(ﬁ)’2/3 —c- ln(h))) =00



for all €,t € (0,00). We hence get for every ¢ € (0,00) that the function R® 5  — E[X*(t)] € R? is not locally
Holder continuous. Moreover, let ¢: R — [0,1] be an infinitely often differentiable function with compact
support and with ¥ (z) = 1 for all x € [-T,T] and let ¢: R*> — R be a function given by ¢(z1,z2,23) =
z1p(z1)(z2)(x3) for all 1, x2, 23 € R. Again (3.2) and Lemma 3.3 then show

lim (h== - E[p(XO00 1)) = o(x P ®)]) = lim (= E[(x{*°V (1) = x{**" 1) 0 (V2W (1))

RN\O AN
. e (0,0,0) /4y _ 1-(0,0,h)
> Jim (0 B[y a <y (X770 - X2 0) )

1
— ,lll{f}) (h‘E 1[«:[ ]l{|\fW(t)|<T} (1 — Cos(h exp([fW( )] )) ) dsD (3.16)
= ,1}{% (2;115 [ L2 \<T}(1 — cos(h - exp([W(s)]*)) ) dSD —

for all t € (0, T]. The proof of Theorem 3.1 is thus completed. O

In the remainder of this section, we briefly consider a slightly modified version of the SDE (3.1). More formally,
let (Zn)nen, be a family of sets defined by Zg :=Z :={...,-2,-1,0,1,2,...} and by Z,, := {z € Z: £ ¢ Z}
={...,-3,—-1,1,3,...} for all n € N. Then let p = (pu1, 12, 13): R®> — R?® and B € R3 be given by

2onto Lomez, ot cos((w3 — 3r) exp([z2)%)) 0
p(z) = 0 and B=|[1 (3.17)
0 0

for all x = (z1,22,73) € R3. Note that u: R3 — R3 is infinitely often differentiable and globally bounded by 2.
Moreover, let (2, F,P) be a probability space, let W: [0,00) x £ — R be a one-dimensional standard Brownian
motion and let X*: [0,00) x Q@ — R3, x € R3, be the up to indistinguishability unique solution processes with
continuous sample paths of the SDE

dX7(1) = p(X®(8)) dt + BdW (1) (3.18)

for t € [0,00) and x € R? satisfying X®(0) = z for all x € R3. The following Theorem 3.4 establishes that
the function [0,00) x R* — E[X*(t)] € R? is nowhere locally Hélder continuous. Its proof is a straightforward
consequence of Lemma 3.3 and therefore omitted.

Theorem 3.4 (A further counterexample to regularity preservation with degenerate additive noise). Let ¢, T €
(0,00) and let X®: [0,00) x Q — R3, x € R3, be solution processes of the SDE (3.18) with continuous sample
paths and with X*(0) = x for all x € R3. Then for every t € (0,00) and every non-empty open set O C R? the
function O 3 z — E[X"L(t)] € R3 is continuous but not locally Hélder continuous. Moreover, there exists an
infinitely often differentiable function ¢ € Cg,(R?,R) with compact support such that for every t € (0,T] and
every non-empty open set O C (—c,c)® the function O > z — E[p(X*(t))] € R is continuous but not locally
Holder continuous.

4 Solutions of Kolmogorov equations

If the transition semigroup associated with an SDE is smooth, then it satisfies the Kolmogorov equation (which
is a second-order linear PDE) corresponding to the SDE in the classical sense. The transition semigroups in
our counterexamples are, however, not locally Lipschitz continuous and are therefore no classical solutions of
the Kolmogorov equations of the corresponding SDEs. The purpose of this section is to verify that the non-
smooth transition semigroup associated with such an SDE still satisfies the Kolmogorov equation but in a certain
weak sense. More precisely, in Subsection 4.4, we show that the transition semigroups in our counterexamples
are wiscosity solutions of the associated Kolmogorov equations. Moreover, in Subsection 4.5, we show that
the transition semigroups in our counterexamples are solutions of the associated Kolmogorov equations in the
distributional sense. Throughout this section the notation sup(f)) := —oo and inf(@) := oo is used.

4.1 Definition and basic properties of viscosity solutions

Viscosity solutions were first introduced in Crandall & Lions [9] (see also [16, 17, 8]). The name wiscosity solution
is due to the method of vanishing viscosity; see the discussion in Section 10.1 in Evans [18]. For a review of the
theory and for more references, we refer the reader to the well-known users’s guide Crandall, Ishii & Lions [7].
For d € N we denote by Sg = {4 € R9*4: A = A*} the set of all symmetric d x d-matrices. Moreover, for
d € N and A, B € S; we write A < B in the following if (v, Az) < (x, Bz) for all € R¢. Furthermore, for
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d € N and an open set O C R? we call a function F: O x R x R? x Sg — R degenerate elliptic (see, e.g., (0.3)
in Crandall, Ishii & Lions [7]) if F(z,r,p,A) < F(z,7,p,B) forallz € O, r € R, p € R and all A,B € S
with A > B. For convenience of the reader, we recall the definition of a viscosity solution (see, e.g., Section 2 in
Crandall, Ishii & Lions [7] and also Definition 1.2 in Appendix C in Peng [62]).

Definition 4.1 (Viscosity solution). Let d € N, let O C R be an open set and let F: O x R x RY x S — R
be a degenerate elliptic function. A function u: O — R is said to be a viscosity subsolution of F = 0 (or,

equivalently, a viscosity solution of F < 0) if u is upper semicontinuous and if it holds for all x € O and all
¢ € C*(O,R) with ¢ > u and ¢(x) = u(x) that

F (2, 6(x), (Vo)(x), (Hess ¢)(x)) < 0. (4.1)

Similarly, a function u: O — R is said to be a viscosity supersolution of F' = 0 (or, equivalently, a viscosity
solution of F > 0) if u is lower semicontinuous and if it holds for all z € O and all ¢ € C*(O,R) with ¢ < u
and ¢(x) = u(zx) that

F(x, (), (Vo) (z), (Hess ¢)(m)) > 0. (4.2)

Finally, a function u: O — R is said to be a viscosity solution of F' = 0 if u is both a viscosity subsolution and
a viscosity supersolution of F = 0.

In the proof of Corollary 4.11 below the following elementary lemma (Lemma 4.2) is used. The proof of
Lemma 4.2 is clear and therefore omitted.

Lemma 4.2 (Sign changes of viscosity solutions). Letd € N, let O C R? be an open set, let F: OxRxRIxSy —
R be a degenerate elliptic function and let u: O — R be a viscosity solution of F' > 0. Then the function
F:OxRxR%x Sy — R defined by F(m,r,p,A) = —F(x,—r,—p,—A) for all (z,7,p,A) € O x R x R¥ x §4
is degenerate elliptic and the function O > x — —u(z) € R is a viscosity solution of F < 0. The corresponding
statement holds for viscosity solutions of F < 0 and F = 0 respectively.

Above in Definition 4.1 the concept of viscosity solutions is presented via suitable test functions. An alter-
native instrument to characterize viscosity solutions are so-called semijets (see, e.g., Definition 2.2 in Crandall,
Ishii & Lions [7]). They are recalled in the next definition.

Definition 4.3 (Second-order semijets). Let d € N, let O C R be an open set and let u: O — R be a
function. Then we define functions Jiu: O — P(]Rd X Sd), J2u: O — P(]Rd X Sd), Jiu: O — P(]Rd X Sd)
and J2u: O — P(]Rd X Sd) by

. u(y)—u(z)—(p,x—y)— i (z—y,A(z—

(J2u) (x
(72
(

J? u)
J2u)

e ]Rd %S, 3 (-fnvpruAn)ne]N Cc O x R4 x Sq: (Vn € N: (pn;An) c (J_%_u)(xn))
d: and limy, o0 (Tn, w(2p), Pn, An) = (z,u(x), p, A) )

O\{z}oy—=z lz—yl®
cR? x Sy <E|(xmpmAn)neJN COxRYxSy: (VneN: (pn, Ay) € (J2u)(zn)) )}

@)= { .

(z): {(p, A) e R x Sy:  liminf (u(y)fu(z)%p’ziy)i%<x7y’A(ziy)>) > 0} and
(z) =1 (», 4)

forall x € O.

The next lemma (Lemma 4.4), which is essentially one of the statements in Remark 2.3 in Crandall, Ishii &
Lions [7], illustrates the relationship between semijets in the sense of Definition 4.3 and suitable test functions
in sense of Definition 4.1.

Lemma 4.4 (Properties of semijets). Let d € N, let O C R? be an open set and let u: O — R be a function.
Then

(Jiu)(z) = {((Vo)(z), (Hessp)(z)) € R? x Sy: (¢ € C*(O,R) with u(z) = ¢(z) and u < ¢)}

 {((V6)(@), (Hess8)(@)) € RY x Sa: (6 € C2(O,R) and u— 6 has a local masimum at z)} )
and
(J2u)(@) = {((Vo)(), (Hess ¢)(x)) € R? x Sa: (¢ € C*(O,R) with u(z) = ¢(x) andu > ¢)} (4.4)
= {((Ve)(z), (Hess¢)(z)) € R* x S4: (¢ € C*(O,R) and u — ¢ has a local minimum at z) }
forall x € O.
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The next corollary, which is essentially one of the statements in Remark 2.3 in Crandall, Ishii & Lions [7], is
an immediate consequence of Lemma 4.4 above.

Corollary 4.5 (Characterizations of viscosity solutions). Let d € N, let O C R? be an open set, let F: O x R x
R x Sy — R be a degenerate elliptic function and let u: O — R be an upper semicontinuous function. Then
the following three assertions are equivalent:

e w is a viscosity subsolution of F =0 (u is a viscosity solution of F <0),

o for every x € O and every ¢ € {1p € C*(O,R): z is a local mazimum of (u — 1)): O — R} it holds that
F(z,u(z), (Vo)(x), (Hess ¢)(x)) <0,

o for every x € O and every (p, A) € (J2u)(z) it holds that F(z,u(z),p, A) < 0.
The corresponding statement holds for viscosity supersolutions and viscosity solutions.

The next corollary, which is Remark 2.4 in Crandall, Ishii & Lions [7], illustrates a further characterization
of viscosity solutions under the assumption that F' is continuous. It follows immediately from Corollary 4.5 and
from the semicontinuity of F.

Corollary 4.6 (Characterizations of viscosity solutions for semicontinuous left-hand sides). Let d € N, let
O C R? be an open set, let F: O x RxR? xSy — R be a degenerate elliptic and lower semicontinuous function
and let u: O — R be an upper semicontinuous function. Then u is a viscosity solution of F < 0 if and only if it
holds for every x € O and every (p, A) € (J?_u)(x) that F(z,u(x),p, A) < 0. The corresponding statement holds
for viscosity solutions of F > 0 and F = 0 respectively.

The next well-known remark (see, e.g., Section 2 in Crandall, Ishii & Lions [7]) illustrates that classical
solutions are viscosity solutions. We will use it in the proof of Lemma 4.15 below.

Remark 4.1 (Classical solutions are viscosity solutions). Let d € N, let O C R? be an open set, let F': O x
R xR xSy — R be a degenerate elliptic function and let u € C2(O7 R) be a classical subsolution of F =0, i.e.,
suppose that

F(z,u(z), (Vu)(z), (Hessu)(z)) <0 5)

(4.
for all x € O. Then u is also a viscosity subsolution of F = 0. Indeed, for every x € O and every ¢ € {1y €
C*(O,R):  is a local mazimum of (u —1)): O — R} it holds that (V(u — ¢))(z) = 0 and (Hess(u — ¢))(z) < 0
and therefore

F(ac, u(z), (Vo) (z), (Hess ¢)(:C)) = F(J;, u(z), (Vu)(x), (Hess (b)(x))

F(z,u(z), (Vu)(z), Hessu)(z)) <0 (4.6)

IN

due to (4.5) and due to the degenerate ellipticity assumption on F. The corresponding statement holds for
classical supersolutions and classical solutions of F = 0.

For the convenience of the reader, we also state a special case of Theorem 3.2 in Crandall, Ishii & Lions [7]
in the next lemma. It will be used in the proof of Lemma 4.10 below.

Lemma 4.7 (Construction of suitable semijets). Let d,k € N, e € (0,00), let O C R be an open set, let
® € CYHOF R), letu;: O =R, i€ {l,...,k}, be upper semicontinuous functions and let & = (1, ...,2x) € OF
be a local mazimum point of the function OF > (xq,...,x2) — (Zle ui(x;)) — ®(x1,...,21) € R. Then there
exist matrices Ay € Sq, ..., A € Sq such that for all i € {1,...,k} it holds that ((V4,®)(2),A;) € (jiuz)(il)
and such that

A - 0
— (é + || (Hess <I>)(9?:)||L(]de)) I< < (Hess ®)(Z) + ¢ [(Hess @)(9@)]2 (4.7)
0 --- A,

4.2 An approximation result for viscosity solutions

The following approximation result for viscosity solutions is essentially well known (see Proposition 1.2 in Ishii [37]
which refers to the first order case in Theorem A.2 in Barles & Perthame [2]; see also Lemma 6.1 in Crandall,
Ishii & Lions [7] and the remarks thereafter). For completeness we give the proof here following the line of
arguments for the first order case in Theorem A.2 in Barles & Perthame [2]. In the remainder of this article we
use the notation dist(z, 4) := inf({||lz — y|| € [0,00): y € A} U {oc}) € [0,00] for all z € R%, all A C R? and all
deN.
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Lemma 4.8. Letd € N, let O C R? be an open set, let u,: O — R, n € Ny, be functions and let F,: O x R x
R? x Sq = R, n € Ny, be degenerate elliptic functions such that Fy is continuous. Moreover, assume that

limsup — sup  |Fn(x,7,p, A) — Fo(z,r,p, A)| = 0 = limsup sup |u,(z) — uo(z)| (4.8)

n—oo (z,rp,A)EK n—oo ek

for all non-empty compact sets K C O x R x R% x Sq and all non-empty compact sets K C O and assume for
every n € N that u,, is a viscosity solution of F,, = 0. Then ug is a viscosity solution of Fy = 0.

Proof of Lemma 4.8. The proof is divided into two steps. Step 1: Let g € O and let ¢ € CQ(O7 R) be a function
such that x¢ is a strict maximum of ug — ¢, i.e.,

ug(z) — ¢(x) < ug(wo) — P(z0) (4.9)

for all z € O\{zo}. Then we define r := min(1, § dist(zo, R"\O)) € [0,1]. Since O C R? is an open set, we
obtain that r € (0, 1]. Furthermore, continuity of the function ¢ and of the functions u,, n € N, together with
compactness of the set {y € R?: ||y—mo|| < r} C O proves that there exists a sequence ,, € {y € R?: ||y— || <
r} C O, n € N, of vectors such that

un () = ¢(x) < un(wn) — G(an) (4.10)

for all z € {y € R?: ||y — 20| < r} and all n € N. We now prove that the sequence (z,,)n,en converges to z.
Aiming at a contraction, we assume that the sequence (xn)n@N does not converge to zy. Due to compactness
of {y € R4: |ly — 0| < 7}, there exists a vector Zgp € {y € R?: 0 < |ly — xo]| < r} C O and an increasing
sequence ny € N, k € N, such that limy_, o @, = To. In particular, we obtain that the set {Zo} U (Ugen{zn,})
is compact. Assumption (4.8), inequality (4.10) and inequality (4.9) hence imply that

uo(0) — ¢(xo) = lim (un, (z0) = ¢(x0)) < Hmsup (un, (¥n,) = (@) = uo(To) = ¢(Zo) < uo(xo) — P(wo)-

k—o0

From this contradiction we infer that lim, . 2, = 2o. Assumption (4.8) and continuity of V¢: O — R? and
of Hess¢: O — S; hence imply that

m (2, un (20), (V@) (2r,), (Hess ¢)(x,)) = (w0, uo(x0), (Vo) (o), (Hess ¢)(20)). (4.11)

n— oo

In addition, lim,,_,~ 2, = 2o and (4.10) show that there exists a natural number ng € N such that we have for
alln € {ng,no+1,...} that ||z, —x¢|| < r and that z,, € O is a local maximum of the function (u, —¢): O — R.
Hence, Corollary 4.5 and the assumption that u,, is a viscosity solution of F;, = 0 show that

Fo (@, un(20), (Vo) (2), (Hess ¢)(z,,)) <0 (4.12)

for alln € {ng,no+1,...}. Continuity of Fy, equation (4.11), assumption (4.8), inequality (4.12) and compactness
of the set Upeny {(@n, un(zn), (V@) (xy), (Hess ¢)(x,))} therefore yield that

Fo (2o, uo(x0), (V) (x0), (Hess ) (z0)) = Jim Fy (Zn, un(2n), (Vo) (2n), (Hess ¢)(2,))

. (4.13)

= nh—>Holo Fo (2, un(2), (Vo) (2), (Hess @) (z,,)) < 0.
We thus have proved that Fy(z,uo(z),(Ve)(z), (Hess¢)(z)) < 0 for all ¢ € {1p € C*(O,R): x is a strict
maximum of (ug —1): O — R} and all z € O. Step 2: Let 2y € O and let ¢ € C*(O,R) be a function such that
#(wg) = ug(zo) and ¢ > ugy. Next define functions ¢.: O — R, ¢ € (0,1), by ¢.(z) = ¢(x) + ||z — x0]|? for all
z € O and all € € (0,1). Note for every € € (0,1) that x¢ is a strict maximum of the function (ug—¢.): O — R.
Step 1 can thus be applied to obtain

Fy (w0, uo(x0), (Vée) (o), (Hess ¢) () <0 (4.14)

for all € € (0,1). Moreover, observe that (V¢.)(xzo) = (V¢)(zo) and that (Hess ¢c)(zo) = (Hess ¢)(xo) + 21y
for all € € (0,1) where I; € S? is the d X d-unit matrix. Consequently, we see that lim.\ o (Ve )(20) = (V) (z0)
and that lim. o (Hess ¢.)(xo) = (Hess ¢)(zo). Continuity of Fy and inequality (4.14) hence yield

Fy (w0, uo(x0), (Vo) (o), (Hess ¢)(z0)) = &h{% Fy (w0, uo(x0), (Ve )(z0), (Hess ¢c ) (x0)) < 0. (4.15)

We thus have proved that Fy(z,uo(z), (V¢)(x), (Hess ¢)(z)) < 0 for all ¢ € C?(0,R) with ¢(z) = ug(z) and
¢ > up and all x € O. This shows that ug is a viscosity subsolution of Fj = 0. In the same way, it can be shown
that wug is a viscosity supersolution of Fy = 0 and we thereby obtain that ug is a viscosity solution of Fy = 0.
The proof of Lemma 4.8 is thus completed. O
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4.3 Uniqueness of viscosity solutions of Kolmogorov equations

A key result of this subsection (Corollary 4.14) establishes uniqueness of viscosity solutions of a second-order
linear PDE within a certain class of functions and is apparently new. This uniqueness result is based on
the well-known concept of superharmonic functions or — in the PDE language — on the idea of dominating
supersolutions. More precisely, let d € N and let (2, F,P) be a probability space with a normal filtration
(Ft)te[0,00)- For solution processes X*: [0,00) x Q — R?, = € R?, of many SDEs, there exists a function
Ve C? (R%,(0,00)) (often R? 3 = — 1+ [lz[|* € (0,00)) and a real number p € R such that the stochastic
processes [0,00) X Q 3 (t,w) — e Pt V(X*(t)(w)) € (0,00), x € RY, are non-negative supermartingales (so
that E[V(X*(t))] < et - V(z) for all (t,z) € [0,00) x RY); see, e.g., the examples in Section 4 in [34]. For these
stochastic processes to be supermartingales, it suffices that the Lyapunov function V satisfies

LV (z) < pV(x), (4.16)

for all z € R?, where L is the generator of the SDE under consideration. In other words, it suffices that the
map (0,00) x R? > (t,2) — e* - V(z) € (0,00) is a classical supersolution of the Kolmogorov equation. For
T € (0,00), d € N and an open set O C R%, a function G: (0,7) x O x Rx R% xS; — R is here called degenerate
elliptic if G(t,z,r,p, A) < G(t,z,r,p,B) for all t € (0,T), z € O, r € R, pc R% and all A,B € S; with A < B
(see, e.g., inequality (1.2) in Appendix C in Peng [62] and compare also with Subsection 4.1 above). To establish
Corollary 4.14, we first state a few auxiliary results. For the convenience of the reader, we first state Proposition
3.7 from Crandall, Ishii & Lions [7] in the next lemma.

Lemma 4.9. Let d € N, let O C R be a set, let n: O — R be an upper semicontinuous function, let
¢: O — [0,00) be a lower semicontinuous function satisfying lima oo SUP,co (n(y) — - d)(y)) € R and let
x: (0,00) = O be a function satisfying

i (sup (1) — - 6)) = (n(a(@) ~ - o(a(a)) ) = (4.17)

a—r 00 yEO

Then limgy 00 a-¢(x(a)) = 0 and for all a,, € (0,00), n € N, with limy,_, o0 a, = 00 and limy, 00 z(w,) =: 29 € O
it holds that ¢(x0) = 0 and 1(zo) = lima 0 SUP,co (N(Y) — - G(y)) = SUPyep—1(0) M(Y)-

The next lemma essentially generalizes Theorem 2.2 in Appendix C in Peng [62] (which assumes the func-
tions Gy, ..., Gy to be uniformly continuous in the second argument uniformly in the last argument) and is a
generalized analog of Theorem 8.2 in Crandall, Ishii & Lions [7] for unbounded domains. Given an open set
O C R, we define a sequence O,, C O, n € N, of compact sets by

Oy, = {2 € O: dist(z, R"\O) > L and ||z|| <n} (4.18)

1
for all n € N. We also write OF, := O\O,, for the complement of O,, in O.

Lemma 4.10 (A domination result for viscosity subsolutions). Let T € (0,00), d,k € N, let O C R? be an open
set, let G1,...,Gr: (0,T) x O x R x R? x Sg — R be degenerate elliptic and upper semicontinuous functions
and let uy,...,ug: [0,T] x O = R be upper semicontinuous functions such that for every i € {1,...,k} it holds
that wil(0,1yx0 s a viscosity subsolution of

Dui(t,z) — Gi(t, z, ui(t, ), (Vo) (¢, x), (Hess,u;) (¢, ) = 0 (4.19)

for (t,z) € (0,T) x O. Moreover, assume that

Z G (tgn),xgn),rl(”),n (]l[g,k] (7) - [xgn) — ng)l] + 1 -1y (i) - [axgn) - xgi)lD,nAgn)) <0 (4.20)

for all t(-n),m(-n),r(n),A(-n) € (0, T)xO xR xSy, neN,ie{l,... .k}, satisfying that lim,,_, t(n),x(n) €
7 7 7 % 1 1

(0,T) x O, that limy,_,o0 (v/n SF, 1™, 2y — (™) myi)l)ﬂ) =0, that lim, e 1, r{™ >0, that SUP,eN

S P < 0o and thatVn € N:Vzy, ...z € RE: —55F 212 < 28 (2, A 2) <558 1z — 24|12

Furthermore, assume that Zle u;(0,2) <0 for all z € O and that
k

lim sup u;(t,z) <O0. 4.21
=00 (¢ 2)€(0,T)x O Z ( ) ( )

n 3=1

Then Zle u;(t,x) <0 for all (t,z) € [0,T) x O.
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Proof of Lemma 4.10. If O = (), then the assertion is trivial. So for the rest of the proof, we assume that O # 0.
We will show that Z _ui(t,z) < (T t) for all (¢,x) € [0,T) x O and all § € (0,1]. Letting 6 — 0 will then

yield that Z _qui(t,z) <0 for all (t,z) € [0,T) x O. In the following we thus fix § € (0,1]. In a first step
of this proof, we modify the problem. More precisely, define functions @y, ..., ax: [0,7) x O — [~00,00) by
U;(t, @) == u,(t, z) — ﬁ and functions G1,...,Gr: (0,7) x O x R x R? x S4 — R by

G, (t,x,r,p, A) := Gi(t,x,r—l— ﬁ,p,A) — % (ﬁ) = Gi(t,x,r + ﬁ,p, A) — ﬁ. (4.22)
Then it holds for every i € {1,...,k} that ;| r)xo is a viscosity subsolution of
Lt z) — Gi (t, 2, i(t, 2), (Vi) (t, ), (Hessy ;) (t,2)) =0 (4.23)

for (t,z) € (0, T) x O. It remains to prove that Zle ;(z) <0forall z € [0,T) x O. Aiming at a contradiction,
we assume that the extended real number Sy := sup.c(o ryxo E?:l 1;(z) € (—o0, 0] satisfies that Sy € (0, o0].
Assumption (4. 21) then implies that there exists a natural number ny € N such that K := O,,, is non-empty
and such that Z _0i(z) < Z _, ui(z) <min(1, 52) for all 2 € (0,T) x K°. This, together with Z _,0;(0,2) <
S ui(0,2) <0 and YF | @(T, 2) = —oc for all 2 € O implies that

k

sup ;(z) < min(l 20) <
z€[0,T]x K< ;4

S0, (4.24)
Moreover, the function Zle U;: [0, T]x O — [—00,00) is upper semicontinuous and is hence bounded from above
on the compact set [0,7] x K. Combining this with (4.24) proves that Sy < co and we thus get Sy € (0, 00).
In the next step we define a function ¢: ([0,7] x O)* — [0,00) by ¢(21,...,21) = %Zf:z ll2; — zi—1||® for
all z1,...,2, € [0,T] x O. For several n € N we will apply Lemma 4.7 with O = (0,T) x O, ¢ = * and
with & = n - ¢|((O’T)><O)k below. For this we now check the assumptions of Lemma 4.7. Define a function
n: ([0,7] x K)* — [—00,0) by n(z1,...,2k) = Zle U;(z;) for all z1,...,2z; € [0,T] x K. Note for every

€ (0,00) that the function ([0,7] x K)¥ 3 2 + n(z) — a - ¢(z) € [~o0,00) is upper semicontinuous with a
compact domain of definition and therefore, attains its maximum S, := SUP¢([0,1)x k) (n(z) —a-¢(z)) <
in a point z(®) = ((tga),xga)), ce (t,(ca),x,(:‘))) € ([0,T] x K)*. Next observe that

k

00>8,> sup n(z,z,...,2)= sup Zﬂl(z) =5,>0 (4.25)
2€[0,T)x K 2€[0,T)x K

for all @ € (0,00). This together with monotonicity of the function (0,00) 3 o — S, € (0, 00) implies that the
limit limgy 00 So exists in (0, 00), i.e., it holds that lim,— o So € (0,00). The set {g(”): ne JN} c ([0,T] x K)*
is relatively compact and therefore, there exists a limit point 2 = ((t1,21),.. ., (fx, 2x)) € ([0,7] x K)* of this
set. Let n; € N, j € N, be a strictly increasing sequence such that lim;_,, 2(") = 2. Clearly, @;(T,2) = —oco
for all z € K and all ¢ € {1,...,k} implies that t(a) , ,(Co‘) € [0,T) for all @ € (0,00). In addition, observe
that if (£1,...,%,) € [0, T]%\[0, T)k then (4.25) 1mphes that

k
0< lim S,, = lim (n(g("f)) —nj~¢(§(”f))> < lim n(z (”J')) < (Z [ sup ul(z)]> —o00=—o0 (4.26)

j—o0 j—o0 j—o0 z€[0,T]x K

and this contradiction shows that (fl, ... ,fk) e o, T)k. Next observe that

i — - _ (@) _ o () — ] _ —
ah—>néo Le([oi“l)pr)k (77(2) ! ¢(z)) (77(; )—a-d(z ))1 ah_>n;o [Sa — Sa] =0. (4.27)
Hence, Lemma 4.9 applied to n(jo,7)x k) and to ¢|(jo,7)xk)* yields that
— 1 o _ (oz) a) 2
0= Jim [0 9] = Jim, [ S al) = )] ] (125)

and that ¢(2) = 0. The definition of ¢ therefore ensures that (¢;,4;) = (f;,4;) for all 4,5 € {1,...,k}. Further-
more, observe that if t; = 0, then (4.25) and the upper semicontinuity of 7 show that

0<Sy < hm Sh, <hmsup77( ("’)

j—o0

k
= ui(0,d1) - <0 (4.29)
i=1

Mw
Sl

N
Il
_
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and this contradiction implies that ¢; = o = ... = £, € (0,T). Consequently, there exists a natural number
Jo € N such that for every j € {jo,jo + 1,...} it holds that tﬁ””, . ,t,(cn") € (0,T). Next for every n € N :=
{m e N: tgm), .. ,t,(cm) € (O,T)} we apply Lemma 4.7 with O = (0,T) x O, with ¢ = %, with the functions

U1l(0,1yx0> - - +» Ukl(0,r)x0 and ® = n - @[ 1)x0)* and with the local maximum point 2™ € ((0,T) x O)F
to obtain the existence of matrices (Agn), .. .,A]gn)) = ((GZ}l)i,je{l,i..,d—H}’ cee (aZ}k)i7je{17.,,7d+1}) € (Sas1)¥,
n € N, such that for every n € N and every i € {1,...,k} it holds that
(7 (Vw7287 (1, ™)), nAM ) € ()t a)  and (4.30)
nA™ ... 0
n . . n n 2
- [n+n || (Hess ¢) (2 >>||L(R(d+1)k)} I< Do < n (Hess ¢)(z™) + £ [n (Hess ¢)(z™)]".
0o - nAl(Cn)
Combining this with the identity (Hess ¢)(z) = (Hess ¢)(0) for all z € ((0,T) x O)* then implies that
Agn) 0 )
1+ | Hess O |y TS| 1 1| < (Hess)(0)+ [(Hess@)(0)]*  (43D)
0 --- Aé”)

for all n € M. To simplify the notation we define matrices Bl(n) € Sq, 1 € {1,...,k}, n € N, by Bl(n) =

(a?_;leH)i’je{l ,,,,, ay forall 1 € {1,...,k} and all n € V. Corollary 4.6 together with (4.30) and the fact that it
holds for every i € {1,...,k} that @] ,1)x0o is a viscosity subsolution (4.23) then proves that

n(20) ™) = Gi(1, 2V, 3 (10, 2(V) 1 (V0,0) (), n B ) <0 (4.32)
for all i € {1,...,k} and all n € N'. Summing over i € {1,...,k} hence results in
k k
n > (26) (™) Z G (1,2t @ (1,20 (Va,0) (=), m B ) (4.33)
i=1 i=1

for all n € M. Next note that the definition of ¢ ensures in the case k > 2 that

1 k a tl - t2 =1
(57:0) (b 21, (trs ) = 5 > 7, b )=l —ti —ti 1<i<k (4.34)
j=2 tp — th—1 i=k

for all i € {1,...,k} and all (¢1,21),..., (tk,zr) € (0,T) x O and therefore we obtain that in the case k > 2 it
holds that

k k—1
(a%d’) ((tr, 1), (b k) =t — o+ te — b1 + Z (2t —tioy —tip1) =t —to+tp — 1
= =2 (4.35)
k—1 k—1 k—1
+ (th —ti- 1> (th - tz—i—l) = (tl —tlg—1+ th’ - ti—l) + <tk —t2+ Zti - ti+1> =0
i=2 i=2 i=2
for all (t1,21),..., (tk, zx) € (0,T) x O. Combining this with (4.33) results in
k
< Zé (t(n) (n) (t(”)7 E”)) (lef{b) (g(n))’nBi(”)) (4.36)
i=1
for all n € N. Therefore, we obtain from (4.22) and from #; = --- = 3 € (0,T) and tgnj), e ,t,gnj) € (0,7) for
all j € {jo,jo+1,...} that
k k
Z ( — Z < (ng) (WJ) (t(ﬂg)7 ETLJ)) + (T_f(nj)) oy (vxld)) (g("j))ﬂzj BZ(TLJ)> (437)
i=1 i=1 i

for all j € {jo,jo,-.-}. In the next step, we define (tgn),xgn),rgn),Agn)) €(0,T)x O xR xSy, i€ {1,...,k},
n € N, by

(tg ) o™ (17 <n>)+ (ijl})’Bi(n)) :n€{n; €N:j€ {jo,jo+1,...}}

(t(") (n) (,”),A(")) —
(tAl’fCh hm"”km <+ (T 5y 0) : else

(4.38)
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for all 4 € {1,...,k} and all n € N. Moreover observe that in the case k£ > 2 it holds that

1 k r1 — T2 =1
(Vzl(ﬁ) ((tl,ml)» tk;xk 5 va (Hl'] - $j71||2) = QIi — Tj—1 — Tj4+1 l<i<k (4.39)
=2 Tk — Th—1 ri=k

for all i € {1,...,k} and all (t1,21),..., (tg,x%) € (0,T) x O. Then (4.37) ensures that

k
Y6 (t§">, x™ e o (T (6) - (x5 = %] + Lpaon () - x5 = <], Agm)] .
4

< lim sup
(T & ) n—roo

i=1

(
Next we observe that the Taylor expansion ¢(z) = ¢(0) + ((V¢)(0),z) + 3 (2, (Hess $)(0)z) = 1(z, (Hess ¢)(0)z)
for all z € R(4DF implies that (V¢)(z) = (Hess ¢)(0)z for all z € RFDE. This together with (4.34), (4.39)
and the estimate (a + b)? < 2a% + 2b% for all a,b € R results in

<z, ((Hess¢)(0))2z> = ((Hess ¢)(0)z, (Hess ¢)(0)z) = ||(Hess ¢)(0)z H =[[(v gb)(z)“2

k-1

Z 122i — zio1 — ziga |1?
i=2

k-1

> 2(llz = il + 12 = ziaa?)

=2
k k k

=4 lz llzi = zi-a]1?| <8 lz (Al > lzial?
=2 =2 =2

for all z = (21,...,2;) € RETDE Inequality (4.41) implies that ||(Hess ?)(0)|| L(ma+nxky < 4. Consequently,
(4.31), (4.41) and (2, (Hess ¢)(0)z) = 2¢(z) for all z € R(4DE yield that

=21 — 22|* + + |2k — zr-1]1?

(4.41)

<2z — 2 + + 2|2 — 2|

+8 <16z

52| <ZZZ,A<"> ) < 26(2) + =, ((Hess 9)(0 ><52szw 2 (4.42)

for all z = (z1,...,2) € REATDE and all n € V. Inequality (4.42), in particular, implies —5||z]|* < Zf:1<zi,
Bi(n)zz) = Zf:1<zi,AZ(-")zi> < 5226:2 llzi — zi_1||? for all z = (z1,...,2) € R% and all n € N. Combining this,
the identities

k
(ai(tgmkxi”"))*(Tf("“)ﬂ ()H&S) GRS erE")l >0, (4.43)
=1

lim,, 0 nZi'C:z H(tgn),xgn)) (tgn)17 gn)l)H2 = 0 (see (4.28)) and the estimate sup, oy maX;e(1,... k} \rgn)| < 00

with assumption (4.20) and with (4.40) shows that

0< T t) <hmsup

ZG( x("r" n (1 [m)<i>-[x£">—x§m+ﬂ[o,k1]<i>-[x£”’—x£i’1]),nAE’”)] <o.

This contradiction implies that Sy < 0. As § € (0,1] was arbitrary, we conclude that Zle u;(t,z) < 0 for all
(t,z) € [0,T) x O. This finishes the proof of Lemma 4.10. O

The next result, Corollary 4.11, establishes a comparison result for certain viscosity subsolutions and certain
viscosity supersolutions of a PDE. It is a direct consequence of Lemma 4.10 above in the case k = 2. Corollary 4.11
essentially generalizes Theorem 2.4 in Appendix C in Peng [62] (which assumes the function G to be globally
Lipschitz continuous in the third and last argument uniformly in the remaining arguments) and essentially
generalizes Theorem 8.2 in Crandall, Ishii & Lions [7] (which assumes a bounded domain and a globally uniform
estimate on the function G). Corollary 4.11 is an immediate consequence of Lemma 4.2 and Lemma 4.10 with
k = 2. Its proof is therefore omitted.

Corollary 4.11 (A comparison result for viscosity subsolutions and viscosity supersolutions). Let T' € (0, 00),
d €N, let O C R? be an open set, let ui,us € C([0,T] x O,R), let G: (0,T) x O x Rx R* xSy — R be a
degenerate elliptic and continuous function and assume that u1|(0¢T)XO 18 a viscosity subsolution of

%u(t, z) — G(t, z,u(t,z), (Vyu)(t,z), (Hessyu)(t,z)) =0 (4.44)

18



for (t,z) € (0,T) x O and that uz|o,ryxo is a viscosity supersolution of (4.44). Moreover, assume that

limsup |G (tn, Tn, T, 1 (Tn — &n), 0 An) — G(tn, &n, P, 1 (Tn — &n ,n/ln <0 4.45
) (

n—o0

for all (t,, Tpn,rn, An), (tn,gcm Py (0,T)x OxR xSy, n € N, satisfying that lim, o (tn, ) € (0,T) x O,
0,

):

that lim, o (V1 ||(tn, 2n) — (En i: that 0 < limy, o0 (1 — ) < sup,en(rn] + |7n]) < 00 and that
VneN, z2eR%: (2, Anz) — (2, An2) < 5|z — 2||2. Furthermore, assume that uy(0, ) < uz(0, ) for all z € O
and that

lim sup (ul(t,x) - u2(t,x)> <0. (4.46)
N (t,2)€(0,T)X O

Then uy < ug, i.e., it holds that uy(t,x) < ua(t,x) for all (t,x) € [0,T] x O.

Assumption (4.46) in Corollary 4.11 is in several cases difficult to verify. Lemma 4.13 below gives an extension
of Corollary 4.11 which postulates a less restrictive condition than (4.46) by using a suitable Lyapunov type
function (cf. (4.53) in Lemma 4.13 and (4.46) in Corollary 4.11). In the proof of Lemma 4.13 the following
elementary lemma is used.

Lemma 4.12 (Scaling of viscosity subsolutions and viscosity supersolutions). Let T € (0,00), d € N, let O C R4
be an open set, let Ve C?((0,T)x 0, (0,00)), let G: (0, T)x OxRxR¥xS; — R be a degenerate elliptic function,
let u: (0,T)xO — R be a viscosity subsolution (supersolution) of (4.44) and let G: (0,T)x OxRxR4xS; — R
be a function defined by

G’(t, x,r,p,A) = ﬁ G(t, x,rV(t,z),pV(t,x) +r (V. V)(¢t, x), (4.47)

AV (t,2) +p [(VaV)(t0)] + (VaV)(t2)p* + 17 (Hess, V) (t,2)) — 7 St

for all (t,z,7,p,A) € (0, T) x OxRxR?¥xSy. Then G is degenerate elliptic and the function @: (0,T)x O — R
defined by u(t,xz) = ‘Ij((tt gfc) for all (t,z) € (0,T) x O is a viscosity subsolution (supersolution) of

Zat,x) — G(t,m,ﬂ(t,x), (Voa)(t,z), (Hesspu)(t,z)) =0 (4.48)
for (t,x) € (0,T) x O.

Proof of Lemma 4.12. We proof Lemma 4.12 in the case where u is a viscosity subsolution of (4.44). The case
where u is a viscosity supersolution of (4.44) follows analoguesly. We thus assume in the following that u is a
viscosity subsolution of (4.44). First, observe that @ is upper semicontinuous and that Gis degenerate elliptic. In
the next step assume that there exist a vector (t,z) € (0,7) x O and a function ¢ € C*((0,T) x O, R) satisfying
é(t,z) = u(t,z) and ¢ > @. Then the function (0,T) x O 3 (s,y) — ¢(s,y) V(s,y) € R is in C*((0,T) x O,R)
and satisfies ¢(t,z) V(t,z) = a(t,z) V(t,z) = u(t,xz) and ¢ -V > @ -V = u. As u is a viscosity subsolution
of (4.44), we get

Vit,x) - ¢(t z) +o(t,z) - § V(t x) < G(t z,9(t,x) V(t,z), (Vo (oV)) (L, @), (Hessm(¢V))(t,x)). (4.49)

Rearranging this inequality results in

26(t.2) < vz G2, 0(t, )V (1,2), (Va(8V)) (1 2), (Hess, (V) (1)) — o(t, ) ()

= 75 G (L2 0t D)V (1), (Ve (1 2) V() + 6(t,2) (VaV)(t ), (Hess, d)(t, 2) V (1, 2)
+(V20) (8 2) [(Va V) (12)] "+ (TaV) (1 2) [(Vad) (1,2)] "+ (2, 2) (Hess, V) (1, 2) ) — (¢, 2) Tl

= G(t,2,8(t. 7). (Vo) (t, ), (Hess,0) (£, 2)).

This proves inequality (4.50) for all ¢ € {¢ € C*((0,T) x O,R): ¥(t,z) = @(t,x) and ¥ > @} and all (t,z) €
(0, T) x O. Therefore, @ is a viscosity subsolution of (4.48) and the proof of Lemma 4.12 is completed. O

(4.50)

Lemma 4.13 (A further comparison result for viscosity subsolutions and viscosity supersolutions). Let T €
(0,00), d € N, let O C R? be an open set, let uy,uz € C([0,T] x O,R), V € C([0,T] x O,(0,00)), let
G:(0,T) x O xR xR xSq — R be a degenerate elliptic and continuous function and assume that u1|(0,7yx0
18 a viscosity subsolution of

%u(t, z) — G(t, z,u(t,x), (Vyu)(t, z), (Hessyu)(t,z)) =0 (4.51)
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for (t,z) € (0,T) x O, that uz|o,1yx0 is a viscosity supersolution of (4.51) and that for everyr € (0,00) it holds
that 7V 0, ryx0 € C*((0,T) x O, (0,00)) is a classical supersolution of (4.51). Moreover, assume that

G(tn,TnsTn,PnsAntnBnV (tn,zn)) G(En’fi’n7f’n7ﬁn7An+anV(£naiﬂ))) < G(to,2o,m0,p0,A0) (4.52)

lim su .
e V(tn.an) V(Ensin) =7 Vito.xo)

for all (tn, Ty Trs Prs Ans Bn), (b @y Prs Pry Ay Bn) € (0,T) x O x R x R% x Sy x Sq, n € Ny, satisfying that
limy, o0 (tn, #n) = (to,@0), that limp, oo (V7 || (tn, 20) — (tns@n)]) = 0, that 0 < ro = lim,_yoo(rn — 7)) <
sup,, e (|70 | +7n]) < 00, that limy, o (Pn — Pn) = po, that lim,, o (A, —A,) = Ay, that lim, o (n_1/2 (Dl +
||An||L(Rd)]) = 0 and that Vn € N,z,2 € R%: (2, Bnz) — (2,B,2) < 5|z — 2|°>. Furthermore, assume that
u1(0,2) < wus(0,z) for all x € O and that

t,2) — us(t,
lim | sup sup (1 (t2) — walt, 2)) <0. (4.53)
n—00 | 4eOf te(0,T) V(t,x)

Then uy < ug, i.e., it holds that uy(t,x) < ug(t,x) for all (t,x) € [0,T] x O.
Proof of Lemma 4.13. Define functions @y,uz: [0,7] x O — R and G:(0,T) x O xR xRYxSy - R by

a1 (t,z) = 1“/1((55)) and g (t,z) = ’{/2((:;)) for all (¢,z) € [0,T] x O and by

Gt 0,70, A) = iy G (62, V(L 2),p V(L) + 7 (T V) (), (4.54)

2V(tm)

AV (t,z)+p[(VaV)(t, )] T (Vo V)(t, ) p* + r (Hess, V)(t, x)) )

for all (t,z,r,p,A) € (0,T) x O x R x R% x Sg. Lemma 4.12 then ensures that G is degenerate elliptic, that
@1 |(0,1yx0 1s a viscosity subsolution of

%u(t, x) — é(t, z,u(t, z), (Vou)(t, ), (Hess, u)(t,z)) =0 (4.55)

for (t,z) € (0,T) x O and that 1|, 1)x0 is viscosity supersolution of (4.55). Below we will finish this proof by
an application of Corollary 4.11 with @1, @ and G. For this we now check the assumptions of Corollary 4.11.
First, observe that assumption (4.53) ensures that (4.46) is fulfilled. In addition, observe that the assumption
u1(0,2) < u2(0,z) for all z € O ensures that 1(0,2) < 12(0,2) for all x € O. In the next step we verify
(4.45). For this let (tn,Zn,Tn, An), (bn, &ny 7oy An) € (0,T) x O X R x Sg, n € Ng, be sequences satisfying
that lim,—ec(tn, ) = (to,20) = (fo,20) € (0,T) x O, that lim, e (V7 |(tn, zn) — (£, 20)]]) = 0, that
0 < 1o =70 = liMp_s00 (rn — #n) < sUp,en(|ral + [n]) < 0o and that Vn € N, 2,2 € R?: (2, A,2) — (£, A,2) <
5|z — 2|2, To verify (4.45), we will apply assumption (4.52). For this we define V: [0,7] x O — (0,00) and
(tnsXns Trs Prs A, By (B0, %, By Py A Br) € (0,7) x O x R x R x Sq, n € No, by V(t,z) =10V (t,z) for
all (t,z) € [0,T] x O and by (tn, Xp,Tn) := (tn, Tn, 70V (tn, Tn)), (Ens Ky Bn) := (Eny &y 20V (Ens &), Br i= Ay,
B, =4,,

Prn =0 (Ty — ) V(tn, xn) + 10 (Ve V) (tn, ), (4.56)
Pr =0 (zy — 30) Vtn, #0) + P (Vi V) (Eny 2n), (4.57)
A, =n(z, —I,) [(V,;V)(tn,xn)}* + (Ve V) (tn, wn) n (20 — 30)" + 1 (Hessy V) (tn, 20), (4.58)
A, =020 —30) [(VaV) (Eny 20)] "+ (Vi V) Fs n) 1 (20 — 0)* + 7 (Hess, V) (£, &) (4.59)

for all n € No. Continuity of V and 0 < r¢ = limy, 00 (1n, — #5) < sup,en (|7n] + |7n|) < oo then imply that

n—oo

0 <rg=roV(ty,x0) = ILm (rnV(tn,xn) - fnv(fmjn)) = lim (rn - f'n) < sup (ry] + [Ba]) < oo (4.60)
n—o00 neN

Moreover, note that the local Lipschitz continuity of V' and V.,V and the continuity of Hess,V together with
the assumptions lim,, (\/ﬁ I(tn, ) — (tmfcn)H) = lim, 0o (\/ﬁ lzn — ;%n||) =0, lim,, 00 (r, — ) = 19 and
SUP,en |Tn| < 0o imply that

lim (pn —Bn) = lim [0 (0 — i) (V(tn,2n) = Vs @0))] + i [(ra = 70) (Vo) (b, 20)]

+ 1 [ (Vo V) (s @) = (Vo) (Ens )] = 10 (V2 V) (t0, 20) = Do, (4.61)
nILH;O (An - An) = nhﬁngo (n (Tn — Zn) ([(va)(tn,xn)]* _ [(VxV)(fn, ifn)]*))
+ lim ([(VaV)(tns xn) = (Vi V) (Ens &)] 1 (20 — &0)") + Jim ([rn — 7] (Hess, V) (tn, 20)) (4.62)

+ lim (7 [(Hessy V) (tn, ) — (Hess, V) (fn, 2n)] ) = ro(Hess,v)(to, 70) = Ao
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and lim, o (n=12[||pn|| + HATLHL(]Rd)]) = 0. Combining this and (4.60) with assumption (4.52) shows that

lim sup (

n—oo

G(tnXnTn P An+nBnV (tnxn)) _ G(EnXnFnPn.An+nBnV(En %))\  G(to.X0.r0,p0.A0) (4.63)
V(tn,xn) V(Ena&n) - V (to,%0) ’ :
The definition of G hence implies that

lim sup (é(tn,xn,rn,n (xn — in),nAn) — é(fn,in,f'n, n(z, — Ip), n/ln))

n—oo

: G(tn,Tn Tn,PnAn+nBV (tn,@0))—rn 2V (tn,n G(n @ fn:PnsAn+nBrV (En,8n)) —Fn 2V (En,dn
:hmsup(( TP Mz/(ti)z))rm( ) Gl dntnp +T€,£E En))= 3 Vi E)) (4.64)
n—so0 n,Tn (tn,Zn)
G(to,x0,r0,P0,A0) ro 2 V(to,x0) —[%V(to,930)—G(75079607‘_/(toJo)v(vzf/)(to,$0)a(HeSSz‘7)(t07$o))] <0
- V(to,zo0) V(to,zo) V(to,zo0) =

as V is by assumption a classical supersolution of (4.51). We can thus apply Corollary 4.11 to obtain that
a1 (t,z) = 7{}((;5)) < 1{,2((5:‘:)) = Gg(t, ) for all (¢t,z) € [0, 7] x O. This finishes the proof of Lemma 4.13. O

The next result, Corollary 4.14, asserts uniqueness of the solution of a linear second-order PDE. We assume
that the Lyapunov-type function V': [0,7] x O — (0,00) in Lemma 4.13 is of the form V(t,z) = e* -V (z) for all
(t,z) € [0,T] x O where p € R is a real number and where V: O — (0,00) is a twice continuously differentiable
function.

Corollary 4.14 (Uniqueness of viscosity solutions of Kolmogorov type equations). Let T € (0,00), d,m € N,
p €R, let O C R? be an open set, let p € C(O,R), v € C((0,T) x O,R), let u: (0,T) x O — R and
o:(0,T) x O — R™™ be locally Lipschitz continuous functions and let V € C?(O,(0,00)) satisfy

ot ) V() + (u(t, z), (VV)(@)) + tr (a(t, 2) [o(t, )] (Hess V)(x)) <p V() (4.65)

for all (t,z) € (0,T) x O. Then there exists at most one continuous function u: [0,T] x O — R which fulfills
u(0,z) = ¢(z) for all x € O, which fulfills lim, o0 SUP(¢ 2)e(0,1)x 0% |7§/(t(f))‘ = 0 and which fulfills that u|o <0
s a viscosity solution of

Dt x) — v(t,x) ult,z) — <u(t, z), (Vzu)(t,x)> - tr(o(t,x) o(t, 2)]" (Hesszu)(t,x)> =0 (4.66)
for (t,z) € (0,T) x O.

Proof of Corollary 4.14. Let ui,us: [0,7] x O — R be two continuous functions such that u;(0,z) = p(z) =
|u1(t,.7:)|+|u2(t,m)|

us(o,ryx0 are viscosity solutions of (4.66). Then define a functiéri G:(0,T) x OxRxR!xS; = R by
G(t,z,r,p, A) = v(t,z)r+ (u(t, x), p) +tr(o(t, z) [o(t,z)]* A). We show Corollary 4.14 by applying Lemma 4.13.
To this end we now verify (4.52). For this let (t,, Zn, 7, Prs Ans Bn), (Ens Zs Py Py A, Bn) €(0,T) x O xR x
R? x Sg x Sy, n € Ny, satisfy that lim,, o0 (tn, T,) = (to, 7o), that lim, . (\/ﬁH(tn,xn) — (fn,a?n)H) =0, that
0 < 70 = limy o0 (7 —7n) < SUP,en (|7n]+[7nl) < 00, that lim,, a0 (P —pn) = po, that lim, .o (A, —A,) = Ao,
that lim, o0 (nY2[||pnll + ||An||L(Rd)D = 0 and that Vn € N,z 2 € R%: (2, B,2) — (2, Bn2) < 5|z — 2|2
Then it holds that

u2(0,z) for all x € O, such that lim, SUD(¢,2)€(0,7) x O° = 0 and such that ui|,r)xo and

lim sup (WG(tna Ly Ty Pns An + anV(t’m xn)) éa(ﬂu -’fjna fnvﬁru An + anV(fn, i'n)))

- V(Enn)

S hm sup (U(tnvzn)rn _ U(EnAvi7z)f’w,> + hm sup ((l"(tn,7xn,)7pw,> _ <#(fn’i")’ﬁ">>

n—oo V(tn;ajn) V(tn,in) — 00 V(tn7wn) V(fn,fn)

+ lim sup (

tr(o (tn,@n) [0(tn,2n)]* An)  tr(o(En,&n) [U(fn,in)]*ﬁn)>
n—00

V(th«'n) V(tAn;aA:n)

+ lim sup (n [tr([a(tn, )] B o (tn, xn)) — tr([a(fn, &n)]* Br o (tn, :%n))D

n—oo

) (4.67)

< lim sup (70@"’%)(”7?”)) + lim sup ({U(t"’m”) v(tn tn) } fn) + lim sup (—W(t"’m")’p"ﬂm‘>
n— o0

N300 V(tn,zn) V(tn,zn) o V(fvulfn) n—s00 V(tn,Tn)
: (tn,7xn,) t(£n7§fn) Pn : O'(tn733n) [O'(tnaxn)]* A
limsup (Vi [$szh - g ] ) + imsup (el (4, - 4,)))
; o (tn,@n) [0(tn,2n)]* _ o(tn,2n) [0(tn,8a)]* | Ap
limsup (o (v [ iots st &)

+ lim sup <nzm: ({0t 20) ™), B0t 0) ™) {0, 0) ™), By 0, i) e§m>>}> .

n—oQ i=1



Hence, the local Lipschitz continuity of the functions £ and é together with the properties of (t,, Tn, Tn, Pn, An, Bn),
(fn,i:n,fn,ﬁn,fln,én) €(0,T)x O xR xR?%x Sy x Sy, n € Ny, implies that

hm Sup (ma(tnv ‘rnv rn,pn, An + anV(tn, l'n)) ;G(in; :i.nv fnvﬁn, An + anV(£n7 i’n)))

n—soo T V(in,n)

< v(to,x0)To + (u(to,0),p0) _‘_tr(d(to@o)[U(to,ﬂﬁo)]*Ao)

- V(to,iﬂo) V(to,iﬂo) V(t07$0)
. 0 (tns®n) [0(tn,2n)]*  0(En,dn) [0(En,@n)]* I Anllp ray
+ hTrLILSO%p <d {\/ﬁ V (tn,@n) V (tn,dn) L(]Rd)] vn (4.68)
+ lim sup <nZ5 l|lo(tn, zn) eEM) — 0 (tn, ) eEm)H2>
G(to,xo,T0,p0,A . RPN G(to,x0,m0,P0,A
= W + 51171511_>sol<1)p (n lo(tn, zn) — o (tn, xn)”ifs(Rm,Rd)) = W,

This shows assumption (4.52). Moreover, by assumption, u1|r)xo is a viscosity subsolution of (4.66) and
uzl(0,7)x0 is a viscosity supersolution of (4.66). Furthermore, (4.65) shows for every r € (0,00) that the
function (0,7) x O 3 (t,z) + r-e’* - V(z) € (0,00) is a classical supersolution of (4.66). In addition, observe
that (4.53) follows from lim,,—ec SUP (4 4)e(0,1)x 0° % = 0. Consequently, Lemma 4.13 implies that

u1 < us. Repeating these arguments with u; and us interchanged finally shows that us < u; so that u; = us.
This proves uniqueness and finishes the proof of Corollary 4.14. O

4.4 Viscosity solutions of Kolmogorov equations

The main result of this subsection, Theorem 4.16 below, establishes that the transition semigroup associated
with a suitable SDE with locally Lipschitz continuous coefficients is within a certain class of functions the unique
viscosity solution of the Kolmogorov equation of the SDE. To establish this result, we first prove an auxiliary
result.

Lemma 4.15 (Existence of viscosity solutions of Kolmogorov equations with globally Lipschitz continuous
coefficients with compact support). Let d,m € N, let (Q, F,P) be a probability space with a normal filtration
(Ft)te[0,00), let W:[0,00) x @ — R™ be a standard (Fi)ie(o,00)-Brownian motion, let O C R? be an open
set, let o: O — R be a continuous function and let p: O — R and o: O — R¥™™ be locally Lipschitz
continuous functions with compact support. Then there exists a family X®: [0,00) x Q@ — O, © € O, of up to
indistinguishability unique adapted stochastic processes with continuous sample paths satisfying

X7(t) =z + /0 u(X(s)) ds + /0 o (X7 (s)) dW (s) (4.69)

for all t € [0,00) P-a.s. and all z € O and the function u: (0,00) x O — R given by u(t,z) = E[o(X*(t))] is a
viscosity solution of

Dult,x) — (Vau)(t,z), u(x)) — %tr(a(w) [o(2)]" (Hesswu)(t,x)) =0 (4.70)

for (t,z) € (0,00) x O.

Proof of Lemma 4.15. First of all, observe that since p and o have compact supports, they are globally Lipschitz
continuous, so that (4.69) has unique solutions. It thus remains to show that the function u: (0,00) x O - R
introduced above is a viscosity solution of (4.70). Let U C O be a relatively compact open set in O with the
property that supp(p) U supp(c) C U. By assumption supp(u) and supp(o) are compact sets and hence, such
a set U does indeed exist. Next, let p(™) € ngt(O,le)7 neN, and o™ € Copi(O,R), n € N, be sequences of
smooth functions satisfying lim,, e sup,ey [|(x) — p™ (2)|| = limy, o0 sup,eyr |lo(z) — o™ (@)L rm ey = 0
and supp(ﬂ(”)) U supp(a(”)) C U for all n € N and denote by X*": [0,00) X Q@ = O , z € O, n € N, the
solutions to the corresponding SDEs. Moreover, let ¢, € C°(0,R), k € N, be a sequence of smooth functions
satisfying sup,co, |¢(z) — ¢r(x)| < 4 for each k € N. Now we define functions u™*: (0,00) x O = R, n,k € N,
and u®: (0,00) x O = R, by u™*(t,z) := E[p(X®"(t))] and u®)(t,z) := E[px(X*(t))]. For any fixed n and
k, the function u™*: (0,00) x O — IR, is smooth and globally Lipschitz continuous (see, e.g., Corollary 2.8.1 and
Theorem 2.8.1 in [20]). Theorem 4.3 in [60] then shows that

(%u"’k)(t,m) - <(Vmu”’k)(t,x), u(”)(aj)> —itr (U(") (x) [U(") (I)]* (Hessxu"’k)(t, a:)) =0 (4.71)

for all (¢,7) € (0,00) x O, n,k € N. Remark 4.1 hence shows that the functions u™*, n, k € N, are also viscosity
solutions to these equations. Furthermore, observe that the smoothness of the functions ¢, € C*(O,R), k € N,

22



and the global Lipschitz continuity of the functions (4™ )nen, (00)nen,  and o imply that

lim sup sup|u(k) (t,z) — u”’k(t,x)| = lim sup sup|E[pr(X™"(t))] — E[@e(X*(t))]|
n—=00 tc(0,T) €0 n=00 4c(0,T) z€U

< lim sup supE[|on (X5 (1)) — or(X7(1))]]
n—oo tE(O,T] zeU

< <sup ||¢;(x)|L(Rd7R)> : (Hm sup_sup E[| X7 (1) X“"(t)”) =0
zcU

(4.72)

N0 e (0,T) zeU

for all T € (0,00) and all & € N. Combining this with Lemma 4.8 shows that for every k € N it holds that u(*)
is a viscosity solution of (4.70) with initial condition . In addition, note that

im  sup Ju(te) —uP(no) < lm s E[e(X7(1)) — ox(X7(0)]

k=00 (,2)€(0,00)x K k=00 (¢,2)€(0,00)x K

< lim sup o(y) —¢r(y) =0
’ OOyEUuK

(4.73)

for all compact sets K C O. Combining this with Lemma 4.8 eventually shows that u is indeed a viscosity
solution of (4.70) as claimed. O

The next result is a generalization and a consequence of Lemma 4.15 above and constitutes the main result
of this section.

Theorem 4.16 (Existence and uniqueness of viscosity solutions of Kolmogorov equations). Letd,m € N, p € R,
let O C R? be an open set, let p: O — R be a continuous function, let ju: O — R% and o: O — R¥>™ be locally

Lipschitz continuous functions and let V € C*(0, (0,00)) be such that lim,,_, SUP,coe 1'_“:’&% =0, such that

(VV) (), u(z)) + %tr(a(z) [o(z)]" (Hess V) (x)) <p-V(z) (4.74)

for all x € O and such that lim,_,o inf {V(z): z € O%} = co. Then there exists a unique continuous function

u: [0,00) x O = R which fulfills u(0,x) = () for all x € O, which fulfills limy, o0 SUP(¢ 1[0, x O¢ ‘"‘ft(;f))l =0

for all T € (0,00) and which is a viscosity solution of

Du(t,z) — (Vou)(t,z), u(x)) — %tr(a(x) o(z)]" (Hesswu)(t,x)) ~0 (4.75)

for (t,x) € (0,00) x O. Moreover, if (2, F,P) is a probability space with a normal filtration (Ft):c[o,00) and
if W:10,00) x Q — R™ is a standard (F;)icjo,00)-Brownian motion, then there exist up to indistinguishability
unique global solutions X®: [0,00) x Q@ = O, z € O, to

t

X*(t) =$+/

(X7 (s)) ds + / (X" (s)) dW (s) (4.76)
0 0

P-a.s. for all t € [0,00) and all x € O. In that case, u has the probabilistic representation u(t,z) = E[p(X*(t))]
for all (t,z) € [0,00) x O.

Proof of Theorem 4.16. W.l.o.g. we assume throughout this proof that (Q, F,PP) is a probability space with a
normal filtration (F)¢cjo,00) and that W: [0,00) x © — R™ is a standard (F%);e[0,00)-Brownian motion. Then,
since V' is a Lyapunov function, (4.76) does have global solutions which furthermore (assuming without loss of
generality that p > 0) have the property that

E[V(X*(tAT))] < e’ V() (4.77)

for any stopping time 7: € — [0,00). As a consequence, for every (¢,z) € [0,00) x O it holds that E [|¢(X*(t))|]
is finite so that we can define u: [0,00) x O — R by u(t,z) := E[¢(X*(t))] for all (¢,z) € [0,00) x O. Note that
as a consequence of our assumption on ¢, for every ¢ € (0,00) there exists a constant Cys € (0, 00) such that

lp(x)| < Cs + 6V () (4.78)

holds for all z € O. The bound (4.77) immediately implies a similar bound on w(t, -), so that u has the required
behaviour at infinity. It therefore remains to show that w is indeed a viscosity solution of (4.75), as uniqueness
of such a solution follows from Corollary 4.14. The proof for this goes again by approximation. Let p(™ and
o™ for n € N be any sequence of Lipschitz continuous functions such that for all z € O it holds that

V(z)<n = p () = px), o"(z)=0o(x), (4.79)
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and
Vi) >n+1 = pM@)y=0, o™(z)=0. (4.80)

Denoting by X*™ « € O, n € N, the solutions to the corresponding SDEs, we set u, (t,z) = E[@(Xxn(t))] for
all (t,z) € [0,00) x O, n € N. It then follows from Lemma 4.15 that u,|,c0)x0, is a viscosity solution to the
equation analogous to (4.75). As a consequence of Lemma 4.8, it remains to show that u, — u, uniformly on
compact subsets of (0,00) x O. For this, we introduce the stopping times 7 := inf({t € (0,00): V/(X*(t)) >
n}U{oo}), z € O, n € N. As a consequence of (4.78), the fact that X”" and X* coincide until time 7%, and the
fact that V (X™"(t)) < n+1 P-a.s. provided that V(z) < n+1, we have for all n € N and all (¢, z) € [0,00) x O
with V(z) < n + 1 that

lu(t, z) — un(t,z)| < E[l{rgSt}W(Xx(t))H —+ E[ﬂ{rggt}|@(xx’n(t))|]

" (4.81)
<S2CsPlri <t|+6e”V(z)+(n+ 1) Pt <t] .
Using (4.77), we obtain from Chebychev’s inequality that for all (¢, z) € [0,00) x O it holds that
E\V(X*(tATE pt
P[r <t] =P[V(X*(tAT8)) > n] < VAT Vi) (4.82)
n n
Inserting this into (4.81), the required locally uniform convergence follows at once. O

In the literature, there are many results proving an assertion similar to Theorem 4.16 and Corollary 4.14
respectively under various assumptions on the functions p and o. Theorem 4.3 in Pardoux & Peng [60] implies
that the transition semigroup associated with the SDE (4.76) is a viscosity solution of (4.75) if u and o are
globally Lipschitz continuous; see also Peng [61]. Theorem C.2.4 in Peng [62] can be applied if p is locally Holder
continuous and if ¢ is constant and then proves uniqueness of an at most polynomially growing viscosity solution
of (4.75). Uniqueness of the viscosity solution of (4.75) with given initial function follows from Thereom 8.2
in the User’s guide Crandall, Ishii & Lions [7] if u is globally one-sided Lipschitz continuous, that is, if there
exists a constant ¢ € R such that (z — y, u(z) — u(y)) < cllz — y||? for all z,y € RY, and if o is globally
Lipschitz continuous. Moreover, Theorem 5.13 in Krylov [47] implies that the transition semigroup solves the
Kolmogorov equation (4.75) in the sense of distributions if 4 and o are globally Lipschitz continuous. In addition,
Theorem 7.1.3 and Theorem 7.1.4 in Evans [18] show that there exists a unique weak solution of the PDE (4.75)
if the coefficients 1 and o are bounded and if the PDE (4.75) is uniformly parabolic.

In many situations the open set O C R¢ and the Lyapunov-type function V: O — R in Theorem 4.16 satisfy
O =R%and V(z) = (1 + |z]|?)" for all + € R? where p € [1,00) is an arbitrary real number. This is subject of
the following Corollary 4.17. It is a direct consequence of Theorem 4.16 and its proof is therefore omitted.

Corollary 4.17 (Existence and uniqueness of at most polynomially growing viscosity solutions of Kolmogorov
equations). Let d,m € N, let p: R? — R be a continuous and at most polynomially growing function, let
p: R — RY and o: R* — R¥™ be locally Lipschitz continuous functions with SUp, cRd % < oo and

SUP,cRrd % < oo. Then there erxists a unique continuous function u: [0,00) x RY — R which fulfills

im sup,, _, o SUP(¢ z)c[0, 7] x R % < 0o for all T € (0,00), which fulfills u(0,z) = @(z) for all x € RY, and
which is a viscosity solution of

Du(t,z) — (Veu)(t,7), pulx)) — %tr(a(x) [o(z)]" (Hessxu)(t,x)> -0 (4.83)

for (t,z) € (0,00) x RY. Moreover, if (0, F,P) is a probability space with a normal filtration (Ft)te[0,00) and
if W:[0,00) x Q — R™ is a standard (Fy)icjo,00)-Brownian motion, then u has the probabilistic representation
u(t,x) = E[p(X*(t))] for all (t,z) € [0,00) x R%, where the stochastic processes X*: [0,00) x @ — R?, z € R,
are as before.

Note that all examples in this article fulfill the assumptions of Corollary 4.17. In particular, observe that p
and o from the SDE (2.1) in Section 2, 4 and o from the SDE (2.10) in Section 2,  and o from the SDE (2.11)
in Section 2, p and o from the SDE (3.1) in Section 3, u and o from the SDE (3.18) in Section 3 as well as p
and o from the SDE (5.3) in Section 5 all fulfill the assumptions of Corollary 4.17.

4.5 Distributional solutions of Kolmogorov equations

In this section, we formulate a slight extension to Theorem 5.13 in Krylov [47], which states that the semigroup
associated to an SDE with smooth coefficients solves the corresponding Kolmogorov equation in the distributional
sense, even if the coefficients are badly behaved near the boundary of the domain of definition O.
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Proposition 4.18. Let d,m € N, let O C R? be an open set, let p = (p1,...,pua) € C°(O,RY), 0 =
(Gij)ie1,...apjef1,...m} € CC(O,R¥™™) let p € Cy(O,R), let (Q, F,P) be a probability space with a normal fili-
tration (Fy)te(o,00), let Wi [0,00)xQ — R™ be a standard (Fy)te(o,00)-Brownian motion and let X*: [0, 00) xQ —
O, z € O, be solutions to

XT() = 2 + /O (X% (s)) ds + /O (X" (s)) dW (s) (4.84)

P-a.s. for all (t,z) € [0,00) x Q. Then the function u: (0,00) x O = R given by u(t,z) = E[p(X*(t))] for all
(t,z) € [0,00) x O solves the Kolmogorov equation

d m d
ou ou 1 0%u
o = E Hig— + 5 E E Oil 04l 3 (4.85)
ot P (’hl 2 =1 ij=1 &rlaxj

in the distributional sense.

Proof of Proposition 4.18. Let O,, be as above, consider for every n € N smooth and globally Lipschitz contin-
uous functions (™ and ¢(™ which agree with p and o on O, and denote by X®", x € O, solutions of the
corresponding SDE. Fix some final time T € (0, 00), denote by P, the law of X* on C([0,7T],0) and for every
n € N by P the law of X*™ on C([0,T],0). It then follows from the smoothness of the coefficients 1 and o
that O 3 z — P, is weakly continuous, see Theorem 1.7 in Krylov [47]. In particular, this implies that « is con-
tinuous and that, for every compact K C O, the set {P,: x € K} is tight. Let now uy(z,t) = E [, (X®"(1))]
for all (t,z2) € (0,00) x O, n € N, where ¢,: O — R, n € N, are smooth approximations of ¢ such that
SUpP,co, |pn(x) — @(x)] < 1/n and supp(pn) C Onyq for all n € N and such that sup,,c Sup,co [on(x)| < oco.
Note now that P.|s(c(j0,11,0,)) = PalB(c(o,1],0,)) and that, locally uniformly in z, the P,-measure of the set
C([0,T],0,,) converges to 1 as n — oco. In particular, there exists a real number C' € [0,00) such that for all
(t,z) € (0,T] x O it holds that

1
[un(z,t) — u(z,t)] < =+ C[1 = P,(C([0,T],0,))] . (4.86)
n
As a consequence, one has u,, — u, locally uniformly in x and ¢. The claim now follows at once from the fact

that, by Theorem 5.13 in Krylov [47], each of the w,, solves the Kolmogorov equation with ™ and o™, O

5 A counterexample to the rate of convergence of the Euler-Maru-
yama method

In this section we use the results of Section 3 to establish the existence of an SDE with smooth and globally
bounded coefficients for which the Euler-Maruyama method convergences without any arbitrarily small polyno-
mial rate of convergence, thereby proving Theorem 1.3 of the introduction. Denote by C' the constant

1 1
C :/ e (-u) duy (5.1)
0

and set
]1(1,00)(:54).@@(7%)~cos<(:cgfé)~exp(x§)> 00 0 0
0
() = R (5.2)
1 0 0 0 O
1(71,1)($4)'9XP(_W) 0 00O

1

for all & = (z1,22,23,24) € R%. The function R > z — 1(_11)(z) - exp(—1/(1 — 2?)) € [0,1] that appears
in u has been used as a mollifier function in Lemma 1.2.3 in Hérmander [32]. Note that pu: R* — R* is
infinitely often differentiable and globally bounded. Moreover, let (2, F,P) be any probability space supporting
a four-dimensional standard Brownian motion W : [0,00) x  — R* with continuous sample paths. Then there
exists a unique stochastic process X: [0,00) x  — R* with continuous sample paths which fulfills X (t) =
fg (X (s))ds + BW(t) for all t € [0,00). The stochastic process X = (X7, Xs, X3, X4): [0,00) x Q — R? is
thus a solution process of the SDE

dX1(t) = 1(1,00)(Xa(2)) -exp(— X4(t1)271) 'COS((Xg( ) — C’) -exp(Xg(t)S)) dt

dX5(t) = dWs(t) (5.3)
AX3(t) = T1,1) (X (1)) - exp(— =y )

dX,(1) = 1dt
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for t € [0,00) satisfying X(0) = 0. In the next step we define the Euler-Maruyama approximations for the
SDE (5.3) using the following notation. Let |-]5: [0,00) — [0,00), h € (0,00), be a family of mappings defined
by

[t]n ;= max{s € {0,h,2h,...}: s <t} (5.4)
for all t+ € [0,00) and all h € (0,00). Then let Y"* = (Y/*, Y, Y2, V]): [0,00) x Q@ — R*, h € (0,00), be
Euler-Maruyama approximation processes defined recursively by

Y'0):=0 and  Y™(t) =Y (([t]n) + u(Y"(t]R)) - (t = [t]n) + B (W (1) = W([t]n) (5:5)

for all ¢t € (nh, (n+1)h], n € {0,1,...} and all h € (0,00). Observe that this definition ensures that

t 1 _ 1 R
Yi(t) = /1 T1,00)([8]R)e It cos<(zoll[0’1)(Lujh) e IR du— C) eWQ(LSJ’L)S) ds (5.6)

forallt € [1,00) and all h € (0,00). The following Theorem 5.1 proves that the Euler-Maruyama method (5.5) for
the SDE (5.3) convergences without any arbitrarily small polynomial rate of convergence. Theorem 5.1 together
with an elementary transformation argument (dealing with general xo € R* and general T' € (0, o0)) then implies
Theorem 1.3.

Theorem 5.1 (A counterexample to the rate of convergence of the Euler-Maruyama method). Let X =
(X1, X2, X3,X4): [0,00) x Q — R* be a solution process of the SDE (5.3) with continuous sample paths and
with X(0) = 0. Then

E[X,(t)] - E[Y{(t)] > exp(_14\ 1n(h)|2/3) (5.7)
for all h € (0, 55] and all t € [2,00) and therefore, we obtain

’ 22

_vh _ h . —

lim (E[IX(t)haY <t>||]>  lim (”E[X(t”hf[y <t>1||) _ {0 a=0 (5.8)
R\0 h\0 ' oo a>0

for all a € [0,00) and all t € [2,00). In particular, for every t € [2,00) and every a, C, hg € (0,00) there exists
a real number h € (0, ho) such that |[E[X ()] — E[Y"(t)]| > C - h*.

The proof of Theorem 5.1 is deferred to the end of this section. To the best of our knowledge, the SDE (5.3) is
the first SDE with smooth coefficients in the literature for which it has been established that the Euler-Maruyama
scheme converges in the strong and numerical weak sense without any arbitrarily small rate of convergence. Using
the results of Section 3, one can show that the SDE (5.3) is not locally Hélder continuous with respect to the
initial value. This is summarized in the next corollary of Lemma 3.3 in Section 3.

Corollary 5.2. Let X*: [0,00)xQ — R?*, z € R*, be solution processes of the SDE (5.3) with continuous sample
paths and with X*(0) = z for all x € R*. Then for every t € (0,00) the function R* > x — E[X?®(t)] € R* is
not locally Holder continuous.

Proof of Corollary 5.2. Note that

"E[X(Ovo’é’Q) (t)} —E[X(Ovo””évz) (t)} H > ‘]E{Xl(o’o’ég)(t) - Xl(o’o’“é’Q)(t)H

/0 exp<((2+s)12_1)> E[1 — cos(h - exp([W2(s)]?))] ds (5.9)
> exp(—%) /0 (1 - E[cos(h . exp([Wg(s)}?’))]) ds

for all h,t € (0,00). Combining this with Lemma 3.3 in Section 3 completes the proof of Corollary 5.2. O

In the following, the size of the quantity |[E[X(T)] — E[Y"(T)]|| € [0,00) is analyzed for sufficiently small
h € (0,00) and thereby Theorem 5.1 is established. To do so, we first establish a few auxiliary results. We begin
with an elementary estimate for the numerical integration of concave functions.

Lemma 5.3 (Numerical integration of concave functions). Let |-|: [0,00) — [0,00), h € (0,00), be given by
(5.4), let b € (0,00) be a real number and let ¢: [0,b] — R be a continuously differentiable function with a
non-increasing derivative. Then

[0/(0) - 02+ (bl — ) = 0(0)) - o' ([b]n) - (b [bn)’] (5.10)

DN =

b
/0 (6(s) — ¥([s]n)) ds <

for all h € (0,b].
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Proof of Lemma 5.3. The fundamental theorem of calculus and monotonicity of 3’ imply

b b s b s
/O(w(s)—w(Lth))ds:/O LSJhw(u)dudsg/o VL) duds

h s [b]n s b s
:/ ¢’(L5jh)dud5+/ ¢'(L5Jh)duds+/ ' (|s]p) duds
0 lsln h Ls]h bln Js]n

h2 B2 b— [b]n)?
—w©- S Y v | e (5.11)
ne€N,nh<|b]y
h2 b— [b]n)?
S N S B L R
ne€N,nh<|b|n
h? h b— [b]n)?
= 0/(0)- 5 (Lol — 1)~ (0)) - &+ (o) - I
for all h € (0,b]. This finishes the proof of Lemma 5.3. O

Using Lemma 5.3, we establish in the next lemma a simple lower bound for the numerical integration of the
function 1(_ 1)(z) - exp(—=1/(1 — 2?)), z € R, in the third component of y: R* — R*.

Lemma 5.4 (Numerical integration of the function 1(_y 1y(z) - exp(=1/(1 — %)), € R). Let [-]5: [0,00) =
[0,00), h € (0,00), be given by (5.4). Then

h o0
%S/o ]l[o’l)(Lthfexp( = )ds—C<2h (5.12)

Jor all h € (0, §].
Proof of Lemma 5.4. First of all, observe that

d ([ _1ja-a?)) _ —2z e~1/(1=a?) & a6 /A=)
. (e ) = 1) and e (e ) = 122 T -3 (5.13)

for all # € (—1,1). We hence obtain that the function [0,372/4] 5 s — e~1/(1=¢") ¢ R has a non-increasing
derivative. Applying Lemma 5.3 and using that the function [0,00) > s = 1o 1)(s) - e~1/(-5") ¢ R is non-
increasing therefore results in

00 1
=1 _ e
/0 Ton(lsly) 'eXp<(1—|Lth|2)> ds /0 exp (=t ) ds

o
Lo,y (Lsn) -exp<(1@h2)) ~ Lpo,1)(5) - exp =1y ) ds

>0

9Xp<(1_|“1jz)) - exp(ujiz,)) ds (5.14)

_1 2137 1/4 |, e 1/O=1B7 V412 (3714 |371/4],)?
exp( =07y ) — exp (113174 n[") (=[50 ] 2

(oo
(= exp( ) 25 (o)) -
(

for all h € (0,
inequality in (

S~

w

|
—
~
N

v

\Y,

,_.

>

where we used the estimate 371/4 — 2h > 31/4
4). Moreover, note that (5.13) implies that

/0 1[0,1)“ IR eXP<W> ds — /01 exp(ﬁ) ds

%] % > % for all h € (0, 7] in the penultimate
5.1

1
2z - e~ 1/(1=2%)

< — =1 )= < el I

s h+/0 eXp((l—HSth)) exp((1 ) ds h+$:t10p1) [ (1= a2) ] h (5.15)
2.3-1/4 ., o—1/(1-37"/%) 6
=h+ : 3 “h=nh+ 5 - h<2h
(1-3-1/2) 31/4. (V3 1) ev3/(V3-1)

for all h € (0,00). Combining (5.14) and (5.15) completes the proof of Lemma 5.4. O
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We are now ready to prove Theorem 5.1. Its proof uses Lemma 5.4 as well as Lemma 3.3 in Section 3 above.

Proof of Theorem 5.1. First of all, note that X;(¢) = f exp(( )) ds P-a.s. for all ¢ € [1,00). Combining this
with (5.6) then shows that

E[Xl (t)] - IE[Ylh(t)] = /j exp(—Sil) — 1 (1,00) (18] 1) -exp(—ﬁhil) ds

>0

1 1 oo I B 1
+/ 1(1,00)(Ls]n) € L'”%llE{l — cos((f Lo (lufp)e 1 du—[e T du) eW2(LSJh)3)] ds
1 0 0

> / T1,00)([5]n) e L*"JhlE{l - cos((f L) (lujp)e *"thdu— [e” =02 du) eWa(lsln) )} ds
3 0

/2 0

for all t € [3,00) and all h € (0,00). The estimate [s], > 3], > 2 —h > 1L forall s € [3,00), h € (0, 4] and
Lemma 5.4 and Lemma 3.3 therefore show that

E[X:(t)] — E[Y{"(t)]

! 1
> eXp(—f_l) / E ({1 - cos (Ofc]l[o’l)(Lth) e~ 1/ A=1lulnl®) gy, — fe_l/(l—“z) du) Wallsn)® ds
64 % 0 5

%S...§2h due to Lemma 5.4

2/3
™

n ( (fo Lo,y (Lu)n) - e 1/(1=|[u)nl? )du—f —1/(1— u2)du)>

> ( 1071' 2/3)

for all h € (0 min{%, T exp(—v*?)}], t € [v,00) and all v € [2,00). Hence, we finally obtain that

> e 57 exp

ds

ol
~—  wlw

E[X,(t)] - E[Y?(£)] > exp(qn(s) — 6 |In(10q7) /% — 04 |1n(h)|2/3) (5.16)

for all h € (0, 55] and all ¢ € [2,00). This completes the proof of Theorem 5.1. O

In the next step we illustrate the lower bound on the weak approximation error in Theorem 5.1 by a numer-
ical simulation. More precisely, we ran Monte Carlo simulations and approximatively calculated the quantity
IE[X(T)] —E[Y % (T)]|| for T = 2 and N € {2',2%,...,2%% 230} We approximated these differences of expecta-
tions Wlth an average over 100000 1ndependent Monte Carlo realizations. Moreover, we discretized the integrals
X1(2 fl exp((s2 ) ) ds and X3(2 fo exp((1 s ) ds in the exact solution with a uniform grid and mesh
size 53 = 2730 F1gure 1 depicts the resultlng graph.

In addition to the weak approximation error |E[X (T)]—E[Y ¥ (T)]| for T = 2 and N € {2t,22,...,229 230},
we also plotted the function

exp (—le (1n(N) = (1n(N))§)§> € (0,1] (5.17)

1
{28,222} s N> —
15 - (In(N))5

(a function with order 0), the function {2',2%,...,2%9} 5 N s — f € (0,1] (order line 1) and the function

{28,22,...,239) 5 N — % € (0,1] (order line 1) in Figure 1. In the standard literature in computational
stochastics (see, e.g., Kloeden & Platen [42]) the Euler-Maruyama scheme is shown to converge in the numerically
weak sense with order 1 if the coefficients of the SDE are smooth and globally Lipschitz continuous (see Chapter 8
in Kloeden & Platen [42] for the precise assumptions) and therefore, the order line 1 is plotted in Figure 1.
Moreover, the function with order 0 is included in Figure 1 so that one can compare the graph visually with a
function which has convergence order 0. According to our simulations, the approximation error for the mean
E[X (2)] does not drop far below 100 even for N = 230 > 10 time discretisations. This indicates that calculating
the mean E[X (T)] with the Euler-Maruyama method up to a high precision requires a huge computational effort.
In particular, this suggests for applications that an approximation cannot, in general, be assumed to be very
close to the exact value even after a very high computational effort.
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Figure 1: The norm ||E[X (T)] — E[Y ¥ (T)]|| of the difference between the mean of the solution of the SDE (5.3)
and the mean of the Euler-Maruyama approximations (5.5) for T = 2 and N € {21,22, .. .,229,230}. The
function with convergence order 0 is given by (5.17).
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