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Abstract

In the present article, we develop a new functional framework for the study of scalar
wave scattering by objects, called multi-screens, that are arbitrary arrangements of thin
panels of impenetrable materials. From a geometric point of view, multi-screens are a pri-
ori non-orientable non-Lipschitz surfaces. We use our new framework to study boundary
integral formulations of the scattering by such objects.

1 Introduction

Numerical computation of acoustic wave scattering by complex arrangements of panels made
of some sound-soft material is of great interest in applications. It often occurs that some of the
pieces composing such an arrangement have a thickness much smaller than the wavelength,
whereas they are large in the other directions; such pieces of material may then be considered
infinitely thin, and we call them ”screens”.

In this article we aim to study integral equation formulations for strongly elliptic boundary
value problems with particular focus on the scalar Helmholtz equation when a boundary
condition is perscribed on a screen-like object that may consist of several panels. We call
such an object a ”"multi-screen” and a typical representative is shown in Figure 2.

Integral equations for acoustic scattering by screens have already been considered in nu-
merous works, such as [1, 2, 3, 9, 10, 11, 12, 13, 14, 20, 21]. These references provide full
description of integral formulation for wave scattering by screens for the case where they can
be described, from a geometrical point of view, as smooth manifolds with (smooth) bound-
ary. In [4], the authors extended these results to the case where only Lipschitz regularity
was assumed for the surface describing the screen. So far though, to our knowledge, it has
always been assumed that the screens where represented by surfaces that are everywhere lo-
cally orientable i.e. the surface posseses two sides in the neighbourhood of any of its point.
Unfortunately this assumption excludes a number of cases, certainly relevant for applications,
where the surface would have three or more branches joining along a curve on the surface,
see, for example, Figure 2.

The surfaces represented in Figure 2 do not belong to the class of Lipshitz manifolds. As a
consequence the result presented in [7, 4] are not directly reusable here. Adapting the results
of [7, 4] to this type of geometry is the main purpose of the present document. Here we focus
on Helmholtz equation. We will adress the case of Maxwell’s equations in a forthcoming work.
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and from the French Ministry of Defense via DGA-MRIS.
fSeminar of applied mathematics, ETH Ziirich



For multi-screen we are going to recover results very similar to what is already known
in simpler situations: Green’s formula, representation theorem, etc. ... In many respects the
conventional theory can be adapted by treating the screens as objects of finite thickness, with
one exception however: the jump formulas do not hold in the same form as in Lemma 4.1 of
[7].

In order to establish these results, we need to construct a new functional framework, that
allows to talk about traces on the surface of multi-screens. Buffa and Christiansen, in [4],
also introduced a new functional framework adapted to the study of scattering by standard
Lipschitz screens. The present approach is much different, though. The intuition behind it
is to treat multi-screens as if they had an (infinitesimal) thickness so that, crudely speaking,
they can be viewed as orientable Lipschitz manifolds without boundary, see Figure 1.

/

Figure 1: A two-dimensional screen structure (black) can be inflated to domain, whose bound-
ary (blue) corresponds to the original screen. Obviously, each point on the screen is associated
with two points on the new surface.

The outline of this article is as follows. In the next section, we provide a precise definition
of a multi-screen. In Section 3, we recall well known results concerning Sobolev spaces and
trace spaces. In Section 4, we introduce Sobolev spaces of functions adapted to multi-screens.
These functions may admit jump across the screens. In Section 5, we define trace spaces
on multi-screens. These new trace spaces, called multi-trace spaces, generalize standard
traces, and their definition guarantees that Green’s formula holds. In Section 6, we introduce
remarkable subspaces of the multi-trace spaces. We also exhibit close relationship between
these remarkable subspaces, and standard trace spaces. In Section 7, we study boundary value
problems set around a multi-screen, with boundary values prescribed at the multi-screen, and
we also provide two useful density results. In Section 8, we introduce and study layer potentials
adapted to multi-screens. We prove an analogue of the representation theorem, jump formulas,
and show that the Dirichlet trace of the single layer potential, and the Neumann trace of the
double layer potentials are isomorphisms.

Remark: Throughout this article, we systematically restrict the analysis to R? with d = 2
or 3 only.



Figure 2: Two examples of multi-screen geometries

2 Geometry

Before providing a detailed definition for the geometries that we wish to consider, let us first
recall the definition of a Lipschitz screen in R? as proposed by Buffa and Christiansen [4].

Definition 2.1 (Lipschitz screen).
A Lipschitz screen (in the sense of Buffa-Christiansen) is a subset I' C R? that satisfies the
following properties:

e the set I is a compact Lipschitz two-dimensional sub-manifold with boundary,
e denoting IT" the boundary of T', we have I' =T \ JT,

e there exists a finite covering of I’ with cubes such that, for each such cube C, denoting
by a the length of its sides, we have

* if C' contains a point of O, there exists an orthonormal basis of R? in which C' can
be identified with (0,a)3 and there are Lipschitz continuous functions ¢ : R — R
and ¢ : R? = R with values in (0,a) such that

rnC={(z,y,2) €C | y <¥(x), z=o(z,y) },
orNC={(r,y,2) €C | y=9(), 2= ¢(z,9) },

(1)

* if C' contains no boundary point, there exists a Lipschitz open set  C R3 such
that we have TN C =090 nNC.

The definition of a Lipschitz screen in R? is very similar, but simpler. The only difference
compared to Definition 2.1 is that Condition (1) should be replaced by: there is a Lipschitz
continuous function ¢ : R — R with values in (0,a) and a constant ag € (0,a) such that
FOC:{(:Bay) eC | :B<a07y:¢(x)}
and I'NC={(z,y) €eC | z=ap, y=9¢(z) }.



Now let us focus on potentially more complicated surfaces. In order to propose a conve-
nient definition for surfaces shaped like screen with several branches, we first introduce an
intermediary definition.

Definition 2.2 (Lipschitz partition).
A Lipschitz partition of R? is a finite collection of Lipschitz open sets (£;)j=0..n such that
R? = U;LZOQ]' and Q; NQy = 0, if j # k.

Definition 2.3 (Multi-screen).

A multi-screen is a subset I' € R? such that there exists a Lipschitz partition of R% denoted
(€21)j=0..n satisfying I' C U}_;09; and such that, for each j =0...n, we have [ N 9Q; =T}
where I'; C 0€); is some Lipschitz screen (in the sense of Buffa-Christiansen).

Note that a Lipschitz screen, in the sense of Definition 2.1, is a multi-screen. The surfaces
represented in Figure 2 represent multi-screens that are not Lipschitz screens. Besides, the
skeleton Uj—g.,08; of a Lipschitz partition (€2;);=o..n of RY is a multi-screen.

A multi-screen is not a priori orientable which makes it more delicate to analyze compared
to a more standard surface such as the boundary of a C®°—domain. For example, a Mobius
strip is a Lipschitz screen in the sense of Buffa and Christiansen, as was pointed out in [4],
although it is not globally orientable.

Figure 3: Mobius strip

Of course, the Mobius strip fits the definition of a multi-screen: as is shown in Figure 4, one
can find a Lipshitz partition that contains the Mdbius strip in its skeleton.

Remark 2.4. A multi-screen according to Definition 2.3 may contain points where three
or more ”branches” meet so that, at these points, the multi-screen is not two-sided. This
situation compounds difficulties and forces us to adopt an abstract point of view for concepts
such as trace operators and trace spaces that are more straightforward in other contexts.
Hence part of the present paper will focus on properly defining objects and results that are
already very well known in other classical situations.



Figure 4: Lipschitz partition with M6bius strip in its skeleton

We end this section by stating precisely what we mean by ”the boundary of a multi-screen”.
If T' is multi-screen, define int(I") as the set of points x € I' such that there exists a ball Bx
centered at x and a Lipschitz partition R% = U?:ij satisfying BNT' =B Ni—o 08);. We set

Or =T \ int(T).

This definition matches the classical definition of 9" in the case where I' is a Lipschitz screen
(in the sense of Buffa-Christiansen).

3 Standard functional framework

A significant part of the present article is devoted to extending already well established
results related to Sobolev spaces and their traces to the case where the domain of definition
of the functions under consideration excludes objects whose geometry may be as complex
as in the previous section. Before deriving this extended functional setting though, let us
recall precisely what we regard as ”standard functional framework”, at least in the context
of integral equations for strongly elliptic operators. For further details about the content of
this section, we refer the reader to [15, Chapter 3] or [18, Chapter 2].

In this section, we consider an arbitrary open bounded Lipschitz domain Q ¢ R, and consider
any Lipschitz screen I' C 012, see Definition 2.1.

3.1 Standard Dirichlet traces

With the conventional notation H'(Q) = {v € L2(Q) | HUH%II(Q) = [o [v2+|Vol?dx < o0 }, as

usual we define H67F(Q) as the closure of C§%- (Q) := {¢ € C®(Q) | ¢ = 0 in a neighbourhood of T }
with respect to the norm || g1 (q)-

The point trace operator 7, : v + v|p induces a continuous map from H!(Q) into L*(T),
see [18, Thm. 2.6.8] and [15, Thm. 3.37]. The following definitions of Hilbert spaces are
standard: )

H2(T) := {ulr | v € HY(Q) } = Range(mr),

(2)

~1

HHI) = {ule |u € HY o, () ).
where Hé, aﬂ\f(Q) is defined in the same manner as Hy () (as 92\ T is a Lipschitz screen
as well). Customarily, definitions of these spaces are given based on local charts mapping
functions from their respective parameter domains [18, Def. 2.4.1]. This yields “proper
function spaces”.



There is an alternative angle from which to view H%(F) It relies on the (a priori non-
trivial) result that H(l)I(Q) = Ker(m 1), see [15, Chap. 3], so that the trace operator 7
induces an isomorphism from H!(€2) /H(l],F(Q) onto HY/2(I'). Through this isomorphism we
can identify both spaces in the sequel and write

H:(I) = HY(Q)/H} () . (3)

In fact thanks to the Lipschitz property of I' and Sobolev extension theorems this definition
is intrinsic in the sense that HY(R \ Q)/H} (R \ Q) yields a Hilbert space with equivalent
norm. Summing, up it is possible to introduce trace spaces as quotient spaces and this is the
approach we are going to pursue in the sequel, because it can cope with multi-screens, which
pose a challenge to chart based techniques.

3.2 Standard Neumann traces

Similar results and definitions hold for Neumann traces. We recall H(div, Q) = {q € LQ(Q)_d |

HqH%{(diV’Q) = [ lal*+|div(q)[* dx < 400 }, and define Hy p(div, Q) as the closure of CS?F(Q)d
with respect to || [[m(aiv,0)-

Denoting by n the normal vector to 02 pointing toward the exterior of €2, the normal com-
ponent trace operator Ty aq 1 q > n- dlon induces a continuous and surjective mapping from
H(div, Q) onto H~'/2(9Q) := HY/2(dQ)" (the dual space to H/2(0Q)), see [18, Thm. 2.7.7]
and [15, Thm. 4.3]. In the usual way we introduce

1

H™2(I) = {qlr | g € H2(00) }, "
H™2(D) = {nplon | p € Hy yo\(div, Q) }.

where the symbol ”|1” in the definition of H~'/2(I") should be understood as the restriction
operator in the sense of distributions on 0€). Again, these are “proper function spaces”.

As above, quotient spaces offer an alternative, as we have Hyr(div,Q) = Ker(ryr), so
that the normal trace allows the following identification

HY2(I') = H(div, Q)/Hor(div, Q) = H(div,R?\ Q) /Ho r(div, R4\ Q) . (5)

For the remainder of this article we use the quotient space norms induced by (3) and (5) as
norms on H%(F) and H~/2(T"), respectively.

4 Domain based function spaces

We now consider the situation where the domain of definition of functions contains a multi-
screen I' C R?, see Definition 2.3. We aim at adapting the result of the previous section to
domains of the form R?\ T'. As the geometry is non-standard, we elaborate many details in
order to avoid any ambiguity. First, we focus on domain based functions.

The space H'(R? \ T') will stand for the set of functions u € L?(R?%) such that there exists
p € L2(R9)? satifying
/ udiv(q)dx = —/ p-qdx Vqe 2(RIN\T)?,
RAT RAT
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where, for any open set w C R%, the space Z(w) comprises functions ¢ € C*(w) such that
supp(¢) C w. By definition, we may write p = Vu|Rd\f (in the sense of distributions on RA\T).
A priori, and this is a crucial observation, we have p # Vu in the sense of distributions on
R?. We shall equip this space with the scalar product

(4, V)1 erpy = /

uT dx + / (Vulgap) - (VOlgap)dx  Vu,v e H'RI\T) . (6)
RA\T RAT

With this scalar product, it is routine calculus to check that H!(R?\ T) is a Hilbert space.
We equip this space with the norm defined by

HUH?{I(Rd\f) = ‘|U||i2(Rd) + ||P‘|1%2(Rd) where p = V“|Rd\F :

The space H' (R \ T') strictly contains H'(R?) as a non-trivial closed subspace. Indeed the
elements of H!(R?\ T') may ”jump” across I' (a precise definition of ”jumps” will be provided
in §6.2) whereas this is not possible for elements of H'(R%). In the sequel we shall also denote

Hioo RI\T) = {u € L, (RY) | pu e HI(RI\T) Vp e I(RY) },

equipping this space with its classical Frechet topology induced by the semi-norms || [/ (k)
for all compact sets K C R?, see [17, Chap. 1].

In addition, we consider similar definitions for H(div, R?\T') and H,(div,R?\T). For the
scalar product, the operator div replaces the operator V. Once again H(div,R?\T') contains
H(div,R%) as a strict non-trivial closed subspace.

It is clear how to generalize the previous definitions to the case of functions defined over Q\T
(instead of R?\ T') where Q is any bounded Lipschitz open set containing T.

Proposition 4.1 (Rellich embedding theorem). B _
Consider any bounded Lipschitz open set @ C RY such that T C Q. Then HY(Q\T) is
compactly embedded into L2(2).

Proof:

Take a sequence u,, € H'(Q2\ T),n > 0 such that (HunHHl(Rd\F))nZO is bounded. Consider
an open neighbourhood wy of T' such that T' C wg C @y C . Consider another open set
w1 C R such that TN@w; = 0 and R? C wy Uw;. Take two smooth cut-off functions Yo, Y1
that form a partition of unity subordinated to wo Uw;. Clearly 11u, € HY(Q) for all n so,
extracting a subsequence if necessary, it may be assumed that (111, ),>0 converges in L2(9).

There remains to show that, up to some extraction, the sequence (¢guy)n>0 converges in
L2(Q). Since 9 vanishes in the neighbourhood of 92, ¥gu,, can be considered as defined over
all of R?. Like in Definition 2.3, there exists a Lipschitz partition R¢ = Uglzoﬁj such that
I' C U7_08;. For each j = 0...n, we have ¢oun|q; € H'(€2;) and the sequence (¢oun|q,)n>0
admits a subsequence that converges in L?(;). Since (€j)j—0..n is a finite family, this
concludes the proof. O

We also need to introduce spaces of functions that vanish in the neighborhood of I' (such
functions, in particular, do not jump across I').

Definition 4.2.
We define H&F(Rd) to be the closure in H'(R% \ T') of the set 2(R?\ T). We also define

Hy r(div, R?) as the closure in H(div,R?\ T) of the set 2(R¢\ T')%.



We do not rely on any trace operator for defining H(l],F (R%) and Ho r(div,R?). Indeed T is not
(a priori) a Lipschitz manifold, hence the trace operator has not been properly defined yet. By
construction H&F(Rd) and Hy r(div, R%) are closed subspaces of H!(R?\T') and H(div, R¢\T)
respectively.

5 Multi-trace spaces

In the sequel, we shall introduce several types of trace spaces. The first one is a counterpart
of the trace spaces we already introduced in a previous article dedicated to boundary integral
formulations for the scattering by multi-subdomain objects, see [6]. With these spaces, traces
at the boundary of the screen may admit different values depending on which side of the
screen is considered. Taking the cue from (3) and (5), to construct such traces, we use
quotient spaces. We set

B2 (D) = HY(RT\ T)/Hf p(RY)
(7)
H~2(T) := H(div, R? \ T)/Ho r(div, R%) .

The spaces H'/2(I') and H~'/2(I") will be called Dirichlet and Neumann multi-trace spaces,
respectively. Their elements will be tagged by ', for instance %, p, and they are equipped with
the usual quotient space norms || |lgs1/2(r)-

In Definition (7), it is very important to keep in mind that H!(R?\ T') # H*(R?). In the
sequel, we introduce “trace like” operators as the canonical surjections

My HYRINT) - HT2([)  and  my: H(div,R?\ T) — H 2 (D).

For two elements u,v € H'(R?\ T') such that u and v coincide on a bounded neighbourhood
of T, we have 7, (u) = 7 (v). This allows to extend 7 as a continuous map from Hlloc(Ri \T)

to HY2(T"). Similarly my can be extended as a continuous map from Hj,c(div,R? \ T) to
H-1/2().

5.1 Duality pairing

Note that Green’s Formula in R? does not hold for elements of H'(R?\ T') and H(div, R?\T).
Indeed, pick any v € HY(R?\T) and any p € H(div,R?\ T'), which, in general, will yield
fRd\f p - Vu + udiv(p) dx # 0. However, note that

/ (p+a)-V(u+v)+ (u+v)div(p + q) dx :/ _p-Vu+udiv(p) dx
RIT RI\T

Vv € Hy p(R?), Vq € Hor(div,RY).
This suggests a bilinear pairing between H'Y?(I') and H~Y2(T'). Indeed, for @ € HY?()

and p € H-Y2(I"), choose v € H'(R?\ T') and p € H(div,R% \ T) such that mp(u) = @ and
m~(p) = p, and set

/ updo ::/ p - Vu+udiv(p)dx . (8)
iy RAT



Please be aware that the integral in the left hand side above should not be read as an integral
with respect to the Lebesgue measure on I'. It is merely a notational convention hinting at
the relationship of (8) with Green’s Formula. Similarly to H¥/2(99) in the case of a smooth
boundary, see Section 3, H*!/2 (T") are dual to each other via this pairing.

Proposition 5.1.
The pairing < , >: HY2(T) x H-Y/2(T") — C defined by

1 1
< ?'),(j>>:/ gudo Vo e H2(T'), Yge H 2(T), 9)
(]

induces an isometric duality between HY/2(T') and H~1/2(T).

Proof. Pick any u € HH/Q(F) and write < u,- > for the linear form p —< %,p > on
H~1/2(T"). We find

) B | < u,p>|

| <> Ny = sup ome—

peH™ 2 (T) p H™2 (")
G#0

Jrae P - Vu + udiv(p) dx

= sup
peH(div,R4\T) HPHH(div,Rd\f)
p#0

< lullip gayry -

The above inequality holds for any v € H'(R?\ T') such that 7p(u) = %. Hence, < 1, >€
(H-Y2(T)). Let u € HY(R%\ T') be the minimal norm representative of 4, which fulfills
/ Vu-Vv+uvdx =0 VveHar(Rd) . (10)
RAT
This implies ||ullg1ga\ry = [|[@llg1/2(r)- Set p := Vu. Since (10) means that —Au +u =0 in

RI\T, we infer p € H(div,R?\ T), div(p) = u, and, finally, P laaiv,ravty = lullg gayr)- As
a consequence

fRd\F p - Vu + udiv(p) dx

| <ty > |lgg-1/2r) 2 2 [Jullgr gy -

||P||H(div,Rd\F)
We conclude that @ —< 1, > is an isometry HTY/2(I') s (H-Y2(I"))’. By similar argu-
ments, one establishes that also p —< -,p > spawns an isometry H~Y/2(T) s (HT/2(I)Y,
which concludes the proof. O

As an immediate consequence of the duality between He2 (T') and Hfé(l’) we obtain that
HY(R4\ T) and Hy r(div, R?) are polar to each other, as well as H&F(Rd) and H(div,R?\ T).

Corollary 5.2. _
Let u € HY(RY\T) and p € H(div,RY\T). We have the following characterizations,

uweHip(RY) Rd\fq -Vu +udiv(q)dx =0 Vq € H(div,RY\T)

p € Hyr(div,RY) <= p-Vo+4uvdiv(p)dx =0 Yve H(R?\T)
RIA\T



5.2 Interpretation of multi-traces in terms of functions

In this paragraph we describe as explicitely as possible the spaces HE/ 2(T") for particular
situations, relating these spaces to the more standard functional framework recalled in Section
3.

The skeleton of a Lipschitz partition. We first illustrate the concepts introduced at
the beginning of Section 5 by applying them to the particular case where I' = U?:()@Qj for
some Lipschitz partition (£2;);—o..n of R?, see Def. 2.2. In this situation, depicted in Figure 5,
simple localization provides an isometric isomorphism

Loc : H{(RI\T) — HY(Q) x --- x HY(Q,,) .
Writing Ext; : H> (052;) — H(Q;) for some right inverse of the point trace operator, obviously
71 o Loc L o(Exto x -+ x Exty) : H2(9Q) x -+ x H2(0Q,) — H2(T') . (11)

is a well-defined isometric isomorphism. A similar isomorphism can be obtained for Neumann
traces. Casually speaking, this permits us to identify

N

(090) x -+ x HT2(09Q,,) ,
(090) x -+ x H™2(0Qy) .

H*2(I) =~ Ht

1

H2(I') = H-

(12)

N

There is a clear interpretation of (8) in this case: take u € H'(R?\T) and p € H(div,R?\T).
Let uj = ulg; and p; = plg;, and set v; = ujlaq; € H'/2(09;) and ¢; = n; - Pjlo; €
H~1/2(9Q;) where n; is the normal to 99Q; directed toward the exterior of Q;. Identity (8)
then reads

<L U,p >>=/

up do :/ p - Vu + udiv(p) dx
I RAT

= Z/ p; - Vuj + Uj diV(pj) dx =
j=0"%% :

Identity (13) is consistent with the usual Green formula.

92
Figure 5: Multi-screens obtained from Figure 6: Lipschitz screen contained in the
sub-domain boundaries boundary of a domain
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Standard Lipschitz screens. Next, we illustrate the concepts of this section by applying
them to another special situation shown in Figure 6. Let €21 be a bounded Lipschitz domain,
and let I' C 021 be a Lipschitz screen in the sense of Definition 2.1. Let us denote Q9 = Rd\ﬁl.
We have HY(RY\ T') ¢ H'(R?\ 99;) which induces a natural injection

H:(I) = H'(RY\T)/H} 1(RY) — HY(R?\ 00Qy)/H) 1 (RY) .

From the natural identification H'(R? \ 99) = H'(Q) x H'(Qy) that associates u with
(u|q,,uln,) we obtain an isomorphism that we may express as

HY(R\ 000)/Hh p(RY) = [ HY(Q0)/H p(0) | x [ B (922)/H3 p(22)
H2(T) x H2(T) .

12

Here, in the spirit of (3), we have linked H%(I’) with quotient spaces. From this discussion
we can conclude an injection

H*2 (D) < Hz([) x H2(T). (14)

Now let us show how the injection (14) can be constructed in detail. Consider an element
@ € HY?('). Take any u € H'(R?\ T) such that m,(u) = 4, and make the following
identification

w < (u1|p,u2|r) where uj = ’LL|Q]., i=12.

In this construction, the traces ui, us actually satisfy a compatibility condition. Indeed con-
sider a function @ € H'(R?) such that @|g, = us (which exists thanks to Sobolev extension
theorems), and set 41 = u|g,. Observe that 41|r = uz|r, and we have

1

. . ~1
up — Uy € HO,@Q\T(Q) = w|r —|r =wi|r —u2lr € H2(T). (15)

A thorough inspection of the above arguments shows that (15) is a necessary and sufficient
condition to ensure that there exists u € H'(R? \ T') such that ui|r, us|r are the traces of
ulo, and u|g, on T'. Thus, localization to 7 and Qg together with local traces yield an
isomorphism

HT3(T) = { (v,00) € HI(T) x HA(T) | v —wy € HI(T) }. (16)
Similarly we can prove
H2() 2 { (q1,0) €H3(0) x H23(D) | qr+qe H2(D) }. (17)

The ”+” sign coming into play in Definition (17) is related to the change in the normal
direction depending on wich side of I is involved, see Figure 1.

In addition, it is possible to give an explicit expression of the duality pairing <, > defined
in (8)-(9) by means of Identifications (16) and (17). Indeed consider any @ € HY2(T") and
p € H™/2(T). Pick u € HY(R?\T) and p € H(div,R%\T) such that 7, (u) = @ and 7y(p) = p.

11



For j = 1,2, set uj = u|q; and p; = plq,, and let n; refer to the normal vector to €2; directed
toward the exterior of §;. Statement (16) and (17) is based on the following identifications

v1 = ui|r, v2 = u2|r,
i < (vi,v2) and p < (qi1,q2) , where | |
q1 =m1-pilr, g2 =n2 palr.

According to Green’s formula, we have
/ updo = / p - Vu+udiv(p) dx = Z / p - Vu+ udiv(p) dx
(I RAT Q;

j=1,2
= Z / qjv; do .
09,

7j=1.2

The boundary terms in the identity above can be simplified further. Indeed, since u €
HY(R?\T) we have v; = vy on 9Q; \ I'. Similarly, since p € H(div, R?\T) and n; = —ns, we
have q; = —¢o on 9Q; \ ', which leads to cancellation of terms off I":

<<1'),(j>>:/ updo = Z/ qjvjdaz/vlql—l—vquda. (18)
] j=1,270%; r

6 Single-trace and jump spaces

We return to the general case of an arbitrary multi-screen I' ¢ R? according to Definition 2.1.
As regards the multi-trace spaces HEY/ 2(T") they contain multi-valued functions: the sides
of each panel of I could be regarded as distinct surfaces, and traces on both sides do not
necessarily match, see Figure 1. Now we are going to single out subspaces of H*1/ 2(T") that
may be considered as standard trace spaces of single-valued functions.

6.1 Single-trace spaces
We can obtain particular subspaces of H*/2(I") by simply replacing ”R%\ T” by "R%” in (7).

Definition 6.1 (Single-trace spaces).
We introduce single-trace spaces as the quotient spaces

N

H*2 (1)) = H' (RY) /H - (R)
(19)

H~2([T]) = H(div, RY) /Ho p (div, RY) .

They owe their name to the intuitive point of view that the elements of the single-trace
spaces can be understood as multi-traces whose values on both sides of the screen either agree
(in the case of H'/2([T'])) or have opposite sign (in the case of H~1/2([I])).

Corollary 6.2.
The space HYY/2([T]) (resp. H-Y2([T])) is a closed subspace of HT/2(T) (resp. H-'/2(I))

Proof. The assertion is immediate, since H'(RY) (resp. H(div,R%)) is closed in H'(R? \ T')
(resp. H(div,R?\T)). O
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There is no duality relationship between H*2 (') € HT/2(T) and H-2 ([[)) € H-Y2(T") with
respect to the pairing <, > between the multi-trace spaces. On the contrary, both spaces
are polar to each other, which provides a weak characterization:

PropositioP 6.3. )
For i€ H'2(T) and p € H 2(T") holds true

weH 2 () / igdo =0 VgeH 2([)),
]
(20)
peH3(I]) <+ / ipdo =0 VoeH 2([T]).
]
Proof. We will show only the first assertion, since the proof for the second is very similar.

First, take any u € H'(R?) such that 7p(u) = %. Then for any ¢ € Hfé([I’]), considering
q € H(div, R?) such that my(q) = ¢, the standard Green formula over all R? yields

/ z’ujda:/ q-Vu—i—udiv(q)dx:/ q-Vu+udiv(q)dx =0 .
I RI\T Rd

Now consider % € HY2(T") such that the condition in the right hand side of (20) holds. Take a
u € H'(R\T) such that 7 (u) = 4. We need to show that v € H'(R?). We already know that
there exists some p € L%(R?%)? such that [z, p - q+ udiv(q)dx = 0 for any q € Z(R?\ T)%.
Take any q € 2(R%)%, so that my(q) = ¢ € H-Y/2([T']). Applying Definition (8), we obtain

/p'q+udiv(q)dxz/ twgdo =0 Yqe 2(RY).
Rd (]

This proves that p = Vu in the sense of distributions over R? (and not just R?\ T'), so that
u € H'(R?). This concludes the proof. O

6.2 Jump spaces

Another type of trace space may be obtained by considering the duals to single-trace spaces.

Definition 6.4 (Jump spaces).
We introduce jump spaces as the dual spaces
1 1

H*3([T]) == (H-2([1)))" and H-2([1)) := (H*3(T)))".

We endow theses spaces with their natural dual norms

[{(©,q)] [(¥,0)]

ol =1 = sup ————— and |[¢]._1 (= sup .

WDty 13 Dy 1Pl
G£0 00

Clearly, any element of H/2(T") (resp. H™/2(T")) induces an element H~/2([T]) (resp. HY/2([I))
via the duality pairing (8).
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Definition 6.5 (Jump operators).

We define continuous jump operators | | : H+Y2(T') — HY2([]) and [ ] : H-Y2(T) —
H~Y2([I')) as follows: For any @ € H*Y/2(I') (resp. any p € H-Y2(I")), let [u] (resp. [p] ) be
the unique element of HY2([I']) (resp. H-Y/2([I'])) satisfying

(L, 4) :=/ iqdo VgeH 3(T))
[F} ) (21)

(v, [p]) ::/ vpdo Vi € HY2([T])
)

where (, ) denotes the duality pairing either between HY/2([T']) and H-Y/2([I]), or between
HY2([I')) and H-V/2([T7).

An immediate consequence of Proposition 6.3 is a characterization of the kernels of the
jump operators that matches the intuition that “single-valued traces do not jump”.

Corollary 6.6 (Kernels of jump operators).
For v € HY%(T') and ¢ € H™Y/2([T]) holds true

ve (1) & Ql=0,
ge H'2(I)) & g =0.

Proposition 6.7 (Range of jump operators). N
The jump operators | | : HY(I') — HY2([[']) and [ | : H-Y*(T) — H-Y2([I]) from
Definition 6.5 are surjective.

Proof. The statement follows from Proposition 5.1, the Hahn-Banach Theorem (see [17, Thm
3.3] for example), and Corollary 6.6. O

We end this section by pointing out an alternative description of jump spaces provided
by the next proposition. The proof is a direct consequence of Corollary 6.6 and Problem 9,
§3.8 in [19].

Proposition 6.8 (Quotient space characterization of jump spaces).
The jump operators induce isometric isomorphisms

HY2([r)) = HY2(0)/HY2([T])  and  HV2([1)) = H-V2(D)/HV2(L)

6.3 Interpretation of single-traces in terms of functions

In this paragraph we will try to describe as explicitely as possible the spaces H*Y/2([]) and
H*1/2([T)) for the two special situations that we considered in Subsection 5.2.

The skeleton of a Lipschitz partition First, we focus on the situation where I' =
U708 for some Lipschitz partition (£2;)j=o..n of R?, see Figure 5. Pick o € HY2([I).
As explained in Subsection 5.2, considering any v € H'(R?) such that 7 (u) = w, and setting
u; = ulg,, we can make the identification

@ (v0,. .. vp) € HE(0D) x -+ x H2(9,)

(22)
where v; = ujlaq;, j=0...n.
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The condition @ € HY/2([T]) amounts to v; = vgon 99Q; NN Vj,k = 0...n, and (22)
gives rise to an isomorphism

HE(T]) = { (ej)osj<n € I HEO) |0 —ve =0 on 900100 i,k }

<.
3
=

Similarly, we find an isomorphism

1

Hfﬁ([F]) = { (q]')ogjgn S AﬁOHié(an) | q; +qg.=0 on 89]' N an V],k‘ }
]:

The spaces HE/2([T']) have been considered in [5, 6] (where they were noted X*1/2(I")), and
Proposition 6.3 above is a generalization of Proposition 2.1 in [5].

It seems to us that it is not possible to develop any explicit description of HE/ 2(I1) for
the case where I is the skeleton of some Lipschitz partition except if, in this partition, each
interface separates at most two subdomains. The latter case is covered in the next paragraph.

Standard Lipschitz screens Now we consider the case where I' C 00 is a Lipschitz screen
in the sense of Definition 2.1, where €2 is a bounded Lipschitz open set, as in Figure 6. Pick
@ € HY2([]) and set Q; = Q and Qy = R?\ Q. In accordance with the discussion in
Subsection 5.2, for any u € H!(R?\ T') we have the identification

@ < (v1,v9) € HE(T') x H2(T)

where v; =ujlr and wu; =ulo,, j=1,2.

Since @ € HY2([T]) we actually have v € H'(R?) which implies v; = vs. This leads to the
conclusion that (compare with (16))

HZ([1)) 2 { (v1,v2) € H3(I) x H3(I) [y —vp =0on T},
1 1 (23)
ie. H3([T)) = ¢+(H§(F)) >~ H3(T), where ¢, (x):=(z,2).

Similar results hold for the Neumann single-trace space. A slight adaptation of the above
arguments shows that

H’%([F]) = {(q1,q) € Hf%(r) X Hf%(r) |t +g=0onT },
1 (24)

ie. H3([I]) ¢_<H*%(F)) ~ H-

=

('), where ¢_(z):=(z,—x).

Remark 6.9. This discussion confirms the agreement of the new functional framework we
have introduced with standard Sobolev trace spaces on surfaces and screens. Such a simple
and explicit description does not seem to be possible for more complicated screens that are
multi-screens but not standard Lipschitz screens. In this sense, our new functional framework
is a genuine generalization of standard Sobolev trace spaces.

Let us now look for some explicit description of H¥/ 2(I1)), still considering the case where
I' € 09 is a standard Lipshitz screen. We make use of the isomorphism

L HYA(T) = {(v1,02) € H2 (D) x H2(D) | vy — vy € H2(D)}
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that underlies (16). Pick any v € H/2(T), see (2). Following the discussion of Subsection 5.2,
if (v1,v2) = (v, —v) = ¢_(v), we have v; — vy = 20 € H/%(T"), so that .~ (¢_(v)) € HY2(I)
in the sense of (16), and the linear mapping

o] =1 Joutog s HI(T) — H3([T) (25)
is well defined and continuous.

Theorem 6.10 (Isomorphism connecting ﬁ%(F) and H2 ([T]))-
In the special situation of a Lipschitz screen I' the mapping from (25) is an isomorphism.

Proof.

(i) Injectivity: Assume that [1='¢_(v)] = 0 for some v € H%(I’) Above in (24) we have
seen that any element ¢ € H-'/2([I']) takes the form ¢ = 6~ (¢_(q)) = 0~(¢, —q) for some
q € H-Y/2(I"), where 6 designates the isomorphism underlying (24). As a consequence of (18),

[t=1(¢_(v))] = 0 implies

0= (I o0 (0 @) = [

o (0) 07 o_(q)) do = 2 / vgdo Yge H Y2(T).
[T

r
_ (26)
Since HY/2(I") = H-Y/2(T'), Identity (26) implies that v = 0.

(i) Surjectivity: Pick some ¢ € HY/2([I']). According to the Hahn-Banach Theorem (see [17,
Thm 3.3]) and Proposition 5.1, there exists o € HY2(T") such that 19/l g2y = Htpﬂﬁl/z(m)
and

(ord) = /mmzda vi e HV2((T)).

Moreover, by (16) there exists vy, vy € HY/2(I") such that v, —vy € HY2(T'), and 0 = ¢ (v1, va).
Any ¢ € H'/2([I']) can be written as ¢ = ' (¢_(q)) = 6~ (g, —q) in the sense of (24) for
some g € H™V/2(T"). Setting v = 1(v1 — v3), we have

<cp,q'>=/m1'JQda:/Fv1q ~vaqdo = [ v+ (o) (-a) dU:/mL_l((b_(v))q'da

Since ¢ € H™Y2([T']) is arbitrary, this proves that ¢ = [17'(¢_(v))], and bears out the
surjectivity of the map (25). O

To summarize, the mapping (25) induces an isomorphism

H2([T]) = Hz(D).

Ho2([T]) = H2(T).

Let us end this paragraph by mentionning that the inclusion "HY/2([T']) ¢ HY/2([I'])” does
not hold. This inclusion has to be replaced with some injection relation, as can be readily
seen from

HY2([)) = HYA(r) ¢ HYA(T) = HY2()).
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7 Boundary value problems

Once again, we come back to general multi-screens, and continue the construction of our
framework, introducing concepts better adapted to boundary value problems set in the exte-
rior of such objects. We first need to introduce generalizations of usual trace operators.

7.1 Dirichlet and Neumann trace operators

Let H'(A,RY\T) = {u € HY(R\T) | Vu € H(div,R*\T) } and denote Hj, (A, R\ T) =
{fue L (RY) | pueH(ARI\T) Vo € 2(R1\T) }. For any element of this space we can
define its Dirichlet and Neumann traces on I in the following manner

Yo (u) = mp(u) and Ww(u) = my(Vu). (27)

Clearly vy : HL (A, RI\T) — HY2(T') and 7y : HL (A, R?\T) — H~Y/2(T) are continuous
maps. Besides, if u € HL (A,R?\T) and v € H. (A,R?\T) coincide in a neighbourhood of
I, then vyp(u) = vp(v) and vy (u) = x(v).

Lemma 7.1.

The trace operators vyp, v both admit a continuous right-inverse.

Proof. For any @ € HY?(T), define Sp(i) as the unique element of H'(R? \ T) satisfying
T (Sp(%) ) = @ and 1S (@)]l132 (ayF) = @l g1/2(ry- As pointed out in the proof of Proposition
5.1, we have —ASp (1) +Sp (i) = 0 in R?\T. As a consequence, Sy, : H/2(T') — HL (A,R?\T)
is a continuous right-inverse for ~y.

Similarly, for p € H1/2(T), define Sy(p) as the unique element of H(div, R¢\T) satisfying
m(Sx(p)) = p and [|Sx(P) lg(aiv,rarm) = IBlly-172(r)- We have —Vdiv(Sy(p) ) + Sx(p) = 0
in R4\ T, and we see v := div(Sy(p)) € HL (A, R?\T). Obviously, p = y(v), so that
div(Sx(+)) : H-Y2(I") — H}

loc

(A,R%\T) is a continuous right-inverse for 7. O

Note that we may also consider the operator [yp] : HL (A, R?\ T) — HY/2([I]) as well as

loc

[yt HL (A, RINT) — H~/2([I']) obtained by composing the Dirichlet and Neumann traces
with the jump operators described at §6.2.

An interesting identity is obtained by applying twice Formula (8). This yields a generalization
of the second Green Formula,

/ uAv — vAudx = / Yo (u)yn(v) — (V) (u)do Yu,v € HY (A, R4\ T). (28)
R? [T]

It is possible to consider boundary value problems with Dirichlet or Neumann condition on
I" prescribed by means of v, and ~y.

Proposition 7.2 (Exterior Dirichlet problem).

Suppose that T is multi-screen in the sense of Definition 2.3, and that R4\ T is connected.
Take g € HV2(T) and x € R\ {0}. Then there exists a unique u € HL (A, R?\T) satisfying
the following equations

~Au—r?u=0 in RINT ~p(u)=g and wu is outgoing. (29)
Moreover, if we denote S : HY?(T) — Hlloc(A,]Rd \T) the operator mapping any g € H'/?(T)

to the unique solution to (29), then S is continuous.
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Proof. Let © be an open ball with radius large enough to guarantee I' C Q. Let T :
H'/2(0Q) — H1/2(0Q) be the exterior Steklov-Poincaré map associated to the homoge-
neous Helmholtz equation in R%\ Q. Let u, € HY(R?\ T) satisfy yp(uy) = g. This element
u, can be chosen so as to guarantee that g — wu, is continuous from HY2(T) to H'(R?\ T)
according to Lemma 7.1. Using Green’s formula, Problem (29) can be reformulated as

Find u € Hé,F(Q) such that  (Au,v)i gar) = —(Aug, V)1 oy Vv € H(I)I(Q)

Vu V0 — k*uv dx—|—/ vTu do

where (Au, U)H1(Qd\f) =
o0

O\T
To prove the desired result, it suffices to show that A is a continuous isomorphism. Using the
compactness result of Proposition (4.1), one can check by means of classical arguments that
A is a Fredholm operator with index 0. As a consequence, proving that A is a continuous
isomorphism boils down to showing that, when g = 0, the only solution to (29) is u = 0.

Now assume that u € Hi. (R?\T) satisfies (29) with g = 0. For any p > 0, let B, refer to
the ball centered at 0 with radius p, and denote n, the unit normal vector to 0B, directed
toward the exterior of B,. Applying (8) in B, \T with p = V&, and taking into account that
~p(u) = 0, we obtain

/ un,-Vudo, = / |Vul* — &% |ul?dx
9B, T

B\T

where do, refers to the surface Lebesgue-measure on 9B,. Since the right hand side in the
identity above is real, and according to Sommerfeld’s radiation condition, we have

Ii/ lul* do, = Sm{/ u (iKW —n, - V) do,}
0B, 0B,

1
. 2 . . 2

= Jim llulieen,) < 5 im llise =n, - Vel s,) = 0.
It follows by Rellich’s Theorem (see e.g. Miiller [16]) that u vanishes on a neighbourhood of

infinity. Using an analytic continuation theorem, since R% \ T is connected, we obtain that
u=0in R\ T. O

7.2 Density results

Generalizing results by M. Costabel [7], in this subsection we will prove density theorem that
will be useful for the study of boundary integral operators in the next section.

Proposition 7.3.
Consider the continuous operator -y : H%%(A, RAT) — HHY/2(I) xH-/2(T) defined by v(p) =

(Yo (0), () for all p € HL (A, RI\T). The range of v is dense in HT/2(T') x H=/2(T).

loc

Proof. Note that (yp,7vy) induce a map from H'(A,R?\ T) x HY(A,R?\ T) to H'/3(T) x
H~1/2(I") that is continuous. Consider the pairing defined by

((w,p), (v,0)) + /

uqdo — / vpdo  Yu,v € H2 (') Vp,q € H_%(I‘) . (30)
iy iy

18



According to Proposition 5.1, the space H'/?(T") x H'/2(T") is dual to itself under the pairing
(30). Hence, according to Hahn-Banach’s Theorem, it suffices to show that

/ uyy(v)do = / pyw@)de YveH(ARI\T) = wu=0,p=0. (31)
(T [T

Take (u,p) € HY?(T') x H~1/?(T") satisfying the condition in the left-hand side of (31). For any
f € L2(RY) with compact support, denote 8(f) the unique element of H' (A, R%\T') satisfying
the equations B
—AS(f)+8(f)=f ian\T, 'yD(S(f)) =0 on I.

Using Proposition 7.2, it is straightforward to check that 8(f) is properly defined. Denote
also Sp(u) the unique element of H'(R? \ T') satisfying m(Sp(u)) = v (Sp(u)) = u and
150 () |1 ravry = ||u||H1/2(F)._As was pointed out in the proof of Proposition 5.1, we have
—ASp(u) + Sp(u) =0 in RY\ T. Hence

o=/mm(8<f>)da=/ o (So(u) ) 1 (S(F) ) do

™

:/[F]%(SD(u))VN(S(f))—WN(SD(u))%(s(f))da

:/ Sp(u) AS(f) — S(N)ASy(w)do = — | fSu(u)dx
RI\T RAT

Since this holds for any f € L2(R?) with compact support, this implies that Sp(u) = 0. Hence
u = vp(Sp(u)) = 0. As a consequence f[F] pYp(v)do = 0 for any v € H'(A,R?\ T), and since

7o : HY (A, R4\ T) — HY2(I") is onto, this finally implies p = 0. O

One may wonder if a result comparable to the previous proposition holds for single-trace
spaces. The answer is positive but, to prove it, we first need an intermediary result.

Lemma 7.4.
Assume that I' = Uj—q..,08; is the sﬁeleton of some Lipschitz partition (€2j)j—o0..n of R<.
Consider the operator v : HL (A, R4\ T) — HTY2(I') x H-Y2(T"). The range of y restricted

loc
to HY (A, RY) is dense in HT1/2([T]) x H-1/2([T]).

Proof. First of all, according to Proposition 5.1, and the Hahn-Banach theorem, it suffices to
show that if (i, p) € HY2(I') x H~Y/2(I") satisfies fm U (p) =P (p) do = 0V € HY (A, RY),
then

[ ad-pide =0 ¥o,0) € BVA(r) < B3 (32)
[T

which is equivalent to (u,p) € HY/2([[']) x H~1/2([I']) according to Proposition 6.3. Hence, let
us consider such a pair (4, p) € HY2(T') x H-/2(T).

For each Q;, let us denote ’yg)(cp) = ¢lan, and ’yﬁ}(cp) =n; - Volga,, Vo € HY(A,Q;), where
the traces are taken from the interior of €;, and n; refers to the normal vector to 0f);
directed toward the exterior of Q;. According to (19), the space H/2([T]) x H~'/2([T]) can
be identified with the space

X(T) ={ (B(©),%(a)j=0.n | (v,¢) € H(A,RY? }.
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Setting 19(g) = ((9) (), we also consider the space () = {(¥(¢))jon | ¢ €
HY(A,RI\T) and —Ap+¢ =0 in Q;,j = 0...n }. Then according to [6, Prop. 6.1],
we have X(T') @ €(T") = HI/Q( ) x H™Y/2(T"). As a consequence there exists u,p € H'(A,R?)
and functions t; € HY(A,Q;) with At; = 9, such that @ = (7 (u) + 79 (¥}))j=0..n and
= (v4(p) + % (¥5))j=0..n. To finish the proof, it suffices to show that ¢; = 0,5 =0...n
Accordlng to [5, Prop. 2.1] (that admits Proposition 6.3 as a generalization), we have

0:/m“7N< )=y da—Z/ Yot + )1 (9) = (B + )0 (p) do
= ]Z% /mj (i) (P) = 1 (¥5) () do = ]Z% /g]. i Ap — pAtp; dx
:Z()/S]j¢j(A¢—90) dX:/Rd¢(Ag0—go) dx Vo € H'(A,RY)

where we define ¢ € L?(R?%) by Ylo, = ;. Now, for any f € P(R?), there exists ¢ €
H'(A,R?) such that —Ap + ¢ = f in R?. From this we deduce that Jga 0 fdx = 0 for all
f € 2(R%), which implies that ¢ = 0. O

Proposition 7.5.

In the case where I' is any multi-screen (not necessarily the skeleton of some Lipschitz par-
tition), consider the continuous operator v : HL (A, R4\ T) — HTV2([T]) x H-V2([T]). The
range of y restricted to HL (A, R?) is dense in the space H/2([T]) x H~V/2([T)).

Proof. Take a u € HY/2([T']) and p € H-Y/2([I]) such that @ = my(u) and p = my(p) for some
u € HY(R?) = {v € H(RY) | v = 0 in a neighbourhood of dT'} and some p € H,(div, ]Rd)
{s € H(div,R?Y) | s = 0 in a neighbourhood of OI'}. Take a Lipschitz partition RY = UK Oy
like in Definition 2.3, and set X = ukZOan. Since u and p vanish in a neighbourhood of
OT, it may be assumed that v and p vanish on ¥\ T', using some adapted cut-off function if
necessary.

Since I' C 3, using extension by 0, the traces @ and p can be considered as single-traces
on ¥ ie. @€ HY2([X]) and p € H-Y/2([¥]). Let us denote 4>, ~> the trace operators on X,
as defined by (27) but considering ¥ instead of I'. According to Proposition 7.4, there exists
a sequence &, € HL (A, R?) such that

Jm (i =B @2y o+ 1= R EI2y ) =0 (33)
Using a cut-off function if necessary, we can assume that supp(¢,) N (X \T) = 0, so that the
traces of fn on ¥ and I coincide. As a consequence, (33) actually holds with ¥ replaced by T’
and >, Y replaced by vp,vr. This concludes the proof for the case where @ € 7, (Hi(Rd))
and p € my(Hy(div,R?)). It only remains to observe that H!(RY) and H,(div,R?) are dense
in H!(R?) and H(div, R?) according to Proposition 8.11 below. So the proof is complete. [

8 Potential operators

As we have an adapted functional framework at hand, we can now build potential operators
for scattering by multi-screens. We will adapt proofs contained in [7], relying on the trace
spaces and operators that we introduced before.
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In the sequel, we will study boundary integral formulations to scalar wave propagation
problems around a screen I'. To simplify our presentation, in the remaining of this document,
we make the following assumption

Assumption: I' ¢ R? is a Lipschitz multi-screen such that R? \ T is connected

Note that this assumption rules out the case where I' would be the skeleton fo some Lipschitz
partition of R

The forthcoming analysis could be carried out without this connectedness assumption.
However this hypothesis will help making the presentation clearer. Moreover, the results that
we present below could be generalized to any strongly elliptic partial diferential operator,
following a presentation similar to [15]. However we focus on Helmholtz equation for the sake
of simplicity.

Let ¥, (x) refer to the outgoing Green kernel for the Helmholtz operator, i.e. it satisfies
(—A — k2)9, = & in R? in the sense of distributions. Consider some x € R?\ T, and observe
that the function %, x : y — 9.(x—y) is C* in the neighbourhood of I". Thus, using a cut-off
function if necessary (so as to remove the singularity of ¥ x(y) at y = x) we may consider
the following operators, named respectively single layer and double layer potential,

SL()) i= [ (@) dds Vi H D)
Iy ”

DL, (0)(x) := — /m W(Gex) 0 do VO E H*2(T) .

Clearly SL, : H™/2(T') — C*®(R4\T) and DL, : H/2(I') — C>®(R?\ T) since, if U,V C R?
are two bounded open sets such that I’ € V and U NV = (), the function x — Yex,xecU,is
a smooth function valued in H'(A,V \ T).

8.1 Representation formula

Following [7, 15], we may write the expression of the potential operators (34) in a manner that
is more convenient for calculus in the sense of distributions. Denote % : C*°(RY)" — 2(R9)’
the operation of convolution (in the sense of distribution if necessary) with kernel ¥,. Let
v HOY2(T) — HL (RI\T) and v/ : HFY/2(T) — HL (A, R4\ T)' refer to the adjoints of
vp and vy. Then we have

SLy, =%, +7, and DL, = —% %, . (35)

Take a function v € H'(R%\ T') and assume in addition that supp(u) is bounded. Consider
identity (28). Choosing v in Z(R%), we can interpret this identity in the sense of distibutions,
using the adjoint of the trace operators, which yields

(Au)lpe = (Au)[gart + a0 (w) = 75 - (w)

where v/ -vp (u) and 7/, vy (u) are distributions supported in T'. Now, since supp(u) is bounded,
we can convolve the previous identity with the Green kernel, which yields the following result.
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Lemma 8.1. B
For any u € HY(A,RI\T) with bounded support, if f = —Au—r>u in the sense of distributions
in R\ T, we have the following formula

u=9%, % f~4SL,-Y(u) + DL, - yp(u) in RE\T. (36)

Identity (36) is a representation formula, in the parlance of boundary integral equations.
Although we have established it in the case where supp(u) is bounded, it actually also holds
in the case where u is outgoing radiating.

Proposition 8.2.
Assume that u € Hlloc(A,Rd \ T) satisfies Sommerfeld’s radiation condition. Define [ €
L%OC(]Rd) by f = —Au — k*u in the sense of distributions in R4\ T, and suppose in addition

that f has bounded support. Then formula (36) still holds.

Proof. We give the proof in the case d = 3. The proof for the case d = 2 follows the same
lines. Consider a C*° cut-off function x : R — R such that x(p) =1 for p < 1 and x(p) =0
for p > 2. Define x(x) = x(|x|/a) where a > 0 is some parameter that will tend to +oo.
The function uy, has compact support so we can apply Lemma 8.1,

Xott = % * f 4+ SLg - w(u) + DLy - yp(u) — % * (uAxa +2Vu-Vxa) (37)

where « is supposed large enough to have x.f = f. We have x,u — u pointwise as a — o0.
Hence, to finish the proof, it remains to show that the last two terms in (37) tend to 0
pointwise as a — +oo. Take any x € R\ T and assume that a > |x|. Observing that
a < |y] < 2xify € supp(Vxa) or y € supp(Axe,), and applying Greens’s formula on
{y e R¥| a <|y| < 2a} we obtain

2
G x (UAXa + 2Vu - Vxa) (X)‘ = ‘ / / G x OpXa - Optt — u0pXa - 0p%x do,dp
a JS,

2a 2
< / / | x0pXal - |0pu — iku| do, dp + / [u0pXxal - |0p%x — 1KY x| do, dp ,
a JS, o

Sp
(38)
where p is the radial coordinate in the spherical system, and S,, do, refer to the sphere
centered at zero with radius p and its surface measure. For the first term in the right hand
side above, we have

2
/ | x OpXal - [0pu — iku| do,dp
a JS,
2
< [ 0l hrliaisy 190 = inliags, do

2
. dp
< HpaPXHLOO(R)(Sgp H%,XHLQ(SP)> (Sgp Hapu - Z’WHLQ(SP)) / —_
P> p>o a

Observe that |pd,x/||r,®) and fja dp/p = In2 do not depend on «a. Since both u and
Y x satisfy Sommerfeld’s radiation condition, [|%«||r2(s,) remains bounded as p — oo and
lim, o0 [|Opu — ikul[12(s,) = 0 (see for example Definition 9.5, Theorem 9.6 and Equation
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(9.17) in [15]). This proves that the first term in (38) tends to 0 as a — co. We prove in the
same manner that the second term in the right hand side of (38) tends to 0, which ends the
proof. O

Proposition 8.2 extends [15, Thm 6.10] to problems set in domains containing multi-
screens. Now let us study the continuity properties of the potential operators SL, and DL.

Proposition 8.3 (Continuity of single layer potential). _
The potential operator SL, continuously maps H~Y/2(T) into HL (A, R\ T) N H}

loc(Rd)'

Proof. First of all, since Hi (R?) C HL_(R?\T), the space HL (R%\ T)" is continuously
embedded into HL. (RY)’. Hence v/ : H~/2(T") — HL _(R?)’ is continuous. Besides ¥, is a
pseudodifferential operator of order —2 on R?, mapping H%OC(Rd)’ — Hlloc(]Rd) continuously.

Finally, observe that ASL, (p) + x2SL,(p) = 0 in R\ T, in the sense of distributions, for any
p € H-/2(T"). Hence if f = (ASLH(p))|Rd\f, then

£ llL2(r) < K21ISLk ()2 i) < Crellpllgg-1/2(ry

for any compact subset K C R% and some Cx > 0 independent of p. This concludes the
proof. O

Proposition 8.4 (Continuity of double layer potential). _
The potential operator DL, continuously maps H*Y/2(T) into HL (A, R4\ T).

Proof. First of all, consider S : H'/2(T') — H}. _(R?\T) as the solution operator such that for
any g € HY2(T') the function S(g) is the unique solution to Problem (29). In particular we
have 7y -S(v) = v for any v € H'/2(T"). Since S(v) is a solution to the homogeneous Helmholtz
equation in R?\ T', we can apply identity (36) which yields

DL, (v) = S(v) — SL. -y - S(v) Vv e H2 (D).
The continuity result that we want to prove is then a clear consequence of the continuity of
S, SL,; and ~yy, see Proposition 8.3 and Proposition 7.2. O
8.2 Jump relations

As predictible, functions of the form DL, (v) do not belong to H{ (R%). Their Neumann

loc
traces, though, admit no jump across the screen I'. The following result summarizes the
behaviour of both the single layer and double layer potentials across the screen I'.

Proposition 8.5 (Jump relations).

o] - DLy(@) = [@],  [n] -DLe(@) =0 Vi e H3(T),

o] - SLe(p) = 0, (] -SLe(3) =[]  Vpe H 2 (D).

Proof. We will focus on the proof of the identities concerning the double layer potential. The
identities concerning the single layer potential may be proved in a similar manner. Consider
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any o € HY2(T'), set 1(x) = DL, (1)(x). According to Relation (35), we have At + k> =
4% () in the sense of distributions over R%. As a consequence we have

b (A + K2p)dx = — (7 (i), ) = / in(p)dx  Voe I®Y.  (39)

R? [T

where (, ) must be understood as the duality pairing between 2(RY) and 2(R9)’. On the
other hand consider the integral in the left hand side above, and apply the generalized 2nd
Green Formula (28). Since At 4+ k?1) = 0 in R?\ T, this yields

[ paerrtoix= [ b@g+reix= [ i) -l (@0)

RAD (I
and this has to hold for any ¢ € 2(R%) as well. Now take the difference between Equation
(39) and (40), and observe that yx(¢) € H~1/2([I']) whenever ¢ € 2(R%). This yields

/m W) o~ [ (@) - i)l do =0 ¥pe 7R, (41)

(I

Using the density of Z(R%) in HL (A, R%), as well as Proposition 7.5, we see that (41) implies
that f[l‘] Y ()ode = 0 for all & € HT'/2([I']), and fm (Yo (1) —1)g do = 0 for all ¢ € H~/2([T)).
According to Proposition 6.3, and the definition of the jump operators given in §6.2, this

concludes the proof. O

In spite of a clear parallel, there is also a remarkable difference between Proposition
8.5 above, and the usual jump relations, e.g., from Lemma 4.1 in [7]. Indeed, in the right
hand sides of the identities of Proposition 8.5, what appears is [u] and [p], and not just u
and p. This is a specific feature of screen’s geometries. In the present case, the operators
Yo - SL, : H™V/2(I') — HTY2(T) and ~y - DL, : H*Y2(T') — H~Y2(T') are not onto. As
exhibited by the next result, they are not injective neither.

Lemma 8.6 (Kernels of potentials).
We have SL,(p) = 0 Vp € H-V2([[']) and DL, (%) = 0 V& € HTV2([T]).

Proof. We prove the result only for the single layer potential, since for the double layer
potential, the proof is very similar. For any p € H~Y/2([I']), set ¢ = SL,(p). The function 1
belongs to HL (A, RA\T), and since [y5(1)] = 0 and [y (1)] = [p] = 0 according to Proposition
8.5, we deduce that vy, (1)) € HY/2([T]) and yx (1) € H~1/2([T), so that v € HL. (A, RY). Since

At + k%p = 0 in the sense of distributions in R? \ T', we deduce that actually At + k% =0
in R, To summarize, Ay 4+ 21 = 0 in R? and 1) is outgoing, which implies that v» = 0. O

This lemma combined with Proposition 6.8 shows that SL, induces a continuous map
from H=1/2([["]) to HL (A, R\ T). Similarly DL, induces a continuous map from H+/2([T)
to HL (A,R?\T). For both induced maps, we keep the same notations SL,, DL, so that

loc

SL, : H 2([[]) » HL(A,R¥\T)  and DL, : H"2([[]) - HL (A, R\ T)

are continuous operators. We will now examine the invertibility property of the integral
operators vy - SL, and y - DLg.
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Proposition 8.7.
Assume that k = (imaginary unit). There exists a constant C > 0 such that

. 2 it
ne{ [ am-Sta@)do} 2 Clally o vae A,

: fib
avee{/mmN DL, (T )da}zCHvHﬁ%(m) Vo € He2 ([I7) .

Proof. Once again we only prove the statement for SL, since the statement concerning DL,
is very similar. Take any ¢ € HY/2([I']) and denote 1) = SL(q) so that —At) 4+ = 0 in
the sense of distributions in R% \ T, and [yx(1)] = ¢. By definition of the jump operator
introduced in §6.2, we have

/ 47 - SLu(7) do = / e ()0 (D) dor = / VY + A dx
(I'] ] RANT

1
= [ TV 2 5 Wla

In the calculus above we used the generalized Green formula (28), as well as the fact that
Az = 1h. Now since [ ()] = g and since 7y : HY(A,RNT) - H 2 and [ |: H-V2(I') -
H~1/2(|[I']) are continuous, we deduce that there exists C' > 0, independent of ¢ such that

lallz-3 sap =€ [l (2 mevT) -
which concludes the proof. ]

Proposition 8.8 (Coercivity of boundary integral operators). B
For any wave number k € C\{0} such that Sm{x} > 0, define the operators V : H-Y2([1]) —
HHY2([T]) and W : HY3(I') — H-V2([T)) by

V =y - SLg and W =~y - DL,

Then there exists compact operators Ky : H™1/2([[)) — HY2([)) and Kyw : HY2([[]) —
H~/2([[']) such that the following generalized Gdrding identities are satisfied

Rel [ a(VeROTd} = Claly o Vae (D),
] 2([17)

— 2 l
%e{/mv(W+Kw)vda} > CllolZy Y€ BT,

Proof. Denote by 4, and SL,, DL, the outgoing Green kernel and the single and double layer
potentials associated to the value ¢ for the wave number, so that Proposition 8.7 applies to
SL, and DL,. Besides, following Remark 3.1.3 in [18], the operator (¥, — %, )* is pseudo-
differential operator of order —4 mapping HL (R?)’ to H} (RY) which implies that both
Ky := 7p - (SL, — SL,) and Kw := 7y - (DL, — DL,) are compact as operators mapping
respectively ﬁ*1/2([f’]) to HY2(T") and HY/2([T']) to HY/2(I"). We finally obtain coercivity of
both V + Ky and W + Ky by application of Proposition 8.7. U
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The previous result implies that both V : H-/2([']) — HY2([[]) and W : HY/2([[]) —
H~1/2([I']) are Fredholm operators with index 0. As one may expect by analogy with a more
standard problem, they are actually isomorphisms.

Proposition 8.9. _
The operators V : H-Y/2([[]) — HY2([T]) and W : HY/2([[']) — H-Y2([T']) are isomorphisms.

Proof. According to Fredholm alternative, all we need to prove is that these operators are
one-to-one. We prove this only for V, since the proof for W is analogue. Consider any
¢ € HY/2([I") such that V(¢) = 0. Take any p € H-Y/2(I") such that [p] = ¢. Injectivity will
be proved if we show that p € H~'/2([T']) which is equivalent to [p] = ¢ = 0. Set 1) = SL,(p).
Then v, (1)) = V(p) = V(¢) = 0 and ¢ is an outgoing solution to the homogeneous Helmholtz
equation in R%\ T. Hence according to Proposition 7.2, ¢ = 0 i.e. SL,(p) = 0. We conclude
with the jump formula [p] = [yx] - SLx(p) = 0 provided by Proposition 8.5. O

Appendix

Quotient spaces As this is a concept constantly used across this article, in the first part of
this appendix we recall elementary results concerning quotient spaces and their norms. For a
full justification of these results, we refer to [17, chapter 1 & 4],

Assume here that (H, || ||i) is some Banach space, and that X is a closed sub-space of H.
Then we define the quotient space H/X as the set

H/X = {z+X|zecH}

The quotient space H/X is the set of equivalence classes associated to the equivalence relation
x ~y <= x—y € X. The addition and multiplication by scalars induce natural counterparts
in H/X, so that H/X inherits a structure of vector space from H. We equip this space with
the norm

|9 lla/x = inf |ly+2|n foranyy € y. (42)
zeX

Recall that if (H, || [/i) is a Banach space, then H/X equipped with || [[5/x is a Banach space
as well. Finally, we would like to remind the reader that the canonical surjection 7 : H — H/X
is an open mapping.

Observe that, for the topology induced by (42), a set U C H/X is open if and only if 7=1(U)
is an open set of H. Using this obervation, it is easy to prove the following result.

Lemma 8.10.

Let (H,|| ||) and (Y,]|| |y) be two Banach spaces, and assume that X is a closed subspace
of H. Consider a continuous linear map © : H — Y. If X C Ker(0), then © induces a
continuous linear map 0 : H/X — Y that is uniquely determined by the identity © = 0 o 7.

Density result In this part of the appendix, we recall a density result proved in [8, Lemma
2.4]. We need this result when exploiting the local structure of screens. We provide a proof
for the sake of completeness.

Proposition 8.11.
For H being one of the spaces HY(R?) or H(div,R?), denote H, the space of v € H that vanish
in a neighbourhood of OI'. Then H, is dense in H.
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Proof:

We prove this result for H = H'(R?). The case where H = H(div, R?) follows the same
lines. Since C*°(R%) is dense in H'(RY), it suffices to show that any u € C°*°(R?) is the limit
of some sequence w1, ug, us, . .. of H-(R?).

According to Definition 2.3, there exists a Lipschitz partition (£2;);—0...¢ such that rn 00 =
T'; where T'; is a Lipschitz screen in the sense of Definition 2.1. Set ¥; = 9I';, and observe
that o' C UJQ:OEj. Considering a partition of unity, the proof can be reduced to the case
where u is supported in some ball B centered at a point x € JI'. Considering a smaller radius
for B if necessary, one may consider that each ¥; can be described like in (1). This implies
in particular that there exist Lipschitz diffeomorphisms ¥; : B — ¥;(B) C R? such that

U;(BNY;)CcS:={(0,0,2) | zeR}.

Assume first that we have constructed functions 7 € H*(B) N L>(B) such that 7j, = 0 in
some neighbourhood of BN X; and limy o0 [[1 = 7kl ) = 0. Setting

Te(X) = Tox(X)T1(X) - -~ T1,0(X)

we obtain 73, € H!(B)NL*(B) such that 7, = 0 in a neighbourhood of BN (U]Q:(]Ej) D> BNar,
and such that limpe0 |1 = 7[lga () = 0. Set up(x) := m(x)u(x). Since supp(u) C B and
u € L>®(B) and Vu € L>®(B), we obtain that u;, € H:(R%) and

e = o sy < 2 11 = Tellsey (Nl + V0l ) = 0

To conclude the proof, there only remains to construct the cut-off functions 7; (x). Consider a
subset ¥ C B such that ¥(BNX) C ¥ :={ (0,0, 2) | # € R } for some Lipschitz diffeomorphism
¥ :B — B = ¥(B). We consider 73, € HL _(R%) N L>(R?) defined by

0 it r<1/k
T(r,0,2) = ¢ In(kr)/In(k) if 1/k<r<1
1 if 1<r
Straightforward calculus yields limy o ||1 — TkHHl(B‘) = 0. Now we can define 74(x) =

Te(¥(x)). Clearly 7, € L*°(B). According to Theorem 3.23, Chapter 3 in [15], we also
have 7, € H!(B), and

2 2 112 —~ 112
1= 70l < (L4 DV ) [[Fac() [ 11 = Tl ) — 0
with Jac(¥)(x) := det(¥(x)). Finally it is clear, according to this construction, that 7, = 0

in a neighbourhood of B N 3. This concludes the proof. U

References

[1] T. Abboud and F. Starling. Scattering of an electromagnetic wave by a screen. In
Boundary value problems and integral equations in nonsmooth domains (Luminy, 1993),
volume 167 of Lecture Notes in Pure and Appl. Math., pages 1-17. Dekker, New York,
1995.

27



[2]

O. P. Bruno and S. K. Lintner. A high-order integral solver for scalar problems of
diffraction by screens and apertures in three dimensional space. ArXiv e-prints, August
2012.

O. P. Bruno and S. K. Lintner. Second-kind integral solvers for TE and TM problems
of diffraction by open arcs. Radio Science, 47:6006, December 2012.

A. Buffa and S. H. Christiansen. The electric field integral equation on Lipschitz screens:
definitions and numerical approximation. Numer. Math., 94(2):229-267, 2003.

X. Claeys. A single trace integral formulation of the second kind for acoustic scattering.
Technical Report no. 2011-14, Seminar of Applied Mathematics, ETH, 2011.

X. Claeys and R. Hiptmair. Boundary integral formulation of the first kind for acoustic
scattering by composite structures. Comm. Pure Appl. Math., 2013. to appear.

M. Costabel. Boundary integral operators on Lipschitz domains: elementary results.
SIAM J. Math. Anal., 19(3):613-626, 1988.

M. Costabel, M. Dauge, and S. Nicaise. Singularities of Maxwell interface problems.
M2AN Math. Model. Numer. Anal., 33(3):627-649, 1999.

M. Costabel and E. P. Stephan. An improved boundary element Galerkin method for
three-dimensional crack problems. Integral Equations Operator Theory, 10(4):467-504,
1987. Special issue: Wiener-Hopf problems and applications (Oberwolfach, 1986).

C. Jerez-Hanckes and J.-C. Nédélec. Variational forms for the inverses of integral log-
arithmic operators over an interval. C. R. Math. Acad. Sci. Paris, 349(9-10):547-552,
2011.

S. Jiang and V. Rokhlin. Second kind integral equations for the classical potential theory
on open surfaces. I. Analytic apparatus. J. Comput. Phys., 191(1):40-74, 2003.

S. Jiang and V. Rokhlin. Second kind integral equations for the classical potential theory
on open surfaces. II. J. Comput. Phys., 195(1):1-16, 2004.

S. Lintner. High-Order Integral Equation Methods for Diffraction Problems Involving
Screens and Apertures. PhD thesis, California Institute of Technology, June 2012.

S. K. Lintner and O. P. Bruno. A generalized Calderon Formula for open-arc diffraction
problems: theoretical considerations. ArXiv e-prints, April 2012.

W. McLean. Strongly elliptic systems and boundary integral equations. Cambridge Uni-
versity Press, Cambridge, 2000.

C. Miiller. Foundations of the mathematical theory of electromagnetic waves. Revised
and enlarged translation from the German. Die Grundlehren der mathematischen Wis-
senschaften, Band 155. Springer-Verlag, New York, 1969.

W. Rudin. Functional analysis. International Series in Pure and Applied Mathematics.
McGraw-Hill Inc., New York, second edition, 1991.

28



[18] S.A. Sauter and C. Schwab. Boundary element methods, volume 39 of Springer Series
in Computational Mathematics. Springer-Verlag, Berlin, 2011.

[19] M. Schechter. Principles of Functional Analysis, volume 36 of Graduate Studies in Math-
ematics. American Mathematical Soc., Providence, 2nd edition, 2002.

[20] E.P. Stephan. Boundary integral equations for screen problems in R3. Integral Equations
Operator Theory, 10(2):236-257, 1987.

[21] E. P. Stephan and M. Costabel. A boundary element method for three-dimensional crack
problems. In Innovative numerical methods in engineering (Atlanta, Ga., 1986), pages
351-360. Comput. Mech., Southampton, 1986.

29



Recent Research Reports

Nr. Authors/Title
2012-36 R. Hiptmair and L. Kielhorn
BETL — A generic boundary element template library
2012-37 C. Schillings and C. Schwab
Sparse, adaptive Smolyak algorithms for Bayesian inverse problems
2012-38 R. Hiptmair and A. Moiola and I. Perugia and C. Schwab
Approximation by harmonic polynomials in star-shaped domains and exponential
convergence of Trefftz hp-DGFEM
2012-39 A. Buffa and G. Sangalli and Ch. Schwab
Exponential convergence of the hp version of isogeometric analysis in 1D
2012-40 D. Schoetzau and C. Schwab and T. Wihler and M. Wirz
Exponential convergence of hp-DGFEM for elliptic problems in polyhedral domains
2012-41 M. Hansen
n-term approximation rates and Besov regularity for elliptic PDEs on polyhedral
domains
2012-42 C. Gittelson and R. Hiptmair
Dispersion Analysis of Plane Wave Discontinuous Galerkin Methods
2012-43 J. Waldvogel
Jost Burgi and the discovery of the logarithms
2013-01 M. Eigel and C. Gittelson and C. Schwab and E. Zander
Adaptive stochastic Galerkin FEM
2013-02 R. Hiptmair and A. Paganini and M. Lopez-Fernandez

Fast Convolution Quadrature Based Impedance Boundary Conditions





