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Asymptotics for Helmholtz and Maxwell solutions in 3-D open
waveguides

Carlos Jerez-Hanckes* 't and Jean-Claude Nédélec

Abstract

We extend Sommerfeld and Silver-Miiller radiation conditions to acoustic and electromagnetic
fields propagating over three isotropic layers in R3. In the outer layers, classical conditions only
hold for waves propagating in the region |zs| > r7 with v € (1,1). For |zs| < 77 and inside the
slab, asymptotic behaviors depend on the presence of surface or guided modes given by the discrete
spectrum of the associated operator.

1 Introduction

Although layered structures in optics and acoustics have been long studied [19], [10], the persistent
interest from both engineering and scientific communities comes from the continuous improvement in
manufacturing techniques for optical integrated circuits [24]. Today, layered optical waveguides take part
in a plethora of applications ranging from basic light guidance [22], to more complex devices such as
strip-geometry semiconductor lasers [23], [2], and photonic crystal structures [21], [15].

In its simplest form, a waveguide is made by three layers of isotropic media. The middle one or core
possesses a finite thickness and a different dielectric coefficient compared to the surrounding layers, also
referred to as cladding. We thus speak of open waveguides in opposition to closed waveguides, in which
a metallic enclosure contains the radiation from propagating outside the core. Under certain conditions,
these structures are capable of guiding radiation inside the slab while outside energy decays exponentially.
These modes do not form a complete eigenfunction set in which the field from an arbitrary source can
be expanded. Thus, radiative modes linked to the continuum spectrum must be included to deliver an
entire description. However, guided and radiative parts possess different behaviors at infinity [3, 18]. This
prevents accurate descriptions by standard numerical methods and theoretically, existence and uniqueness
results have for long remained open problems. In recent works, uniqueness of solutions for the Helmholtz
equation for 2-D waveguides with small perturbations was achieved [8, 9] and a similar result is obtained
in [5] via a generalized Fourier transform when one of the outer layers is replaced by a Dirichlet condition.

In this work, we present rigourous asymptotics for outgoing acoustic and Maxwell waves in time
harmonic regime in R® using the limiting absorption principle. This constitutes a milestone towards
a general existence result for open waveguides and uniqueness proofs in the fashion of [11]. On the
application side, these precise characterizations allows for the development of new ad hoc numerical
techniques and improvement of PMLs and similar techniques.

*ETH Ziirich, Seminar fiir Angewandte Mathematik, Ziirich, Switzerland

TPontificia Universidad Catélica de Chile, Facultad de Ingenieria, Santiago, Chile
fCorresponding author. Email: cjerez@sam.math.ethz.ch

§Centre de Mathématiques Appliquées, Ecole Polytechnique, 91128 Palaiseau, France



1.1 Problem Setting

Let h € R4 be bounded and and introduce the intervals:
L= (htoo), L=(0h), Ir:=(-o0,h). (1)
We consider the following three-layer decomposition of R3:
91:={X€R3:$3611}, QQZZ{X€R32$3EIQ}, Qg::{x€R3:x3€I3},

with interfaces I'g = Qo N Q3 and T, = Q2 N Qy, and define for simplicity Q = U; €. Each domain
{Q,;}3_, is characterised by different parameters according to the physics considered. In the case of
linear electromagnetism, permittivity and permeability coefficients are given by values in vacuum, €
and pg, correspondingly multiplied by relative ones €;, u; € L% (£2;) both positive. Hence, inside €2;, the
light speed ¢; equals co/y/€;ft; where c¢g = 1/,/€ojio. In the acoustic case, real positive and bounded
constants ¢; refer to sound speeds. Parameters n; € R, representing viscosities in the acoustic case
or conductivities in the EM one, immediately guarantee the well-posedness of the system, i.e. bounded
energy. Nonetheless, we will be mostly interested in the case when they tend to zero and so, we set n; =7
in all layers.

1.1.1 Time-dependent formulation

Let U(x,t) represent either the scalar pressure field, P, or one of the three-dimensional vector fields, £
or H, describing scattered sound or EM waves, respectively. After some rearrangements, the following
common time-dependent PDEs must be satisfied:

(—6;283 — noy + A) Ux,t) = FuF(x,t), (x,t)eQ; xRy, i=1,2,3,
+ physics-dependent transmission conditions, (x,t) € T'g 5 x Ry,

+ initial conditions, (x,t) € Q; x {0}, i=1,2,3,
+ outgoing behavior,

(2)

where A is the Laplacian operator and F is an excitation according to the physics considered, compactly
supported in s. The partial differential operator Fy; provides necessary modifications, e.g., in the EM
case we set F as an electric current for which it holds

t
Fe(x,t) = pipo0; + (eie0) ™ grad/ div(-)dr and Fr(x,t) = rot (3)
0
while for sound scattering Fp equals identity.

1.1.2 TE and TM modes. Transmission conditions.

Due to rotational invariance, one decomposes the pair of EM fields (€, ) with values in RS into transverse
electric (TE), £ = 0, and transverse magnetic (TM), Hs = 0, modes which can be entirely characterized
by normal components, H1® and EI'M | respectively. Indeed, for each polarization there are dyadic partial

differential operators:
Ey :U+— E and Hy :U+— H, U={Hi" M}, (4)

mapping the corresponding driving normal component into the remaining EM fields components. The
dyad form is due to the excitation by vector sources in R3. ‘Consequently, for each polarization, there
are three different scalar sources to be considered, written F{,F := (Fy F) - x; with j = 1,2,3. On the



other hand, the normal components U = {H2 % EIM} are solutions of the scalar form of (2) with jump
conditions:
[Oéu] =0 and [(937/{] =0 on FO,ha Vit € ]R_’_’ (5)

with « being either p or €, respectively. In the acoustic case, transmission conditions are given by zero
Dirichlet and Neumann jumps, i.e. & = 1. Thus, henceforth we focus on the scalar form of (2).

1.1.3 Time harmonic or Helmholtz formulation
By linearity, periodic excitations in time with a pulsation w € R, allow solutions of (2) to take the form:
Ux,t) = Re{U(x)e™"} (6)

with complex-valued U(x). Once a convention is chosen, and after equating exponential terms out, the
time dependence is only portrayed by the sign of the absorption term. Let us choose the minus sign in (6)
and accordingly modify (2). Define the real and complex wavenumbers k7 := (w/c;)* and k7, = k? +wn.

Hypothesis 1.1. We will further assume that 0 < ks < k1 < ko < 400.

This will ensure the existence of guided modes [14] when 1 vanishes. We are interested in solving the
family of time-harmonic problems for 7 tending to zero:

AUy (x) + k7, Uy(x) = 0 xeQ;, i=13
AU, (x) + k3,U, = Fu(x,w)F(x) x €

(Py) = § [aU,] =0 xeTlon (7)
[63Un] =0 X € 1—‘07}“

+ outgoing behavior,

where now the field’s dependence on 7 is given by the subscript and U, € H\_(A,Q), the space of
local L2-functions with locally square integrable Laplacians in Q. Notice that F(x) is complex-valued,
compactly supported, and that Fy; is either the same operator as before (acoustic) or its projected action
along x; (EM), j = 1,2, 3, with derivatives in ¢ replaced by powers of w. In general, one can explicitly

write
L,M,N,P

Fo = Z cﬁ,mpwpaiagnag (introducing indices in EM) (8)
l,m,n,p=0
where ¢/ € C are constants associated to the derivatives {I,m,n,p} € Ny of the physics-dependent
operator with {L, M, N, P} € Ny bounded.
As long as Jm{k; ,} > 0, for i = 1,2,3, the above problems are well-defined and solutions belong
in fact to H' (A,Q). The limit problem (FPp) := lim,o(P,) shows the existence of surface modes and
requires radiation conditions to retrieve the outgoing propagation sense in time.

1.2 Main Results: Far-field Asymptotics for Helmholtz and EM solutions

Introduce the following coordinate systems: (1) upper and lower hemispherical (r, 6, ¢) ones centered at
Ty, for Q; and at Ty for Q3, respectively; and, (2) cylindrical ones (p, ¢, z3) with 0 < 23 < h in Q. Then,
for n = 0, the following propositions hold

Proposition 1.1. Assume the existence of M guided modes, with wavenumbers located at circumferences
described by |§| = &, with £ > 0 for allm =1,... M. Lety € (1,3). Moreover, let us admit for the
limit problem (Py) the decomposition:

M
U=Uj+ Uas with Uy= > anl)",  am, (9)
m=1



where Urqq and Ug are radiative and guided parts, the latter composed of allowed modes U]". Then, it
holds

%—Ii —zkiU’ =0 (7‘_(2v+%)) for x€Q;, i=1,3, |z3] > 1,
%—IT] —zz,]\,{:l anéy'Uyt = O r*(%*v)) for xeQ i=1,3, |x3] <, (10)
68_[;{ - 121]\5:1 am& U = O P_%) for x € Q.

Proposition 1.2 (Silver-Miiller-type conditions). Define the impedances:
Zi, = (ui/ei)l/Q and z;", = &'/ (wei) = 2§ ki
If excited by an electrical current, outgoing transverse magnetic fields satisfy the following conditions:
H' + z;rlEAn] =0 (T—(2v+§)) for xe€Q, i=1,3, |xz| > 7
H + Zn]\le o (2 )71 EAn| = O (Tf(%f'y)) for xe€Q, 1=1,3, |xg| < r? (11)

ip
H + Zn]\le Qm (zg?p)*l E™ A n‘ =0 (pf ) for x€ Qo

i

where K" are the associated electric guided modes described in Proposition 1.1, n = x/r in x € Q,
1=1,3, andn = p/p in Qa. Similar conditions for transverse electric modes hold by reversing the roles
of H and E.

2 Radiation Conditions Derivation

In order to prove the above results, we study the associated Green’s functions, g,, as one can recover fields
U for arbitrary but compactly supported F' by convolution, i.e. U, = g, * (FuF'). Hence, the far-field
behavior is indeed the one given by g,, whose derivation constitutes most of this work. For this, we first
obtain explicit surface spectral forms by applying the polar Fourier transform. This yields a system of
ordinary differential equations in x3 as shown in Section 2.1.2 whose solution is given in Proposition 2.1.
With this, in Section 2.3, we carry out the asymptotic analysis of the inverse surface Fourier transform
when 7 goes to zero.

2.1 Surface spectral Green’s functions and dyads

Let us replace the source F(x) with a scalar (acoustic) or directional (EM) delta Dirac distribution at
x —y, with x € R? and y € s, to derive the associated spatial Green’s functions g,(x,y) or dyads
g,(x,y) to problem (P,). Since layer parameters a; are piecewise constant, the functions depend on
(x,y) only through their difference [13] and, by translational invariance, we can set y; = z1 and ys = x2
so that the only source parameter is y3 € Is.

2.1.1 Surface Fourier transform

Let x' = (z1,22) and € = (£1,&). Let ¢ € S(RZ, x R) where S denotes the Schwarz space, then its
surface Fourier transform, F, denoted ¢ € S (RZ x R), is

~ 1 26-x’
Flean) = (o) (€m) = 5= [ oG a)e™ ax (12)
with inverse )
(F7'3) (¥, 23) = o(x,x3) = 5 P&, x3)e 6% de. (13)
Rz



If  lies in S"(RZ, x R), the space of tempered distributions, its partial Fourier transform, u € S(RZ x R),
is obtained by duality. Now, for an open interval I C R, we can define the space of distributions partially
tempered over R2, x I as follows:

S'(R2, x {u € DR2 xI) : Vi € C(I), Y(x3)u € S'(RZ, x R)}
and all the above definitions apply [6]. The next transforms will be extensively used
Dirac delta: 5(&,25) = 2i5(x3) ® 1 (14)
T
derivation: 8{”/63\6511(5, x3) = (—1€1)™ (—1€2)" L U(E, x3). (15)

Lastly, it is convenient to express the surface Fourier transform in polar coordinates, defined as £ =
Ecosp, & = Esing, describing the (&1, &2)-plane for & € [0,00) and ¢ € (0,27). Hence, the inverse
transform can be written as

2 00
100 = 3= [ [ Fean)ems o cacas (16)

where the shorthand t(¢) = (Ziﬁz) has been used, i.e. & = {t(¢).

2.1.2 Spectral problem formulation

Define restrictions of the Green’s function over each layer g77 = gnla,. Application of the surface Fourier
transform in polar coordinates to (7) leads to the following systems of ODEs in z3: find g gn € S’(Rg
I; x Iy), for i = 1,2, 3, such that for £ € R? and y3 € I3 it holds

83977 — Xf’nﬁf] = O/,\ xs € I;, 1=1,3
939y — X3,9, = Fud, w3 € Iy,

)

( "7) = [agn] = 07 €r3 = Oa h7 (17)
[83/9\77] = 07 T3 = 07 h7
+ decay conditions |zg| — +o0.

where we have set Xfm({) =£2 - kf for which if n = 0, we will simply write ;. It holds

Fud(€, z3,y3) Z BY (€)™ (w5 — ys) (18)
wherein
R | LMP
B = 5= O (-0 (9) 15 (0). (19)
l,m,p=0

For the moment we only focus on (17), though we keep in mind the different sources for EM possessing
the same form of (18).

2.1.3 Solutions of homogeneous equations
Solutions of the homogeneous ordinary differential equation in (ﬁn) take the form:

T(& w3,ys) = K7, (€ ys) e v 4 K (€ yg) el =13, (20)

where the distributions K}, € S'(Rg x I3), j = 1,2, are obtained by imposing boundary and decay
conditions, as shown briefly. However, we must establish an interpretation of x;, as square-roots in the
complex plane.



2.1.4 Square root determination

Let z € C such that Re{z} = ¢ and assume n > 0. We set the square root over the complex plane

Xip @ 2 — /2% — k2 i=1,2,3,

in

as the product between /z — ki, and \/z + ki, defined over over C minus the non-negative and
non-positive imaginary axis, respectively. That is,
3w

m™ 3T
arg(z — ki) € (—7, 5) and arg(z + kiy) € (—5, 7)

Remark 2.1. Set n = 0. Then, if Im{z} = 0 and Re{z} = £ € R, it holds arg(§ — k;) € {—m,0} and
arg(§ + k;) € {0, 7} and thus, x; takes either real or purely complex values. The latter occurs if [¢] < k;
since the term ¢ + k; has an argument equal to zero for all £ > —k; and £ — k; = (k; — §)e™"™ so that

VE—ki = —/k; — € and, in fact, /€2 — k? = —1\/k? — &2

2.1.5 Solutions for the inhomogeneous equation in (),

Since Fd can be written as a sum (18), by linearity, we can set

N
7= g ey
n=0

wherein each 2" € S'(RZ x Iz x I3) is a distributional solution of the problem:

832/9\72])71(57 xs3, y3) - X%,n/g\g)n(£7 x3, y3) = ﬁfr[{ (5)5(71) (1'3 - y3) (22)
with boundary conditions at 2 = {0, h} as in (17). Due to the punctual support of the exciting terms, we
can introduce an artificial layer at x3 = y3 and split the interval I5 into Iy := (ys3, h) and o := (0, y3).

This induces a decomposition of the spatial domain 25 into
Q;_ = {XE Q? - T3 612—}-} and Q2_ = {XE QQ X3 € IQ_}.

Hence, in each QQi only homogeneous equations must be satisfied and, consequently, the corresponding

spectral solutions, denoted g*>*" and g%~ ", have the form (20) with coefficients Kfi" For a given n,

we interrelate Kfi" by imposing jump conditions at x5 = y3 originated by the source term in (22). For
this, let us formally introduce the integral operators:

3 t3 to
(’Z;liu) (1'3) = / s / / u’(tl) dtldtg s -dtn (23)
+oo +oo Jtoo

where integration is carried out n times with ’Tli being the identity operator and 'Z;Ji differentiation in

x3. We define the combined operator 7,, acting over ggivn along x3:
(%ggi,n) (23) := K12ﬂ;n (7;1+6_(.—y3)><2,n> (z3) + K22ﬂ;n (Tn_e(._ya)xm) (z3) (24)
and write jump conditions at x3 = y3 for all £ € R?%:
2,n . 2+4+,n 2—n AU 2,n .
[%gn }13:% - (7;1977 B 7;1977 ) vo—ys B and [TnJrlgn ch:m =0




Notice that the classic Neumann condition is retrieved when n = 0. Operators 7, act over exponential
terms as

(Zlie$(~*ys)><2,n) (x3) = ($1)”*1X5;7ne$(m3*y3)><z,n (25)
so that
(%Q%i’n) (x3) = X;_nn {Kfi*”(_l)nfl e~ (@3=ys)xam 4 ngf]" 6(13*743))(2,77} . (26)
One can now directly compute the jumps:
11— 24, 2—, - 24, 2—,
[7;197271”} T3=y3 = (_1)’”« IX%J}” {Kl:; " Kl,n n} =+ X%,nn {KQ:; " K2,17 n} )
- 2+, 2, - 2+, 2-,
[7;14—19727’”} wa=ys (_1)nX2,:7l {Kl:; " K1,77 n} + X27Z {Kz,_; " K2,n n} )

and obtain two equations for the four unknowns Kfi"

1 ~ 1
2+4+,n 2—n n— n— 2+4+,n 2—n n—17U.
Kbt — K" = (1) 1§X27n1 Y and KGO - KGO = 5;(27"15”, (28)

the missing relations coming from transmission conditions at = {0, h}. One can regroup each individual
term Kfi" into Kﬁ; by adding in n Egs. (28) as follows

N
- 1 n— n— ) T
Ksz_Kl%n = 52(_1) 1X2,771 = ng,n’ (29)
n=0
1 X
2 2— n—173 -
K3l = K3, = 50 6,00 = L5, (30)
n=0

where we have defined the right-hand side source variables Zéjn for convenience. Even and odd components

Tgn’ ’/I\“OU77 can also be introduced:
L5 541
U . 2p QU U . 2p QU
To,n T Z X2?n52p+1’ and Te,n T Z X2?7762p' (313)
p=0 p=0

Observe that the functions ?ge are polynomial with respect to £ and t(¢) and their relation to E?n is
as follows

-~ 1 /4 PN -~ 1 /4 .
LlU,n =3 (TOUW - XZ,%TZH) and Lgm =3 (TOU-,U + X2,717Tg,n) (32)

2.2 Spectral solution

Denote by R?j the complex Fresnel reflection coefficient for a wave in §2; reflected by region €;:

R DXin ~ QX (33
Y iXgm + )i
dependent on € € R? and 1. Observe that R?i = —R?j. We also define a complex transmission coefficient,

Tg, for the wave transmitted into the jth layer coming from the ith one, defined as

204X
T) = 14 Rl = L0 — (34)
QiXjn T QjXin



Finally, we introduce the following complex-valued surface spectral function:
Det, := RJ,Rl, exp (—2hx2,) — 1 (35)
which has a physical sense explained later on.

Proposition 2.1. If Det, is non-zero, the solution to the spectral problem (ﬁn) 1

- ay To8 ~ B R o
9117 = 22 € (h=ya)x2.n {_ng”] + Rg3 e 2y3X2mL2U77:| e (zs—h)x1,n T3 € Ilu (363.)
(5] Det77 ’ s
1 - _
g2 - - —2h
gnJr = Det {—Lﬁneys><2,n + Rise ysxz,nLgn} [e T3X2n 4RI e X2 ema)@,n] x3 € Iy, (36b)
n
~ 1 1= -
g?]i = Det {Lg]ﬂ] e YsX2n _ Rgl e*(2h7y3)X2,nL§7)n} [Rggefm)@,n + ez3X2,n] T3 € 127, (360)
n
7> o Ty [fu - N —2h—y3)xem TU | @
g77 = — [L2 " e Ysxz,n __ R21 e Y3 Xz,nLl 77} e 3X3,n T3 c 137 (36(1)
Qs Det77 ’ >

where the dependence on (€,y3) € R? x Iy is implied. Coefficients Eg{n and Egﬂ] are defined in (29) and
(30), respectively.

Proof. Based on Sections 2.1.3 and 2.1.5, we can write the solutions for (]377) as follows:

’9\117 — [?11)77 e~ (@3—h)x1,, x3 > h
5727+ _ Rl?:; e*(mafya)xmn + [/(\'227'; 6(137‘743))(2‘" ys < r3 < h
@27— _ 1?12;7 e~ (@s=ys)x2m 4 [?22;7 e(T3=ys)x2.m 0 <23 < ys

/9\137 _ I?S,n eT3X3.m z3 < 0

as they decay at infinity when n > 0. The limiting case when 1 goes to zero and |£]? < k2 will be discussed
further below. Imposing jump conditions at 2 = {0, h} and by definition of reflection and transmission
coefficients, it holds

24+ _ pn —2(h—y3)x2., 72+ 72— _ pn ,—2ysXon 02—
sz77 = Ry e *’KL?7 and Kl,n = Rjyse ”Kl77

Therefore, K 11177 and K23777 are given in terms of K 12‘; and K27, respectively, as

2,m
=1 (6%} —(h— =9 =3 a9 o o
Kl = 270 e~ (hvshen 24 and  Kj = —The ¥Xen[
1,n 21 1,n 2,m 23 2,m
aq Qa3
where factors «;/a; are equal to one in acoustics and thus only show up for EM normal fields —in contrast

to tangential ones studied in [7]. We relate coefficients inside the waveguide via (29) and (30) and obtain
the linear system:

R e 2(h=vs)xam 1 0 0 fff,f; 0
1 0 -1 0 K3l (LY,
0 1 0 -1 K| | 2,
0 0 —1 R, e 2vsxenm RZ, 0

whose determinant is equal to Det,, as introduced in (35). Lastly, if Det,, is different from zero, Cramer’s
rule delivers the stated result. O



Remark 2.2. For the physical cases considered, the reader can easily verify that associated source terms
[{ , for 7 = 1,2, are equal in modulus, i.e. |L§{n = |L7[7] |. Consequently, one can further simplify
(36a)-(36d) into the general form:

Ei] (57 y3)
Det, ()

where & = [€]. The functions =} (£, 3) are built from terms R}, T;} and x;, which depend solely on the
radial spectral coordinate.

Gy(& ws,y3) = LY (€)

X exponential terms in zs (38)

2.2.1 Spectral EM dyad transversal terms

The spectral form of the remaining elements in the EM Green’s dyads can be readily be found by applying
the surface Fourier transform over operators Eyy and Hyy [14]. We state them without terms in §(x3 — y3)
as these do not contribute to the far-field. Let €;; the Levi-Civita tensor [17]. In the case of TM modes,
we have an electric field dyad normal component @fg composed of three scalars corresponding to sources
along j =1,2,3:

~ Ly ~
g1 = ersrv §(¢)weg£3 (39a)
1
- —— ’ 6 / 39b
ge,1 Zw€5T3T 38h,T ( )

where T'=1,2 and T, T"” = 1,2, 3. For TE modes, the normal magnetic field spectral component is @hHﬁ:

~H Wi ~H
e = —ET3TV ¢ tT”(Qb)gh,g (40a)
1
~H ~H
= — ' O , 40b
8h,T ) uETsT 38e,T (40b)

2.3 Asymptotic analysis for vanishing absorption

We now present asymptotics of the inverse Fourier transforms of the surface spectral Green’s functions
obtained in Section 2.1 when 7 goes to zero:

) 1 2m S ., "
sy n) = 5o [ [ G e O eagas (a1)
0 0

with X = (21, 22) for y = (0,0,y3) and where g;, has the form (38). For this, we rewrite the integrals
(41) in the standard form:

2
Gi(Arys) = —/ / (€6, ys)e P E ) gdedg (42)

where one considers A as the large parameter. This last one depends on the choice of coordinate system.
The term <I)f7 denotes the associated phase, obtained by multiplying exponential terms coming from g,
and the Fourier transform exponential. The remaining terms form part of the amplitude function \Il%
As mentioned before, the subscripts n disappear when considering 1 | 0. Notice that, when n = 0, the
terms y; are even in &, the functions Z¢ also are.
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Figure 1: Complex paths for integrals in z at a fixed spectral angle ¢ (Initial form).

2.3.1 General procedure

Recall Hypothesis 1.1 and choose a slab height h that allows only two conjugate poles to exist, denoted
+&, € R. In order to apply the limiting absorption principle set 7 > 0. By doing so, the real poles |&,]
are displaced in the imaginary axis as &, := £(&, + ) [12]. Hence, the positive (negative) pole lies on
the upper (lower) half-plane of the complex plane C; (C_). Then, letting 7 go to zero, asymptotics are
obtained as a sum of contributions coming from:

1. Stationary phase points Ei, in ®’, with behaviors denoted I’

¢ and derived via the stationary phase
method [20];

2. for fixed integration angle ¢, we regard
T3, 0) ~ / (€ 6,93)e* 07 0ede, A — foo, 0. (43)
0

by replacing £ with the complex variable z and using the residue theorem [1] for the complex
contours shown in Fig. 1 for Re {z} > 0. Thus, we define analytic continuations for ¥}, @} which
contain the square-root terms x; , as defined in Section 2.1.4. Following the steepest descent method
[4], we list all possible critical complex (real) points z. (£.) associated to the integral in z:

e surface mode or pole contributions located at z. = £&, ,, given by the complex residue;

e branch points located at z. = +k;,, for i = 1,2,3;

e the integration end-points at z. =0 4.

After taking the limit n | 0, these last results are finally integrated with respect to ¢, and added
up to obtain

% i i : i 1 o i
I' = I +Z ]IEC with ch()\a'a'ay:)’) ~ %/0 JEC(A7'7'7y37¢)d¢ (44)
£C

10



2.4 Forms in €); for i =1,3

Introduce hemi-spherical coordinates with origin at (0,0, k) for Q1 and at (0,0,0) for Q3. This is, for
r >0, € (0,2m), and 6 € (0,F) in Q; or 0 € (,7) in Q3, we have the equivalences: x; = rsin6 cos ¢,
x9 =rsinfsin g, and s — h = cosf for Qq or x5 = cosf for Q3. Then, the amplitude and phase in (42)

are given by

Bhle.m) = LY(60) et (452)

©},(6,6,0,¢) = —|cos] xiy(€) — € sinb cos (¢ — ). (45b)

By the form of the phase it is clear that both stationary points and branch points occur.

2.4.1 Stationary point contribution

We multiply the integrand by a cut-off function ¥ € D(R?) such that 9 is equal to one on a neighborhood
of the stationary point S; and zero elsewhere. This leaves only the contribution from the stationary point.
Let Bi(£%) € R? denote the ball centered at the saddle point of radius k € Ry. We change variables and
calculate, for n =0,

. 1 . =3
Igi (1,0, 0,y3) ~ 5= U (€1, &o,y3) e (182090 q¢, dgy
: 27 Iy (e.)

wherein we have followed Remark 2.1 to modify the phase (45b) by defining

DU(€1,60,0,0) = |cosO| (/K2 — €2 — & sinfcosp — Eosinfsing.
The only stationary point is
5; = (£1,¢)) = (—k;sinfcosp, —k; sinfsin @), 1=1,3,
which lies in the ball By, (0) = {& : |&] < k;} with Hessian matrix given by

€) = 1 (1 +tan*@cos® ¢  tan® 6 cos psing
\%s) T g \tan?f0cospsing 1+ tan?fsin® ¢

from where det Hg (ézs) = sec?0/k?. Moreover, the matrix has eigenvalues of opposite signs and conse-
quently signHg (ézs) = 0, the stationary point thus being a saddle point. Application of the stationary
phase method yields

kT

I, (r,0,0,ys) = kilcos] U (€L, y5)—— + O(r?)  i=1,3, (46)

r
Remark 2.3. If sin§ = 0, the stationary point is also a critical point for J? [see (43)], i.e. the end-point
at z = 0, and the above result is divided by two [20].

2.4.2 Surface mode or pole contribution

We now consider asymptotic contributions along a fixed angle (43). In order to do so independently
from r, we choose the complex paths so as to eliminate the integral contributions for large z and apply
Jordan’s lemma [16], i.e.

Jgp = zleé{rolResz:gM (Z\II;GWI)%) (47)
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Hence, by looking at our square root definitions (see Section 2.1.4), we write z = Re'” with R € R,
7 € (=%, %) and study the integrand behavior. First, we analyze the ubiquitous x; ,:

lim im = lim Rer™)2 — k2 = lim |Rle", i=1,2,3, 48
‘R‘HJ,’OOX’/,] |R|—+00 ( ) nn \R\H+oo| | ( )

which show that all terms Tg, R?j are bounded. Second, we observe that exponential terms of the form
exp(£sxi,n), with s > 0 and real, behave as

lim exp(£sx;,) = lim exp(£s|Rle') =

lim exp[£s|R|cosT]
|R| — +o0 |R| — + — +o00

IR
which, in view of the chosen domain for 7, converge to zero only for the negative sign. Hence, from (35),

lim Det,(Re'™) = 1
i n(Re')

i
n
mially for large z due to the term L%} . Finally, we look at the real part of the exponential term:

Since the particular expressions for Z! in (38) are well-defined and bounded, \1127 grows at most polyno-

me{e—r\COSOHR\exp(z'r)e—z|R|exp(zr)rsin@cos(d)—g))} _ e—r\R\(|cosO|Cosr—sinrsin@cos(d)—«p))

For both 27 and Qg3, the elevation angle 6 lies in (0, 7), and therefore sin§ and |cos 0| are positive. Thus,
one can define the integration contours in relation exclusively to the sign of cos (¢ — ¢) so that integrals
over paths at a fixed distance R vanish as R goes to infinity.

Case cos(p—¢p) > 0

Path integrals lie on the lower half-plane following the sense shown in Fig. 1. Hence, poles are not
included and the only potential contribution comes from the integral departing from z = 0:
) 0t —100 ) s
To-(r,0,0,3,6) ~ / U (2, ¢,u3) €590 24z X — 400, )0, i=1,3,

0+ —20*

lying on the fourth quadrant of the complex plane. The contribution is calculated in Section 2.4.9.

Case cos(p—¢p) <0

Integrate over C4 and encircle the pole located at . Its residue for vanishing 7 is

liﬁ)lReszzgm (z\I/%eT‘I’;) = liﬁ)l lilén (z — §p7n)z\11f7(2,¢, y3) er® (5:6:6:9)
n MY 2=8p,n
(49)

7U i PO (€,.0.0.0) Jipy 2P
§;DL (gpv(b)‘—‘ (§p7y3)e P Zhj?p Det(z)

wherein we have exchange limits by analyticity over the cut complex plane and functions EU, = and ®°
[see (45a)] are well-defined at &,. Since the determinant is null when n = 0, we take the last limits using
I’Hopital’s rule:

lim =— & = lim [Det'(2)] -
z—&p Det(z) z—&p

The derivative of the determinant can be found as follows: let f(z) = Det(z) + 1 and take the natural
logarithm:
log f(2) = log (Ro1Raze™2'x2).

12



Derivation of the above yields,

P / /
o (R21) n (Ros)” b,
f Roy Ra3

At z =&, we have, f(§,) = 1, and consequently,

! _ R/21(£p) RIQB‘(&O) o !
Det (517) - R21(€p) + R23(§p) 2hX2(§P)

The derivative of x; = &/x;, and therefore,

£ _ L £ £
R;j o 1 <asz' Othj R aJXi+aZXj> _ 2ajai§< k’LQ _ka )

Rij Rij Q5 X5 + QX4 * Q5 X5 + Q5 X4 XiXj Oz?x? — 0412)(?
Thus,
26, —
Det'(§,) = —2Det (& 50
( ZD) X2(€p) ( ZD) ( )

where we have defined

— 1002 k2 - kz 302 kz - kz
Det (&) = <2§_ 122 + 2%_ 322 —h (51)
X1 arXa — Qa3X7 X3 azXa — Q3X3

Since the k1 3 # ko, and h > 0, the above quantity is well-defined and we can safely conclude

T (0.0, 8) = 12mxa(§y) Y (6, 0) ot ) gmricos IRy s ooy
2Det (&)

fori=1,3.

2.4.3 Angular integration

The entire contribution coming from the pole is now obtained by integrating over ¢. Since the residue is
zero for cos(¢ — ¢) > 0, we use the indicator function 14(¢) equal to one when ¢ € A and zero elsewhere
to write

) 1 27 .
Hép(ﬁ@a%%) ~ %/0 1{¢:cos(¢fap)<0}(¢)‘]gp(raea(p?y?n¢)d¢

~ a(6) ) e VTR 1 (rsin, ),
2Det (&p)

for ¢+ = 1,3, where the last term equals

27
ng (p, gp) = /0 1{¢:cos(¢—¢)<o}(¢)LU(§p, ¢) e—zﬁppms(aﬁ—sa) do

with p being the projection of r over the equatorial plane, i.e. p = rsinf. Application of the stationary
phase method, for the phase rewritten as w(¢) := —&, cos (¢ — ), yields stationary points at sin(¢p—¢p) =
0, i.e. ¢° = mm + ¢, with m = 0, 1,2 at most. This gives,

w(@®) = =&(=D)™,  GFw(e®) =&(-1)™.
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However, 114 cos(¢—¢)<0} 18 nonzero only for m = 1. Thus, bearing in mind that both ¢ and ¢ belong to
the interval (0,27), the method yields

Wi ( 2m vz wp&p —m /4 —-3/2
Liog) = et (o) e + 0 (). (52)
P

Summarizing results for ¢ = 1,3 we obtain

] s e~ Tlcos 2 k2 27 Yz —
Hép _ X2(§p) (§p,7T+30) (5;0 y3) |cos O] \/&2—K; (_> ezp§p+z7r/4 + 0 (p 3/2)
2 Det (&, ) PEp

where the phase —ui/4 is changed due to the ¢ factor coming from the residue theorem.

Remark 2.4. The function decreases exponentially in the vertical direction, whereas the decrease is as
p~ /2 as we approach the x5 = {0, h} planes. If the function Det possesses many zeros, denoted &', then
we must add the contributions coming from each residue. These represent all the possible gulded modes
in the slab.

2.4.4 Branch point contributions

Relevant branch points are k; ,), 7 = 1,2, 3, located on C. (see Fig 1), thereby defining three contributions
J,ij, 1 = 1,3, when 7 vanishes. At each branch cut, the original contour follows a loop-hole. First, we
show that the integrals are well-defined at these points and therefore integral paths can be as close as
desired to the branch cut.

2.4.5 Hole integrals
Indeed, at k;

4.n» we calculate the limits:

iy | Wl + v, 6 y) e Pkt 00| G123, =13,
17

Clearly, for j # ¢, lim, o xiy (k) +ve'7) = kam - ki%n is well-defined. When ¢ = j, we have

H?ol V2kiy +vemvem = \/2k; et 7/? liﬁ)l Vv (53)

and, consequently, coefficients R?j and TZZ have well-defined limits. Thus, functions E:, and Det,, are also
well behaved at the points k;, for all j = 1,2,3. Now, the source E%} may contain terms of the form
x;)}]fwhen {ern is nonzero (32)— which are singular as v~'/2 when for z — ks, [see (53)]. Since the
Jacobian is equal to v around £; ,, for all cases, integrals

77/2 . i I%s
11{18 U (kjy + e, ¢,ys) " ®n(kintve "15’9’“")(/@,,, +veMve' dr
v —37/2

vanish. Hence, one is left with vertical integrals at each side of the branch cuts shown in Fig. 1.

2.4.6 Integrals parallel to the branch cut

For the moment, let us neglect angular variables and introduce z;,, := 15+ k; , and Zaj'[n , = Zjy v with
s € Ry as the new integration variable. We must compute

0 +o00
i : i, rq> Z: — — i rdt
Tiy = 771)1510 (Aoo U (55, )€ G, der +/0 W, (20 )e ")z 2 dZJJ'TmV) - 59
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For simplicity, let us also define local polar coordinates:

j
pL(z)) _ |2 F kjnl i R j L j _T 3 55
Cﬁ@)"@@@¢@w » PEERE TRE\Tohg ) TmE (T g ) (55)

for z € C and j = 1,2,3. When v goes to zero, the angle Ti takes the values

; T s 37
T (Z;tn,o) =5 and 77 (Zj,n,o) =5 seRL

while 77 does not vary. Notice that coordinates (pZt,Ti) remain unchanged if defined with respect to
sz,tn,o with ¢ # j. Based on the representation

= il (55)]

we can state the following relations:

Xi(ZiJ,rn,o) =/ pipi—em/%lt/zv Xi(zi_,n,o) = _Xi(zxn,o)a XJ( Zin, 0) = Xj(zi_,n,o) i £ (56)

From these, one can deduce

Rn(z_ 0) _ —OéJX’L( jnO) o%XJ( ;,F’r],O) _ [ n(z_;,_ 0)} 1,
R _aJXZ( zn0)+a1XJ( ;LnO) S

—2a; XZ( 0)
T3 (2i00) = I, = Tj(z50) [RG(55,0]
0 —a;xi(z i,n,o) + aix;(z ;,Ln,o) 0 [ 0 }

and consequently,
Det(z7,,0) = | Rt (2, 0) Ras (=7, kﬂwmhwyd—l
Zin,0 21(%; n.0)4023 % 50
-1
= —Det(z], ) {Rzl( 2 o) Ras (2], g)e 220 “’0)}
With the above, the reader can verify the helpful result:
\I/%(ijn,O) = ‘Ijz( _],7] O) - W%(za,n) .] = 15 2735 1= 1537
and one can write integrals (54) as

R

Ty =l i [ ) [ — e 2 (5)d () (58)

and consider solely the behavior of (I)iz' Clearly, the phase @i] does not change at either side of the branch
cuts located at k;,, for j # i [see (45b)] due to property (56). Thus, the square brackets term in (58) is
equal to zero, and

L, (r,0,0) =0  j#i, i=13.
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2.4.7 Contribution when i = j

On the other hand, @i, does change when crossing the branch cut located in k; ;, as it passes through the
Riemann sheets of x; . Replacing <I>f7 in (58), yields

R
: . : - _ rleos Olxi n (F Blxs s (2
Ji, = 11?8 Wi (21,70 S Oleos(@=¢)l [e rleosObin(zy.0) _ gricosbiXin(zin0)| 5 | (s) dzip(s)
Y 0

R—oo

We now deform the original contour to that given by the steepest descent direction and take the limit in
7. For 0 <8 < 7/2 and cos (¢ — ) < 0, we regard the phase when z is close to k; ,:

®%(2) ~ 1k;sind|cos (¢ — )| — |cos ] \/2k; (z — k;)/?

By identifying the above with (77), we obtain a = cos0+/2k;, « = 7 and n = 1/2. From (74), the angle
O, = 0 and therefore, it follows the real axis. Thus, we modify our original contour so that the integral
now goes along Re{z} = 0. We then regard the integral

J]; — / qli(z)elTZSin9|COS(¢7@)‘67TCOSHX(Z)ZdZ
Ch,;

where Cy, is the steepest descent path for which the imaginary part of the phase is kept constant, i.e.,
Im{®'(2) — ®'(ki)} = 0 (59)
Using the coordinates defined in (55) which satisfy
pisimﬂr =pt sin7? | pi COSTfr + 2k; = p' cosTl if 0 < 7L < Tfr < /2

we write condition (59) as

Jm {zpie”i sin f]cos (¢ — ¢)| — cos@ pfkpi_ez(”J”)/Q} ~ 0

i i T e

ply cos Ty sinf|cos (¢ — )| — cosBy/p’ p’ sin )~ 0

In the first quadrant, for very large |z| it holds p— ~ pi and 74 ~ 7—. Thus,

tanf|cos (¢ — )| ~ tanTy

Although the steepest descent path depends upon tanf|cos (¢ — )|, it is always located on the first
quadrant of the complex plane as 6 € (0,7/2)

0 < tanfcos (¢ — )| < tand

If & = 0, 74 vanishes. This is consistent with a steepest descent path following the real axis when there
is no oscillatory term in ®. Thus, asymptotically, the path followed is that of a line with slope tan
whose main contribution is given by (80)

T (r0,0,0) ~ Uk, ¢, ys3) erhisinbleos(o=e)l 1 O(r=3) 9 € (0,7/2)

r2 cos? 0

as LU (z, ¢) is well-defined at k; for i # 2.
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2.4.8 Angular integration

We now compute the complete contribution ]I§C by integrating over ¢. In the special case § = 7/2, the
term ]I};i vanishes. If § € (0,7/2), we apply the stationary phase method by using the same results
provided in Section 2.4.2, i.e.

2m r2 cos?2 6 Det(k;)

I, (r,0,¢) =

valid for 6 € (0,7/2).

~ o\ /2
U/1.. wpk; —am /4 —3/2 60
L (kz,w+go)<pki> e +(9(p ) (60)

2.4.9 End point contributions

Consider the integrals departing from z = 0 towards +200 shown in Fig 1:

oo = dm | W 6om) PO D (5)dzg ()
n,v 0 ’ > ’
where zoiJ, = +15 + v with s, € Ry. We study the phase at s = 0 for the integral in z using the
derivative
i _ ~1 .

0.9, = —|cos O] zx;, — 1sinfcos(d — ¢) (61)
If & > 0 or cos(¢p — ) # 0, the end point is neither a stationary point nor a branch point, and we
can set n = 1 and use formula (79) from the steepest descent method. Taking the limit in 7, from (61),
a = F7/2 depending on the sign of cos(¢ — ¢), O1 = m — « and |9, P(0)| = sin ] cos(¢ — ¢)|. Therefore,
8 =21n (79) and the integrals in z for both signs of the cosine are asymptotically equal to

' L ='(0,95) 1 ks cos 0% _
Jt T797 , Y3, — LU O7 ( e ki cos /2 + 0O 4
ol #1.) ©.9) Det(0) (rsinf)|cos(¢ — <p)|)2 (p )
~ EZ 1
= iLU(O, Qb) (07 y3) ezrkl cos O+ /2 + 0 (p74)

Det(0) p?|cos(¢ — ¢)|?
the plus and minus signs coming from the phase in 7 /2.

2.4.10 Angular integration

Integration over ¢ yields,
1 2

H6 (T, 0, </7) = % 0 (1{¢:cos(¢—ga)<0} Jé+ (T, o, </7) + 1{¢:cos(¢—g&)>0} JS* (’I”, b, 50)) d¢ =0

since 6 > 0 and cos(¢ — ¢) # 0, the denominators never vanish and the above integrals are bounded.
Moreover, regardless of the sign of cos(¢ — ¢) they have the same result due to the form of the term
LY(0, ¢) — either t; or constant — and therefore the contributions of order p~2 cancel each other.

Remark 2.5. Now, if 8 = 0 or cos(¢ — ¢) = 0, the above is no longer valid, and z = 0 turns to be a
stationary point, for which n = 2
9 |cos 6] 22
0;0p=—-"—"— 1|1~ 5
Xin Xin

from where, if ) goes to zero, 92®" = —1cos0/k;, a = —7/2, a = cosf/k; and 0+ = 3w/4, —7/4 and
using formula (76), we obtain

EU(Ov (b) El (Oa yB) |: 2kz :| 5/2 <3) ezrki cos 6 +130¢

2 Det(0) |7 |cosf| 2

and by integrating in ¢ the total contribution is equal to zero by the same arguments as before.

Jé¥ (7'79, SD) ~
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2.5 Forms in (),

In this case, the normal direction x3 is bounded, and hence asymptotics are obtained along horizontal
directions. We use the cylindrical coordinates:

T1 = pCcosey, ZEQZPSiH@, .I; S (y3a h)a .’,E; € (Oa ZJB)
with p > 0 and ¢ € (0,2m), so that

) 1 27 “+o0 2
9 (p o, a5, ys) = hm—/ / 2E(E, o, ys3)e?™ ©29) Ldgdg (62)
nl0 27T 0 0

where now

= =V, y3)
2+ + _ 77U
\Iln (€7x3 793) - Ln (é) Igetn(f)

(€, ¢,p) = —1Ecos(¢ — )
Xg"l‘(é',xé‘r) — e_m;XZ,n + R21 6_2}7/)(2,77 ew;XZ,n

X2 (€,05) = Rage®sXen 4 c%oxen

X 25)

where functions X%i, Ef,i, are well-defined in £. Given the form of ®2, it is clear that no saddle points

occur for the integral in ¢ and the asymptotic behavior of the Green’s function G2 is given by the pole
contribution:

E2i(

1/2
g°F = xQ(ﬁp)df?i(&p,Hw)ijf)(’yj)ﬁi(ép,xs) (j%) e/t 40 (p_3/2)
2 Det (&, P

2.5.1 Results for scalar Helmholtz and EM normal components

Proposition 2.2. Consider the coordinate sets describing for each Q; defined before. Assume the exis-
tence of a single surface mode &, and let v € (%, %) Then, the far-field of the scalar or vectorial Green’s

functions g* when n vanishes is given by
o ForQ;, i=1,3 and r|cosf| > r7,

ak;r

g'(r.0,0,53) = MO0 p5) —— + O(r*@%%))

and, for 0 < r|cos@| < r7:

) . _ — eszp+17r/4
90 0.98) = A (o) VI s —

e On the other hand, for Qoy, we have

2 U2+ 2+ ety Tam/d —3/2
g (p, o, 3,y3) = Ap’ (o, y3)X (fp,$3)7 + 0 (p ) (64)

with according scalar or vector terms depending on the precise field U described

E'(k;sin 6, ys)

AV (6 := k;|cosf] LY (—k;sinf, ) ———— 75/ =1
T (7<Pay3) |COS | ( SI 7</7) Det(kisin9) ? 73
Uyi TU Ei(§p7y3) o\ '/? .
Ap, (<P5y3) = _X2(€P)L (gpa @)T D 1= 15 2:l:53
2 Det (&) &

where /Ijtejc/ is obtained by taking the limit of Det at the guided mode wavenumber and is well defined.
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Remark 2.6. This result is consistent with [11]. In the definition of Aﬁ), we have use the fact that
ti(m + ¢) = —tj(¢) by the definition of t. For EM, we have neglected the dependence on the vectorial
sources.

Remark 2.7. In the case of scalar Helmholtz, we can already prove Proposition 1.1 by using the above
asymptotics as the far-field of the solution U = g, * F' with different values 7.

2.6 Asymptotics for transversal EM fields components

With the above information, we can easily compute the asymptotic behavior for the transversal fields for
each polarization. Recall (39) and (40) and observe that Q;E’Tj and thjj are deduced only by deriving
in z3 the transversal fields. Hence, they do not need to be calculated from their spectral form, and we
focus only on the field components g/, with (g, P) = {(h, E), (e, H)}, T = 1,2. These last terms have

the general form
~Pji waoy
g8, 7 = Tersrr

tro($)Ehs . P A4 (66)

where the positive and negative signs correspond to TM and TE modes, respectively. We take asymptotics
for their inverse Fourier transform on each component j = 1,2, 3:

2 ')
(67 trrn i rdt x
lim / / () Ul (€, ¢, a3, ys)e &P 0T ededs
710 Jo 0

, w
9.1 (X,y3) = Eerarr o €

where the dependence on j lies in \I/;n Clearly, the integral critical points do not change, and hence,
we must only carry out minor adjustments to the previous calculations. Thence, we state directly the
modifications for the stationary points, poles and branch points for each domain.

2.6.1 Asymptotics for gf;T

11

Proposition 2.3. Let v € (3,5). For the corresponding coordinates describing §2;, it holds

e For Q,;,i=1,3 and r|cosf| > r7,

P - tri () v etkir 1
gq,T(X7y3) = :FETB‘T”WO‘ikiSineAr (0,¢,y3) ” + O\ =7

e whereas for 0 < rlcosf| < 17,

) trn (p ) B k2 ety Fom/d 1
giEZF(X,yS) = Fersrr wai%Azj’l(%%)e TCOSHMT O3
P

e For Qoy, it holds

P2+ . trin(p) Ut ot eWép +m /4 1
8,7 (X,y3) = Fersrr wa2TAp (o, y3)X (§p,:c3)T + 0 7

with coefficients ATU’i and ApU’i defined as in Proposition 2.2, and where positive (negative) sign and
a; = p (or €) correspond to TE (TM) modes.

Hence, by combining Propositions 2.2 and 2.3, we can rewrite the above as follows:

Corollary 2.1. Asymptotically, the dyad terms gi’% behave as the normal components gi’é in the fol-
lowing form

trr(9) pi
& AFD
i

Py
g ~ FETITI WO
q.T
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where k;| is the projection of the wave number over the slab, i.e., the tangential wavenumber in §; given

by
kisinf  for xe€Q;, i=1,3, rlcosl] > r7

ki” = & for xe€Q;, i=1,3, rlcosf| < Y (67)
& for x € Qoy

2.6.2 Asymptotics for gf’:ip

From (39) and (40), we can retrieve the transversal field Green’s functions, g2 and th7 o from the above
by using the general form

Pyi ¢ Pyi
g, r = T—0ersrg,r ,  qFD (68)
wao; ’
where the positive and negative signs also correspond to TM and TE polarizations. Thus,

Proposition 2.4. The asymptotic form for the dyad components ggr} 1

where k| and ki1 are the projections of the wave number over the parallel and perpendicular directions
with respect to the slab, satisfying
2
kz” + sz_ - kz

Proof. Expression (68) together with Proposition 2.1 and the following formula for the multiplication of
Levi-Civita tensors:
ersreTiar = —OrTN

yields the desired result. In detail, we see that:

e for corresponding ranges of 6 associated to €;, with ¢ = 1,3, and r|cosf| > r7,

i —k; cos6‘ i etkir 1
g, 7(r,0,0,y3) = "Tosmg T T(0)A (0,0, y3) + O( P! )

e and for 0 < r|cosf| <17,

_ /5% — kz2 ) s ezp£p+z7r/4 1
TtT(%’)Afﬂ(%%)eiTCOSQ e T + O( )

ng(T 95@7y3) =1

e For Qs+, it holds

tT i ezp§p+zrr/4 1
8 ) = 1 LA (o (g0 S + 0

&p
— /kg — 52 . etPép +1m/4 1
= ZT r(p)A, " (s y3) X (§p7x3)T + O <3—/2>
where the term X 2% is the derivative in xg3 of X?* divided by x2 (&p)- O
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2.7 Radiation condition proofs sketch

Proof of Proposition 1.1. The fields U are built by convoluting Fyy F' with the derived Green’s functions.
Since F' has compact support, fields behave as g, i = 1, 2, 3. Straightforward derivation of the asymptotic
results provided in propositions 2.2, 2.1 and 2.4, along r and p for each component yields the stated
conditions. O

Proof of Proposition 1.2. As in the previous proof, the fields convey the asymptotic behavior revealed by
Green’s dyads by construction. These are stated in propositions 2.2, 2.1 and 2.4 which directly show the
conditions. We demonstrate the above inequalities for TM-modes assuming a single surface mode, the
case of TE polarization being reciprocal.

2.7.1 For r|cosf| > r7

Using n = (sin 01 (¢), sin 82 (p), cos 0), classical Silver-Miiller conditions are retrieved for large r. Indeed,
after replacing according to E and H the previous asymptotics, for each excitation along j = 1,2, 3, we
have the component-wise results:

; - ; . ; WE; 1 ((kicos® 0 ) ; etk
Hi + Zi,rl (Eé cos — 51n9E§t2(<p)) ~ {k_sinotg(go) — zi’r1 (m + sm6‘) tg(go)} AEEJTT
; _ ; . ; —Wwe; 4 (kicos? 0 . ;e
H; — Zz‘,rl (E; cosf — s1n0E§t2(<p)) ~ {k-sin@tl(@) + Zi,rl (m + 31119) tl(gp)} Af}yr .
wnd 1 i . _1—kicos® g et
z; +sinf [Ejta(e) — Esti(p)] ~ Zir e 11(P)(p) — ta(e)ti()] Ay, — (70)

after factorization and expressing the precise parameters intervening in A terms. By definition, z; ,we; =

k; which only leaves terms as O (r_(2V+%)).

2.7.2 For r|cosf| <17

For clarity, exclude for the moment common terms

Ei —7r|cos O|\/E2—k? ipé, +1 T —1/2
e,j,p(@7y3)e l l P ! ep'p 4p /

Then,

, . . (€2 — k2)1/2
H; + z;’pl (cosOFE5 — Eisinfty(p)) ~ tg(cp)z;pl ll - <zcos€p€71 + Sin9>1
P

. ) ) ( 2 _ k-2)1/2
H — z;pl (cosOE; — Eisinfty(p)) ~ —fl(‘P)Z;/} ll - <20059p§71 + Sinﬁ)]
P

z;  sinf [Ejta(p) — Esti(p)] = O (f(%w))

the last result obtained from (70). By hypothesis, |cosf| < 777!, and consequently, the imaginary terms
are bounded as desired by taking into account the factor p~'/2. For the real term, the exponential factor
exp(—r |cos ) decreases faster than any polynomial for 6 sufficiently far from 7 /2, and hence, the bound
is achieved. Finally, as ’6‘ — %’ tends to zero, the term 1 — sin 6 vanishes as ’9 — %‘2 and the statement
follows.
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2.7.3 For Qo4
We take the normal equal to p = (t1(¢), t2(p),0) and expand

&y pm /4
_ wWeg _ E 2+ e
H* — 25} B3t ta(p) ~ [g—tz(so) — Zz,}it2(<p)] A Xfii\/ﬁ
P
epprtam/a
_ wey _ P e
H3* + Zz,LEgitl(QO) ~ [—§—f1 (p) + 22,,1)t1(90)] Affr X 7\/5
P
—1 512) — k% WEpptam/4
_ V E2+ €
2, [EFta(p) — B3t ta(p)] ~ B [—t1()ta(p) + tal)ta ()] AL XfiT
PSP
Since z3 , = &,/ (wea), only terms decreasing as p~3/2 remain. O

3 Conclusion and Extensions

We have extended radiation conditions for compactly supported excitations in layered isotropic media.
This allows the construction of suitable bases for both theoretical and numerical use. Furthermore,
one can extend this results via the same methodology to more layers or excitations outside the guide.
However, the requirement of modal decompositions is crucial for the conditions to hold. Numerically,
this can be implemented to enhance PML performance and constitutes a future line of work.

A Appendix

A.1 The method of steepest descents

We use the method of the steepest descents, to calculate the asymptotics for the residual terms of the
form:

I(\) ~ / 9(2)e*®®) dz (73)
C
Theorem A.1. Let all derivatives up to order n — 1 vanish at a point zg, i.e.,
did 1d"®
- =0 =1,...,n—1 - = qe'® 0
qu z=2z0 q ’ b ’ TL' dZn z=2z0 e @ =

If 2 — zg = pe'?, then the directions of steepest descent are given by
@ ™
Gp:_ﬁ—i_@p—i_l)ﬁ p=20,...n—1 (74)

Proof. See the proofs in [1], [4]. O
Remark A.1. A generalization of the above for non-integer n is obtained by setting:
D(z) ~ P(20) + ae'"*(z — 29)"

in some sector of the z-plane with apex in zg. Then the directions of steepest descent at zy are also given
by (74).
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A.2 Procedure and formulae

The method can be divided into the following steps:

1. We identify the potentially critical points in the integrand such as: integration endpoints; poles;

branch points; and saddle points.

2. We find paths of steepest descent for each point — except for poles. These must satisfy Im (®(z)) =

Im (B (20)).

3. The original contours are deformed using Cauchy’s integral theorem onto paths of steepest descents.

4. Far-field expressions are found for each path required, and then added so as to obtain the total

integral asymptotic.

According to the following cases, we present the associated asymptotics:

o Saddle point at regular point of g(z):

n n

IO ~ 9(20) [ n! )‘]1/11 I‘<l> AP(20) +10,

o Saddle point in ®(z) and branch point in g(z): we write

9(2) ~ go(z — 20)°"

yielding

B/n
) ~ 2| (D) e+,
n )\’@(")(zo)‘ n

o Branch point in both ®(z) and g(z): we write
D(z) ~ P(z9) + ae'(z — 20)"

and the approximation becomes, where now n € R

o) ~ 2 r(§> AP0 4160,

n

n (/\a)ﬁ/n

o Only a branch point in g(z) and n = 1: we write

I()\) ~ 9o 1—\(6) e>\<I>(z0)+zB®1

(A[@'(20)])”
where ©1 = 7 — a.

o Branch point only in ®(z) :

1 1
I(T) ~ g(ZO) l/nr(_> e)\q>(20)+l@p
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