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Abstract

We review the design and analysis of multiresolution (wavelet) methods for the numerical solution of the
Kolmogoroff equations arising, among others, in financial engineering when Lévy and Feller or Additive
processes are used to model the dynamics of the risky assets.

In particular, the Dirichlet and free boundary problems connected to barrier and American style contracts
are specified and solution algorithms based on wavelet representations of the Feller Processes’ Dirichlet
Forms are presented. Feller Processes with generators that give rise to Sobolev spaces of variable differen-
tiation order (corresponding to a state-dependent jump intensity) are considered. A copula construction for
the systematic construction of parametric multivariate Feller-Lévy processes from univariate ones is pre-
sented and the domains of the generators of the resulting multivariate Feller-Lévy processes is identified.
New multiresolution norm equivalences in such Sobolev spaces allow for wavelet compression of the ma-
trix representations of the Dirichlet forms. Implementational aspects, in particular the regularization of the
process’ Dirichlet form and the singularity-free, fast numerical evaluation of moments of the Dirichlet form
with respect to piecewise linear, continuous biorthogonal wavelet bases are addressed. Monte Carlo path
simulation techniques for such processes by FFT and symbol localization are outlined. Numerical experi-
ments illustrate multilevel preconditioning of the moment matrices for several exotic contracts as well as
for Feller-Lévy processes with variable order jump intensities. Model sensitivity of Lévy models embedded
into Feller classes is studied numerically for several types of plain vanilla, barrier and exotic contracts.
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1 Introduction

We consider a certain type of multidimensional normal Markov processes, so called Feller processes. This
class of Feller processes includes as special cases Lévy processes, many local volatility and, in particu-
lar, the so-called affine models in finance as special cases. Due to their nonstationarity Feller processes
can exhibit qualitative behaviour that is substantially different from that of Lévy processes such as state-
space dependent jump activity. The nonstationarity of Feller processes also has substantial repercussions on
their computational and analytical treatment: whereas for Lévy and the closely related affine models, Fast
Fourier Transformation (FFT) algorithms from [21] (in modern, hardware optimized implementations, e.g.
[35]) form the basis for fast and powerful option pricing algorithms, the nonstationarity of Feller processes
implies that FFT based numerical methods are, in general, not applicable in the numerical solution of their
Kolmogoroff equations (with the notable exception of, for example, affine processes proposed e.g. in [31]
and, for Feller processes, in connection with approaches based on “freezing” their characteristic triplet [12]).
From an analytical point of view, Feller processes are rather well understood. This is due to the fact that
generators of Feller processes are pseudodifferential operators with symbols that admit a Lévy-Khintchine
representation (e.g. [22, 47, 48] and the references there). Contrary to Lévy processes or diffusions with
local volatility, domains of the infinitesimal generators for semigroups induced by Feller processes are,
generally, variable order Sobolev spaces. Accordingly, the use of standard discretization schemes (based
on Finite Differences or Finite Elements) for numerical solution of the Kolmogoroff equations associated to
such Feller processes is not straightforward; the same applies to the numerical analysis of these discretiza-
tion schemes, i.e. the mathematical analysis of stability, consistency and convergence of these schemes.
One central theme of these notes is therefore to describe recent progress in the design and the numerical
analysis of discretization schemes which allow a unified numerical treatment of the Kolmogoroff equations
of Feller (and more general) processes. These schemes are based on variational, multiresolution schemes
which use spline-wavelet bases of the domains of the processes’ infinitesimal generators.

Feller processes arise as natural generalizations of Lévy processes [17] and are also useful for model-
ing bounded processes [7]. Feller processes appear as solutions of a large class of Lévy SDEs as shown
in the recent work [76, 78]. Therefore, the high dimensional problem of pricing basket options under a
Lévy market model can be reduced to a low dimensional problem driven by a Feller process. Besides, due
to mimicking results by [37] for continuous semimartingales and a novel result by [6] for discontinuous
semimartingales, pricing of European options under general non-Markovian processes can be reduced to a
Markovian setting with processes that have deterministic, but time and state-space dependent coefficients.
However, we will mainly focus on the case of time-independent coefficients in the following.

The theoretical literature on Feller processes is quite extensive. We refer to the monographs by N. Ja-
cob [47]-[49] and [50], as well as references therein for an overview of properties of the generators and the
corresponding semigroups. The Martingale Problem, i.e., the problem of existence of a Feller process with
a given generator, has been treated by [41, 54, 73]. Path properties have been discussed in [72, 73, 74].

On the other hand, numerical methods capable of handling general Feller processes have received little
attention until now. A technique for the approximation of sample paths of Feller processes is given in [12].
A fast calibration algorithm has been proposed for a special case in [16, 23]. Fourier methods for option
pricing can only be efficiently used for regular affine processes, i.e., Feller processes with coefficients that
depend affinely on the state variables [32, 31]. Finite Element based pricing methods for one dimensional
European pricing problems under general Feller processes are proposed by [77], while [67] considers mul-
tidimensional pricing problems of European and American type under Lévy processes using FEM.

Multidimensional Feller processes can be constructed using Lévy copulas for the construction of the jump
measures. We consider European and American type contracts, as well as the calculation of sensitivities
and discuss well-posedness of the corresponding pricing Partial Integro-Differential equations (PIDEs) and
inequalities in the multidimensional Feller setting. In addition, we discuss wavelet based discretization
schemes, that allow for efficient preconditioning. Using waveltes, the arising densely populated matrices
can be compressed leading to computational schemes with essentially Black- Scholes complexity. Efficient
numerical quadrature rules for the evaluation of the wavelet coefficients of the jump measures of this survey
are presented.
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The outline is as follows. First, we give an overview of Feller processes and state sufficient conditions
on the characteristic triple for the existence of a corresponding Feller process (Section 2). Next, we define
the domains of the generators, which are Sobolev spaces of variable order, we employ pseudodifferential
operator (PDO) theory to characterize the spaces (Section 3). Then we describe parametric constructions
of multidimensional Feller processes using Lévy copulas and state sufficient conditions on the marginals
and the copula function to obtain admissible market models. We show that the class of admissible market
models contains many typical examples of Lévy market models and the extensions to Feller market models
(Section 4). We discuss European and American pricing problems, as well as the calculation of sensitivities
with respect to model parameters and solution arguments. The Garding inequality and the sector condition
is proven for the arising bilinear forms, which yields well-posedness of the corresponding pricing problems
(Section 5). In Section 6 we introduce a tensor product wavelet basis and discuss norm equivalences on
the variable order Sobolev spaces. The discretization of the arising non-local operators using this basis is
presented. In Section 7 we address quadrature rules for the weakly singular integrals in the Galerkin dis-
cretization and briefly survey on Monte Carlo and Fourier methods in Section 8. We conclude with uni- and
bivariate numerical examples from the pricing of derivative contracts.

Throughout, we shall write C < D to denote that C can be bounded by a constant multiple of D with a
constant that is independent of parameters which C and D may depend on. Then C 2 D is defined as D < C
and C ~ D is definedas C < Dand D <C.
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2 Markov processes

Semimartingales are a well-investigated class of stochastic processes that is sufficiently rich to include most
of the stochastic processes commonly employed in financial modelling while still being closed under various
operations such as conditional expectations, stopping etc. Semimartingales can be well understood via their
(generally stochastic) semimartingale characteristic, we refer to the standard reference [51] for details.
Here, we restrict ourselves to a class of processes with deterministic, but generally time- and state-space
dependent characteristic triples including Lévy processes, affine processes and many local volatility models.
The time-homogeneous case will be analyzed in the first part of this section, while time-inhomogeneity will
be briefly discussed in the second part.

2.1 Time-homogeneous processes

We consider a Markov process X and the corresponding family of operators (75,) for 0 < s <7 < c given
by

(Ts: () (x) = E[f (X)X (s) = x],

for each f € B,(RY), x € R?, where Bj,(RY) denotes the space of bounded Borel measurable functions
on RY. For normal Markov processes, i.e Markov processes with T, (B,(R¢)) C B,(R¢), we recall the
following properties:

(1) Ty, is alinear operator on By,(R?) foreach 0 < s <t < o,
(2) Ty = I foreach s > 0.

(3) T,sTs; = T, whenever 0 <r < s <t < .

(4) f>0implies Ty, f > 0forall0 <s <t <o, f € By(R?).
(5) ||Tss|| < 1foreach 0 <s<r < oo,ie.Ty, is a contraction.
(6) Ty, (1) =1forallt > 0.

If we restrict ourselves to time-homogeneous normal Markov processes, we obtain directly from the above
properties that the family of operators 7; := Ty, form a positivity preserving contraction semigroup. The
infinitesimal generator o/ with domain % (/) of such a process X with semigroup (7; );> is defined by the
strong limit
1
Hu:= lim — (Tu— 2.1
ui= i 3 (s @b
for all functions u € 2(</) C Bp(RY) for which the limit (2.1) exists w.r. to the sup-norm. We call
(o7, 29()) generator of X. Generators of normal Markov processes admit the positive maximum prin-
ciple,ie.,
if ue2(«/) and supu(x) =u(xg) >0, then (u)(xy) <O. (2.2)
x€Rd

Furthermore, they admit a pseudodifferential representation (e.g. [22,47, 48]):

Theorem 2.1. Let (<7, (<)) be an operator with C§ (RY) C 9(<7).
Then <f |C80(Rd) is a pseudodifferential operator,

(/)(0) = ~a(e.Dju(x) = ~2m) "2 [ a(xE)(E)eEa 23)

for u € C§(RY). With a symbol a(x,E) : RY x RY — C which is locally bounded in (x,&), a(-,&) is mea-
surable for every & and a(x,-) is a negative definite function for every x, which admits the Lévy-Khintchine
representation

a(x,§) = c(x) —iy(x)E + & ' Q(x)E 24)

+ (1 —eiy§+£) N(x,dy).
0£yeRd 1452
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Here, for y € R, y? = yTy and the function
RY>x— (1 Ay*)N(x,dy) (2.5)
y70
is continuous and bounded.

The parameters c(x), y(x), 0(x),N(x,dy) in (2.4) are called characteristics of the Markov process X . In the
following we set ¢(x) = 0 for notational convenience and restrict ourselves to a certain kind of normal
Markov processes, so called Feller processes ([2, Theorem 3.1.8] states the normality of a Feller process).
These can be defined by the semigroup (7;),>¢ generated by the corresponding process X. A semigroup
(T})s>0 is called Feller if it satisfies

(i)T; maps Co(R?), the continuous functions on R? vanishing at infinity, into itself:
T; : Co(RY) — Co(RY)  boundedly

(i)7; is strongly continuous, i.e., lim; o+ ||t — Tyu[ ;= ga) = 0 for all u € Co(RY).

Spatially homogeneous Feller processes are Lévy-processes (e.g.[8, 69]). Their characteristics, the Lévy
characteristics, do not depend on x explicitly.

Example 2.2 A standard Brownian motion has the characteristics (0,1,0). An R-valued Lévy process has
characteristics (y,Q,N(dy)), for real numbers y, Q > 0 and a jump measure N with [, min(1 YHN(dy) <

oo,

A recent result by Schnurr [76, 78] additionally motivates the consideration of Feller processes. He proved
that strong solutions of a large class of Lévy SDEs are in fact Feller processes, i.e.

Theorem 2.3. Let Z be an n-dimensional Lévy process and @ : RY — R be bounded and globally Lips-
chitz. Then the solution of

t
X =t [ o(x,-)dz,
0

x € R is a Feller process with Cj (R?) C 2(/).
Proof. The proof is given in [78] Theorem 2.46, Theorem 2.49 and Theorem 2.50.

Remark 2.4. The boundedness of @ can be replaced by certain assumptions on the tail behaviour of the
process Z.

This implies that pricing of a large class of basket options in a Lévy market model can be reduced to pricing
under a low dimensional Feller processes.

It is also interesting to ask which symbols correspond to PDOs that are generators of Feller processes. This
martingale problem is discussed in the following theorem due to [75].

Theorem 2.5. Let a : RY x RY — C be a negative definite function, i.e., a measurable and locally bounded
function that admits a Lévy-Khinchine representation for all x € R%; note that this implies continuity of the
symbol in & for all x € R?. If

(@) sup,cpa |a(x, &) < k(1+|E|?) for all £ € RY,
(b) & — a(x,&) is uniformly continuous at & =0,
(¢) x — a(x, &) is continuous for all § € RY,

then (—a(x,D),Cg (R?)) extends to a Feller generator.

In the Lévy case existence of a Lévy process can be proven for any Lévy symbol. This does not hold for
Feller processes. For (financial) applications it is more convenient to consider the characteristic triple instead
of the symbol. We therefore make the following assumption on the characteristic triple in the remainder.

Assumption 2.6 The characteristic triple (y(x),Q(x),N(x,dy)) of a Feller process in R satisfies the fol-
lowing conditions:

(1) (y(x),Q(x),N(x,dy)) is a Lévy triple for all fixed x € RY.
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(II) The mapping x — N(x,B) is continuous for all B € B(RY).
(Il) There exists a Lévy kernel N(y) s..

N(x,B) <N(B) VxcR? Be BRY).

(IV) The functions x — y(x) and x — Q(x) are continuous and bounded.

We would like to conclude that there exists a Feller process whose generator is a PDO for symbols that
satisfies Assumption 2.6. Therefore, it suffices to validate the prerequisites of Theorem 2.5.

Lemma 2.7. Let (y(x),Q(x),N(x,dy)) be the characteristic triple of a process X taking values in RY that
satisfies Assumption 2.6. Then (—a(x,D),C) extends to a Feller generator, where a(x,§) is given by

a(x,&) = —iy(x) - E+E'Q(x)& (2.6)

+/‘ 1—eV5 ly-f,:z N(x,dy).
JRA\{0} 14yl

Proof. Condition (I) implies that the corresponding Feller symbol is negative definite. Conditions (I11) and
(1V) imply (a), Conditions (II) and (I111) imply (b), and (c) follows from (IV) and (II).

Remark 2.8. Note that real price market models do not fit into our modeling framework due to Assumption
(a) in Theoren 2.5, but the numerical methods and their numerical analysis presented in the following can
in many cases be straightforwardly extended to this kind of models. As illustrative example we consider
the CEV market model (e.g. [29]) throughout this survey and explain the necessary extensions. The CEV
model is given by the following SDE:

dS; =rS;dt + oS dW,, Sy =s5>0, 2.7

where p € (0,1), 0 > 0 and r > 0. Existence of a solution of (2.7) follows from the Skorohod existence
theorem [42, Theorem IV.2.2], while pathwise uniqueness can be obtained for p > 0.5 from the Yamada
conditions (e.g. [42, Theorem IV.3.2]). Note that the case p = 0.5 leads to equations similar to the Heston
model and CIR model.

In order to apply pseudodifferential operator theory we will need stronger assumptions on the characteristic
triples of the considered processes. We will state the assumptions needed at the end of Section 4. We will
require in particular smoothness of the characteristic triple in the state variable x. Numerical experiments
indicate that these assumptions can be weakened (Chapter 9).

2.2 Time-inhomogeneous processes

In this section we would like to drop the assumption of time-homogeneity of the processes considered
and extend the framework developed above to a time-dependent setting. Using the notation from the last
section, we consider a normal Markov process X with the corresponding family of operators 7§ ;. The family
of generators of such a process is given by

1
Agu = hll%l - (Ts—psu—u) 2.8)

for all functions u € D(Ay) C By(R?). In analogy to Theorem 2.1 we obtain the following result:
Theorem 2.9. Let (Ay, Z(Ay))ser+ be a family of operators with C§(R?) C 2(Ay). Then Aslez ray is @
pseudodifferential operator for all s € R given by

(Asu)(x) = —a(s,x,D)u(x) = —(Zn)’l/z/da(s,x,&)ﬁ(‘g‘)eix'gdg
R
for u € CJ(RY). With a symbol a(s,x,&) : Rt x R x R — C which is locally bounded in (x,§), a(s,-,§)

is measurable for every &, s and a(s,x,-) is a negative definite function for every (s,x), which admits the
Lévy-Khintchine representation
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a(s,x, g) = C(S,X) - i'}/(S,X) . E + &TQ(S,X)&‘

—|—/ 1— 5+ )Ns,x,d .
0£yeRd ( 142 (5., )

The natural question arises if we can construct a Markov process with corresponding generator for a given
symbol (Martingale Problem). A general result under mild regularity assumptions on the symbol has been
given by [11].

Theorem 2.10. Let a : R x R? x R? — C be a negative definite function that satisfies the following condi-
tions for a constant m € R

(1) a(-,x,&) is a continuous function for all x,& € R,
(2) a(s,x,0) = 0 holds for all (s,x) € R* x R4,
(3) ‘D)’?Dg‘a(s,x, &)| < caps(1+|EP)19N2/2 holds for all s € ] € R, x,& € R,
(4) a is elliptic, i.e., on any compact set K it holds uniformly in s that:
there exists R € RY, ¢ >0, such that Vx € R?,

&> R: R(a(s,x,&)) > c(1 + €)™

Then a Markov process whose family of generators are pseudodifferential operators with symbol
a(s,x,&) can be constructed.

Proof. The proof follows from [11, Theorem 4.2, Corollary 4.3].

Theorem 2.10 can be formulated in a more general setting, replacing |£|* in Condition (3) and (4) by any
element from a certain class of negative definite functions, cf. [11, Definition 1.2].

Remark 2.11. In the following we will consider the time-homogeneous case discussed in Section 2.1, but
most results can be extended to the inhomogeneous setting.
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3 Function spaces

For our analysis we will need certain Sobolev-type spaces. Therefore we start with the definition of frac-
tional order isotropic spaces. We define for a positive non-integer s > 0 and u € .*(R%)

gy = [, 1+ 57 a(E) P de. n

where i is the Fourier transform of u. Similarly, we can define anisotropic Sobolev spaces H*(R?) with
norm

- d
ey i= [, D 1+ 1) o, (62)
JRE &

for any multiindex s > 0. The consideration of certain symbol classes will be useful for the definition of the
variable order Sobolev spaces. We set () := (1 + |€|?)!/2 for notational convenience.

Definition 3.1 Let 0 < 6 < p < 1 and let m(x) € C*(R?) be a real-valued function all of which derivatives
are bounded on R?. The symbol a(x,&) belongs to the class S;"’(g) of symbols of variable order m(x) if

a(x,€) € C*(RY x RY) and m(x) = s+ m(x) with m € ./ (R?) a tempered function, and if, for every o, €
Ng there is a constant c, g such that

v, €R:  [DED¢a(x, &) < cqp (&)W PIeITOIRI, (3.3)

The variable order pseudodifferential operators A(x,D) € 'I’pm éx) correspond to symbols a(x,&) € Srp"(g) by

A(x,D)u(x) m/Rd/Rd D8 q(x, 8 u(y)dydE,  ueCPRY). (3.4)

We are now able to define an isotropic Sobolev space of variable order using the variable order Riesz
potential A”®) with symbol a(x,&) = (&)™), Clearly a(x,&) is an element of S ( ) for 8 € (0,1). The

norm on H”) is given as

2
2 2
e = A"+ .

Note that for a(x,&) = 1, we obtain the usual L? norm, while for a(x,&) = (1 + |€|*) we obtain the norm
given in (3.1). The second results follows using Plancherel’s theorem. Now we turn to the definition of
anisotropic variable order Sobolev spaces. In analogy to Definition 3.1 we start with the definition of an
appropriate symbol class.

Definition 3.2 Let m(x) = s+ m(x), m(x) : RY — R? with each component of m(x) being a tempered
functionand s € R>0, 0 <68 < p <1.Wedefine the symbol class S;:%x) as the set of all a(x, &) € C* (R4 x RY)
such that for all multiindices o, B € Ng there exists a constant Cy, g > 0 with

QU

Vg ER [ DEDLa(x,§)| < Cap B (14D PadBN2,
1

We are now able to define an anisotropic Sobolev space of variable order using the variable order Riesz
potential A™®) with symbol a(x, &) = (E)™() .= S, (14 &7 )2mi() Clearly, a(x, &) is an element ofST;'éx)
for & € (0,1). The norm on H™) is given by

2
2 2
el 3= [ 4™, + el

There is an alternative representation of the above space, when m(x) is of the following form m(x) =
(my(x1),...,mg(x4)) which will be very useful for the proof of norm equivalences. This plays a crucial role
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in wavelet discretization theory. We consider the anisotropic Sobolev spaces Hl.m i) of variable order m;(x;)

in direction x;, equipped with the following norms:

2
2 i (xi 2
el = [ A7+l
where A" ) js a pseudo-differential operator with symbol (1 +|&;|)™%) It then follows by the elementary
inequality
a > 4 a |?
Ci Eai < Ea,-zﬁcz Eai )
= = =

with a@; > 0 and C;,C, only dependent on d, that

d
el ey ~ 3 Nl e
j:] Hjj J
and therefore

)

Hm(x) _ !

e

j=1

On the bounded set D = (a,b) =[[%, (a;,b;) C R we define for a variable order m(x), a < x < b the space
A™9(D) = {u|D \ ue H™O(RY),  ulga = o} .

This space coincides with the closure of C;’ (D) (the space of smooth functions with support compactly
contained in D) with respect to the norm

||“||ﬁm<x)(p) = ||”7HHm(X)(]Rd)7 (3.5)

where 7 is the zero extension of u to all of RY.

Remark 3.3. In the BS case we will obtain H'(R?) as the domain of the generator and H} (D) in the
localized case. In the Lévy case we obtain anisotropic Sobolev spaces as in (3.2) and the spaces H*(D) in

the localized case for Q = 0. For Q > 0 the domains are equal to those in the BS case, cf. [67, Theorem
4.8].



10 0. Reichmann and Ch. Schwab

4 Multivariate model setting

4.1 Copula functions

Unlike multivariate Lévy processes, not all multivariate Feller processes can be constructed in terms of
univariate Feller processes using a homogeneous copula construction as in the case of Lévy processes in
R4, cf. [52, Theorem 3.6]. However, parametric constructions of multidimensional Feller processes from
the univariate margins of certain Feller processes and certain Lévy copulas are still possible, provided the
univariate Feller processes and the copulas meet certain restrictions. The restrictions stem from the fact that
smoothness conditions on the characteristic triple appear to be required in order to prove existence (and
uniqueness) of a corresponding Feller process, cf. [75]. Therefore it would be sufficient for the parametric
construction of d-dimensional Feller processes to prove that a symbol satisfies Assumption 2.6. We will
only consider the construction of a d-dimensional jump measure, as the Gaussian part is standard.

. . . . . —d = .
Theorem 4.1. Let F denote a d-dimensional Lévy copula for which the derivative d; ... dyF : R™ — R exists,
is continuous and satisfies the following estimate

d
|0"F (u)| <" nltmin{|ug],..., jug|} T T|wi] ™ VueR? neN 4.1)

=

Further let U;(x,y), i = 1,...,d denote the tail integrals of real valued Feller processes that satisfy Assump-
tion 2.6 and, additionally, the following conditions:

ki(xvy) ‘ 1
<(Cv—) Vx,yeR, 4.2)
Ui (xvy) |y|
[ Ulxydy<e, (43)
R\B(0,1)
for C>0andi=1,...,d. Then there exists an R?-valued Feller process X whose components have tail
integrals Uy, ..., Uy and whose marginal tail integrals satisfy

U' ((xi)iers v)ier) = F' (U (xi,31) Jier)

for any non-empty I C {1,...,d}, any (yi)ier € (R\{OW and any (x;)ic; € RI. The jump measure is
uniquely determined by F and U;,i=1,...,d.

Proof. The proof follows [52]. As noted there, the argument is not restricted to Lévy models but can be
extended to more general processes.
Since F' is d-increasing and continuous, we can conclude that there exists a unique measure ¢ on

@d\{OO, ...,o} such that Vr((a,b]) = u((a,b]) for any a,b with a < b. For the univariate tail integrals
U (x,y), we define

U (o) = inf{y>0:u>U(x,y)}, u>0
" inf{y <0:u>U(x,y)} AO, u<O.

Let N = f(u) be the image of u under
flur,. .. ug) — (Ufl(xl,ul),...,UJl(xd,ud))

and let N be the restriction of N’ to R? x R?\{0}. We need to prove that N is a Lévy measure for all x and
that the marginal tail integrals U] satisfy

U ((®)ier, 5iier) = F'(Ui(xi, yi) ier)-

This will imply (I). Furthermore, we must prove continuity of the Lévy kernel in x (II) as well as bounded-
ness in the sense of (III).
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The first part follows analogously to [52]. We assume for ease of notation that y; > 0,i € I. Then
Ub ((iers Olier) =N ((@i)ier, (§ € RI{0} : & € () i € T})

u {uGR (U x,,ui)e(yi,oo),iel})

(
u({ueR 10 <u; < Ui(xi,yi), 161})
(

=u {MGR 10 < uy < Ui(xi,yi), 161})
= F'((Ui(xi,yi))ier) -

This proves in particular that the one-dimensional marginal tail integrals of N equal Uy, ...,U,. Since the
margins of N(x,y) are Lévy measures on R\ {0} for all x € R? we obtain for every x € R¢:

[ o (6 A1) W)

d

/eRd 12 (y? A1) N(x,dy)

= E/yER yz deyl)

Hence, for x € RY, N(x, -) is a Lévy measure on R?. For the second part of the proof we use Remark 2.7 in
[67] which gives us:

IN

k(Y15 5Ya) = 01 e 0aF | =, (v 1) oo = (xg va) K1 (K101 < Ka (Xa, V) - “44

Using the properties of F and the margins we can conclude that k(x,y;,...,y,) is continuous in x for
all (y1,...,y4) € (R\{0})?. It remains to prove (III). Due to (4.1) we have the following estimate with
8= d1 ...(9dFZ

k(x7YIa---»)’d) (45)
= g(Ui(x1,31)s- -, Ua(xa,ya) Yo (x1,1) - - - ka(Xa:¥a)
d d
< Cmin{|U1(x1,31)] - |Ud(xdaJ’d)|} [ACSHI J LEBY
=
(4.2) o
< Cmin{ [T\ ()], [Ua(a }}H <Cv ﬁ> (4.6)
1= l
Using the properties of the N;(dy) fori =1,...,d we can conclude that (4.6) is a Lévy measure and therefore

(IV) is valid for k(x,y). Uniqueness of the jump measure follows from the fact that it is uniquely determined
by its marginal tail integrals (cf. [52, Lemma 3.5]).

We can prove the following decay property of the jump density constructed according to the above theorem.

Lemma 4.2. Let k(x,y) be constructed according to Theorem 4.1. Besides we require the following estimate
on the derivatives of ki(x,y): there exists C >0 s.t. Vx € R,y € R/\ {0}

|0 ki(x,y)| < €t [y imon @7
|07 ki(x, )| < €t [y (4.8)
for some 6 € (0,1) and max;—; . 4S0p,,cpmi(x;) =m <2 as well as
min;—; _ginfy,crmi(x;) =m > 0. Then it holds
1 it aomi
|9 oykCe,y)| < M ]t I T Tl ™2, w0,

1=
for multiindices n,m € Ng

Proof. Using the formula of Faa di Bruno [68] it can be shown
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|or (o ...8dF(U(x,y)))‘
b e g LIS adF)(U(x,y))<W)MI...<%U;7(!W))””

nlm — —
<EC”“ — Iyl H\y, [l OO

-0
<Cn+1n'||y||oo nH‘yj )

where we sum over all multiindices (my,...,m,), m = >im; with n = 3, im;. An analogous calculation
leads to

d
|dy; (0. 0dF(U(x7y)))\SCE’“H!IIyII;alin*”ﬂ,\y;\a
J:

Using the Leibniz rule we obtain

| duk(x,y)]
= |(9)Z((9] ...&dF(U(x,y))k] (x],y])...kd(xd,yd))|
S ] 1 aaF U3 i) [ mCimoom)
= ———0{ (d1...9y X,y))) 0y ki(xi,yi Xy
jZ]]!(n*])! Xi X; I\ i mzl:,[”éd m\AmsVm

n d d
- —js o148 (—ntj a1
< Gt 3l byl O T ol bl = DT vl
J=1 J= m=1,m#i

d
<t vl il T vl ™"
m=1

It can be shown analogously for all n € N, 0 # y € R%:

| ek, )| <CyF it Iyl il ™" H |ym| ! (4.9)

which completes the proof.

We will need these estimates later to prove exponential convergence of the numerical quadrature rules
employed to approximate the discretized generator of the Feller process.

4.2 Sector condition

The sector condition for the symbol of the Feller process will be one of the main ingredients for proving
well posedness of the initial boundary value problems for the PIDEs arising in option pricing problems.
The sector condition reads:

Jy>0 st.Vr,EecR?: Rea(x,&)+ 1> y(E)m0), (4.10)

Verification of the sector condition is not straightforward for a general Feller process. Here, we give suffi-
cient conditions for the sector condition to hold in terms of appropriate conditions on the marginals of the
Feller process and copula function.

Definition 4.3 The function F : R SRisa homogeneous Lévy copula of order 1. The functions k(l), o ,kg
are jump measures of univariate Feller processes of order —1 —my,...,—1 —my, i.e.,

k?(xj,ryj) = rilf'”f(x)k?(xj,yj), Vr>0andall x; € R,y; € R\{0}
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forany j=1,....d and F and k?(xj,yj), j=1,....d, satisfy the assumptions of Theorem 4.1. Due to
Theorem 4.1 there exists a unique Feller process with corresponding margins. We call such a d-variate
Feller process m(x)-stable, for m(x) = (m;(xy),...,mq(xq)).

For the pure jump case we will need the following additional property in order to prove a simple equivalence
for the sector condition. We assume that the symmetric part of the jump measure kY™ (x,y) = %(k(x,y) +
k(x,—y)) admits the following estimate:

kY™ (x,y) 2 K09 (x,y), VO < |y < 1,VxeR?, (4.11)

where £° is the jump measure of an m(x)-stable Feller process. We will now prove an anisotropic homo-
geneity property of the Feller density k°.

Theorem 4.4. Let the copula F and the marginal densities be as in Definition 4.3. Then the function k°
given by (4.4) is m-homogeneous in the sense that

1 — 1 ]+++...++
K0 (x,t mEDy Lt md(xd)y,,) =t ™) maC) |0 (x,y1,. .., ya) V>0,

Proof. The proof follows analogously to [34, Theorem 3.2].
Theorem 4.5. Let kK (x,y1,. .., y4) be as in the previous theorem. Then the Feller symbol (0,0,k°(x,y1,...,y,))

is a real-valued anisotropic homogeneous function of type (m, e m and order 1 for all x € RY,

i.e., it satisfies

1 L
a(x,tmCI gy, .. 1"t E,) = ta(x,Ey,..., &) Yt >0,E €RY
Proof. The proof follows analogously to [34, Theorem 3.3] using Theorem 4 4.

We will need the following Lemma, which is a modification of [27, Lemma 2.2].

Lemma 4.6. Let p;(x,y) and p 5 (y) < pa(x,y) < P,(y) be two anisotropic distance functions of order 1
and type m(x) = (my(x),...,my(x)) for all x € R?, and let P,(»):P2(y) be continuous. Furthermore, let
3 = U,cpa2i(x), where

(%) == {z: p1(x,2) = 1},

is contained in a compact set. Then the following inequalities hold with constants Cy, Cy > 0 independent
of x and y:

Cipi1(x,y) < p2(x,y) < Capi(x,y).

Proof. Lety € RY. We set t(x) = pl(lx 5 - Then

(t(x)m‘(x)yl,...,t(x)md(x)yd) €3 (x)
holds. As X' is contained in compact set and p,(y), p, (y) are continuous, we obtain

Ci<pxy)<C  VxeR! VyeX.

Hence,

1
Cr < mpz(x,y) = 1(x)p2(x,y) = p2(x1 ()" Wy, 1(x) "W yg) < G

Theorem 4.7. Let X be a Feller process taking values in RY with characteristic triple (y(x),Q(x),k(x,y)dy)
with density k(x,y) of the jump-measure constructed parametrically as in Theorem 4.1. Further assume that
either Q > 0 holds or that k(x,y) satisfies (4.11) with an m(x)-stable function k°(x,y). Then, there exists a
constant C > 0 such that for all x € RY and || ||, sufficiently large
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d

Ra(x, &)= C Y [g["0), (4.12)
=i

where mj(x;) =2 in the case Q > 0.
Proof. The proof mainly follows the arguments of [85, Proposition 2.4.3]. First consider Q = 0. Due to
Theorem 4.5 one obtains that Ra’ (x,&) is an anisotropic distance function of order (m, U m) for

all x € RY. Since all anisotropic distance functions of the same order are equivalent there exists some Cj (x)
such that

&m) | vE e RY

[\

a’(x,&) > Ci(x)
o]

Hence,
Ma(e.£)| = [ (1=cos(& )k (x,y)dy

2 [ (1= cos(E 3OS y)dy
B1(0)
d . .
> G0 (x) Y& ¢
=1

To complete the proof, we must prove the boundedness of Cy (x), i.e., we have to validate the conditions of
Lemma 4.6. The compactness of X follows from the definition of p; (x,y) = S, [y:|™ ) and the estimates
on pa(x,y) follow from the conditions imposed on k°. Therefore, the sector condition (4.10) follows from
(4.11) for a certain set of symbols. The case Q > 0 is trivial.

Assumption (4.11) is implied by the following conditions on the marginal jump measures and the copula
function:

Assumption 4.8 Let X be a Feller process with characteristic triple

(v,0(x),k(x,y)dy) satisfying the conditions of Theorem 4.1. Let the following inequalities hold, with F°
being a 1-homogeneous Lévy copula as in Assumption 4.3 and k? (x,y) being m(x)-stable densities with tail
integrals U (x,y),i=1,...,d:

ki(x,y) Z K (xy), YO<|<1l,WxeR’ i=1,...d
01...94F(U(x,y)) = 1...04F°(U°(x,y)) YO <y <1.

4.3 A class of admissible market models

We now formulate the requirements for market models which will be admissible for our pricing schemes
in terms of the marginals and the copula function. These requirements will not only ensure existence and
uniqueness of a solution of the corresponding pricing problem, but also ensure that the presented FEM
based algorithms are feasible.

Definition 4.9. We call a d-dimensional Feller process with characteristic triple (y(x),0(x),N(x,dy)) an
admissible market model if it satisfies the following properties.

1. The function x — y(x) € R? is smooth and bounded.

2. The function x — Q(x) € Rfyjnd is smooth and bounded and Q(x) is positive semidefinite for all x € R?.

3. The jump measure N(x,dy) is constructed form d independent, univariate Feller-Lévy measures with a
1-homogeneous copula function F that fulfills the following estimate: there is a constant C > 0 such

that for all u € (R\{0})? and all n € N holds

d
10"F ()| < " n)tming|u |, .. ugl} T T | ™

1=
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4. For the marginal densities N;(x;,dy;) = ki(x,y)dy the mapping x; — N;(x;, B) is smooth for all B€ B(R).

5. There exist univariate Lévy kernels ki(y), i = 1,...,d with semiheavy tails, i.e., which satisfy

Byl —
- e , y<—1
ki <C 4.13
l(y) - {eﬁ+>’, y > ]7 ( )

for some constants C >0, B~ >0 and B+ > 1. These Lévy kernels satisfy the following estimates
Ni(xi, B) < / B(y)dy VeeR, BeBR),i=1,...d.
JB
6. Besides, we require the following estimate on the derivatives of k;(x,y)

|90 ki(x,y)| < €t [y i@ monL
|9 ki(x, )| < €t [yl

for any & € (0,1), for all 0 # y,x € R and i = max;—p,.4Sup,.cpmi(Xi) < 2 as well as m :=
min;_y g infycr mi(x;) > 0.

7. Finally we require F° to be a 1-homogeneous Lévy copula and k? (xi,vi) to be m;(x;)-stable densities
with tail integrals U? (xi,y;), i =1,....,d:

ki(x,y) = K (x,y), Yo<l|y|<l,VxeR, i=1,....d
91 ... 0, F(U(x,)) = d1...0,F°(U°(x,y)) YO <y <1.

Remark 4.10. An admissible market model satisfies the requirements of Theorem 4.1 due to conditions (3),
(5) and (6).

Lemma 4.11. The symbol a(x,&) of an admissible market model X with triple (0,0(x),k(x,y)dy) is con-
tained in the symbol class ST((SX) Sorany 6 € (0,1), where m(x) =2 if Q(x) > Qp > 0.

Prior to the proof of the preceding lemma we remark that the removal of the drift will be discussed in the
next chapter. The proof follows analogously to [67, Proposition 3.5]. Let us illustrate the preceding, abstract
developments with an example related to the so-called tempered-stable class of Lévy processes which were
advocated in recent years in the context of financial modelling.

Example 4.12 (Feller-CGMY). We consider a d-dimensional Feller process with Clayton Lévy copula
1

d T
F(ula' .- ,Md) = 227‘1 <E |ui|ﬂ> (P]l{ul,...,udzo} - (l - p)]l{ul,...,udg()}) )

=1
where & > 0, p € [0, 1] together with CGMY-type densities

e Bi bl e B @)Dl
ki(x,y) = C(x) Wﬂ{y<0}+wﬂ{y>0} ,

with smooth and bounded functions C(x) > 0, B; (x) > 0, ;" (x) > 1,0 < m; < m;(x) <m; <2, fori=
1,...,d. We assume the Gaussian component Q(x) to be positive semidefinite, smooth and bounded. The
drift y(x) is assumed to be smooth and bounded. It is easy to see that this market model satisfies Properties
(1),(2), (4)-(6) of the above definition. (3) and (7) follow analogously to the proof of [85, Proposition 2.3.7].
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5 Variational PIDE formulations

A key observation at the heart of differential equation approaches to deterministic computational pricing
of derivative contracts in finance is the observation (going back at least to R. Feynman and M. Kac) that
conditional expectations over all sample paths of a multivariate diffusion process satisfy deterministic,
parabolic partial differential equations (PDEs). The most well known representative of these PDEs in fi-
nancial modelling is the classical Black-Scholes equation. This Feynman Kac correspondence holds in a
much more general context, the deterministic equation being in general nonlinear, and the solution being in
general understood as viscosity solution. Here, we will follow on linear differential equations for which the
(unique) solutions will be variational solutions of suitable weak formulations of the deterministic evolution
equations. As these formulations will form the basis of variational discretizations to be discussed below,
we shall present their ingredients (Sobolev and Besov spaces, Dirichlet Forms, Evolution triplets and the
abstract theory of parabolic evolution equations) in some detail here. Throughout, our perspective is the
pricing of derivative contracts in financial models based on the Feller-Lévy processes introduced above.

5.1 European options

We consider a European option with maturity 7' < c and payoff g(St) which is assumed to be Lipschitz,

where S! = S(")e”“(tl and where X is a semimartingale unless specified otherwise. By the general theory of
asset pricing (as, e.g., in [28]), an arbitrage free value V (z,s) of this option is given by

V(t,s) =E (e*’<T*f>g(ST)|S, - s) ,

where the expectation is taken under the measure Q which is equivalent to the real world measure and under
which St is a sigma-martingale, cf.[28]. If X is an admissible market model, we can derive a PDO and PIDE
representation and prove well-posedness of the weak formulation of the problem on a bounded domain. If
X is a (multidimensional) continuous semimartingale, satisfying certain non-degeneracy conditions, we
can use a mimicking result due to [37] and derive a state-space and time inhomogeneous PDE. Existence
and uniqueness on bounded and unbounded domains are well-known under certain smoothness and growth
conditions on the coefficients. If X is a (multidimensional) discontinuous semimartingale satisfying certain
non-degeneracy conditions, we can use a novel mimicking result due to [6] and derive a state-space and
time dependent PDO and PIDE. Existence and uniqueness results are not yet available in this case. In the
following we will concentrate on the time homogeneous Feller case.

Due to no arbitrage considerations we will require the considered processes to be martingales under a
pricing measure Q. This requirement can be expressed in terms of the characteristic triple:

Lemma 5.1. Let X be constructed according to Theorem 4.1 with characteristic triple (y(x), Q(x),N(x,dy)).
Then €%i is a Q-martingale with respect to the canonical filtration of X if and only if

()2
Q”z(x) ko /o¢y€R(€y" —1=yj)N(x,dy) =0 vxeR. -

Proof. For the proof of this lemma we cannot use standard arguments as e.g. in [67, Lemma 2.1], since
independence of the increments is required in that proof. We consider the characteristic function of the
random variable X, — x as in [46], i.e.,

)\’[ (‘x, g) — Ex(ei(thx).g)-
The martingale condition implies
0= A (x,—ie;) — ho(x, —ie;) VxeR¥andt € R,.

The right-hand side can be written as
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. . 'd .
M(x,—iej) — Ao(x,—ie;) = t/ —As(x,—iej)|s=n:dn
o ds
L d . .
=1 [ S () ) o) am
1
= =t [ e Ty (a(,—ie;)) () dn,
0

where we have used (d/ds)Tyu = Tyo/u and o7 (€'5)) = —e™Sa(x, ). This implies a(x,—ie;) = 0 and the
claimed result can be obtained using the analogon to [69, Proposition 11.10] for Feller processes. The
reverse implication follows analogously.

We are now able to derive a PDO and PIDE for option prices. Let the stochastic process X be an admissible
markovian market model and let be g € ¥ := D(@x ). Then we obtain due to semigroup theory for u(r,x) =
T;(g) = E[g(X;)|Xo = x], where we have set #o = 0 and » = 0 for notational convenience by differentiation
int:

du—ofxu=0 in (0,T)x R4 (52)
up =g in {0} x R% (5.3)

Testing with a function v € ¥/, we end up with the following parabolic evolution problem: Find u €
L2((0,T);7)NH"((0,T);7*) st.forallve ¥ and a.e.t € [0,T] holds

() —a(u) =0, w=g. (5.4)

where the bilinear form a(u,v) = (&/xu,v) corresponds to the Dirichlet form of the stochastic process
X. Although in option pricing, only the homogeneous parabolic problem (5.4) arises, the inhomogeneous
equation (5.5) is useful in many applications. We mention only the computation of the time-value of an
option, or the computation of quadratic hedging strategies and the corresponding hedging error. Thus, we
will in general consider the nonhomogeneuos analogon of the above equation. The general problem reads:
Find u € L? ((0,7); 7 )NH" ((0,T); ¥*) s.t.

(dru,v) —a(u,v) = (f,v)y+xy in (0,T),Yve ¥ (5.5)

up =g

for some f € L*>((0,T);#7*). Now we consider the localization of the unbounded problem to a bounded
domain D. To be able to control the error introduced by localization we need to require the following
growth condition on the payoff function: There exists some ¢ > 1 such that

d q
g(s) < <Esi+1> , VseRY,. (5.6)
=1

For any function u with support in a bounded domain D C R we denote by i the zero extension to R? and
define «7p(u) = </ () with domain #p. The variational formulation of the pricing equation on a bounded
domain D C R? reads: Find u € L?((0,T);¥p) NH' ((0,T);(¥p)*) st. for all v € ¥p and ae. t € [0,T]
holds:

(du,v) —ap(u,v) = (f,v)«;/gx«;/D 5.7)
uo = g|p, (5.3)

where ap(u,v) := a(i,v) and i, v denote the zero extensions of u and v to D° = R¢\D. Note that the spaces
Yp =:{v € L*(D):v € ¥} consist of functions which vanish in a weak sense on ¢D. Under condition (5.6)
pointwise convergence of the solution of the localized problem to the solution of the original problem can
be shown for Lévy processes using [69, Theorem 25.18] and the semiheavy tail property. We refer to [67,
Theorem 4.14] for details. A comparable result for general Feller processes does not appear to be available
yet.

Remark 5.2. This formulation naturally arises for payoffs with finite support such as digital or (double)
barrier options. The truncation to a bounded domain can thus be interpreted economically as the approxi-
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mation of a standard derivative contract by a corresponding barrier option on the same market model. Note
also that the variational framework (5.7)-(5.8) naturally allows for more general initial conditions, in partic-
ular g € 7 = I? (Rd ). Therefore, discontinuous g are admissible in the variational framework (5.7)-(5.8).
This is essential for the pricing of exotic contracts such as digital options, for example.

Existence and uniqueness of weak solutions of (5.7)-(5.8) follows analogously to [77, Section 6.2], so we
obtain the following theorem:

Theorem 5.3. Let the generator <7 (x,D) € ‘Iﬁlg(x) with
m(x) = (my(x1),...,mq(xz)) be a pseudo-differential operator of variable order 2m(x), 0 < m;(x;) < 1,
i=1,...,d with symbol a(x,§) € SIZJ%(X) for some 0 < & < p <1 for which there exists y > 0 with

Vx,E € R": Rea(x, &)+ 1> y(&)m0), (5.9

Then </ (x,D) € 'I’ngl(x) satisfies a Gérding inequality in the variable order space H™) (D): There are
constants y > 0 and C > 0 such that

Vue H"(D):  Ra(u,u) > y||u||%m<x)(D) —CHuHiz(D), (5.10)
and B
30 >0 suchthat </ (x,D)+ Al : H"W (D) — H™™™ (D) (5.11)

is boundedly invertible.

As noted above, we obtain H'(D) = H} (D) as the domain of the operator if Q(x) > Qg > 0, i.e. if the
diffusion matrix Q(x) is uniformly positive definite.

Theorem 5.4. The problem (5.7)-(5.8) for an admissible market model X with initial condition gp € H°
has a unique solution.

Proof. Using the Garding inequality (5.10) and the continuity of the operator the result follows from stan-
dard theory of parabolic evolution equations.

Remark 5.5. We obtain for finite variation pure jump models, i.e., m(x) < 0.5, for all x € D, an advection
dominated equation. Therefore we have to remove the drift for standard algorithms to be feasible. This is
easy in the Lévy case as the drift coefficients in the equation are constant, cf. [67, Corollary 4.3], but more
involved in the Feller case, cf. [39].

Theorem 5.6. For f € C'2(J xR), with 8, f(t,x) # 0, consider the change of variable v(t,x) := u(t, f(t,x)),
where u(t,x) is the solution of the following PDE

du—2(x)ut+b(x)u+c(x)u=0 in JxR.
Let f solve the (nonlinear) PDE

axxf
—b
R f

anf —2(f(t,x)) (f(#,x)) = 0. (5.12)

Then v satisfies the PDE

2(f(,%))
i f

Solving the PDE (5.12) is non trivial in general.

v — v+ c(f(t,x))v=0 in JxR.

Remark 5.7. We come back to the CEV model introduced in Remark 2.8. The generator .«7“FV is given as
1
AV u(x) = EO’ZXZP Fextt () + rxdyu(x)

and the corresponding bilinear form acgy on a bounded domain G reads:
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1
acgy (u,v) = 502/ X3P 8xu¢9xvdx+/ (po2 — rx)&xuvder/ uvdx.
G G G

The domain of the generator is the weighted Sobolev space H,,, defined as the H, := C_8°(G)H'HP, where

Jully = [ (4 13P +1u”) a.

A Gérding inequality and continuity of the bilinear form acgy can be shown on Hj,.

5.2 American options

For the study of optimal stopping problems which arise e.g. from American contracts we require variational
formulations of parabolic variational inequalities. To this end, let O # #~ C ¥ be a closed, non-empty and
convex subset of ¥ with indicator function

0, ifve 7,

+o, else. (5.13)

(V) =1Ly (v) Z{

This is a proper, convex lower semicontinuous (l.s.c.) function ¢ : ¥ — R with domain 2(¢) = {v €
Vi ¢(v) < »}. We denote by 717 the closure of 2(¢) in A and consider the following variational
problem: Given f € L>(0,T;7*),ug € llr - H,

findu € L?(0,T;%)NH'(0,T;7*) such that u € Z(¢) a.e.in (0,T) and
(Gu+Au—fiu—vypry+ou)—p(v) >0 Yve P(¢),ae.in (0,T), (5.14)
w0)=uy in . (5.15)

Existence and uniqueness results for solutions u € L? (0,7;7) of (5.14)—(5.15) can be obtained from e.g.
[36, Theorem 6.2.1] under rather strict conditions on the data f. To derive the well-posedness of (5.14)—
(5.15) under minimal regularity conditions on f, up and ¢, the problem needs to be replaced by a weak
variational formulation. To state it, we introduce the integral functional @ on L*(0,7; %)

/T W(1))eHdi, if p(v) € L'(0,T)
o) = Jo PVe o itely 0 (5.16)
+ o

else,

with A > 0 as in (5.10).
Note that @(-) is proper convex and l.s.c. with domain

2(®)={veL*0,T:¥):¢(v) € L'(0,T)}. (5.17)

Herewith, the weak variational formulation of (5.14)—(5.15) reads (cf. [3, 70]): Given ug € 7“0“% c H
and f € L*(0,T;7*),

findu € L*(0,7T;5¢)N 2(®) such that u(0) = up in ## and
T
/ (av(t) 4+ ( + 2)u(t) — (f+Av),u(t) —v(t)) -e Hdt + D (u) — D(v) (5.18)
0
1
< Slluo —v(O)l.
for all v € 2(®) with d,v € L*(0,T; 7).

The well-posedness of (5.18) is ensured by [70, Theorem 3]:

Theorem 5.8. Assume that the infitesimal generator <fx is coercive and continuous. Then problem (5.18)
admits a unique solution
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ueL*0,T;7)NL”(0,T;.5) suchthatt— ¢(u(t,-)) € L'(0,T).

Remark 5.9. As for the parabolic equality problem, also for (5.18) the initial condition is only required to

hold in .77 . In addition, however, in (5.18) the data uy must belong to the closure 7“0“% "of J in .

Remark 5.10. Convergence rates of backward Euler time discretizations of (5.18) for American style con-
tracts under minimal regularity are given in [3, 59, 70].

Using the notation of the previous sections, we now consider an American option with maturity 7' < o
and Lipschitz continuous payoff g(S). Its price Va(z,S) is given by the optimal stopping problem

Va(t,S) = sup E (e*’”*f)g(sms, - s) , (5.19)

€T

where .7 7 denotes the set of all stopping times between ¢ and T'.

In [60, 61] it is shown how the price Va(t,S) for S! = Sie” ™%, X being a Lévy process, can be charac-
terized as the viscosity solution of a corresponding Bellman equation (for details on viscosity solutions we
refer to e.g. [24] and the original sources [25, 71, 82]):

Theorem 5.11. The price Va(t,S) of an American option defined in (5.19) is a viscosity solution of

d

1
— VA1, S) = 1Va(t,8) =5 Y SiS;Qijds,s,Va— VES,&SVAtS)
21] 1
d
min —/d Va(t,Se) = Va(t,S) — E €% —1)ds,Va(t,S) | N(dz), p =0. (5.20)
R i=1
VA
VA(t7S)_g(S)

If Va(2,S) is uniformly continuous and there holds

Val(t,S
sup A(LS)

< o, (5.21)
[0,7]xRY, 1+

95}

this solution is unique.

Proof. Existence of the viscosity solution follows from [61, Theorems 3.1] and its uniqueness is ensured
by [61, Theorems 4.1] and [71].

Remark 5.12. Note that Theorem 5.11 holds only in the Lévy case. The solvability of the Bellman equation
for more general jump measures is investigated in [1, 15].

The Bellman equation (5.20) can equivalently be restated as the following linear complementarity problem:

drua(T,x) + Ssual(t,x) + Aual(t,x) = (T,x) <0,
ua(t,x) — e "g.(x) >0, (5.22)
I(,x) (ua(T,x) — € 7gr(7,x)) =0,

on [0,T] x R? with o/s and <7 as above. The initial condition is given by uao = g(e*), ie. uap = up.
The function g is the transformed payoff function, where we applied a transformation as in Theorem
5.6. The system (5.22) can also be considered for Feller generators and on bounded domains. An analogous
localization argument to the European case can be used for Lévy market models. Furthermore, if the solution
up of (5.22) satisfies up € L>((0,T);7p) NH'((0,T);D(e/p)*) it can be identified with the solution of the
following realization of the abstract variational inequality (5.14)—(5.15):

Find ua € L*((0,T); #p) NH'((0,T); #;) such that us € Z(¢.) a.e.in (0,T) and
(Frua,v —un)y;s v, + (Apun,v —us) — ¢ () + ¢ (v) > 0, (5.23)
forallve 2(¢.), ae.in (0,7), and us(0) =uo,
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with ¢; := I asin (5.13) and convex sets
He={veIp:v>eTg} C Vb, t€(0,7T),

where g, : R? — R as above.
As illustrated above, in weak form the variational problem (5.23) reads:

Find ua € L*((0,T); ¥p) NH'((0,T);¥;) such that ux € Z(®) a.e.in (0,T) and

/0 T 0e(T) + (b + A )ua(T) — Av(), 1A (T) — () - e~ 27T+ D(un) — D)

1
< 50— O

for all v € 2(®) with d;v € L*(0,T; 7). (5.24)

Here @ and 2(®) are depending on ¢, as defined in the last section. The well-posedness of (5.24) is
ensured by

Theorem 5.13. Let X be a Feller process which is an admissible market model with state space R?, char-
acteristic triplet (y,Q,N) and infinitesimal generator A. Then the weak variational inequality (5.24) with
uy € L2 (D) admits a unique solution in ¥p.

Proof. The proof follows from Theorem 5.8 using the Garding inequality (5.10) and continuity of the
corresponding Dirichlet bilinear form on ¥p in conjunction with, e.g., [14, Remarque 3] (to account for the
smooth time dependence of the convex set 7).

Remark 5.14. For Q(x) > Qp > 0 in D we obtain H_} (D) as the domain of the generator. For Lévy processes
an analogous result holds, cf. [67, Theorem 4.8].

A different approach to prove existence and uniqueness for the pricing problem is by discretization in time,
i.e. to approximate the parabolic variational inequalities by a sequence of nonlinear elliptic equations and
prove well-posedness for the solution of each equation in the sequence and apriori estimates for all ele-
ments of the sequence. Convergence of the sequence of solutions in an appropriate sense can be proven.
This procedure also gives a feasible numerical scheme for the approximation of the pricing problem, for
more details we refer to [43, 44] and references therein.

To approximate the solution of (5.22) and (5.23) we consider the following one-parameter family of regu-
larized problems: for a regularization parameter ¢ > 0, consider

Find u§ € L*((0,T); ¥p) NH'((0,T); #;;) such that
(Feuly,v —ul) vz, + (ApUY, v — uy)
+ (min (0,/(7,x) + c(u§ — €7gr)) ,v—us) >0, (5.25)
forallve ¥, ¢ >0, ae.in (0,7T), and u5(0) = up.

Different choices for the function [ are possible, if I € L>((0,T);L*(D)) we obtain existence of a unique
solution of (5.25) for Feller models, cf. [44, Theorem 1].

Under additional assumptions on the bilinear form and the function /(,x) convergence of the sequence
of solutions (u4 ). to ua with order O(1/c) in the L*((0,7) x D) norm can be established, cf. [44, Theo-
rem 4.2]. After discretization in time a semi-smooth Newton method can be employed to solve the arising
nonlinear systems in each time step iteratively, cf. [43].

5.3 Greeks

A key task in financial engineering is the fast and accurate calculation of sensitivities of market models
with respect to model parameters. This becomes necessary for example in model calibration, but also in
quantification of model uncertainty for risk analysis and in the pricing and hedging of certain derivative
contracts. Classical examples are variations of option prices with respect to the spot price or with respect to
time-to-maturity, the so-called “Greeks” of the model. For classical, diffusion type models and plain vanilla
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type contracts, the Greeks can be obtained analytically. With the trends to more general market models of
jump-diffusion type and to more complicated contracts, closed form solutions are generally not available
for pricing and calibration. Thus, prices and model sensitivities have to be approximated numerically.
We will consider the sensitivity of the solution u to variation of a model parameter, like the Greek Vega
(dou) and the sensitivity of the solution u to a variation of state spaces such as the Greek Delta (dyu).

Definition 5.15. We call a process X a parametric Feller market model with admissible parameter set .4y,
if the mapping ./, > n — {y,Q,N} is infinitely differentiable.

For a parametric Markovian market model X in the sense of Definition 5.15 we distinguish two classes of
sensitivities. In the following we assume that X (1)0) is an admissible market model i.e. </p (1)) is continuous
and satisfies the Gérding inequality for all 1o € S,,. Note that the domain ¥p of the operator .2/p might
depend on 7. For the numerical computation of sensitivities as well as for quadratic hedging it will be
crucial to admit a non-trivial right hand side. Accordingly, we consider the parabolic problem

du—Ip(mo)u=f inJxD, u(0,x)=upinD, (5.26)
with ug = g. For f € L(J; ¥75) and ug € 2 the weak formulation of the problem (5.26) is given by:

Find u € L (J;7p) NH'(J; %) such that
(a[M,V) _a(TIO;M,V) = <fa v>'75,'7/1)a Vv e 4//Da (527)
u(0,-) =ug.

Under the assumption that continuity and the Garding inequality hold for every model parameter ng € .9,
the problem (5.27) admits a unique solution. We will distinguish two classes of sensitivities:

1. The sensitivity of the solution u to a variation .%y > 1 1= 1o + 561, s > 0, of a model parameter 1y €
%y Typical examples are the Greeks Vega (dou), Rho (d,u) and Vomma (dsou). Other sensitivities
which are not so commonly used in the financial community are the sensitivity of the price with respect
to the jump intensity or the order of the process that models the underlying.

2. The sensitivity of the solution u to a variation of arguments #, x. Typical examples are the Greeks Theta
(du), Delta (dyu) and Gamma (Jyyut).

We note that Gamma dy,# and Vomma du are second derivatives of u. The most straightforward approach
to their numerical computation is to first obtain a numerical approximation # of u and then to differentiate
i with respect to the respective parameters. In variational discretizations such as the ones we will introduce
below, # will be a continuous, piecewise linear function of x. Therefore, direct computation of the Gamma
dxct by differentiation of @i is meaningless (it will yield a finite combination of Dirac distributions) and a
more sophisticated approach, based on postprocessing the approximate variational solution ii by averaging
is required. Likewise, the stable numerical computation of sensitivities with respect to a model parameter is
based on the observation that the sensitivity of interest satisfies (5.5) with a suitable f.

5.3.1 Sensitivity with respect to the model parameter

Let % be a Banach space over a domain D C R?. % is the space of parameters or coefficients in the operator
</ and ./, C € is the set of admissible coefficients. We denote by u(1o) the unique solution to (5.27) and
introduce the derivative of u(1)9) with respect to ng € ., as the mapping Dy u(1o) : € — /b

u(6n) := Dyyu(no)(0n) ::‘li%Ll(u(no—f—sén) —u(no)), onevs.

s—0T §
We also introduce the derivative of .o7p (1) with respect to 1o € %,

Ap(0N)@ = Dy, (o) (01) @ = lim

s—0F

% (“p(no+s6M)@ — p(n0) @),

where ¢ € 7p, 01 € €. We assume that 42%(671) € X(%, ://;*) with 7} a real and separable Hilbert space
satisfying
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WDQWDC%'E%*CWD*QWD*.

We flﬁher assume that there exists a real and separable Hilbert space Y C % such that sz%v S
Vv € ¥p. We have the following relation between Dy, u(1o)(0n) and u.

Lemma 5.16. Let 42%(671) € X(%, %*), Von € € and u(ny) : J — ¥p, no € Sy be the unique solution
to

du(no) — @p(no)u(no) =0 inJxD, u(no)(0,) =g(x) inD. (5:28)
Then, u(dn) solves
ayii(dn) — p(00)ii(6n) = p(dn)u(ng) inJ x D, &(dN)(0,-) =0 inD. (5:29)

Proof. Since u(19)(0) = g does not depend on 7y its derivative with respect to 7 is 0. Now let n; :=
Mo +s6n,s >0,0n € €. Subtract from the equation d;u(n;)(t) — p(ns)u(ns)(t) = 0 equation (5.28) and
divide by s to obtain

i é(“(’?s)(f) —u(no)(1)) — é (Ap(ns) — p(n0) ) u(n)(t)
— < 7o10) (u(m) )~ () 1)) = 0.

Taking lim,_,o+ gives equation (5.29).
We associate to the operator %(57}) the Dirichlet form a(dn;-,-) : V5 x ¥p — R which is given by

a(omsu,v) = (p(dn)u,v) - .

The variational formulation to (5.29) reads:
Find u(6n) € L*(J; p) NH'(J; ) such that
(3u(8m),v).r — a(no:u(6m),v) = +a(dn;u(no),v), We ¥, (5.30)
1u(67)(0) =0.

Note that (5.30) has a unique solution z(61) € ¥p due to the assumptions on a(1o;-, ), p and u(no) € p.
The numerical solution of (5.30) will be discussed in the next chapters.

5.3.2 Sensitivity with respect to solution arguments

We discuss the computation of Z"u = dy;' - - dy.¢u for arbitrary multi-index n € N¢, where n = (n,...,n,).
For u € Z¢ and h > 0 we define the translation operator Th“ @(x) = @(x+ uh) and the forward difference

quotient d; j¢(x) = h~' (T, @(x) — p(x)), where ¢;, j = 1,...,d, denotes the j-th standard basis vector in
R¢. Forn € Ng we denote by d;'¢p = &Z Lo &Z ¢ @ and by 2} the difference operator of order n > 0

Tho:= Y Cyal)o}g.

v,n[=n

Definition 5.17. The difference operator 9} of order |n| = n and mesh width h is called an approximation
to the derivative I™ of order s € Ny if for any Gy C G there holds

120 = DRl e 6y < CH @l gssrsn ), VP € H (G, (531)

Using finite elements for the discretization with basis by,...,by of Vi, the action of Z}! to vy € Vi can be
realized as matrix-vector multiplication vy, +— D}lvy,, where

2: (.@;;b],"' ,-@;l:bN) GRNXN,

and vy is the coefficient vector of vy with respect to the basis of Vy.
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Example 5.18. Let Vy be, the space of piecewise linear continuous functions on [0, 1] vanishing at the end
points 0, 1. For ., 3,y € R and u € Ny we denote by diagu(a,ﬁ,y) the matrices

-0 ap

y 0 -
-0a B vy

diagu(a5ﬁ))/): 0 o

where the entries 3 are on the u-th lower diagonal. Then, the matrices Qy, of the forward difference quotient
dp and T, of the translation operator ThM respectively are given by

Q= i~ 'diagy(0,—1,1), T, =diag,(0,1,0).
Hence, for example, we have for the centered finite difference quotient
Diip(x) = h2(@(x+h) = 20(x) + @(x — ),

of order 2 in one dimension D,zl =T_ Q,ZI = h~2diag,(1,—2,1). In the multidimensional case the matrix D}
is given by
1= 3 Gy o 0T 000}
y,\n =n
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6 Wavelets

For the numerical solution, we discretize the parabolic equation (5.7)-(5.8) in (0,7) x D in the spatial
variable with spline wavelet bases for V = H™() (D) an in the time parameter by the 0-scheme or the
more sophisticated discontinuous Galerkin timestepping which allows to expoit the time-analycity of the
processes’ semigroups. To present the spatial discretizations, we briefly recapitulate basic definitions and
results on wavelets from, e.g., [20] and the references there. For specific spline wavelet constructions on
a bounded interval I, we refer to e.g. [30], [63] and [83]. Since for all infinitesimal generators arising
in connection with Markov processes the Sobolev order 2m(x) of the generator satisfies 0 < m(x) <1,
the full machinery of multiresolution analyses in Sobolev spaces of arbitrary order is not required; we
confine ourselves therefore to continuous, piecewise polynomial multiresolution systems in R'. For wavelet
discretizations of Kolmogoroff equations for multivariate models, we shall employ tensor products of these
univariate, piecewise polynomials multiresolution systems.

Our use of compactly supported, piecewise polynomial multiresolution systems (rather than the more
commonly employed B-spline Finite Element spaces) for the Galerkin discretization of Kolmogoroff equa-
tions is motivated by the following key properties of these spline wavelet systems: a) the approximation
properties of the multiresolution sytems equal those of the B-spline systems, b) the spline wavelet systems
form Riesz bases of the domains of the infinitesimal generators of the Markov processes, thereby allowing
for simple and efficient preconditioning of the matrices arising in wavelet representations of the processes’
Dirichlet forms, c) the spline wavelet systems can be designed to have a large number of vanishing moments,
thereby allowing for a compression of the wavelet matrix for the jump measure.

6.1 Spline wavelets on an interval

Our Galerkin discretizations of Kolmogoroff equations for Feller processes are based on biorthogonal
wavelet bases on a bounded interval / C R.

We recapitulate the basic definitions from, e.g., [20, 83] to which we also refer for further references and
additional details, such as the construction of higher order wavelets.

Our wavelet systems are two-parameter systems {yx};——1, .= ey, of compactly supported functions
Yy k- Here the first index, [, denotes “level” of refinement resp. resolution: wavelet functions 1; ; with large
values of the level index are well-localized in the sense that diam(suppyy; ;) = O(27!). The second index,
k € V;, measures the localization of wavelet 1, within the interval I at scale / and ranges in the index
set V. In order to achieve maximal flexibility in the construction of wavelet systems (which can be used
to satisfy other requirements, such as minimizing their support size or to minimize the size of constants
in norm equivalences), we will consider wavelet systems which are biorthogonal in L?(I), consisting of
a primal wavelet system {yjx};—_1, ey, Which is a Riesz basis of L?(I) (and which will enter ex-
plicitly in the Galerkin discretizations of the Markov processes) and a corresponding dual wavelet system
{ @Lk} I=—1,....0kev, (Which will never be used explicitly in our algorithms). Notice that construction of fully
L?(I) orthonormal wavelet systems is feasible, but results in function systems which are either nonpolyno-
mial or have larger supports or fewer vanishing moments.

The primal wavelet bases v, ; span finite dimensional spaces

L1
#" = span {Yip:keVvi}, yl.= @ v 1=-1,0,1...,
I=—1
and the dual spaces are defined analogously in terms of the dual wavelets ), x by
W i=span (P keV}, vEi= EB w' 1=-1,0,1...,
I=—1

In the sequel we require the following properties of the wavelet functions to be used on our Galerkin
discretization schemes, we assume wlog I = (0, 1).

1. Biorthogonality: the basis functions ¥ ¢, y x satisfy
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(Wi W ) = O Oy (6.1)
2. Local support: the diameter of the support is proportional to the meshsize 27/,
diam supp ¥y ~ 27", diam supp Pz ~27". (6.2)
3. Conformity: the basis functions should be sufficiently regular, i.e.
w'cH'(I), #' C H*(I) forsome 8 >0, [>—1. 6.3)

Furthermore @j-._, #', @, #" are supposed to be dense in L (I)
4. Vanishing moments: The primal basis functions v, ; are assumed to satisfy vanishing moment condi-
tions up to order p*+ 1> p

(Y, x*) =0, a=0,....d=p"+1,1>0, (6.4)
and for all dual wavelets, except the ones at each end point, one has

(Y, x*)=0,a=0,....,d=p+1,1>0. (6.5)
At the end points the dual wavelets satisfy only

(Y, x*)=0,a=1,....,d=p+1,1>0. (6.6)

We remark that the third condition implies that the wavelets satisfy the zero Dirichlet condition, namely
Y1£(0) = Yy x(1) = 0; the representation of this boundary condition by the subspace is important in the
pricing of barrier contracts. To satisfy the homogeneous Dirichlet condition by the wavelet basis, we sacri-
fice the vanishing moment property of those wavelets whose supports include the endpoints of /,i.e. x =0
or x = 1. For example, Y0,/ = 0,..., at the end point x = 0 (assuming that the localization index k € V,
enumerates the wavelets in the direction of increasing values of x).

A systematic and general construction for arbitrary order biorthogonal spline wavelets is presented
in [26]. Sufficiently far apart from the end points of (0,1), biorthogonal wavelet (e.g. [20] and the
references there) bases are used in this approach. In the recent paper [38] a wavelet bases was con-
structed with slightly smaller support at the end points. Using biorthogonal wavelets in the case p = 1,
piecewise linear spline wavelets vanishing outside I = (0, 1) are obtained by simple scaling. The inte-
rior wavelets have two vanishing moments and are obtained from the mother wavelet 1 (x) which takes
the values (O,—%, —%, %, —%, —%,0,0,0) at the points (0, %, %, %, %, %, %, %, 1) by scaling and translations:
Pru(x) =212 (2! 3x—k+2) for2 <k <2' —3and [ > 3. At the left boundary k = 1, we use the piecewise
linear function v, ¢, defined by the nodal values (0, %, %3, %], %, %,0,0,0) and Yyjgn (X) = Yref: (1 — x). For
additional details we refer to [38].

The following particular system of biorthogonal spline wavelet basis functions are Riesz bases for all
constant or variable order Sobolev spaces of order s € [0,1] (and only these spaces arise as domains of
the infinitesimal generators of Feller-Lévy processes) and have proved efficient for our present applications
[57]. They are a biorthogonal system of piecewise linear, continuos polynomial spline wavelets which
were optimized for having small support. Their dual wavelets do not permit compact support, but they are
nevertheless exponentially decaying, i.e.,

u?fe(x)] < Cexp(—xlx]), &k>0xeR. 6.7)

Note that the dual wavelets never enter the Galerkin discretization schemes explicitly. The biorthogonal
wavelets in the case p = 1 are continuous, piecewise linear spline wavelets vanishing outside I = (0, 1) (for
general intervals I = (a,b), they are obtained by simple scalings). The interior wavelets have two vanishing
moments and are obtained from one piecewise linear, continuous mother wavelet function vy (x) taking
values (0,—4,1,—1,0) at (0,1,1,3.1) by scaling and translation: y; (x) := 212 (21T — (2k—1)272)
for1 <k<2'—2and/>2.

The boundary wavelets are likewise constructed from the continuous, piecewise linear functions .., with
values (0,1,—4%,0) at (0,1, 1,2), and y*, taking values (0,—1,1,0) at (3,4,3,1): ) = ¢, (2"~ 'x) and
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Yy or_q = 2129*(271x — 2/=1 4 1). The following results are known for wavelets satisfying the above
requirements (e.g., [20]).

Any function v € H*(I), 0 < s < p+1, and, due to the embeddings H”(I) C H"™)(I) ¢ H™(I), in
particular any function v € H™®) (I) can be represented in the wavelet series

V=SS v = Y g, v = /v@dx. (6.8)
=iy rer !

Here, we used the symbol A = (I,k) to denote a generic index in the index set
I ={A=(Lk):1=0,1,2... , k=1,...M}.

Approximations v, of functions v € H™) (1) can be obtained by truncating the wavelet expansion (6.8).
In this way, a “quasi-interpolating” approximation operator Qy, : H™W) (I) — Vj, can be defined by truncating
the wavelet expansion, i.e. by
L—1 M

Opv = E E VIYLk- (6.9)
~6 &1

For all v, = Eztol EkM:I] VicWik € Vi = L, h~27L there holds the norm equivalence

1M
vallZs E E vial?2°, (6.10)
=0 k=1

forall 0 <s < % This result is sharp in the sense that the norm equivalence fails in the upper limit s = 3 /2;
spline-wavelet systems consisting of higher order, piecewise polynomials with higher regularity across
interval boundaries are known, but are not required in the present context, as the arguments in Dirichlet
forms of Feller processes must belong locally to H'(R9), at best.

Validity of (6.10) in the variable order spaces H™®) (I) was shown in [77, Theorem 3]. There, it was in
particular shown that for u € H™®) it holds

o0 Ml
H“||Hm<x> E E ‘Ml,k‘ZZZm“, (6.11)
[=0k=1

where we recall the notation A = (/,k) € .# and m; which is defined as
my =inf{m(x):x€ Q,} and m; =sup{m(x):xe€ Q;} (6.12)
for the extended support €2, of a wavelet basis function 1, defined by

Q. == |J {suppy, :suppy; Nsuppy,s #0}. (6.13)
AMe s>l

For0 <s < % <t < p+1,we have the approximation property (e.g. [20])
HV_QhVHﬁs(l) SCh[ﬂ”"”ﬁf([)- (6.14)

Remark 6.1. The pricing equations can also be considered in real price variables and not in log-price vari-
ables as described above, this leads to pseudodifferential operators, whose domains are weighted Sobolev
spaces with possibly degenerated weights. An example for such kind of equations is given by the CEV
model, cf. Remark 2.8 and 5.7. Norm equivalences and efficient preconditioning for this kind of equations
has been considered by [10]. The corresponding norm equivalence for a weighted space L2,(0, 1) with norm

HuHZ% = fol w(x)?u(x)? dx reads:

o M
HV”ia(o,l) NIZ 2 V1k|2 2 ) (6.15)
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Fig. 1 Single-scale space V;, and its decomposition into multiscale wavelet spaces Wy for L=3 and p = 1.

for v € L2, and w being a possibly singular weight function fulfilling weak smoothness assumptions, cf.
[10, Assumption 3.1]. Note that we obtain a variable weight in the exponent in (6.11) for the variable order
Sobolev space, while we obtain a variable weight in the case of the weighted space (6.15). It is also possible
to combine the variable order Sobolev spaces and the weighted Sobolev spaces, leading to weighted variable
order spaces with analogous norm equivalences to (6.11) and (6.15).

6.2 Tensor product spaces

On D =[0,1]%,d > 1, we define the subspace V. of H™™ (D) as the full tensor product of d univariate
approximation spaces, i.e. VL := @ <ij<; ¥ i, which can be written as

Vi={ypx:0<Li<L-1kk€eV,,i=1,...d},

with basis functions ynx = Y, 4, - Y14, 0 <L <L—1,k; €V, i=1,...,d. We can write V7 in terms of
increment spaces

Vi= P #e..ewh
0<l;<L—1

Therefore, we have for any function u € L?(D) the series representation

Using the one dimensional norm equivalences and the intersection structure we obtain
2m} 1 2md |
el Fmcr ~ (2 a2 "> luy |* (6.16)
A

Corollary 6.2. Let u € H*(D) N H' (D) for some 1 < s < p+ 1. Then for the quasi-interpolant u, = Qnu =
E[L,;(l) kM:I ' Lk there holds for 0 <m < 1 < s < p+ 1 the Jackson estimate

H”_uhH%m(X)(D) S /1 (22L(H11(X])*S)+___+22L(md(xd)*s)) (|Dsu(x)|2+|u(x)|2)dx

S 224 | s ),

where m = max;—_ 4.

Proof. For multi-indices A = (1,k),u = (L,k') € .#, we introduce the notation A > w if /; > L; and
suppy;, Nsuppyy, # 0 for all i = 1,....d. For s > 3 we choose s’ < s with 1 <’ < 3, otherwise we
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set s’ = 5. We observe that m;. — s’ <m,, —s <0 holds for all A; = u; . Therefore we conclude from the
norm equivalence (6.16)

M,

2 /; 20ym}, 2Uyms 2

Huiul’l”ﬁm(x)(D) ~ E E 2 1+...42 d |M}L|
L>LK=1

_ E E (2211(%1 )22115-’_‘_.”_'_221(1("% )221[15-’) |MA|2
<3 (22L(WL1*S'>+...+22L(mﬁﬂ’))

x 3 (224 22y P,
Ar-p

where Vi = {u= (LK) :kj=1,... M, i=1,...,d}.
Let u = (LK), L = |u| and O, := ¢ [27Lk},27E (K. + 1)]. Then, by the norm equivalence (6.16) and
the approximation property (6.14), we have

22‘”‘+...+22x/ld)|”}»|2§ > 2 fulss, -
UEVL A1 HEVL

Recalling that 2Lmi oL (i) 2L holds for all x € O > we obtain the final result

et — sl

By S [ (ZHO0) 22 ) (D) P 4 ) P

S 2 s )

6.3 Space discretization

For computational reasons it is convenient to consider the PIDE formulation of the Feller generator .o
with symbol a(x, €). For u € S(RY) we can write as in (2.6):

heulx) = (2‘7)0, / alx, €)a(E) dg

= 77’( +2le akl”
2Jr /Rd /Rd < 1?_.'32) N(x,dy)a(§)dE
= _Y( ) +2leaklu
t
1 Coex(, e, W&\
Ty /Rd./Rde <1 e +1+|y|2> A(E)dEN(x,dy)
d
= —y(x) - Vu(x) +2Qk1‘9klu
t

+/Rd (u(x)—u(x—l—y)—i—)th()zc)) N(x,dy).

1+ [y

C
Ay u



30 0. Reichmann and Ch. Schwab

If we assume X to be an admissible market model, we can drop the damping factor ﬁ and replace
y

the measure N by the corresponding jump kernel k in the above calculation, due to (4.13). We convert the
canonical jump operator ﬂfjc into the integrated jump operator <7, due to an analogous argument to [85,
Lemma 2.2.7],

Ayu(x E/ u(x+yie;) — u(x) — yidiu(x)) ki (x;, yi )dy;

dlu
+E > /& (4 Y)F (Ui (ke yi) Jwer) Y
~ 2 ey

11<'-'<1j

where F is the Lévy copula of X and Uy are the corresponding tail integrals. The corresponding bilinear
form reads

d
— ;/R/Rd (u(x+yie;) — u(x) — yidu(x)) v(x) ki (x;, y;) dxdy;

(1)

%) ‘2 /]RJ /]Rd f;;” (X)FI((Uk(xkaJ’k))keI) dXdyI.
=2 |

L<.. <I

Remark 6.3. The marginal jump kernels k;(x,y) can have a singularity at y; = 0 of order 1 + o; < 3, so
a numerical evaluation of the discretized bilinear form for nonsmooth arguments (such as the continuous,
piecewise linears) is not straightforward, since the condition (2.5) on the jump measure N(x,dy) implies
that possibly nonintegrable singularities could arise in the densities k;(x;,y;) in the representation of A ju(x),
unless u is locally in C"! in that representation. This is not the case, however, for the piecewise linear,
continuous wavelet functions. Therefore, in our implementations, we use antiderivatives of k' to remove
nonintegrable singularities that are easier to handle. Specifically, we use the following equality for (I) for
smooth u and v:

[ L (e yie) = () = () vx) o ) ey

R JR

:// &izu(x+Yiei)V(x)k§72)(xiaJ’i)dXdJ’i
RJRI

—// (9,-u(x+y,-e,~)&,~v(x)kl(72)(x,-,y,-)dxdy,- (6.17)
R JRd

—/ / &iu(x—i—y,-ei)v(x) a,-kffz) (x,-,y,-)dxdy,-.
R JRd

Therefore, the jump part of the bilinear form can be written as

d .
— E / / ., (9,-u(x+y,~e,~)ﬂ,~v(x) klgiz) (x,-,y,-)dxdy,-

/ / diue(x + yier)v ()aikﬁ*z’(xi,y»dxdyi

g \; /RJ /Rd ay! (et 3 DO P (Ur s i) ey ) vy’
J= 1

I <. <[

This representation is well-defined also for compactly supported functions u, v which have only local inte-
grable, weak first derivatives, such as the spline wavelet functions introduced above.

Remark 6.4. The major differences to the Lévy case reside in the second term of (6.17) and the x-
dependence of the integration kernels. In order for the described procedure to be feasible, the second an-
tiderivatives of the jump kernel need to be available. This is the case for many processes such as CGMY-type
or Variance Gamma-type Feller processes, for instance.



Numerical Analysis of Feller Processes 31

Using the wavelet basis described above, we have to compute the stiffness matrix of the diffusion part and of
the jump part of the bilinear form. The computation of the stiffness matrix for the diffusion part is standard
(e.g. [85]). In what follows, we therefore focus on the jump part

Aoy ax) = E// ditpac (x + yier) i g (x) ki (i, 1) ddy
+/R/ Ik (x + yie)) Yy g (x) 19ik§72)(xi,)’i)dXdJ’i

d
+ E AJ /L;R 1plk x+y )lpl/ k/( ) I((Uk(xk;)’k))ke[)dxdyl.

=2 |ll=j
I <. <Ij

We define the one-dimensional matrices M’

. R
Ml(l/,k/),(l,k) = ‘/7R1,Ul,klpl/7k/dx.

Additionally, we define

- R
i -2
Al ), 0 1=—_/H{KRw[,k(X+z)wZ/,k/(X)k§ )(xvz)dXdZ
L (-2)
[ ] vlster ur @ ok ) ard:
JrJ R

and

) (k) /RI’I/ R.R]I i X+Z)1,U|/ k/( )
F' (U, yk) ket ) dxdz.

We can now write the jump stiffness matrix as

d

J _ 1
Ay ) (k) = 21 P> AWK k) l_l[Mlz' K) (i ki)
1=
I <.. <[

The matrix A’ is densely populated due to the non-local character of the operator A’.

6.4 Wavelet compression

Compression schemes of the matrix A’ aim at reducing of the complexity of the computation to essentially
the complexity of discretizations for generators of diffusion processes (as the appear, e.g., in the Black-
Scholes model). This can be achieved by defining an appropriate approximation matrix A’ corresponding
to a bilinear form a(u,v). The analysis of compression schemes for high-dimensional anisotropic Lévy
type operators was done by [64, 65, 66]. Processes with state spaces in R! whose generators are Sobolev
spaces of variable order were treated by [77]. The analysis in [77] can be extended to processes with state
spaces in R! whose generators are Sobolev spaces of variable order. The extension of norm equivalences
for generators of processes in R? with domains that are Sobolev spaces of anisotropic, variable orders is in
progress.
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7 Computational scheme

7.1 Time discretization

In order to obtain a fully discrete approximation (in space and time) to the parabolic problem (5.7), we
have to discretize the semi-discrete formulation in time. This can be done for example via discontinuous
Galerkin time stepping as in [79] or by the 6-scheme. We will present the preconditioning for the 6-scheme
in more detail. Multilevel preconditioning in the implementation of dG-time stepping is analogous to [77,
Section 6.3.2].

At each time step, we need to solve a linear system

(M+0A7A) )™ = (M — (1 — 0)ArA)u),

at each time step m =0,...,M — 1, with gg = uy o, where uj' denotes the coefficient vector of ur(tm,-), M
the mass matrix and A the stiffness matrix in the corresponding basis. For the iterative solution of these
systems we use multilevel preconditioning obtained through the wavelet norm equivalences. We obtain for
u € Vi1 with coefficient vector u

ul* < (u,Mu) < |uf®,

due to (6.16). We denote by D4 the diagonal matrix with entries 22*)‘1 +...4+2 ”‘d . Then we obtain,
from (6.16) and the well-posedness:

(u,Dpu) S (u,Au) S (1, Dpu).
Thus, we have
(u,Du) < (u,Bu) < (u,Du),
withD =1+ 60AtD,4 and B=M + 0ArA. Finally we obtain for u = D!/2y:

@P < (z.p"*BD") S i

Therefore, we can iteratively solve the linear system Bu =D with GMRES in a number of steps that is
independent of the level index L, where B = D~ /2BD~!/2 and b = D~!/2p. The discretization of (5.22)
can be performed in a similar fashion with 6 = 1, i.e., an implicit Euler scheme, and leads to the following
system to be solved at every timestep:

(M+0AA) U™ > (M — (1 — 0)ArA)u), (7.1)
(' —g,) " (Mg — ) + (ArA) (0! — (1= 0)ef)) =0 (7.2)
with 1 = u; o and ™" € K™ K" = {u € RV|u > g}, where g” denotes the coefficient vector

of g;,, in the corresponding basis. The system (7.1)-(7.2) can be solved using the projected successive over-
relaxation (PSOR) method, for example. The use of PSOR for a hierarchical discretization is not optimal
as the sign of the coefficient vector entries is crucial. The discretization of (5.25) can be carried out anal-
ogously. Using this method we do not have to rely on the PSOR method and can exploit the hierarchical
structure of the basis.

Remark 7.1. An analogous discretization scheme can be applied for time-inhomo- geneous problems, cf.
Section 2.2. Using an implicit Euler scheme convergence of the solution of the discretized problem to the
weak solution (in an appropriate sense) can be shown under weak smoothness assumptions on the time-
dependence of the coefficients.



Numerical Analysis of Feller Processes 33

7.2 Numerical quadratures

As seen in the previous section we have to compute matrix entries of the form:

A ), 1K) Z/Rd/D 91 - dg P (X + ) P g (x) K (x,y)dxdy (7.3)
JDp

We consider the following class of function. The kernels we consider fall into this class due to Theorem 4.1
and Lemma 4.2.

Assumption 7.2 Let f € L'([0,1]¢ x [0,1]9). There exist 0 < a < d, a ¢ N,C >0, 8 € (0,1), such that for
kymeNg,i=1,...,d

980 (x.8)| S kmICH |5 5 E L vExe (0,1)1, (7:4)

We are now able to prove the exponential convergence in the number of quadrature points of a quadrature
rule for the matrix entries Ay ) qx)- Therefore we denote the Gauss-Legendre integration rule on [0,1]

by Qéo’]]f = 25:1 . jf (&g ;) and obtain the following error estimate for f € C?4([0,1]) using Stirling’s
formula:

—4g

2
0] = 0= 0 5 G

29g)|.

In the multidimensional case we obtain a similar error estimate for f € C?¢([0,1]¢) using [85, Lemma 5.1.1.]

274g d
< max
(28)! A gepo,1)

ey

3% 1®)|. @5)

We are now able to define a composite quadrature rule as in [81]. Let a geometric partition on [0, 1] be given
by0<o"<o"!'<..<o<1,forneN,o € (0,1). We denote the subdomains by A; := [o" !~/ o" /],
with j=1,...,nand Ag = [0,0"]. Given a linear degree vector ¢ € N¥ and ¢; = [u ] with slope u > 0, we
use on each subdomain A;, j = 1,...,n a Gauss quadrature with degree ¢; and no quadrature points in Ay.
The composite Gauss quadrature rule is defined by

oyf =30y r
=i

and exponential convergence can be proven.

Theorem 7.3. Let f satisfy (7.4). consider
C(1-o0)

0,1 h that w =
o €(0,1) such that w i

<1, (7.6)

1

and linear degree vectors (q',...,q?), ¢/ = (q{, ... ,q{;),

. . . 1-—%)Ino
q;=[ujl, with slopes u' > % (7.7
Then we obtain for any fixed x € [0, l]d
1[071]‘1ff ng(q"--»#d)f <e? 2W' (7.8)

Proof. The proof can be found in [85, Theorem 5.2.3].

We will use composite Gauss quadrature rules in the y-variable and standard Gauss quadratures in the
x-variable.

Theorem 7.4. We consider the following quadrature rule for an f with Property 7.2:
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n,(q",....q"
0=05" " w0,
and prove the following estimate for the error defined as

Elf] = [V r—of| g™V,

for g = &/N.
Proof.
d d d n 1 d
Elf) =10 @ (7 = 0p) £+ (1" = 05 ) @ 0y f (7.9)
< - ) JE eSS 7.10
S /[O,]]d o) %, | o (x,8)| dE +e ,;,zlwg’f”‘ (7.10)
e ¥ g, (7.11)

The number of quadrature points N can be bounded by N < n??. Therefore we obtain exponential conver-
gence in the number of quadrature points choosing g = ¥/N.

Remark 7.5. We can obtain exponentially converging integration schemes under weaker assumptions on
the integration kernel using [19].
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8 Alternative pricing approaches

In the following we briefly survey on two different approaches to pricing under Feller processes.

8.1 Monte Carlo simulation

In [12] a very general framework for the simulation of paths for Feller processes is presented. For an analysis
of path properties of Feller processes we refer to [72, 74, 73]. Under minimal assumptions on coefficients,
they provide a method for path simulation. Their algorithm is based on an approximation of a Feller process
by a Markov chain with Lévy increments. In each time step the corresponding transition operator is a PDO
with constant symbol. This method presents to our knowledge the only approach to the simulation of a
general Feller process. Unfortunately it is not feasible for pricing as approximation rates cannot be obtained
as convergence is observed in the Skorohod topology without a rate. The algorithm consists of the following
steps:

(1) Freeze the Feller symbol at X, = x;.
(2) Simulate a Lévy increment with characteristic function a(x;,&).
(3) Obtain an approximation at Xy, , and go back to (1).

We illustrate the algorithm with two examples. First we consider a NIG type model that was proposed by

[5].
Example 8.1. The symbol of the NIG-type Feller process is given by

Al ) = iy ()€ +0(0) [((? — (B +8)) V2 ~ (2~ p(P) 2]

where we obtain the characteristic function of an NIG process omitting the dependence on x. The parameters
of the NIG process have a nice interpretation. The parameter 3 describes the asymmetry, while oo — 8 and
o+ f3 describe the rate of exponential decay at the right and left tail, § is a scaling parameter and y describes
the drift. For details on the NIG distribution we refer to [4]. A variable function 8 (x) is chosen in order to
model mean-reverting behaviour,i.e.,

B(x)= 72% arctan(ex).

The other parameters are chosen to be constant. Due to properties of the NIG distribution we have to set )
s.t. || < a holds. NIG random numbers can be generated by sampling a standard Brownian motion and an
IG process, we refer to [80] for details. Figure 2 shows 10 sample paths of this Feller NIG-type process.

Now we consider a CGMY-type model as described in Example 4.12. The simulation of CGMY distributed
random numbers is not straightforward. We therefore use Fourier techniques, i.e., we apply the discrete
Fourier transform to the characteristic function of the corresponding random variable and obtain an approx-
imation of the probability distribution function. Figure 3 shows sample paths generated by this method.

8.2 Fourier pricing

A large amount of literature has been devoted to regular affine processes, we refer to the fundamental mono-
graph [31] for a theoretical introduction. These are multidimensional jump diffusions with coefficients that
depend affinely on the state variables. Due to [31, Theorem 2.7] regular affine processes are Feller processes
with CJ (R?) contained in the domain of the generator. The characteristic function y — Elexp(i(y,X;))] is
for each y available as the solution of a (multidimensional) Riccati equation. Therefore, Fourier pricing
methods can be employed to price a variety of contracts. We refer to [18, 9, 33] for details and briefly
describe the approach discussed in [33] for the one dimensional case, the multidimensional extension is
straightforward with a more involved notation.
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Value

Fig. 2 Sample paths in of a Feller NIG model as in Example 8.1 witha =2, x =1.5,6 =1 and y =0.

Consider an option with payoff g(X7) = g(Xr +s), where X is the underlying regular affine process and
s = logSy. For sake of notational simplicity suppose r = 0. Since the payoff g(k) may tend to a positive
constant or infinity as k — oo, the Fourier transformation of g(k) does not exist, in general. Therefore,
instead of g(k) one has to consider the damped payoff h(k) = ¢“**g(k) with an appropriately chosen damp-
ing constant & € R, such that & € L (R), h € L' (R) and E[exp(aXr)] < o holds, where L} (R) denotes
the space of all bounded continuous functions in L' (R). The option price u(z,x) is then given by, cf. [33,
Theorem 2.2]

as

u0.5) = 5= [ Py (203l i) &z

= e F 7180 @ex, (2)](s), 8.1

where @y, is the extended characteristic function of the random variable X7, .% denotes the Fourier trans-
form and .% ~! denotes the generalized inverse Fourier transformation shifted by ict.

Remark 8.2. The assumptions on the payoff function g can be relaxed such as to include discontinuous
payoffs like barrier options, cf. [33, Remark 2.3]. Theoretically, the pricing problem could be considered
for much more general market models, i.e., in a general semimartingale setting, leading to analogous pric-
ing formulas to (8.1). But the characteristic function will not be easily available in this case, making the
pricing approach non feasible. Pricing formulas for options on the supremum or infimum of the underlying
process, such as lookback or one-touch options, can be derived in an analogous way, considering them as
plain vanilla options on the supremum or infimum process. The (extended) characteristic function for the
supremum and infimum process can be derived in the Lévy case, cf [33, Section 5].

In most cases the Fourier transformation of g(y) has to be evaluated numerically and one hence has to cal-
culate both .# and .% ! in (8.1) numerically. In dimension d = 1 however the Fourier transformation of
most payoffs can be obtained analytically, cf. [13, 33, 56] and only one Fourier transformation, i.e.,.# ! in
(8.1), has to be evaluated numerically.

We now briefly describe the discretization of the arising multidimensional Fourier integrals. The multi-
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Time

Fig.3 Sample paths in of a Feller CGMY model as in Example 4.12 with m(x) = exp(—x?) +0.2,~ =9, =7andC = 1.

dimensional discrete Fourier transform of a given series of data points f; is given by the collection

=)

N-1  N-1
=¥y FHEDINE k=0, ,N—1,n=1,....d. (8.2)
=0 jg=0 N

To compute fz, k,=0,....N—1,n=1,...,d one a-priori needs O(NZd ) operations. Utilizing the so-called
fast Fourier transform [21, 62, 84] this computational cost can be reduced to O(N?logN), we refer to
[35] for details on the implementation. For instance, suppose we want to approximate the inverse Fourier
transform of a function f(z) with a discrete Fourier transform (to solve (8.1) one may choose f(z) =
Fg()(z+ ia)ex, (—z —ia)). Then, the integral can be truncated and discretized using the trapezoidal
rule:

e~ £(2)dz

FU@I) = [ e e [

R4 [-R,R]4
N-1  N-I
~ —i(xz;))
~ 3 S wpfleg)e
s1=0 jg=0
with discretization step Az = %, Zj = —R+ jaAz in Fourier space and suitable weights w;, see e.g.

[45]. Herewith, in order to obtain an approximate value of u(¢,x) in (8.1) for any x € R?, we also have to

discretize the spot price or x-domain R?. For this, we define an additional grid by setting Xj =—Ro+kpAx

with step size Ax = % and given R > 0. With the relation

2
Az-Ax = = 8.3
zAx=— (8.3)

we then find
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N—-1 N—-1
Fam [f(Z)](xk) ~ oRe1) . E 9712ﬂ<k’1>/Nw1f(Zl') oReAZ(L)) 6‘1R<x5’l>f&.
=0 jg=0

This expression can now be evaluated very efficiently using the fast Fourier transform as mentioned above.
Also note that by (8.3) the discretization of the Fourier space and the spot price space are related and cannot
be chosen independently. No time stepping is required and for d = 1 dimension only O(NlogN) work is
needed to obtain the price at N spot prices. For convergence rates and error analysis see [55].

The main advantage of Fourier based pricing in comparison with FEM based algorithms is the compu-
tation speed in certain cases. For plain vanilla contracts in market models where the characteristic function
is available in closed form Fourier methods are significantly more efficient. Note that Fourier techniques
can also be employed for a wide range of stochastic volatility models, cf. [58, 33]. Although many of these
models fall into the class of Feller processes, we cannot directly employ the FEM methods developed above,
as the symbols of these processes do not fulfill property (a) of Theorem 2.5. FEM techniques for stochastic
volatility models have been considered, e.g., by [39].

Shortcomings of the Fourier approach are that the solution of the Riccati equations can be computationally
expensive, if the characteristic function cannot be computed analytically, besides the pricing of exotic and
early exercise contracts is not trivial in many cases. Finally, Fourier techniques are to our knowledge not
feasible for general Feller processes. For details on regular affine processes we refer to [31, 32, 53].
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9 Numerical examples

We conclude our presentation with several computational examples to illustrate the performance of our
solution algorithms. All applications are taken from the pricing of derivative contracts on Lévy and Feller-
Lévy market models. Our emphasis of the examples given below is to demonstrate that a) the methods
handle Lévy as well as Feller-Lévy and Sato processes in a unified approach, with comparable efficiency
(i.e. numerical accuracy versus computational work) and b) to present examples where the capability of our
methods is applied to quantify model risk. Specifically, to assess the impact of pricing under Lévy models
versus more general, Feller-Lévy models.

9.1 Univariate case

In this section we describe the implementation numerical solution methods for the Kolmogoroff equations
for Feller processes taking values in R! using the techniques described above. We assume the risk-neutral
dynamics of the underlying asset to be given by

t+X
S[:S()er+ t,

where X is a Feller process with characteristic triple (y(x), o(x),k(x,y)dy) under a risk neutral measure Q
such that X is a martingale with respect to the canonical filtration of X. In the following we set » = 0 for
notational convenience. We will only consider Feller processes X that are admissible market models. In

Stifiness matrix Compressed stiffness matrix

200 400 600 800 1000 1200 1400 1600 1800 2000 200 400 600 800 1000 1200 1400 1600 1800 2000

(a) Stiffness matrix (b) Compressed stiffness matrix

Fig. 4 Stiffness matrices for the pure jump case with CGMY-type Lévy kernel (Y(x) =1.25¢ + 0.5>.

5 100 150 200 250 300 350 400 450 500 5 100 150 200 250 300 350 400 450 500

(a) Stiffness matrix (b) Mass matrix

Fig. 5 Stiffness and Mass matrices for the Black-Scholes model with o = 0.3 and r = 0.
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Fig. 6 Number of non-zero entries of the compressed/uncompressed stiffness matrix versus number of degrees of freedom
corresponding to the Lévy kernel in Example 9.1 and k = 1.25.

the following we will consider a special family of Feller processes to confirm the theoretical results of the
previous chapters.

Example 9.1. We consider a CGMY-type Feller process with jump kernel

—BTyy—1-m(x)
_L)e Yy ; y>0 2
k(x,y) = C{eﬁy 1 <o, m(x) =ke™™ +0.5.

This process has no Gaussian component and the drift y(x) is chosen according to (5.1).

We will also consider the following family of processes that do not satisfy the conditions of the theory
developed above, since the variable order is assumed to be Lipschitz continuous only.

Example 9.2. We consider again a CGM Y-type Feller process with jump kernel

—BFyy—1-m(x)
ety ; y>0
k(xvy) - C{eﬁy |y|717m()()7 y < O,

0.4x, 025>x>0
0.8x—0.1, 0.5>x>0.25

m(x) =0.5+k< —0.4x+0.5, 0.75>x>0.5.
—0.8x+0.8, 1>x>0.75
0.5, else

This process has no Gaussian component and the drift y(x) is chosen according to (5.1).

In Figure 4 the stiffness matrix for the process in Example 9.1 is depicted. Note that the uncompressed
stiffness matrix is densely populated, but structurally very similar to the matrix in the Black-Scholes model.
In a next step we study the number of non-zero entries of the uncompressed and compressed stiffness
matrix. Due to Section 6.4 we expect essentially linear growth of the number of non-zero elements for the
compressed matrix (Figure 6).

The condition numbers of the preconditioned stiffness matrices have to be uniformly bounded in the number
of levels due to Section 7.1. A parameter study for various choices of k in Example 9.1 and Example 9.2 is
shown in Figure 7. The condition numbers are uniformly bounded and of order 10! in most cases, although
the norm equivalences (6.16) only apply to Example 9.1. For variable orders with 1.95 < m we obtain
condition numbers of order 10?. Note that the condition numbers are not only influenced by the order of the
singularity of the jump kernel at z = 0, but also by the rates of exponential decay B+ and 8. Fast decaying
tails, i.e., large B and B~ may lead to larger constants.
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Parameter study for condition numbers Parameter study for condition numbers
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(a) Example 9.1 (b) Example 9.2

Fig.7 Condition numbers for different levels and choices of k.

Figure 8 shows the price of a European put option for several Lévy processes and one Feller process.
In the Feller case we choose m(x) = 0.8¢= +0.1 in Example 9.1 and for the Lévy models we set m €
{0.1,0.5,0.7,0.8,0.9}. In all cases we set C = 1, B~ = B~ = 10 and use truncation parameters a = —3,
b = 3 in log-moneyness coordinates. The prices in the Feller model are significantly different from the
prices in the different Lévy models. This can be explained by the ability of the Feller model to account
for different tail behaviour for different states of the process, which is not possible using Lévy processes.
Figure 9 shows the prices of American put option for a Feller process and a several Lévy models. We use a

50
451§ — Payoff | -
——Y=0.9
—4—variable
40- ——Y=0.8 |
——Y=0.7
N Y=0.5
35 3 ——Y=0.1 B
301 B
Q
Qo
s
525 7
a
(@)
20 —
151 f
101 f
5 i
I | © o ; v
8.5 0.6 0.7 0.8 0.9 1 11 1.2 1.3 1.4 1.5

Moneyness

Fig. 8 Option prices for several models for a European put option with 7 = 1 and K = 100.

Lagrangian multiplier approach as described in Section 5.2 and refer to [43, 44] for more details, analogous
results were obtained using the PSOR algorithm. The parameters were chosen as above.

We now consider model sensitivities. For the computation of sensitivities w.r. to model parameters we
consider a special case of Example 9.1, i.e. k = 0 and therefore ¥ = 0.5 and calculate the sensitivity of
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Fig.9 Option prices for several models for an American put option with 7’ = 1 and K = 100.

the price w.r. to the jump intensity parameter m, where we let 0 < m < 2, the rest of the parameters being
chosen as above. Then we have .5, = (0,2) with § = m and

A (m)p = —om [ {p(x+2)— ¢() ~280() )z € L (V. V")

where the kernel & is given by _
k(z) := —In|zlk(z).

Itis easy to check that it holds [, - 2k(z)dz < o, 1 k(z)dz < oo due to m < 2. In this setting, V = V =

HY(D),if 6 >0,and V = H"™/2¢(D) c H"?(D) =V, Ve >0, if ¢ = 0. We refer to [40] for more details.
Figure 10 shows the sensitivity in this model w.r. to the parameter 1 = m . As expected from Figure 8, we
observe a positive sensitivity which is significantly larger at the money, than deep out or in the money.

9.2 Multidimensional case

We consider a special case of the model presented in Example 4.12 with constant model parameters and no
diffusion, i.e., a multidimensional pure jump Lévy model. We are interested in option prices as well as the
sensitivity with respect to the copula parameter ¢. We have ., = (0, ) with n = ¥ and

— 92
T09) =00 [ ST () o (U 31), Ualo) ©.)

where Fy is given by:

1 d _ O ?, u; 71911’1 u;
Fo(u) = 55 F (u) (m <E|ui| '9>+ Ejl' |L|ﬂ| |>.
=1 i=1 1%
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Fig. 10 Computed sensitivity of a European put w.r. to the jump intensity parameter m in the CGMY model.

The following parameters were chosen C = 1, 3~ =[10,9], 8" = [15,16],m = [0.5,0.7],9 =0.5,p =0.5.
The option price is depicted in Figure 11 and the sensitivity is depicted in Figure 12.

50
45

40

Option price

Fig. 11 European put basket price with payoff g(S1,S,) = (K —0.55; — 0.5S,) in a multidimensional CGMY model with
Clayton copula with K =100 and 7 = 1.
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Fig. 12 Sensitivity with respect to the copula parameter O of a European put basket price with payoff g(S,S>) = (K —0.55; —
0.55,) in a multidimensional CGMY model with Clayton copula with K =100 and 7 = 1..
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