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Abstract

We consider the numerical solution of high-dimensional partial differen-
tial equations arising in option pricing problems in computational finance.
To reduce the complexity in the number of degrees of freedom, sparse tensor
product spaces are applied for Galerkin discretization in log-price space. Using
this technique we are able to price multi-asset options with up to eight under-
lying assets for the Black-Scholes framework and stochastic volatility models.
Dimensionality reduction by principal component analysis and asymptotic ex-
pansion is investigated in order to price options on indices by considering the
whole vector process of all of their constituents.
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1 Introduction

Consider a basket of d > 1 risky assets whose log returns X; = (X}, ..., X?)T € R?
at time ¢t > 0 are modeled by a diffusion process X = {X; : t > 0} with state space
R?. Arbitrage free prices u of European contingent claims with payoffs ¢(-) and
maturity T are given by the conditional expectation

u(t,z) = E[e_V(T_t)g(eXT) | Xy = 2], (1.1)

with ~ denoting throughout the risk-free interest rate. Here, the expectation is
taken with respect to an a-priori chosen martingale measure equivalent to the
historical measure. Sufficiently smooth value functions v in (1.1) can be obtained
as solutions of a partial differential equation (PDE)

ou+ Au—yu =0, (1.2)
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where A is the infinitesimal generator of the process X. To allow low smoothness
assumption on the payoff g, we opt for variational solutions which are the basis
for variational discretization methods such as finite element discretizations. To
convert (1.2) into variational form, we formally integrate against a test function v
and obtain (assuming v = 0 for convenience)

(Oyu,v) + a(u,v) =0, (1.3)

where the bilinear form is given by a(u,v) = (Au, v). Note that A = A(z) is admis-
sible. For solving problem (1.2) or (1.3) numerically, straightforward application
of standard schemes fails due to the so-called ‘curse of dimension’: the number
of degrees of freedom on a mesh of width h in dimension d grows like O(h~%)
as h — 0. To avoid this problem, several authors (see [5, 8] and the references
therein) use finite differences on sparse grids. In this paper we follow [9] and con-
sider sparse tensor product spaces for the discretization to reduce the complexity
in the number of degrees of freedom from O(h~%) to O(h~! [log h|*™!). In partic-
ular, choosing wavelet bases we additionally obtain an efficient preconditioner for
the resulting linear equations.

The outline of the paper is as follows. We first introduce diffusion market models
where we focus on the multivariate Black-Scholes and stochastic volatility models.
In Section 3 we give the abstract variational formulation of the option pricing
problem. The discretization is discussed in Section 4 and sensitivities in Section 5.
We give numerical examples in Section 6 and formalize an extension to higher
dimensions in Section 7.

2 Diffusion market models

Let (Q,F, (Ft)i>0,P) be a filtered probability space that satisfies the usual hy-
potheses, i.e., Fy contains all the P-null sets of F and Fi+ = NpsoFren = Fi,
t>0. Let W={W,;:t>0} bea R valued standard Brownian motion. We as-
sume that the filtration is generated by W and furthermore that W is independent
of f(].

We consider a process Z to model the dynamics of the underlying stock prices and
of the background volatility drivers in case of stochastic volatility models. Let g
be the payoff in real price, 7' > 0 the maturity, v > 0 the (time-constant) interest
rate and Q an equivalent martingale measure (EMM) to P, i.e., Q ~ P such that
the discounted process is a Q-martingale. If Z is Markovian, the fair price of a
European style contingent claim with underlying Z is given by

u(t, z) = EQ [e_V(T_t)g(ZT) | Zy = z]. (2.1)
We model the market Z by the stochastic differential equation (SDE)

dZt = N(Zt)dt + E(Zt)th, ZQ =Zz. (22)



Herewith, for G C R%, the coefficients 1 : G — R%, ¥ : G — R%? are assumed
to be globally Lipschitz continuous. Thus, for a given random vector z which is
Fo-measurable, the SDE (2.2) admits a unique (F;)-adapted solution Z = (Z;)i>0
such that Zyg = z a.s.. We consider next two kinds of market dynamics, namely
the Black-Scholes model and stochastic volatility models.

2.1 Aggregated Black-Scholes models
2.1.1 Full-rank Black-Scholes

Consider d assets S = (S*,...,S%) with spot price dynamics Z! = S’ given by

d
dS} = wSidt + > By SidW/, i=1,....d, (2.3)
j=1
where W = {W; : t > 0} is a standard Brownian motion in R% and
poi= (1) g € RY (2.4)
o= (D) g € R (2.5)

are the constant drift vector and volatility matrix, respectively, with assumption
that rank 3 = d. The state space domain is given by G = R%. Under the unique
EMM, the log-price dynamics X := log S* are given by

d
dX} =midt+ Y B dW/, i=1,....d, (2.6)
j=1
where 7; = (v —1/2Q;), i = 1,...,d and Q := EX' € ngxn‘f_ denotes the

volatility covariance matrix. Since Q is symmetric positive definite, there exists
an orthogonal matrix U € R%*? such that UQUT = D with diagonal matrix D :=
diag(s%,...,sfl), $1 > ... > 8sqg > 0. Without loss of generality, we rescale time
in (2.3) such that ¢t — t* = s?¢ yielding D* := diag(s}?,...,s}?) with normalized
st =1, sf = s;/s1, 1 =2,...,d. In the remainder, we drop the * and define a
process Y := {UX; : t > 0} with dynamics

Ay} = Ndt + s;dWY, i=1,....,d, (2.7)

where X\ := Uz. The components Y, ... Y% now satisfy the system of d decoupled
SDEs (2.7).

2.1.2 Low-rank Black-Scholes
Let 1 < r < d be a parameter and define D= diag(é%, ceey .§?l) € R4 with

. {si 1< <, (2.8)

TL0 r+1<i<d,



and 3 = UTf)%/yvith U and s;, ¢ = 1,...,d, as in Section 2.1.1. Consider the
log-price process X := {X; : t > 0} with dynamics

dX; =mdt+ Y SydW/, i=1,....d, (2.9)
j=1
where 7; 1= (7—1/2@%), i=1,...,dand 0=3%5T¢ R‘siyxnﬁl' and Wtj,j: 1,...,r,

as in (2.3). We designate the process X as rank-reduced from d to r since, under
the change of basis induced by U, the process Y := {UX; : ¢t > 0} has dynamics

dy; = Ndt+ 3dW}

= Xidt+ﬂ{1§igr}side, i=1,...,d, (2.10)
where \ := U7. The components }A”“, . ,?d are therefore deterministic. Under
such market dynamics, the price of a European contingent claim (2.1) becomes

u(t,z) = wv(t,9)

= i}\(tvgl)"'7gT;gr+17"'7gd)

— E[e_'Y(T—t)f(ele7 . 7€Y77;;€gr+17 . 7egd) ‘ (i}tla . 7}//\;7”) — (:&17 o 7:gr)]’
with ¢ := Uz and

f(eg) = f(egl, el el ,egd)

(e, de e Tt uT0y (1)

herewith f(e¥) := g(e®). The price u(t,z) = 0(t, 91, - - Gr; Yr+1,- - -, Jq) becomes a
solution of an r-dimensional PDE with initial condition depending on parameters
gT-ﬁ-lu v 7gd-

2.1.3 eAggregation

Suppose a time rescaled d-dimensional Black-Scholes market model with log-price
process X as in (2.3) has a volatility covariance matrix Q of full rank. Given
0 < e < 1, assume that a principal component analysis of Q, i.e., UQUT =D =
diag(s?,... ,83) with sy =12> ... > s4 > 0 yields

2 <e

7 —

i=r+1,...,d,

for some r = r(e). This suggests the d-dimensional dynamics to be mainly driven
by r < d e-aggregated price processes (see, e.g., [8]). We denote X¢ the e-aggregated
rank-r process of X with §,41 = .- = §; = 0 as defined in Section 2.1.2 and define
the e-residual market process, i.e., the aggregation remainder, R := X — X¢. From
(2.6) and (2.9), we have that

d
dR{" = d(X — X9} = (g — m)dt + Y _(Byj — Zij) W (2.12)
=1
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Under the change of basis induced by U, the process T := {UR{ : t > 0}, i.e.,
the fluctuation of X about the e-aggregate X€, has therefore dynamics

d
ATE = (UG = @))ide + D (D~ D)ty
j=1
_ (A = Ai)dt t 1<i<r(e), (2.13)
(>\z — )\Z)dt + SidWi T‘(E) +1< < d
Lemma 2.1. Given r = r(e), there holds
g &
~ ) B
|/\Z—)\Z|§§'Z sj, i=1,...,d
j=r+1
Proof. From the definitions of n and A, we have that

R d d 1 R

N = Nl = D Uikl = )| <D I — el = 3 > 1Qkk — Okl
k=1 k=1 k=1
18 R 14

= 52 > _Ui(Dy — Dy)| < 52 > s

k=1 |j=1 k=1j=r+1

d d

_ 2 —
=5 Z sj, i=1,....d

j=r+1

]

Remark 2.2. From (2.13) and Lemma (2.1), we conclude that the fluctuation
components TS, i = 1,...,7(e), are pure drifts of order €. Furthermore note that,
upon setting R

d—d=d—r(), t—t= sg(g)ﬂt,

the fluctuation components TS, i = r(e) +1,...,d, again define a d-dimensional
full-rank market of type (2.3)—(2.5) with timescale t, allowing, in principle, for
recursive e-rank aggregation. This will be elaborated elsewhere.

2.1.4 e Aggregation error bound

We again consider the d-dimensional Black-Scholes market model with log-price
process X and its e-aggregate rank r process X€ of the previous section, and we
estimate the error of approximating u(¢,x) by u(t,z¢) in (2.1).



Theorem 2.3. Assume that the payoff g is Lipschitz. Then, there exists a constant
C(zx) independent of € such that

d

Jult,z) = a(t,#)| < Clz) Y s,

i=r(e)+1

Proof. We introduce the artificial process Y¢ with dynamics
d}N/te’i = Nidt + 1< Sr(e)}sithi, i=1,...,d.
Under the change of basis induced by U, we have

u(t, z) —u(t, 2°)| = |o(t, y) —0(t, §°)]
The two terms in (2.14) are estimated separately. Since g is globally Lipschitz, we

have for the first term, where f(e¥) = g(e®) and constants may change between
lines,

o(6) 0009 = [B[F(07-0)— (5] | < €3 e - i

=1

—C Edz eVitAi(T—t) E[

eSiW%—t _ 1‘]

i—r(e)—l—l
e Z N (T—1) / e — 1) e/ g,
= r(e )+1
d
<C eyls <Cl(y Z
i=r(e)+1 i= T’(E)-‘rl

Similarly, using Lemma (2.1), we have for the second term

v v d V€T €t
[o(t,5)—0(t, 5| = [B[ (e 7F-0)— f(e+¥H-0)]| < € 3B [ert Vit —en it

1=1

— Cf: eyiE[eﬂ{lgigr(e)}siW%ft} ‘ekz‘(T—t) _ eii(T—t)‘

]

d d
C(y)zeyi+ FT-D1\ = N < Cy) Zey’ +s57) Y
i=1 j=r(e)+1
d
<Cly) Y s
j=r(e)+1
Since y = Uz, C(y) = C’'(x) which completes the proof. O



2.2 Stochastic volatility models

Similarly to the one-dimensional case, multivariate stochastic volatility models
replace the constant volatilities 3;; in the Black-Scholes model (2.3) by stochastic
processes 3;; = fi;(Y'), where f;; are non-negative functions and Y is an additional
source of randomness, which is modeled by an Ité diffusion in R<.

We consider the stochastic volatility extension of the Black-Scholes model as de-
scribed in [1, Chapter 10.6]. We set Z := (X,Y’), where X describes again the
log-price dynamics of n > 1 assets and Y is an R™-valued It6 diffusion describ-
ing the stochastic volatility ¥;; = f;;(Y). In particular, we assume that each y?
evolves according to the SDE

Yy = ei(Y))dt + (V) AW/, Yi=y' i=1...,n.

We pose the following assumptions: the state space domain of Y is G¥ C R,
and the coefficients ¢, by, : GY — R are globally Lipschitz continuous and at most
linearly growing. Furthermore, the R"-valued standard Brownian motion (W}):>0
is correlated to the R"-valued standard Brownian motion (W;);>¢ that drives the
process X by Wk = Z;LZI piWi + p*/Wk, where (W, /W) is a standard Brownian
motion in R? with d = 2n, and p} := (1 — > =1 p?k)l/z.

Denoting by z := (z,y) = (z1,...,%n, Y1,---,Yn), the coefficients p, > in (2.2)
under a non-unique EMM are given by

w(z) = (v = 1/2fH W)y = /202, () ci(y)s - calyn)) | €RE (2,15

X z
(z) = @yfzi D(()Z)> e Réx4, (2.16)

where the matrices ¥%, £, D € R"*™ are

EX(Z) = (flj(y))lgldgn? EY(Z) = (pﬂbl(yl))lgz,jgn’
D(z) := diag(pib1(y1); - - - » 1 (Yn))-

The smooth functions fi; : G¥ — R, are assumed to be bounded from below and
above. The state space domain of the pair process Z = (X,Y) is G = R" x GV

Example 2.4 (Volatility processes). In [1, Chapter 10.6], it is assumed that each
volatility component Y* follows a mean-reverting Ornstein- Uhlenbeck process, i.e.,
ck(yk) = ag(me — yk), be(yr) = Br, 1 <k < n. Here, ap > 0 is called the rate of
mean reversion and my > 0 is the long-run mean level of Y*. Under an EMM,
the drift term cj becomes ci(y) = ax(my — yr) — Bk (y), for some volatility risk
premium A(y) = (A1(y), -+ ,An(y))". See [1, Chapter 2.5] for a representation of
A in the one dimensional case n = 1.



3 Option pricing

We change to time-to-maturity ¢ — 7' — ¢ and let J := (0,7]. Assume that the
pricing function u(t, z) in (2.1) satisfies u € C1?(J x G). Then, from the Feynman-
Kac Theorem, u solves the parabolic partial differential equation

ou+Au+~yu = 0 in JxG,

u(0,2) = g(2) in G, (3.1)

where the infinitesimal generator A of the semigroup generated by the process
Z (2.2) is given by

1
A= —§tr[Q(z)D2] —{(u(2), D), (3.2)
with @ = X7, and the differential operators D?, D given by D? = (O, )1<i j<ds
D = (0yy,...,0z,)". Furthermore, tr : R¥4 — R denotes the trace operator, i.e.,

trB = Z?Zl B, B € R4 and (-,-) denotes the usual Euclidian scalar product
in RY,

3.1 Localization

For numerical implementation we truncate the parabolic PDE (3.1) to a bounded
domain Gg and impose boundary conditions on dGgr. Typically, Gr is a mul-
tidimensional hypercube, i.e., Gg = Hd (a;,bj) for some aj,b; € R, b; > aj,

j=1
j=1,...,d. Therefore, we consider the truncated problem
Ourp + Aup +yur = 0 in J x Gk,
ugr(t,) = 0 on J x 0GR, (3.3)
ur(0,2) = g(2)lg, in Gk.

The truncation to a bounded domain Gr amounts to approximating the solution
u of (3.1) by the function upr pricing a barrier option. The function ug is given by

ug(t,z) = EV [e_V(T_t)g(ZT)]l{T«GR} | Zy = 2],

where 7¢, = inf{s > 0 | Z, € GG} is the first hitting time of the complement

% = G\ Ggr by the process Z. For R := maxi<j<q|bj — a;| we assume that
upr converges exponentially fast in R to u on a subset of Gy C Ggr. This holds
for general multidimensional Lévy models as shown in [7, Theorem 4.14] and for
certain stochastic volatility models as in [3, Theorem 3.6]. Hence, we neglect the
truncation error.

3.2 Variational formulation

The finite element method (FEM) is based on the weak or variational formulation
of the pricing equation (3.3). Its functional setting can be described as follows.



Let . .

Ve HEH" V"
be a Gelfand triplet. We denote by || - ||, || - |lv the norms in H,V, by (-,-) the
inner product in H and by (-,-)y=xy the duality pairing between V' and its dual

V*. To the infinitesimal generator A in (3.2) we associate the Dirichlet form
a(-,-): VxV —Rvia

a(u,v) := (Au, v)y=xv +7(u,v), w,v eV, (3.4)
and assume: Jdag, s > 0, ag > 0 such that Vu,v € V
la(u,0)| < arllullvlvllv,  a(v,v) > aslollf = aslvl* (3.5)

In the Black-Scholes setting property (3.5) holds with the spaces V = H{(Gr)
and H = L?(Gg) as shown in [7, Theorem 4.8]. For stochastic volatility models
we obtain (3.5) in weighted Sobolev spaces [2, 3]. The weak formulation of (3.3)
reads: Given g € H, find ug € L?(J; V)N H'(J; V*) such that

(Oug(t,-),v) + alug(t,-),v) =0, YveV. (3.6)

Note that the homogeneous Dirichlet boundary conditions (3.3) are imposed on the
space V. If (3.5) holds, then A+ asl € L(V,V*) is an isomorphism and the weak
formulation (3.6) admits a unique (weak) solution ug € L*(J;V) N HY(J;V*).
By integration by parts and by the homogeneous essential boundary conditions, it
follows that the Dirichlet form a(-,-) in (3.4) associated to the operator A in (3.2)
is given by

olpd) =5 [ VeTOWTods+ [ (5700 + ula), Tphods

Gr
+ / Y pd,
Gr

where for a matrix B € [H'(Gg)]*?, we denote by VB (with a slight abuse of
notation) the vector

VB := (VB;)%,, B;:=(By,...,By)" € [H'(Gr)"

(3.7)

4 Discretization

Straightforward application of standard finite element schemes for discretizing
(3.6) fails due to the “curse of dimension”: the number of degrees of freedom
on a tensor product finite element mesh of uniform width A in dimension d grows
like O(h~%) as h — 0. Spline wavelets can overcome the problem while still being
easy to compute. Choosing wavelet bases has twofold advantages. Firstly, we can
break the curse of dimension using sparse tensor products to obtain essentially
dimension independent complexity. Secondly, wavelets provide norm equivalences
which lead to efficient preconditioning of the resulting linear system.



4.1 Space and time discretization

The abstract finite element semi-discretization in (log) price space of (3.6) reads:
given a finite dimensional subspace V;, C V with dimV}, = N < oo, find uy €
L%(J; Vi) N HY(J; V;¥) such that up(0,-) = u) and such that

(Opup(t,-),v) + alup(t,-),v) =0, YveV,, Vtel, (4.1)
where u is the H-projection of the payoff g onto Vj,, i.e.,
(ud,v) = (g,v), YveE V. (4.2)

Choosing a basis B := {tIDj}j-V:l of V, (4.1) is equivalent to: Given u) € RV, find
uy,(t) € RN such that
My, () + Awy,(t) =0, (4.3)

where wy, (t) denotes the coefficient vector of uy (¢, -) with respect to the basis B of
V. In (4.3), the matrices M, A € RV*N are the so-called mass and moment or
stiffness matrix, respectively, which are given by

1<i, i/ <N 1<4,i/<N"

In order to discretize in time, we use the #-scheme. For M € N, define the time
step k := TM~! and the time grid points ¢ := km, m = 0,..., M. The fully
discrete scheme to (3.6) reads: Given u) € Vj,, form =0,..., M —1 find uhm+1 eV
such that

(™M (™ — ), v) + a(uf"? v) =0, Vv € V. (4.5)

Here, u}"? := gu"™ + (1 — 0)u, 6 € [0,1]. In matrix form, (4.5) reads: Given
g% e RY, find gz"”rl € RY such that

(M + 0kA)u"™ = (M + (1 - 0)kA)u)', m=0,1,...,M —1, (4.6)

Remark 4.1. It is well known that the convergence of the 0-scheme is of first order
if 0 € [0,1] \ {1/2}, and of second order if 6 = 1/2. For the more involved hp-dG
time stepping scheme, which converges exrponentially under sufficient smoothness
conditions, see [9] and the references therein.

Remark 4.2. Two issues arise in the choice of the finite element space Vy,. First,
for classical tensor product Lagrange finite element spaces, the dimension N grows
exponentially in the dimension d of the basket, i.e., N = O(h~%) as the mesh
width h — 0. Second, the condition number x of the stiffness matriz A behaves like
Kk~ h=2. Clearly, A is ill-conditioned, which makes preconditioning necessary. To
overcome “the curse of dimension”, we shall use the aforementioned sparse tensor
product spaces and to get efficient and easily implementable preconditioners, these
spaces are spanned by spline wavelets which are used as B.
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4.2 Spline wavelets

We describe wavelet finite elements in the interval G = (0,1). Define the mesh 7,
given by the nodes j27¢, j = 0,...,2¢ with mesh-width hy = 27¢. Let V), be the
space of continuous piecewise linear polynomials' on the mesh 7; which vanish on
0G. We write Ny := dimVy, N_q1 := 0 and M, := Ny — Ny_;. We use a wavelet
basis Yy, k=1,..., My, £=0,1,2,... of V, with the properties,

Ve =span{ty; |0 <0 < L; 1 <k < My}, diam (supp i) < c27t (4

Any function v € Vr, has the representation

L M,

v = Z Z Ve ke ks (4.8)

=0 k=0

with the coefficients v, = (v,{p},k), where the QZM are the dual wavelets. For
v € L?(G), one obtains the series

co My

v = Z Z Ve Ve k, (4.9)

(=0 k=0

which converges in L?(G) and in H} (G). Moreover, for v € H*(G) where H*(G) :=
[L%(G), H} (G)]s 2 there holds the norm equivalence

oo My

cl”v”%s(g) < 2222“’”&]‘6’2 < C2HUH%IS(G)’ 0<s<l (410)
=0 k=0

For v € L?(G) we define a bi-orthogonal projection P, : L*(G) — Vy, by truncating

(4.9):
L M,

Prv = Z Zw,kw,k, P_:=0. (4.11)

£=0 k=0
This projection satisfies the approximation property

lu = Prulgogy < 2 ullge), 0<s<1l,s<t<p+l. (4.12)
The increment or detail spaces W, are defined by
Wg = Span{lbg’k ’ 1 < k < Mg}, {= 1,2,3, ey WO = V() (4.13)
Then
)4
Vo=V @W for £>1, and V,=EPHW;, £>0, (4.14)
§=0

and Q, := P, — P,_; is a projection from L?(G) onto W,.

'Higher order polynomials of degree p > 1 are also possible.
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Example 4.3. For £ > 0 let T* be mesh T* = {0 = zf < ... < @}, = 1} with
mesh points mg =271 j=0,...,2. Note that N* = 241 — 1 and M, = 2.
On the coarsest level £ =0, let 1o 1(x) = yomax(0,1 — 2|z —1/2|). On finer levels
¢ > 1 the left boundary wavelet 11 has values wg’l(l'li) = 2y, wg,l(xg) = —y
and zero at all other mesh points. The right boundary wavelet 1y pr, has values
W,Ml(l’?ve) = 2y, ¢Z7Mz(x§v€_1) = —p and zero at all other mesh points. The
interior wavelet Yy, 1 < k < M, has values T,Z)g7k($gk_2) = W,k(xgk) = —p and
VYer(zh, ) = 2v. We choose the constant yy such that Ve kllLe@@ = 1. Thus,
Yo = V3 and v = \/3/225/2, ?>1.

4.3 Sparse tensor product spaces

For d > 1, let G = (0,1)¢ and define the full tensor product space Vz, as the d-fold
tensor product of the spaces Vp, as Vi, := V; ® - - - ® YV, which can be written as

Ve =span{tppy : 0< 6 <L, 1<k <My,i=1,...,d},
with basis functions e x = ¥y, g, ® -+ ® Yy, k, and multi-indices € = ({1,...4q) €

Nd k = (k1,...,kq) € N We define the norms |£|o := max{{; : 1 <j <d} and
|€]1 := €1 + -+ - + {4. Using (4.14), the space Vi, can be written as

Vi = @ Wy @@ Wy, (4.15)
|€loo<L

and the sparse tensor product space TA/L at level L > 0 as

‘?L = @ Wy @@ Wy, (4.16)
€ <L

where the increment spaces W,, 1 <i < d, are as in (4.13).

As L — oo, we have N := dim(VL) = 0295, and Ny := dim(V;) = O(2L L),
i.e., the spaces V}, have considerably smaller dimensions than V;. However, both
spaces have similar approximation properties, provided the function to approxi-
mate is sufficiently smooth. To characterize the extra smoothness requirements,
we introduce the spaces H*(G), s € Ny, of all measurable functions v : G — R
such that the norm

lule = 37 11050 - 050ul3a - (4.17)

0<c;<s
i=1,...,d

is finite. That is, H*([0,1]¢) = ®?:1HS([O, 1]). For s > 0 the space H® is defined
by interpolation. Due to the underlying tensor product structure, one infers from

(4.10) that for
v= > ) vextex,

£;=0 1<k; <My,
i=1,...,d H

12



- ;

Figure 1: Schematic of full tensor product space V7, (left) and sparse tensor product
space Vp, (right) for L = 3. For both spaces the spline wavelets of Example 4.3 are
displayed.

there holds the norm equivalence

[e.e]
alvlfe < Y- Do 2l <efvffs, 0<s<1L
_ei:od 1§ki§Mli

i=1,...,

We now derive a representation of the matrices M, A given by (4.4) in the space
Vi, := V. To this end, for some function w : R — R, define the matrices M, S¥
and C" with respect to the i-th coordinate direction

b;
M@= (/ Wi,ki(xi)l/%;,k;(xi)w(wz‘)dwz’> o<t e;<L (4.18)

/ )
1gkigMZ; A<k <My,

b;
su00 = / W @ gy @@ dz:) e (4.19)

/
1§ki§]\/14 A<k <My,

b;
Cw(xi) = </ ¢22,k2($2)¢6;,k;(xz)w(l'z)dl'z) 0<#],;<L (4'20)

./ .
1§ki§MZ; A<k <My,

Let X’ be any matrix given by (4.18)—(4.20). We view the matrix X® as a collection
of block matrices, i.e.,

X' = (X o< e<r, where Xy = (X{p 1) (0.0)) 1<k <My 1<k<M;

and define a sparse tensor product X! ®X? @ --- ® X% by tensor products of
block matrices

~

X'® ... Xd;:(xl, @ XY )
S .6 ® O R0, 0<|e|,,lel, <L

for multiindices € = (¢1,...,4q), € = (¢},...,0}).

13



Definition 4.4. For an arbitrary permutation o,
o:{1,...,d} = {1,....d}, {1,...,d}— {o(1),...,0(d)},
and matrices X*(*) 1 <i <d, X € {S,C,M}, we denote by
S(XW(%Q)) - X“’(%(d)))7
the sorted sparse tensor product with factors sorted by increasing indices, i.e.,
S(Xw(xa(l)) R - Xw(xa(d))) = Xw) g, .. g xw@a),

Lemma 4.5. Assume that the coefficients Q(x) and p(x) of the operator A in
(5.2) are given by

d
Qx) = (Qij($))1§i,jﬁd :<Hq2j($€)> ’
=1

1<i,5<d
d
/L(:E) = (Mi($))1§i§d :<H/L%($€)> >
=1 1<i<d

for univariate functions qzj,u% — R, 1<4,j,¢ <d. Then, the stiffness matric A
in (4.4) of the bilinear form a(-,-) in (3.7) with respect to the sparse tensor product
space Vi, is given by

d ) ) ; — .
2

Skt 1<i<d
Jj#k ig¢{j,k}
1 —qjj(wj) ~ J
+_§ :s(cdz 7 ®®qu (z4)
2 j=1 1<i<d
i#]
1 d - — .
JJ ~ ~
iy s(ch @) & @) M7 m>>
2 jk=1 1<i<d
i#k i#k
d ; — ) —
N\~ J
£ (eE @ M) 1 @ M
j=1 1§_;§_d 1<i<d
i#]

with weights
ik e
i (@ if ¢
Qijk(xi) =g ( 'k) . 7_5‘7
T2 4 (x;) ifi=y

Proof. This follows by elementary, however lengthy, calculations. U

14



4.4 Matrix-vector multiplication

Computing the matrix A explicitly for d > 1 requires too much memory. But for
solving the ordinary differential equation (4.3) using a time-stepping scheme and
an iterative solver, we only need to compute matrix-vector multiplications v = Awu.
Using the (sparse) tensor product structure this can be done without computing
the matrix A explicitly.

Let A := X! @ - ® X4 e RVXNL and uy € T7L. We again view the coefficient
vector u; € RVE of up, as a collection of block coefficient vectors,

Uy, = (M)OSMMSL’ where Up = (va)lékiSMzi'
The matrix-vector multiplication
= pu— 1 > DY ) d
v = Aup = (Xpp 0, ® Xy o ) o<, o, <2 o) o<y, <r

is defined by

_ d
Ve x = Z Z X, (05 kD), (1K) " X(%,kg),(gd,kd)u&k'
1), <L 1<k, <My,

This multiplication may be computed iteratively as proposed in Algorithm 1.

Algorithm 1 Sparse grid matrix-vector multiplication

1: Setv=u

2: For j =0,1,...,d

3 For [£/| =0,1,...,L

4 Compute vy —ZZ & (z ), (85,85 Ve VK,
5: with ¢; =0, ki =k}, Yi#j.

6 Next £/

7: Next j

4.5 Initial condition

Recall that ug is the H-projection of the payoff g onto Vj, (4.2). Thus, yg is the
unique solution of the system Mgg = g, with right hand side g := ((g, <I>j))§-V:1.
The realization of g is non-trivial. Let V} be given by the sparse tensor product

space VL in (4.16). Then, an arbitrary entry Jex) of g is given by

9(ex) :/G 9(w1, . wa) ey gy (21) -+ Yoy kg (Ta)day - - - dzg.
R

15



If g factorizes, i.e., g(z1,...,2q4) = H;lzl gj(x;) for some univariate g; : R — R,
j=1,...,d, then

d
J
I k) = H/ 95(w5) e, k; (w5) dj.

However, for most payoffs in option pricing (e.g., basket options), the factorizing
property does not hold. While numerical quadrature is applicable, we rather use
integration by parts to find, in the sense of distributions,

9ex) :/G 9T (@1, )Y,y (1) ) g () da - dag, (4.21)
R

where
g (@) = / gV ()dy, zeRY E>1,
[$07 }

for a suitable zg € RU {—oo}. Let 9y, i, € ‘7L be a continuous, piecewise linear
spline inner wavelet and denote its singular support by

. . 1 .
singsupp Ve, k; =1 {Zg, k;» - - - ,$Zl7ki}.

Then, the integral in (4.21) becomes

_E: (=2) (,J1 Jd J1 . ]d
9ex) = g ($51 k1> ’:E@d,kd) bk Yl kg
1<j;<n;
1<i<d
where the weights wl}i Kyt ,wy', € R depend only on the wavelet ¢y, ,. As an

example, consider the L?-normalized wavelets Yo, k; * (ai,bj) — R defined on a
interval (a;,b;) as described in Example 4.3. Then

_3.3y.
(w%ivki’w%i,ki’w?iyki’wzli,ki’w?i,ki) = \/g(bl - ai) 222[2(_1747 —6,4, _1)7

if £; > 1 and )y, , is an interior wavelet, and

l\)lw
l\)lw

(wl}i,:l?wlgi,:[’wz,l’w?i,l) = \/g(bl - al)

1 2 3 4
(wmee“wgi,Mli ’ wfi,Mei’w&-,M‘z‘) = \/g(bl —a;)”

(27 _57 47 _1)7

23t
3y
2§ ( 1747_572)7

l\)lw

if ¢; > 1 and vy, 1, v, ppe: 1s a left or a right boundary wavelet, respectively.

4.6 Multilevel preconditioning

As shown in (4.6), we have to solve M linear systems Buerl = [, with B :
M+ kOA, [ := (M +k(1—0)A)u;’. Due to the norm equlvalence (4 10) we can
build a snnple preconditioner for the ill-conditioned matrix B using the wavelet
basis. For simplicity, we restrict the discussion to the Black-Scholes model.

16



The norm equivalence (4.10) with s = 0 implies for every u € VL, with coefficient

vector u € RNL
Crllull?® < (u, Mu) < Collul]?,

with constants C1, Cs independent of L. Denote by D 4 the diagonal matrix with
entries 224 + ... +22% for an index corresponding to level (¢4, ...,¢4). Then (3.5)
and (4.10) with s = 1 imply that

Ci(u, Dau) < (u, Au) < Co(u, D).

Thus, we have C1(u, Du) < (u, Bu) < Cy(u, Du), with the diagonal matrix D :=
I+ k0D 4 where I denotes the indentity matrix. Written in terms of @ := D'/24,
we finally obtain

Cilal® < @ D/*BDV*a) < Cofjal”

The linear system ﬁ@ = z with preconditionend matrix B := D"'/2BD~!/2 and
right hand side z =D /2 f can be solved with GMRES in a number of iteration
steps which is independent of level index L and thus independent of the size of the
linear system.

5 Price sensitivities

Calculating price sensitivities is a central modeling and computational task for risk
management and hedging. We distinguish between two classes of sensitivities: the
sensitivity of the solution u to variation of a model parameter, like the Greek Vega
(Oyu) and the sensitivity of the solution u to a variation of state spaces such as
the Greek Delta (0,u). It is shown in [4] that an approximation for the first class
can be obtained as a solution of the pricing PDE with a right hand side depending
on u. For the second class, a finite difference like differentiation procedure is
presented which allows to obtain the sensitivities from the finite element forward
price without additional forward solver.

5.1 Sensitivity with respect to model parameters

Suppose the market model, and hence the operator A in (3.2), depend on some
model parameter . We want to calculate the sensitivity of the solution u of (3.1)
with respect to . To this end, we write u(t¥y) for a fixed realization ¥y of 9 in
order to emphasize the dependence of w on 9.

Let C be a Banach space over a domain G C R?. C is the space of parameters or
coeflicients in the operator A and Sy C C is the set of admissible coefficients. We
denote by u(1¥g) the unique solution to (3.1) and introduce the derivative of u()

17



with respect to ¥g € Sy as the mapping Dy, u(dy) : C — V,

A(69) = Dyyu(90)(69) == lim - (u(do + 569) — u(do)), 69 €C.

s—0t 8

We also introduce the derivative of A(1)y) with respect to ¥y € Sy

A(50)p = Doy A(W0) (59)p = lim - (A(Wo+560)p—A(Wo)g), @V, 69eC.

s—0t S

We assume that A(69) € £(V,V*) with V being a real and separable Hilbert space
satisfying

vev S =Ly e
We further assume that there exists a real and separable Hilbert space V C V such

that Av € V*, Vo € V. We have the following relation between Dy u(09)(09) and
u.

Lemma 5.1. Let A(69) € L(V,V*), V69 € C and u(dy) : (0,T] — V, 9 € Sy be
the unique solution to
du(Vo) + AWo)u(dy) = 0 in (0,T) x RY, (5.1)
u(¥o)(0,-) = g(x) in R™

Then u(09) solves
A, u(09) + AW)u(89) = —A(69u(d) in (0,T) x R%, (5.3)
u(09)(0,-) = 0 in R% (5.4)

Proof. Since u(¥9)(0) = g does not depend on vy its derivative with respect to
¥ is 0. Now let ¥ := g + 809, s > 0, 69 € C. Subtract from the equation
u(¥s)(t) + A(¥s)u(¥s)(t) = 0 equation (5.1) and divide by s to obtain

u(@)(t) —u(do)(t) | (AWs) —AWo)) u(?)(t) L AWo) (u(¥s) (1) —u(do) (1))

S S S

O = 0.

Taking lims_,o4+ gives equation (5.3). O

The PDE for the sensitivity u(d¢) can again be discretized as in Section 4.

5.2 Sensitivity with respect to solution arguments

We also want to calculate the sensitivity of the solution u with respect to a variation
of arguments ¢, x. Let u be the solution of the variational problem (3.1). We discuss

ﬁu for arbitrary multiindex n € Ng. For p € 74

and h € Ry we define the translation operator T} () = ¢(x+ph) and the forward

the computation of D"u =
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difference quotient 0y, jo(x) = h=H(T)’ p(x) —p(x)), where e;, j = 1,...,d, denotes
the j-th standard basis vector in R%. For n € N& we denote by Mo =04 0%y
and by Dy the difference operator of order n > 0

Dio:= Y  Cual}0fe.
.[n[=n

Given a basis B = {<I>j}§-V:1 of V4, the action of D} to vj, € V}, can be realized as
matrix-vector multiplication v, — Djv,, where

D} = (Dp®y,--- ,Dpdy) € RV,

and vy, is the coefficient vector of vy, with respect to basis B, respectively. For more
details and numerical examples we refer to [4].

6 Numerical examples

We give numerical examples using the wavelet finite element discretization as de-
scribed in Example 4.3. We consider a geometric call option for the Black-Scholes
model written on up to 8 underlyings and analyze a dimensionally reduced problem
from 30 to 5 computational dimensions. We also study a model problem for the
stochastic volatility model. All computations are written in FORTRAN and are
performed on a 16 x Quad-Core AMD Opteron(tm) Processor 8356 with 64GB
RAM.

6.1 Full-rank d-dimensional Black-Scholes model

We consider the geometric call option with payoff
g(z) = max(0, Xl _ K), =ze€ R, (6.1)
with K = 1. The antiderivative of g,s for a; > 0,7 =1,...,d is given by
d 2d d k
g2 () = H ai—2 <er_1 T _ Z % < Z a;z; — log K) >]l{22_1_1 onri>log K}
i=1 k=0 i=1

We first set d = 2 and solve problem (4.6) for various mesh widths h = 2%,
Using interest rate v = 0.01, covariance Q = (aiajpij)1§i7j§2, o1 =04, o0 =0.1,
p12 = 0.2 and weights o; = 0.5, i« = 1,2, we plot the convergence rate of the
L?-error

”eL” = ”u(T7 ) - uL(T7 ')”L2(Go)7 Go = (K/27 3/2K)27

at maturity 7'= 1 in Figure 2.

19



—+—full grid —+—full grid
—e—sparse grid —o— sparse grid

10° // 1 10° b
107" E 107" E
107 X 1 107 | 1

10” 10 10 10° 10* 10 10
Degrees of Freedom
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Figure 2: Convergence rates of the 2-dimensional wavelet discretization in terms
of the mesh width h (left) and in terms of degrees of freedom (right).

To compare the rates we also solved the problem on full grid. In the left picture the
convergence rate of the error on sparse grid can be seen to have (up to a constant)
the same rate as on full grid. The superiority of sparse grid can be seen on the
right, where the convergence rate is plotted terms of degrees of freedom. From [9],
the error in terms of degrees of freedom on the sparse grid behaves like

lec| = O(N;?(log Np)“®), (6.2)

with ¢(d) a constant, while on the full grid like
_2
el = O(N, ). (6.3)

On the sparse grid we have N = O(L2%) and on the full grid N = O(225).
The convergence rate on full grid shows the “curse of dimension”, whereas for the
sparse grid, we still obtain the optimal second order rate essentially.

For 2 <d <8 weset o; =03,7=1,...,dand p;j =0,7 # j,1=1,...,d,
j=1,...,dand weights a1 =1, o; = 0,9 = 2,...,d. The resulting payoff contract
hence reduces to a plain vanilla call in the underlying x1. Accordingly, we plot the
convergence rates of the relative L?-error

[w(T, ) = ur(T, )l L2 cy)
[w(T, )22

ez == , G1 = (K/2,3/2K) x {K} x ... x {K},

at maturity 7' =1 for d € {2,3,4,6,8} in terms of Ny, in Figure 3.
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Figure 3: Convergence rates of the Black-Scholes model in different dimensions d.

For low dimensions d € {2,3,4}, the second order convergence rate on sparse
grid can be well observed over all levels. For higher dimensions d € {6, 8}, the
log terms prevail at low levels, hence the flattened behavior of the convergence
curves which then exhibit the expected second order rates at finer discretizations.
Despite the smoothness of the solution, we report a steeply increasing constant in
the rates as d is raised, which forces us to already set L = 11 for d = 8 in order
to have a relative L2-error on the order of 1072 which currently prevents us from
reasonably increasing d beyond 8. The size of the constant can be traced back to
the initial condition ug, the H-projection of the payoff g onto V}, (Section 4.5),
showing similar relative L%-errors. An attempt in order to lower this constant
and therefore to alleviate the need for high discretization levels would consist in
reformulating problem (3.3) in excess-to-payoff? vg by letting

vr(t, z) :=ug(t,z) — g(z), (t,z) € J xGr

thus resulting in the following parabolic PDE with homogeneous initial condition

Owp + Avg +yvp = —Ag—~g in J x Gg,
vr(t,”) = 0 on J x OGg, (6.4)
vr(0,z) = 0 in Gg,

which is numerically solved along the same lines. This alternative formulation
however trades a non-smooth payoff for a non-smooth solution, consequently ques-
tioning the improvement of the operation. Under the same settings, we compare

2commonly referred to as premiwm in the financial literature.
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the convergence rates of the previously defined relative L?-error for the standard
and excess-to-payoff formulations for d € {2,4,6} at maturity 7' = 1 in Figure 4.
Except for d = 2, the error is reduced at lower levels, as expected from the homo-

Relative L2—error

10 10 10 10* 10° 10 10
Degrees of freedom

Figure 4: Convergence rates of the Black-Scholes model for d € {2,4, 6} in standard
(problem (3.3), solid line) and excess-to-payoff formulations (problem (6.4), dashed
line).

geneous initial condition, but the optimal convergence rate (6.2) is only reached
between higher levels than in the standard formulation case, therefore showing
that a non-smooth initial condition is overall preferable. From a computational
perspective, the excess-to-payoff formulation moreover gives rise to a right-hand
side in (6.4) which requires additional memory requirements on the order of the
degrees of freedom. Payoff smoothing thus appears a next sensible step in order
to lower the constant resulting from the H-projection of the payoff g onto the
approximation space Vj.

6.2 Low-rank r-dimensional Black-Scholes

We consider the geometric call option (6.1) of Section 6.1 written on d underlyings
under the Black-Scholes model and we are now interested in the case of larger
dimensions, i.e., d > 8. This occurs when pricing contingent claims on stock indices
considering all d price processes in comparison to handling the index as one single
process. Straightforward computations in such high dimensions would currently
require too high discretization levels as previously noted. Instead, we rely on the
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dimensionality reduction by e-aggregation introduced in Section 2.1.3 to identify
a rank r e-aggregated process driving a d-dimensional market. In particular, we
focus on the Dow Jones industrial index where d = 30. We compute the principal
components of the volatility covariance matrix’> Q := UTDU € R4 of their
realized daily log-returns over 252 periods resulting in the spectrum (8%, e ,S?l),
normalized by s? as in Section 2.1 and shown in Figure 5 (left)*. We define the

recovery ratio
r d -1
Ny = <Z s?) <Z s?), r=1,...,d,

i=1 i=1
shown in Figure 5 (right), whose values for » = 1,...,5 are reported in Table 1.
The eigenvalues are observed to decay exponentially and by virtue of Theorem 2.3,
we may therefore expect sufficiently accurate results for r < 5.

10° T T T 7 T 1

PP I I I
...
09F e ®
.
: N
* . 0.8 .

0.7

5:
T
.

0.6

= os5f

Normalized si2

. 04t

5
T
.
o

oo 1 03F
oo 02

e 0.1

107 L L L L L 0

Figure 5: Eigenvalue spectrum (normalized by s?) of the realized volatility covari-
ance matrix of the constituents of the Dow Jones index over a period of 252 days
(left) and recovery ratio n,., r = 1,...,d (right).

r Sr S T
1 0.2052 0.0421 0.5307
2 0.0990 0.0098 0.6542
3 0.0940 0.0088 0.7655
4 0.0791 0.0062 0.8443
5 0.0459 0.0021 0.8708
Table 1: First eigenvalues s2, r = 1,...,5, of the Dow Jones realized volatility

covariance matrix Q and recovery ratio 7.

As in Section 2.1.2, let D := diag(s2, ... ,§2) € R4 with 3 as in (2.8) for some

3Q was computed from the historical time series adjusted for dividends and interest rates of
the daily log-returns of the 30 constituents of the Dow Jones industrial average index.
“Similar eigenvalue decompositions for the DAX index are presented in [8].
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2 < r < 5 which defines the rank-reduced processes X and Y defined by (2.9)
and (2.10) respectively. We approximate the exact solution u(t,z) = v(t,y) of
the d-dimensional problem (3.3) by a parametrized r-dimensional option price
6@7:&) = 17@7@17 s 7@7“;?97’4-17 cee 7gd) for @ = (@17 cee hﬁd) € G = (_R7 R)d We

therefore consider the option prices Vg(t, 91, - - -, Ur; Yrt1, - - - » Yq) satisfying
O0:URr + ./Zl\’l/)\R +40g = 0 in Jx éﬁ,
vgr(t,)) = 0 on J x 0Gp, (6.5)
Sr(0,§) = FleN)lg i G

Gr
where @}Q := (=R, R)". The rank-r operator A is now given by

~ A~

A= —%tr[DDﬂ —(\, Dy,

with \ as in (2.10), rank-r differential operators ﬁ, and D2

2
~ ~o (8AZ_A_)1§7;’]-§T, 0
D (5g1,...,agr,0,...,0),—r D —< yy70 } 0)7

respectively, and

Fle?)y = f(eo,... e egr+1+XT+1T, ey egd+XdT)

N d PO
= max(0, e2i=1 @it iy Gt AT K).

We numerically solve (6.5) for r = 2,...,5 and various mesh widths h = 2% with
the Dow Jones realized volatility covariance matrix @ whose principal components
are plotted in Figure 5 (left), weights a; = 0.3, 7 = 1,...,d, maturity T' = 1, strike
K =1 and interest rate v = 0.045, and plot the convergence rate of the relative
L?-error

v(T, ) = 0L(T, )|l 2 (6y)
[v(T, )l 22 ()

el = Gy = (3/4K,5/4K) x {K} x ... x {K},

at maturity 7' = 1 in Figure 6. The flattening behavior of the convergence rates is
explained by further expanding the error into (a) an e-aggregation error made by
artificially setting volatilities to zero (Theorem 2.3) and (b) a discretization error
[9] as

ot y) —vr(t, 9l lo(t,y) —o(t, §) +v(t,9) — oLt 9|l
< lolt,y) — o, 9)l| + [0, §) = vr(t,9)| -

(a) (b)

It follows that the lower bounds observed in Figure 6 therefore stem from the
e-aggregation error which diminishes as r is increased.
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Figure 6: Convergence rates of the approximation of a 30 dimensional option price
on the Dow Jones by r = 2,...,5 dimensional options in the Black-Scholes model.

6.3 Stochastic volatility models

Since there are no analytically tractable solutions available for the price of a bas-
ket with stochastic volatility, we introduce a model problem for which the exact
solution is known in closed form. For z = (z,y) € G := [0,1]" x [0,2]", consider

Ou+Au+~yu = f(t,z) in JxG
u(t,r) = 0 on JxJG ,
u(0,2) = g(z) in G

where the operator A is as in (3.2), with u, ¥ as in (2.15)—(2.16). We let

|y2| + |y(i+1) modn|7 ifio=y ..
i (y) = <ij<
fl](y) { 0’ else ) 1 — 17] — TL,

and consider functions ¢;(y;) = a;(m; — y;), bi(yi) = Bi, Ay =0, 1 < i < n, which
define the volatility processes as in Example 2.4. Furthermore, we let pj; = 0 if
1 # j. In this setting, the operator A simplifies to

n

Z [fzzz(y)aﬂclmz + ﬁ?ayzyz + Zﬁzpufm(y)awzyz + (2/7 - fzzz(y))awz +2¢; (yl)ayz]
=1

1

A==3
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We set the solution to u(t, z) = u(t,z,y) = et [[ln, sin(mz;)(y; — 47 'y?) and use
for i =1,...,n, the values

1 ] 1 1 1 1 1 ]
= (1 4+40), Bi= (14 L) mi= (2= 1), pi = ——(1 + 82
87} 10( + n)7 Bi 2( + n)7 my; 20( Tl)’ Pii 10( + n)7
and interest rate v = 0.05. We plot the error [le || := ||u(T, 2) — ur (T, 2)|| 2 () at

T = 0.5 against N 1, in Figure 7 to obtain the rate of convergence
lecll = O(N7?(log N1)*™),

with a constant ¢(n) depending linearly on the dimension of the problem.

107: L R R R L R LR L R | L R R |

L2-error

- — — O(N?10g®¥(N))

10_ L N | L PR | L N | L N | L L
10 10 10* 10° 10 10
Degrees of freedom

Figure 7: Convergence rates for the stochastic volatility model in different dimen-
sions d = 2n.

7 Outlook: Rank-k dimensional corrections

We consider the price u of an option in a full-rank d-dimensional time rescaled
Black-Scholes market with principal components s3 =1> ... > 83, i1=1,...,d, of
its volatility covariance matrix Q = X3, 3 = UTD? with D = diag(s?,...,s?)
and U as introduced in Section 2.1.1. Without loss of generality, the option value
w in (2.1) is also a function of ¥ such that we can write

u=u(t,x,s) =u(t,x,s1,...,84).
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For some 1 < r < d, we denote § := (s1,...,5,,0,...,0) € R? as defined in (2.8),
and we expand u(t,z,s) in a Taylor series of order k about the low-rank option
price u(t, z, )

d
1 9?
u(t,z,s) = wu(t,z,8) g sZ t z,8) + a0 E 3i8jr;(t,$,§)
i=r+1 T ig=r+1 8055
d
1 83U n Ank-+1
+ gijl_gr—i_lSiSjSlm(t,x,S)+...+O(”S—SH ) (71)

The main premise of expansion (7.1) is that the partial derivatives need not be
calculated exactly but only up to order k41 which may be achieved with high
order finite difference schemes [6]. In particular the case r=1, k=1 is treated in
[8]. We illustrate hereafter the case k = 2 for any r < d, but extension to arbitrary
order k is straightforward. Specifically, (7.1) becomes

1 & 0%u
u(t,z,s) = E sz ',, +§E 3’2823-(t’x’§)
. (2
i=r+1 i=r+1

Z Z slsja a (t,z,8) + O(||s — 5|?), (7.2)

i=r+1j=r+1
JFi

For ¢,7 =r+1,...,d, we introduce the rank r+1 and r+2 vectors ,§E;)) E;’jq)) € R4
respectively, defined by

1 <m< Sm 1<m<r,
s m<r, _
Y )T o ST rap) ) sle—1)si m=i,
%) =9 zp—Dsi m=i, ), T ) 1 1 =
m 0 else, mn g(q = Ds; 7711 A
else,

With weights® o = (—3,4,—1)", 3 = (4,—8,4)", the partial derivatives in (7.2)
are approximated by the second order finite differences

s$i0s,u(t, x, §) Zapu (t,x s; )+ O(s?), (7.3)

5202 u(t,z,3) Zﬁpu t,z, 8 )+ O(s?), (7.4)

323]82 Z apoqu(t,x SE ))) +0O(s? + 55 3, (7.5)
pyq=1

5Other choices of weights are possible implying other definitions for vectors s ))7 3(09)

(pya)*
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where u(t,x,§§2))) and u(t, z, AE;’?q))) are independent solutions of r+1 and r+2
dimensional PDEs respectively as shown in Section 2.1.2. Inserting (7.3)—(7.5)
into (7.2) and truncating the expansion yields the rank-2 corrected rank-r option
price u(?) (t,z,s) approximation of u(t,z, s)

WAtz s) = ult,x,8)
d 3 3 0
D NG
+ Z Z(ap+7)u(t,:n,s(p))
i=r+1 p=1
L& d 3 )
+ 3 Z Z Zozpozqu(t,x,s(;”]q)) (7.6)
i=r+1 j:_r—i—l p,q=1
VE

Remark 7.1. (7.6) is a linear combination of one r-dimensional, 2(d —r) r+1
dimensional and 4(d — r)(d — r + 1) r+2 dimensional independent PDEs which
can be solved independently in parallel using the numerical approach described in
Section 4.
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