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Abstract

This article is devoted to the construction of a family of universal extension operators for the
Sobolev spaces H* (d, 2, AY) of differential forms of degree [ (0 < | < d) in a Lipschitz domain
Q Cc R*(d € N,d > 2) for any k € Ny. It generalizes the construction of the first universal
extension operator for standard Sobolev spaces H k (Q), k € N, on Lipschitz domains, introduced
by Stein [Theorem 5, pp. 181, E. M. STEIN, Singular integrals and differentiability properties of
functions, Princeton University Press, N. J., 1970]. This corresponds to the case I = 0 of our theory.
We adapt Stein’s idea in the form of integral averaging over the pullback of a parametrized reflection
mapping.

The new theory covers extension operators for H k(curl; Q) and H k(div; Q) in R? as special
cases for | = 1,2, respectively. Of considerable mathematical interest in its own right, the new
theoretical results have many important applications: we elaborate existence proofs for generalized
regular decompositions

Key words. Universal (Stein) extension, Sobolev spaces of differential forms, Lipschitz domains,

integral averaging, parametrized reflection mapping, generalized regular decomposition.
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1 Introduction

For a bounded Lipschitz domain {2 C R4 (d € Ny, d > 2), Stein [34, Theorem 5, pp.181] constructed
a celebrated extension mapping

E:C®(Q) = C®[RY), ESu(x)=u(x) Vx €Q,

which fulfills that for any m € Ny, 1 < p < o0,

JC = C(mm,Q) >0: ||éau||W7n,p(]Rd) < C||u||Wm,p(Q) YVuée COO(Q) . (11)

Thus, it can be naturally extended to a continuous extension operator for any classical Sobolev space
Wm™P(Q), m € Ny, 1 < p < oo. Thanks to its “one formula fits all (Sobolev spaces)” property,
the operator & is called a universal (or degree-independent [31]) extension operator. This makes
it exceptional, because other designs of extension operators for Sobolev spaces by, for instance,
the successive reflection method [19,33,37], or the singular integral method [9], rely on different
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formulas for different orders m and may hinge on smoothness of the boundary. It goes without saying
that universality renders & a valuable tool in the theory of Sobolev spaces and their applications.

Beyond the classical articles, a few modern publications are devoted to extension operators for
various function spaces on Lipschitz domains and beyond, e.g, [18,22,31,36]. Extension results
can find wide applications to such as interpolation spaces and regularity estimates in PDEs, see,
e.g.,[23,27].

The main purpose of this paper is to construct a new family of universal extension operators
for Sobolev spaces Hk(d, Q, A') of differential forms, for I,k € Ng,and 0 < [ < d in Lipschitz
domains Q C R?, see Section 2 for the precise definition. To keep our presentation succinct, we
study only Hilbert spaces, that is, the case p = 2. We would like to point out that Sobolev spaces
of differential forms are fundamental to the theoretical analysis of, e.g., electromagnetic phenomena
governed by Maxwell’s equation [3,20,26,28], the Navier-Stokes equation [17], and interpolation
theory [23].

In this paper, we will prepare some necessary notations and materials in Section 2. In Section 3,
we briefly recall Stein’s approach, i.e., an integral averaging method based on local parametrized
reflection mappings and then present our construction. Guided by the commuting relationship of
the pullback and the exterior derivative of differential forms, the gist of our construction is to ap-
ply Stein’s integral averaging to the pullback operators induced by the reflection mappings. This
offers a natural generalization of Stein’s formula to differential forms, see Formula (3.9). With some
technical effort, Stein’s original analysis can be adapted, which is also done in Section 3 of this ar-
ticle, see Lemma 3.4 and Theorems 3.5, 3.6. From the perspective of vector fields, we demonstrate
the explicit construction of those extension operators in terms of Euclidean vector proxies in R? in
Section 4. We point out that universal extension operators for the Sobolev spaces H k (curl; Q) and
H* (div; Q) of vector fields in R? are covered by our universal extension theorem as special cases
for [ = 1, 2, respectively. These new theoretical results are not only of mathematical interest in their
own right, but also have important applications. We elaborate existence proofs for generalized regular
decompositions in Section 5.

2 Notation and preliminaries

Throughout the paper, R? stands for the classical Euclidean space (d € N, d > 2), equipped
with the canonical orthonormal bases ¢;’s, 1 < j < d, and norm x| = \/:v% + -+ xﬁ, if
x = (z1,...,24)T € R? The canonical orthonormal basis of R¢ corresponds to a dual basis of
(RY)*,ie., dzy,dxs,. .., drg with dz;(e;) = 1if i = j and zero otherwise.
Recall that a function f : D — R, D C R9~! is called Lipschitz if there exists a finite constant
C' > 0 such that
fx) = fI<Clx—y| vx,y€D.

A Lipschitz epigraph Q C R is defined as a domain lying above the graph of a Lipschitz function
¢: RIS Riie, Q= {(X,74) | ¢(X) < za} wWith X = (21,...,24_1). See [34] and Figure 1
for illustration.
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Figure 1: Sketch of a Lipschitz epigraph.



A bounded Lipschitz domain Q C R? is a bounded domain whose boundary ¢ can be covered
by a finite number of open balls B;, 1 < i < m, so that, possibly after a proper rigid motion, 9Q N B;
is part of the graph of a Lipschitz function, above which Q N B; lies, for all i’s,

Next, we introduce differential forms and associated Sobolev spaces. We will adopt some stan-
dard notations, and refer to [3,6,10,11,14,15,20,21,29,32] for more details. For [ € Ny and
0 <1 < d, we denote by Al the vector space of real-valued (or complex-valued), alternating, [-
multilinear maps on R?. In particular, A° and A' can be identified with R and R<, respectively.
Given w € Al and ) € A*, the exterior product w A1 € AFF is defined by !

(WAL, o) = Y sg(0)w(Va(1), - s Vo) )N(Vo(i1) - > Vo(itk) )

for any vq,...,v;41 € R? where sgn(o) indicates the signature of o and the sum is taken over all
the permutations o of { 1,...,l + k} suchthato(l) < ... <o(D)ando(l+1) <... < o(l + k).

Given a vector a = (a1, as,...,aq)" and a basis [-form (I > 1) w = dxj Ndxj, N\ - Ndxj,
with j1 < jo < ... < 7, the interior product as w € A'~! and is defined by

l
asw =Y (1) 'a; duj, A Adrj A Aday, € AT
k=1

where © indicates that - is dropped.

For simplicity, we will frequently use the increasing [-permutation I = (iy,...,%;), with 1 <
i1 < --- <1 < d,and denote dx; = dx;, \--- Adx;,. X1 always means the summation over all
the increasing I-permutations I. Therefore A’ can be viewed as a vector space of dimension (‘li) with
bases { dx; } for all increasing [-permutations /.

For a bounded Lipschitz domain 2 C RY, spaces of differential forms are equivalent to those
in the componentwise sense. We use standard function spaces C™(Q), C>(2), C5°(92), L*(2) and
H*(Q), s € RY (see [1] for more details).

A differential form w of degree [,! € Ny, and class C"™, m € Ny, in 2 is a [-form valued mapping

wzzlwldxf:xEQCRde(x)EAl,

where all the components w;(x) € C™(Q). Hence we write w € DF™(Q). In an analogous way,
we can define DF-°(Q) if all w;(x) € C°°(Q), and DFL>(Q) if all w;(x) € C§°(€). Note that
the exterior and interior products can be extended as pointwise operations to differential forms on
domains in R?.

Likewise, H*(€; A) (s € R{) denotes the space consisting of all differential forms with each
component in H*(£2), which can be viewed as the Hilbert space obtained by means of the completion
of DF>°(Q)) with respect to the norm

2 2
HwHHs(Q;Al) = Z ||‘*’I||Hs(9)
I

In particular we use L*(€2; A') instead of H°(Q; A').
If 7 : Q  Q,is a diffeomorphism between two manifolds in R?, then the pullback .7* :
DFL>(Q) — DFL>2(Q) is given by

(T w)(X)(vi,...,vi) = (W(T (X)) (DT (X)v1,...,DT(X)vy),

where v1,...,v; € R? and the linear map D.7 (X) : RY — R is the derivative (Jacobian) of .7 at

~

X.
For a differential [-form w = ), wrdx; € DF 1,22 (QQ), its exterior derivative dw is defined by

d
- owr 141,00 (0
dw = 3 EI oz, dx; Ndx; € DF (), @.n

i

"'We adopt the convention that roman letters denote scalar functions, and their associated spaces etc., while bold letters
represent vector-valued functions, and their associated spaces etc. In particular, bold greek letters, w, n, v and p, are reserved
for differential forms, except that £ stands for the independent variable in the frequency domain R,



and if [ > d, we let dw = 0.
We recall the fact that the pullback commutes with the exterior derivative,i.e.,

T (dw) = d(T*w), YweDF>(Q) (22)
and with the wedge product
T (wAn) =T wANT'n, YweDF*Q), neDF->Q). (2.3)
The crucial Hilbert spaces of differential forms are
H*(d, QA = {we H QA | dw e H (AT ), seRY,
with the natural graph norms
|‘wH2HS(d,Q,Al) = H“"Hi]S(Q,Al) + ||dw”§qs(9,/\l+l) :

Specifically, we simply put H (d, 2, A') when s = 0.
Moreover, we define some important subspaces of H (d,R? A') and H*(d,Q, A!), k € N,
respectively:

H(dO,R* A" = {we H(d,R,A) |dw=0},
H(d,Q, \') := the closure of DF}>(€2) in the space H"(d,Q, AL).

In the sequel, we denote by ¢ and C' generic positive constants which may depend on the domain
2, space dimension d, the degree of differential forms [ and the order of differentiability %, but
independent of the differential forms involved.

3 Universal extension of differential forms

In this section, we present in detail our construction of the universal extension operators for Sobolev
spaces of differential forms. After briefly recalling essential ingredients of Stein’s approach for con-
structing the universal extension operator for standard Sobolev spaces H* () (k € Np) (cf. [34,
Chap. VIJ), we first show the extension for the case of a Lipschitz epigraph with most key ingredi-
ents, and then generalize to bounded Lipschitz domains by the partition of unity.

3.1 Some technical lemmas

For a closed domain €2, let §(x) := dist(x; ) denote the distance of x € R? from Q. The function
§(x) vanishes in €2, and, in general, will only be Lipschitz continuous, as |(x) — §(y)| < |x — y| for
X,y € Q°, the complement of Q. The next lemma introduces a regularized distance with enhanced
smoothness as a replacement for §(x).

Lemma 3.1. [Regularized distance [34, Thm. 3, pp.171]] For a clo_sed domain Q@ € R, there exists
a regularized distance function A(x) = A(x, Q) such that for x € Q°

i). cd(x) < A(x) < CH(x);
ii). A(x) is C*-smooth in 0° and‘ 07 A(x) | < Co(0(x)) 1ol

ox~

where ¢ > 0 and C' > 0 are constants independent of Q0 and Cy, > 0 depends on the multi-index o> .

The following two technical lemmas are key tools to construct universal extension operators.
The first lemma introduces a suitable weighting function, in terms of which the weighted averaging
integral for the construction of extension operators will be defined.

2% stands for % witha = (au, ..., aq ) being a multi-index, a;; > 0forl <i < d,and |a|1 = a1+ -+ aq



Lemma 3.2. [Weighting function [34, Lemma 1, pp. 182]] The weighting function *

P(N) = ﬂ%%(exp(%ﬁ(—l-ﬁ-i)()\— 1)1/4)) (3.1

is defined in [1, 00), and satisfies the decay property

PY(A)=0AN"") asA— o0, VneN, 3.2)

and all its higher moments vanish

* K 1, fork=0,
/1 MW)dA_{o, forkeN . (3-3)

Now we consider the special case that {2 is a Lipschitz epigraph with its boundary defined by a
Lipschitz function ¢ : R4~! — R, see Figure 1. We split position vectors according to x = (X,y) €
R?, where X € R4 ! and y € R.

Lemma 3.3. [Existence of smoothed distance function [34, Lemma. 2, pp. 182]] For a Lipschitz
epigraph ), let A(x) be the regularized distance given in Lemma 3.1. Then there exists a constant
Cs = Cs(¢) > 0 such that for x = (X,y) € ',

CsA(x) > ¢(%) —y . (34)

We define a scaled smoothed distance 6* (x) := 2CsA(x) with smoothness inherited from A(x).
From (3.4) it is immediate to see that

67 (x) = 2(¢(x) — ). (3.5)

3.2 Extension formula for epigraphs

The classical Stein extension formula [34] for compactly supported* smooth functions f on a Lips-
chitz epigraph € reads

50100 = [ TR+ A8 ())H () dA. (3.6)

To generalize this formula, let us first define a parametrized reflection mapping (see Figure 2) for
x=(%,y) € Q eR,

Z\(x) = (X, y + A*(x)) =x+ A" (x)eq - 3.7)
Note that for points x = (X, ) € Q we have, using the fact that §*(x) = 0,
Zr(x) = (X,y+0) =x.

In other words, %, reduces to the identity operator in Q. However, for x = (X,y) € € with
y < ¢(X), due to (3.5) and the fact that A > 1, we see that

Y+ A" (x) 2y +2(0(X) —y) = ¢(X) + (9(X) —y) > ¢(X).

Thus, the parametrized reflection mapping %) always maps x € Q° into Q for any \ € [1,00).
It is straightforward to calculate the Jacobian of the parametrized reflection mapping

Idg—y 0
D%y (x) = . , 3.8
A(x) <)\ gradg §*(x)T 1+ )\—6‘;1(:)> G5

96™ (x) 96™ (x)

T Dy )T and 0 represents a column vector with (d — 1) zeros.

where grady, 6*(x) = (

3% in (3.1) means taking the imaginary part.
*1t is understood in the sequel as functions or differential forms compactly supported in R? with restriction on €.



t Zx(x) = (X, y + A" (x))

0N ={(Xy) [y =o(x)}

*x = (X,y) .

Q

»)

Figure 2: Parametrized reflection mapping.

The function f in (3.6) can be regarded as a vector proxy of a compactly supported O-form w on
Q. From this perspective,x — f(X, y+Ad*(x)) turns out to be the vector proxy of the pullback %5 f.
This immediately suggests the following generalization of (3.6) to a universal extension operator for
smooth compactly supported [-forms on €2:

w(x), x €

(G1w)(x) = /1 T (@rw)x¥)p() Ay, x € 0°.

3.9)

For the remainder of this section we fix an increasing [-permutation I = (i1,...,4;) with 1 <
iy < --- < i; < d.For a compactly supported differential [-form w € DF">°(Q) we have

(Ew)r(x) := (Slw)(x)(€iys---,€i) = /100(%;‘\w)(x)(eil, sy e () dA
= /100 (w(ZA(x)) )(DZ\(X)e€iy s ..., DEN(X)es, )p(N) dX.

From (3.8) we infer

(D% (x))es, = ei, + /\ag &), for1<k<l, (3.10)
xik
which yields
l
(Gw)r(x) =R+ > (-1)"*3, (3.11)
k=1
where we have used the abbreviations
Rim [ (wrl () un)
1
N 06*(x) > )
3= 20 [ (g 36D Moy dr, i = 1,20,

and by fik U {d} we designate the increasing [-permutation 1 <i; < ... < i < -+ < i < dwith
i, dropped and d included. For 7; = d, we have a simpler representation, viz,

(Glw)r(x) = R+ Ja - (3.12)

For dw, using the commuting diagram property of exterior derivative and the parametrized reflection
mapping Z used in &7, we derive

) = [ d@xe i = [ @@ . G

6



which implies
do& =&410d. (3.14)

Before we proceed, we have to verify that &jw provides well-defined differential [-forms.

Lemma 3.4. For a Lipschitz epigraph 2, the extension formula in (3.9) is well-defined in the sense
that for compactly supported w € DF-> (),

Sw=w in Q and &w e DF->°RY).

Proof. The bounded support and smoothness of w guarantee that &;w is well-defined everywhere in
R?. In particular, &w = w in Q due to the fact that the reflection mapping %, reduces to the identity
operator.

The smoothness of §* and w along with the compact support of w ensures that &w belongs to

DFL2(Q U Q°). Tt remains to prove that all partial derivatives% for any multi-index o and
any component index [ are continuous across 0f2.

The argument is similar for all partial derivatives of every component. Thus, we demonstrate the

technique of the proof for the typical case of % and appeal to analogy as far as the treatment

of other partial derivatives is concerned.

((éazw)

As regards 1 for j < d (note that j = d is an easier case and can be treated in the same

way), in light of (3.11) and (3.12), it suffices to check whether 2 and 8 ‘“ are continuous across
0N). A straightforward differentiation of K and J; by the chain rule ylelds

(92_ﬁ :/oo <62w1(%>\(x)) )1/}()\) A
1

317? 3xj
® [ PPwi(ZA(x)) > 96* (x) d
+/1 < 0x;0x4 A Ox; ¥(A) dA (.15)
T Pwrh(x) 907 (x)
w [T (Fm )02 e ax
[ Qwi () \ | 820" (%)
+/1 ( o ))\ LS
2~ 3 Sk (e’
%;; :83252()/1 (wiiu{d}(«@,\(x))))\w(/\) dA
J L]
gi;;;x / <8w1 U{d}(’?k( x)) )/\1/)()\) O
10T Zj
625* i, U{d}(%k( x)) \ 906*(x) .,
(’“)xl(’“)xj/ < T4 Ox; ATp(A) dA
* oo 2
P <8 L )Awm ax (3.16)
85* < [ 2w %A 06*(x) | o
Ox; /1 ( O0x0xq ) Oz AH() d
85* [ Q2w (Zx(x 00*(X) 9.5
Ox; /1 ( Bzvd )( Ox;j JATY)
ML 025 (x) |,
/ ( 3:cd ) G AV .

2~ ~ —
Now, we establish continuity of both 227"3 and 88 I"; across 0§2: Let x = (X,y) € Q" tend to some
2 .

point x? = (X%, ") on the boundary 99, that is, 4° = ¢(X°). Then by Lemma 3.3, §*(x) — 0 and




the derivatives 2 (x)

,1 < j < d, are bounded uniformly as x — x°. By Lemma 3.2 the first three

60.’](

terms on the rlght hand side of (3.15) converge to 9),0 and 0, respectively.

As for the last term in (3.15), the difficulty involving the unboundedness of the higher order
derivatives of §* can be circumvented by using the Taylor expansion of w; about (X, y + 6*):

Owi(Zr(x))  Owr(X,y+6*(x)) Pwi(X,y+ 6*(x))

+ (A= 1)6*(x)

+r(\x), (317

0x4 - 0xg ox?
with a remainder term r(\, x) that satisfies
lr(, x)| < CJ[A—1)5* (x)]* ¥xeQf A>1. (3.18)

Thanks to Lemma 3.1, we conclude

925*(x)

< 25* Q¢ 1.
o2 [ <O =-1)%0"(x) YxeQ A>

(A x)

Hence, substituting the identity (3.17) into (3.15) gives two more vanishing integrals plus a remainder

/100 O 32 g;gx)w@) A

J

<0560 [ (= D2 A =0

since the last integral is uniformly bounded by (3.2) and 6*(x) — 0 as x — Xg.

Similar arguments can be applied to show that all the terms in (3.16) vanish as x — xV. Either we
end up with an integral involving the factor term A\¥4)(\) for some k or we resort to a Taylor expansion
like (3.17), thus eliminating possible blow-ups in higher partial derivatives of §*. Summing up, thus

2
we have shown the continuity of g 8?;’ . |

3.3 Continuity of extension operators

Theorem 3.5. Let ) be a Lipschitz epigraph in R, k € Ny and 0 < | < d. Then the extension
operator (3.9) satisfies

61w grr(aranny < Cllwll greaony ¥ compactly supported w € DFL>(Q)

with a constant C = C(Q,d, k,l) > 0. Thus, & can be extended to a continuous extension
operator
& H*(d,Q,AY) — H*(d,R% A).

Proof. The second assertion relies on density argument, because compactly supported differential
forms in DFL(Q) N H"(d, Q, A') form a dense subset of H*(d, Q, A).

It remains to show that the continuity of the extension operator. Let us first consider the case
when k = 0. Consider a boundary point (X%, %) € 99, and assume without loss of generality that
0 =y = #(X°). Then from (3.11) (the argument for (3.12) is the same)

EnE. < ([ li@el 5 i

l
o0 1
+3 /1 ’wnku{d}(%(x))‘ = d)\> fory <0,  (3.19)
k=1

where we have used the facts that |¢)] < Cl /A2 for the first term and || < Co /A3 for the summation
term in the right hand side, and that | x) | < C from Lemma 3.1.

For fixed x = (X,y) withy < 0, we have 6*(x) > 2|y| for $(Xx") = 0 by (3 5). On the other
hand, by Lemma 3.1, we see 0*(x) = CA(x) < C - Cd(x) < C - Cly] since #(X°) — y is not less



than the distance 6(X, ) of (X, ) from Q. By performing the change of variables s = y + A\*(x),
then we have ds = §*(x)d\ and

[ @055 ar <l [ eor @) ds

Note that (s — y) > s fory < 0 and s > 0. Likewise, it still holds when we replace I by I;, U {d}
fork=1,...,1.
Recall the Hardy inequality [34, pp. 272]:,forany f > 0,p > 1 andr > 0,

</OOO </:of(y)dy>px”dx>l/p§ §</Ooo(yf( )Py 1dy>1/p. (3.20)

We can apply (3.20) for the case that 7 = 3 and p = 2 to obtain

</‘0°° (Ew) & 9)P dy>1/2

2
0 00 1
¢ / (/ (!wfx s!+2\w1 oty &, s>\>8 ) [vl? dy
e\
’ AN
c [ <<|w1 yl) |+Z‘% oy &, M)’)Ll) ly[? dy

. 1/2
gC(/O <‘w1(x07y)| +Z‘wjiku{d}(x07y)’ ) dy) ,
k=1

where we use the Hardy inequality for the second inequality, the Cauchy-Schwarz inequality and the
change of variable y — —y in the last.

Furthermore, the assumption ¢(X") = 0 can be dropped by using an appropriate translation in y,
which yields

o0 1/2 »(X%) 0o
< | Gon&p dy> ([ [+ Jienamra
oo o0 H(%0)
. ; , 1/2
~ 2 —~
<C </<;>(A0) (’wl(xouy)‘ +Z ‘wfiku{d}(xouy)‘ ) dy) .
X k=1

Taking the square on both sides and integrating over all X € R~ yields
L2 (A1) )

In exactly the same way, we can show that, in view of the commuting diagram property (3.14),

1/2

IN

IN

1/2

1(61w) 1|72 macary <C(|wJILz<QAz +ZH zlku{d}‘

Summing over all indices I we derive

2
61wl Z2 @iy < Clwllza i -

(W)l L2 gaarery = (16141 (dW)| 2 gapriny < Clldw] 2 g nier) 5
which completes the proof in the case k£ = 0.
The proof for £ > 0 is again done for one representative special case. Let us take £ = 2 with
2
Ml;")’) as our specimen. Using 9(A\) < C1 /A2, Co /A3, C3/\*, respectively, the terms in (3.15)

can bé bounded as follows:

9(6w)1(R°,y) ~ (| ( w3, y) 9w (R, y) Pwi(R,y)

SR SR P Z AN g/ Z A\ d) Z N0 d) —
=¢ /1 da3 + < 0z jxq ) + < ox? ) A2 dA

6:10?
> Qwi(%X(X0,y)) 826*(A°,y)
/1 ( o ) 527 B(N) dA| .

+

(3.21)




Only the last term has to be dealt with separately. Using the Taylor expansion with integral residual,
we have

* =0
Wi Y+ (X7,y) 02w

91\ (20, ) = gTd@o,M@o,ym/

(x°, 5) ds.
8$d y+6*(X0,y) 8,@3

Substituting this in (3.21), we know that the integral term involving g%(io, y + 0*(xX°,y)) van-

2k
- (x%y)| <

x
J

ishes due to Lemma 3.2. Hence, it suffices to show the following bound (Note that |

Cl6(x°,y)|7t < Cly|~!. We assume ¢(x°) = 0 without loss of generality):
| | 1 o0 Y+ (X%,y) 1
yl / / ds p— dX
1 y+67(X%,y) A3
oo o] 82 <0 1
i | {/ M_g(u}ds
6@y | s—w)/6r @) A

ox?
17 cxrm0 2 [ 1
<Wl T (EEw) [ bt s

{ 92w (X0, 5)
y+0* (R0,y)

ox?
[e3) 2 <0
{’6 wr(x%)s) }izds,
s

ox?
where we have interchanged the order of integration for the first equality, and used that §* (X", y) <
Clyl, 6*(x°,y) > 2|y| and s — y > s when y < 0 for the second inequality. Thus we can appeal to
the Hardy inequality once again for (3.21) and integrate over all X € R~ to obtain

DPwr(x°,5)
ox?

< Cly|

[yl

2

2

P (&Ew)r Ow; Rwy |7 Puwr |’

827 =1 a 9 82

xj L2(R4;A) xj L2(QAD) ZLjTd L2(AY) Ty L2(;A1)

Analogously by the commuting diagram property, we have
2 2
9d(Ew); < o[ |@dwr H62de ? H82de ?

8:6? L2(RY;ALHY) - 8:6? L2(Q;Al+D) 0x;0z4 L2 (A1) Oz L2 (A1)

Thus we have proved the assertion for the case k = 2.

Now, for general k&, differentiating (3.9) gives various order partial derivatives of the components
of w. Whenever the total differential order of w is less than k, we always use the Taylor expansion
around the point (X%, 3 + 6* (X", 7)) and carry it up to order k with integral remainders and proceed
the arguments as above. We note that the constant C' involved only depends on the domain 2, the
dimension d, the order of differentiability £ and the degree of differential forms [. This finishes the
proof. O

The general situation of a compact Lipschitz boundary can be tackled by a partition of unity
subordinate to a finite cover of 0¢) in the usual way. This yields our main result:

Theorem 3.6. Let Q) be a domain with a bounded Lipschitz domain, k € Ny and 0 < [ < d. Then
there exists a universal extension operator

& H*(d,Q, A — H"(d,R? A"

satisfying
1. §jw =wa.e.in),and

2. the extension operator is continuous
”é()lw”H"(d,]Rd,Al) <C HwHHk(d,Q,Al) Vwe Hk(danAl)v

with the constant C' = C'(,d, k, 1), but independent of the differential forms involved.
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Remark 3.1. Theorem 3.6 also holds for a domain €2 whose complement Q° is a bounded Lipschitz
domain. It is further pointed out that the commuting diagram property (3.14) no longer holds for &;
for general bounded Lipschitz domains due to the use of a partition of unity.

Remark 3.2. Costabel and Mclntosh have recently introduced some so-called smoothed Poincaré lift-
ings in [13]. Those offer an alternative way to define universal extension operators based on standard
extension for the Sobolev spaces H*(€2).

4 Vector field perspective

In three-dimensional Euclidean space, we may represent the differential forms in terms of their so-
called vector proxies, as shown in Table 1.

Differential form Related function u/vectorfield u

X — w(x) u(x) := w(x)

x s v w(x)(v)} u(x) - v = w(x)(v)

x = {(v1,v2) = w(x)(vi, v2)} u(x) - (Vl X va) = w(x)(v1, v2)

x — {(v1,Vv2,v3) — w(x)(vy,vo,v3)}  u(x)det(vy,va,vs) = w(x)(vi, Ve, vs)

Table 1: Relationship between differential forms and vectorfields (“vector prox-
ies”) in three-dimensional Euclidean space (v, vy, vo, vy € R3). The operation - is
the canonical inner product in Euclidean space.

The concept of Euclidean vector proxies establishes a one-to-one correspondence between
Sobolev spaces of scalar/vector functions and Sobolev spaces of differential forms, see Table 2.

Sobolev spaces of functions | Sobolev spaces of differential forms

l

0 HFL(Q) H*(d,Q, A\
1 HF(curl; Q) H*(d,Q,A")
2 H*(div; Q) H*(d,Q,A?)
3 H*(Q) H*(d,Q, A%)

Table 2: Correspondence between Sobolev spaces of functions/fields and Sobolev
spaces of differential forms in R3.

Now we give special incarnations of the extension operators &, 0 < [ < 3, for Lipschitz
epigraphs 2 C R? from (3.9) in terms of vector proxies in R3. Of course, for [ = 0 we recover
Stein’s formula (3.6).

In the_case [ = 1, that is, for a covector field u € Hk(curl; Q), k € Ny, we have for x =
(%,y) €0,

Su(x) = / h (D% (x)) " u(x, o)1(\) dA
. (4.1)
= /1 (u(x,e) + \uz(X, ) grad §*(x) ) () dA,

where e stands for y + \0*(x) and ug is the third component of u.
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C
”

For | = 2, that is, a bivector field u € H"(div;Q), k € Ny, we have for x = (X,y) € Q

&Su(x) = /1 T (DA (x)) " det (DA (x) Y, o) (2) dA

0 95" 0 4.2)
= / 1+ /\('“)x3 (x))u(x,e) — 0 P(A) dA.
' Agrad §*(x) - u(x,e)

Here, the occurrence of D% (x)_1 is merely formal, because, in fact, we need the adjunct Jacobian
matrix of the paremetrized reflection mapping

1+ Aa‘;x("> 0 0
3
det ( DZ\(x))( DZx(x)) " = 0 1+ 22 0 . (4.3)
06*(x) 06*(x)
A 8171 A 8:172 !

—cC

Lastly, for any density function u € H* (), k € Ny, we have forx = (X,y) € Q
&u(x) = / det ( DZx(x) )u(X, ®)1p(N) dA
1

B /100 (” A <X>)u<i,->w<x> Q. (44)

To the best knowledge of the authors, The latter three formulae (4.1), (4.2) and (4.4) seem new to
the mathematical community. Applying Theorem 3.6 for the Euclidean space R, it is immediate to
obtain the following “vector analytic” specialization.

Corollary 4.1. Let Q be a bounded Lipschitz domain in R® and k € Ny. Then there exist universal
extension operators

Eou = e.in$), and
&0 - HkJrl(Q) = HkJrl(R?’) satisfying oU =1, d.e.in s, an
”@@OUHH’C(RS) <C ”“HHk(Q) ;

&u= e.in ), and
& : H (curl; Q) — H"(curl;R?)  satisfying L=, e mmss, an
”gluHHk(curl;R?’) <C ||uHHk(curl;Q) )
ko ko 3 o u=u, a.e.in ), and
&+ H"(div; Q) — H"(div;R%) satisfying
||g2u”Hk(div;R3) <C ||uHHk(div;Q) )
E3u = u, a.e.in 2, and

& HF(Q) — H*(R?) satisfying
[€5ull i gsy < C

|UHHk(Q)?

with all the constants C = C(k,Q), but independent of the functions/fields involved.

S Application: Regular decompositions

Regular decomposition results for H (div; 2) and H (curl; Q) and related spaces assert that those
can be split into the kernel of the underlying differential operator and a complement space of H!-
regular functions. Regular decompositions, pioneered in [5], have become a powerful tool in mathe-
matical analysis [8, 12] and numerical analysis, see [20, Sect. 2.4] and the references given there.

In this section, we apply the universal extension result to establish regular decompositions of
Sobolev spaces of differential forms. As a consequence, a well-known lifting lemma can be gener-
alized to Sobolev spaces of differential forms. Throughout this section we only consider d > 3 and
Q C R is always assumed to be a bounded Lipschitz domain.

Regular decomposition rely on the existence of regular potentials in R?.
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Lemma 5.1 (Existence of regular potentials in R?). For 1 <1 <d, [ € N and every k € Ny there is
a continuous lifting mapping

% H(d0,RY, AN 0 HF(RE A — HITH(RE AT
such that for all w € H(d0,R%, Ab) n H*(R?, AD),
dYlw = w. (5.1)

As a tool for the proof, we introduce the Fourier transform of functions, denoted by .%, mapping
from L2?(R?) into itself, and let % ~1 stand for its inverse.

The Fourier transform (cf. [35]) of a differential [-form w = ), wrdx; € L*(R%; AL, still
denoted by .#, is defined componentwise by

B(8) = F(w)(€) =) _wi(§)dE;,
I

where 1
B1(6) == Fn)(€) = Gy [ exp(—i€- 30 dx,
and 1 is the imaginary unit, & = (£1,---,&4)7 is the vectorial angular frequency in R? and d§; =

d&;, A+ AdE;, . with I being an increasing [-permutation.
Accordingly, the inverse Fourier transform of w, also denoted by .% ~!, is defined by

wx) =% Zwl )dxr ,

where

w1(3) 1= F @000 = w7y [ expl 2081 (€) de

(27)

It is easy to see that the Fourier transform converts the exterior derivative into an exterior product:
Lemma 5.2. For any w € H(d, 2, A!), we have

F(dw) = 1€ N F(w), (52)

where 2 is the differential 1-form in the frequency domain, namelyg = &1dé +Eodés + - -+ EqdEy.

Proof of Lemma 5.1. We follows the idea in the proof of [2, Lemma 3.5, pp. 837]. It boils down to
straightforward calculations with Fourier transforms of differential forms.

Let w € H(d0,R% AY) N H*(RY Al),ie., dw = 0. We try to seek an € HTH (R, AT
such that for any compact D C R?,

dn=w and |nllgrspa-n< Cllwllgrpan (53)
Taking the Fourier transform on both sides of the equations dn = w and dw = 0, we get from (5.2)
AT =G, 1EAD=0. (5.4)

This linear system has a solution given by

—1§1w(§)
L.

To see this note that 1A% = 0 is a direct consequence of & A n = @ for whatever 7] is. For the
[-form @, using (5.5) we can write

n§) = (5.5)

P AEL D) ENE @dE))  — ENThm (CDF G g )
|5|2 Z L. Z &P !

S ( )k_li/\(ﬁjkdﬁj. )

_Z |€|2 - (]k; wJ’
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where by J i, we mean the the index ji, 1 < £ < [,is dropped in the increasing /[-permutation .J with
1<j; <...,j <d.Observe that

d
NG ey, ) = (~1) TG e+ Y GndE,ndE g,

m¢gJm=1

Thus we have

PPN m 51271 + Q’[

zSAn=ZZ€J—2wJ, (5.6)

g
where
l d
A=Y (Gutndande;, ).
k=1 m¢Jm=1

We also have

£ (800) =D wi(&(Endes) ) =D ws| D & (¢mdmnde,)
J J mgJ

Without loss of generality, we assume that j; < ... < j;, <m < j; 41 <...<j form & J and
denote J U {m} by the increasing [ + 1-permutation { j1,. .., Ji,., M, Ji,.+1,- - -, Ji }» then

e (80) = s | X € (Gndenndey) | = 3w | (- 1765 (6nd€ 1oy )

me.J m¢J
= w, zg: (1) (Z(—l)klinﬁmdijjku{m} +(=1)'endE,
J meJ k=1

+ Z fakfdeJ U{m})}

k=1, +1

=Y ws{ Y g, + > (-1 ((—1)“1 D (-1, e, )
k=1

J me.J meJ

l
+ (= < DAY (_1)k5jk§md5m/\d£jjk>

me.J k=i +1

l
“Y e S ede, -3 <Z<—1>k-1§jksmdwdsjjk )

J me.J m¢gJ \ k=1
=D wsy 2 Gndé; -
J me.J

Solving 2 from the above equation and plugging it into (5.6), we have

PR dom J§%+ZW¢J€%—€J ENG e
€=y & £2)., =g =

J

where we have used the second relation in (5.4). Hence we have shown that 7] is a solution of (5.4).
It remains to show that n € H{T (R, A'~1). We will use the cut-off technique as in the proof
of [2,Lemma 3.5]. First we observe that for any increasing [-permutation / and any j with 1 < 7 < d,

we get from (5.5)
BINGIESMCHGIE (5.7)
J
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Appealing to the Fourier representation of Sobolev norms on R, we can conclude % € H*(RY)
for all combinations of I and j. ’

Next we can choose a cut-off function ¢» € C5°(R%) with ¢(€) = 1 for |£] < 1,and (&) = 0
for |€] > 2. Then split & according to

n(&) = v(En(&) + (1 —v(€)n(€) . (58)

Note that each component of the differential form (&)7)(€) has a compact support and belongs
to Ll(]Rd) (d > 3!), so that its inverse Fourier transform is analytic. Hence, the restriction of
FZ 1 ()n(+)) to any compact D C R< belongs to H™ (D) for any m € Ny. It goes without saying
that the inverse Fourier transform of the second term (1 —(£))7j(£) yields a form in H* (R, AI=1)
Summing up, we have shown that Z ' (7j(-)) € HE (R A'~1). This completes our proof. O

The following theorem is a fairly straightforward generalization of the regular decomposition
lemma [20, Lemma 2 .4]:

Theorem 5.3. (Lifted regular decompositions) For every k € Ny, 1 <1 < d, there exist continuous
maps R : Hk(d, QAN — Hk'H(Q,Al) and N : Hk(d, QA — HM! (2, A'=1) such that

R+doN=1Id on H"d QA . (5.9)

In addition, there are continuous maps Ry : Hg(d,Q,Al) — Hg'H(Q,Al) and Ny
HE(d,Q,AY — HETH(Q, A1) such that

Ro+doNg=1Id  on HE(d,Q A . (5.10)

Proof. (i) Proof of (5.9): Pick w € H"(d,Q, A!) and extend it to & € H"(d,R%, A!) using the
universal extension of Theorem 3.6. Then set

Rw := (.Zd&)kz, Nw:= Z(&}—gdG)NQ (511)

It is easy to check that d(@ — Rw) = 0 in Q in view of (5.1). The continuity properties of these
operators and (5.9) are straightforward from Lemma 5.1.

(ii) Proof of (5.10), cf. proof of Lemma 2.4 of [20]: For any p € H ’g (d, 2, A, let us extend it by
zeroto i € H"(d,R?, A') and define @ = dpi € H"(d0, R?, A"*1). There exists from Lemma 5.1
n € HEPY(RY, AY) and @ = dn, which implies that d(fs — 1) = 0. Applying Lemma 5.1 again
yields p € H{fﬁc‘l (R9, A!) satisfying it — n = dp. Using the fact that &z = 0 inR? \ Q leads
to p € Hi'(d,R?\ Q,A). Use Theorem 3.6 to extend plza\q, into the interior of € and write

p € HF(d R Al) for the extension. Then define

loc
Rop :=n+dpjq € H(QA) | Nop:=p—pec H ' (QAT).

The identity (5.10) is a consequence of the construction. Continuity of the extension translates into
the asserted continuity properties of the operators. Finally, note that p — p = 0 on R? \ €. In light
of p—p € HITH(R?, A=) this implies the homogeneous boundary conditions for N g¢. Similarly,

loc

n+dp=0inR?\ Q,andn + dp € HIT' (R, A') means that Ropr € HETH(Q, AL). O

loc

Let us recall the classical version of a lifting lemma important in the analysis of the Navier-Stokes
equations, see Corollary 2.4 and Lemma 2.2 in [17].

Lemma 5.4 (Classical lifting Lemma). Assuming that §) is a bounded Lipschitz domain in R3, then

1. there exists a positive constant C' such that for all p € L*(Q) thereis av € H' () satisfying

diVV:p and ||VHH1(Q) < C||pHL2(Q) 5 (5.12)

2. if [o,p dx = 0, then there exists a v € H() such that (5.12) holds.
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It is remarked that the original proof due to Necas establishes an equivalent assertion by showing
that the range space of grad, the adjoint operator of div, is closed in H (1)(9), which is the dual
space of H ' (€2) (cf. [30]). Netas’ proof is rather lengthy and quite complicated for the technical
treatment of Lipschitz boundary. The lemma is of crucial importance for the treatment of the con-
straints of compressibility and incompressibility in mechanics and fluid mechanics. With the regular
decomposition lemma we have established earlier, a generalized version of Lemma 5.4 lemma can
be deduced easily.

Corollary 5.5 (General lifting lemma). Let k € Ng and 1 < | < d. For a bounded Lipschitz
domain Q € R? of full topological generality and all w € de(d, 0, A=Y, then there is an €
H! (2, A'=Y) and a positive constant C' independent of ) such that

HT’HH’Wl(Q,Al*l) < OH‘"HH’C(Q,AZ) : (5.14)

Moreover, for all w € dHé(d,Q,Al_l)for 1 <1l<d, and fﬂw =0ifl = d, thereisamn €
HE(Q, A'=1) and a positive constant C' independent of m such that (5.13) and (5.14) holds.

Proof of Corollary 5.5. By Theorem 5.3, we prove the desired result by defining 7 = Rw orn =
Row, which show the first and second parts, respectively. O

It is natural to derive from Corollary 5.5 a similar result for the curl operator to Lemma 5.4.

Corollary 5.6. Assuming that §) is a bounded Lipschitz domain in R3, then

1. there exists a positive constant C' such that for all v € curl H (curl; (), one can find u €
H*'(Q) satisfying
curlu=v and |ullgiq) < CVllg2(q); (5.15)

2. ifv € curl Hy(curl; Q), we can find a u € H () such that (5.15) holds.
Remark 5.1. Theorem 5.3 also holds for d = 2, albeit with a different proof invoking analyticity of
Fourier transforms, cf. [17, Sect. 1.3.1].

Remark 5.2. We acknowledge that Theorem 5.3 can also be deduced from [13, Theorem 4.6] by
appealing to its assertions on so-called Bogovskii operators.
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