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Abstract

The stochastic Galerkin method is developed for the isotropic diffusion
equation with an unbounded random diffusion coefficient. The logarithm
of the diffusion coefficient is assumed to be an infinite series of Gaussian
random variables.

Well-posed weak formulations of the model problem are derived on
standard Bochner-Lebesgue spaces. The Galerkin solution is shown to be
almost quasi-optimal in the sense that the error of the Galerkin projection
can be estimated by a best approximation error in a slightly stronger norm.
As a result, convergence analysis of the stochastic Galerkin method is
reduced to the problem of approximating the Hermite coefficients of the
exact solution by standard finite elements.

1 Introduction

Many boundary value problems arising in engineering contain parameters that
are subject to significant uncertainty. If these parameters are modelled as ran-
dom variables with a known joint probability distribution, the solution to the
boundary value problem is a random field, which can be computed determinis-
tically by the stochastic Galerkin method [1, 7, 5, 16, 11, 3, 9] or the stochastic
collocation method [4, 5, 2, 14, 13, 16].

A commonly studied model problem is the isotropic diffusion equation

-V - (aVu) = f

with some boundary conditions, where the diffusion coefficient a and possibly
also the right hand side f are random. This equation models time-independent
groundwater flow in a sediment with permeability a.

Most authors assume that the coefficient a is uniformly bounded from above
and away from zero, [1, 7, 5, 14, 13, 12]. In this case, a stochastic Galerkin dis-
cretization can be performed with a continuous and coercive bilinear form, and,
in particular, the Galerkin solution is quasi-optimal with respect to a problem-
independent norm.

*claude.gittelson@sam.math.ethz.ch; research funded in part by the Swiss National Science
Foundation under Grant No. 200021-120290/1.



The permeability a can be written as a countable affine combination of un-
correlated random variables, for example by means of a Karhinen-Loéve expan-
sion. Until recently [7], this series has generally been assumed finite, [1, 4, 5, 2].
In order to ensure that a is uniformly bounded, the random variables are often
assumed to be bounded, [1, 7, 5, 14]. Additionally, to obtain a product structure
on the probability space, they are also assumed to be independent, [1, 5, 14].

These assumptions are often made, not because of any intrinsic merit, but
out of necessity, since they greatly simplify the development and analysis of
numerical methods. However, in some situations, they are questionable.

The permeability coefficient may vary drastically within a layer of sediment.
Thus it seems more appropriate to expand its logarithm in an affine series of
random variables. The most natural distribution for these random variables is
normal, which has the advantage that the random variables are independent
once they are pairwise uncorrelated, and thus independence is not a further
restriction.

In this case, the bilinear forms resulting from a weak formulation of the model
problem for given realizations of the parameters are not uniformly bounded from
above or away from zero. Therefore, the energy space does not coincide with
a standard Bochner-Lebesgue space, and standard finite element theory fails to
show quasi-optimality of the Galerkin solution in any meaningful norm.

This paper lays the foundation for an analysis of the stochastic Galerkin
method applied to the above model problem in the realistic setting that the
logarithm of the permeability coefficient a is a countable affine combination of
uncorrelated Gaussian random variables.

Collocation methods have been analyzed in the case of a lognormal diffusion
coefficient depending on only finitely many random variables, [2, 4]. However,
it was essential that the coefficient was bounded away from zero by a positive
shift a, > 0. We do not require either of these restrictions.

The model problem is presented in detail and recast as a parametric deter-
ministic problem in Section 2. Its variational formulation is derived in Section 3.
Section 4 deals with the Galerkin discretization of the model problem. In par-
ticular, it includes results on the quasi-optimality of the Galerkin solution in
standard Bochner-Lebesgue spaces.

2 Parametric diffusion problem

2.1 Problem formulation

Let D C R? be a bounded Lipschitz domain and (2, F, P) a probability space.
Consider the stochastic isotropic diffusion equation

-V - (a(w,z)Vu(w,x)) = f(w,z) for z€D, weN, (1)

where the functions a, f : 2 x D — R are a parametric diffusion coefficient and
forcing term, respectively. The differential operators V- and V are meant with
respect to x € D.

Denote by V a closed subspace of H'(D) on which

2

lolly = / Vo) d (2)



is a norm. For example, V could incorporate homogeneous essential boundary
conditions. Define the parametric bilinear form

b(w;u,v) = /a(w,x)Vu(x) - Vo(z)dx for we N, uveV (3)
D

and reinterpret the right hand side as a map into the dual space V' defined by

flw;v) := /f(w,x)v(m)dx for weR, uwveV. (4)

Then for any w € 2, the weak formulation in z of (1) for homogeneous boundary
conditions is

find wu(w) €V such that b(w;u(w),v) = f(w;v) YoeV. (5)

Assumption 2.1. There exists a sequence (Yi,)men of i.4i.d. standard normal
random wvariables on (2 and functions amin,am € L°(D) for m € Ny with
amin(z) = 0, ao(x) = a9 > 0 for all v € D and ([|amlljw(p))m € (*(N) such
that the diffusion coefficient has the form

a(w, x) := amin () + ap(z) exp (Z am (2)Ym (w)) . (6)

m=1

We will sometimes make the additional assumption amin 2 1, although we
are particularly interested in the case where this assumption is not satisfied.
Define o, = ||am | (py and

2, = {W € 2; Z Om |Ym(w>| < OO} . (7)

m=1

The following lemma ensures that the diffusion coefficient a(w, ) is well-defined
for w € £2,.

Lemma 2.2. For a.e. x € D,
exp (Z am(x)Ym(w)> = H exp(am (z)Ym (w)) € (0,00) (8)
m=1 m=1
for allw € £2,.

Proof. Let w € 2, and x € D with |a,,(x)| < ay, for all m € N. Then

Y Jan(@)] Y (@) € D am [V (w)] < oo,

so the sum in (8) converges absolutely. The rest of the claim follows by conti-
nuity of exp(+). O

Proposition 2.3. P(2,) =1.



Proof. The proof is similar to [8, Prop. 1.11]. By the monotone convergence
theorem, using

2 T v, 2
Er((¥nl) = = [mexn (<5 )y, = /2.
0

we have

EP<Z U, |Ym|> = amBp(|Ynl|) = \/g > am <o,
m=1 m=1 m=1
([l

Remark 2.4. In view of Proposition 2.3 and (7) with the requirement (o, )m €
?1(N), it is interesting to note that P((Y;;)., € ¢°°(N)) = 0. This is a conse-
quence of P(Y,, <nVm) =0 for all n € N.

Lemma 2.5. The diffusion coefficient from Assumption 2.1 satisfies

0<a(w):= eszseig)lf a(w,x) < eszsesgp a(w,z) = a(w) < 00 (9)
with
a(w) < [laminll o (py + llaol oo (py exp (Z m |Ym(w)|>
m=1
and

a(w) > essinf amin(x) + gy exp <— Z am, |Ym(w)|>
m=1

xeD
for allw € £2,.

Proof. This is a direct consequence of Assumption 2.1. [l

Theorem 2.6. Problem (5) has a unique solution u(w) € V for allw € 2,. It
satisfies

lu@)lly < ﬁ £ )y - (10)

Proof. By Lemma 2.5, the bilinear form b(wj -, -) is continuous and coercive on
V with coercivity constant a(w) for all w € £2,. O

Remark 2.7. Note that the solution u does not depend on the probability mea-
sure P. However, the probability measure plays a crucial role in assessing the
quality of approximations of u. Our goal is to compute uy satisfying an a priori
bound for

Ep(llu—un|?)? . (11)

We are particularly interested in the case p = 2.



2.2 Product measures on the probability space

Let (Am)men be a positive sequence with (log A )m € ¢1(N). The random vari-
ables (A\;,'Y;,)men induce a map Y : 2 — RN by the coordinatewise definition
(YMw))m = A\ Yo (w). Denote by RY the set of sequences in R and by B(RY)
the Borel o-algebra on RY.

Lemma 2.8. The map Y™ : (2, F) — (RN, B(RY)) is measurable.

Proof. Define Y, := A\,'Y,, and let E,, € B(R). Then (Y,))"'(E,) € F
by the measurability of Y,}. Consider the cylinder set E := H:zl E,, with
E,, € B(R) and E,, = R for all but finitely many m € N. Then (Y*)~}(E) =
Nimen(Yim) "1 (En) € F. Since the Borel o-algebra B(R") is generated by cylin-
der sets, (Y*)"Y(E) € F for all E € B(RY). O

Proposition 2.9. The image of P under the map Y is the countable product
measure

'YP = ® ’775 ) (12)

m=1

where vE is the Gaussian measure on R with mean 0 and standard deviation
AL

Proof. Consider a cylinder set E = [[~_; E,, as in the proof of Lemma 2.8. By
the independence of (Y,))men,

P((YM)™(E)) = P( f (Yé)l(Em)>

m=1

=TI (@) " (Bw) = [[ AE(Ew) =27 (B)

where all but finitely many factors in both products are equal to one. This
property characterizes the product measure. O

For a sequence (s,,,)m € £*(N), let s ,,, be the Gaussian measure on R with
mean 0 and standard deviation o, = exp(—sy,), and define the product measure

’/7\8 = ® /’?s,m (13)
m=1

on (RY, B(RY)). Also, define the standard Gaussian measure 7 := 7.
Remark 2.10. Note that v =7,r if sI. =log A, for all m € N.

Proposition 2.11. The probability measure 75 defined in (13) is equivalent to
~. The density of 45 with respect to v is

&(y) = <H %) exp (—% > (o0 - 1)yfn> : (14)

m=1_" m=1



Proof. Note that d¥s m = & mdym for

gs,m(ym) = O'L exp (%(O—mQ - 1)y72n> .

m

We compute

/\/Es,m(ym)d’ym(ym) = \/%—Um 7exp (—i(o;f + 1)3/3,1) dym
R —o0

e ev ()
=/ ————=exp| =Mm
Om + om’ PLa"

for some 7, with |n,| < |$m|. Therefore,
ﬁ /\/Es m (Ym)dVm (Ym) = exp 1 i Mm |
m=1 R 7 2 m=1

which converges since (s,)m € ¢*(N). Then the claim follows from Kakutani’s
theorem, see e.g. [8, Thm. 2.7] or [6, Thm. 2.12.7]. O

In particular, 47 is equivalent to 7.
Define the set

I:.= {yeRN; Zam|ym|<oo} : (15)
m=1
Lemma 2.12. Y (2,) C I

Proof. Since (log A) € £'(N), there exist constants A > 0 and A < oo with
A < Ay < A for all m € N. Therefore,

oo o0 o0
AD am lyml < mAm [ym] <X i [y
m=1 m=1 m=1
and

I’:{yERN; Zam)\m|ym| <oo} )
m=1

Then the claim follows from (7) by inserting ¥, = (Y (w))m = A Y (w) for
w € 2,. O

We will reformulate Problem (5) with the parameter domain RY instead of
£2. For random variables ¢(w) that only depend on the values (Y, (w))men,
we will write p*(y) or (Y (w)) for ¢(w). Note that the definition of ¢*(y)
depends on (A, )men. In particular,

GA(y,x) = Umin () + ag(x) exp (Z )\mam(z)ym> . (16)



and

b (y; w,v) = /a/\(y,x)Vw(ac) -Vo(z)dz for yeRY, woweV. (17)
D

Then for all v,w € V and all w € 2, we have b(w;w,v) = b*(Y*(w); w,v).
Assumption 2.13. The right hand side f is of the form f(w;-) = fA(YMw);-).
Then (5) becomes the parametric deterministic problem

find w*(y) €V such that b*(y;u(y),v) = fA(y;v) VeV, VyecRY.
(18)

Theorem 2.14. Problem (18) has a unique solution u(y) € V for ally € I'.
It is related to the solution u(w) of (5) by u(w) = u (Y w)) for all w € £2,.
In particular, it satisfies

s Wyer. (19)

1
@), < 20 £ (s )]
Proof. Let y € I'. By Lemma 2.5, the bilinear form b*(y; -, -) is continuous and
coercive on V with coercivity constant a*(y). The Lax-Milgram lemma implies
existence and uniqueness of the solution u*(y) to (18) and the bound (19).
Let w € £2,. Then by definition, the solution u(w) of (5) satisfies (18) for
y = Y*(w) € I'. By uniqueness it follows that u(w) = u*(Y*(w)). O

Remark 2.15. By Proposition 2.3 and Proposition 2.11, Theorem 2.14 implies
existence and uniqueness of the solution u*(y) for y-a.e. y € RY.

3 Weak formulation

3.1 Preliminaries

Assumption 3.1. The right hand side f* : RN — V' is B(RY)-measurable.

Product measurability of a*(,-) follows from Lemma 2.2 since a*(-,-) can
be written as the a.e. limit of product measurable functions.
We will consider probability measures as defined in Section 2.2 with

1 1
Sm = §Xa;\n = §X)‘mam (20)
for a parameter x > 0, where
ay, = [Amamll e (py = Amarm - (21)

Denote by 7, the measure 75 for this choice of ($;,)men, and by &, its density
with respect to . By definition, v = 7p, which is compatible with the notation
defined in (13).

Lemma 3.2. If 0 < x < 2e 'min,, a;ll, then there is a unique Sequence
(Am)men in [1,€] such that vF =7,.



Proof. By Remark 2.10, the values A, must satisfy
1
5, =log Ay, = ax)\mam Ym e N,

or equivalently,
logA,, 1
2

Since
d logz 1—logx
= > ,

dx =z T

the function 7! log x takes its maximum e~! at x = e. Furthermore, z~!logz =
0 for x = 1. By continuity, \,, € [1, €] satisfying the claim exist if

Lo <1
2X04m T e
and uniqueness of A, follows from monotonicity of 7! logz on [1, €]. O
Define
B, 0) = [ 00 0l o(0) A 0)
y (22)
~ [ [ w0 Vul.o) - Vo o)dedi, )
RN D
and
/ Pl = [ [ Pepmoidd)  e3)
RN D
for suitable w and v.
We will study the variational problem
B, v) = FAv) (24)

for all v in a suitable space.

We will use the notation LP(5) and LP(¥;V) for the spaces of p-integrable
functions on RY with respect to the measure 4 with values in R and V, respec-
tively. Furthermore, we will identify L2(v) with its dual.

3.2 Uniqueness of the weak solution
Define

M = {E € B(RY) ; esssupmax (|| f*(y; )]
E

ye

) aw) < oo} - (25)

Then M contains the nested sequence of sets

o= {y € B max (| i)y a*0) @ w) <}, meN,  (26)

and the union of these sets is RY. Also, M contains all Borel measurable subsets
of any set £ € M. Define

DO::{le;EeM,weV}. (27)



Theorem 3.3. The solution u* : RY — V of (18) satisfies (24) for all v € Dy.
Furthermore, any function i : RY — V that satisfies (24) for all v € Dy is equal
to u y-a.e. .

Proof. For all v=wlg € Dy,

v lw], < oo.

/ | (03 0@))| () = / |7 (5 w)| dA () < esssup | 2 (55-)]
N 2 yek

Therefore, the function y — f(y;v(y)) is integrable and by (18), it is equal to
the map y — b*(y;u(y),v(y)) on I'. This implies (24).
Let w also satisfy (24) for all v = wlg € Dy. Then

/bk(y;ﬂ(y),w)*fA(y;w)dﬁx(y):0 VEeM, YweV,
E

so the integrand vanishes for v-a.e. y € RN, and the second part of the claim
follows from uniqueness of the solution u* of (18). O

As a result of Theorem 3.3, deriving well-posed weak formulations of (18)
is essentially equivalent to showing integrability properties of the solution u*.

These require the following Lemma.
Lemma 3.4. The solution u* : RY — V of (18) is B(RY)-measurable.

Proof. Let the sets I'™ be defined as in (26). For each n € N, the bilinear forms
b*(y; -, -) are uniformly continuous and coercive for y € I'™, and the right hand
sides f*(y;-) are uniformly bounded for y € I'™. By the Lax-Milgram lemma,
the variational problem

[P i) = [ P Yoe Paley)
rn re

has a unique solution u™ € L2(7y|rn;V). This solution can be extended by
zero on RN\ ™ to define a function on RY, which we denote again by u™. By
definition, this u" is B(RY)-measurable.! As in the proof of Theorem 3.3, it
follows that u™(y) is equal to the solution u*(y) of (18) for y-a.e. y € I'". Since

the union of the sets I'"™ is equal to RY, the function u” is the pointwise limit
of measurable functions, so it is also measurable. ([l

3.3 Weak formulation on a problem-dependent space

Define the space

A

L (3,) = {v: RY — V measurable; B;(v,v) < oo} . (28)

Lemma 3.5. The bilinear form Bi‘(-, -) defines an inner product on s (Ay)-

ISince V is separable, strong and weak measurability are equivalent, see e.g. [17].



Proof. For all y € I', the bilinear form b*(y;-,-) is an inner product on V. For
w,v € LY (Fy), the map RY 3 y — b, (w(y),v(y)) is Fy-integrable since for
y-a.e. y € RN

[ 1P s, v0) | 30
RN

< [ u),w0) P o). o) dw),

RN

< /bA(y;w(y)Jﬂ(y))dﬁx(y) /bA(y;v(y)vv(y))dﬁx(y) <00

RN RN

Therefore, B;} (+,-) is well-defined on s (Ay)- Symmetry, bilinearity and positive
semi-definiteness of B;('v ) follow from the corresponding properties of b*(y; -, -)

for y-a.e.y € RN, Let 0 £ v € Lbk(ﬁx). Then v ({y € RY; b*(y;0(y), v(y)) > 0}) >
0 and therefore B} (v,v) > 0. O

Define the norm induced by the inner product B))(‘(~, )

Ao~
[ola = \/By(v,v)  for veL” () (29)

and denote its dual norm by || - ||} , . Also define the parametric norm
[vlla,y == 1/0My;v,v) for veV, yel. (30)

Note that

Il

~ 2 A~
Ay = /Illv(y)llli,ydvx(y) = Mo lsyliag,y — for veL” (). (31)
RN

Proposition 3.6. The space v’ (Ay) endowed with the inner product B§(~, )
is a Hilbert space.

Proof. It remains to be shown that v’ (7y) is complete with respect to the norm
II-llx,x- Thisis a direct adaptation of an argument for the corresponding property
of standard L? spaces, cf. e.g. [15, Thm. 3.11]. Let (v,) be a Cauchy sequence
ax <270

in Lt (7y)- Without loss of generality we can assume |[v,41 — Uy
Define

k 00
ge®) =D lonni (@) =@l . 90) = D lons1(y) = va®)lry

for y € I'. Then by the triangle inequality and (31),

k
19kl 25y < D lontr —vallay <1
n=1

10



Applying Fatou’s Lemma, it follows that
lgll s, < liminf[lgell g,y < 1.

In particular, g(y) < oo for y-a.e. y € RY and the series

(y) = v1(Y) + Y var1(y) —valy) = lim v,(y)

n—oo

converges in V for y-a.e. y € RY. This implies that v is B(RY)-measurable.
Let € > 0. Then there is an N € N such that v, — vm[lay < € for all
n,m > N. By Fatou’s Lemma and (31),

lv —vm ||\§,X = / lim v, (y) — vm(y)"li,ydﬁx(y) <liminf [Jv, — v |||§,X <€
n— 00 n—oo
RN

It follows that v € L*" (7y) and v, — v in e’ (A )- O

i
Theorem 3.7. For any f* € (LbA @x)) , the variational problem (24) with

v e LY (3y) has a unique solution u* € LY (3y) and

Ml = 1 I - (32)
Proof. This is a consequence of the Riesz isomorphism applied to the Hilbert
space LY Ay )- O

I
Corollary 3.8. If f* € (LbA ﬁx)) , then the solution v : RN — V of (18) is
in LY (Ay) and satisfies (24) for all v € v (Fx)-

Proof. This follows from Theorem 3.7 and Proposition 3.3 since Dy C s (A )-
([l

Remark 3.9. Corollary 3.8 gives an alternative proof of Lemma 3.4 under the
!/
additional assumption f* € (LbA @x)) )

3.4 Weak formulation on L?(vy) spaces

In this section, we will consider the case x = 0 and \,, = 1 for all m € N, i.e.
we use the standard Gaussian measure 7 to integrate over RY, and this measure
corresponds to the physical probability measure v¥. All results in this section
can be generalized to arbitrary 7, and (\,,) by rescaling y and a,,.

Lemma 3.10.

exp(Z Om |ym|> e L"(y) Vre(0,00).

m=1
T 2 2
| < exp(g (e )mlle> + \/; ||(am)m|el> :

11

Furthermore,

oo
exp(Z Am |ym|>
m=1

L(vy



Proof. We will use the properties (o )m € £*(N) and a,,, > 0. We will show the
claim for r = 1; the general case follows since (ra,, )m € ¢1(N) for all r € (0, 0).
First consider the function

g(x) :=log(1 + erf(z)) ,

where erf(+) is the Gaussian error function

erf(z) := % /exp(ftQ) dt . (33)
0

For all z > 0, since erf(z) > 0,

g'(z) = H%rf(:c)\/i% exp(—2?) < % :

Therefore, and since g(0) = 0, we have the estimate
(z) < 2 Ve >0
)< —=uzx Vz .
g _— ﬁ -
Using this bound, we can estimate the one-dimensional integrals

oo

1 / 2] z? q \/5 a? /OO 1( )) d
— X - — =1/—exp| — xp| —=(x —
T exp| oz 5 x —exp| < exp| —5(z -« x
—0o0 0
a? e
=exp| — 1+4erf| —
() (e (35))
2 +0(3))
= eX JR— —
p 5 g NG
<exp| = +4/—«
2 T
for a > 0. Using dominated convergence and Prop. 2.3,

/exp<z e |ym|> v =TI o= /exp<am ] — %m) dym

RN m=1 m=1 7T_
s o 2
< Zm z
< ml_:[1 eXp( 5 + - am>
= a2, \/5
= exp <mz:1 o + - (o 7%
and the last term is finite since (v, )m € £1(N) C £2(N). O

Lemma 3.11. The functions @*(-) and a*(-)~! are in L"(v) for allr € (0, 0).
The norms satisfy

maX(HE)“

a7

with a constant c, independent of r.

by 1) < caexp (5 @)l

12



Proof. By Lemma 3.10 and Lemma 2.5 with the bound

oo
Qk(y> > ag exp ( Z Um |ym|> )
m=1

the claim holds with

- 2
Cq = IMax (”amin”L“’(D) + HG‘OHL“’(D) ’ HaO 1||Lo<>(D)) exp<\/; |(O‘m)m”e1> :

O

Proposition 3.12. Let p and p satisfy

~ 1 1
p,p>1 and -+=<1, (34)
p p

and let ¢q be the constant from Lemma 8.11. Then for all w € LP(v; V) and
veLP(y;V),

pp 2
BA < a ~ m)m P~ P~ .
B3] < coenp 5oy NamdnlE) Tl ol o
Moreover, for all q € (0,2) and any v € Li(~v; V),
B> S| —q . 2 2 .
30.0) 2 7" exp (g7s Il ) ol (36)

Proof. Let r = (p71)(pp Then by continuity of b*(y;-,-) for y € I,

p—1)—-1°

B w )| < [@0) @l v Y0 <[40 el Tl
RN

and (35) follows from Lemma 3.11. Now let r = z%-. Using coercivity of

b (y;-,-) for y € I' and the reverse Holder inequality, we obtain
2 2
By (v,v) > /@A(y) @)y dy () = [la*| -y 10120y -
RN

Equation (36) follows from Lemma 3.11 since

A Ay—1)7t
o HL*T(V) = [la*() ||LT(V) :
[l
Note that if p = p in Proposition 3.12, then p > 2 and (35) reads
|83 (w,0)] < caexp (5 m)ml2 ) 10l oy 0l - @37
o= 2(p—2) ¢ LoV 1VlLe (v

13



Corollary 3.13. For all g <2 < p,
(1 V) C L () € L% V)

and
LP(y; V') C (LbA (7)) C Li(y; V).

Proof. The first part of the claim follows from (37) and (36). The second part
is a direct consequence of the first since

(LP(r:V)) = L7 (3 V')
[l
Theorem 3.14. Let ¢ > 0. If fA € LP(v; V') for a p > q, then the solution u’
of (18) is in LP(v; V) and satisfies

qp
1 Loy < caexp (m ||(am)m|?2> 1 ooy - 39)

A

Furthermore, if q, q¢ are related as in (34), then u™ is the essentially unique

solution of (24) with test functions v € L(v; V).

Proof. Let r = %. By (19) and Holder’s inequality,

/HuA(y)qudv(y) < /QA(y)’q 125, dv()
RN RN
Ary—114 NIE
< 12O ey 1820 i
and (38) follows using Lemma 3.11. -

If ¢, g satisfy (34), then (24) makes sense for u* € Li(vy; V) and veLi(yV)
because of (35). The solution u* of (18) solves (24) for all v € Li(~; V) since
b y; ut (), v(y)) = fA(y;v(y)) for all y € I'. Uniqueness of the solution of (24)
for v € L1(vy; V) follows from Theorem 3.3 since Dy C Li(y; V). O

3.5 Weak formulation with modified measures

The weak formulation of (24) presented in Section 3.4 requires Banach spaces
that are not Hilbert spaces since the estimates in Proposition 3.12 do not hold
for p = p = 2 or ¢ = 2. Similar results using only Hilbert spaces are preferable,
in particular due to the possibility of applying Parseval’s identity in connection
with an orthonormal basis.

We derive such results in this section for Hilbert spaces L?(¥;V) with 7
potentially different from, but equivalent to . In particular, we consider the
Gaussian measures 7, with arbitrary x > 0. We allow general (A, )men in this
section; this sequence will be specified below in such a way that our results
apply to the physical probability measure v*. We recall the definitions

1
Sm = §Xa7);z = EX)‘mam and Om = eXp(_Sm) ’
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Lemma 3.15. For all k > 0,

§kx(y)eXP<kiafn|ym|> SGXp( ( )H mHel) Vyer .

m=1

Proof. Let y € I'. Using 0,2 — 1 = exp(2ks,,) — 1 > 2ks,,,, we estimate
€kx exp <k Z Uy |ym|>
S O SYEED SRR Sl
m=1 m=1

|ym| —k Z Smym +k Z 5m>
k s |ym| —> Z —T; stm>
m= m=1

3>

Lemma 3.16.

Ex(W)Ex(y)” eXP(Za Iym|><e><p(< )H mull) wyer.

m=1

Proof. Let y € I'. By Proposition 2.11, using that the standard deviation of

~ . 2
72x,m 18 Uma

Ex(W)éx(y) ™ = (H %) exp (% > (o - 1)02%2”) -

m=1 """ m=1
Then the claim follows as in the proof of Lemma 3.15 with the estimate
(0,2 —1)0,,2 = (exp(25m) — 1) exp(25m) > 28, -
O

Note that the right hand sides of the estimates in Lemma 3.15 and Lemma 3.16
are minimal for y = 1. They tend to oo as xy — 0.

Lemma 3.17. The functions
O, &) (e )T and (/& ()ar ()2

are in L>®(v). They are bounded by

coesp( (5 +5) el )

for a constant c, independent of x.
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Proof. By Lemmas 3.15, 3.16 and 2.5 with the bounds

oo
aMy) > ggexp (— > a, Iym|>
m=1

and

@ (y) < llaminll oy + 60l L () exp<2 ap, |ym|>

m=1

< (lminll () + o]l o)) eXp<Z ol |ym|> ,

m=1
the claim holds with

Cq = IMax (||aminHL°°(D) + HGOHLoc(D) ; Hao 1HL°°(D)) :

Proposition 3.18. For all w,v € L?(y; V),

L X
w0 < coesp( (3 + 3 ) @2l ) Mol oy 69
and )
A -1 X A 2
B0 2 it esp( = (524 3 ) @l ) Wl (@0
where ¢, is the constant from Lemma 3.17.
Proof. By continuity of b*(y;-,-) for y € I,

| B (w, )| < /fx(yW(y) lw@)lly o)y dv(y)
RN

= H’EXE/\HLoo('Y) ||7~UHL2(»Y;V) ”UllL?(»y;V)

and (39) follows from Lemma 3.17. Using coercivity of b*(y;-,-) for y € I', we
obtain

B (v,0) > / £ WL W) W) [vW)] Eax(1)dr ()
RN

_ 11
> (6 () e (D@ () M| e ) 10122 5000
and (40) follows from Lemma 3.17. O
Corollary 3.19. For all x > 0,
L3 (y; V) € L (3y) € L*(Fays V)
and

(£ 30) € 22iv).
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Proof. This is a direct consequence of (39) and (40). O

Theorem 3.20. If f € L%(y; V'), then the solution u™ of (18) is in L*(Fay; V)
for all x > 0 and satisfies

[0y < coexe( (5 + 3 ) N0l ) 1 sy - 80

Furthermore, if f* € LP(y; V') with p > 2, u” is the essentially unique solution
of (24) in LQ(W7 V) with test functions v € L*(v; V).

Proof. By (19),

/ [P} &)ty /ggx )7 P

dv(y)

H§2X Q)\ 2||L°°(V)Hf HLZ(vV’)’

and (41) follows using Lemma 3.17 .

If f* € LP(y;V’), then u* € L2(y;V) by Theorem 3.14 and (24) makes
sense for v € L2(7; V) because of (39). The solution u* of (18) solves (24) for
all v € L2(v; V) since b*(y; u(y),v(y)) = f*(y;v(y)) for all y € I'. Uniqueness
of the solution of (24) for v € L?(v; V) follows from Theorem 3.3 since Dy C
L (y; V). O

3.6 Coercive case

Some of the estimates in Sections 3.4 and 3.5 can be improved under the addi-

tional assumption

eisellglf Amin(z) > 0. (42)

We assume for simplicity that the constant ¢, from Lemma 3.11 for x = 0 and
from Lemma 3.17 for x > 0 is an upper bound for ?1“

Lemma 3.21. If (42) holds, then the function a(-)~" is in L>=(7) and

||Q)\(')71||L°°('y) S Ca

Proof. This follows from (42) and Lemma 2.5 with the bound

a(y) > essinf amin(z) .

xeD
[l
Proposition 3.22. Let x > 0. If (42) holds, then for all v € o’ (Fx )
_ 2
B(v,v) > ezt ol 2 g, vy - (43)
In particular,
~ A
L3 CL*GEV) and L*EaV) € (17 () (44)



Proof. Using coercivity of b*(y;-,-) for y € I and Lemma 3.21,

2 i~ - 2
By (v,v) > /Qk(y) @)y Ax () = ez [vllz2gs,v) -
RN

O

Theorem 3.23. Let x > 0. If f* € LP(7,; V') for a p > 0, then the solution
ur of (18) is in LP(J; V) and satisfies

Hu/\HLP(‘y‘X;V) S Ca Hf)\HLP(ﬁy‘X;V’) : (45)
Proof. By (19),
JIwl a5 < [0 15w, @)
<N O i) 1 e vy
and (45) follows using Lemma 3.21. O

4 Galerkin discretization

4.1 Well-posed problem

Let x > 0 and let Vy be a finite-dimensional subspace of L (Ay)-

/
Theorem 4.1. For any f* € (LbA @X)) , the variational problem (24) with

test functions vy € VN has a unique solution uf‘v € Vy and

il < DA - (46)
Proof. As a closed subspace of a Hilbert space, Vy endowed with the inner

product B;‘(-, -) is also a Hilbert space. The claim is a consequence of the Riesz
isomorphism in Vy. O

Let u* € LY (7y) be as in Theorem 3.7.

Lemma 4.2. The Galerkin solution uy of (24) with respect to the measure 3,
is the unique element of VN with

A A : A
et =l =, inf, = oxly

Proof. By definition, uy, is the B§(~, -)-orthogonal projection of u* onto Vy. O

Note that, unlike the exact solution u*, the Galerkin solution uj of (24)
does depend on the choice of measure 7.

18



4.2 Quasi-optimality in the general setting

Theorem 4.3. Let x = 0 and A\, = 1 for allm € N. If f> € LP(y; V') for a
p > 2, then for all q,p satisfying 0 < ¢ <2 <p<p,

[l =[] oy

5_q 2 . A
< c¢q exp(m |(am)m||42) vNHel%N H“ - ’UNHLﬁ('y;V) :

Proof. Define the continuity constant of B(-,-) on LP(y; V) from (37)

o= coomp (g Il
2(p—-2)
and the coercivity constant on L%(~; V') from (36)

1

cim e (5 el
2(2—-q)
Then by Lemma 4.2 and Proposition 3.12,

VEI[? =} oy < e = udln

= inf Jlu* —onfro
UNEVN

IN

- . A
Ve inf flut —owl| ey, -

O

In particular, if g =2 — ¢ and p =2 + € for an 0 < € < min(2,p — 2), then

1

A A 2 . A

[ = A ooy < o exp(Z |(am>m||e2) i ot = o
Theorem 4.4. Let x >0 and f € LP(vy; V') for a p > 2. Then

[ _“?VHL%%X;V)

I x :
§caexp<<ﬂ+§> H(a;\,L)me) inf Hu/\vaHLQ(WV).

vNEVN

Proof. Note that the continuity constant of BY(-,-) on L?(y; V) and the inverse
of the coercivity constant on L?(J2,; V') given in Proposition 3.18 are equal to

— 1 X
C:=c¢Cq eXp((E + 5) H(ai\n)muel) ‘

Therefore, using Lemma 4.2,

e

- u?\VHLQ(ﬁgx;V) < \/EmUA - U?vm)\-,x
= Ve inf [ut —onflxx
UNEVN

<¢ inf H’U/\

vNEVN 7UNHL2(W;V) ’
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Remark 4.5. Note that the estimate in Theorem 4.3 applies directly to 4% since
vP =~ for \,,, = 1. For Theorem 4.4 to apply to v*, we need to select \,, such
that v¥ = 95, By Lemma 3.2, this is possible if

1
0<x<-mina,!, (47)
e m
and the resulting A, satisfy 1 < A, < e for all m € N.

4.3 Quasi-optimality in the coercive case

If (42) holds, then Theorems 4.3 and 4.4 can be strengthened.

Theorem 4.6. Let x = 0 and A\, = 1 for all m € N. If (42) holds and
fAe Lp(y; V') for ap > 2, then

Y- UE\VHLZ(W;V) Sca exp(ﬁ |(04m)m||j2> inf ||u)‘ - UNHLP(V;V) )

[u
UNEVN

Proof. The continuity constant of B} (-,-) on L**¢(+; V) from (37) is

i caoxp (5L ol

and the coercivity constant on L?(vy; V) from (36) is ¢ := ¢; . Then the claim
follows as in the proof of Theorem 4.3. |

Theorem 4.7. Let x > 0. If (42) holds and f* € L?(y; V'), then

H“A *UIAVHLZ(:YX;V)

1/1 X .
< Cq eXp(§ (ﬂ * 5) H(O%An)m”zl) inf o —on | 20 -

vNEVN

Proof. The proof is the same as that of Theorem 4.4, with the coercivity con-
stant ¢; 1 on L?(,; V). O

Remark 4.8. Note that the estimate in Theorem 4.6 applies directly to v* since
~P =~ for A\, = 1. For Theorem 4.7 to apply to v, we need to select A, such
that v =79,. By Lemma 3.2, this is possible if
2 . 4
0<x<-mine,, , (48)
e m

and the resulting A, satisfy 1 < \,,, < e for all m € N.

4.4 Tensor-product Hermite basis

Let h,, denote the Hermite polynomial of degree n € Ny on R, scaled such that
(hn)nen, forms an orthonormal basis of L?(R) with respect to the standard
Gaussian measure. It can be expressed as

0= C (2 & ey (£). )
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see for example [6, Sec. 1.3] or [8, Sec 9.2.1]. For p € N, define the support

supp p := {m € N pp, # 0} . (50)

Define the index set of finitely supported sequences in Ny,

A= {MENg;#suppu<oo} . (51)

For 1 € A, we define the tensor product Hermite polynomial of degree p by

Hy, = @) hy,. » (52)

m=1

i.e. for any y € RY, since hg = 1,

H#(y) = H hum (ym) = H hum (ym) . (53)

m=1 mesupp i

Lemma 4.9. The set H := (H},),ca is an orthonormal basis of L*(7).

We refer to [8, Theorem 9.7] for a proof of Lemma 4.9. By Parseval’s identity,
the map

Ty : *(A) = L*(7), v Y wv,H, (54)
pneA

is an isometric isomorphism of Hilbert spaces. As a direct consequence, the map

Ty =Ty @idy : 2(A; V) — L2(v; V), 'UHZH#®UH (55)
HeA

is also an isometric isomorphism of Hilbert spaces.? Its inverse expands any
v € L?(y;V) into a square summable sequence of Hermite coefficients v, € V
for p € A.

4.5 Error bounds

In this section, we will apply the quasi-optimality results from Sections 4.2
and 4.3 to finite element spaces constructed by approximating each Hermite
coefficient in a given deterministic finite element space. We will formulate the
results on the original probability space (£2, F, P). Note that if uy : RN — V is
an approximation of u*, then uy := u},0Y? is the corresponding approximation
of u.

Assumption 4.10.
VN = {v € L*(v;V); v, € Vv, Y € /1} , (56)

where Vi, CV is a finite dimensional subspace for all p € A, and Vy,, = {0}
for all but finitely many p € A.

2We identify L2(v; V) with L2(y) ® V and £2(A; V) with £2(A) ® V.
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Theorem 4.11. Let fA € LP(v; V') for ap > 2. If x =0 and N\, = 1 for all
m € N, then for all q,p satisfying 0 < ¢ <2 < p < p,

: P—q
En(lu = unl})? < e (5L b el

2—-q)(p—2
Z ||HHHL1'5(7) 1€n‘£ ||“f2_wN||V . (57)
pneA WNEVN.u

If 0 < x < e 'min, o' and (Am)men is chosen as in Remark 4.5, then

-

Ep (Jlu—unll})

W=

1 X . A 2
< cq exp(e (a + 5) ||(ozm)m|él> Z leenéN,u Huu - wNHV . (58)
neA
Proof. Equation (57) follows from Theorem 4.3 by applying the triangle in-
equality to the right hand side. Equation (58) follows from Theorem 4.4 and
Lemma 4.9 using Parseval’s identity. O

Note that (58) can be used to bound the convergence of the covariance
function

Culx,2’) := Ep((u(z) — Ep(u(@))) (u(z’) — Ep(u(z')))) (59)

in V ® V. This follows immediately by using the tensor-product structure of
the spaces involved. Because of the restriction ¢ < 2, (57) does not apply to the
second moment. However, it is still sufficient for bounding the convergence of
the mean field E,(z) := Ep(u(z)) in V with ¢ = 1. The following theorem uses
an additional assumption and applies to the second moment in both cases.

Theorem 4.12. Let (42) hold. If x = 0 and A\, = 1 for all m € N, and if
fA e LP(; V') for ap > 2, then

1

Bp (lu—unl})’

p .
< coonp( g Ml ) S Ul inf k= ], - (60

wNEVN,
HEA

If 0 < x < 2e tmin,, ;! and (A\)men is chosen as in Remark 4.8, and if
A e L2(y; V"), then

1

Ep (lu—unl})’

1
gcaexp(g(_+§)||(am)m|el) S it [l —w]®] . 6)
HEA

2X wNEVN, L
Proof. Equation (60) follows from Theorem 4.6 by applying the triangle in-

equality to the right hand side. Equation (61) follows from Theorem 4.7 and
Lemma 4.9 using Parseval’s identity. |
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4.6 Implications for convergence rates

Under assumptions on the regularity and decay of the Hermite coefficients uf;,
the error bounds in Section 4.5 have direct implications on the convergence rates
of the Galerkin solution. These follow as in [7, Sec. 8]. We first cite a result due
to Stechkin, [7, 10].

Lemma 4.13. Let 0 < p < q and let (cu)uea € €P(A). Furthermore, for N € N,
define An as the set of the first N indices in a decreasing rearrangement of
(leul)puea € LP(A). Then

Q=

_ 1 1
. el ] el N7 for r=-—=>0
HEMNAN p q
We define Ay as in Lemma 4.13 for ¢, := H“ﬁ”vﬂ i.e. Ay contains N indices

i € A such that ||u;\LHV > Hu;}”v for any v € A\ Ap.
Let (V})jen, be a sequence of finite element spaces in V' with M; := dimV;
satisfying

M():O, 1§M1§7} and MjSMjJrlSnMj VjZl, (62)

for a constant n > 1. Furthermore, we assume that for an s > 0 there is a
constant C' > 0 such that

inf flv—vjl,, < CM;* lvlly Vi>1 (63)
v €Vj
and
inf [jv—wolly = [Jvlly < Cllofly , (64)
vo€VD

for all v € W, where W is a dense subspace of V' with norm ||-||;, stronger than
[-ly;- For example, W could be equal to V N H?(D). Note that, for all j € Ny

and all Mj < M < MjJrl,

it o=yl < Cp* M ol (65)

For 5 > 1, this follows from M < M;11 £nMj, and for j =0, we use M <.
Assumption 4.14. Vi, = Vj(,,) for allp € A, and j(u) = 0 for all p € A\An.

The other values of j (1) will be specified below in such a way that the bounds
in Section 4.5 lead to optimal convergence rates.

We will first consider the bounds (58) and (61). We assume that (u)), €
¢P(A; V) for some p < 2 and define

1 1
T.71_77§>0' (66)
By Lemma 4.13 and Assumption 4.14, (58) and (61) each imply

Ep(llu—unlf) S N2 @Dally gy + D0 inf =]y - (67)
(45V) #EANUJG‘/J(M)
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We would like to determine minimal values of j(u) such that the second term in
the right hand side of (67) is dominated by the first. Following [7], we initially
allow the dimensions of the finite element spaces to be continuous variables and
consider the minimization problem

minimize Z M# under the constraint Z MJQS HquiV < N2
HEAN HEAN
(68)
where M# € (0,00) for all 4 € Ay. For a Lagrange multiplier A, the solution is
given by

WA|5F Vpe Ay, (69)

— 1
— 1+2s
M, =A B

and A is determined by

N = T Wl = AT Y A Sl o)
pedn peAn pedn

We define
J(w) ::max{jeNo;Mjgj,\\/fu} for peAn. (71)
Then the total number Nyof of degrees of freedom is

Nyot :=dim Vy = Z M) < Z M/,U. (72)
HEAN HEAN

and by (65),

. 2 ~_ 2 _
> vl < o 3D M ey, = N (7)
HEAN HEAN

Inserting this into (67), we get a convergence rate of r with respect to the number
N of Hermite ‘coefficients’ in the discrete solution. This N can be compared to
the number of deterministic problems to be solved in other methods.

As in [7], we can relate N to the dimension Naof of V. If (uj)), € £4(A; W)

for ¢ = 1%, then Nj,; < N and by (67),

1

Ep(llu—unll})” S Nai (74)

which is the same convergence rate as for a single deterministic problem. If
(up)p € L1(A; W) for some ¢ > Z_ then

Tios
Nagt S N2 g0 5.1 2o (75)
q+ 2sq
and (67) implies
Er(lu—uyl})’ S NTT (79)

For example, if it is known that (uﬁ)# € (2(A; W), then the convergence rate

: taq ST
with respect to Ngof is il
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A similar analysis can be performed for (57) and (60). If (u},), € #(4;V)
for a p < 1, then Lemma 4.13 implies

Q=

EP(HU*UNH(\?/) SN H(U;\L)#Hep(/x;v) + Z ||HuHL5(»,)UEinf ||uf; *UJ'HV
J

Vit
HEAN
(77)
with 7 := 2 — 1> 0. We define j(1) as in (71) for M, € (0,00) minimizing
Z Mu under the constraint Z MJS HuiLHW HH#HLZ;(,Y) < N7, (78)
HEAN HEAN

As in [7] and by similar arguments as above, it follows that if the sequence
(HHHHLf(w H“;)JHW)M is in £9(A) with ¢ = ——, then

Tos
JURNES
Ep(Jlu—unl})" S Nak (79)
and if ¢ > ﬁ, then
Ep(HufuNH?/)% SN g §i—1-—1 50, (80)
o q+sq

Remark 4.15. Note that in both of the cases discussed above, the values of j(u)
depend on the norms Huf)”w of Hermite coefficients of the exact solution. In
practice, a priori bounds can be used instead. Also, a priori bounds for Hu;\LHV
can be used to determine Ay. The derivation of such bounds will be the topic
of future work.

It is assumed that (uﬁ)u € (P(A; V) for some p, and the value of r depends
on p. Without the knowledge of p, it is only possible to compute relative values
of M,, and it is not guaranteed that the two error components on (67) or (77)
are balanced. The assumptions of the form (uﬁ)# € L9(A; W) are only used to
determine the convergences rate and are thus less essential.

5 Conclusion

Since the diffusion coefficient a(, -) is not bounded from above or away from zero,
the Lax-Milgram lemma does not directly apply to the variational problem (24)
on standard Bochner-Lebesgue spaces. Nevertheless, the pointwise solution u is
the essentially unique solution of (24) for certain choices of test and trial spaces,
which need not be contained in the energy space o’ (7y)- This is a consequence
of pointwise application of the Lax-Milgram lemma for each w € 2.

If the variational formulation is derived in the most straightforward manner,
using the physical probability measure to integrate over the parameter domain,
then it is well-posed on LP(y; V') spaces with p potentially different from 2. One
can remain in a Hilbert-space setting by integrating with respect to a modified
Gaussian measure. All of the spaces involved are standard Bochner-Lebesgue
spaces; only the choice of the measure depends on problem parameters.

For general finite element spaces, the Galerkin solution exists and is almost
quasi-optimal with respect to standard Bochner-Lebesgue norms, that is, the
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error of the Galerkin solution is bounded by a best approximation error in a
slightly stronger norm. In particular, if tensorized Hermite polynomials are
used to discretize the parameter-dependence of the solution, then the error
of the Galerkin solution in a mean-square sense with respect to the physical
probability measure is bounded by the individual best approximation errors of
the Hermite coefficients of the exact solution.

The convergence analysis of the stochastic Galerkin method is thus reduced
to the question of approximability of the Hermite coefficients in H'(D). Re-
sults concerning regularity and decay properties of the Hermite coefficients will
immediately imply convergence rates of the Galerkin solution and allow an a
priori selection of optimal finite element spaces.
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