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Abstract

The approximation of solutions of the homogeneous Helmholtz equation by
finite dimensional plane wave spaces is studied in two dimensions.

The main tool used is Vekua’s theory for elliptic PDE with analytic coeffi-
cients. This leads to a general approximation result for solutions of the Helmholtz
equation, using a finite dimensional space of plane wave functions, with respect
to weighted Sobolev norms.

As a consequence of these estimates, two new a priori error estimates with
respect to the energy and L? norms are proved for the plane wave discontinuous
Galerkin method for the homogeneous Helmholtz equation. These estimates are
sharp with respect to the order of convergence in the meshsize h. In all the
bounds, the dependence of the constants on the wavenumber is made explicit.
So it is possible to assess the pollution effect.

1 Introduction
The discretization of boundary value problems for the Helmholtz equation
—Au+w?u=f (1.1)

by standard polynomial finite element methods encounters several problems: in order
to represent the oscillations of the solution, either the mesh employed has to be ex-
tremely fine or the polynomial degree has to be very high. Furthermore, the so-called
pollution effect has to be dealt with: the discretization error drifts off the best ap-
proximation error, when the wavenumber w increases [4]. Thus, satisfactory accuracy
comes with exceedingly high computational costs.

The most natural idea to handle this problem is to incorporate the properties of
the solutions into the discretization. This is possible by using discretization spaces
built from plane wave functions, as it has been done in the partition of unity method
(PUM, [3], [19]), in the discontinuous enrichment method (DEM, [12], [13]), in the
variational theory of complex rays (VIT'CR, [24]) or in the ultraweak variational for-
mulation (UWVE, [9]).

The ultraweak variational formulation, introduced by Cessenat and Després in [9],
makes use of piecewise plane waves as basis functions and their impedance traces on
the mesh skeleton as unknowns. This method can be reformulated within a more
general class of methods called plane wave discontinuous Galerkin methods (PWDG),



see [7], [16] and Section 4 of this paper. In the last two works, a priori h-version error
estimates for these methods are also derived. In particular, for general f [16] shows
that, provided that a threshold condition on the meshsize h in terms of the wavenumber
w is satisfied, linear convergence in h is obtained, in a particular mesh dependent energy
norm, no matter how many plane waves are used in the local approximation spaces.
The sharpness of this theoretical result is demonstrated by numerical experiments.

On the contrary, in the homogeneous case f = 0 it has been observed numerically
([17], [16], [7]) that the order of h-convergence improves when increasing the dimension
of the local plane wave spaces. The estimate in [7] relates the convergence rate in h in
the L? norm to the dimension of the local space but overestimates the error compared
to what is experimentally observed. In this paper we prove error estimates, both in the
energy and the L?-norm, in which the rate of convergence agrees with the numerical
observations. The theoretical approach is the same as the one in [16], where the
analysis is based on a duality argument.

To that end, it is necessary to study how well the solutions of the two-dimensional
homogeneous Helmholtz equation can be approximated by plane wave spaces in Sobolev
norms. The fundamental tool is Vekua’s theory for elliptic partial differential equa-
tions with analytic coefficients, developed in [26]. Following the argument of [19], we
investigate how well the solutions of the Helmholtz equation can be approximated in
a class of functions, called generalized harmonic polynomials (Section 2). In Section
3 we see how these generalized harmonic polynomials can be approximated by plane
waves. Theorem 3.10 summarizes these approximation properties. A simple numerical
experiment shows the sharpness of these best approximation estimates. The approxi-
mation results proved in these sections are of interest in their own right, independently
of the application to the analysis of the PWDG method. Finally, in Section 4, we apply
these results to the convergence analysis of the PWDG methods introduced in [16].
We obtain the desired error estimate, namely order m and m + 1 in the energy and
L?-norm, respectively, if p = 2m + 1 plane waves span the local approximation spaces.

The results in Section 2 are adapted from Chapter 4 of [19], but the dependence
of the constants on the wavenumber is made explicit for the first time. Moreover,
the approximation estimates with respect to h for an arbitrary plane wave function
(Lemmata 3.1 and 3.2) and for generalized harmonic polynomials (Theorems 3.9 and
3.10), in maximum and Sobolev norms, are new.

2 The approximation by generalized harmonic poly-
nomials

In order to study homogeneous elliptic partial differential equations with real analytic
coefficients, Vekua and Bergman (|26] and [5]) independently introduced an integral
operator Re V' that maps holomorphic functions into solutions of the PDE under con-
sideration. This operator is continuously invertible with respect to Sobolev norms.
Since we know how to approximate a holomorphic function ¢ by harmonic polynomi-
als, we can use the continuity of Re V' to study the approximation of Re V' (¢) by the
transformed polynomials, which are called generalized harmonic polynomials.
We are interested in Vekua’s theory for the Helmholtz equation:

Au+ w?u =0, in D,

where, throughout all this section, u is a real function. The domain D C R? is simply
connected, Lipschitz and bounded with diameter h; we identify R? with C. Let D c C



be such that the closure of D is included in D and denote by D* and D* the complex
conjugates of D and D, respectively. The theory for the general PDEs is presented in
[26] and summarized in [19]. We follow the presentation of the latter, restricted to the
Helmholtz problem.

2.1 The Vekua operator and its inverse

The Vekua operator for the Helmholtz equation is defined as follows: if ¢ is an holo-
morphic function in D, given zg € D we set

Vid, 2](2,%) = 6(2) — / qﬁ(t)%G(t,Eo, 2 7)dt, (2.2)

where G is the Riemann function! for the Helmholtz equation, i.e.,

G:DxD"xDxD"—C
G(27Cat77) = ‘]O(w (Z*t)(ng)),

Jo being the Bessel function of the first kind of order zero.

The function u(x,y) = Re(V]p, zo](x + iy, x — iy)) is a solution of the Helmholtz
equation. It is possible to prove the existence of an analytic function U(z, (), on
D x D*, such that

U(z,%z) = u(Re z,Im 2), (2.4)

and U is a solution of %&U + “’%U =0.
The following theorem guarantees the invertibility of Re V' and gives the expression
of its inverse.

Theorem 2.1 (Vekua). Fized 29 € D, let u be a real solution of Au + w?u =0 in
D, then there exists a unique function ¢, holomorphic in D, such that

¢(Zo) eR
u(z,y) = Re Vg, 20](2, %), z=x+1y € D.

Moreover, ¢ can be written as
#(2) = (Re V) u, 20](2,2) = 2U(2,%0) — U(20,%0)G(20, Z0, 2, Z0)- (2.5)

The proof of the theorem can be found in [26], in Section I.12.

IThe Riemann function for the Helmholtz equation is defined as the complex function in D x D* x
D x D* such that

82
020¢

2
G(2,6,t,7) + -Gz 66T =0, zteD, (TEeD,
Gt t,7)=1, te D, T € D¥,

e}
—G(z,7,t,7) =0, z,t €D, T € D¥,
0z

%G’(t,(,t,r)zo, teD, (,TeD".



The remaining part of this subsection is devoted to the proof of the continuity of
ReV and (ReV)~! in weighted Sobolev norms defined as follows: for all u € H*(D)
we define

k
2 — 2
lully o p = ZwQ(k b ul} - (2.6)
=0

These norms are equivalent to the standard Sobolev norms, but are more appropri-
ate for the solutions of Helmholtz equation in that all the terms are dimensionally
homogeneous.

From now on, we define a constant c, such that

Cx 1= wh, (2.7)
where h = diam(D).
Theorem 2.2 (Continuity of (ReV)™!). Let D C R? be a bounded Lipschitz domain
with diameter h, star-shaped with respect to zy. Let w € H*(D), k > 1, be a real
solution of Au + w?u =0 in D and ¢(z) = (ReV) '[u, 20)(2,%), as in Theorem 2.1.
Then there are positive constants Cy and Cy, independent of h, w and cy, such that
Cu 2
19llo,p < Co e (1 +¢2) " (llullo,p + 2 [IVullyp )
19llk0.p < Cr e (1+ )l p -
Theorem 2.3 (Continuity of Re V). Let D be as in Theorem 2.2 with zo € D fized
and let ¢ € Hk(D), k > 0, be holomorphic in D. Then there exist positive constants
Cy, Ck, depending only on the shape of D and the position of zy, such that
|[Re Vo, ZO]HQ,D < (1 =+ 000366*) ||¢||0,D ;
IRe V[, zo]lly, p < Cre (14 c+2) [|¢|

(2.8)

. (2.9)

k,w,D >

Here the main novelty and the difference with the treatment given in [19] is the use
of the weighted Sobolev norms and some properties of Bessel functions. This allows
us to show that all the involved bounding constants depend on ¢, and not on w and h
separately.

In order to prove Theorem 2.2 and Theorem 2.3 we need some intermediate results
which will be presented in Sections 2.1.1 and 2.1.2. The proof of Theorems 2.2 and
2.3 will be given in Section 2.1.3.

2.1.1 The estimates for ¢

In this section we give estimates for the Riemann function G and its derivatives. We
have

aG 7 aG 7 w — T
(ZaCata ) (Zagata ) J/( ( t)(C )) g t,
aG z 7 aG z 7 -
( )gata ) ( )Cata ) /( ( t)(C ))w g t

Since the derivatives with respect to z and ¢ and with respect to ¢ and 7 are identical

we can write the generic derivative of G by deriving only with respect to two variables:
oGz, ¢ t,7) B G (z,¢,t,T)

02010C20ts9ros T Qraatasgloztas’

(2.10)



Using either the definition of the Riemann function or the Bessel equation, we can
calculate the mixed second order derivatives:
9’G(z, ¢ t,7)
020C

that is equal to other three mixed second order derivatives thanks to (2.10). We
calculate pure derivatives using Bessel power expansion:

(71)15‘)2[ (l—“k)! (z — t)lik(g - T)l

:—%26'(,2,@“,15,7'); (2.11)

akG(z7 C’ t? 7_) — Z

dzk = 4L
N DR ) (D)W (-t (- T)
- j% ok Gl + k) 2274k (2.12)

_ (w?(gﬂ)’“Jk(w CRDI))
(e

All the derivatives that involve only the variables z and ¢t have this form; while the
ones involving ( and 7 are analogous. Using again the Bessel power expansion we have

Ji(x)

xk

o\ %
> 1 (7) < L Ll E>0VYzeC (2.13)
S2 0k SR gC = ' '

>0

Remembering that |z — t| < h, |( — 7| < h and condition (2.7), we obtain the first
bound:
akG(Z’ C? t’ T)
2k

1 jwesk B
§E<w: ) e k>0, 2zteD, (reD.  (214)

Now we consider a differential operator D® of order k and define
J=|#00:,01) — #(0¢,0-)| = |1 + ag — a2 — au, j€{0,1,... k}.
Applying (2.10), (2.11) and finally (2.14), we have the estimate
Y oF—i
N - ¢ round
(5T R0 G

when a; + a3 > as + a4; in the other case we obtain the same bound.
Finally, we can bound the W*:>° () norms and seminorms:

[D*G(z,¢,t,7)| = G(z,¢t,7)

(2.15)

w\k ci\ F
|G|Wk’°°(D><D*><D><D*) S I(k) (5) e max{la (3) } 9 k S {07 15 . '}5 (216)

Cy

Gl ossn < OO (14 (5)) (1+(5) ) e e o1,
(2.17)

where I(k) is the number of multiindices in N§ of length k, and C(k) is a constant
that depends only on k.



2.1.2 The estimates for v and ¢

We prove some results, following Chapter 4 of [19], in the particular case of L = A+w?
and make explicit the dependence of all the constants on w and h.

Lemma 2.4 (Helmholtz internal estimates). Letu € H'(B(xg, R)) satisfy —Au—
w?u = f, with f € H*(B(zo, R)), then there exists a positive constant C independent
of w and R such that

el e () < € (B! + &2 R) g gy + [Vl 2 + R U5, ) (2.18)

||VU||L°<>(BR/2) <C (W2 HUHO,BR + (RileWQR) HVUHO,BR + ”fHO,BR +R ||VfH0,BR)’
(2.19)

where Br and Bg /o indicate respectively the balls B(xo, R) and B(xo, R/2) with center
xo and radius R and R/2.

Proof. Tt is enough to bound |u(xo)| and [Vu(zo)|, because for all x € Bg/, we can
repeat the proof using B(x, R/2) instead of Br with the same constants.
Let ¢ : Rt — [0, 1] be a smooth cut-off function such that

1 <,
o(r) {

0 |r| > %,

and g : R? — [0,1], pr(z) := ¢ (f|z — 20|). Then

Tr — X
Ven(r) = ¢ (gle —aol) r—.
1 1
Apr(x) = 739" (e = zol) + m@' (mle = zol) -

We define the average of u and two auxiliary functions on Bp:

1

= - u(y)dy,  g(z) = u(z)pr(v),

their Laplacians are:

fl@): = —Ag(x)
1 i 1 / ;) L — o 2
_ |:ﬁgp +R|x_$0|<p]u(z) 2 Rlo— 0] Vu(x) + p(w?u+ f),
F@) s = fi(@) + Fo(2) + f3(2) == —Ag(2)
— i /" 71 ulz) —1) — ) TT %0 w(x wu
—— |+ ] () 0 - 20 ) + ol ),

where ¢ and his derivatives are always evaluated in |z — 2o|.
It is easy to see that, for all R > 0, we have:

/ (log|z| — 1ogR)2 de = ZR2. (2.20)
B(0,R) 2



The fundamental solution formula for Poisson equation states that, if —Aa = b in R?,
then

1
) = —2—/ log [z — y[b(y) dy. (2.21)
™ JR2

This equality holds for all b € L?(Bpg), thanks to Theorem 9.9 of [15]. We note that
from the divergence theorem

fy)dy=— [ Agly)dy=— Vg(s)-nds =0,

Br Br OBRr

because g = 0 in R? \ Bsg/s. We apply (2.21) with a = g and b = f; using Cauchy-
Schwarz inequality and (2.20) and remembering that f=0in R2 \ B3r/4, we obtain:

1 _
e =laten) = |55 [ (oglan ~ 4] log 7))
™ JR2
1 T ~
<z sl
27 \/; ! 0,B3r/a
Cy.2 Coa
<or(% + S22 [ull 5 + Co? il 5, + oo 1l )

R

where the constants C,, ; depend only on the j—th derivatives of ¢ and in the last step
we have used the definition of f and the fact that ¢'(§]a — zo|) = ¢”(F|z — x0]) =0
in Br4. The estimate (2.18) easily follows.

To prove the second estimate of the lemma we note that, for all ¢ € H&(BR)7
scaling the LP-norm and H!'-seminorm, using the Sobolev embeddings Hi(By) —
LP(By), 2 < p < o0, and the Poincaré inequality, it holds

100 () = </BR Ik dy); = (/B [ (R)[PR? dz}>;

— Rv <C(p)R? (2.22)

Lp(Bl)

i

H(B1)

< C(p)R <C)R? [V 25, -

L2(By)

Now we can estimate the gradient of u in z¢ by differentiating the relation (2.21):
[Vu(zo)| = [V7(zo)|

1 1

~ |55 [, otoele sl _, T an| = 5

1
2

/ 07 Y F) dy
B

3R/4 |$O - y|2

IN

_ _ 1 B
- du o+ L 1 .
Byn,s lzo — v }fl(y)+f2(y)| Y+ 27 Jpans vl |f3(y)} Y

1

_ _ 1
R Hfl + f2HL1(BsR/4) + o

|x0—y|

IN

1751120 (500

L?' (B3py4)

where we used Holder inequality L — L, LP' — LP, p>2, f, = f, =0in Br/a.

<2\/ 3R/4
oo

172+ Foll oo + R WFsllio

(B3rya



because H|y|_1HLp/ _ R — for p > 2,
BO.R)  (2—p/) 7

o

1 _ 1 —
< Cﬁ ||u — U||L2(33R/4) + CE ||V’U/||L2(BSR/4) + CR va?’HLQ(BR)

by definition of fy, fo, \/[Bsr/a] = 3V/7R, and (2.22), f; € H}(BR)
1 _ —
< CE ||VUHL2(B3R/4) +CR H(vch)(WZU + f)HLQ(BR) +CR HSDRV(WQU + f)HLZ(BR)
1
<C (E Hvu||L2(BR)+w2 H“HL?(BR)"'RW2 ||VUHL2(BR)+||fHL2(BR)+R ||vf|L2(BR)) )

where in the last but one step we have used the Poincaré-Wirtinger inequality, whose
constant scales with R. The final constant depends only on the cut-off function ¢ but
not on R and w, so we have the second estimate in the assertion. (I

Lemma 2.5. Let D be a star-shaped domain with respect to the origin, with diameter
h, such that exists a € (0, %) such that B(0,2ah) C D. Let z = x + iy € D and let
u € HY(D) satisfy the homogeneous equation —Au —w?u = 0 in D. Then there exists
a constant C' > 0 such that:

1
1
[ [ ey doy as < € (18t ull p + 12 [Vl )
0o JD

4 X (2.23)
/ / |Vu(sz, sy)|? dedy ds < C— (h2w4 ||UH§ p+ (1 +h'w?) HVqu D) )
o JD o ' '
Proof. Following the proof of Lemma 4.2.8 of [19] and using |D| < h? we get
' 2 Lo
/0 /D lu(sz, sy)|* dedy ds < ah? [l oo (B(0,an)) + o lullo.p - (2.24)

Using (2.18) with f =0, R = ah and a < £ < L we have the first bound. The second
bound follows from applying (2.24) to Vu and using (2.19). O

Lemma 2.6. Let D be as in Lemma 2.5, with B(z1,2ah) C D, « € (0, %) Let u €
HY(D) be a solution of the homogeneous Helmholtz equation in D, and let U(z,z) =
uw(Rez,Imz). Let M : Dx D x D — C be bounded. Then there exists a constant C' > 0
independent of all the parameters such that

Jueameena < ca il (4B fuly o+ Bl )

21 0,D

/U'(t,z)M(z, R < Cam MY e (he? fullg p + (14 522 [Vl )

Z1 0,D

(2.25)

where the integrals are taken on the segment between z; and z € D and U'(t,t) denotes
complex deriwative with respect to t.



Proof. See the proof of Lemma 4.2.9 of [19], using (2.23). O

In the following, we will apply the previous results on a domain D that will be an
element of the mesh in the finite element method. We will assume the meshes to be
shape-regular, so there is no dependence of all the constants on a.

Proposition 2.7 (Holomorphic internal estimates). Let ¢ be a holomorphic func-
tion in D and ¢ € L*(D), then for all z € D it holds:

66) < =5 (2.26)
7(25(2)’ < (k w:/71_r)! e d(z’aID)k*l 16005 E> 1. (2.27)

Proof. The first bound follows from the mean-value property of holomorphic functions
and the Jensen inequality:

2

1
2 _ d <][ 24 L e
o = | o) < [ ol aw = 5100 ey < 113 160
Withr = d(z,0D). For the second one, we fix r = k+1 d(z,0D) so that d(B(z,r),0D) =
I +k d(z,0D); using the Cauchy formula and the previous inequality we have
" k! o(w) k:'
‘ 9k P(2)| = 2_7”/63(“) (w— z)k+T dw| < 2 27TT||¢HL°°(BB(Z )
k! 1 (k + D! (1+
<= ||¢||L2 ( k+)1 160l 2o
rk /md(B(z,1),0 \/_d( aD)

O

With the hypotheses as in Lemma 2.5, the bound (2.24) holds also for a holomorphic
¢ instead of u. This fact, together with the estimate (2.26), gives an analogue of Lemma
2.6 for holomorphic functions:

M (z,t,t)dt

o 1 2
< MMl (o ol L holR)

0,D

S (T 1) ham2 M| e 9l p -

2.1.3 Proofs of Theorems 2.2 and 2.3
Proof of Theorem 2.2. The function U satisfies

U(Z,C)U(E,C)G(Z,C,Z,C)+LZU(t75)3zG(t,f,z, )df+/;<91U(t,f)G(t,f,z, ) dt

(see [18], §3.13), where 0; denotes the complex derivative with respect to the j-th
variable. This, together with (2.5) and (2.3), gives

o(2) :U(zo,zo)+2/ U(t,%)aQG(t,f,z,zo)d¥+2/ hU(t, t)G(t,t,2,Zp) dt. (2.29)

Z0



We bound the L2-norm of ¢ using Lemma 2.6 twice with M = G, 9,G:
8.5 < BT o, 20)| + C [ 102Gl b (1 4+ 12l + [Tl )

UGl B (hes? ullg p + (1 + W2%w?) [Vl ) |

we, e

(2.14) 5 o
< bl aany + €| Eoh (14 20?) lully,p + b [Vl

e h (he? Jully,p + (1+ %) [IVul p )
Lemma 2.4 2,9
¢ +wh?) ully,p + 1 Vulo,
e (1 whea) (1 + ) (flullg p + 11 Vully )]

from which the first bound follows.
In order to obtain the second bound, we take the k-th derivative of (2.29):

dk¢ k-1 dk—n—l
B =2 2
n=0

+2 [/ U(t,f)a§agc(t,%,z,zo)d%+/ alU(t,f)ach(t,f,z,zo)dt}.

Z0

(U(z,z)aga20(z,z, 2, %0) + 01U (2,2)00 G2, %, z,zo))

Now we bound these derivatives using Lemma 2.6 and the estimates from Section 2.1.1:

k

Y 1Glwi—se oy U5
=0

 B|O502G | oy (1 w2h2) il + B[l )

< c

dk Lemma 2.6
= [

0,D

G e (1l + 1+ 202) 19l ) |
(2.16), (2.15) k , ,
<[ erd Ul
§=0
Rt (1462h%) [l + b [Vl )
+ ekt (ho? Jullg p + (1+w?h?) [ Vaully ) |
< Ce™ {(1 +cf) 1Ulgw,0 + Cf((l + )" l[ullo,p + cuwt! HVUHO,D)

e (e ullg p + (1+ b [ Vullg )| < Ceo (14 E7) ull

because |U]; , < C'|ul; p due to the definition of U; here, the derivatives of U are

understood as B%U(z, Z). Finally we can bound the complete norms:

k k
2 Z5) 42 2 —j 2
HqﬁHk,w,D = ZWQ(k 2 |¢|j,D < Ce*e (1 + Cl:+3) Zw2(k 7 ||u||j,w,D
§=0 j=0

_ 2
< Ce (14 ulli b -

The constant C' depends only on k, zy and the shape of D, so we have the result. [

10



Proof of Theorem 2.3. From the definition (2.2) of the Vekua operator we can bound
the norm of u = Re V[¢, 20| using (2.28) and (2.14):
) 1l

(52) el remo <

Let f be a holomorphic function in three variables and z = x + iy; a derivative of
its integral can be written as

o 0 ok ~
6x30yk j /f t Z, Z dt Pkfl,j <£76_7) f(z7z7z) /Wyk_]f(t,z,z)dt,

(2.30)
where Pj,_ ; is a formal polynomial of degree £ — 1 in two variables. We apply this
formula to f(t,2,%) = gb(t)%G(t,?o,z,E):

k
|U|k, Z

7=0

||U||0,D >

8%6"“ Jy 0.D

(2.2)

k
<>
j=0

oF 0 0
Re (m@ﬂ@ —Pr_1 <$7 8_2) [¢(2)01G (2, %0, 2,Z)]

_ /Z ¢(t)87kgg(t %o, 2,7) dt
L P gizar—iyar 0 E .

(2.28) k-1
<" Ok) |16l + D IGlwr-roe () 115 + 1 [Clyissoe ) 16]l0, 1
1=0
@ 16) - k=1 k+1 k+1
C(k) |¢|kD+Z€C*w (1+c; |¢|1D+he°*w (I+¢ )||¢H0D
1=0

< C(k)e™ (14?2 1610, -

Summing over k, gives the result:

k k
= WD U2 ) < CePer (14 cEF2) 23T 2B g3,
=0

7=0
< Ce® (1+c2) ol o -
[l

From the proofs of these theorems we notice that it is easy to prove the continuity
of the complete Vekua operator V' with the same constants; on the contrary, the
continuity of (Re V)~! from Theorem 2.2 cannot be extended to the continuity of V!
because, for a complex-valued function u, Theorem 2.1 is no longer valid (there is a
version of it that involves two different holomorphic functions; see [26], Section 1.10).

We highlight the main difference between these two theorems: the real Vekua oper-
ator is continuous from L?(D) in itself, while its inverse is continuous only from H*!(D).
The reason is that the mean-value property and the inverse estimates (2.26) hold true
for holomorphic functions, while for the solutions of the homogeneous Helmholtz equa-
tion we only have (2.18), that involves the norm of the gradient of u.

11



2.2 The approximation by generalized harmonic polynomials

Using the Vekua transform, in order to study approximations to generic solutions of
the Helmholtz equation in Sobolev norms, it is enough to study approximations to
holomorphic functions in the same norms. The following theorem gives an approxima-
tion result for holomorphic functions by means of polynomials; for the proof, see [20],
Theorem 2.9. We restrict ourselves to a convex domain: in the following we will apply
this theorem to the cells of triangulations, which usually satisfy this requirement.

Theorem 2.8. Let D C R? be a bounded, Lipschitz and convex domain with diameter
handletl <k <N +1.

Then there exists an operator Ik, : {f € H*(D), Af = 0} — PN(D), where
PN (D) denotes the space of complex polynomials in D of degree at most N, such that

log(N + 2

k—j
|f - Hf\D<Ch’H< N+2)) |flip Vije{0,1,....k}, (2.31)

where C' depends only on k and on the shape of D.
For the complete H7-norm, j € {0,1,...,k}, we readily have:

J k—1
log(N + 2
1 = il < D9 1f - lewchwJ W () Mo
=0

i . (log(N + 2) k=i
<ChI(14d) | —=———=
<ont (e e) (B i,
(2.32)
because lOgJS,NH) < 1. For every j € {0,1,..., N + 1} also this bound is valid:
1f = Nl D = Inlip C Y flp S Clfljup-  (2:33)
1=0 1=0

Definition 2.9. Fized zg € D and 1 < k < N+1, for all real solution u of Au+w?u =
0 in D, we define

PY(u) :=ReV [H’fv (Re V)™ u, 20]), zo] .

The functions in the form P¥(u) are the generalized harmonic polynomials that
approximate u. The functions P]’f, (u) are images of the Vekua operator, so they are
solutions of the homogeneous Helmholtz equation in D, when N < N,,,, they belong
to a linear space of dimension Np,q. + 1.

The main result of this section is the following theorem that provides the approxi-
mation properties of generalized harmonic polynomials.

Theorem 2.10. Let D C R2 be a bounded, Lipschitz and convex domain with diameter
h; fix 20 € D. Let u € H*(D), k > 1, be a real solution of Au+ w?u =0 in D. Then
the generalized harmonic polynomial PX(u) satisfies

w |
N+2 Hlkw,D (9 34)
Vij k,NENg, k>1, 0<j<k<N+1,

HuPMmme§C¥“@+ﬁ“ﬂﬂhkj<

where the constant C' depends only on k, zy and the shape of D.

12



Proof. Tt is enough to write the definition of P (u) and use the Theorems 2.3, 2.8
(bound (2.32)) and 2.2:

o= Phlp = - Re V[ (o) oz ]|
< (@ (L4 el™?) [(Re V)™ fu, z0] = I (Re V)~ u, 20l) .,
o
< C(j, ke (1 + cZH2)pkd (log](VNf‘;Q)) ’ |(Re V)—l[u,zo]\w
< C(j, k)e2 (1 + k25 ph=i (k’ngNfzm)H llully, o5 -
Since j < k, we can choose C' depending only on k£ but not on j. O

In [20, Theorem 3.16] the same result is proved for a more general PDE in a
starshaped and non-convex domain, using standard Sobolev norms, but the bounding
constants depend on w in a unknown way.

3 The approximation by plane waves

In the previous section we have studied how to approximate a solution of the ho-
mogeneous Helmholtz equation by generalized harmonic polynomials. However the
analytical form of these functions is not simple, so we will not use them for imple-
menting the finite element method. Instead, we will use a finite dimensional space
of plane waves that approximates generalized harmonic polynomials, that, in turn,
approximate the solutions of the equation.

We start by studying the approximation of a plane wave with arbitrary direction
in maximum norm (Theorem 3.3). This allows to approximate in the same norm
the Herglotz functions, that are continuous linear combination of plane waves (Lemma
3.4). This class of functions includes the generalized harmonic polynomials. In order to
approximate these in Sobolev norms (Theorem 3.9), we need to write them explicitly
(Lemma 3.5) and to prove the continuity of the inverse of Vekua operator in L>°-
norm (Lemma 3.8). Finally we join the result of the previous section and we find
the approximation of an arbitrary solution of the Helmholtz equation with the desired
order of convergence in h (Theorem 3.10).

Let p = 2m + 1 > 3 be an odd integer, and let ¢, € [0,27), k = 1,...,p, be
distinct angles. We denote the plane wave functions of wave number w and direction
dy = (cosb,sin @), 6 € [0,27] by

69($,y) _ eiw(m cosf+ysinf) _ eiwr cos(@—w)’ (l‘,y) — (T COS’lﬂ,TSinw) c R2.

We introduce the discrete space
P
PWP(R?) = {v € C™(R?), wv(z,y)= Zake%(z,y), ay € (C}.
k=1

An interesting case is obtained when the angles are uniformly spaced, in this case we
write

P
2
PWg’E(RQ) _ {’U c COO(R2)7 v(x,y) — Zake@k (ZL',y), o € (Cv Cr = (k*l)?ﬂ- +§}
k=1

13



3.1 The approximation of generic plane waves

We first study how the space PWE approximates a plane wave with arbitrary direction.
In a first step we analyze the order of approximation with respect to w in a normal-
ized reference element, then, scaling on the actual domain, we achieve the order of
convergence with respect to h. We will make use of the following technical lemma.

Lemma 3.1. Let pp € [0,27), k =1,...,p = 2m+ 1, be different angles. Then the
p X p square matriz

[ 1 1 1 i
Cos 1 COS @ e oS ©p
0= cos™ 1 cos™ 2 e cos™ @,
o sin 1 sin g e sin ¢,
COs 1 sin COS (P2 sin 9 e COS p sin @,
Lcos™ L pysing;  cos™ hpasings oo cos™ L, sing, |
1s invertible.
Proof. Let v = [bg,...,bm,c1,...,cm]t € CP, be a vector. We define the function
m m
= g bj cos’ p — g cjcos’ ! psin .
=0 =1

If we can prove that Q(¢x) = 0 for each k € {1,...,p} implies v = 0 then, for all
v € CP, Qv = {Q(pk)}tk=1,..p = 0 implies v = 0, thus ker Q* = {0}, i.e., Q is not
singular.

For every 1 < g < j — 1, the following formula holds

()-C)-gpgen )

We rewrite Q by expanding the powers of cosines as powers of binomials, rearrang-
ing the indexes in order to collect the exponentials with the same exponent 2q — j =1,
isolating and then reinserting the terms with ¢ = 0 and ¢ = j in the sum over g:

m J . m j—1 .

J 1 I —j j*l 1 i o i i
Q(@)ij;<>§e@(2q J)Jrjzch( . )27’2'6@(2(] J+1)(e¢>,e w)
:bOJriﬁi T\ gie2a-3) _ i L 1\ Jiv(2a-3)

— 27 q . q—l

q=
=1 .

_ Z (J - 1) el’w(%—ﬁ}
q=0 4

m
= b() + Z - |:bj€_u’a‘] 4+ bjewj — Z'cjewj —+ Z'cje_“”

E60-(()- ()]

14
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m 1 7 . 92 — i . ‘
b0+22—]|:z<‘;> <bJ’L qj ]Cj> eup(2q—]):|

j=1 q=0
m .
. 1/ l
1 .
= E 67"19 g §<l+‘> <b]ZCJ_>
l=—m [l<i<m 2 J
l+j even

=

where in the last step we have changed the index | = 2¢ — j; when [ = j = 0 we
understand c]é =0.

Since Q(y) is a trigonometric polynomial, if Q(¢x) = 0 for every k € {1,...,p}
then all the coefficients 7 are zero.

Now we only have to prove that v, = 0, with [ = 0,...,p, implies v = [bg, ..., by,
€1y, cm]t = 0. We notice that

1
by = 27“*12—771(1)m —iCm 4 b+ iCm) =277 (Y + Y=m) =0,
1
Cm = 1'2’”*12—m(bm —im — (bm +icm)) = 2" (Ym — Y=m) = 0.

We can proceed by induction with respect to decreasing I: if b; = ¢; = 0 for every
7 >1>0 then

L,of 7\
b1 = §2l ! <j+l1> (V=1 +7-a-1)) =0
2

. . —1
vl J
Cl—1 = §2l ! <j+l1> (V=1 —7-a-1) =0
2

We have proved that all the coefficients, including by = v9 = 0, vanish: v = 0 implies
v = 0, from which we have the result. (I

The necessity of using an odd number p of plane waves is evident from the definition
of the matrix ). Furthermore with an even dimensional basis, in the limit w — 0, we
have an incomplete space of harmonic polynomials and we cannot apply the theory
of [16]. Finally, from the simulations of [17, Sect. 3.2] we notice that increasing the
dimension from 2m + 1 to 2m + 2 does not improve the order of convergence of the
PWDG method.

Let D be a domain with diameter h; the reference domain is defined as D= %D,
with diameter 1. A plane wave with wavenumber w > 0 scaled on D has wavenumber
w = hw: o o

ée(i,?)) — ezw(zcosG-i—ysmG) — ee(hi', hgj)
We have the following result.

Lemma 3.2. Let D be a domain with diameter 1 including the origin. Let ¢y, € [0, 27),
k=1,...,p=2m+1 > 3, all different. Then, having fized 0 € [0,27], there exist
aq,...,ap € C such that

< Comtles, (3.35)

p
ég* E Ozké@k
k=1

where C' > 0 depends only on the set {oi}h_;.

L>=(D)
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Proof. If we expand the exponentials in the difference between the plane wave functions
éo(w,y) = @ es0=¥) and é,, (z,y) = ™“m5(#x=¥) using polar coordinates (z,y) =
(rcost, rsint) we get:

P
Zake% z,y) Z jle (ir)’ [COSJ Z (cos? pp — w)}

7>0

P
= Z —uﬂ (ir) [ (cos 6 cos ¢ + sin 0 sin1p)7 Z a(cos g cos ) + sin @y, sin 7,/))]}
k=1

j>0
J .
_ J j—1 7=l
—Z @ (ir) lzl'  Cos Lap cost @ sin? L ypsin =L 0
j>0 l
P .
1 l
— Zak Z e, 7 Cos z/;cos Dk sin’ =4 sind Dk
k=1 1=0
1 ; J! 1 j—1 1 j—1 - ! j—1
— ——— cos' ¢ sin/~ cos' Osin? ™" 0 — QU COS sin’ ™ .
g] ;l!(jfl)! G lﬂ[ ; k COS" P <Pk:|
(3.36)
Lemma 3.1 guarantees that there is a vector a € CP such that
Qo = [1,cos0,...,cos™0,sinb, ..., cos™ Osinb]’,
that is
P
ZakCOST(kaCOSTG, r=20,...,m,
o (3.37)
ZakcosT_l @ sin gy, = cos” @ sin b, r=1,...,m.
k=1

Zak cos® @y, sin’ ¢, = Zak cos® pr(1 — cos <pk)%
k=1 k=1
L t
p 2 t 2 t p
= Z ay, cos® . Z (2) (—1)?cos*? @), = Z (2) (—1)¢ Z ay cos® T2 gy,
k=1 q=0 q=0 q k=1

For odd t we get the same inequality by factorising sin ¢, and using the second equality
of (3.37) instead of the first one.

If we insert the vector a in (3.36), the content of the last brackets vanishes for
every j =1+ (j — 1) < m, so we can bound the L*>-norm as follows:

p
ég— E akélpk
k=1

= sup Z le (ZT) |:(COS Z COS (Pk - 1/1))

!
L) " [izmi
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= g j+m+1 ( +Z|‘3‘k|>
1
< e (1p Q7ML < O e,

using r < 1, w = wh < ¢, and

P
Z lak| = |lall; < HQ_1||1 [|[1,cos0,... cos™ 9,sin9,...,cosm_19sin9]tH1

< C(p, {¥r})
O

By transforming to the original domain D, we obtain the convergence in h of the
best approximation in the L°°-norm.

Theorem 3.3. Let D be a domain of diameter h containing the origin. Let oy €
[0,27), k=1,...,p=2m+ 1 > 3, different directions. Thus, having fized 0 € [0, 27],
there exist a1, ..., 0p € C such that

P
ey — g Qgey,

k=1

< Clp, {pr}) K™ HHwmTtes. (3.38)

Le=(D)

Proof. Choose the same «y, of Lemma 3.2 and recall that eg(z,y) = ég (%, %)

ey — zp:akelpk 69 ( ) Zake% ( ) ’
k=1 L>(D)

P
éo— ) aréy, Cp, {or}) @™ e = Clp, {pr}) K Hwm lec.
k=1

= sup
(z,y)eD

L°°(D)
O

If « is the vector of the coefficients that allows to approximate ey and 3 is the
analogous for egy, = e ™ (@cosOtysing) then for all & € [0,2n], with m > 1, the
following bounds hold:

o+ Br
cos (w(zcosf + ysind)) — Z — e,

2
k=1 L>=(D)
P p
_ eiw(m cosf+ysinf) 2 :akewk + e*iw(m cosf+ysinf) § ﬁkelpk

C(p {pr}) K™ Hwmttes,

P
sin (w(ac cosf + ysin@)) - Z %Tﬁke%
i
k=1

L (D)

17



k=1 k=1

p p
Z <eiw(zc050+ysin0) _ § Qgep, — e*iw(ICOSGerSine) + § ﬁkelpk>

L>(D)
< C(p, {pr}) A HwmH et (3.39)

which means that for the real and imaginary parts of a plane wave of direction 6 the
same best approximation estimates hold true.

Numerical experiment 1. Figure 1 shows that the infinity norm of the approrima-
tion error for a generic plane wave in D = (0,h)? varies as h™1, so the estimates
(3.38) are sharp. FEwvaluating the error with h approaching to zero is equivalent to
evaluating it on the reference domain D with & going to zero, so it is not possible to
compute the plane wave by using the standard basis {e,, } of PW,(R?) because this is
not stable with respect to this limit. The basis introduced in [16] has been used instead,
with a power expansion in w truncated at the 13" term.

Figure 1: The norm |jeg — > 1 _; aketpk”Loo((O ny2) With ¢y uniformly spaced, 6 = 1,
w = 1, plotted against h for p=3,...,11.

3

sup(xyy) |ee - Ekak e(b

h=diam(2)

3.2 The approximation of the generalized harmonic polynomi-
als

In the previous section we have derived best approximation estimates in the L°-norm
for a plane wave function of a fixed direction in PWZ(R?). By using this result, in

18



this section we derive best approximation estimates in L>° and in Sobolev norms for
generalized harmonic polynomials.

If a function u is a solution of the homogeneous Helmholtz equation and is also a
tempered distribution, its Fourier transform satisfies

(1€* —w?)a(€) =0,

namely its support lies on the circle of radius w centered in the origin. The Dirac delta
distribution centered in (w cos @, wsin @) is the Fourier transform of the ey plane wave,
so, in terms of Fourier transform, Lemma 3.2 shows how it is possible to approximate
a Dirac delta centered at a point on this circle by a finite number of Dirac deltas
centered at fixed points on the same circle. Now we study how the same Dirac delta
distributions approximate a function g € L'(0, 27).

Lemma 3.4. Let D be a domain with diameter h and containing the origin. Let
g € LY(0,27) and

27
u(z,y) = / Re (g(@)e™ (@ cos0Fusind)) g, (3.40)
0

Let ¢i1...pp € [0,2m) be different angles, with p = 2m + 1 > 3. Then there exist
ai, ..., such that

P
u — g Qpey,
k=1

Proof. We fix § > 0 and partition the interval [0, 27) into measurable sets A; such that
A; Claj,b;), bj —a; < § and it is possible to approximate g with a simple function
gs(0) = Zj giXxa,(0) in L'-norm:

< Clp, {ex e ™ W™ gl 10.2m) - (3.41)
Lo(D)

6—0
llg — 95|‘L1(0,2w) —0.

Plane waves are C'! functions in 6 so, thanks to the Lagrange theorem, for all
6 € A; C[a;,b;) there exists ¢ € [a;, 0] such that

eiw(m cosf+ysinf) eiw(z cosa;+ysinaj)

— ‘(9 _ a]_)%eiw(zcoseersinG)‘

O=c

= (0 —aj) ‘iwei“(z cosetysine) (g gin ¢ + y cos c)‘ < dwh.

We have

U(.’L‘,y) _ Z |A_]| Re (gjeiw(zcosajersinaj))
J

2m
= / Re (g(o)eiw(m cos0+ysin @) _ Z X4, (9)gjeiw(z cos aj+ysin aj)) a6
0 -

J

< Z/ ‘g(e)ezw(x cosf+ysinf) gjeiw(z cosaj+ysina;) do
~ JA.
J J
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eiw(m cos 04y sin ) ‘ do

<> [ o) -4

+ |9j|/
Aj

<llg- 96||L1(0,27r) + Z 195114, sup
; 0cA;

eiw(zcosGersme) - eiw(mcosajersmaj) de

eiw(m cosf+ysinf) eiw(z cosaj+ysinaj)

3—0
< ||9 - 96||L1(0,2ﬂ) + ||96HL1(012,T) dwh —— 0,

because ”95“L1(0a2w) is bounded.

This convergence is uniform in (z,y). From (3.39) we approximate real and imag-
inary parts of e’ (#cosa;tysina;) anq their linear combinations using plane waves be-
longing to PW,,(R?), so there are at; € CP such that:

p
Z {lAJ| Re (gjeiw(mcosaj-i-ysinaj)) _ Z aj,kez,ak}
k=1

J L>(D)

> {|Aj| (Re(gj) cos (w(z cosa; + ysina;)) — Im(g;) sin (w(z cosa; + ysin aj)))

J
P
Yo )
k=1
Finally we use the triangle inequality, choosing § small enough so that ’u(ac, y) —

> 14;|Re (gjeiw @ cosaitysin ai))} is uniformly smaller than (3.42) and ay := 3 ovj i,
we get

P
U — g apey,
k=1

< gl (0,2x) C (P, 1) Rt (3.42)

Lo (D)

< lu— Z |AJ| Re (gjeiw(zcosaj—i-ysinaj))

L>=(D) j Loo (D)
P
+ Z {|Aj| Re (gjeiw(xcosajersinaj)) - Z O‘j,ketpk}
7 e L>(D)

< ||9HL1(0,2W) Clp, {er}) R lwm et
O

We derive the following expressions for the generalized harmonic polynomials.
These functions are the circular waves in the plane.

Lemma 3.5. Let P(z) = anz™N + ...+ a1z +ag be a complex polynomial of degree N.
Denoting z = © + iy = re'¥, the following identities hold

VIP,0l(z,y) = nﬁ:oa" n! (%) " e g (wr)

(3.43)

2mwn

N ol 2T )
— § an (_Z)n / eméezw(m cos 04y sin 0) d6.
n=0 0

20



Proof. For any holomorphic ¢, having fixed zy = 0, by the definition of the Vekua
transform (2.2) we get:

VIo.0lte.0) = 00 [ o(0) 1o (o T 20— )
f/o ¢(sz);%<]o(w|z|\/1fs)zds (3.44)

1
wr
— sz)Ji(wrv1l —s ds
because J) = —J.
In the case ¢(z) = 2", expanding the Bessel function J; and using fo (1-s)/ds =

B(l4+n,1+j)= ‘7_;1), we obtain the first identity for a monomial:

(n+j

VIOl = [ sy (VT or
z X =z — S Z - S
Y 0 FGHDI2HT 2T

(1) (wr)PF? 1 ,
=z" 1—2“)(—)./0 s"(1—s) ds

— 1 (j + 1)1 22742

=0

O U S O L
=z — -
riwt < (n o j DL + 1222
n 00 - 1 2l+n
_ it [ 2" p (-1) (wr)
W & (I +n)l 2240

wn pr 1 22l+n w

1
= e””p2 v Z( )(w ) =eMpl <2> I (wr).

In order to prove the second identity we use

2m
/ o gy J0 1€Z, 140,
0 2 ZZO,

and obtain the result:

27
NG 2"n! inb iwr cos(0—1)) _ N 2"n! inf J
(—1) Y- /e e df = (—i) Y- / Z iwr cos(6 — 1))’ df
0
2" o= 1 LN et0=%) 4 o—i(0—¥)
— (_\n (s J in6
(—1) Y- Zj!(wﬂ") / e ( 5 ) dé

2l SN 1 fiwr)) <~ ! S 4 .
_(_,\n = " E = = E . J i(n+2k—j5)0 i) (j—2k)
= (=) 2mwn j!(2) k!(jfk)!/o c doe
j=0 k=0

2mn! iwr\? 1 b
(A" et (G—2k)
=" S Z (2) BG kN C
j=0
0<k<j
n+2k—5=0
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2"n! ko [WT\2ZRtn 1 ” 2\" .
— (_ o n (20 pn _ ) = wn
0" Z( L)% (2) Mk+nt® — " <w> e I wr)

k=0

Finally we get the assertion for a generic polynomial by linearity. O

Thanks to this lemma, we get that

2npl [T . ,
ReV P 0 Z n / Re (an(ii)nezneezw(zcosOerSlnG)) do

2mwn

can be written in the form (3.40), with

N
g(0) =" S an(—i)"e a (3.45)
n=0
with norm
N ol
||9HL1(0,27r) < Z o |an|. (3.46)

n=0
So Lemma 3.4 applies to the generalized polynomials, which means that the space
PW,,(R?) approximates these functions and generic plane waves with the same order
in h. The result is stated the following theorem.

Theorem 3.6. Let D be a domain of diameter h containing the origin. Let P(z) =
anz™ +...+ai1z+ag be a complex polynomials of degree N and let o1, ..., ¢, € [0,27)
be different angles, with p = 2m +1 > 3. Then there exist o, ..., ap € C such that

N
C(p, {ox})R™ ! Z 2" plw™ " g, .

L~ (D) n=0

ReV[P,0] — Zakem
k=1

Numerical experiment 2. The numerical studies show that with the optimal choice
of the ays the error behaves like

ReV]z Zake% ~ C hmax(p=N.N)

L>=((0,h)?)

as in Figure 2. When N = m, m + 1 we get exactly the order K™ we proved for the
generic function u, while with other values of the degree N the exponent of h is better.

We end this section by proving best approximation estimates in Sobolev norms.
In order to do that, we need the following two lemmata, about the link between
holomorphic and real harmonic functions and the continuity of (Re V)~! in maximum
norm.

Lemma 3.7. Let ug be a real harmonic function in the ball B(0,3h) and let

Y x
vo(z,y) ::/ Dyug(z,t)dt —/ Doug(t,0)dt, (3.47)
0 0

where Dy and Do denote the real derivatives with respect to x and y, respectively. Then
¢ = ug + ivg is the unique holomorphic function in B(0,3h) such that Re ¢ = ug and
#(0,0) € R. Furthermore there is a constant C independent of h such that

181 oo (B0,20)) < C Ul oo (B(0,3m)) - (3.48)
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Figure 2: The norm HRe VN0l - >0, ake%HLw((O n2) with N = 1,....4, p =
3,...,11, i equally spaced, w = 1 and varying h. The order of convergence is
hax(p—N.N) ‘hetter than h™*! when N # m,m + 1.
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Proof. From the definition of vy it follows that ¢(0,0) = ug(0,0) € R and ¢ is holomor-
phic since the Cauchy-Riemann conditions hold. By contradiction, suppose there exists
another holomorphic function ¢ # ¢ satisfying the same condition, then ¢ = ug + i7o,
so D1g(x,y) = —Daug(z,y) = Divo(x,y) and Daodo(x,y) = Dyug(z,y) = Davo(x,y),
with 7(0,0) = v9(0,0) = 0. Thus vy and ¥y are functions with the same gradient ev-
erywhere and the same value in the origin, so they have to coincide and the uniqueness

of ¢ follows.
In order to prove the bound (3.48), we use the internal estimate:

|Djv(z, y)| < c+ ||U||L°° B(@y).r) I =12

that holds for all harmonic functions v in B((x,y), R). The proof can be find in
Theorem 2.4 of [2]. Using this estimate and (3.47) we get the results:

(2l Lo (B0,20)) < 1woll oo (B0,20)) F 1V0ll Lo (50,20

< lluoll oo (B0,2n)) T2 ||D1u0||L°°(B(O,2h)) +2h || Dauoll o (50,21

< lluoll e (po,2n)) + hC Hu0||L°°(B(O sny) < C lluoll L (5(0,3n)) -
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Lemma 3.8. Let u be a real function satisfying Au+w?u = 0 in B(0,3h). Then there
ezists a constant C' > 0 independent of h and w such that

[(ReV §C(1+ciegc*)

)~ [u, 0] HLoo(B(O,zh)) |ull o (B(0,3m)) - (3.49)

Proof. Set z = x + iy. It is possible to prove (|26], §13.2) that there exists a unique
complex harmonic function ug in B(0,3h) such that the following identities hold:

1
u(z,y) = uo(r,y) — / uo(sx, sy)%Jo (wr\/l — s) ds,
0

uo(z,y) = u(z,y) + %wr ; \1}%[1 (wry/s(1—s)))ds,

where r = |z + dy| and I1(z) = —iJ1(iz) is the modified Bessel function of order one.
Since u is real, also ug is real. Thanks to (2.13) we have

I (z)

Jl (Z:C)

1
< el VaeC,
T 2

and using 7/s(1 — s) < 3h - 3 the following bound holds

w?r? I (wry/s(1—9))
U || 7,00 < ||ul|j +—/u$s,s—ds
[[uoll, (B(0,3h)) lJull (B(0,3h)) D) (2s,ys) wr/5(1—5)
0 L>(B(0,3h))

1 w3 9 £
< <1 + 1”2(3h)26 2h> ull oo (B(0,30)) < <1 + Zcfez > ull oo (30,30 -
(3.50)

Lemma 3.7 guarantees that there exists only one ¢ holomorphic, with Re ¢ = ug
and ¢(0,0) € R. Thanks to (3.44) we have

1
0
Vio0l(e,) = 6(2) — [ 6(s2) 5 dafwlelvI=s) ds,
0 s
and taking the real part
! 0
ReV[p,0](z,y) = uo(z) — / uo(sz)a—Jo (w]z]V1 = s) ds = u(z,y).
0 s
thus, ¢(z) = (ReV)~![u,0](z,y) and we can conclude using (3.48) and (3.50)

|(Re V)_l[u70]HLoo(B(072h)) =19l L (B(0,2)) < C w0l oo (B(0,3n))
< O(1+ 2e3®)

|u||L°°(B(O,3h)) :
O

Now we are able to approximate the generalized polynomials in Sobolev norms.
The following theorem proves the existence of a linear combination of plane waves
in the space PW,,(R?) that approximates any given generalized harmonic polynomial
with order h™*+1=J simultaneously in the different Sobolev norms.
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Theorem 3.9. Let D be a domain of diameter h containing the origin and such that
d(0,0D) > Th for a constant T independent of h. Let P(z) be a complex polynomial of
degree N an let ¢1,...,¢p € [0,27), p=2m+ 1 > 3, be different angles. Then there
exist aq, ..., ap € C such that

< CeFer (L4 HH) pmti=iym =N | p|| o . (3.51)
Jyw,D

ReV[P,0] — Z ey,

for every 7 > 0, where the constant C' > 0 is independent of h, w, c. and the polynomial
P.

Proof. Let be P(z) = ayz™ + ...+ a1z + ao; using (2.26), we have

1
< Jatrh Pl

lan| =

10"P 1 1 o"
1980 <Lt 1 1% p
n! 0zn (O)‘ ~ n! /md(0,0D) Haz" oD

where we have exploited the regularity of the domain. This and (3.46) imply that,
with ¢ defined as in (3.45), the following bound holds

N n

||gHL1(0727T) < Z

n=0

|P|nD ||PHNUJ D
n — < C ,N) ——————.
|a = Z ﬁTh wr T (7, N) hwhN

(3.52)

In order to get the result, we transform the term to be bounded with Vekua operator
and use its continuity (2.9): for every j > 0 we have

ReV[P,0] — Zake%

J,w,D

< C(j)e“(1+ Zak (Re V) ey, 0]

Jw,D
_ J _ D

<C(He (14 ™) w™h|P = ar(ReV) ' eg,, 0]

=0 k=1

Wheo (D)

J
< C(])ec* (1 4 CiJrQ) ijflh it

p
P - Z ak(Re V)il[eﬁﬁka 0]
k=1

0,B(0,2h)
where we used the internal estimates for the derivatives of holomorphic functions

(2.27), with d(D,dB(0,2h)) > h, recall that we don’t have analogue estimates for
generalized harmonic polynomials,

<C{e* 1+ 1+ Th||P -

Zak(Re V)fl[eq,k,()]
k=1

L= (B(0,2h))

< C(j)e (14T (1 +e2c2) ||Re V[P, 0] - Zakew

L>(B(0,3h))
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where we have to use the L>-continuity of (Re V)~! (3.49), because Theorem 2.2 gives
an unsatisfactory estimate for the L2-norm; in this way we have bounded all the norms
we want to estimate using the L°°-norm of the same expression on a larger domain,

27 P
< O(j)ede (1 + A+l / Re (g(0)e™("os0Husn®) 4 -3 " apey,

0 k=1

L= (B(0,3h))

with ¢ in the form (3.45); finally, using (3.41) and (3.52), we get

. ) P
< O fouh, N, m)ees (14 ripp-apmat gt I e ;l'ﬁ’;v””

= O, {on}s N, 7)e2 ™ (14 ZHH R 90m T =N P

O

3.3 The approximation of the solutions of the homogeneous
Helmholtz equation

Now we have all the tools necessary to study the approximation of a generic solution
of the homogeneous Helmholtz equation by the plane waves of the space PWZE(R?).
The key instruments are Theorems 2.10 and 3.9.

Theorem 3.10. Let D be a bounded, Lipschitz and convexr domain with diameter h,
containing B(0, Th) with T independent from h. Letu € H**1(D), k > 0, be a complex-
valued function satisfying Au+w?u =0 in D. Let 1, ..., ¢, € [0,2m) different angles,
with p=2m + 1 > 3. Then there exists aq, ..., o, € C such that

P
u— g Qrey,
=1

< Ce3e (1 + Cf+2j+7+|m—k\) pmin(k,m)+1—j  —(k—m)* Hqu-i-l,w,D

J,w,D

(3.53)
for every integer 0 < j < k+ 1 and where C is a positive constant depending only on
the shape of D, on p, on the choice of the angles {i} and on the indices j and k.

Proof. We fix the degree N of the generalized harmonic polynomials to be used in this
proof equal to k and define two holomorphic function

#1:= (Re V) *[Rew,0], b2 = (Re V)™ [Imu, 0],
their approximating polynomials
P :=1I5(61), Py :=1I(2),
and the corresponding generalized harmonic polynomials
Q1 :=ReV[P,0] = PF(Reu), Q2 := ReV[P,,0] = P{(Imu).
Theorem 2.10 leads to

lu — Q1 — ngHj,w_D < HReu — P,f(Re U)Hj,w,D + Hlmu — P,f(Imu)Hj,w_’D

) _ - log(k +2)\
< C(k)e* (1 + CI:H”G) pht1=i (]57”) HquJrl,w,D ‘
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The hypotheses about the indexes are verified because k + 1 > j.
According to Theorem 3.9, there exist a1, ..., a,, such that

p
1
Ql - E Qp €y
=1 jw,D

< Ces° (1 + cfj“) pm=d A=k ||P1Hk,w,D )

p

ReV[Py,0] =3 ajey,
=1

Jsw,D

and similarly, for iQa, there exist of, ..., a2 that gives a similar bound. In order to
replace the norm of u on the right hand side, we apply Theorem 2.8 with j = k, and
we use (2.33) and the continuity of (ReV)~! (2.8):

k k
leﬂk,w,D = HHk‘mHk,W,D < H¢1Hk,w,D + H‘bl - Hk¢1||k,w,D < CH¢1Hk,w,D
< Ce® (1 + c3) ||Re ully, p < Ce™(1+ 3yt [Reullyyywps

the analogous holds for Ps.

Finally we combine the three last bounds written using triangle inequality and we
get:

u=p (o] +iai)e,

1

p

l jw,D

+

Jsw,D

<lu—@Q1—iQ2ll;,p+

p p
1 2
Ql - E Qp €y QQ - E Qp €y
1=1 1=1

kt1—j
< CeQC*(l Jrck+2j+6) B 1= <1og(k:+ 2)> llliorop

Jsw,D

k+2
+ Ce3c (1+ cij+4) T (1+ Clj+3)w_1 lltlljt1,0,0
< Cede (1 + Cl:+2j+7) (thrlfj 4 pmtl=i wmfk) ”U‘Hk-i-l,w,D
1+ (hw)™* m >k

1 [Je]
pE=m 4 m <k e D

< Cegc* (1 + Ck+2j+7) pymin(k,m)+1—j

wkfm

< Ce3e (1 + C’:+2j+7+\m—k|) pmin(k,m)+1—j  —(k—m)" ||u|‘k+1,w,D

with C' independent of w, h and c,. O

This theorem shows that the approximation properties depends on the measure of
the domain, on the dimension of the local space of plane waves and on the regularity

of the solution. The two latter parameters limit the order of convergence with respect
to h.

Remark 3.11. If the domain D is small enough such that ¢, <1, the (3.53) becomes

P
U — E ey,
1=1

This situation will be relevant in the study of the PWDG method where D will be any
element of the mesh.

<CH I Nullyyop,  0<ji<k+1<m+1

Jyw,D
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Numerical experiment 3. A simple numerical study demonstrates the sharpness
of the bound in Theorem 3.10. The function to approximate is the cylindrical wave
u(z,y) = Hél)(w|(ac,y) — (=1/4,0)|), where Ho(l) is the Hankel function of the first
kind of order zero and the domain is the square D = (0, h)?. Since it is a C™ function
we take k = m. We notice from Figure 3 that

(1) P
HHO T 2k=1 XkCopy
0,D -~ _ hm+1
5" " |
0 m+1,w,D

as predicted by Theorem 3.10.

Figure 3: The norm Hél) — 3 ke,

(002 with p = 3,...,11, i equally
0,(0,

spaced, w = 1 and h varying. The order of the error is h™*2.

10 T T T T
- s=3 4.5 67
10°
_O
=
(0]
dx -10
n< 10
|
- O
I
10—15
10_20 5 ‘ 4 ‘ 3 ‘ 2 ‘ 1 0
10° 10 10° 10° 10° 10
h=diam(Q)

4 The PWDG method for the homogeneous Helm-
holtz equation

The theory of the approximation of homogeneous Helmholtz solutions using plane
waves functions can be used in the analysis of the plane wave discontinuous Galerkin
method (PWDG) derived in [16] as a a generalization of the ultraweak variational for-
mulation (UWVF) by Cessenat and Després (see [9]). The analysis of the homogeneous
case given below follows the same line as that in [16].
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Theorem 3.10 allows us to prove a sharp best approximation estimate. This leads
to new a priori error estimates for the method, both in a particular energy norm and
in the L2-norm. These estimates improve the one proved in [7] and are sharp with
respect to the meshsize h, as confirmed by the numerical results presented in [17].

Also in this section all the bounding constant are independent of the wavenumber,
this allows to make explicit the pollution effect.

4.1 The formulation of the method

We consider the usual homogeneous Helmholtz equation with impedance boundary
condition in a bounded, polygonal, convex domain 2 C R?:

. (4.54)
Vu-n+iwu=g on OS2,

{ —Au—w?u=0 in
where g € L?(092) and w > 0 is the wavenumber.
We introduce a triangular mesh 7, where every element K satisfies hx = diam K <
h. Introducing a space V}, of (discontinuous) finite elements on this mesh, integrating
by parts and following the steps of [16] we can write the method as follows: we want
to find a function uy € V}, such that

/(Vuh -Voy —wQuhﬁh) dVv — /(uh 717,}1) Vo, -ndS — / wop -nv,dS =0, (455)
K oK oK

for every vy, € V}, and for every K € 7j,. In this equation 4y and &j, are the so-called
numerical fluxes, approximations of the traces of u and of its gradient on the skeleton of
the mesh. If we integrate by parts once more and we choose Trefftz-type test functions
(i.e. satisfying the homogeneous Helmholtz equation on each element), we obtain the
ultraweak form of the discontinuous Galerkin method:

/ ﬁthh-nde/ iwoy -nv,dS = 0.
oK 0K

In order to define 4, and &}, we need to introduce some notation. Let u; and
oy, be a function and a vector field that are regular in each element of 7, u,jf and
o their trace on 9KT NOK~, and let n*,n~ = —n™ be the outgoing normal unit
vectors to 0K *; we define:

the averages: fun} = (v +u;), {on} =%(cf +0;).
the jumps: [up]n ==ufn® +u;n", [on]y =0) -nT +o, -n.

We define also a function that represents the local meshsize:
Vaecint(0K  NIK™) h(z) = min(hg-, hg+).

We choose the numerical fluxes depending on three parameters a,b,d that are real,
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bounded and independent of the meshsize and w:

a>amin >0 FL, bbby >0inF,  0<dpn<d< 5 in FP,
. 1 a
on=—{Viur} — Y [un]n,
w w in 9K~ NOK* ¢ FF,
. bh
ap = fun} — - [Viun]n,

1 1 1
a'h = —thhf(lfd(dh) (,_thh+uhn-_gn) )
ww 1w 1w . B
, . in 0K C Fy,.
ap = up — dwh (,—thh~n+uh .—9>7
1w w
(4.56)

If we implement this method using plane wave basis functions, we obtain the
PWDG method.

Choosing the fluxes in a slightly different way, we can recover the UWVF (see [16]).
This choice however does not satisfies the hypothesis needed for the stability analysis.

We suppose h < 1 and that the mesh satisfies a regularity assumption: there exists
ap > 0 such that, for every angle « of every triangle K € 7, a > ag holds.

Define the discontinuous finite element space of piecewise linear combination of
plane wave functions:

Vi ={veL*Q): v|xg € PWP' R VK €Ty},
and the bilinear form on (H?(Q)) + V4,) x (H?(Q) + Vj,):

an (1, v) i=(Vpu, Vo) —/I[[u]]N-{{V—hU}} dS—/ﬂ{th}}~[[ﬁ]]NdS

Fh

—/ dwhuVyv-ndS — dwhVyu-nvdS
_7:8 ]_—B
h h

+i/ bh[Vyu]n[Viv]n dS +i/ dhVyu-nVyv-ndS
7z FB

+i/ E[[u]]N-[[ﬁ]]NdS‘f‘iw/ (1 — dwh)uwdsS .
Fzh Fi

We also define a seminorm and two norms related to the Sobolev H!-norm:

W2 < = Va0l o + o0 2[Vaoln || + [a26 2ol n |
DG — hYll0,0 hYIN 0.7 N 0.7%
2 2
+ (dh)l/Qth-nH +w H(l—dwh)l/QvH ,
0,78 0,75
2 2 2
[vlpe = = [vlpe +w? vlloq
2
2 2 —
loliber = = llellbe + ||B) 7240}

T
0,7;,
2

+ a_1/2h1/2{{vhv}}

2
‘ + H(dh)—l/%H :
0,7 0,78

Finally we can reformulate the method in a new way, equivalent to the (4.55): find
up € Vp such that, for all vy, € V3,

an(un, vy) — w*(up, vy) = /

Fh

idh g Vpop, - ndS + / (1 —dwh)gvpdS, (4.57)
B _7:}?
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and the method is consistent, i.e.,
an(u —up,vp) — w(u — up,vp) =0 Yo € Vi, (4.58)

where u is the analytical solution of (4.54). The coercivity of the imaginary part of
ap, guarantees the existence and the uniqueness of the discrete solution uy, to (4.57).

Now we list the properties proved in [16] we need in order to obtain the error
estimates.

Theorem 4.1 ([16], Theorems 8 and 9). Let p = 2m+1 > 3, then there exists two
constants Ciny and Cipn, independent of K and w, such that, for all v € PWPO(R?)
and for all K € 7T;,

—1/2
[vllgox < Crinhiz* [0llo x

HVUHO,K < Cino(whi + 1)h;(1 ||U||0,K'

The bounds of Theorem 4.1 were used to derive the following abstract error esti-
mate.

Proposition 4.2 ([16], Proposition 19). Let u be the analytical solution of (4.54),
up, the discrete solution of (4.57) and a > amin > C%,,,. Then there exists Cyps > 0,
independent of w and the mesh, such that

. w [(U — Up, Wh
[u—unllpg < Cabs | Inf [lu—wp|pg+ + sup @l s ) ‘
v €V 0Fwp eVy, HwhHO,Q

Finally, an estimate of the second term on the right-hand side of the bound in
Proposition 4.2 was derived by a duality technique. We report here the result in the
homogeneous case.

Proposition 4.3. Let Q be a bounded convex domain. Let u and up be as in Propo-
sition 4.2, then

w [ (u — up, wy)|

sup < Couar wh(1 + wh)2 (1 + diam(Q)w) | — unl pe »

0£w, €V, ||wh||0,sz

holds, with Cgyuq > 0 independent of w and the mesh.

4.2 The order of convergence of the method

We can use the results of Section 3.3 to get a best approximation estimate of ho-
mogeneous Helmholtz solutions in the space V}, with respect to the DGT norm. We
know how the functions belonging to PWP? approximate a solution of the homoge-
neous Helmholtz equation, now we need the analogous approximation properties for
functions in V},.

Proposition 4.4. Let u € H*1(Q), 1 < k < m, be the solution of the homogeneous
Helmholtz equation in a bounded and conver domain 2, if wh < c. then

. e
inf [lu—vnllpg+ < Cpae?® (1+c70) B ullpyrwo- (4.59)
v €Vh i

with Cga > 0 independent of w and Ty,
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Proof. For each K € 7;, we have the inequality
2 _
lullo.or < Cllullo,x (hi' Nullg s + luly ) Vu € HYK), (4.60)

obtained by scaling the norms in the thesis of Theorem 1.6.6 in [6] on a reference
domain with unitary diameter.

We define zj, € Vj, such that for every triangle K, zp|x is the linear combination
of plane wave functions given by Theorem 3.10. The hypothesis B(0,7h) C K is
guaranteed for each K by the regularity assumption on the mesh. We bound the
approximation error of the traces using the same theorem:

2 : _
[u— Zh”O,é)K < Cllu- ZhHo,K (hKl [u— Zh”o,K + lu— Zh||1,w,K)

< Ce™ (1+ ™ MO full 4 s

2 _
IVa(u— Zh)”o,aK <Clu~— Zh|1,K (hKl lu — Zh|1,K + |u — Zh|2,K)
< Cllu—=2nlly 5 (hg' 1w =zl i + 1w =20l 1)

< Ce™ (1+ ™ PO fullp gy o -

Now we bound the error in the DG™ norm (note that the terms with the traces of
u — zj, contain h™2 and the ones with the trace of the gradient contain h%):

. 2 2 2 2
inf Jlu—onlper < llu—znlper < w?lu—znlloq+IValu—21)llgq
vp €V
1
+ E (supa—i— hrwsup(l — dwh) +supb~! + supd_1> . |Ju— zhHg oK
X :
KeTy,

+ (Supb + supd + sup a_l) hi || Vi(u— Zh)||(2),6K
< Ce* (1 + CierQO)th ||u||i+1 WK
by taking the square roots we have the result. O

First, we prove an a priori error estimate with respect to the DG norm, that
corresponds to an energy norm. The order of convergence with respect to the meshsize
is k, the regularity of the exact solution u. When wu is sufficiently regular, namely
u € H™T(Q), the order of convergence is O(h™), with m = (p — 1)/2, exactly as
predicted by the numerical simulation in [17]. In order to have this convergence is
necessary that the mesh 7;, is fine enough.

Theorem 4.5. Let 2 be a bounded convexr domain, u € H*1(Q), 1 < k < m, be

the analytical solution of the Helmholtz homogeneous equation, the condition (4.56) on

the flux parameters be satisfied and ami, > Cfim. Then, if this threshold condition is

satisfied:

1
wh(1+ diam(Q)w) (1 + wh)? < ———— 4.61
( ( ) )( ) Cabscdual ( )
the estimate ,
= unllpg < €3 (14e10) B flulyy g0 (4.62)

holds with C > 0 independent of w and Ty,.

32



Proof. Combining the results of the Propositions 4.2, 4.3 and 4.4 we have

[u—unlpg < Cabs (CBAe%C* (14 t10) nk ullpt1,0.0
+ Cauat wh(1 + wh)? (1 + diam(©) w) [|u = unll g ).

Taking to the left-hand side the last term, if (4.61) is verified, the coefficient of
lu — un|| pe is positive and we can conclude. O

Remark 4.6. In order to obtain the best approximation estimate, it is enough to
require that wh is small, because the (4.59) depends exponentially on c.. For the
convergence of the method we need the more restrictive condition (4.61) which, with
w > 1, requires a small w?h. This is exactly the pollution effect as described in [4].
Also in the PWDG method this phenomenon imposes a strong constrain on the mesh,
and consequentially on the computational cost of the method. When the mesh satisfies
this constraint the order of convergence is optimal.

We conclude with an a priori error estimate with respect to the L?(£2)-norm.

Theorem 4.7. With the same hypotheses of Theorem 4.5, the bound
23
e — upllyq < Ce2e (1 e ) (1 + diam(Q)w) B [lull 0. (463)

is verified, with C > 0 independent of the wavenumber w and the mesh Ty,.

The proof can be carried out along the same lines as Theorem 28 of [16].
With a fixed w, the order of convergence in the L2-norm is optimal; the constant
in the estimate increases linearly with w as a consequence of the pollution effect.

Remark 4.8. In the reqular case, when u € H™(Q), and when c. < 1 the error
estimates for the method become

lw = unllpe < CP™ flulliy w0

||U — uhHO,Q S C (1 =+ dlam(Q) W) hm+1 HuHm-i-l,w,Q

Both this estimates are sharp with respect to h, as it can be verified by the numerical
simulation in [17].
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