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1. INTRODUCTION

Sparse tensor product-based wavelet compression for integrodifferential equations (PIDEs) of the form
Bu=f onl0,1]", (1.1)

was introduced in [38,46,47] for isotropic integrodifferential operators B with distributional Schwartz
kernels k(z,y) that are singular only on the diagonal in [0,1]™ x [0,1]™. For such operators essentially
dimension-independent and asymptotically optimal complexity results have been shown in [46,47].

The assumption that B admits a standard kernel however is not always satisfied in practice. For
instance in Mathematical Finance the pricing of contracts on baskets of assets where the underlying is
modeled by jump processes leads to equations of the form (1.1), where the integrodifferential operator B
only admits a kernel that can be singular on all secondary diagonals of [0, 1] x [0, 1]™ and all singularities
are of different order. In this work we construct a sparse tensor product-based wavelet compression
scheme for a wide class of such anisotropic operators.

Even though, due to the different singularity structures, the numerical analysis differs significantly
(see [47, Section 3] and Section 5 below), from a numerical point of view the challenges arising for the
discretization of anisotropic operators are essentially the same as for isotropic ones (cf. [47, Section 1]):
Galerkin discretization of integrodifferential equations in general leads to linear systems with densely
populated matrices of substantial size. Even on tensor product domains, the straightforward application
of standard numerical schemes fails due to the “curse of dimension”: the number of degrees of freedom
on a tensor product Finite Element (FE) mesh of width % in dimension n grows like O(h~") as h — 0.
The non-locality of the underlying operator thus implies that the FE stiffness matrix consists of O(h=2")
non-zero entries.

Based on tensor products of univariate wavelet basis functions, in this paper we prove that the com-
plexity of the stiffness matrix can however be reduced to O(h~(1*)) with (for fixed dimension) arbitrarily
small 0 < ¢ << 1 and, under certain conditions, even to O(h~!|log h|?(»~1)) without corrupting the con-
vergence of the original FE scheme. Our results are applicable not only to classical pseudodifferential
operators but to a wide class of anisotropic integrodifferential operators. To this end, suitable symbol
classes are introduced.

The anisotropic discretization technique that we present in this work relies on the following two
fundamental approaches (cf. [47]):

Sparse tensor product spaces as introduced in [7,26,27,43] are used to overcome the “curse of dimen-
sion”. This approach yields essentially dimension independent O(h~!|logh|"~!) degrees of freedom as
h — 0 while at the same time (essentially) preserving the approximation rate. Discretizing integrodif-
ferential equations on a sparse tensor product space thus yields matrices containing O(h~2|log h|2("_1))
entries. As shown in e.g. [27], these results require greater smoothness of the function to be approximated
than the original discretization and this extra regularity increases with the dimension n.

The non-locality of integral operators can be treated by so-called wavelet compression. This method-
ology was introduced by [5] in the very different setting of isotropic (or standard) wavelet representation,
i.e. the FE basis functions consist of tensor products of scaling functions and wavelets only on the same
level. It was shown that wavelet representation yields an almost sparse representation of certain opera-
tors. In [14,15,57,60] this approach was advanced further (on not necessarily tensor product domains)
and given a rigorous mathematical foundation based on the requisite that the compressed system has to
preserve the stability and convergence properties of the unperturbed discretization. In [50] it was shown
that wavelet compression techniques may yield asymptotically optimal complexity (on not necessarily
tensor product domains) in the sense that the number of non-zero entries in the resulting matrices grows
linearly with the number of degrees of freedom. In contrast to sparse tensor product approximation,
this methodology does not require additional smoothness of the approximated function. But, since the
number of non-zero matrix entries grows linearly with the degrees of freedom, there still is exponential
growth of the number of non-trivial matrix entries as the dimension n tends to infinity. The results on
isotropic wavelet compression have been unified in a sophisticated way in [12]. Since it somewhat presents
a finalization of the isotropic wavelet compression, we refer to [12] for a more detailed description of the
development in this field. Note that, with a slightly different approach but based on analogous principles
similar complexity results for the isotropic setting have been presented in [54].



In summary, substituting h = 277, one finds

e Discretization by sparse tensor product spaces yields O(227.J2(*=1)) non-zero entries in the system
matrix.
e Wavelet compression of general full tensor product spaces yields O(2") non-zero matrix entries.

The following diagram illustrates the connection between the two approaches and our new results:

[7] et al.
0(2271.]) . § 0(22JJ2(n—1))
isotropic
operators |
|
isotropic an-/isotropic
[12] et al. operators operators
|
+
O(Q"J) _————_— - %O(Q.IJQ(nfl))
an-/isotropic
operators

We shall use the notion of computational “complexity” exclusively to indicate the number of non-zero
entries in a given system matrix. With an efficient implementation and quadrature as in e.g. [29] it can
be shown that the overall cost of computing and assembling the system matrix is essentially of the same
magnitude as its complexity.

As in [47], the complexity results of this work also imply that, under certain conditions, the stiffness
matrices of the anisotropic non-local operators under consideration are s*-compressible in the sense
of [9,25,51]. This shows that, in order to solve the corresponding integrodifferential equations one may
employ adaptive wavelet algorithms as in [8,9,24] that converge with the rate of best approximation by
an arbitrary linear combination of N wavelets (so-called best N-term approximation, cf. [21]).

The outline of this work is as follows:

In Section 2 the abstract set-up is presented and notation is fixed.

Section 3 provides the main motivation. We briefly introduce finite element asset pricing methods that
lead to the abstract anisotropic integrodifferential equations under consideration.

Based on the considerations of Section 3, in Section 4 a new class of anisotropic operator symbols is
defined and examples are provided. For the corresponding class of anisotropic operators we then construct
the sparse tensor wavelet compression scheme as follows:

In Section 5 fundamental estimates for the entries in the sparse tensor product-based stiffness matrix
are derived.

Section 6 provides the consistency requirements that need to be satisfied by the compression scheme
in order to preserve the stability and convergence properties of the sparse tensor product setting without
compression.

Based on the two previous sections, in Section 7 the actual compression schemes are defined. Consis-
tency with the sparse tensor product setting without compression is proved.

In Section 8 we provide complexity results for the constructed compression schemes. Based on [46], we
show that under certain conditions the complexity of the sparse tensor product setting can be reduced
to O (27 J%"=Y) non-zero matrix entries provided that the number of vanishing moments is sufficiently
large. If these conditions are not satisfied, the complexity can be bounded by O (2(1+5)J ), where € < 1
tends to zero with increasing number of vanishing moments.

Finally, in Section 9 we briefly provide some numerical experiments that confirm the analytic results.

2. GALERKIN DISCRETIZATION OF MULTIDIMENSIONAL PIDES

The compression scheme and numerical analysis we present in this work is based on the following
generic set-up (cf. [46,47]): On [0, 1]™ =: O, we consider an integrodifferential equation

Bu = f, (2.1)

with an integrodifferential operator

B=Ap+ A, (2.2)
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where Ap denotes a (possibly vanishing) differential operator
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and A is an integral operator of possibly anisotropic order o € R”, i.e. A : HY?(0O) — H~/?(0)
continuously. Here, the Sobolev spaces H2/2(0]) and its dual H~2/2(00) are defined as follows: for
u € C§°(0), define @ to be the zero extension of u to all of R™. Then, for s € R", the space H2(0) is
given by

H2(0) = {u|u e Cgo(O)}, (2.4)
where the closure is taken with respect to the norm of the anisotropic Sobolev space

n

S+ Af

i=1

H2(R") := {f eS'(R™) :

< oo},
L2(R")

where fdenotes the Fourier transform of f € §'(R™). We assume that the operator A admits a kernel
representation,

Au(z) = /Dfﬁ(w, y)u(y)dy, (2.5)

with a distributional kernel function k(-,-) that is smooth outside the secondary diagonals S C [0, 1]™ x
[0,1]", i.c.
S ={(z,y) €[0,1]" x [0,1]" : x; =y;, forsomeiec {1,...,n}}.

The best known example of such integral operators are

Example 2.1. (Isotropic operators) Any classical pseudodifferential operator A : H?(R™) — H~2(R™)
of order 2¢ € R with symbol in the Hérmander class Siqo in the sense of [34,55] admits a distributional
kernel function x(-,-) as in (2.5).

In this case, by the Schwartz kernel theorem (cf. e.g. [53, Section VI.7]), the function «(-,-) is singular
only on the diagonal in [0, 1]™ x [0,1]™ and for any o, ¢’ € Ny there holds

o a0’ —(n+2q+|o|+|o’ n
070y K(,y)| < cgorlr =yl (nt2atlel+lo’D) - for all 2,y € [0,1]", (2.6)

with some constant ¢, .- independent of z, y € [0,1]". A sparse tensor product-based compression scheme
especially for such, so-called isotropic, operators has been constructed in [47] and [46, Chapter 2]. The
more general compression scheme of this work is, of course, also applicable. Throughout, we refer to
estimates of the form (2.6) as Calderén-Zygmund (CZ) estimates.

Denoting by Q = (Qij)1<i j<n the coeflicient matrix of the differential operator Ap in (2.3) we shall
assume that either @ = 0 or @ > 0. The order multiindex & € R™ of the integrodifferential operator
B = Ap + A is then given by

2,...,2), if @ >0 and max{ai,...,a,} <2,
_ {( ) o) o

Q, otherwise.

For the numerical solution of (2.1), we employ the Galerkin method with respect to a hierarchy of
conforming trial spaces V; C V41 C H a/2 (O). The variational problem of interest reads: find u; € V;
such that,

(Buy, vy) = {f, vs) forall vy e V. (2.8)

The index J represents the meshwidth of order 277. We shall make the following assumptions on the
operator B to ensure that the variational problem (2.8) is well posed - for details we refer to e.g. [52,
Proposition I11.2.3].



(1) B satisfies a Garding inequality, i.e. there exist constants v > 0, C' > 0 such that
(Bu,u) > |[ul a2y — CllulFa@y, for allu € H¥?(D). (2.9)

(2) B : HY?(O) — H~%/2(0) is continuous, i.e. there exists a constant C’ > 0 such that for all
u,v € H2/2(0) there holds

|(Bu, v)| < C'Jull garz (o) 0]l a2y - (2.10)

The nested trial spaces ‘/Z] - ‘7J+1 we employ in (2.8) shall be sparse tensor product spaces based on a
wavelet multiresolution analysis described in the next sections.
To simplify notation, we denote

@ := |a]ooc = max{ai,...,q,}, forany a € R".

We shall frequently write a < b to express that a is bounded by a constant multiple of b, uniformly with
respect to all parameters on which @ and b may depend. Then a ~ b means a < b and b < a.

2.1. Wavelets on the interval

On [0,1] we shall use the same scaling functions and wavelets as described in [12] based on the
construction of [10,13,42] and the references therein.

The trial spaces V; are spanned by single-scale bases ®; = {¢; 1 : kK € A;}, where A; denote suitable
index sets. The approximation order of the trial spaces we denote by d, i.e.

inf,, ey, [v —vjlo
2775 ||vl|s

d:sup{seR:sup{

Jj=0

}<oo, vUeHS([o,u)}. (2.11)

Using the single-scale bases constructed in [10] based on B-splines adapted to the interval [0, 1] as described
in [13], we assume that for each j > 0, the basis functions ¢, € ®; have compact supports and admit
two important properties: ||¢j_’k|\L2([071]) =1 and |supp ¢; | ~277.

Associated to these primal bases are dual bases ®; = {¢; 1 : k € A;}, i.e. there holds (¢ x, ¢ ) =
O k. By d we denote the order of &y and assume d < d for the remainder of this work. In particular,
for B-splines of order d and duals of order d > d such that d + d is even the bases D, ;I;j as in [13] have

approximation orders d and d.

To these single-scale bases there exist biorthogonal complement or wavelet bases ¥; = {¢; 1 : k € V,},
\le = {J]k tk €V}, where V; := A 1\A;. Inherited from ¢, , the v,  have compact supports and
there holds

| supp 5| ~ 277 (2.12)
The dual pair of wavelet bases W, U is defined by ¥ = szo U5, U= szo \le, with Uq := P, Ug = Dy,
There holds
||1/}j,k||L2([0,1]) ~1, for all ’l/)jﬁk e v,

From the biorthogonality of ¥ and U one infers the so-called cancelation property of U (see e.g. [6]), i.e.
Wik, )] < 2‘j(5+1/2)|f|Wg,w(supp¢jyk), for each 1; j, € V. (2.13)
Here |f|Wg,m(Q) = SUP,cn |8gf(z)|. The mother wavelet of ¥ we denote by 4, i.e. for any j and k € V;,
Yin(x) =222 — k),  xel0,1]. (2.14)

Denoting by Wj, VA\% the span of ¥, @j, there holds

Vj+1 = Wj+1 D Vj, and 9j+1 = V/\\;jJrl D 9j, for all ] Z 0, (215)
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and,

V,=Wo@...@W;, forall j >0. (2.16)

Crucial for the consistency of our compression scheme is the fact that the wavelets on [0, 1] satisfy the
following norm estimates (cf. e.g. [13,16], for the one-sided estimates we refer to [60]):
For an arbitrary « € H'([0,1]), 0 < t < d, with wavelet decomposition

u= Z Z kg = Z Z (, ;)0 1

j=0keV, j=0kev;

there holds the norm equivalence,

> 2w ~ lull e oy, FO<t<d—1/2, (2.17)
(G:k)

or the one-sided estimate,
> 225y 4l S Nullipe oy > ifd—1/2<t <d. (2.18)
(G:k)

In case t = d there only holds,

> 29y kl? S T lullipe oy, it =d. (2.19)
(4,k)
j<J

We conclude this section by an explicit example of wavelets on [0, 1] with approximation order d = 2:

Example 2.2. The wavelets comprise of piecewise linear continuous functions on [0, 1] vanishing at the
endpoints. The mesh for level j > 0 is defined by the nodes ;5 := k&2~U+1) with k € V; := {0,...,27+1}.
There holds N; := dimV; = 27! — 1 and therefore M; := dimV; — dimV;_; = 27.

On level j = 0 we have Nyg = My = 1 and vp,; is defined as the piecewise linear function with value
co>0at zp1 = % and 0 at the endpoints 0, 1.

For j > 0 we firstly define ¢; := 2//2. Then the wavelet ¢/, is defined as the piecewise linear function
such that ’l/)jﬁl(xjyl) = 26]', 1/)]-11(:%2) = —C and 1/)j71($j15) = 0 for all other s 7& 1, 2. Similarly, the
wavelet 9; vy, takes the values ¥ ar; (25, n;) = 2¢5, ¥, (25,8,-1) = —c; and zero at all other nodes. For
1 < k < M, the wavelet v, 1, is defined by ¥, (%) 2k—2) = —¢j, Vjr(Tj2n—1) = 2¢j, Vjp(Tj2n) = —¢;
and ¢} (z;,s) = 0 for all other s # 2k — 2, 2k — 1, 2k.

Remark 2.3. Note that there is a strong link between the order of the operator, the approximation
order of the multiresolution analysis and the number of vanishing moments of the wavelets which already
restricts the possible choice of wavelet bases. In fact, the analysis of the so-called second compression
we adapt from [12,50] refers exclusively to biorthogonal spline wavelets whose singular supports are well
defined and not dense in the wavelets’ supports. We refer to [28] for more specific illustrations.

2.2. Sparse tensor product spaces
For x = (z1,...,2,) € [0,1]™, we denote,
’l/)jyk(z) = wjl,kl ®...® ’l/)jnvkn (1'17 s 75671) - wleﬁ (1'1) - 'wjmkn (:L'n)

Using Fubini’s theorem one infers that the scaling and cancelation properties (2.12), (2.13) of the uni-
variate wavelets carry forward to their tensor products. In particular,

n
lsupp ¥yl = [ Isupp , 5, | ~ 271+,
i=1



and each 95 i has d vanishing moments which implies the cancelation property

(v, ¥i2)| < 9—3lilig—dmax{ji,....jn (2.20)

}|U|WJ'°°(SHPP¢j,k)'

On O = [0,1]", we define the subspace V; ¢ H%/?(0) as the (full) tensor product of the spaces defined
on [0,1]

V=V, (2:21)
i=1
which can be written using (2.16) as

Vy = span{¢jx ' ki €V;,,0<5 < Ji=1,...,n}

= > W,@..eW,
J1seJn=0
We define the regularity v > |&|oo/2 of the trial spaces by
vy=sup{seR:V;cC HO)}. (2.22)

It is known that based on the spline wavelets constructed in Example 2.2 the regularity index satisfies
y=d—1/2.
The sparse tensor product spaces V; are defined by,

‘7] = span{wjﬁk:kiEVji,izl,...,n;OS|j|1§J}: Z le® Wj
0<|jli<T

(2.23)

"t

One readily infers that Ny := dim(V;) = O(2"7) whereas N := dim(V;) = O(27J"1) as J tends
to infinity. However, both spaces have similar approximation properties in terms of the Finite Element
meshwidth h = 277, provided the function to be approximated is sufficiently smooth. To characterize
the necessary extra smoothness we introduce the spaces H2([0,1]"), s € N, of all measurable functions
w: [0,1]" — R, such that the norm,

1/2
el :=( T ||a?1...as"u|%zm)) ,

0<a;<s;,
1=1,..., n

is finite. That is .
=) H* ([0,1]). (2.24)

For arbitrary s € RY, we define H* by interpolation. Because of the underlying tensor product structure
(2.24), one infers from (2.17)—(2.19) that for

u= ZUJ kVjk = ZU’J kVjiks ® . @ V) ky,

(:k) (:k)

there holds the norm equivalence

> 22t 2sndn 2 o luflfe 10 < s < d—1/2 for all 4, (2.25)
(j’k)

and the one-sided bounds

Z 92suiitet2sndn g1 12 < s, if 0 <s; < d for all i, (2.26)
(.%)



D oot ninjygy 2 S lull., if si = d for some i. (2.27)
k

Note that a slightly refined version of the one-sided bounds (2.26), (2.27) can be found in the proof of
Theorem [44, Theorem 5.1].
By (2.21), one may decompose any u € L?((J) into

w@)= > > updtik@) = Y Y uyaty e (1) -,k (T0)-

§i>0 ki€Vy, Jiz0 ki€Vy,
i=1,...,n i=1,...,n

In this style, the sparse grid projection P ;2 L2(0) — XA/J is defined by truncation of the wavelet expansion:

(Pru)(z) = > Y ujthx(), (2.28)

0<|jl1 <7 kEV;

where VJ = V(j1,-- le X ... X an.

ain) T

2.3. Approximation rates for anisotropic operators on sparse tensor product spaces

For the proof of the following convergence and stability results, we refer to [44] and [27,59], respectively.

~

By [59, Propositions 3.1] and [44, Theorem 5.1], the sparse tensor product projection Py in (2.28) satisfies

Lemma 2.4. Suppose for each i = 1,...,n there holds 0 < a;/2 < =, with v given by (2.22), then for
u € H2/?(0O) there holds

(1) Stability of Py:
| Prull gare oy S Nlull grase oy (2.29)

(2) Approzimation property of ]3J.' let - < t; <d, i =1,...,n, with d given by (2.11). For
u € HYO) there holds

— (a#0or
2ED |y if {

lu = Prull ooy S ti # d for all i, (2.30)

o(5-0J yu5+ llullremy — otherwise,

where we denote t = (t1,...,t,) and (§ —t) = max{F —t1,..., G —ly}.
Thus, there holds
Proposition 2.5. Let &, as defined in (2.7), denote the order of the integrodifferential operator B in
(2.2). Then the sparse tensor product spaces Vy in (2.23) based on the wavelets introduced in Section 2.1
satisfy:
(1) The Galerkin discretization of (2.1) based on sparse tensor product spaces V; as defined in (2.23)
is stable, i.e. there exist Jy > 0 and ¢y > 0, co > 0 such that for any J > Jy there holds
[(Bvy, vy)| > c1HvJH§{i/2(D) — CQHU_]H%Q(D), forallvy € ‘7J, (2.31)
and there exists some c3 > 0 such that for all J > Jy,

[(Bug, wy)| < esllvgll gare oy lwsll gare oy, Jor all vy, wy € V. (2.32)

In particular, the variational problem (2.8) admits a unique solution.
(2) Letw and uy denote the solutions of the original equation (2.1) and the variational problem (2.8),
respectively. The best convergence of the sparse tensor product Galerkin scheme is determined by

lu — ugll gas@my S 2712270 |y ), (2.33)



provided v € H2(O). The anisotropic smoothness parameter p € RY is given by

pi=d— <% - @> : (2.34)

2 2
for each i =1,...,n, and furthermore
m-vd .
v=2 nd—1" ifa=(0,...,0) and hence p=(d,...,d),
0, otherwise.

Proof. The stability estimates (2.31), (2.32) are obtained exactly as in [47, Proposition 2.1]. The conver-
gence rate (2.33) in the sparse tensor product setting is given by [44, Proposition 5.2]. O

Having set up the general numerical basis of our approach, in the next section we briefly describe our
main applications.

3. MOTIVATION: PRICING OF FINANCIAL DERIVATIVES IN MODELS WITH JUMPS

Even though the results of the present work can be applied to a wide range of non-local operators, our
main motivation arises from Mathematical Finance. In this section we illustrate how high-dimensional
equations of the form (2.1) naturally occur in this field.

3.1. Pricing equations

Consider arbitrage-free values u(xz, T') of contingent claims on baskets of s € N assets. The log-returns
of the underlying assets are modeled by a Lévy or, more generally, a Feller process X with state space
R", s < n,and Xg = z. For example, the compression techniques constructed in this work can be applied
when X is a Lévy copula process (then n = s > 2, cf. [23]) or the price process of a Barndorfl-Nielsen-
Shephard (BNS) stochastic volatility model (then s = 1, n = 2, cf. [3]).

By the fundamental theorem of asset pricing (see e.g. [18]), an arbitrage free price u of an European
contingent claim with payoff ¢(-) is given by the conditional expectation

u(z,t) =E(g(Xy) | Xo=1),

under an a-priori chosen risk-neutral martingale measure equivalent to the historical measure (see e.g.
[17,19] for measure selection criteria).

Deterministic methods to compute u(x,T') are based on the solution of the corresponding backward
Kolmogorov equation (for the derivation see e.g. [20], [37, Section 7.3] as well as [23,41,48]),

us + Bu =0, U=t = g. (3.1)
Here B denotes the infinitesimal generator of X with domain D(B). For the Galerkin-based Finite Element

implementation, equation (3.1) is converted into variational form as illustrated in Section 2. Formally,
the resulting problem reads: find u such that

(gu, v) + (Bu, v) =0, for all v € D(B). (3.2)
ot ——
E(u,v)

In the classical setting of Black-Scholes, X is a geometric Brownian Motion and B is a diffusion operator
so that a closed form solution of (3.1) and (3.2) for plain vanilla contracts is possible in certain cases. For
more general Lévy or Feller price processes X, B is in general a pseudodifferential operator with symbol
X ie.

(Bu)(w) = (4™ (@, D)u)(z) = = / eleTy X (@, )u(e)de. (33)
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If X is a pure jump process and hence B = A is an integral operator, one obtains the kernel representation
(2.5) of A =X (z, D) by writing for any u € S(R"),

Auw) = = [ [ derOuX w ulpyd.

Thus, the kernel (-, ) in (2.5) can be represented as
o) = [ IO (@, e)ds (34)

the inverse Fourier transform (in the sense of oscillatory integrals, see e.g. [35, Equation (18.1.7)]) of ¢
at z — .

Remark 3.1. If X is a pure jump Lévy process with absolutely continuous Lévy measure then the
following relation holds between «(-,-) and the density k(-) of the Lévy measure of X:

(r—y—z i(z— 7’<Z7§> i(z—y,£)
k(z,y) = / / <e (2—y=2.8) _ gi{z—y,€) 4 5/ o Y& k(2)dedz, (3.5)
n\ {0} JR" 1+ |Z|2

in the sense of distributions. By [33, Lemma 2.8], for any £ € R", z € R™ there holds

|22

o—ilz8) _ i(z,§)

1 (1 2).
*T0p (1+ 1€

S 1+EP

Hence, the distributional kernel (-, -) in (3.5) is indeed well defined, since k(-) is a Lévy kernel that
satisfies

/ (22 A 1)k(2)dz < oo.
RTL
For an extensive description of Lévy processes we refer to the monographs [4,49].

For the numerical solution of the variational problem (3.2) we employ variational Galerkin methods
developed in [1,2,11,23,30,39-41,46]. We conclude this introductory part by illustrating this approach
in case the underlying process X is a Lévy process (for a more general survey we refer to [31,32]).

3.2. The Finite Element Method for option pricing in multidimensional Lévy models

The considerations of this section are based on [23,48]. Suppose X is a Lévy process with state space
R"™ and characteristic exponent

. 1
v () =il & + 36 09 + [

(1 _eilew) 4 Z<§7’y>2) v(dy),
R\ {0} [yl

1+ |y

where v € R™ is the drift vector, @ € R™*" is the covariance matrix and v(dy) is the Lévy measure of X.
Assume the risk-neutral dynamics of s = n > 1 assets are given by
Si=SherttXi | i=1,...

n

3 )

under a risk-neutral measure such that eX" is a martingale with respect to the canonical filtration Fy :=
o(Xs, s <t), t >0, of the multivariate process X.

Consider an European option with maturity 7' < oo and payoff g(.S) which is assumed to be Lipschitz.
The value V' (¢, S¢) of this option is given by

V(t,S)=E (e*T<T*t>g(sT)|st - s) : (3.6)

and, sufficient smoothness provided, it can be computed as the solution of a partial integrodifferential
equation.



Theorem 3.2. Assume that V(t,.5) in (3.6) satisfies
V(t,8) e CY?((0,T) x RZy) NC? ([0,T] x RL,) .
Then V(t,S) is the solution of the following PIDE:

aa‘t/( Z S:8; Qi ag;; (t,8)+r ZS g;/ (t,S) —rV(t,S) (3.7)

+/n <V(t,SeZ)—V(t,S)—ZSi(ezi 1)3‘;@ s>> W(dz) = 0,

i=1

in (0,T) x RE, where V (t,Se?) :== V(t,51€*,...,S,e*), and the terminal condition is given by
V(T,S) =g(S) VS eRy,. (3.8)
Proof. [48, Theorem 4.2]. O
If the marginal Lévy measures v;, i« = 1,...,n, of v are absolutely continuous and admit densities

v;(dz) = ki(z)dz with constants G; > 0, M; > 0, i =1,...,n, such that
k(o) < ez, for all z < —1, (3.9)
AC2IN] ) .
e Mz forall z>1,

the PIDE (3.7) can be transformed into a simpler form.

Corollary 3.3. Suppose the marginal Lévy measures v;, i = 1,...,n, satisfy (3.9) with M; > 1, G; > 0,
i=1,...,n. Furthermore, let

u(r,z) =€V (T — 7 estm=nT e””"*("’”_”T) ,

where
Qii -
i = + | (€ —1—z)vi(dz).
2 R

Then, u satisfies the PIDE

%+AD[ |+ Alu] =0, (3.10)

n (0,7) x R™ with initial condition u(0,z) := ug. The differential operator is defined for o € C3(R™) by

0%
Aply] Z Qi o (3.11)

z]_

and the integrodifferential operator by

Alp] = f/n (gﬁ(erz Zzzgz ) (dz). (3.12)

=1

<.

Proof. [48, Corollary 4.3] O
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For any u,v € C§°(R™) we associate with the diffusion part Ap the bilinear form

1 & ou Ov
’U):§ Z Qij ——d

n 0x; O
ij=1 R TR

To the jump part A we associate the so-called canonical bilinear jump form

/n/n< x+z)—u(x zn:zzau_ ) x)drv(dz),

E(u,v) = Ep(u,v) + E5(u,v). (3.13)
Herewith, we can now formulate the formal parabolic problem (3.2) rigorously:

and set

Find v € L2((0,T7); D(€)) N H*((0,T); D(E)*) such that

o
<a—:f,u>p(g>*,p(g> + &) =0, 7€ (0,T), Vv € D(E), (3.14)
u(0) = ugp .

Here D(&) denotes the domain of the bilinear form £(-,-) of X. The well-posedness of (3.14) has been
analyzed in [23,48] where it also has been shown that D(€) can explicitly be characterized in terms of
anisotropic Sobolev spaces.

For implementation, the variational problem (3.14) needs to be localized to a bounded domain, dis-
cretized in space, and a time stepping scheme has to be applied. More precisely, these three steps are
accomplished as follows:

1. Localization. For the localization we find that in Finance truncation of the original z-domain
R"™ to Qp := [-R, R]™, R > 0, corresponds to approximating the solution u of (3.7) by the price ug of a
barrier option on Qz. In log-price ug is given by

un(t,2) = E (9(eX ) Lir e, o1 Xe = 7) |

where 7o, = inf{s > t|X; ¢ Qgr} denotes the first exit time of X, from Qp after time ¢. In case of
semiheavy tails (3.9), the solution of the localized problem up converges pointwise exponentially to the
solution u of the original problem.

Theorem 3.4. Suppose the payoff function g : R™ — R satisfies
S)SY Si+1, VSeRY,

and th@ ma?”gl‘n(ll measures v; S(LIZSfy (39) witn Mz > 1, GZ > ] 1= n lh th exi. constants
a; ﬁ > () Such Ihat ’ DA I 67?,’ ere St St t

Proof. [48, Theorem 4.15]. O

For any function u with support in 2z we denote by u its extension by zero to the whole of R™ and
define
ER(ua v) = 5(@, 5) )
with

D(€r) ={u | uc C5°(Qr)},
where the closure is taken with respect to the natural norm | - ||¢ of D(£), i.e. [Jul|2 = E(u,u) + [Jul|?,
Thus, we can restate the variational form (3.14) on the bounded domain and the existence and uniqueness
results for (3.14) remain valid.

Find ur € L*((0,7); D(Er)) N H((0,T); D(ER)*) such that
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<(9’LLR
or’
UR(O) = UOlQR .

v) + Er(upr,v) =0, Vre(0,T),VveD(ER), (3.15)

2. Space discretization. For the discretization of D(Er) we choose the sparse tensor product spaces
Vy, J > 0, defined in Section 2.2 — assuming that V; C D(Er), which for instance is shown in [23] for
Lévy copula processes. The corresponding semidiscrete problem reads:

First choose an approximation ug ; € ‘A/J for the initial data wol|ap.

Then find u; € H((0,T); V) such that
8uJ
“or
UJ(O) = uoﬁJ .

- (3.16)
’U‘]>+(€R(’U,‘],’U‘]):0, VTG(O,T),V’UJGVJ,

The approximation of the initial data could be chosen as ug.j = PJ(UO|QR) or as an interpolant of

uola,. The semidiscrete problem (3.16) is an initial value problem for N; =dimV; ordinary differential
equations

0
K, —
Tor

where u(t) denotes the coefficient vector of u;(t) with respect to the wavelet basis of \7J. Likewise wuy
denotes the coefficient vector of ug s, and K, A; denote the mass- and stiffness matrix, respectively,

utAju=0, u(0)=u, (3.17)

with respect to the basis of ‘A/_].
3. Time discretization using the 0-scheme. Let 0 < 0 < 1. For T' < oo and I € N, define the
time step
k =
I )
and t' = ik, i = 0,..., 1. The fully discrete §-scheme reads:

First find uf € V; satisfying u =g .

Then for ¢ =0,1,...,I — 1, find u?‘l € ‘7.] such that (3.18)
z+1 7ui - N
<%,UJ> +Er(uWS % vy) =0, VuseV;.

Here v/, := 0u’;™ + (1 — 0)u!,. In matrix form, the fully discrete problem (3.18) reads

(E'Ky 4+ 0A )™ = k' Kyu' — (1 - 0)Ayu’, i=0,1,...,1—1. (3.19)
Standard analysis of the §-scheme (3.18) assumes that the bilinear form Eg(-,-) can be evaluated exactly,
i.e. that the corresponding stiffness matrix A ; is available. In practice this is unrealistic, since most often
one only obtains approximations of A ;. Since in this work we are interested in wavelet compression of
A resulting in a compressed matrix A", we conclude this section by illustrating how the impact of
the resulting consistency error can be analyzed. To this end, we follow [58]: With the compressed matrix

AT™" we associate the perturbed bilinear form Egr. From (3.18) we herewith obtain the perturbed
f-scheme
a% = o, g, (3.20)
(T
<JTJ vg) + Er(@ vy) =0, (3.21)
for i =0,1,...,1 — 1 and every vy € ‘/Z], where af}+0 = 9173“ + (1 —0)u. In matrix form, (3.21) reads

(k_lKJ + oAtflomp'r)EiJrl _ k—lKJEi - (1 - H)Ai:]omprﬂi7
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fori=0,1,...,I—1. In order to define consistency conditions for the perturbed #-scheme, as in (2.7) we
denote by a € (0,2]™ the order of the integrodifferential operator B = Ap + A corresponding to £(,-),
i.e.

_ Q, if X is a pure jump process, i.e. Ap =0,

a= (2,...,2), otherwise,

where a € (0,2)" denotes the order of A. Then the perturbed form Er needs to satisfy the following
consistency conditions, cf. [58, Section 3.3]:

(1) Thereis § < 1 independent of J > 0 such that
’5R(UJ,UJ) - ER(uJaUJ)‘ < Sllwgll gase vl gase, Yug,vg € Vy. (3.22)
(2) There exists a constant C' > 0 independent of J > 0 such that

‘ER(ﬁ‘]U,U‘]) — gR(ﬁJU,UJ)‘ < CQJ(lé‘w/Q_d)JVHUHH(d ,i)”'U‘]HHQ/2, (3.23)

,,,,,

for all u € H(d""’d)(QR), vy € XA/J with some v > 0. Here, as in Section 2, d denotes the
approximation order (2.11) of V.

If Eg(-,-) satisfies (3.22), the stability of the perturbed #-scheme (3.20), (3.21) can be obtained from
[58, Proposition 4.3]. Note that, by [58, Remark 4.4] for § < 1/2 there exists a positive constant C.
independent of the FE meshwidth h = 277 and 6 such that the time-step restriction

hlals
k< Cor—agg (3.24)
is sufficient for stability. For 6 > 1/2 the scheme is unconditionally stable.

Assuming (3.22) and (3.23), the convergence of the perturbed #-scheme is determined by [58, Theorem
5.4]. Since we give an explicit version of this result for anisotropic operators in Section 6.2, Theorem 6.6,
we do not repeat the statement here.

Finally, note that in order to obtain the semidiscrete problem (3.16), (3.17), we need to solve a
variational problem of the form (2.8) with B = Ap +.A with non-local operator A as abstractly described
in Section 2.

Based on the semidiscrete formulations (3.16), (3.17), in the following sections we will only consider
elliptic integrodifferential equations in space with the understanding that the developed methods can also
be applied in the context of parabolic problems such as (3.14).

4. ANISOTROPIC OPERATORS AND SYMBOLS

We return to the generic set-up of Section 2. As before, we are interested in the efficient discretization
of the integrodifferential equation (2.1) of the form

Bu = f,

with an integrodifferential operator

B=Ap + A, (4.1)
given by (2.2). The sparse tensor product stiffness matrix of the differential operator Ap in wavelet
coordinates is of essentially optimal complexity O(27.J (n=1)) "since Ap is local. Hence, the goal of this
section is to reduce the complexity of the stiffness matrix of the integral operator A. More precisely, we
provide a generic compression scheme for continuous operators

A: Ho+s(R™) — HE(R™), seR",

for any multiindex o € R%,. To specify such operators we introduce a suitable class of anisotropic
symbols.
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Even though the compression scheme constructed in this section is also applicable to isotropic operators
of Hormander-type as in Example 2.1, it is not an extension of the compression scheme defined [47] which
was constructed especially for such operators. Since the anisotropic operators that we consider here
are allowed a more complex singularity structure than isotropic operators, the matrix entry estimates
that we derive in Section 5 below differ significantly from those of [47]. For isotropic operators the
specialized compression scheme of [47] is more efficient, i.e. optimal complexity can be proved under
weaker assumptions on the number of vanishing moments (see also [46, Chapter 2]). For anisotropic
operators however only the compression scheme that we define in the following is applicable.

Recall that for any symbol p : R™ — R, the corresponding operator p(D) is defined by

p(Dyula) = [ dCOpEaeds, ue SEY). (42)

Furthermore, denote the axes in R™ by A := {z € R” : a; = 0 for some 7 € {1,...,n}}. Herewith we
can define a suitable class of anisotropic symbols and corresponding operators.

Definition 4.1. A function p : R" — R is called a symbol in class I'%(R"), a € R, if p € C>*(R™\A) N
C(R™) such that for any 7 € Nj there holds

orp(©)| s T el TT A+l foran ¢cr, (4.3)

i€, k¢I,

where we set Z; := {i : 7, > 0}. The multiindex « is called the (anisotropic) order of the symbol p and
the operator A = p(D).

Note that similar classes have already been presented in the context of Lévy processes in [44,45]. Some
possible realizations of operators A with symbols p € T%(R"™) are:

Example 4.2. If for any 7 € Ni the function p € C®°(R™\A) N C(R") satisfies

o) sTIA+16P) ™7, foralgerr,
i=1

then p € T%(R™) and A = p(D) is admissible in this setting.

Example 4.3. By [44, Theorem 4.7], the infinitesimal generator A of a pure jump Lévy copula process
X with tempered stable margins admits a symbol 1% € T'2(R") and is hence admissible. In this case a,
1=1,...,n, are determined by the jump intensities of the marginal Lévy measures of X.

Example 4.4. Consider any isotropic symbol p € C*°(R™) of Hérmander-type with non-negative order,
i.e. there exists some o € R>q such that for all 7 € Njj there holds

£p(©)| S (14167777, forall € eR™ (4.4)

Then p € T%R") with a1 = ... = a,, = a. To see this, one may use that for 7 € N} there holds

n T
Ti

f[1+|§z z 12[(1+Z|§j|2)2 (1+|§|)%

and thus

|z

RS | ((RACH A (4.5)

i=1

(1+1?)
Furthermore,

() < (TLa+1sr) ) =TT a+16R)? (4.6)

i=1 i=1
since a > 0. Clearly, (4.5) and (4.6) imply that (4.3) holds for any symbol p € C°°(R"™) that satisfies
(4.4). Note that this statement does not remain true if a < 0 in (4.4).
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5. FUNDAMENTAL ANISOTROPIC MATRIX ESTIMATES

Throughout this section, we consider an arbitrary but fixed pair of two n-dimensional tensor product
wavelets Y5 k = ¥j, 5, ®...QVj, k., Yy w = Vj; k... QYj k. For any coordinate direction s = 1,...,n,
we denote

8z, = dist (supp{j, &}, supp{tjs 1 })
and

O, =

s

dist (singsupp{v;, .}, supp{vy, k. }) , if js < jl.
dist (supp{t;. k. }, singsupp{js k: }) , if 5 < j.

In the following section we collect a number of auxiliary estimates which might be interesting in their
own right, but more importantly enable us to prove Theorem 5.5 in Section 5.2.

5.1. Auxiliary results

Throughout this section, fix a coordinate direction i € {1,...,n}. Given £ € R", we write

£(1) = (&1, 5 &1, Sivty oo 5 6n)-
For fixed g(z), we define the partial symbol pf(i) R — R by

Pf(i)(') =&, &im s iy - n). (5.1)

The corresponding operator is given by

DD (DYule) = pl€rs - st Dy Eips s en)ule) = / € p(€)a(E) ;. (5.2)

To prove fundamental matrix entry estimates in Section 5.2 below, we need to collect some auxiliary

results on symbols p : R — R that satisfy for fixed £(i),

P&, &)l S eG,3,E0) -+ |&P) %, forallg €R, (5.3)

with suitable m € R and where c(j,j’, £(i)) denotes some given function that may depend on j, i and £(7)
but is independent of &; € R.

Remark 5.1. The (j,j')-dependence of c(j, i, £(7)) implies that the symbol p : R™ — R itself may depend
on the level indices j, j’ of the wavelets that were fixed in the beginning. Inequality (5.3) implies that this
dependence can be characterized by the given function c¢(j, j, E (1)). For example, in the proof of Theorem
5.5 below, we will encounter ¢(j, i, £(i)) of the form

.3 8@ = T leperm 2meomintindl,
1<t<n
Tt
which is independent of & € R.

Lemma 5.2. If p: R" — R satisfies (5.3) then for uw € HST™(R) there holds
Py ™ (D)ull e z) < €525 €00)) -l gz ). (5.4)

Proof. At first assume s = 0 and m = 0 in (5.3). Then, pg(i)(~) € L>*(R). Using Plancherel’s theorem,
one thus obtains for u € L?(R),

15 (D)l ey = 1057 @)Y 2@ = 105 - D) 2wy < 185 @) - 17l 2 gw)-
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By (5.3) there holds pr(i)HLm(R) < ¢(j,i',€(4)) and thus we have

IpED (D)ull 2@y S €Gri',€6)) -l 2wy (5.5)

Now we lift this result to arbitrary m, s € R using the classical lifting procedure, cf. e.g. [55, Section
I1.6] or [36, Theorem 2.5.4]. Let s =0 and m € R arbitrary and write

m
2

P! (D)u(w) = / EmEp(€) (1+ &%) T (1 + &) B (g de;.
R

With this representation and the above arguments one obtains
D5 (DYl ey < 195D - 1+ 1) oo - 1L+ D) B ull oy S ¢ird's €G)) - [full g )

For arbitrary s € R, note that by e.g. [36, Corollary 2.4.19] the symbol of (1 + |D|?)2 o pf(i) (D) satisfies
(5.3) with s + m instead of m. Thus,

IpE D (DYull sy = 11+ |1D2)2 0 pf D (D)ull 2@y S ey €0)) - [full gro+mmy-

(|
Lemma 5.3. Suppose, in addition to (5.3), the symbol p : R™ — R satisfies for any o € No,
02061, 6n)| S ¢G5, 60) - |&m 7, for & € R\{0}, (5.6)
with the same function c(3,i’,£(i)) as in (5.3). Then the associated distributional kernel
W0 (2 2 = / e =eDE €0 (¢ e,
satisfies for any T, 7" € Ny,
07,00k (@1, )| S e - cl0,8,E0) - s — wh|~ AT, (5.7)

where c; 7+ > 0 is some constant depending on T, T but not on j, i’ or £(i).

Proof. The result follows directly from the proof of the classical Calderén-Zygmund estimates, cf. [50,

Lemma 3.0.2] or [46, Lemma 3.4.1], since the constant factor c(j,’,£(i)) can simply be taken out of the
integral defining ﬁf(i) (). O
5.2. Matrix entry estimates

In this section we prove estimates for the matrix entries [AJ]; )5 1) = (A¥jk, Yy ). From now on
suppose A = p(D) denotes an operator with symbol p € I'“(R™). To simplify notation, for s =1,...,n,
and m € R we introduce

9= 3o +i)g=dle i) g=(1tm+2d) 5~ o= minfjeji}
w(s,m) = o, e : o, (5.8)
2m-m1n{JsJ5}’ if 61 <2- mm{jsds},
and
9= (is+31) 9=dlis+31) g—(1+m+2d) if 5, > 2~ min{jedl},
B(s,m) = { 2mminliedl} if o, < 27 maxlie g, (5.9)

min{js,j}} —max{js,i%}
2

T . . -/ _ N .
g dmax{js.j.} azs(m"’d) , otherwise.
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Note that w(s,m) is indeed well-defined since 0, < o,,. Clearly there holds @(s,m) < w(s,m) for all
s=1,...,n. The definition of &(s,m) is motivated by the following profound result.

Proposition 5.4. Let m € R and suppose for some i € {1,...,n} there holds ¥;, k,, ¥ 1, € H™(R). If
a symbol p : R™ — R satisfies (5.3) and (5.6) then the one-dimensional operator

pE(D): H™(R) — LA(R),

defined in (5.2) satisfies
(B D) ks bizae )| |05 DY, b )| S €6,8,€0)) - B m).

Proof. Case 1. 1f 6, > 2~ min{ji.di} the result follows from the classical compression estimate [12,

Theorem 6.1] using the Calderén-Zygmund estimate (5.7) of &; (z)( ,+), i.e. Lemma 5.3.

Case 2. If §,, < 2~ ™inlindi} and o, > 2~ max{ii:ii} the continuity result, Lemma 5.2, implies that [12
Theorem 6.3] can be applied. This yields the required estimate.

Case 3. If o, < 2~ max{ji:di} we assume without loss of generality j; < j/. With Schwarz’ inequality
and Lemma 5.2 one obtains

‘<P§~(i) (D)ji i wjg,k;>‘

IN

1PED (DY k| 2w - 151 4
c(3,3, €(0)) - 1950k, c(3,i,E0)) - 27,

where the last inequality follows from the wavelet norm equivalence (2.17). Since the same arguments

A

apply to the adjoint integral operator pg(z (D)*, the result follows. O

From (2.22), recall the notion of the wavelets’ regularity parameter
vy=sup{seR:V;cC H(O)}.

Using Proposition 5.4, one obtains the main matrix entry estimate.

Theorem 5.5. Suppose @ < v and let A = p(D) be an operator with symbol p € T%(R™). There holds

[(AY;k, Yy 1)

) ‘<ij/,k'a w], | Hw ’L az (510)
i=1

Proof. The proof is based on an iterative argument reducing the dimensionality of the symbol p : R” — R.
For this, we introduce some notation: to describe that p depends on the variables &1, ...,§, we denote
£(4)

1.n,3 °

p1..m = p. Correspondingly, for any coordinate direction ¢ the partial symbol (5.1) is denoted by p
R — R. By Fubini’s theorem there holds

(Adac, Yy ae) = / P &) [T B (60050 (6)d6n - dn

[ (000 i) T (€00 (€ e
5=2

where (-, -) denotes the L2(R) scalar product and £(1) = (&, ...&,) € R"~L. Defining

p2..n(£25"'7§n) . <p§(1nl( )1/1]1,1“5 wjl,k’> (511)

one obtains

Wi vya) = [ paaian. ) Hwh ()T (E2)dEs .. 6o

Rn—1
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and we have reduced the dimension of the integral by one. Furthermore, for any 74 € No, s = 2,...,n,
consider the symbol 972 ...0["p1.., = OF, ... 0f"p. Using (4.3) with 7 = (0,7,...,7,) one obtains

3¢

‘ 07 07 pin (G| S e 6 (L a) (5.12)
where B B o
c(5,5,€(1) = 1,3, €)= T 1l J] a+1&l» > (5.13)
2<t<n 2<k<n
teZ, k¢T,

Hence, instead of the function p in (5.3), the symbol 97} ... 9" p1..,, satisfies (5.3) with i =1, m = ay
and c(j,j',g(l)) as in (5.13). Analogously, using (4.3) with 7 = (0, 72,...,7,) one infers that for any
o € Ny there holds

£

A [ oG 8| S e € el (5.14)

/(1)) asin (5.13). Thus, for any choice of 75 € Ny, s = 2, ..., n, the symbol 9Ly ... 9"p1n

nd (5 6) for i = 1 with m = ay and ¢(3,§,£(1)) as in (5.13). Hence, with the representation
: R?"™" — R, Proposition 5.4 implies

again with ¢

(3,4
satisfies (5.3) a
(5.11) of p2.p

(0705 (D) s s )|

N P (SR

< IT el I a+ e ™ -o0,m).
2<t<n 2<k<n
tez, kgT,

Asin (5.12) and (5.14), one herewith obtains that for all 7» € Ny, ¢t = 3, ..., n, the symbol 6;; . .857:])2“” :
R"~1 — R satisfies (5.3) and (5.6) in its first coordinate direction i = 1 with m = as and

(5,1, E1) = e, 8, €)= [T el T (0 + & 301, a0),

3<t<n 3<k<n
tely k¢Ir
where now 5(1) = (&,...,&,) € R"2 since pa., : R*™1 — R. Proposition 5.4 again implies

= K@g..,ampg(lnl( )1/]]27k2’w]/ k/>‘
S H &t - H (1 + |&)? ) > L B(2,a2) - B(1, a1).

3<t<n 3<k<n
tel, k¢T,

Consequently, 97} ... 0" ps.n(§2, .., &n) Is again a symbol satisfying (5.3) and (5.6) with i = 1, m = a3

and
(i, €)= a3, €V) = [T led - T] a+ 16 52 a2) - 51, a),
4<t<n 4<k<n
teZ, k¢z,

where now 5(1) = (&4,...,&). Tterating this procedure yields

s vya] = | [ i) ijs (€ b (€)d . s

/ (B8 (D) s v, k'>Hw]5 ()0 e (E2)dEs . dE,
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/ngnég,...@n]‘[wh (€D (6 . s

= ’/ pnl) nl( M1 ken 1 Vi1 Lk >w3n, (fn)wj’ Ky, (€n)dén,

)

pn n(&n)wjn (fn)"/)]’ k!, (gn)dén

with p,, ., : R — R satisfying (5.3) and (5.6) in its first coordinate direction ¢ = 1 with m = «,, and
¢(i.5',€(1) = eni,§ €()) = Bn—Lan) ... B(L ),
where now §~ (1) = () is the empty vector, since p,,. , is univariate. Finally, since
[ €D € 600 = (B (DY )

Proposition 5.4 implies

| (Avs 1, Yy xr)

Sw(n,ap) - ...-w(l,aq).

6. ANISOTROPIC CONSISTENCY FRAMEWORK

In this section we define the consistency requirements for the compression of anisotropic operators
A =p(D),p € T%R). We extend the results of [47, Section 4] that have been obtained for the compression
of isotropic operators.

6.1. Fundamental consistency estimates

To characterize the consistency requirements that need to be satisfied by a compression scheme for A,
we introduce the scale of interpolation spaces

Xo a/2,p ¢ (HQ/Q( )a HE(D))BQ’ 0<0<1, (6'1)

using the K-method of interpolation (cf. e.g. [56, Section 1.3]). Here p denotes the smoothness multiindex

defined by (2.34) depending on a. For the wavelet norm estimated for H2/2 and H2 one infers the following
estimate for the norm of Xy /2 ,:

Proposition 6.1. Let 0 < 0 < 1 and j € N§ be a fived level index. For any u € Xg /2, with wavelet
representation u =3 3 >y ey, Ui w¥y k. there holds
J

—0)|ajloc 920 357 pidi
> 20 el g2 Rl v 2 5 ul, - (6.2)
kGVj

Proof. Recall that the norm equivalences and estimates (2.17)—(2.19) of the univariate wavelets imply
that

Z (2a1j1 +...+2an'jn)|1}j’,k’|2 ~ HUH?{&/Z(D)’ (63)
J'eNg
k/GVj/

Z 22 Zisipidify 2 < 0]l ey (6.4)

kEVj
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for any sufficiently smooth function v with wavelet coefficients vj i« (see e.g. [46, Theorem 3.2.2]).
Herewith we may now proceed as in the proof of [47, Proposition 4.1]: by [56, Theorem 1.3.3 (¢c)],
there exists a positive constant ¢ > 0 only depending on 6 such that for all ¢t € Ry there holds

0K (tu) < cllullx, o, (6.5)
where K (t,u) = infgene {||u— gll a2y + tllgllne} denotes the K-functional. Furthermore, using the

wavelet norm estimates (6.3)—(6.4), one obtains that

1

TG, t,u) = inf {( D42 uy _gj,k|2) +t( > 222?1Piji|gj,kl2) }

gEH(d’d) I —
EV; i=1 keV:
9= kev; 9ikViK J J

satisfies T'(j, ¢, u) < K (t,u) uniformly for all ¢ € Rso and all u € Xy /2, Thus, by (6.5), it suffices to
show that there exists some t € R such that

Z 9(1=0)]ajloc 920 377, p¢j¢|uj7k|2 < t_29T(j,t, u)?, (6.6)
kEVj
Choosing
1
t= L+ X5, 207)*
22?:1 p1J1 ’
the validity of (6.6) can be verified easily, exactly as in the proof of [47, Proposition 4.1]. O

To analyze the impact of a compression scheme for A on the discretization of the original problem
Bu = Apu+ Au = f,

recall that by (2.7), the order of B is given by

(6.7)

o = :
a, otherwise,

N {(2,...,2), if @ >0anda <2,
where Q € R™"*"™ denotes the coefficient matrix of Ap.

For any a € RZ,, Proposition 2.5 implies that the convergence rate of the sparse tensor product
approximation without compression is determined entirely by the maximum |@|o = max{ai,...,dpn}.
Thus, in order to be consistent with the sparse tensor product Galerkin discretization, the compressed
scheme has to satisfy

T

Requirement 6.1. The operator AT™" corresponding to a compressed matriz AT must fulfill

1 n G (1—0) % — 0y py—(1—05) % — 0o p,
55,2;.121.:1@1 (1=61) 5 =01pi—(1-02) 5 —02p1]

K(A — A Pru, ?Jv>

[l sy, 2o, 100x0, 20,0

(6.8)
for any 0 < 01,05 < 1 and some suitable constant € > 0 uniformly with respect to J > 0. Here pE Rgo
is as defined in (2.34) depending on & via

i =d —
p D

, 1=1,...,n.
Remark 6.2. In the isotropic setting ay = ... = a,,, Requirement 6.1 coincides with [47, Requirement
4.1], because all the summands on the right hand side of (6.8) are equal.

To see that Requirement 6.1 ensures the stability and convergence results of the sparse tensor product
scheme without compression (see e.g. [23]), one may proceed as follows: setting 6; = 62 = 0 in (6.8)
implies

‘<(A — A7) Pru, PJU>‘ Se-lullgase vl gase, for all u,v € HE/2, (6.9)
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By definition (2.34) of p, setting ;1 = 1, 2 = 0 implies
(A= a5 Pru, Po)| S -2 flulls 0] a2 (6.10)

for all uw € H?, v € H3/2. Herewith, one obtains

Theorem 6.3. Suppose the solution u of (2.1) satisfies u € HZ and AT™" satisfies Requirement 6.1.
Then for sufficiently small € > 0 the compressed Galerkin scheme is stable, i.e. there exist Jy > 0 and
cy >0, ca >0 such that for any J > Jy there holds

(B ug, ug) > el llugl3ae — calluglie,  for alluy € vy, (6.11)
and there exists some 0’3 > 0 such that for all J > Jy,

(B ™ g, vi)| < hllugllgarellvgllygars, — for all uy, vy € V. (6.12)
Furthermore, the convergence rate (2.33) of the Galerkin scheme without compression is preserved (cf.
Proposition 2.5).
Proof. Note that since B = Ap + A there holds B— B} = A— AT™"" for all J > 0. Thus, inequality
(6.11) may be verified by inserting (6.9) into (2.31). This yields,

(B g, us) 2 erllugllias — c2llusllie = 2eugllfa, = (e1r —2€) fuslfase — c2lluslze,

and ¢} := ¢; —2e > 0 for sufficiently small £ > 0 from Requirement 6.1. The constants ¢y, ca are obtained
from (2.31). For the continuity inequality (6.12) one obtains from (2.32) and Requirement 6.1 with
01 =102=0,

[(BY "™ ug, vy < [(Bug, vi)l + {((BFY™" = B)ug, vy)| < esllusllgarzlvillgarz + ellwgl parzllvsl mare,

with ¢3 from (2.32). Setting ¢ = ¢3 + € one obtains (6.12).
Finally, noting that a/2 < ~ (with v as in (2.22)), the convergence result follows from (6.10) in
conjunction with Strang’s first lemma (see e.g. [22, Lemma 2.27]). O

The following theorem provides (lower) bounds for the cut-off parameters and hence will enable us to
define the compression scheme.

Theorem 6.4. The compressed matriz AT""" fulfills Requirement 6.1 if its block matrices A;.:OJTW satisfy,

HAJVJ” — AT , Se27 %,
with , ,
"2 & L(i', p) > R(i, ),
- 7T A 7 Z+ 1{:|) Z N ~
2 {” Pz ) et ) 4 {L(J,Q)ZR(J,Q),
_ _ L(i,p) < R(/,a),
— - (|& 00+Q o0 )y Z R ~
(G- 0w +131) f {Lw Crom
05 = n . y L~ (6.13)
Z|:1J< Oéi> :| 1|~ ,| f L(Jv/_))<R(J;Q)7
- i~ o | T PiJi| 5l Jloos L ~
Zpt\m ) Tr gl LG, p) > R(, &),
- i~ o | T Pidi| — 5% ooy L ~
=1 n g 2 g 2 ! L(-hﬂ) <R(J,Q),
where
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T _a; 1.
R6E) = 12 J5 — @ik

Proof. The proof follows the lines of [47, Theorem 4.2]. Let 0 < 61,602 < 1 be as in Requirement 6.1.
Using Proposition 6.1 one obtains,

compry » D z : 2 : compr
}<(.A - AJ )PJU, PJ’U>‘ 5 Uj,kvj’,k’| <(.A - .AJ )wj,kawj’,k’> ‘
0<[j[1<T T keV;
0<[j' 1< k’eV/
< . . .., — Acompr
S 5 (e lall byacloes, s 55 = 2577
0<jli<J
0<|j' i <J
—3(1-01)|ajlec 9—01 327, pidi
< lllls,, o 0k, e, 2 2~
0<j1+j2<J
0<j1+55<J
x2_%(1—92)\2‘j|o¢2—92 St pidi (Aj_] Acompr) ‘ .
. 3)J 9
Thus, Requirement 6.1 is satisfied if
HQ—%(1—91)\QJ\00—91 iy pidi—3 (1=02)|evjleo—02 307, pidi (A_j § _Ajwjﬁlpr) ’ <e.
; , )

One therefore needs to impose
H g — A

Se27’,
2

with some ¢ such that for all 0 < 6,65 < 1 there holds,

2

3|>—‘

Z{ 1—91)——91p1 (1—92)%—92pi:|

= N N (6.14)
1 .

- 5(1 —0)|a e — 01 Y pidi — 51 =)l sl — 02 > piji-

i=1 i=1

Differentiation of the right hand side of (6.14) with respect to 6; and 65, resp., shows its monotonicity
with respect to these parameters. Herewith one obtains that for any j,j’ € Nj the parameter o; ; defined
by (6.13) satisfies (6.14). O

As already indicated in [47], in case one is only interested in sparse tensor product based wavelet
compression for the fast evaluation of integral expressions as in e.g. [38], then Requirement 6.1 can be
relaxed to

Requirement 6.2. The operator A7™""

has to satisfy

corresponding to a compressed matriz AT™"

‘<(A — AT P, ﬁJu>‘ < 2759 T |yl 0]y (6.15)
for any multiindices t, t' € [%,d]" and some suitable constant € > 0 uniformly with respect to J. Here
(t+t)=max{t;+t, : i=1,...,n}.

In this case, Theorem 6.4 can be simplified to

Corollary 6.5. The compressed matriz AT™"" fulfills Requirement 6.2 if its block matrices A;OJTW satisfy,

. o
H o — APl < 29y

~
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with

o= 20(d — ) — d' (| + 7]0), (6.16)

no | 2

for given d < d' < d+14@.
6.2. Consistency of the perturbed #-scheme

As outlined in Section 3.2, in Financial Mathematics one often encounters parabolic equations of
the form (3.14) arising from a given Lévy process X. Using the sparse tensor product spaces XA/J to
discretize in space and the 6-scheme described in Section 3.2 to discretize in time, one obtains a fully
discrete problem of the form (3.18). Applying a compression scheme to the stiffness matrix A; of the
infinitesimal generator A of X then yields a perturbed #-scheme as described in (3.20)—(3.21). From (6.9)
and (6.10) one directly infers the validity of (3.22) and (3.23).

Thus, suppose the compression scheme satisfies Requirement 6.1. Then [58, Theorem 5.4] yields the
following convergence result of the perturbed 6-scheme (3.20)—(3.21) for anisotropic operators. For sake
of brevity, we employ the notation of Section 3.2:

Theorem 6.6. Suppose the operator AT™"" corresponding to the compressed matriz AT™" satisfies
Requirement 6.1. For 0 € [0, %) assume that the time step k satisfies (3.24). Assume further that the

approzimation ug,j € ‘A/J of the initial data ug is quasi-optimal in L*(0).
Then the following error estimates hold for the perturbed 6-scheme (3.20)—(3.21) with 6 € [0, 1]:

I-1
I ~I2 i+0  ~i+62 —2J(d—% 2
[|lu *UJHHJF]‘?%”MJr =S ey S 2 ( Q)OgangHU(t)HHB
1=

T
k2/ lii(s)|2ds,  for all 6 € [0,1]
n 0
a (T 1 ’
W [ fi)Pds, foro=1
0 2

_ T
4 9-20(d-T) / i(5) 2o,

(u,vs)

where ||ul], := Sup,, ¢, Tosll yara”

7. ANISOTROPIC COMPRESSION SCHEME

Based on the estimate (5.10) of Theorem 5.5, in this section we define two compression schemes
and show that the resulting compressed matrices A" satisfy Requirement 6.1 and Requirement 6.2,
respectively. The schemes are split into two parts based on the distinction of first and second compression
as defined in [12,50]:

In the first compression the cut-off criteria are based on the distance of the wavelets’ supports. The
second compression employs cut-off criteria based on the distance of the support of smaller wavelets to
the singular support of larger ones, i.e. it is based on o, defined above. Note that here matrix entries
can be dropped even if the supports of their wavelets intersect.

Due to Theorem 5.5, from now on we suppose @ < 7.

To simplify notation, for any fixed pair of tensor product wavelets 151k = ¥, 1k, @ ... @Yy, k> Vi =
Vi gy © ... @ty gy and each i = 1,...,n, we denote

and
8; 1= Zas min{js, 7.} (7.1)
s#1
Furthermore, denote by oj ;7 some parameter depending on j,j’ which can be chosen to be either oj; or
o} . as defined in (6.13) and (6.16).

JJ
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For each coordinate direction ¢ = 1,...,n and any index set Z C {1,...,n}, the corresponding cut-off
parameter of the first compression is defined by

) &5 5 —dGitiD+sitd Siez me—d Sigrigi) ™
i, L — min{j; "} —
Cj’j, = ¢; max { 27 MBI 9 2dte )

with ¢; > 0. In addition, to each pair of wavelets 9;x, ¥y x corresponding to one matrix entry, we
associate the index subset

I3k, i, k) = {s e{l,...,n} : 0;, < 2_mi“{j5’j;}}.

Herewith, for @/2 < d < [1: the first compression scheme is defined by

Jie{l,...,n}, st.
0, if

Acpr71:| — 5. > C'iv.l:(jﬁkyj’yk’),
45 (G301 R
[As] G x) - Otherwise.
Analogously, for each i = 1,...,n and any index set Z C {1,...,n}, the cut-off parameters of the second

compression are defined by

EYL .= e;max { 27 maxliidi} 2 d+ay

554 —dmax{j;, i} +sitF Teer\ (i) me—d gz ™y
J.J )

with e; > 0. The second compression scheme is thus defined by

Jie{l,...,n}, s.t.
0, if { #€Z(,x5,K),

N (5 k. K
](J,km X) om>EJ?7j,(J ik

[AJ](JUk)(j’,kf) , otherwise.

|:A3pr—2

Finally, the fully compressed matrix AT"™"" is defined by

0, if [AF"™]

. = 0 for some m € {1,2},
[Acompr] ) o=
J (:k)(3"K) [AJ]

(k) (" k)
G.k) (G k) otherwise.

There holds

Theorem 7.1. If5; 7 = 0j; as defined in (6.13) then the compressed matriz AT™"" satisfies Requirement
6.1 and is thus consistent with the sparse tensor product discretization of Section 2. Furthermore, in (6.8)
there holds

. —(2d+o;)  —(d+o)
o= max {e @10, (0,

Ifo; = O';- j as defined in (6.16) then the compressed matriz AT™"" satisfies Requirement 6.2.

Proof. For sake of brevity, we only prove the result in case ¢; 3 = ;5. For g5 = 037 5 the result follows
analogously by replacing Theorem 6.4 with Corollary 6.5 in the analysis below.

Throughout this proof, we assume without loss of generality that j, < js, s = 1,...,n. For all other
index combinations, the result follows in the same fashion.
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To analyze A.C]W*l it is sufficient to show that, for arbitrary but fixed i € {1,...,n} andZ C {1,...,n},
the perturbation matrix T%7 with blocks T, defined by

4] {5 > Gy

. Agli if ’

i, T e J (U.k)G"K) —min(j,jr
0, otherwise.

satisfies the requirements of Theorem 6.4. To simplify notation, we introduce the index set
Dyy i={x € V;: &, > Cy, 8 > 27 ™n00i) v ¢ T},
By Theorem 5.5, each matrix entry can be estimated by [, ©(i, ;) with ©(4, ;) defined by (5.9)

corresponding to the wavelets of the matrix entry. Since @(i, ;) < w(i,a;), i = 1,...,n, with w(i, a;)
defined in (5.8), one may thus estimate the column sums of each ']T;JZ, by

Z ’tak)(j,,k,) < Z 27%(jiJr]-;)2*g(ji+j£)5;i(1+0¢i+2d~)H2asj;H2*(%+d~)(jl+j{)5zfl(1+al+2d~)
KEV; kED; 5/ s€T 17

< 9-3Uiti)g—di+i) |~ ei+2d) g,

- |zi|>ChT ' '

3
1, 3N/~ ./ N -/
% H |:2—(2+d)(JL+JL)/ ) 5;(1+a1+2d)d$l:| . Z (H QCVSJS),
14T | [>277 ko:s€Z, Ns€l

keD;

where we have used the fact that the sum over the indices k; and k;, | ¢ Z, is taken only over those
matrix entries that satisfy §,, > max{277 277} and can therefore be estimated by the product of the
integrals. Since for each s € T there are O(27 _j;) non-zero column entries, one finally obtains
L3l =13 ) 9—dGi+i) (i Ty~ (ai+2d) —d(ji+3] +2d)j{ odt
Z |tak)(j/7k,) < 22(llhi=li'h)g-dGi+i )(Cj7j’) (« )H2 (Grt+ir) 9(ar+2d) i H 9as]
kev; 1¢T s€T

< lt2d) o1 (ih—1i') g =05y
~ k2
In the same way one obtains for the row sums

> ol S ¢ (42D 9 (=l g0y
klevj/

Hence, by Schur’s lemma with weights 2%(|j~‘1_‘j/|1), 23 (3=l one obtains that T satisfies the re-
quirements of Theorem 6.4 with € = ¢; (@i+2d) " The consistency of AT "1 follows.

To analyze A.C]W*Q, for any i € {1,...,n} and Z C {1,...,n}, define the perturbation matrix S*Z by
its blocks

0w > By,
8] = Algrog ey, i | 8, <27 MR,
W ey T §p, > 27 MURI) o & T,
0, otherwise.

By Theorem 5.5, one finds for the entries of S*Z:

< 93Ui=i)odii z—(ait+d) I 2o+ H27<%+J><m+j{>57<1+az+25f>
~ x Ty

seZ, ¢7
Ss#£i

5,13/ )
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< 22(J1*J1)2djl( (ai+d) H 20‘5351_[2 (3+d)( JZ+JL)5 (1+az+2d)
sse#zi 1¢T

< e;(aﬂrd) $(3l =131 o [ 6 (1+a+2d) | 9—(u+2d)jj =i
1¢T

Thus, using the same arguments as above, the weighted column sums of S*Z may be estimated by

Z 93 (lJli=13"1) 8% 10 1) e; (ai+d) 9o, H2 (al+2d)]l/ » |xl|—(1+m+2i)d$l
k/EVj/ l¢1- |Il|>2 Il

A

6_(O"L+d) 27055

7 9

A

and analogously

313" 1 =1il) (a +d) 5—o; 4
D 22U | Se 277
kev

Thus, Schur’s lemma yields that S%Z fulfills the requirements of Theorem 6.4 for any i € {1,...,n} and

Zc{l,...,n} withe = e;(aier). As above, this ensures the consistency of Af,pT_Q. O

8. COMPLEXITY ESTIMATES

In this section, we turn to the complexity analysis of the compression scheme of Section 7. We split
the analysis subject to the choice of 7 ;.

8.1. Complexity of the compression scheme with o;; = ag,j,
In short, for arbitrary n > 2, a € RY and d € N, the main results of this section reads:

There exists d € N such that for any operator A of order a the compression scheme of Section 7 with
Ojj = O’;-j/ as defined in (6.16) yields essentially optimal complexity O(27 J>=1).
More precisely, we prove

Theorem 8.1. Let a € RY; and 0 <a < 2d < 2d'. Suppose further

ond < d+ (n+1)a. (8.1)
Then for any operator A = p(D) with p € T'%(R™) the number of non-zero entries in the matriz A"
defined by the compression scheme in Section T with ;5 = o7}, is O (27 J2(n=0).
Proof. Without loss of generality we assume the worst but admissible case ay = ... = a,, = @ > 0.
Fix any Z C {1,...,n}. Since Z is arbitrary, it suffices to show that there are O (2]J2( ) entries
(As x, Yy k) of AT with
by, < 27 mnlindil for all i € 7, and &y, > 27 Uil forall i ¢ 7. (8.2)

Based on the compression scheme of Section 7, in each matrix block A;j of AT™" we divide the
coordinate directions into four groups. Let

D, = {7‘ c 7 . 9~ min{iri} < EJT:]Z,}, (8.3)

Dy

{s €T: By <2 min{js,gi} angd 27 mexlisdit = E; f} (8.4)

Ds {t €T E;JI < g min{jeji} apg - max{iei} < E;JI} (8.5)
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Dy = {z € {1,...,n}\I}. (8.6)

Obviously D1 U Dy U DsU Dy = {1,...,n}. By definition of the compression scheme, the number #A;
of non-zero entries in each matrix block A;; can be bounded by

#AJJ’ -0 < H 9ir+irg—min{jrj} | H 2js+j;E_]?:jI" H 2jt+j£Ejt7jI,, H 2ji+jl/-cji7jfl>

reD. SEDo teDg3 1€Dy
-0 < H gmax{jrj.} H omin{js,j¢}
reD. SEDo (8 7)
o 27 =)=’ I+ 1) —dmax (il +s1+5 Sieq (1) ™ —d Sigz ™ -
X H 27Tt Q d+a
teDs
C, 2@ =)= W+ )= dGi D+ S Siez mi—d Sigzi ) ™
X H 2]1+]i2 2d+a ,
1€Dy

with s;, my, I = 1,...,n, as in Section 7. To simplify this notation, from now on we assume without
loss of generality that j; < j, for all [ = 1,...,n. The result for all other index combinations follows
analogously.

Regrouping the single factors in (8.7) corresponding to their level index yields

#Aj,y=(9<00- e IIs IIz 11 I) (8.8)

reD SEDo teEDs3 1€Dy

where, with N := £25 4 #~D4_, we have set
d+a 2d+a

Co = 2N(2J(d’7§))

3

Rm — 2jm2_N(d/(jm+j;n)_aj;n_%(jm_j:n)),

S, = 2j1n27N(d’(jm+j;1)—aj;r%(jm—j;,n), (8.9)
T, = 2jm+j:n2—g%ajm2—N(d/(jm+j:n>—ajin—%(jm,—j;))Q—(ﬁa(Ej;ﬁé(a‘m—j:n)),
__d .

Im — 2jm+],ﬁn2 25+E(jerj‘:n)27N(d,(jm+j;n)7aj;n+g(jm7‘7‘:«“)) . 2* 2ar= (E];n*d(‘?m*];n))

)

for m =1,...,n. Here, each factor (except for Cy) depends on exactly one coordinate direction.
By definition of Dy, Ds3, there holds R, < T for all » € D;. In order to keep notation feasible
(see [46, Remark 4.6.2] for a more detailed approach) we estimate

#A5 =0 (Co~ s II = 11 1) (8.10)
s€Day teD1UD3 i€Dy
Denote jm = (jm +j5,)/2, m =1,...,n. By (8.1) there holds
n

(1_a)N < (1_6)&'_’_@ <1

)

which implies N/2 <1— N (1/2 —@). For each s € Dy one thus obtains

s, = 9(=NG-®)ilgsNj.g—Nd (j2+35)

—  9(1-N(3-@))ji93Nj:g—2Nd'j:
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< 9ieg—N(2d'-a)j

= S,.

Analogously, one infers from (8.1) that n < d+ (n — 1)a + 1 which implies for any ¢t € Dy U Ds,

T, = 2(1_%*_%]\[_2£i2a)jt2(1+N(a_%)_aijrlé2)jQQ*Nd,(jtJrjé)
< 22}12—5%332N53t2—5%12_1v2d’},,
= ft-
I~n the same way, one immediately obtains for ¢ € Dy that I; < 251'2_N @d'-a)ji —. fl But, there holds
Sm =Ty = Iy, for m=1,...,n and from (8.10) one infers
#sr = ofc TI5 I 7 117)
s€D, teD1UD3 i€Dy

0 <2N<w<d'§>>. 11 gﬁmw@d'aﬁm) _ 0 (¥
m=1

where [j|, = J14 ...+ Jn. Using N < JJFLE one finally obtains

shyy = O (2'] . 2(”'(?+/aa)1)(']|3|1)) . (8.11)

Since (8.1) implies "(%La) < 1, summing over all matrix blocks yields that there are O (27.J2("=1)
entries satisfying (8.2). O

Remark 8.2. Clearly, for any d’ and @, requirement (8.1) is satisfied for some sufficiently large d. Since in
(8.10) we have introduced some sub-optimality, this parameter restriction is sufficient but not necessary,
see [46, Remark 4.6.2].

8.2. Complexity of the compression scheme with o;; = 0; 5

Based on the methodology for a detailed complexity analysis of the previous section, we now turn to
the complexity estimates for the compression scheme of Section 7 with ;5 = o3, where o5 is given
by (6.13). In short, with arbitrary n > 2, a > a € RY, and d € N, one finds:

For any € > 0 there exists d € N such that for any operator A of order a the compression scheme of
Section 7 with 67 = 0;; as defined in (6.16) yields complexity O(2(1T9)7).

Furthermore, the compression scheme with ;5 = ;5 yields optimal complexity O(27J2"~1) if the
integrodifferential operator B = Ap + A admits a non-vanishing differential part Ap and the order « of
the integral part A is sufficiently small, see Theorem 8.3.

At first, we extend the rather conservative estimates and methodology of Section 8.1 to the case
g;y = 0j,5. For sake of simplicity, for now assume that the differential operator Ap in (4.1) does not
vanish or, more precisely, that the order o of the integral operator A is less than the order a of the
integrodifferential operator B = Ap + A, i.e.

a<a=(2,...,2) R, (8.12)

as defined in (6.7). The case a = & is discussed afterwards.

Theorem 8.3. Suppose that (8.12) holds. Let AT™" be the matriz defined by the compression scheme
of Section 7 with ;7 = 0j; as defined in (6.13).
If (8.1) holds, the number of non-zero matriz entries in each block Ajy of AT™" can be bounded by

#h;y <272 2w (8.13)
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In particular, the complexity of AT™" is 027 2=y ifa < 2/n.

Remark 8.4. The complexity bound (8.13) is only valid under (8.1) - which implies that the number
of vanishing moments d has to be increased with the dimension. In particular, the rather conservative
estimate (8.13) does not imply the “curse of dimension” even though the dimension n occurs in the
exponent on the right hand side. With sufficiently large d the right hand side of (8.13) can be chosen
arbitrarily close to the optimality estimate #A; ;; < 27 regardless of the choice of a, cf. [46, Section 4.6.2].

Proof. By Theorem 8.1, it suffices to prove the result only for those matrix blocks that satisfy oj ;» # UJf 5
Hence, from the definition (6.13) of ¢ j» one obtains that there are essentially two cases: either

1, ~
0550 = =5 (1@ ilec +|a-ilo) (8.14)

or
(1 a . 1.
055 = Z [ﬁ‘] <Pi - 5) - pw{} - §|Q'j|oo (8.15)

The remaining possible case 055 = Y1 [2J (pi — @i/2) — piji] — 5|& - §'|o in (6.13) follows analogously
to the case (8.15).

At first, suppose (8.14) holds. By (8.12), this simplifies to 0jj = —(|jlcc + |i'|oc). As above, assume
without loss of generality that j; < j1, 7 =1,...,n. The proof for all other index constellations follows
analogously. Let Dy,..., D4 be as in (8.3)—(8.6). Using exactly the same arguments as in the proof of
Theorem 8.1, analogously to (8.8) one obtains that the number of non-zero entries in each matrix block

Ay satisfies
#Ajy = O <CO- e IIs IIz 11 I) (8.16)
rebD sEDo teEDs3 1€Dy
where, with N = #Ds #~—Di, according to the definition of the cut-off parameters EZI,, CL we now
L d+a 2d+a J.J J.J
ave

Co = Q—N(|j|x+|j/\oo)’
R, = 29moN (@43 (m=i1)
Sy = 23mON (@43 (Gm—i1n))

. . d_; . . . 1 (mil 4 d(i sl
T, = 29m+im” Tewim o (@t +3 (im=im)) g iz (@t 3 Gim Jm)),

_ imtit o= 5= Gmtin) o N(@j —dGm—i) ) o= 575 (@i —d(im—it))
Ly, =2 2 2d+ 2 2 2d+

)

for m =1,...,n. By definition of Dy, D3, there holds R, < T, for all € D;. Thus, one may estimate

#A55 =0 (co- s II = 11 11->. (8.17)

s€Day teD1UD3 i€Dy
Denoting
: -/
G = j’”% —1,....n. (8.18)

for each s € D5 one obtains
S, = 2(1—N(%—5))j;2%st < 25521\7575 —. §s_

Analogously one finds T} < §t for each t € D1 U D3 and I; < §l for each i € D4. Note that equality
holds in these estimates if and only if j,, = j/,, i.e. the “worst case” is obtained when j,, = j/, for all
m=1,...,n. From (8.17), one obtains

sy < Co-[[ 5 T & JI8 <2 0= [ 2ina¥in. (s19)

s€Do teD1UD3 i€Dy m=1
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The right hand side of (8.19) reaches its maximum when [j|; = J. By (8.18), this implies |j|oc = |j'|oc =
J/n and one obtains

Hhyy S 272NE0 (8.20)

Recall that this maximal complexity can only be obtained when |j|; = J and correspondingly jm, = j. =
J/n, m=1,...,n. In this case D3 = () and hence

N= P
2d+a ~ 2d+a

Thus, in case (8.14) holds, one finds the desired estimate
Hh 5 <2725

Finally, suppose (8.15) holds. By (8.12), this simplifies to 055 = J(d — 1) — d|j’|1 — |j|ls. Clearly, o;
becomes maximal, when j; < j;, i =1,...,n. With this choice of j, j’ and o; y one may proceed as above
to re-derive (8.17), where now

Cp = 2N @=D)=lils).

o N(ai +l -m*-, _di
Sy = 299N (@i +3 (G —rn) = i)

. . d_: . . . . 1 (= 1/ -
T, = 9dm+in 9~ (ﬂaﬂmQN(CYJ;L-I-é(Jm—Jin)—djin,)Q*fa (O‘Jm,JFE(Jm*Jm))’

Im _ 2]m+]:n 2_ 2515 (Jm‘f‘J;n)2N(Ej;nfg(]m7];n)fdj;n)2_ 2515 (ajin_g(]m_]:n))

3

for m = 1,...,n. Now with Sy, := 20m2-N(@=@in and j,, as in (8.18), m = 1,...,n, one finds S5 < S,
for each s € Doy, T; < S; for each t € Dy U D3 and I; < S; for each 7 € Dy. Thus, there holds

n

#h55 < oN(J(d=1)~|jlsc) H 9im 9=N(d=@)jm ., 9N(d=1)J9(1=N(d=@))[jl19=Nljloc (8.21)
m=1
Since by definition N < cTJrLa’ condition (8.1) implies N/n < 1 — N(d — @), and hence (8.21) reaches its

maximum when |j|; = J and hence |j|o, = J/n. This yields
#A; g < 272N E179) (8.22)

and the result follows, since the right hand side of (8.22) can be bounded by the right hand side of
(8.20). O

Now, consider the case « = a, i.e. Ap =0 and hence B = A in (4.1) has no differential component. We
assume without loss of generality that in each direction we have the same (strongest) marginal singularity,
i.e.

ap=...=a, =a. (8.23)
The structure of the cut-off parameters defined in Section 7 implies that assumption (8.23) provides a
“worst” but admissible case. Using the arguments of Theorem 8.3 one infers that the matrix block with

the greatest asymptotic complexity in AT™"" is given when j =j = J/n, i.e.

. . . . 1
nN=.=jn=J1=...= 5 =—J. (8.24)
For this index combination one obtains

LG, d) =d(J = i) =0 < (1-
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and analogously L(j’,d) < R(j’, &), with R(-,-) and L(-,-) as in Theorem 6.4. Thus, by (6.13) there holds

1_
Ul/nql/n = —ECYJ.

Herewith, one obtains that for any coordinate direction i = 1,...,n, there holds

e . .
o-min{jijit — 9—wJ < EjI/

and hence, using (8.3)—(8.6), one finds Dy = D3 =@ and Dy =Z, Dy = {1,...,n}\D;. Thus, in this one
matrix block, the number #A ;/,, s/, of all non-zero entries that satisfy d,, <2~ min{ji.ji} for all i € Z, is
given by

A -0 gmax{jr.j.} | it | — O 2w . 2%J27%']225ﬁ
# J/n,J/n 3 )

reDy 1€Dy reD, 1€ Dy

with s; = 2=1@J as defined in (7.1). Clearly (8.25) reaches its maximum when Dy = {1,...,n}, ie.
7 = () and hence one considers all matrix entries that satisfy &, > 2~ ™7} in all coordinate directions

i =1,...,n. The number of non-zero entries of such wavelets in A/, ;,, hence satisfies

n (n=1)a 5

__@-2d g _s; 1 n )
#AJ/n J/n 5 H |:2iJ2 n(2d+a)J22J+a:| ~ 2']22J+a iy si ~ 2.]2 Py et
1=1

Thus, due to the existence of the correction terms s; in the cut-off parameters in Section 7 the anisotropic
compression scheme does in general not yield optimal complexity when B = A is an integral operator.
Nonetheless, by choosing a wavelet basis with a sufficiently large number of vanishing moments the scheme
yields complexity O(2(1+2)7) for any given & > 0.

9. NUMERICAL RESULTS

In this final section, we provide some basic numerical illustrations regarding the accuracy of the
presented matrix entry estimates as well as the complexity of the compressed sparse tensor product
stiffness matrix. For further illustrations e.g. on the impact of the first and the second compression
techniques we refer to [46, Chapter 6].

In short, the numerical results show that the compression scheme of Section 7 provides a very accurate
prediction of the structure of the stiffness matrix of anisotropic operators. Hence, one may conclude
that the consistency analysis and the matrix entry estimates of the previous sections are accurate. The
numerical results also confirm that the complexity of the compressed sparse tensor product stiffness
matrix is (asymptotically) of the magnitude that was proved in Section 8.

The numerical results have been obtained using tensor products of the piecewise linear biorthogonal
spline wavelets 1); ; constructed in Example 2.2. Recall that with this choice of basis one has d = d = 2
and |supp ;| =227 for all 1, € .

Remark 9.1. Note that the absolute complexity values presented in the following are only valid for
the wavelets of Example 2.2. While the asymptotic behavior of the matrix complexity is independent of
the particular choice of basis, the complexity constants naturally depend on this choice. For example,
reducing the size of the wavelets’ supports may decrease this constant significantly. Similar observations
have already been made in the context of isotropic wavelet compression, cf. e.g. [28].

9.1. Accuracy

To analyze the accuracy of our compression predictions and the fundamental estimates given in Section
5, we consider the following model problem:
Find the numerical solution of the integrodifferential equation

Au=0, on[0,1)%
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where A denotes the infinitesimal generator of a bivariate Lévy copula process with tempered stable
margins and Clayton-type Lévy copula F' as defined in [48]. The parameters for the marginal Lévy
measures are chosen as follows: ¢; = co =1, f; = 2 = 8 and a3 = as = 1. The parameters of the Lévy
copula of Clayton-type are § = 10, n = 0.5.

The structure of the stiffness matrix of A in the full tensor product space Vj of (2.21) is illustrated in
Figure 1, right. Naturally, this matrix is never computed in practice.

1 1 1 1 1 1
-08 -06 -04 -02 O 02 04 06 08

F1cUurE 1. Left: Contour plot of the density of the infinitesimal generator A. Right:
Stiffness matrix of the Galerkin discretization of A in the full tensor product space V
as in (2.21) with wavelet basis. Level J = 5, 40962 entries, color coded according to

logyo [{(AYj .1, Yy 1)

On level J = 5, the structure of stiffness matrix of A in the sparse tensor product space Vy of (2.23)
(without any compression) is shown in Figure 2. On the right hand side the prediction of the compression
scheme of Section 7 with 7j 5 = o; 5 is given. In practice, only the black entries on the right hand side
of Figure 2 need to be computed.

FIGURE 2. Accurate sparsity pattern prediction by the compression scheme. Left: Ac-
tual stiffness matrix of A in the sparse tensor product space ‘7J of (2.23), 320% non-zero
entries, color coded according to logq [(Avjx, %5 w)|. Right: A-priori sparsity pattern
prediction by the compression scheme of Section 7.

The full and sparse tensor product stiffness matrices without compression in Figures 1 & 2 were taken
from [61]. We also refer to this source for further numerical results.
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9.2. Complexity

In Figure 3, the number of non-zero matrix entries of the non-compressed and the compressed sparse
tensor product matrix are compared. Hereto, we set n = 2 and choose all constants ¢;, e;, ¢ = 1, 2, in
the compression scheme of Section 7 to be ¢; =e¢; = 1,71 =1, 2.

15 Full tensor product B \

Sparse tensor product 0.9
— * — sigma~ = sigma’ osl N
sigma~ = sigma : §g\

0.7} S

10

— = — 2 vanishing moments
— = — 4 vanishing moments |q

0.6
051 \

0.4f N
0.3 N

0.21 N

Tk - %

FIGURE 3. Left: Number of non-zero matrix entries of the different stiffness matrices of
A per level J = 3,...,12. Right: Percentage of the remaining complexity of the sparse
tensor product matrix after compression on levels J = 3,...,12.

On the left hand side of Figure 3, the absolute number of non-zero entries is plotted per level J =
3,...,12. Here the red line represents the matrix complexity based on the wavelets of Example 2.2 after
compression by the scheme of Section 7 with ;5 = U.;,j,. The cyan line represents the scheme with
055 = 0jj, where we have assumed (8.12). On the right hand side, the percentage of matrix entries of

the sparse tensor product matrix that remain in the compressed matrix (with o5 = UJf J-,) is given.

T 10 T
272 c2’g?

105 — % — 2 vanishing moments _ 4 — * — 2 vanishing moments

— * — 4 vanishing moments ¥ — * — 4 vanishing moments

%~
= * -
s A7 10°} -3
10 w q P
- ~
% K
' - -
/*( _ -
- ¥
10* ¥ 1 , P
< 10'f _ -
* ~
, _%
7 _
-
P
10°
10°
2 4 6 8 10 12 8 9 10 11 12

F1GURE 4. Comparison of the number of non-zero entries in the compressed sparse tensor
product stiffness matrix and the predicted rate O(27.J2) of Theorem 8.1. Left: On levels
J=2,...,12. Right: On levels J =8,...,12.

In Figure 4, the complexity growth of the compressed sparse tensor product matrix is compared with
the results predicted by Theorem 8.1. The increasing sparsity of the compressed matrices is illustrated
in Figure 5. Here we have discretized an operator A = p(D) with p € I'%(R?), a = (0.5, 1.5), using the
wavelets of Example 2.2.
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