Eidgendssische Ecole polytechnique fédérale de Zurich
Technische Hochschule Politecnico federale di Zurigo
Ziirich Swiss Federal Institute of Technology Zurich

Anisotropic Operator Symbols Arising From
Multivariate Jump Processes

Nils Reich

Research Report No. 2008-25
June 2008

Seminar fiir Angewandte Mathematik
Eidgenossische Technische Hochschule
CH-8092 Ziirich
Switzerland



Anisotropic Operator Symbols Arising From
Multivariate Jump Processes

Nils Reich

Seminar fiir Angewandte Mathematik
Eidgenossische Technische Hochschule
CH-8092 Ziirich

Switzerland

Research Report No. 2008-25 June 2008

Abstract

It is shown that infinitesimal generators A of certain multivariate pure jump Lévy
copula processes give rise to a class of anisotropic symbols that extends the well-
known classes of pseudodifferential operators of Hérmander-type. In addition, we
provide minimal regularity convergence analysis for a sparse tensor product finite
element approximation to solutions of the corresponding stationary Kolmogorov
equations Au = f. The computational complexity of the presented approximation
scheme is essentially independent of the underlying state space dimension.

Key words: Integral operators, symbol classes, anisotropic Sobolev spaces,

Lévy copulas, jump processes, sparse tensor products, wavelet finite elements

AMS Subject Classification: Primary 45K05, 60J75, 47G30; Secondary
65N30, 47B38



1 Introduction

On R™, n > 2, consider the integrodifferential equation

where A denotes an integrodifferential operator of anisotropic order « € R", i.e. A : HR") —
L2 (R™) is continuous. Here H%, s € R™, denotes the anisotropic Sobolev space

< oo}.
L2(R")

We assume that the operator A is a pseudo differential operator with symbol p : R™ x R™ — R, i.e.

n

S+ e

i=1

HE(R™) = { feS R :

Au(e) = plar Djuta) =~ [ e Op(a a(de u e SE) @
In [10, 25], it was shown that such integral operators occur as infinitesimal generators of certain Lévy
copula processes X. In this case (1) can be regarded as the stationary part of the Kolmogorov equation
of X. Such equations occur, for instance, in the field of asset pricing in multidimensional Lévy models
as introduced in [10, 20, 25, 28].

In terms of Bessel potential spaces corresponding to a continuous negative definite reference function
¥(+), symbols arising from rather general stochastic processes have been studied in [8, 9, 13, 14, 16,
27]. For an overview, we refer to the monographs [17, 18, 19]. However, classical numerical analysis
of (1) is based on a Sobolev space characterization of the operator .A. To this end, we shall see below
that the infinitesimal generators of Lévy copula and certain Feller processes give rise to a new class
of pseudodifferential operators with symbols that extend the classes ST, m € R, of Hormander (cf.
e.g. [15, 29]). The operators in this class act continuously on anisotropic Sobolev spaces and their
symbols admit a more complex singularity structure than classical pseudo differential operators.

Furthermore, in order to obtain numerical solutions of (1) we shall extend the numerical analysis of
[2, 10, 12] to obtain a minimal regularity finite element discretization of (1) with essentially dimension
independent convergence rates for the class of anisotropic operators under consideration. For related
numerical analysis we also refer to [11, 30] and the references therein. Furthermore, the symbol
estimates provide the basis for further numerical analysis such as wavelet compression techniques,
see [23, 24].

The outline of this work is as follows:
In Section 2 we recall the fundamentals of Lévy copula processes and their characteristic exponents.
Section 3 provides the new classes of anisotropic symbols and some examples.

In Section 4 it is shown that symbols of infinitesimal generators of certain Lévy copula processes are
indeed contained in these new symbol classes. These symbols are in general not contained in the
classes of Hormander-type.

Finally, in Section 5 we show that the (stationary) Kolmogorov equations for operators with such
anisotropic symbols can be discretized very efficiently using a wavelet finite element scheme. Based
on the symbol estimates of the previous sections, a priori convergence analysis is provided.



2 Motivation: Infinitesimal generators of Lévy copula processes

Based on [10, 20, 28], in this Section we briefly introduce Lévy copula processes and characterize
their infinitesimal generators. Recall that a stochastic process L = (L:):>o With state space R™ and
Lo = 0 a.s. is a Lévy process if it has independent increments, is temporally homogeneous and
stochastically continuous.

The characteristic function @, and the characteristic exponent ¢* of L are defined by
OL(E) = exp(—t"(€)) = E(exp(i(¢, L)),  £€R", >0,

The characteristic exponent % (¢) is also called Lévy symbol. The infinitesimal generator A of L and
the associated bilinear form £(-, -) are given by

Aulw) == [ S OuLaEE. e CRE") ®
&(u,v) = (Au,v) = —(2m)" - PHE)U(E)o()dE,  u,v € S(R). (4)
Furthermore, the characteristic exponent ¢/~ admits the Lévy-Khinchin representation
Ligy_ ey, )
O =it 1@+ [ (- TR ®)

where Q(§) denotes the quadratic form %STQf with a symmetric, nonnegative definite matrix Q, a
drift vector v € R™ and the Lévy measure v(dz) which satisfies

/n(l Az v(dz) < co. (6)

Any Lévy process L is completely determined by its characteristic triple (Q,~,v) in (5). We speak
of a pure jump Lévy process if Q = 0and v = 0.

We shall now define a pure jump Lévy copula process. It is denoted by X: Foreachi =1,...,n the
i-th marginal Lévy measure of X is given by v;(dz;) = k:f (x;) dz; with densities k:f :R\{0} = R.
These densities are defined by

—Bilzi
€

kzﬁz(xz) =¢ Wa (7)

where 0 < aq,...,a, < 2and gy,..., B, € R>q are governing the Lévy densities’ tail behavior and
¢; > 0 are constants. The strongest singularity of all marginal Lévy measures is given by
T = |0 = max{a; :i=1,...,n} < 2. (8)

To characterize the dependence among the margins, let ' : R* — R be a Lévy copula as defined
in [10, 20] that is homogeneous of order 1, i.e. F(t&1,...,t&,) = tF(&1,...,&,) forall ¢ > 0 and
£ e R".

By Sklar’s Theorem, [20, Theorem 3.6], we know that if the partial derivatives 0, ... 3d,F exist in a
distributional sense, then one can compute the Lévy density of the multivariate Lévy copula process
by differentiation as follows:

v(dry,...,dzy) = [01..0nF] (Ui(x1), ..., Up(zp) ) v1(dxy). ..o (dzy), 9
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where vy (dz1), ..., v, (dzy,) are the marginal Lévy measures defined above and U;, i = 1,...,n,
denote the corresponding marginal tail integral

e ={ "y
Herewith, one obtains
v(dzy,...,dxy,) = [01...0,F] (Ui (z1), ..., Un(avn))klﬁ1 (21).. k" () day ...day, (10)
and this can be written as
v(dry,...,dx,) = kﬁ(xl, ey Ty ) dx .. dTy, (11)

with 8 = (1, ..., Bn). To define the copula process X we specify its characteristic exponent using the
Lévy-Khinchin representation (5). Since we are interested in pure jump processes, the characteristic
exponent 1~ of X is given by

X _ e, W) _ e L HEY) s
v = [ a-eer e By = [ -+ S8 )

with &2 as in (10) and (11). Herewith the Lévy copula process X is completely determined (see e.g.
[26, Section 2.11]).

Definition 2.1. The Lévy copula process X is said to have a-stable margins if its marginal Lévy
densities in (7) are of the form

K (0) = ¢ foralli=1,...,n,

i e
ie.fi=...=08,=0in(7). If 3; >0foralli =1,...,n then the Lévy copula process X is said
to have tempered stable margins.

Lemma 2.2. For any Lévy copula process X with marginal Lévy densities as in (7) there holds

¥ = [ (- cosl& k2. (13)

Proof. The symmetry of (7) implies that the density &2 is symmetric with respect to each coordinate
axis. A simple change of coordinates in (12) implies that 1»X = ¥, i.e. ¢ is real-valued. Thus, the
result follows from [17, Corollary 3.7.9]. O

Since, by (13), the characteristic exponent ¢ is real-valued it obviously satisfies the so-called sector
condition (cf. e.g. [17]). From [1, Theorem 3.7] one therefore infers that £(-, -) defined in (4) is in
fact a (translation invariant) Dirichlet form. In the important case that X has a-stable margins, i.e.
B;=0foralli=1,...,nin(7), the domain D(&) of the Dirichlet form £(, ) is well known:

Proposition 2.3. The domain D(&) of the Dirichlet form associated to the generator of a Lévy
copula process with a-stable margins can be identified with the anisotropic space H/ 2(R™) with
a=(aq,...,ap)asin (7).



Proof. [10, Theorem 3.7]. O

From Proposition 2.3 one infers

Corollary 2.4. The domain D(.A) of the infinitesimal generator of a Lévy copula process X with
a-stable margins can be identified with H2(R™).

We conclude this section by an example of a Lévy copula that shall be of reference throughout this

work:

Example 2.5. The cardinal example for our purposes is the Clayton family of Lévy copulas taken
from [20, Example 5.2]: Let n > 2. For 6 > 0, the function £} defined as

n -1/0
Foun, oo ttn) 2“(2 |uz-|-9> (M) — (L= D lucy) . (14)
=1

defines a two parameter family of Lévy copulas which resembles the Clayton family of ordinary cop-
ulas. It is a Lévy copula homogeneous of order 1, for any § > 0 and any n € [0, 1].

We shall frequently write a < b to express that a is bounded by a constant multiple of b, uniformly
with respect to all parameters on which a and b may depend. Thena ~ bmeansa < band b < a.

3 Anisotropic operators and their symbol classes

Recall that for any symbol p : R™ x R™ — R, the corresponding operator p(x, D) is defined by

p(, Dyu(x) = — / SO (e, (€N, u € SRY). (15)

n

Furthermore, denote the axes in R™ by A := {z € R™ : z; = 0forsomei € {1,...,n}}. Herewith
we can define a suitable class of anisotropic symbols and corresponding operators.

Definition 3.1. A function p : R™ x R®™ — R is called a symbol in class I'“(R"), a € R", if
p(, &) € C®°(R"™) for all £ € R™, p(z,-) € C®(R™A) N C(R") for all z € R™, and for any
7,7" € N there holds

o opw 0| s [T el Y +la¥, forall o ceR”, a8
i€l k¢TI,

where we set 7, := {i : 7, > 0}. The multiindex « is called the (anisotropic) order of the symbol p
and the operator A = p(D).

Some possible realizations of operators A with symbols p € I'*(R™) are:

Example 3.2. If for any r € N the function p € C*>°(R™\A) N C(R™) satisfies

FEp©| D1+ 1615, foralle e R,

i=1

then p € T'4(R™) and A = p(D) is admissible in this setting.
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Example 3.3. Consider a symbol p : R" x R" — R in the Hormander class S, with non-negative
order «, i.e. there exists some o € R such that for all 7 € N there holds

(O] S (141637, foralige R an
Then p € T'4(R™) with oy = ... = a,, = «. To see this, one may use that for 7 € N} there holds
L Q n 7 Izl
[T +16%)? H(HZ!@P) (1+1¢?)*,
i=1 =1 =
and thus
_;\ L
(112" <J[+1aP) 7. (18)
i=1
Furthermore,

(1+1eP)? < (Z(1+|&| ) <Y+ ER)?, (19)
=1

i=1
since a > 0. Clearly, (18) and (19) imply that (16) holds for any symbol p € C'*°(R™) that satisfies
(17). Note that this statement does not remain true if o < 0 in (17).

Example 3.4. Also, symbols of the following structure belong to I'“(R™) with suitable o € R™:

M
&) => bi(x)w; (&)
j=1

for some M < N. Here it is assumed that each ¢; : R" — R satisfies (16). The functions b; :
R™ — R>q are assumed to be C°°-functions with bounded derivatives. Note that similar symbols

have already been studied in terms of the symbol classes S;”’w of [14], see e.g. [13, 16].

It is straightforward to see that if a symbol p : R™ — R"™ is independent of the state variable x, then
the order « € R™ of p € T'%(R™) has a natural interpretation in terms of mapping properties of the
corresponding bilinear form &£ (u, v) := (p(D)u, v):

Lemma 3.5. Let p € T'%(R"™) be independent of = and let p(D) be the corresponding pseudo differ-
ential operator. Then the bilinear form £(-,-) = (p(D)-, -) corresponding to p(D) acts continuously
on the anisotropic space H/2(R™), i.e. there exists some constant ¢ > 0 such that

1€ (u, )| < ellull grasz@m [0l arz@ny,  for all u,v € HY?(R™). (20)

Proof. Foru,v € H2/?(R") there holds

E(uv) = (2" [ p©ale)Tade.
Thus, by (16), the Cauchy-Schwarz inequality yields
(2m) 7" € (u, v))|



= [ Yarlaly aeR| de
R™ b1
(/ Z(1+|5k|2>“k/2|a(5>|2d5> (/ Z<1+|5k|2>“k/2|6(5>|2d5>

k=1

1

IN

= lullrerzn [0l garzgn)-

From Lemma 3.5 one immediately infers

Corollary 3.6. Let p € T'(R™) be independent of = and let p(D) be the corresponding pseudo
differential operator. Then p(D) maps the anisotropic space H%(R") continuously into L?(R"), i.e
there exists some constant ¢’ > 0 such that

Ip(D)ull 2y < € lullpragany,  forall ue HERM.

Remark 3.7. In order to prove the continuity of general operators p(z, D), with z-dependent sym-
bol p € T'%(R™), further smoothness assumptions on p are required. For instance, the Calderon-
Vaillancourt Theorem can be employed to obtain the desired estimates if the partial derivatives

a%’agp, ||, |z| < 3, exist and are continuous on the whole R™ x R™, see e.g. [18, Theorem 2.5.3].
However, since in this work we are mainly interested in symbols arising from Lévy processes (which
are stationary) we omit such considerations here.

4 Anisotropic symbol estimates

In this section, we prove anisotropic symbol estimates for the characteristic exponent ¢»X : R” — R of
a Lévy copula process defined by (12). We will see that indeed X € I't(R™) with o, i = 1,...,n,
given by (7).

4.1 Symbol estimates for processes with stable margins

At first, we consider the generator .4 of a Lévy copula process X © with a-stable margins. Its symbol
is denoted by z/zXO. The following two lemmas provide the necessary estimates:

Lemma 4.1. There holds,

X, L&) S (6T, forall (61, &) € R™
i=1

Proof. By [10, Theorem 3.3], wXO : R™ — R is an anisotropic distance function such that for any
t>0,

wXO(t%lglvatﬁgn) :t'djxo(glv'“agn)v fOI’a”fGRn. (21)



Since all anisotropic distance functions of the same homogeneity are equivalent,

N (ST B | R N

and the result follows. O

To state the following lemma, recall that for — € Ng we denote
I, ={ie{l,...,n}: 7 >0}, (22)
and let S*~! be the unit sphere in R".

Lemma4.2. Let 7 € N. Suppose there exists some constant ¢ > 0 such that

G @ e [ Il S+, foralige s, (23)
i€Zy k¢TI,
Then there holds,
T 0 ai—T; 2k
RN (©)| s TT lal™ - o+ &) ¥, (24)
i€, keI,

for all £ € R™ such that |¢;| > 1ifi € Z.

Proof. Without loss of generality one may assume that 7, > 1 for at least one i € {1,...,n}. Other-

wise, the claim in (24) coincides with Lemma 4.1. By differentiation of (21) one obtains,

11

OpX" ()| = et o (i, )|, t>0,cE R

By [7, Lemma 2.1, (iv)], the mapping ¢t — ](tﬁfl,...,tﬁgn)], ¢ # 0, maps (0,00) onto itself.
Thus, one can choose ¢ = ¢(&), such that

1 N
|(to1 &y, ... tongy,)| = 1.
By (23) one obtains

0 R IR i | = . 1 ag
NGt | T D S R T

€Ty k¢Z,
t1 in _Ti 1 oy
< oo ra LT (vl e ) Y (1 g ) F
€T, k¢TI,
1 ar.
= et BT g Do+ )
i€Z, k¢TI,
2 2 . . 1
Since there exists some i € {1,...,n} with |&] > 1,to1 &2 4. .. +tan &2 = 1impliest* < |§1_‘ <1.
Thus, t < 1 and the result follows. O

Remark 4.3. The technical assumption (23) is satisfied by all common examples of anisotropic dis-
tance functions (cf. e.g. [7]). Furthermore, using the Lévy-Khinchin representation (13) it can be
shown that (23) is satisfied if the underlying Lévy copula is of Clayton-type as in (14). Nonetheless,
to prove the validity of (23) in general, one requires further analytical properties of the Lévy copula.

The combination of Lemmas 4.1 and 4.2 implies szO e I'Y(R™) with o, 7 = 1,...,n, given by (7).
In the following section, we extend this result to the case of tempered stable margins.



4.2 Symbol estimates for processes with tempered stable margins

Let X be a Lévy copula process as defined in Section 2. Suppose that the marginal densities of X
are given by (7) with 31, ..., 8, > 0. The structure of the density 2 of X is illustrated in Figure 1.
Throughout, we denote by z/zXO : R — R the symbol of a Lévy copula process X with a-stable
margins corresponding to X. In particular, X and X° share the same o, ..., a, in (7). The Lévy
density of X? is denoted by k° : R™ — R>,.

I I L I L I I
-08 06 -0D4 -D2 0 02 04 06 08

Figure 1: llustration of a two-dimensional density xZ under a Clayton-type Lévy copula with
marginal densities defined by (7) withay =1, a0 =1, 81 = 2, 52 = 2.

Denote by k2 : R™ — R> the Lévy density of X defined in Section 2. Since for any = € N} there
holds (1 — cos(z, €))% (x]" ... a»k2(x)) € LY(R™) for all &€ € R", one may apply integration by
parts to obtain,

e G Rt A () e S T

(25)

9

/n(l — cos(z, £))0% <3:? mﬁ"k’ﬂx)) dx

where f is either cos or sin depending on whether |7| is even or odd. By the Riemann-Lebesgue
Lemma, the singularity structure (and strength) of

k‘g(m) = Op(alt ... k‘é(l'))

governs the behavior of [£]" ... ;naglsz(g)y as |¢| — oo. To study this structure, from now on, we
make the following technical assumption on the underlying copula F.

Assumption 4.4. Assume for any = € N the underlying Lévy copula F satisfies
A
OZ(01...0nF(2)) =01 ...0,F(x)- ] e b-(z), forallzeR", (26)
- it

where b : R™ — R is uniformly bounded.

Herewith, one obtains the following crucial result:

Proposition 4.5. Under Assumption 4.4, for any — € Nj and z € R”, |z| < 1, there holds

or(a] . aT kB (xy, . ,:cn))‘ YOIy @7)



The proof of Proposition 4.5 is long and technical. It is detailed in Appendix A.

Remark 4.6. Assumption 4.4 is often satisfied in practice. For instance, in dimension n = 2,
the Clayton-type Lévy copulas Fy given by (14) satisfy (26) for any # > 0 with bounded function
by (z1,z2) of the form

11
le TQZ {ak\xllkle\lekQG(bkzlwzle—bkllwl\e) n dig, |1 [F19dy, |2

Ch
a7+ Jaa Py S

where k = (ki,k2) and ag, by, cx,di, # O for k; = 0,...,7; — 1, ¢ = 1,2, are some suitable
coefficients depending only on 6 and k;.

With Proposition 4.5 one obtains the desired symbol estimates.

Theorem 4.7. If the Lévy copula F' satisfies Assumption 4.4 then there holds

n

WXl <Y a+1gP)?, forall ¢ eR™ (28)

i=1

Furthermore, for 7 € N} there holds,

v @) s [Tlal - Y a+laP?. (29)

i€Z, k¢TI,

for all £ € R™ such that |¢;| > 1ifi € Z,. Here, as above, Z; = {i : 7; > 0}.

Proof. Let szO be the characteristic exponent of the a-stable copula process X © corresponding to X,
i.e. the margins of both processes share the same a1, .. ., ay, in (7). We split the integral

Do) <| [ - costgol@dn| 4| [ (1= costg,n)k (a)da
B1(0) R”\B1(O)

where B;(0) denotes the unit ball in R™. Since kg € L'(R™\B;(0)), by the Riemann-Lebesgue
Lemma, for each — € N there exists some constant D > 0 such that

<D, forall¢eR". (30)

/ (1- cos(é,x>)k§(m)dw
R™\B1(0)

Thus, using Proposition 4.5, there exists some constant C'; > 0 such that

P ot < o

/ (1 — cos(&, z))k%(z)dz| + D
B1(0)

N

Cy- ZZ)XO(f) +D

Cr-Cp- Y A+ &7 + D,
i=1

IN



where the last line follows from Lemma 4.1 with some suitable constant Cy > 0. Merging the
constants thus implies

Doegr oY Y0+ eP) ¥, forallg e R
i=1

Hence, setting 7 = 0 € Nf implies (28). For any = € N, estimate (29) follows from division by
[§af™ - [nl™ O

5 Sparse Tensor Product Approximation of Anisotropic Operators

In this section we study the numerical solution of the original integrodifferential equation (1),
Au = f,

with A = p(z, D), p € I'“(R™) for some o € R™. For the numerical solution of (1), we restrict the
state space R™ to a bounded subdomain OJ := [0, 1]", say, and employ the Galerkin finite element
method with respect to a hierarchy of conforming trial spaces V; C Vj.1 C ... C Hg/2(D), where

HY2(O) = {u|D L e HY2(RM), ulpmp = o} .

For an analysis of the error introduced by the localization of R™ to [J, we refer to [25, Section 4.5].
Now, the variational problem of interest reads: Find «; € V7 such that,

g(UJ,UJ) = <AUJ, UJ> = <f, UJ> for all vy € ‘7]. (31)

The index J represents the meshwidth of order 2~7. In order to ensure that there exists a unique
solution to (31), in addition to the continuity (20) of £(-, -) we assume that the bilinear form satisfies
a Garding inequality in H2/2 j.e. there exist constants ¢ > 0, ¢’ > 0 such that

E(u,u) > c||u\|§{g/2 — C|ul)3s, forall u € H2/2, (32)

The nested trial spaces X7J C ‘7’J+1 we employ in (31) shall be sparse tensor product spaces based on
a wavelet multiresolution analysis described in the next sections.

51 Waveetson theunit interval
On the unit interval [0, 1] we shall employ scaling functions and wavelets based on the construction
of [4, 5, 21] and the references therein.

The trial spaces V; are spanned by single-scale bases ®; = {¢; 1 : k € A;}, where A; denote suitable
index sets. The approximation order of the trial spaces we denote by d, i.e.

d:sup{seR:sup

{infvjevj v — wjllo
320

2795 |v |l

}<oo, VUGHS([O,l])}. (33)

10



To these single-scale bases there exist biorthogonal complement or wavelet bases ¥ ; = {41 : k €
V;}, where V; := A;1\A;. Denoting by W; the span of ¥, there holds

Vi1 = Wi @V, forall j >0, (34)
and
Vi=Wo@...&W;, forall j > 0. (35)

Crucial for the following analysis is that the wavelets on [0, 1] satisfy the following norm estimates (cf.
e.g. [5, 6], for the one-sided estimates we refer to [31]): For an arbitrary v € H!([0,1]), 0 < t < d,
with wavelet decomposition

U= Z Z W) kg ks
j=0keV,
there holds the norm equivalence,
> 29 uinl? ~ o,y FO<t<d—1/2, (36)
(4:k)
or the one-sided estimate,
> 2N pl? S llulleqoy, Fd-1/2<t<d (37)
(4:k)
In case ¢t = d there only holds,
> 2P S T ullioyy . ift=d. (38)
(4:k)
J<J

For concrete examples of wavelet bases we refer to [3, 10].

5.2 Sparsetensor product spaces

Forz = (x1,...,x,) € [0,1]", we denote

T,Z)j,k(l') = 7/}]'1,]91 ®@...® wjn7kn (mlv cee ,:L'n) = wleﬁ (ml) s wjmkn (SL’n)

On [0,1]" =: O, we define the subspace V; ¢ H2/2([) as the (full) tensor product of the spaces
defined on [0, 1]

V.= ®VJ, (39)
i=1

which can be written using (35) as

J
Vi = span{gjx : ki €V, 0<j<Ji=1...n}= > W;,®...0W,.
j17---7jn:0

We define the regularity v > || /2 of the trial spaces by

vy=sup{seR: V;cCc H(O)}. (40)

11



The sparse tensor product spaces ‘7} are defined by,

Vy=span{¢j b€V, i=1...m0<[h<J}= > W,e..0W,. (@)
0<|jl1<J

One readily infers that N; := dim(V;) = O(2"/) whereas N := dim(V;) = O(2/J" 1) as J
tends to infinity. However, both spaces have similar approximation properties in terms of the finite
element meshwidth A = 2~/ provided the function to be approximated is sufficiently smooth. To
characterize the necessary extra smoothness we introduce the spaces H2([0,1]™), s € Ng, of all
measurable functions « : [0, 1]™ — R, such that the norm,

1/2
e = (3 108l

0<a;<s;,
i=1,....n

is finite. That is
HE([0,1]" ®H ([0,1]) (42)

For arbitrary s € RY, we define 7 by interpolation. By (39), one may decompose any u € L%(0O)

into
w@)= Y Y wktik@) = D> > ujkt g (@) Pk, (Tn).
]120 kiGVji jiZO kiEVji
1=1,....n i=1,...,n

In this style, the sparse grid projection ]3J c L2(0O) — I7J is defined by truncation of the wavelet

expansion:
(Pru)(@) = > > wrtxl (43)

0<[jlh <JKEV;

where Vi =V, iy =V X ... XV, .

5.3 Convergencerates

Denoting by « and u ; the solutions of (1) and the corresponding variational problem (31), we need to
analyze the error

lu—wlle ~ llu—wsllgar o)
For this, at first we derive an anisotropic version of the approximation property of the sparse tensor
product projection Py, see [30, Proposition 3.2] for its isotropic properties.

Theorem 5.1. Fori = 1,...,nsuppose 0 < 5 < yand let 3 < t; < d with y and d given by (40)
and (33). For v € H/2(0) there holds

a#0or

5 202797 |l o if _
Hu - PJUHHg/2(D) ,S © t; 75 d for all 4, (44)

20507 1*5" |lullpemy  otherwise,

where we denote t = (t1,...,t,) and (§ —t) = max{G —t1,..., G —t,}.
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Proof. At first recall that, as shown in [22], in contrast to the tensor product structure of

n

He =@ H*([0,1]),

i=1

for each s € R™ the spaces H<([J) admit an intersection structure
n
HO) = () H(0),
i=1

in the sense of equivalent norms. Therefore, due to the norm equivalences (36) one infers that if
0<s;<71i=1,...,n,there holds for each v € H%,

o
[l ~ D, (L2274 2200 @ .. @ Q0] (45)
J1yeesJn=0
where the mappings @, : L([0,1]) — Wj,,i = 1,...,n, denote the projections onto the increments

spaces W, defined in Section 5.1. Furthermore, because of the tensor product structure of H*(CJ), for
each v € H%(O) there also holds the one-sided estimate

e}

d
S 2TLQ, ... @ Quol? S ol (46)

jly"'yjn:O
provided that t; < d for all @ = 1,...,n. Combining (45) and (46), setting s = «/2, and writing
wj =Qj, ®...® Qj,u, one obtains incase t; < dforalli =1,...,n,

lu— Prulfae S D (142790 4 4 20070 g |2

lili>J

S Z (2_2 i tidi 4 2(a1—2t1)j1 +.4 2(Om—2tn)jn)22 S tid ”wj HQ
lili>J

S ‘nllax {(2—2 Z?:l tigi + 2(061—2t1)j1 4+ ...+ 2(a7l_2tn)jn)}HUH%{E(D)
Jh>J

S 207l ),
with (o — 2t) = max{a; — 2t1,...,a, — 2t, }. In case the set
IT:={ie{l,....,n}:t; =d},

is non-empty, one may assume without loss of generality that for each ¢ € 7 there holds «; = @ and

a—2t=a—-2d=«o;—2t; forallieZ, (47)

because otherwise one can replace ¢; with some suitable ¢/ < ¢; = d and argue as above to obtain the
same convergence rate and smoothness requirements on w, since H*([0,1]) ¢ H% ([0, 1]).

Because for each coordinate direction i € 7, i.e. t; = d, there only holds the weaker one-sided norm
estimate (38), instead of (46) one obtains

® QRj, ® ® id[ovl] v

ieT i¢T

2
22 icr tids N ||U”$11(D)> (48)

13



with 7; := t; if i € 7 and 7; := 0 otherwise. Here idy ;] denotes the identity on L?([0,1]). Employing
the stronger norm estimates deduced from (36) and (37) in all directions ¢ ¢ 7 first, one infers exactly
as above,

lu— Prullee S 3 (L4299 4 4 2%9)]|Q;, ® ... @ Qj,ul|?
Jli>J

< max {2aiji_2 2 kg trdk

(49)

2
% Z gmaxy{axjk } }
jrikeT HE-Z(L)

< max {2aiji_22k§zztkjk Z QOéman{jk}Q—?dzkjk”uH%{t(D)}7

X Qi @ Qidpu
k

k¢

where in the last line (47) was employed in conjunction with (48). To estimate the remaining sum one
may now proceed as in the proof of [30, Proposition 3.2]. If @ > 0, herewith one obtains

S gamenliky 20Tk < max {Q(E—Qd) ijk}7 (50)
o ™~ jikeT

where the j; run through the set of all indices that are admissible in the last sum of (49). Finalizing
the argument one obtains

[|u — ﬁJuH?{g/Z < max {Qmaxigz{aiji}—2zk¢z trjro(a—2d) Zkezjk} ‘

2
u
frax |ullFe (o

< max {QZkgzakjk—2zk¢2tkjk2(a—2d)Zkel’jk} ||U||${t(m

ljli>J )

< max {2(01—215)22:1%} ull?
e o

N 2(a_2t)J||U||$ﬁ(D)-

~

In case @ = 0, instead of (50) one obtains

amaxgiy{jito—2d>"; ji < (@=2d) >, Ji =1
Z 2 2 < Jrznlzgé 2 (Zjl) . (51)
Jii€T 7
Then analogous arguments as in the case @ > 0 yield the required result. O

Herewith one immediately obtains the desired minimal regularity sparse tensor product convergence
result:

Proposition 5.2. For a Lévy copula process with tempered stable margins defined by (7) and @ as in
(8) the solutions « and u s of (1) and (31) satisfy

lu—wslle ~ llu— sl garcy S 2792 ulleo), (52)
provided v € H2([J). The smoothness parameter p € RZ, is given by

(7}

2

| Ql

pi=d—( ); (53)

foreachi=1,...,n.

14



Proof. With this choice of p there holds (o —2p) = a; — 2p; forall i € {1,...,n}. Hence the
smoothness requirement on u in each coordinate direction is minimal and the result follows from
Theorem 5.1. O

Remark 5.3. Incase o; = @ forall i = 1,...,n, Proposition 5.2 coincides with the sparse tensor
product convergence result for isotropic operators (cf. [30]).

A Proof of Proposition 4.5

The goal of this Section is the proof of

Proposition 4.5. Suppose for any = € N the underlying Lévy copula £ satisfies

OZ(On...0nF(2)) = H (z), forallzeR", (54)

‘xz,ﬂ B

where b, : R” — R is uniformly bounded. Then for any 7 € Nj and z € R", |z| < 1, there holds

or (a2 kB, ,:z:n))‘ <EO(z1,. .., a0). (55)

By the quasi self-reproductive structure of the derivatives of F' in (54), it suffices to show that for any
1 =1,...,nthere holds

O (& K2, o) | S KOG, o] < 1.

Without loss of generality we assume ¢ = 1. The proof comprises of the following lemmas. Through-
out, we assume x; # 0. Since we are only interested in derivatives with respect to x,, we simplify

some notation and assume that xo,...,xz, € R are fixed unless indicated otherwise. With the tail
integrals Ulﬁl, . U asin (9), we set

G(z1) = G(x1,...,2p) :=01...0,F(z1,...,20),

H(z) = H(zy,...,zp) = GU(z1),..., UM (x,)).

Furthermore, we denote by G*), H(¥) the k-th derivative of G and H with respect to z;. In order to
estimate the derivatives of

Ko(zy,. . x) = H(xy, ... x0)kd (21) .. k0" (2),
we begin by analyzing the marginal tail integral Ulﬁl:

LemmaA.l. Lets e N. Foranyv; € N,p; € Ng, j = 1,... s, the derivative

o (TL@ 0.

J=1

of U}" is a linear combination of terms of the form ijlzl(aﬂj ULy, with
s’ s s’ s
dom=D b D T =1+ v
j=1 j=1 j=1 j=1

15



Proof. The claim is proved by induction on s. For s = 1 there holds
O, (0" UP)" = (@ UP)" ™" - (@ U,

which proves the basis. To show that the validity of the hypothesis for some s € N implies its validity
for s + 1 one finds

s+1
am < H(a’/y Uﬁl > _ aml < H Vi Ul 1 ) auéJrl Uﬁl )péJrl
B 5 "~ (56)
+ H(al’j Uﬁlﬁ1 )pj : p5+1(8ys+1 Ulﬁl )ps+1_1(8Vs+1+1U151).
j=1

Since the hypothesis is valid for s, one obtains that the first summand in (56) is indeed a linear
combination of terms of the required form. The sum of its powers satisfies
s+1

s’ s
Z?Tj + Ps+1 = ij + Psy1 = ij7
=1 j=1 j=1

as required. For the weighted sums there holds

s’ s+1
Z BiTj + Vsy1PDs+1 = 1+ Z ViPj + Vs41Ps+1 = 1+ Z Vipj-
J=1 Jj=1 Jj=1

One readily infers that the second summand of (56) can be represented as a suitable product of deriva-
tives of g. The powers of these derivatives satisfy

s s+1
Y opi+ =) +1=) p;
= j=1

For the weighted sums one finally obtains

s s+1
Z vipj + (Ps+1 — Vs + (Vsg1 + 1) Z vipj + 1.

O
Lemma A.1 enables us to show
Lemma A.2. For any k € N there holds
k
H®) (21) = 0 H(z1,...,20) = > apGOU (1), ... UL (@0)) i (1),
=1
where
s(L,k)
Jig = ch ke [ @90, (57)
7j=1
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with suitable v; ,, € N, p;,,, € Ny and constants ¢; i, ¢, ., € R. Furthermore, for each m there

holds
s(l,k) s(l,k)

ijm:la Zyjmpjm—k- (58)

Proof. We proceed by induction on k. For k = 1, with J;; = 0U;"* the induction basis is obvious.
Assuming the validity of the hypothesis for some k& € N one obtains its validity for & + 1 as follows:

H*HD () ZC:kG(l’Ll)(Uﬁl(ﬂil) LU (@) - QU Jy(a)
=1 . (59)

+ 3 GO (1), UL (20)) - Oy (Tiilan)),
=1

where c; , ¢, denote some suitable constants. By the hypothesis, J; ;. is a linear combination of
products as in (57). Thus, any “pure” summand (i.e. it does not contain any further sub-summands)
in the first summand of (59) is of the form

¢- QDU (@), ... U () - (OUT") H Uy

=:A

where ¢ denotes some constant. Using the validity of the hypothesis for &, the additional factor A
defines Ji41 1 and satisfies (58) for £ + 1.

For the second summand of (59) one needs to show that foreach I = 1, ..., k the factor 0., (J; x(x1))
provides a suitable additive contribution to J; ;.41. By the hypothesis, each “pure” summand of .J; ;. is

of the form i
H al/J U,Bl

By Lemma A.1, its derivative J,, F is a linear combination of terms of the form [T, (9" Ulﬁl)”i with
k
Z T = Z vj = l,
J J=1
k
Z/J,jﬂ'j = Zujpj+1:k+1,
J

J=1

where in both equations the induction hypothesis was applied to obtain the last equality. Thus,
Oz, (J1,k(1)) indeed provides an additional additive term to the representation of J; ;. that satisfies
(58). O

The following lemma will finally enable us to give the proof of Proposition 4.5 below.
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Lemma A.3. If (54) holds then

1
O H(xi,... 1) <

~ —‘xllkH(wl,... ,l‘n),

forall (z1,...,2,) € R", |z1| < 1.

Proof. Denoting by c; ;, some suitable constants, Lemma A.2 implies

IN

k
> e[GO @) U @) Vis(on)

O H(xr,... )

s(lk
< chk ‘ Ull(wl) Uﬁ I'n ‘ H 8VJU61

where the powers p; and the orders of differentiation v; still depend on [ and & in such a way that
Zj p; = land Zj vjpj = k. Note that

e—Prz1

(@) (21) = - Py, (z1),

|x1|l/J+Oc1 J

where P, is some suitable polynomial of degree v; — 1 in z; that does not vanish at z; = 0. One
therefore obtains

k s(lk)
1
aﬁlH(xl,...,a:n) < chk ‘ Uﬁl(xl) ,Uf”(xn))‘ H g
j=1 1
: 1
< D GO @), U )| o
By (54) there holds
/Bl 511
‘G(l)(Ull(m),-..,Ugn(wn))‘ < G(U; (1‘1)‘5~~-a (l'n))’
(U7 (1))’
for all (z4,...,2,) € R™ Thus, since for each z; € R with |z;| < 1 there holds (Ull(xl))—l <
|z1]"1, one obtains
1
O H(xi,...,xp) gG(Ull(acl),...,Uf"(xn))-—‘x a3 for |1 < 1.
1

Using the above lemmas one can now prove Proposition 4.5:

Proof. Using Leibniz’ rule,

oz, (x{ké(xl, T )‘

ZCJ ( (21, .. ,a:n)> o™ (x7)
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Zc’w (kﬁ (1,...,x n)) ‘
Since a7, (k' (1)) < |1|~+1+e1) for all z; € R with ;] < 1, Lemma A.3 implies

oz, (a:T g(m,...,:%))‘

< ZC 1 Z |71 |2+1+a1 H 5 |Ts |1+as |03 T H ()|
1
B n
= ZCJ|371| Z |21 |1+a1 H |$ |1+as G(U (21), - Url? (zn)) - W
< c~k0(m1,...,:cn).
O
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