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1 Introduction

This work is devoted to the study of the approximation property of the sparse FE
spaces on a product domain
Q= xQx--xQ,

d times

where 2 C R™ is a bounded domain. As an efficient tool for the approximation of
functions defined on high dimensional domains, sparse grids and sparse tensor prod-
uct spaces were introduced first in [Zen91, Gri91], developed and and further analysed
in a variety of works, of which we mention here only [Bun92, Tem93, GO95, WW95]
and the recent survey article [BG04]. It is important to note also that the underlying
ideas of sparse grid schemes had been known already for several years in some related
mathematical fields, like e.g. interpolation and numerical quadrature: under the name
of hyperbolic crosses they have been investigated already in [Bab60].

The sparse grids construction is based on a one-dimensional multiscale basis (or hi-
erarchical subspace decomposition), from which a higher dimensional multiscale basis
is derived by tensorisation. Sparsification is then achieved by dropping the elements
of the resulting basis which are a-priori known to have a negligible contribution (de-
pending on the smoothness of the data to be approximated) to the data representation.

More precisely, and to fix notations, let us consider €2 C R™ a bounded Lipschitz
domain and V := (V) en a dense hierarchical sequence of finite dimensional subspaces
of Hy(%),

VoCWiC---CV,C-- C Hy(),

satisfying for some ¢ > 0 an approximation property of the type

Ny :=dimVy < ep2'F (1.1
Yu € HTHQ) N HL(Q) inf lu—vlgro) < v 2 L | s ) (1.2)
velvy

for all L € N and r € {0,1}. It is known then that the sparse FE spaces V := (V1) en
given by

Vi, == span{Vj, @@V, :0<l +la+...+1g < L} C HHQ) (1.3)
where the anisotropic Sobolev space H g(Qd) is defined as a tensor product
H () := Hy(Q) ® -+~ @ Hy(Q), (1.4)
d ti‘r'nes

inherits the approximation property (1.1), (1.2) in Hé(Qd) up to logarithmic factors,

Np:=dimVy, < epg(L+1)%12nt (1.5)
Vue H'HQY) N HF(QY) : inf flu—vllgqey < evarL+ D27 uf| gre o
veVY
(1.6)



for all L € N. Note that here anisotropic Sobolev regularity is assumed for u,

we H' QY = HT Q) @ - @ HT(Q),

d times

and that on the Lh.s. of (1.6) we consider the standard (energy) norm of H*(Q%), and
not the anisotropic one corresponding to the space H} () defined in (1.4).

The typical example we have in mind here for the hierarchical space sequence
V = (Vi)ren is that of standard h-FEM: V7, consists of all piecewise polynomials
of some fixed degree p > t on a regular triangulation of width 2= on a polygo-
nal/polyhedral domain €, vanishing on 9.

Note that the logarithmic factors in (1.5) and (1.6) are in general insignificant for
low-dimensional applications (d < 3), but pose serious problems from both a theoretical
and a practical point of view for problems where large values of d are realistic - the
so-called curse of dimensionality. High dimensional problems (d > 100) naturally arise
in the modeling of complex (e.g. biological) systems and we refer the reader to [BG04]
for examples and for a survey of the main high-dimensional approximation results and
techniques.

In the spirit of coping with the curse of dimensionality, the purpose of this work is
twofold. We first show that (1.6) is not sharp, and that in fact the logarithmic factor
(L + 1)1 ~ (log N)4~! as L — oo can be dropped from (1.6). The argument we
use leads us to introducing a penalized sparse grid condition, which is then shown to
ensure H'(Q24)-optimal approximation property for the corresponding sparse FE spaces

V= (VL) LeN- In the notations above, the penalized condition reads
L= (I1,la,...,la) € N (1 + s(1]; — []s0) < L, (1.7)
where s is an arbitrary parameter satisfying
0<s<1/t,

if £ > 0 is the anisotropic Sobolev regularity index of the function u to be approximated.
Condition (1.7) is visualized in Figure 1 for d = 2: the pairs of integers (I1, l2) satisfying
(1.7) are exactly those lying in the dotted area (interior or boundary of the concave
quadrilateral with vertices 0, (0, L), (L,0), Ps).

Note that a condition similar to (1.7) has been introduced and investigated in
[SvP04] in the context of a wavelet-based sparse grid construction. Note also that for
s \\ 0 (corresponding to P; — Fy), the penalized sparse condition (1.7) degenerates to

the standard sparse condition. In other words, using the spaces (VL) LeN we are able

to remove the logarithmic factors in both (1.5) and (1.6). In fact, the spaces (V1)ren
can be thought of as versions of the energy-based sparse spaces introduced in [Bun92]
(see also [BG99, BG04] for a detailed discussion of energy-based sparse FE spaces and
their properties). The main results read
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Figure 1: Solution set to penalized sparse grid inequality (1.7) for d = 2.

Theorem 1.1 Ift > 0 and V := (VL)Len is a dense hierarchical sequence in Hg(Q)
satisfying the approximation property (1.1),(1.2), then the dense hierarchical sequence
V= (Vi) ren in HE(Q?) defined by (1.3) satisfies (1.5) and

Yu € H1+t(Qd) N Hl(Qd) . inf H’LL - 'UHH&(Qd) § Cv7d7t2_tLH’LLHH1+t(Qd)
veVy,

for all L € N, with some constant cy g > 0.

Theorem 1.2 Ift > 0 and V := (VL)Len is a dense hierarchical sequence in Hg(Q)
satisfying the approximation property (1.1),(1.2), then the dense hierarchical sequence

V= (Ve)cen in HE(QY) given by

~
~

Vi = span{Vi, ® - ® V,, : 0 < Iy + s( 1 — [lloc) < L} € HF(Q)

with an arbitrary 0 < s < 1/t satisfies the approzimation property

dimVL < Cv7d782nL .
Vue HWHQN) N HG(QY) : inf [lu—vlqe < evae "l g (1.9)

UEVL
for all L € N, with some constants cy 4, ¢y dst > 0.

Our proof of Theorem 1.2 allows also explicit control of the constants involved in (1.8),
(1.9), in terms of d, s, t and the constants involved in the approximation property (1.1),
(1.2).



Note that (1.6) holds also with the H!(92%)-norm replaced by the anisotropic Sobolev
H'(29)-norm, but in this stronger norm the logarithmic factors in (1.6) are in general
not removable (however, the exponent can be lowered from d — 1 to (d — 1)/2).

2 Standard Sparse Grid Condition

We start by recalling the standard detail estimates of an arbitrary u € Hol(Qd) N
Ht(Qd) w.r.t. the H}(Q%)-orthogonal decomposition

Hy (%) = P wm, (2.1)
leNd
where
Wl::VVl1®VVl2®'“®VVld VI:(llal27"'7ld)eNd7 (22)
with
Wi=VieV,y VieN, (2.3)

and the orthogonal complement taken w.r.t. the standard Hilbert structure of H2(Q)
(V_1 := {0} by convention).

Proposition 2.1 If u € H}(QY) N H*(QY) and V := (VL)ren C HY(Q) is a hier-
archical sequence of FE spaces satisfying the approzimation property (1.1), (1.2), then
the detail uy € Wy of u on level 1 € N satisfies

[l 1 )y < ev a2V M) e ), (2.4)
whereas for the dimension of the detail space it holds
dimW; < ep2nith, (2.5)

Proof. The dimension estimate (2.5) follows immediately from (1.1) and the definition
(2.2), (2.3) of the detail space W). It remains to prove (2.4). To this end let us first
introduce for any ¢t >0, I C {1,2,...,d}, |I|=k > 1, I = {i1,i2,...,i}, the notation
H"T(Q%) for the tensor product space of d factors, each of them being either H*(Q) if
j€dor H'(Q) = L*(Q) if j ¢ d. Denoting further by P, and Q; the H}(£2) orthogonal
projections onto V; and W respectively, so that Qg = Py and Q; = P, — P,_; for all
| € N4, we obtain from (1.2) that for all [ € N4 and r € {0,1} it holds

1Quull grr (0 < evygr2” FIMEED ull grvey  Yu € HYHQ) N HY(Q). (2.6)

Let us now consider an arbitrary multiindex 1 = (I1,...,l3) € N with supp(l) = I C
{1,2,...,d}, |I| = k, and write for u € H}(Q4) N H1Tt(QY),

d
el ) = 1(@1 @ - ® Qu)ullFaiay + D 105(Q1 ® - @ Quull 2 ey (2.7)
i=1



The general term T} of the sum on the r.h.s. of (2.7) can be estimated from above for
j € I using (2.6) as follows.

2(d—k
T; < H ||Qlj/ ||§3(H1+t,H0) : ||Qlj||2B(H1+t,Hé) : ||Q0||B((H0,)HO) ‘ Hu”%”tv’(ﬂd)
i
okl _ . —tl—1)  2(d—k

< CV(,t : H 4~ (DY el =1 'Cv( z HUH%IH»I(W)
i'el
2

< C%}cft4lj_(t+1)|l|1 ) ||u||§11+t,1(9d)- (2.8)

The terms T with j ¢ I as well as the L2(Q%)-norm of the detail u; satisfy similar
estimates. The conclusion follows then upon summation of (2.8) over j from 1 to d. O

The proof of the error estimate (1.6) follows immediately from (2.4) and the defi-
nition (1.3) of the sparse space Vi, by using the trivial inequality

Moo <1y V1eN% (2.9)

plus a counting argument. We show next that the logarithmic factor in (1.6) is in
fact due to the use of the crude estimate (2.9) and is therefore only an artefact of the
standard proof of (1.6). The following result is crucial for our analysis.

Theorem 2.2 Ford e N,, £ >1 and L € N we define

AL g d) = > gt (2.10)

1end
Ny=L

Then A(+,€,d) : N — R is nondecreasing and
1 \4!
Jim A(L,¢,d)=d <1 + 5_—1> . (2.11)
Proof. The case d = 1 being trivial, we assume w.l.o.g. d > 2. To prove the first claim
we consider a mapping

QeN =L} S {1eN: I, =L +1} (2.12)

which adds 1 to exactly one of the largest entries of 1. Clearly, such a mapping 1 exists
and is not unique. More formally, for any 1 = (I1,1s,...,l) there exists 1 < i < d such
that

l; = |1|ooa @Z)(l) = (ll,lg, L. 7li—17li + 1,li+1, L. ,ld). (213)



It is easy to see that v is injective, [¢(1)]1 = |1|1 + 1 and [¢)(1)|sc = [l|oo + 1, so that

AL+LEd = Y i > gt
I’ end Iend
V|=L+1 || =L+1,1€Ran(z))
Z £\¢(1)|OO—L—1
1end
My=L
= > dlert = AL g a),
1end
My=L

which proves the monotonicity of A(-,§,d).
As for (2.11), we start by rewriting the sum in (2.10) as

AL, ¢, d) = Z > ék—inww,k,dnfk—L,
k=0

lend
‘1|1 L, moo_k

where the set S(L, k,d) is defined by
S(L,k,d) :={1eN¢:|l|; =L, [1]oo = k}.

Note that several properties of the sets S(L, k,d) which are relevant for our analysis
are collected in Lemma 5.1 (see Appendix). From (5.3) we then obtain

d > <L “d 2)5“<A<L§d salZ(L st 2)5’“ (2.14)

kEN k=0
L/2<k<L

The conclusion follows if we can show that the supremum over L € N of both the lower
and the upper bound in (2.14) equal the r.h.s. of (2.11).
We start with the r.h.s. of (2.14), which can be written, after substituting k by L — k,

as S

The supremum over L € N of this expression is thus attained for L — oo and equals

d <ﬁ>d_l. (2.15)

Note that here we have used the summation rule
o0
k 1
Z tn A — VneN, Ve €] —1,1]
= n (1 _ :E)n-i-l

which follows by differentiating n times w.r.t. = the identity (1—2)~! = 14+2 422+ --



We now use a similar argument to compute the supremum over L € N of the L.h.s.
of (2.14), which can be written, again after substituting k& by L — k, as

¢y (00

0<k<L/2

The supremum over L € N is attained again for L — oo and equals (2.15). The proof
is concluded. U

The proof of Theorem 1.1 follws now immediately by choosing £ = 2 in Theorem
2.2 above and using the detail estimates in Proposition 2.1.

3 Penalized (Energy Based) Sparse Grid Condition

Theorem 2.2 shows how important acurate control of the quantity [1];—|1|o for 1 € N s,
in the analysis of the approximation property of sparse FE spaces w.r.t. the energy (H1)
norm. Based on this observation, the introduction of a penalized sparse grid condition
(1.7) seems rather natural. The approximation property of the corresponding sparse
spaces can be investigated in a similar manner, and it is for this reason that in the
following we discuss a generalization of Theorem 2.2 which already includes condition
(L.7).

Theorem 3.1 Forde N,, &> 1, s> 0 and L € N we define

A (L, &, d) = > glMloo=llz, (3.1)

1eNd
L—-1<1|3+s(|1]1 =o)L

Then Ag(+,€,d) : N — R is nondecreasing and
1 \d1

Proof. The monotonicity of A; in the first variable follows by an argument identical
to the one used in the proof of Theorem 2.2. We introduce a well-defined, injective

mapping
QeN:L—1<|Ii+s(li—|loo) LY S eN: L < |11 +s(l1 — loe) < L+1}

satisfying (2.13) and argue analogously.

As for the proof of (3.2), we proceed in two steps.

Step 1. We first show that A4(-, €, d) can increase at most linearly in the first variable,
that is, there exists c5¢ 4 > 0 such that

AL, &,d) < coeq(L+1) VLeEN. (3.3)



To see this, note that the condition
L1 <y +s(llly = o) < L

readily implies, due to 0 < [l|oo < [1]1,

L—-1
— < Ih < L.
s+1 [ <

Applying Theorem 2.2 we obtain,

As(L,€,d) - < > gloe=th

lend
(L-1)/(s+1)<1|; <L

L—1 ,
S e

sL+1 1\
< A1+ —
- s+1 <+§—1> ’

which ensures the desired linear estimate, with

max{1, s} ( 1 )d‘l'

14—
s+1 +£—1

Step 2. We now prove (3.2), that is the boundedness of Ag(+, &, d), uniform in the first
variable. To this end we consider ¢ > 0, to be chosen later, and split the sum in the
definition of A4(L,§,d) as

Csed =d

AS = A571 + A8,27
where
Ag1(L, &, d) = > glloo =111 (3.4)
1end
L=1<1+5(]1]1 =[] oo) <L
11 —1|oco>clog L
and
Ago(L,&,d) = 3 gllloo= 1l (3.5)
end

L=1<|ll1+s([1l; —[1loo) <L
11 —1|oco <clog L

We bound in the following A, 1 and A, 2 using different arguments. We start with A, 1,
for which it holds

As,l(vavd) < Z (\/g)moo—ml(\/g)—clogL.

1eNd
L=1<|l]3+s(|1]1—leo) <L

Using the linear estimate (3.3) derived in Step 1 and the identity £1°8L = LI°8¢ we

obtain
AS,I(La €,d) < CS,\/E,d(L + 1)L_(C/2) logg’

8



so that by choosing ¢ > 2/log { we ensure
lim Ag;(L,&,d) =0. (3.6)
L—oo

As for Ag 2, we write

As,2(La ga d)

> &S (m, k, d)|

m,kEN
L—1<m+s(m—k)<L
m—k<clog L

ji=m—k i .
= E ES(m,m — j,d)|. (3.7)
m,jEN
L—-1<m+sj<L
j<clog L
0<j<m

Just like in Step 1, the penalized sparse condition
L-1<m+s3<L

with 0 < 57 < m implies at once
L—-1
>—— >92log L
m T2 clog

for L large enough depending on s, ¢, that is L > L, . = Lg¢ (recall that ¢ > 2/log¢).
It then holds,
j<clogL <m/2 VL2> Lgg,

which in turn allows us to use the explicit formula (5.3) for the coefficients |S(m,m —
J,d)| in (3.7). From (3.7) it then follows that for L > L¢,

N i fitd—2
Asp(L&d) = ) 5%1( d_g)

m,jEN
L—1<m+sj<L
j<clogL
0<j<m

Cide . d-1
_ Zg_]d<‘7§_22>L—> d<1+§%1> . (38)

jEN
j<clog L

since m is uniquely determined by j, via m = |L — sj]. (3.2) follows now from (3.6),
(3.8) and the proof is concluded. O

4 Optimal Approximation Property

We turn now to the study of the approximation property of the sparse tensor FE spaces.
In the spirit of the cost/benefit approach presented in [BG04], we formulate next an
optimization problem, in a discrete setting.



Problem 4.1 Let A be a countable set, A := (ax)ren C Ry a family of positive real
numbers satisfying for which

a = Z ay < o9, (4.1)
and let L : A — [0,00] be a cost functional. For a given N > 0 find Axy C A which

minimizes
>, @
AeA\AN

subject to the constraint

> LN

ANEAN

Note that in the case £ = 1 Problem 4.1 is equivalent to the question of finding the
best N-term approximation of a in the expansion (4.1).

Definition 4.2 In the setting of Problem 4.1 we call the function ® 4 o given by
Du,c
NN = Z ay € [0,00)
AeA\AN
the optimal convergence rate of A relative to L.

In view of Proposition 2.1, the connection between the approximation property of
the sparse tensor FE spaces and Problem 4.1 is attained through the following

Example 4.3 Choosing A = N, we define the family A as the collection of estimated
details of a given u € H}(Q%) N H1Tt(Q4),

ay := 2=+ ) ¢ N9
and the cost functional L as the estimated dimension of the detail space Wy,
£(1):=2"h vl e N

Note that the summability condition (4.1) is ensured e.g. by Theorem 2.2 and the
condition t > 0.

In the following we focus on the analysis of the optimal convergence rate for Example
4.3. We start with a simple proof of an upper bound for the optimal convergence rate
® 4 ¢, which is shown to be at most of order ¢/n.

Proposition 4.4 For the data A, L in Example 4.3 we have that

(I)A,E(QnL) > o~ t+D)  y[ e N.

10



Proof. Obviously, the set Ay.z can not contain all the d indices 1 € N with exactly
one entry equal to L + 1 and all others equal to 0, since the total cost of these indices
is d2™L+1D) | Let I be such an index which does not belong to Aynz. We then have

> arzay > 2Vl IR = i),
1EA\A,L

which concludes the proof. O
We now prove Theorem 1.2, that is, the penalized sparse condition
1+ sl — o) < L (4.2)

with 0 < s < 1/t actually achieves, up to a multiplicative constant, the optimal con-
vergence rate of order ¢/n. The proof follows combining Proposition 2.1 and 4.5 below.

Proposition 4.5 For the data in Example 4.3 and for any 0 < s < 1/t we have that

1
> a < sup Ag(L, 217, d) - 27 VL eN, (4.3)

_ 9—t
! 1-27" pen

M1+s(1l1—1eo)>L

and
> onllh < 94,(L, 2" d)- 2"k VL € N. (4.4)
1end
M1+l —1s0) <L

Proof. We have

ap = 2Mee= (DM — o=t(lth+s([li=lle0)) . o(1=ts)([Too—[11)

so that

o0

>, oam =) > a

1end j=1 1end

M1+s(11—Noo)>L L+(i—1)<|l1+s(1l1 —Nooc)<L+j
o
< Z Z 9—t(L+j—=1) 9(1=ts)([l]ec =[1[1)

Jj=1 lend

L+(G=1)<[1+s(11 —loo)<L+j

2_t(L+j_1)As(L“I‘j,21_ts,d)

I
NE

.
Il
—

< -sup Ag(L, 217, d) - 27,

1-27t pen

which concludes the proof of (4.3), in view of Theorem 3.1.

11



As for (4.4), we argue similarly to obtain

Z onlli Z Z onllx

lend JEN lend
114511 —[1]oo) <L ISISLAL L—j<ify+s(]1 —[loo) SL—(5—1)

Z Z (L= =D +s(llloc—1[1))

JeN lend
1<GSLAL L—j<iify+s(|1l1~[loo) SL—(i—1)

=Y AL - (- 1),2%,d)

JEN
1<G<L41

< 24,(L,2™,d) - 2",

IN

where in the last step we use the monotonicity of A4(-,2",d) (see Theorem 3.1). [

5 Appendix

Here we prove the combinatorial properties of the sets S(m, k,d) that are needed for
the proofs of Theorems 2.2 and 3.1.

Lemma 5.1 If the sets S(m, k,d) are defined for d € Ny and m,k € N by

S(m,k,d) :={1eN%: ||} =m, ]|, = k},

then
S(m,k,d) =0 Vk>m, (5.1)
- d—1
> IS(m, k, d)| = <m+ > (5.2)
d—1
k=0
|S(m, k,d)| < d<m _;{:j—zd a 2> Vd > 2, with equality for k > m/2. (5.3)

Proof. (5.1) is obvious, whereas (5.2) follows from the fact that for fixed m, d, the sets
(S(m, k,d))o<k<m are disjoint and

U Sm,k,d) = 1€ N*: 1]y = m}.
k=0

To prove (5.3), we consider for fixed k,m with 0 < k < m the mapping
k
(1,2,....dy x | JS(m —k,j,d — 1) % S(m, k,d)
j=0

given by
qb(q, (ll,lg, e 7ld—1)) = (ll, lg, e ,lq_l, k‘, lq, e 7ld—l)'

12



Obviously, ¢ is surjective, so that using (5.2) we obtain,

k
7=0
< d(m_§j5_2>. (5.5)

For k > m/2 the mapping ¢ is injective too (k = |l| is attained by exactly one entry
of 1), which ensures equality in (5.4). Also (5.5) holds then with equality, due to (5.1),
(5.2) and k > m — k for k > m/2. The proof is concluded. O

In the remaining part of this section we give also numerical evidence for the identity
(2.11). The computation of the Lh.s. in (2.11) is based on a recursive (in d) formula
for |S(m, k,d)| via (2.14), which reads in the case £ = 2,

> oMl = f: \S(m, k, d)|2F™. (5.6)

1eNnd k=0
[1ly=m

Lemma 5.2 It holds
d k—1
Stnkd) = X (1) X IS(m kg )
1<n<m/k 7=0

Proof. The formula follows by noting that for 1 € S(m, k,d), the value k = |l| can be
attained n times (that is, by n of the coordinates l1,1s,...,l; of 1), with 1 <n < m/k.

These n coordinates can be chosen freely from {1,2,...,d}, and the multi-index con-
sisting of the remaining d — n coordinates belongs to S(m — nk,j,d — n) for some
0<j<k-1 O

Finally, a MATLAB routine combining (5.6) and the recursive formula given in
Lemma 5.2 allows us to check (2.11) numerically. Figure 2 shows in fact plots of both
the log’s of the left and the right hand side in (2.11). As expected, the two curves
coincide (numerically, the values differ by at most 3.5527e-15). Note that for the
computation of the L.h.s. in (2.11) we have chosen L = 150 (for dimension d < 30).

Acknowledgments. This work was completed while the author was visiting In-
stitut fiir Informatik und Praktische Mathematik der Christian-Albrechts-Universitat
zu Kiel. The author would like to thank Prof. Reinhold Schneider and his group from
CAU Kiel for invitation and hospitality.
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Iog(supm(A(m,t,d))) and log(d)+(d-1)log(t/(t-1))

Figure 2: Numerical evidence of the identity (2.11) in Theorem 2.2 for £ = 2.
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