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Abstract

In this series of two articles, we consider the propagation of a time harmonic wave in a medium
made of the junction a half-space (containing possibly scatterers) with a thin slot. The Neumann
boundary condition is considered along the boundary on the propagation domain, which authorizes
the propagation of the wave inside the slot, even if the width of the slot is very small. We perform a
complete asymptotic expansion of the solution of this problem with respect to the small parameter
€, the ratio between the width of the slot and the wavelength. We use the method of matched
asymptopic expansions which allows us to describe the solution in terms of asymptotic series whose
terms are characterized as the solutions of (coupled) boundary value problems posed in simple
geometrical domains, independent of ¢ : the (perturbed) half-space, the half-line, a junction zone.
In this first article, we derive and analyze, from the mathematical point of view, these boundary
value problems. The second one will be devoted to establishing error estimates for truncated
series.

Keywords: slit, slot, wave equation, Helmholtz equation, approximate model, matching of asymp-
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*UMR POEMS, CNRS-INRIA, Rocquencourt, France



1 Introduction

In many practical applications concerning time harmonic (namely the pulsation w or the wave
length A is given) electromagnetic or acoustic wave propagation, the problems to be solved involve
the presence of structures with at least one space dimension of characteristic length ¢ < A. In
this paper, we are considering the treatment of 2D thin slots which corresponds typically to the
geometry of figure 1.

Figure 1: Geometry of the domain of propagation.

For the applications, the physically interesting situation (for example the situation one meets with
the microwave shielding of thin slots [11] or flanged waveguide antennas [9], see [18] for more
examples) corresponds to:

A/1000 < e < A/10, & < L/10 and A/10 < L < 10 A, (1.1)

where A is the wave length, ¢ is the width of the slot and L the length of the slot.

For numerical simulation of wave propagation in media with thin slots, a natural idea is to derive
an approximate “1D - 2D” model: a 1D model — posed on the curve that materializes the limit
of the slot when ¢ tends to 0 — for the propagation inside the slot and a 2D model for the rest
of the computational domain. The main difficulty consists in finding the technique (not unique)
used for coupling the two models. Such models have been designed in the engineering literature
(see [1], [4], [5], [18] or [17] for a review) and are commonly used in various computational codes.
However, the complete understanding and evaluation of such models suffers, to our opinion, from
a lack of mathematical analysis.

In a previous paper [7], in the case of the scalar Helmholtz equations with homogeneous Neumann
boundary conditions (the interesting case from the physical point of view) we proposed and ana-
lyzed in detail a “1D - 2D” model by a “brute matching” of the 1D and 2D models, in the spirit
of what is done in the engineering literature. This work justifies completely this type of approach
from the mathematical point of view (sharp error estimates are given) but also emphasizes its
limitation: the accuracy is, roughly speaking, limited to O(g?).

A natural idea is to try to develop more accurate approximate models. Of course, this requires a
(more) complete description of the asymptotic behavior of the solution when e tends to 0. This
is precisely the objective of the present article, which is the first of a series of two papers devoted
to the asymptotic analysis of the model problem of the semi-infinite straight slot. Typically, the
domain of propagation is the union of a half-space (that may contain, for instance, an obstacle)
and a thin semi-infinite straight slot, orthogonal to the half-space (see figure 2):



C

Figure 2: domain for the model problem

Q. = Qp U O3, (1.2)
with
0% = {(z,y) € R?/0<zand —¢/2 <y <e/2},

Qp = {x=(z,y) € R? /z < 0and x ¢ B}, (1.4)

where B is a regular obstacle included in the left half-space 2 < 0. The problem we consider is':

Find u® € H} (€.) outgoing such that:

Auf + w?u® = —fin Q., (1.5)
out

9 0 on 09X,

where f € L?(Qy) is the compactly supported data. Classically, by outgoing solution, we mean
that we prescribe a given behavior at infinity to the solution, namely:

e At infinity in Qp, u® satisfies the Sommerfeld radiation condition [16].

e Inside the slot the solution is the superposition of modes which are either evanescent or
propagating in the direction z > 0 (see [7]).

Remark 1.1 The case of a slot of finite length is of the same type of analysis, modulo some
additional technical difficulties, except however for some critical lengths L linked to resonance
phenomena (see [2]).

For studying the behavior of u® for small €, we will use the method of matched asymptotic expan-
sions. This is a well-known method that has been developed in the beginning of the 70’s, initially
to analyze boundary layer phenomena. This approach has been developed quasi-independently
(one does not find a lot of cross citations in the publications) by two mathematical schools, from
two rather different points of view:

e The British School whose effort has been put on the machinery of formal asymptotics and
matching principles (see [21] for the basic tools or [3] for a review)

e The Russian School has investigated more deeply the rigorous justification, far from being
easy, of this type of formal expansions (see for [8] the justification of the spatial expansions,
and [6] for a review on the matching of asymptotic expansions).

In this work, we intend to apply this technique and analyze it rigorously for the model problem .
This problem has already been studied via matched asymptotics in [14] where the authors restrict
themselves to the first orders of the expansions, without paying attention to the mathematical
justification.

TWe have choosen to use the definition u € Hlloc

(D) <= pu € H'(D), Yo € D(IR?).



Remark 1.2 The fact that the method of matched asymptotic expansions is most often presented
as a formal technique is a major drawback in the opinion of a lot of mathematicians who prefer
the so-called multi-scale technique, which appears to benefit from a rigorous framework (the reader
can refer to [15, 13, 12, 22] to obtain explanations on the multi-scale technique). With this work,
we also want to convince the reader that the method of matched asymptotic expansions is not only
a formal technique.

As it is classical with this type of problem, the work can be naturally divided into three steps. The
first one is related to obtaining the formal asymptotic expansion and constitutes the most algebraic
and calculatory part of the work. The next two cover two different aspects of the mathematical
justification and make use of various techniques for the analysis of PDE’s.

Step 1: Derive the formal expansion. One starts from an Ansatz, i.e. an a priori form
for the asymptotic expansion that is injected in the equations of the initial (¢ dependent)
problem, to deduce a series of (¢ independent) elementary problems that are supposed to
characterize the different terms of the asymptotic expansion.

Step 2: Show that the various terms of the asymptotic expansions are well defined, i.e. that
the above elementary problems are well posed. This is not necessarily straightforward since
these problems are quite often non standard.

Step 3: Justify the asymptotic expansion, namely establish error estimates between the
true solution and truncated asymptotic expansions.

For the clarity of the exposition, we have chosen to separate our presentation into two distinct
articles. In the present one, the first part, we treat essentially the steps 1 and 2. We also state the
main theorems (error estimates) whose proof, postponed to the second part, will use in particular
the stability and consistency arguments that have been developed in [7].

The outline of this paper is as follows:

In section 2, we will give the forms of the asymptotic expansions in the three different zones (far-
field, near-field and slot-field zones) and state our main results, namely the theorems 2.1, 2.2 and
2.3.

The section 3 is devoted to step 1. First, we introduce some preliminary materials: asymptotic
behavior of solutions of Helmholtz and Laplace equations. We give then the coupled problem —
see section 3.3 — which defines the terms of the asymptotic expansions. Finally, we present the
computations which allow to derive this problem.

In section 4, we prove that the coupled problem is well-posed (this is step 2). The existence proof
is based on the introduction of special functions which are constructed in appendix A.

2 The asymptotic expansions and associated estimates.

2.1 The formal expansions

For this type of problem involving several space scales, it is not possible to write a uniform
expansion for the solution everywhere in the domain Q.. Here, we will have to consider three
distinct zones, respectively the far-field zone, the near-field zone and the slot zone, in which
different expansions are obtained. The denomination “far” and “near” refers to the position with
respect to the end point of the slot.

In the following, we will denote by C the class of positive continuous functions of € > 0 that tend
to 0 when € — 0, less rapidly than linearly.

C={n:Rf =R}/ lim n(e) = 0, and limy(e)/e = +o0.} (2.1)



and will introduce four functions 77?1 and 77§ in C satisfying:

nge) < 77;}(5) and ng(e) < ng(s). (2.2)

Because of the 2D context, polynomial logarithmic gauge functions will be used for describing the
asymptotic behavior of u®, namely the functions

(5) e (). @3
More precisely, we will use the following set of indices (see figure 4):
J ={@G,k)eINxIN/Ek < i}, (2.4)
that we shall fournish with the total order relation:
(J,0) < (i,k) <= j<i or j=iandl<k. (2.5)
illustrated by Figure 5.
Remark 2.1 We have here used we/2 for the small parameter. This is justified by the fact that

we has no dimension. The factor 1/2 has simply a technical interest.

The far-field (half-space) expansion. Roughly speaking, the far-field domain is Qg (the
half-space without the obstacle B) in which the solution u¢ is searched of the form:

+oo @ i
ut = ZZ (%) log” (%E) uk 4 0(e>), in Qg. (2.6)
=0 k=0
This expansion will not be valid uniformly in g but only in a far-field zone of the form:

Qple) = {erH/|x_o| >n;1(g)}. (2.7)

Note that the domain Q(e) converges to Qg (see figure 3), as € tends to 0.

Figure 3: The far-field domain

k=0 1 2 3 4 k=0 1 2 3 4
0f o 0
1l o o 1
i =2 e e o 1=2
3le o o o 3
4l e o o o o 4
Figure 4: The index set J Figure 5: The order relation in J.



The slot-field expansion. The slot-field domain is denoted by %, see figure 6. In such a
domain, it is natural to introduce the scaling (z,Y) = (x,y/¢) in such a way that:

(wy) €95 < (wy/e) €Qs =]0,400[x]-1/2,1/2,
where (g is a normalized (or canonical) slot of width 1. In 0%, we shall look for u° of the form:
X jwey we
w(z,eY) = US(a,Y) = ZZ (5) 1og* (5) UF@) +0(e™), @ Y)es,  (28)
where the functions U}’s are defined on IR™.

Remark 2.2 In fact, one does not need to assume a priori that UF does not depend on'Y : this
follows from the calculations (see section 3.4). The Y -dependence of U® is hidden in o(e*°) term.

Once again, such an expansion will not be valid uniformly in (AZS but only in a slot-field zone of
the form:

Qs(e) = {x=(2,9) €05 /x > ng5(e)}. (2.9)
1TY ) Y Qg
ty — Qs(e) = -
Q=L e —0
g s

Figure 6: Slot-field domain

The near-field expansion The near-field zone is defined by:
On(e) = {xeQn /x| <nfe)} U{(z,y) €95 [z <nf(e)} (2.10)
In this zone we use the classical scaling X = z/e and Y = y/e in such a way that
(z.9) €Qv(e) = (z/e,y/e) € Qnle),

where, since 7}; and & belong to C, when ¢ tends to 0, Qn(g) collapses to the origin and QN(E)
converges to the canonical infinite open domain {2y, see figure 7, defined by:

Oy = (]foo,O[XIR) U ([o,+oo[x] f%,%[). (2.11)
ty
ga_ Ty
ty o
s 1
ml(o et ) > e — 0 - X
Qn (o) N -3

Figure 7: Near-field domain



In QN(E), u® will be of the form:

W (eX,eY) = US(X,Y) = (
3 k=0

+

we

: )i log" (%5) UF(X,Y) + o(e®), (X,Y) € O, (2.12)

Il
o

(2

where the U are complex valued functions defined in Qn.

2.2 The main results

In this section, we state three theorems that specify the sense to be given to the expansions (2.6),
(2.8) and (2.12). The proof of these theorems (a version of which is given in [19]) is postponed to
the second article. Note also that these theorems refer to section 3 where the (coupled) problems
defining the various functions appearing in these expansions are presented. Implicitely, it also
refers to section 4, where we shall prove that these problems are well-posed.

Theorem 2.1 There ezists a unique family of functions {u¥ € C*>(Qy \ {0}), (i, k) € I}, defined
in section 3 (in particular u¥ =0 for k # 0), such that:

For any compact set Fy C Qg \ {0} and any N € IN, there exists Oy (w, Fyr, supp(f)) > 0 such
that:

The function uf is the natural limit of u®, i.e. the solution of the problem without a slot (see
section 3.1).

v ()7 Jog ()] Wl - 213)

o () e () o

i=0 k=0

<
H (Fu)

Anticipating section 3.3, let us emphasize that the uf are not smooth up to the origin. For
i # 0, each of the uf’s is singular near 0 so that u¥ ¢ H} (Qg). More precisely, the singularity
“increases” with ¢ — k in the sense that, when r = x| — 0,

uf = O(r="F ) for0<k<i—2, and u. ' = O(logr). (2.14)

The convergence rate in the right hand side of (2.13) is as expected : it corresponds to the order
of magnitude of the first neglected term in the complete series expansion. On the other hand, we
can not claim that the series (2.6) converges, since the constant C'y depends on N.

Theorem 2.2 There exists a unique family {UF € C®(IR"), (i,k) € I}, defined in section 3 (in
particular UF(z) = UF(0) expiwz) such that:

For any compact set Fg C {(:I:, y) € ﬁ_s/m #* O} and any N € IN, there exists a positive constant
Cn(w, Fs, supp(f)) such that

N 7 .
wWEeEN\? k we k
=3 (5) et () vl
1=0 k=0

Theorem 2.3 There exists a unique family of functions {UF € C> (), (i, k) € I}, defined in
section 3, such that:

<ow (2) foe ()7 Ilee 219)

HY(Fs) 2 2

For any compact subset Fy ofa and any N € IN , there exists Cn(w, Fiy, supp(f)) > 0 such
that:

[ =33 () s (45) 0

< Cn (W_E)N“ ‘1og(w5)’N+1 Il . (2.16)
1=0 k=0

2 2

H (FN)



Anticipating section 3, let us mention that, except for i = k, the Z/Ii’C are growing at infinity. More
precisely:

U = O(p'=*) when p = (X2 +Y?2)2 — 400 in the half-space X < 0,
(2.17)

ur O(X*~*) when X — +oc0 in the normalized slot X > 0.

3 The coupled problems satisfied by the terms of the asymp-
totic expansions

In this section, we first derive the so called limit fields corresponding to (i, k) = (0, 0) (section 3.1).

Then, we introduce in section 3.2 some preliminary notions that are needed for the description of

the complete asymptotic expansion. In section 3.3, we present a problem that will characterize

the fields u¥, UF, UF. The way this problem is obtained is given in section 3.4 where we derive the

equations and boundary conditions satisfied by the fields (u¥, U, U¥) and explain how to obtain
the matching conditions relating these fields.

3.1 The limit fields

As it is intuitively expected (and already proven in [7]), the field uJ, limit of u® when & — 0 in
the domain Qp, is nothing but the solution of the slotless problem posed in Qp:

Find uf € H. () outgoing such that :

0 (3.1)
~Auj — w?uf = fin Qy and % = 0 on dQpg.
n

The other limit fields, namely the near field 4 and the slot U are also quite easy to guess:
e UY is a constant in On equal to the value at the origin of the limit far-field uJ:
UY(X,Y) = ud(0), for (X,Y) € Qy. (3.2)
e UJ) is the 1D-field is independent of Y and is the outgoing solution of Helmholtz equation in

the half-line = > 0, whose value at z = 0 coincides with the value at the origin of the limit
far-field uJ, namely:

Ud(2,Y) = ud(0) expiwz, for (z,Y) € Qs. (3.3)

3.2 Towards the construction of (u¥, UF UF): preliminary material

This section is devoted to present useful results and notions about the solutions of homogeneous
Hembholtz equations and “embedded” Laplace equations that naturally appear when applying the
technique of matched asymptotic expansions. These results are needed to understand the coupled
problem of section 3.3.

3.2.1 Bessel functions and related results.

In what follows, we shall make an extensive use of the Bessel functions J,(z) and Y, (z) for p € IN
(see for example [10]). We shall use more particularly the generalized Taylor series expansion of
these functions (one of their possible definitions)

= z
e = 3 G

l=—00

. . (3.4)
Y,(z) = Y, (2) 270 (EY 10g 2
AOREID DR ATCI N SV AT CI

l=—c0 l=—o00



where the numbers J,; are given by:

Jppri = 0, if I <0orlodd,

Jpptar = W7 if 1 >0,

and the numbers Y),; are given by:

Yy, —pr1 = 0, if { <0 oul odd,
1(p—-1-1)! .
Yopoprot = —— = o<l <p, (3.6)
Vppon = 2V ar ) g apr),  ifp<
p,p+2l — 7Tl'(l+p)' p ’ Ipxy,
with
"1
1)=— k+1)=— — Vk € IN*. .
v(1) =7, w(k+1) v+§1m, € (3.7)

We emphasize here the fact that J, is regular at the neighborhood of z = 0, while Y, is singular:

P 2 —1)!
Ip(z) ~ %, Yo(z) ~ -~ logz, Y,(z)~ —%zﬂ” for p > 1. (3.8)

The property which will interest us here is that J,(z) and Y,(z) form a basis of solutions of the

Bessel equation:

1d d P2
2 _ 2 _
DpquufO, where DP:;E (ZE)*; (39)
We shall exploit this to introduce two families of functions that will be useful in the next section.

First note that, after the shift of index I — [ 4+ p (for convenience)

+oo +oo
z ~
T = 3 Topnt G = DT (), (3.10)
l=—00 l=—o0
where we have defined -
Ipa(2) = Jppti (§)p+l- (3.11)
Substituting v = J, into (3.9), we get, since
D; 20 = (¢* —p?) 2772, (3.12)
+oo 2 2 —+00
p+0)*=1% z 4 z
S gy B G Sy,
l=—00 l=—o0
that is to say
—+oo
z _
Z [ Ipp+i ((p + l)2 - 12)) +4 Jppri-2 ] (§)p+l 2= 0, (3.13)
l=—00

which leads to the recurrence equation:
Jp,p-‘rl ((p + l)2 — 12)) + 4 Jp,p+l—2 = O, (314)

that is classically used for constructing J;, by obtaining (3.5), but can also be rewritten as (multiply
(3.14) by (2/2)P*'=2 use formula (3.12) and the definition (3.11) of j,; ):

D jpi+4Jpi—2 =0,  Vp,l. (3.15)



Note that, because of (3.5),
Jp =0  for negative [ and odd I.

In particular, for each p, the first (with respect to the index [) non zero j,; is:

jp,O = Jp,p Zpa and D;,Q) jp,O =0. (316)
In the same way, we can write
“+o0 2 . “+o0
YP(Z) = Z (Jpﬁp+l + Yp,—pt1 log 5) (5)_p+l = Z gp,l(z)v (3.17)
l=—00 l=—0o0

having defined

N ZN RN\ —
Ip(2) = (Jp,p-i-l + Yp,—pt1 log 5) (5) [ (3.18)
Then we can use the identity
D2 2%log z = 297 %([¢° — p°]log z + 2q), (3.19)
to substitute v = J,, into (3.9) and obtain
+oo
1 z 2\ _pyl—
2 2 { @+ =) Ty + [ {0+ D2 =) Tog % +20 = p) | Yppt | (5)77F172
l=—o0

+oo
z Z._ _
+ Z {Jp,p+l—2 + Yo —pti—2 1Og§} (5) pH=2 _

l=—o0

which yields, for each [

(p+12=p) Jppri+ [ (P+1)>—p?) logZ +2(1—p) | Yy —pri
(3.20)

z
+4 [Jp,p+l—2 + Yp,—pti-2 log 5} =0,

that is usually exploited to write recurrence relations for the Y, ;’s but that we choose here to
reinterpret as the following identity (using both (3.12), (3.19) and the definition (3.18) of g, ):

D) pa+49p0 =0, Vp,l. (3.21)
Here again, thanks to (3.5) and (3.6),
Upy =0  for negative [ and odd I.
In particular, for each p, the first (with respect to the index I) non zero j,; is:
Ip0 = (Jp,—p + Yp,—plogz) 277, and D} §,0 = 0. (3.22)
3.2.2 Modal expansions of far-fields.
To shorten our presentation, let us give some definitions:
e We denote by Hg ,.(Qx) the space of “H}\, (Qp) functions except at the origin”:
Hg 1c(Qm) = {u € D'(Qu) /¥ ¢ € C5 (), pu € H' ()} (3.23)

with C§5(Qp) = {¢ € C®°(Qx) / 371 > 19 > 0 such that rg > |x| or |x| = r; = p(x) = 0}.

TThe topology on this space is the one generated by the semi-norms [lpull 1 with ¢ € Cgy



e We will say that u € Hé’lOC(QH), such that pAu € L?(Qy) for all p € C55(Qp), satisfies
the Neumann boundary condition except at the origin:

)
a_Z = 0ondQy \ {0}, (3.24)

if and only if
Voe K (Qm), /Q (Vu(x) -Vo(x) + Au(x) v(x)) dx = 0. (3.25)

Note that as soon as u € H} (Qy) and Au € L} (), the above definition corresponds
to the classical variational definition of the Neumann condition (by density of Cg5(Qy) in

Hlloc(QH)) :

o By definition, a far-field is a function u € H, &7 10c(§25r) that satisfies the homogeneous Helmholtz
equation
Au+ w?u =01in Qp,

and satisfies the Neumann boundary condition on 9Qy \ {0} in the sense of the above
definition (3.25).

Remark 3.1 The reader will observe that if a given far-field is outgoing at infinity, then it is
tdentically zero as soon as we assume that it belongs to Hlloc(QH) : this is a consequence of the
standard uniqueness theorem for the Helmholtz equation. In other words, mon trivial outgoing

far-fields will be necessary singular at the origin (with a non-H}, singularity). The functions ub
of the expansion (2.6) will be of that type.

Next, we introduce the polar coordinates (r,6) so that x = —rsinf, y = rcosf, and we will be
concerned with a space of H& loc functions that satisfy the homogeneous Helmoltz equation and
the Neumann condition only in a neighborhood of the origin. More precisely we introduce:

O ={xeQpand0<|x|<R} (=0<r<R 0<6<m)

(3.26)

VQR) = {u € Hj 1,.(Q) / Au+w?u=0in QF and %(r,@ =0,m) =0, 0<r <R}
Note that V(QE) contains all the far fields in the sense of the above definition but also the
limit field uJ (cf (3.1)). The method of separation of variables in (r,6) naturally introduces the
functions (cos pf, p € IN), namely the eigenfunctions of the operator —d?/df? in the interval |0, 7|
with Neumann conditions at § = 0 or 7. More precisely, any u € V(QE) admits the following
expansion (where the convergence holds, for instance in Hy ,,.(Q25)):

+oo
u(r,6) = Y (Lg(u) Yy(wr) cospd + L) Jy(wr) cospe), (3.27)
p=0

where the complex coefficients £)(u) and £)(u) define linear forms in V(Q) that can be also
defined as (setting dp = 1 and ¢, = 2 for p > 0):

6 ™
0 - lim —P
Lo(u) = TILH% p. Yp(wr)/o [u(r,0) cospb] db,
5 . (3.28)
Ly(u) = 71‘1—>I% Wﬁwr) /0 [u(r,8) — £ (u) Yy(wr) cosph] cospb db.

10



According to (3.8), the representation formula (3.27), provides a natural decomposition u = u"%9 4+
u®"™9 as the sum of the regular part ©"¢Y and singular part «**"9 of the field u, namely:

u"(r, 6) Z El »(wr) cosp,
(3.29)
w9 (r, 0) Z EO (wr) cospb.

Remark 3.2 One can show [19] that the coefficients E;(u) can be written as a linear combination
of the y derivatives of u™Y at the point 0. For example, one has:

. 2 Jures . 4 9%ures
L§(u) = u"(0), ﬁ%(u):; 3y (0), Lj(u)=2u 9(0)+E6—y2

(0). (3.30)

The degree of singularity of u can be seen from the coefficients L (u).

Definition 3.1 A function u € V(Q) is singular at order k > 0, if and only if:

LY(u) =0 forp>k = E w(wr) cospd € HY (),

(3.31)

\./»@M
o

( see (3.8)) = (T,9 O( )ifk>0, =O(logr)ifk=0.

Remark 3.3 If we require the far-field to be outgoing at infinity, it is entirely determined in Qg
by the knowledge of its singular part u*™9 (see for instance lemma 4.1). In particular, the set of
outgoing far-fields which are singular of order k at the origin is a vector space of dimension k+1:
such a far-field is determined by the knowledge of the k+ 1 complex numbers Eg(u) for0<p<k.

3.2.3 Solutions of embedded Laplace equations in SAIN.

In this paragraph, we are interested in describing the structure of solutions of embedded Laplace

equations in Q N, 1. e. afamily of functions loc(Q ~) which are inductively related by the equations
(Wlth U,Q =0 and Z/Ll = 0)

ou;

AU; = —4U;_5in Qy and
on

= 0 on d0y. (3.32)

More precisely, we will give two different modal expansions of the functions ¢; in the following
two subdomains of Qy (see figure 9):

Q¥ ={(X,Y)eQn /X <0and X2 +Y2 > 1},
(3.33)

~

Q5 ={(X,Y) e Qn / X >0}
We will use cartesian coordinates (X,Y") in SA)]SV and polar coordinates ((p,#),0 € [0,7]) in (Alﬁ
X = —psin® and Y = p cosé. (3.34)

Modal expansions in the domain SA)H We use again separation of variables in polar coordi-
nates (p,6). A function U € lOC(QH) can be decomposed in the form:

“+o00
U(p,0) = > (U)"(p) cospb, (3.35)

p=0

11



where (U)P(p) = %p/ U(p,8) cos(ph) df, (with dp =1 and §, =2 for p > 0).
0

Our objective is now to describe more precisely the form of the functions (U)?(p) for U = U;. For
i = 0,1, U; is harmonic so that:

VpeIN, DJ[U;)"]=0.

According to (3.16) and (3.22), the kernel of the differential operator D2 is generated by (J,,0(p), Up,0(p))-
Thus if we introduce the particular harmonic functions :

]p,O(Pa 0) = jp,O(P) cospd = Jp p pP cospb,

(3.36)
Yp,0(p,0) = Gp,0(p) cos pf = (Yp,—p + 2T, —plog p) p~? cos pb,
for i = 0,1, there exist two sequences a; = (@ p)peN and 5; = (B;p)pen such that:
—+o0
Ui = (i Ip,0 + Bip Ypo) - (3.37)
p=0

Next, we construct, for each i, two particular sequences (Jp.i,¥p.i,p € IN), that are identically 0
for odd i, and satisfy embedded equations:

AN 0, i ~ ~
Agpi = —4 gpi—2in Qﬁ and % = 0 on 69%0891\/,
n
5 (3.38)
Aypi = —4ypi—2in ﬁ% and % =0 on aﬁﬁmaﬁN.
n
These functions are constructed from the functions (jp ;,¥p;) introduced in section 3.2.1:
Ip,i(p,0) = Jpilp)cospd = Jppii pP* cospb,
(3.39)

Yp,i(p,0) = Gp,i(p) cospl = (Ypﬁpﬂ' + 2 Jp—pi log P) p~ P cospb.
The reader will remark that:
e The formulas (3.39) define j,; and y,; for any ¢ with 7,,; = yp; if ¢ <O0.
e The log term appears in the definition of y,, ; only for i > 2p (J,, _p+; = 0 for i < 2p, see (3.6)).

e Except for i = p = 0, the functions j,; are increasing at infinity while the functions y, ;
grow only for ¢ > p. In this case, 7, ; grows strictly more rapidly than y, ; (except for p = 0).

e Using in particular (3.5) and (3.6), it is possible to show that the functions { (7., ¥p.i) / P €
IN, i € 2IN } are linearly independent.

Remark 3.4 The introduction of jp; and yp; for odd i may appear as a strange choice since
they are identically 0. This is only for convenience and will permit us to write our forthcoming
calculations in a more compact form.

Then, we are able to prove, by induction on ¢, the following fundamental lemma:

Lemma 3.1 Let {(U;) /i € IN} be a family of functions in Hlloc(ﬁN) satisfying (3.32), then there
exist two sequences { (api, Bpi) / (p,i) € IN* } of complex numbers such that:

+oo 4
Ui = Z Z (O‘i—lm Jpi + Biip yp,l) in Hi,e (). (3.40)
p=0 1=0
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Proof. First, note that the result is true for ¢ = 0 and 1 with the sequences (ap.0, 5p0) and
(ap,1, Bp,1) introduced previously ((see (3.37) and the fact that 7,1 = yp,1 = 0). By induction, let
us admit that the sequences (a1, Bp,1) have been constructed up to [ =i — 1. Let us introduce
(remember that 7,1 = yp1 =0) :

+oo 1 +oo 1
U = Z Z (aifl,p Ipl T Bi—ip yp,z) = Z Z (Oéifl,p Ipl + Bi—ip yp,l)- (3.41)
p=0 l=1 p=0 1=2

We have (successively, we use (3.38) and apply the change of index | — [ — 2):

+oo 4

AU = Z Z (Oéifl,p Ajgpr + Bicip Ayp,l)

p=0 1=2

+oo i

—4 Z Z (ai—l,p Ipi—2 + Bi—ip yp,l_z) (3.42)
p=0 =2
400 i—2

_42 Z (ai—2—l7p Ipl + Bim2—ip yp,z) = —4U;_».

p=0 1=0

The function U; — U} being harmonic in Qﬁ, we know that there exist two sequences of complex
numbers, that we choose to denote respectively by (o ,,p € IN) and (8;,p, p € IN), such that:

+oo
U —U; = Z (Oéi,p Ip0 T+ Bip yp,o) (3.43)
p=0
and the proof is completed. |

Remark 3.5 Since the proof is done by induction, it is clear that the result of lemma 3.1 is also
valid for finite families {U;,i > N}, satisfying (3.32) for i < N, in which case (3.40) holds for
1 < N. This remark justifies recurrence proofs that will be done later.

The previous lemma suggests to introduce the (increasing with i) subspaces of H lloc(ﬁﬁ)

Vi) = Span{(3p1,yp1), pEN, 1 <i }, (3.44)

l

(more precisely, the closure in H} (Qﬁ) of the space generated by the jzl) and y,, for I <14) and

loc
~ JFOO o~
VR = [J @) (3.45)
1=0

On V(Q), we can define linear forms U € V(QH) — BOU) e Cand U € VQE) — LU) eC
as the coefficients of U associated the functions (7,0, ¥p.0)). More precisely, ég(l/l) and E;(L{) are
characterized by:

+00 too
VU e V(Q%), U- Z (Eg(u) Jp.o T+ E;(U) yp,O) = Z Z (Apt gpi + Bpiypr)  (3.46)
p=0

1>1, finite p=0

Looking at the expansion (3.40) one sees that £)(U;) = a;p and £4(U;) = B; . Thus, the informa-
tion provided by lemma 3.1 can be reinterpreted in a form that we state as a corallary:

Corollary 3.1 Let (U;) be a family of functions in H} (SA)N) satisfying (8.82), then:

loc

e The function U; belongs to V;(QH).
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e [t can be expanded as

4o 4

U= > (LyUizt) gpa+ L Ui—1) ypi ) - (3.47)

p=0 1=0

Remark 3.6 Once again, the previous corollary is valid, modulo obvious modifications, for finite
families U; (see also remark 3.5). Note that (3.47) means that, once the functions U; are given
for 1 < i, the coefficients (Eg(ui),ﬁé(ui)) are the only decrees of freedom for U;, as it was clear in
the proof of lemma 3.1.

Modal expansions in the domain SA)ZSV We use the separation of variables in (X,Y"). Let us
introduce the functions:

Yp(Y) = cos (pr(Y +1/2)), peN, (3.48)
namely the eigenfunctions of the operator —d?/dY? in the interval | —1/2,+1/2 [ with Neumann
conditions at Y = £1/2. Any function & € H}_(QF) can be decomposed in the form:

loc

—+oo

UKXY) = D UT(X) (V). (3.49)

p=0
This is in particular the case for each function U;. For ¢ = 0 and 1, i; is harmonic and therefore:
i), — p*=* U], = 0. (3.50)
Hence, there exist two sequences v, ; and J,; such that:

+oo
U = > [VN p,0(X,Y) + 0pi dpo(X, Y)} (3.51)

p=0
where ¢, ¢ and d, o are given by:

epo(X,Y) = e X g (V) forp>0, coo(X,Y) = 2iX,

. (3.52)
dpo(X,Y) = e P"* 9 (Y), forpeN,

where, for the definition of ¢, the factor 2i has been introduced for convenience. Now, we
introduce two families of functions ¢, ; and d,, ; for p € IN and ¢ € IN* | which are identically 0 for
1 odd, and satisfy by construction:

. dcy.; .
Acyi = —4cpioinQF  and i — )on o0 N0y,
R gn o (3.53)
Ady; = —4dy;»in QY and af“ = 0 on 9QF N0y
n
These functions are given by
pi(X,Y) = Gpi(X) ePTX 4, (Y),
R (3.54)
dpi(X,Y) = dpi(X) e7P™ 4 (Y),
where the functions ¢, ; and c?p,i are uniquely defined by:
¢ —2mp e = 4G 2 (= (21)°Gia), .i(0) =¢,,;(0) =0,
(3.55)

~ ~

d) +2mpd), = ~4dyis (= (20)2 dpiza), dyi(0) = d/;(0) = 0.

14



Starting (see (3.52)) from o0(X) = iwX, ¢,0(X) = 1 for p > 1 and dpo(X) = 1, for all p. By
induction on ¢, one easily sees that:

Vi>0, (Coidos)€P ™ xP! and (Gpirdy,) € PP x P!, Vpe N (3.56)

where P is the space of polynomials of degree less or equal to i. Moreover, for even 4, the degree
of ¢,; and dp; is exactly i (or ¢ + 1 for ¢p;). In what follows, we shall not need the explicit

expression of ¢, ; and c?m except for p = 0 for which one easily shows that:

(2iX)2l+1
QI +1)

(2iX)2
20)!

We state then the following lemma, whose proof is identical to the one of lemma 3.1:

Co.21(X) = do2u(X) = (3.57)

Lemma 3.2 Let (U;) be a family of functions in Hlloc(ﬁN) satisfying (3.82), then there exist two
sequences (Yp,i, 0p,;) of complex numbers such that:

+oo 1

= ZZ {’71),1'_1 Cpl + Opi-i dp,l} m Hlloc(ﬁi)- (3.58)

p=0 [=0

As in the previous paragraph, we introduce:
Vi) = Spant{(cpidpn), pE N, 1< i}, VX)) = |J V(@) (3.59)
and linear forms U € V(Q3) — LiU) e Cand U € VQS) — L}(U) € C such that:

VU e V), U- Z U) cpo+LyU) dpo) = > > (Cpicpi+Dypidypr). (3.60)

I>1, finite p=0
We can then rewrite lemma 3.2 as:
Corollary 3.2 Let (U;) be a family of functions in loc(QN) satisfying (3.32), then:
o The function U; belongs to VZ((AZ%)

e [t can be expanded as

+oo 1

U; = ZZ Ui_; Cpl+L(u )dpl) (3.61)

p=0 [=0

Remark 3.7 Here again, lemma 3.2 and corollary 3.2 are valid for finite families U; (in the sense
explained in remark 3.5).

3.3 Presentation of the coupled problems defining u?, U U* for i > 0.
For indices (i,k) ¢ J (see (2.4) and figure 4), we adopt the following convention:

uk =0, U =0 UF=0  V(k) ¢J. (3.62)

(2

The problem to be solved is:

Find the family of functions uf € Hj (), U € loc(QN) and UF € H} (R") with (i,k) €
J\ {(0,0)} such that:

TMore precisely, the closure in H} (Q%) of the space generated by the cé and dé for 1 <1

loc
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e For each (i, k), the function u¥ belongs to V(Q£) and is a singular outgoing solution of the
Helmholtz equation in Qp satisfying:

ouk
Au eru = 0in Q and L = 0 on 012 0}, a
" o m \ {0} (a) (3.63)
LO(uf) =0, Vp>i—k. ()

e The functions U¥ belong to V(ﬁ%) N V((AZ%) and are, for each k, solutions non homogeneous
embedded Laplace equations:

k ko auf
AU = —4U;,in Qy  and B 0 on 9y, (a)
mn
_ ; 3.64
Eg(uﬁ) =0, Vp>i—k, (b) (3.64)
LOUF) =0, Vp>o0. ()

e For each (i, k), the function UF is an outgoing solution of the 1D Helmholtz equation in R,
namely:

UF(x) = UF(0) expiwz. (3.65)
e The behaviors of uf at the origin and of U} at infinity in Qﬁ are linked by the conditions:

LO(uy) = GUf,), for 0 < p<i—k,

(3.66)
our) = Lylu )+—£°( ) for 0 < p<i—k.

e The behavior at infinity of U} in (AZ% is linked to the behavior at the origin of UF and U} ,,
namely:

Lo@F) = UE,(0) and  LyuE) = UK). (3.67)

The reader can refer to (3.26) (3.44,3.45) and (3.59) for the definition of the spaces V(QR), V(QH),
V(QF). In these spaces we can define the linear forms LY, Ly, 69, £}, Ly and L, which give the
spatial asymptotic expansions of u¥ and UF via equatlons (3. 29) (3 47) and (3. 61)

Remark 3.8 Conditions (3.63,b), (3.64,b) and (3.64,¢,3.67) give (non optimal see remark 4.3)
information on the far-field singularity and on the near-field growing in the half-space and in the
slot. The conditions (3.63,b) could be replaced by : u¥ is singular at order i-k (see definition 3.1).
The conditions (3.64,b) is equivalent to UF(p,0) = O(p'~* logp) when p — +oc. Indeed, the
modal expansion (3.47) (withUF , =0 for 1 > i — k) leads to:

+oo i—k +oo i—k
ZZ(EO i—l ]pl)+z (51 il ypl) (3.68)
p=01=0 p=0 1=0
Due to (3.64,b), one has (5(UF_) =0 forp>i—1—k:
i—ki—k—I 400 i—k
> (fo i1 Jp,)+ZZ(€1 1) Yp,l ) (3.69)
=0 p=0 p=0 =0

As p+1 is smaller than i — k in the first sum, this yields when p — 400 to:
U = O(p ) + 00" logp).  (jpu = Op"™) and ypi = O(p~"* logp)  (3.70)

One can also easily see that (3.64,¢,3.67) leads to UF = O(X'=*) when X — +oo. We say that
Uk is growing at infinity at order i — k.
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3.4 Derivation of the coupled problems.

In this section, we are going to derive equations (3.63), (3.64), (3.65), (3.66) and (3.67).
Derivation of the equations (3.63,a), (3.64,a) and (3.65,a). The calculations are straight-
forward and the details left to the reader.

e (3.63,a) follows immediately from substituting (2.6) into the Helmholtz equation (and Neu-
mann condition) written in Qg (g). The fact that u; is outgoing follows in the same way.

e (3.64,a) is obtained by substituting the Ansatz (2.12) into the Helmholtz equation (and
Neumann condition) written in Qp(¢).

e Finally, substituting (2.8) into the Helmholtz equation (and Neumann condition) written in
Ng(e), we get:

w2 O2UF _ PUL, 277k 0 O
*Z Y2 = a2 + w Ui—2’ in Qg
02Uk 02UF

o7 (z,0) = o7 (z,1)=0, z>0.

(3.71)

1
Setting UF(x) = / UF(z,Y) dY, after integration of (3.71) over Y, we easily get:
0

92Uk _
am5 +w?UF =0, z>0.

which leads, using the outgoing condition in the slot (we omit the details) to:
Uk(z) = UF(0) expiws.

To conclude it suffices to show that, for any i > k, Ui’C is constant in Y so that Ui’C = [71-’“.
This is immediate for i = k,k + 1 (92UF/0Y? and OUF /OY vanishes for Y = 0 and 1) and
obtained by induction for ¢ > 2.

Matching between far-field and near-field: derivation of (3.63,b) (3.64,b) and (3.66).
Here, we choose to derive the matching condition using the identification of formal series. However,
the alternative Van Dyke matching principle (see [21]), modified adequately to take into account
the presence of the logarithmic terms, leads to the same result.

We consider the overlaping zone in ). for near and far-fields:
QuEe)NOn(e) = {(z,y) €U /<0, n5(e) < r < nhe)}) (3.72)

In this zone, we express u via our two Ansatz (2.6) and (2.12), written in polar coordinates:

fZ (%E) log" (55 ul(r.0) = u(r.0) = ioz (%) log" () Ur(Z,0). (373)
=0 k=0 i=0 k=0

In the rest of this section, we shall write infinite sums over i € | — co; 00|, k € | — 00; +00],
p € [0;400] and | € | — 0o;+00[. This has the advantage of simplifying the manipulations of
infinite sums and is completely justified, as the reader can easily check, thanks to our convention
(3.62). First, thanks to (3.63,b), we can expand spatially the functions uf via the equation (3.27).
Then, denoting, by R the left hand side of (3.73),

L= Z (%E)l log" (%) (Eg(uf) Y, (wr) + £;(uf) Jp(wr)) cos pl. (3.74)

i,k,p
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For the right hand side R of (3.73), we expand the functions U} using (3.46) and corollary 3.1,
which can be applied to each family i — UF thanks to (3.64,a). We get

R=3 () 108" (S2) (0@ 1pal.0) + GUE) wpa50)). (375)
i,k,p,l

Using the definitions of the functions 7, ; and y,; (see (3.39), we get

R = Z (%)Z log" (%E) UL Tpp (g)pﬂ cos pf
i,k,p,l .
+ Z (%5)1 logk( )gl(uk )( o—ptl + ; log Jp, pH) (Z) p+lCOSp9
i, k,p,l o
- Z (%)Z o 1ng( )EO(U 1) Jppt (%r)pﬂ cos pf
i,k,p,l a )
n Z (%)z l+p logk( )El(uk )( ot + = log 27“ Jp7_p+l) (%) p+l1 Cospe
i,k,p,l
it 2 —p+l
- X () () 0 ()™

where we have used log(r/e) = log(wr/2) — log(we/2). Applying, for the summation over 4, the
change of index ¢ — ¢ — [ — p in the first sum and ¢ — ¢ — [ + p in the last two, we obtain

R = Z (%E)l log" ( ) EO(Z/lerp) Ip,p+i (%)pﬂ cos pb
+ Z (%E)l logk( ) our,) ( o—ptl T ; log WTJpﬁ,pH) (%)_pﬂ cos pf
ik,

C () o (D) ) 2 e () o

i,k,p,l

We recognize in the sums over [, the expansions (see (3.4)) of J,(wr) and Y, (wr). Thus

R = Z (W_E)l log" (W_E) [(ﬁg(uf+p) - % E;(Uf:pl)) Jp(wr) + E;(L{i]ﬂp) Yp(wr)} cos ph.

2 2
i,k,p
Identifying the terms of the two series L and R, leads to:
2 _
Lo(uf) = LU, and  Lo(uf) = LUL,) — = LU (3.76)
or equivalently to the coupling conditions:
00, ky — pligk 07k 1 0, k-1 .
Ep(uz) - Ep(ui—p) a‘nd Zp(uz) ‘C ( ) + - ‘C ( p)7 Vlvkap' (377)
The matching conditions (3.66) are nothing but (3.77) specified to 0 <[ < i — k.

The conditions (3.63,b) (u¥ is singular at order i — k) are obtained by remarking that, for p > i —k,
0 _ glggk N
Ep(ui) - gp(ui—p) =0
since i — p < k means that (i — p, k) does not belong to J and thus Uikfp =0

The conditions (3.64,b) also follow since, if p > i — k, (i — p,k) and (i — p,k — 1) do not be-
long to J so that
ub = uf” pl , = 0:>€2(Uf) =0. (see 3.77)
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Matching between near-field and slot-field: derivation of (3.64,c) and (3.67). We
consider the ovelaping zone in ). for near and slot-fields:

On(e)NQs(e) = {(z,9) € Q% /2 <0, nyle) < v < (o)} (3.78)

In this zone, we express u® via our two Ansatz (2.6) and (2.12), written in cartesian coordinates
(using again the convention (3.62)):

5 () o () D = e = T(5) b (5) vy 001
i ik

Denoting by R the left hand side of (3.79), we have (3.27), using (3.65) and replacing exp iwz by
its series expansion (the reason for writing the second line below will appear later),

l

- () e () o[y e

ikl

(3.80)

Next, we expand the left hand side L of (3.73) using equation (3.61) of corollary 3.2 , which can
be applied to each family i — UF thanks to (3.64,a). We get

L= (%E)Z log" (%E) [Lﬁ(uifz)cpz(f 2) + LyU) dy, (E,g)} (3.81)
i, k,p,l

Noticing that for p > 0, the quantities d;,;(Z, £) are O(¢*°) terms in Qx(e) N Qs(e) , this can be
rewritten as:

L = Z (%E)Z log" (%E) [Lg(uik— )501( ) + LoUE) dou(= )}
() e () 9@ 2a(D) v+ 0()

p>1 4k,

(3.82)

where we have isolated in the expansion the term which is a function of z only. Using the expression
of ¢p; and do 1, we thus have:

b= 3 (5 ) et () [rhes %Mé(uﬁz»@i;jﬁ”
i ;;(% log’ (%E) ) Tal2) wn(L) + 0()
+ ;(%E)Hl g (5 ) b (Uea ’”Z)Ql
+ L () 08 () -0 2D vl + 0f6™)

or equivalently, after change of index in the sum over 1,

b= T ) [ G e B
b () s () B0 ) a2 v + 0. |
o1kl
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The identification of (3.80) and (3.84) leads to:

Vik,  LUE,) = LoUl) = UF(0)
(3.85)
Vik, VYp>1, LOUF) =0.

This is nothing but (3.64,c) and (3.67).

4 Existence and uniqueness result

The object of this paragraph is to prove the following result:

Theorem 4.1 There exists a unique family of functions u¥, UF and UF for (i,k) € J\ (0,0)
satisfying equations (3.63) (3.64) (3.65) (3.66) and (3.67). Moreover, ul =0,Vi > 1.

Preliminary step. The first step is to eliminate the UF’s using the equations (3.67). One sees
that if ((uf, UF,UF), (i,k) € J) is solution of ((3.63), (3.64), (3.65), (3.66), (3.67)) then ((uf, UF),
(i,k) € J) is solution of to the problem:

Find v} € Hy,,.(Qm) outgoing and U} € H} _(Qy) such that:

Ouk
Auf + wPuf =0 inQy and S5 =0 on o0\ {0},
on (4.1)
0(nk) — ;
Lo(uf) = 0 forp>i—k.
~ k .
AUF = —4UF, inQn and 6(;/{1 =0 ondQy,
n
ky — : 4.2
oWUy) =0 forp>i—k, (4.2)

LyUF) = LyUf,) and LYUF)=0 forp>0.

L) (uf) = yUf,), for 0 <p<i—k,
074k 1/, .k 2 0/, k—1 . (4'3)
U = Ly(ui_,) + - L, (ui=,), for0<p<i—k.

Reciprocally, one checks easily that if ((u?, UF¥), (i,k) € J) is solution of the problem ((4.1), (4.2),
(4.3)). Then, defining
UF(x) = LyUF) expiwx, (4.4)

((uk, Uk UF), (i, k) € J) is solution of ((3.63), (3.64), (3.65), (3.66), (3.67)).

Uniqueness. By induction on (i, k), it is easy to see that the uniqueness result will be obtained
if we are able to prove that the unique solution (u,U) of the following problem:

20



Find u € Hol,loc(QH) outgoing and U € Hlloc(ﬁN) such that:
2 . ou
Au + w?u = 0iny and —— = 0on 90y \ {0},
on (4.5)
0 -
L,(w) =0 forp>0.
N 9 .
AU = 0in Qny and _U = 0 on 0Qy,
on
0 _ :
OuU) =0 forp>0, (4.6)
0 _
L,U) =0 forpeIN.
Lo(u) = L),
(4.7

0ou) = Lyw).
is the trivial solution u = U = 0.

To show that u = 0, we remark from (4.5) that it suffices to prove that £J(u) = 0. Indeed,
this will imply that u is a regular outgoing far-field and is thus identically 0 (see remark 3.1).
From the first equation of (4.7), we see that it suffices to show that £§(U) = 0.

Since U is solution of a homogeneous Laplace equation in 0 ~ with homogeneous Neumann con-
ditions, we can write its modal expansion in Q& using (4.6), as follows (see (3.47) with i = 0):

—+00 +o0
U= (5U) gpo+ 0U) ypo) = LMU) 100+ > L4U) ypo. (4.8)
p=0 p=0

Next, the key remark is that, for p > 0, both 7,0 and y,,0 have mean value 0 with respect to 0
varying in |0, 7[. Therefore, for any p > 1 we have:

= [(u0y o = [ molo8) a8) 800+ (5 [ wmale.0) ) B0, 49

™

that is to say, using the expression (3.36) of jo,0 and o0
L [" 1 2 0
= | ulp.0)do = @) (Y070 + = Joo 1ogp) + OWU) Joo, Vp>1. (4.10)
0

By differentiation with respect to p, we get rid of the term in £3(U) and obtain, since Jy o = 1:

™ U 2, L1 [T
S0 =~ @) = (1) den=7 [ 500.6)d (4.11)

Then, to obtain 68(2/[ ), we integrate the Laplace equation over the domain
O = {(p0) eQn /0<p<Tand 0< 0 < 7}, (4.12)

which, using Green-Riemann’s formula, leads to:

ou ™ oU 3 ou
/%Au 7/6 = /O a—p(l,ﬁ)dGJr/_%a—X(O,Y)dYO. (4.13)
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Moreover, since U is harmonic in (Al%, we know (see lemma 3.2) that the function

is affine. More precisely:

/E UX,Y)dY = LiU) +2i LYU) X = LYU), (4.14)

1
2

where we have used the last equation of (4.6). Therefore, after differentiation in X

=

S—Z(O,Y) dY = 0 = (using (4.11) and (4.13)) £5U) = 0, (4.15)

which we wanted to show. Once u = 0, we observe, using the first equation of (4.6), that U
satisfies:

AU = 0in Qy and g_u = 0 on Oy,
mn

o) 0 forpeIN and € U) = O, (4.16)

0 —
L,U) = 0 forpelN.
Therefore, we see that U admits the following expansions (use (3.47) and (3.61) with ¢ = 0):

+oo
U=> 0U) ypo, inQF,
p=1
00 .
U= LyU)dpo, inQf.
p=0
Since the functions y, o for p > 0 (resp. dp for p > 0) decay at infinity in Qﬁ (resp. SAIZSV) and

since dp o = 1. this yields:

lim sup [U(p,0)] = 0 and U is bounded in Q3. (4.17)

P=+0 gco,n]
The rigorous proof requires to pay attention to the infinite series. This is where the H lloc regularity
comes in and permits to get uniform bounds. We refer to [19] for more details.
It has been shown in [20] (see lemma A.1) that this implies that &/ = 0. |

Existence. With the next lemmas 4.1 and 4.2, we introduce some “basis functions” (defined as
solutions of uncoupled problems) in order to reduce the problem to a finite dimensional one.
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Lemma 4.1 For all p € IN, there exists a unique w, € H&,loc(QH) satisfying:

ow
Aw, + w?w, = 0in and —2 = 0 on 09 0},
D D H on H\{} (4.18)

Eg(wp) =1ifp=q and Eg(wp) = 0 else.
Proof. Due to (3.31), we first remark that the second line of (4.18) is equivalent to:
w, — Yp(wr) cos(pf) € Hp.(Qp). (4.19)
Then, to prove the existence and uniqueness of wy,, we introduce the new unknown:

wy(r,0) = wy(r,0) — x(r) Yp(wr) cospt (4.20)

whith x a C* cut-off function equal to 1 near r = 0 and equal to 0 for » > R. The function
w, satisfies a standard Helmholtz problem with Neumann boundary condition and source term
compactly supported in the open Q. Classical theorems apply. ]

Remark 4.1 In the special case where there is no obstacle in the half-space (B =0), the w, are
known explicitly:

1
wy(r,0) = 1 Hél)(wr) cos pf with H}Sl)(z) = Jp(z) + 1Y,(2). (4.21)

Lemma 4.2 For all p € IN, there exists a unique family of functions Wy € Hlloc(ﬁN) N V((Alﬁ) N
V(QR), with | € IN, satisfying:

AWy = —4Wp 2 in SA)N and a?:f’l = 0 on aﬁN, (Wp1 =0 forl <0)
Wp1) = 1ifg=pandl=0 and ()(Wp1) = 0 else, (4.22)

LEWpi) = LiWpu—1)  and  LYW,1) =0 for g > 0.

Moreover, one has for p in IN:

6(Wpo) = 0. (4.23)
The proof of this lemma is more delicate and postponed to the appendix A.

Remark 4.2 One can easily check that Wy o = 1. Moreover, one can obtain more informations
about the Wy o and Wy 1 for p <1 using conformal mapping techniques.(see [14]).

We can now proceed to a constructive existence proof (that can also be used as an algorithm
for numerical computations). To shorten the presentation, we have chosen to introduce some
formalism, taking the risk to add some abstraction. However, we hope this will not hide the idea
of the proof which is simple : it consists of looking for each u” (resp. UF) as a particular (finite)
linear combination of the w,’s (resp. W,,;’s) defined above.

We shall work with sequences with three indices:
a={(a), cC/(i,k)€I\{(0,0)} and p € IN}.
and we shall denote by S the subset of such sequences such that:
S ={a=((a}),) / (af)p =0 for p>i—k}. (4.24)
To any a € S, we shall associate respectively:
a* ={(a¥), € C/peNandi>k}, a “two indices’-sequence,

(4.25)
ak = {(a’?)p e C /peN}, a “one index”-sequence.

K2 K2
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Note, due to (4.24), each sequence a¥ can be identified to a vector of C'=*+1.

To a sequence a € S, we also associate the family of functions in H} (Qy) defined by :

+oo
u(a) = Z (a¥), wy, (i,7) € T\ {(0,0)} (due to (4.24), the sum is finite). (4.26)

p=0

By definition of the w,’s, each u(al) is an outgoing far-field in the sense of section 3.2.2 and:

Ly(u(af)) = (af)p, V(i k) € I\ {(0,0)}, Vp € IN. (4.27)
To another sequence A € S, we associate the family of functions in H lloc(ﬁ ~) defined by :
400 1—k
U;(AF) = Z Z(Af,l)p Wi, (i,k) € J\{(0,0)} (once again the sum is finite), (4.28)
p=01=0

where, by convention, we have set (this is needed for defining U;(A*) when i and k are zeros)
(A9 = uf(0) and (49),=0, Vp>0, (4.20)

Note that this convention permits to extend the validity of the formula (4.28) to i = k = 0. Indeed
this gives Up(A”) = ud(0) Wo,o with Woo =1 (see (3.2)).

By definition of the W, ,’s, each family i — U;(A¥) obeys to embedded Laplace equations in
QY with Neumann boundary conditions on 9Q%. Indeed:

+o0 i—k +00 i—k
Aui(Ak) = ZZ(AQZL)]B AWy = ZZ(Ai&l)p AWpi-2. (4.30)
p=0 =0 p=0 1=0

Making the change of index [ — 2 — [ and exploiting W,,; = 0 for [ < 0, we get:

+oco0 i—k—2
AU(AR) = =4 Y 3 (AF o )y Whalp,0) = —4U;o(AY). (4.31)
p=0 =0

Moreover, by construction of the W, ;’s, one has
O(UAR) ) = (AD)p, V(i k) € T\ {(0,0)}, Vp € IN. (4.32)
and, by manipulations similar to the ones we applied to obtain (4.31), one shows that:
LY(U(A")) = = Lo( U1 (AY)).
The idea is now to construct adequately the sequences a and A in S so that:

u(a¥) and UF =U;(AF). V(i k) € T\ {(0,0)}. (4.33)

K2

k
Us

be solution of (4.1), (4.2) and (4.3).

We first notice that, whatever is the choice of a and A in S, (4.1) and (4.2) are automatically
satisfied. It remains to ensure the coupling condition (4.3), which will define inductively on (7, k)
the sequences af and AF.

Assume that the sequences aé— and Aé- have been determined for (j,1) < (i,k) in such a way
that equations (4.3) (after having replaced (i, k) by (j,1)) are satisfied, for all (j,1) < (i, k), by
uh = u(a}) and U} = U;(AY). We explain below how (4.3) leads to the construction of af and A¥.

24



In the rest of this paragraph, we set, for simplicity, u¥ = u(a¥) and UF = U;(AF).
If i > k, we begin by determining the (a¥),’s and (A¥),’s 0 < p < i — k. We note that writing
(4.3) for 0 < p < i — k gives, taking into account (4.27) and (4.32),

2 _
(af)p = GUZ,) and  (AD)y = Ly(u,) + = Ly(w7) (4.34)

which determines the (af),’s and the (AF),’s from the previous (j,1)’s since (i — p, k) < (i, k).

In any case (i.e. even if i = k), it only remains to determine (a¥)o and (A%)q in order to satisfy
(4.3) for p = 0. Using again (4.27) and (4.32), the first equation of (4.3) with p = 0 gives:

+oo i—k

(af)o = L3(uf) = GWE) = DD (AL )y (W) (4.35)

p=0 [=0

As, for all p >0, £§(W,0) = 0 (see lemma 4.2, (4.23)) , this can be rewritten:
(af)o = (AF_)p L5(Wpy), for 0< k <i—1and (a})o =0 (4.36)

which determines the (af)o’s and from the previous (4, 1)’s since (i — [, k) < (i, k) for I > 0.
Finally, by (4.32), the second equation of (4.3) gives :

i—k
(4o = S (ah)y Lhlwy) + 2 L84) (4.37

p=0

This concludes the proof of existence and uniqueness of the u¥’s and U¥’s. Moreover, an immediate
consequence of (4.26) and (4.36) is uf = 0 for all k # 0. [ ]

Remark 4.3 One can prove (see [19]) that, fori > k, the functions u¥, a priori singular at order
i — k, are in fact only singular at order i — k — 1 (this is what we announced in section 2, see
(2.14)). In the same way, one shows with the same type of arguments that the growth at infinity
of UF in ﬁ% is less than the O(p*~* logp) growth predicted by remark 3.8. More precisely, one

shows that (2.17) holds.

A  Proof of lemma 4.2

Let us recall first an existence and uniqueness result for a Laplace equation in the domain On
with prescribed behavior at infinity. This result is proven in [20]:

Lemma A.1 Let Uy € HE (Q), Us € HL (%) and f € L2 (Qn) such that:

loc
~ 19
AUy = —f, in QF, oUn =0, forx=0,
ox
ou (A1)
AUs = —Ff, mf\li, 6—5 =0, fory=0o0ry=1.
Y
There exists a unique U € Hlloc(ﬁN) such that:
. P .
AU = —f, inQn, ou =0, ondQpn,
on
lim  sup |U(p,0) —Un(p,0)] = 0, (A.2)

P=+0 gcio;n]

U — Us is bounded in (AZ%

25



if and only if:

™ QU > s
—(1 —(0,Y) dY = A.
| S+ [° Gy + [ far=0 (A.3)

W=

where ﬁ%, ﬁ% and QJIV are defined in (3.33) and (4.12).

Remark A.1 The condition (A.83) is analogous to the classical compatibility condition for the non
homogeneous Neumann problem for —A in bounded domains. The proof of lemma A.1 consists
in reducing (A.2) to a similar problem with homogeneous conditions at infinity. This is done by
subtracting from U an appropriate function which is constructed with the help of Uy and Us and an
adequate truncation process. Then, the homogeneous conditions are handled through a variational
formulation in weighted Sobolev spaces. Finally, the use of Hardy’s inequalities permit to show
that Laz-Milgram’s lemma can be applied to the new problem.

For p € IN given, the functions W,,; will defined by induction over [, using lemma A.1.

Construction of W, ; for | =0. According to lemma 4.2, we look for W, ¢ solution of

IWpo

SL2 = 0on 0. (A.4)

AW,o = 0in Qy and

and satisfying:
(Wpo) = 1ifg=p and )(W,0) = 0 else,
(A.5)
LIWp0) =0 for g > 0.

We are going to transform the problem (A.4, A.5) into an equivalent problem to which lemma A.1
can be applied.

In this goal, applying (3.47) and (3.61), for ¢ = 0, to the function Uy = W, o, we see that the
conditions (A.5) are equivalent to:

~

“+o0
Woo = Jpo + Y Li(Wpo) Ygo, in QU
+oo =0 (A6)
Woo = LiWp0) dgo, in Q3.
q=0

Since, for all ¢ > 1, the functions y4,0 (resp. dq,0) decay at infinity in (Alﬁ (resp. (Ali) and since
doo = 1, one sees that (A.5) is also equivalent (see [19] for details) to :

lim {Wp0(0,0) = Gp0(p,0) = £5(Wpo) wo0(p,0)} = 0,

p—-+o00

(A7)

Wp.,0 is bounded in SAIZSV

We next prove (4.23). For this, we integrate (A.4) over ﬁfv and apply Green formula, we get

W, 0 ™ OW, 0 T W,
- A — i P21 L Y)dY. A.
0 /ﬁ{v Wpo /6% = /O o oy + [ 2200, v)d (A3)

1
2

Next, we use the modal expansions (A.6) and the fact that, for ¢ > 0, the functions cos g6 (resp.
14(Y")) have mean value 0 in [0, 7] (resp. [—1/2,+1/2]) we get:

L ddy o
0X

/ 199 1,9) do + zg(wp,o)/ Y0.0(1,0) do + LE(Wp.0)
0 0

1Y) dY = 0.
dp o Op (1Y)
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which yields, since jo,0(p,0) = 1, yo,0(p,0) =1+ 2logp and doo(X,Y) =1,
AWp0) = 0. (4.9)

Hence, we have proven that (A.5) is equivalent to:

lim _ {Wp,o(p, 0) — jp,o(Pﬁ)} =0,

p—+

(A.10)
Whp,o0 is bounded in Q3.
Finally, the existence and uniqueness of W, o are ensured by lemma A.1 with:
f =0, Ug = jpo, Us = 0. (A.11)

Construction of W, ; for [ > 1. We suppose that the W, ,,’s are defined for all m < [. Then,
according to lemma 4.2, we look for W,,; solution of:

AW, = —4Wp, 5 inQy and % = 0 on dy. (A.12)
n

and satisfying the conditions at infinity for any m < I:
OWpm) = 1ifg=pand m=0 and (5(W,.m) = 0 else,

(A.13)
LEWpm) = LiOWpm—1) and  LYWpm) =0 for ¢ > 0.

First, we apply (3.47) and (3.61), for i = [, to the family (W, ;)o<i<i- Using and the analytic
expression of ¢, and dom (3.57), we get:

Pal jp,l + Z Z [ p,l m yq,m; in ﬁ%,
mom=r (A.14)
(2iXx)™ PN
ZLO p.1—m.) ] JFZZL Wpi—m) dgm, in Q3.
q=1m=0

Thanks to Green-Riemann’s formula, one has:

W, T OW, ., 3 W,
AW, B / Pt _ / b, 1, 0) do + / = 0) Y)dy. A.15
QL o sar  On o Op 1.9) 90X 0-x) | )

N

For ¢ > 0, the functions cos (¢gf) (resp. 14(Y)) have mean value zero in [0; 7] (resp. [—1/2;1/2]).
Thus, equations (A.12) and (A.14) lead to:

71Fa]l " ayOm
4 W,:/ p’10d9+§£ m/ " (1.0) df
~ p,l—2 0 ap( 0 Pl ) 0 ap ( )

QL oot (A.16)
+ 2 LWy 1—1).
. ayoo _
Hence, since 3 —==(1,0) df = 2, we get the expression of £5(W,,):
0 P
1 (™87, " Oyo,m
0 = —= Ll d9—— LW 1—m / ™ (1,0) df
Jvn) = -3 [ Z Woien) [ 202 (1,6)
(A.17)

—1i L(l)(Wpylfl) -2 o1 Wh,i—2 (= N;nyl)-
N
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For all ¢ > 0, y4,0 and dg o decay at infinity . Using a second time the modal expansions (A.14),
one shows that conditions (A.13) are equivalent to (see [19] for details):

{Wp,l = Jpl = Hp1 Y00 — Z Z [ Wh.i—m qu}}(ﬂﬁ)

q=0m=1

lim  sup =0,

P=+ gcio,7]

l (A.18)
Z LEOWp1—m) Z Z [ Wp.i-m dq,m} is bounded in (AZ%
g=1m=1
Let us set f =4 W, ;_» and define Uy and Ug as:
Ung = Jpi + Hpi yoo+z Z [ Whp,i—m yq,m}v
l o (A.19)
Us = Z Wi ) 21X Z Z [ Wit dq,m:|-

To apply lemma A.1, it remains to check that Uy, Us and f satisfy (A.1) and (A.3). To verify
(A.1), we remark that (remember that j, 1 = yg,1 = dg1 = 0):

AUg = A]pz+uplAyoo+ZZ[ plmqum:|
q Om 1
RS 553 [ 0Yp1-m) Ay (see (3.38))
qg=0 m=2
+oco [—2
= g = AN [Vt 2) Ay | = —AWpiz = f. (see (A14))
q=1m=0
l 21X +oo I
AUs = ZL&(Wp,lfm)A[ ] + ZZ[ s Wpi-m) Adgn]
m=1 1m=1
: (2iXx)™ e
= S LWpiem) A[ — } + Z [ Wotm) dq,m} (see (3.53))
m=1 q=1m=2
oo -2
@2ix)m <
= — 4 Z Lé p,l—m— 2) ml + Z Z {L;(Wp,l—m—Q) dq,m:|
q=1m=0
= —4Wpi2=F. (see (A.14))
To conclude, it is sufficient to check that:
1:/ auHu 0)do + / aus(o Y)dy + / f=o. (A.20)
o Op o Oz QL
which directly follows from (A.17) (we omit the details). [ ]
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