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1 Introduction

Arbitrage-free values v(z, ¢) of contingent claims on assets whose log-returns are modelled by a
strong Markov process X; with state space R can be expressed as (conditional) expectations of prices
at time of maturity ¢ > 0, i.e.

v(z,1) = E*(g(X7)) (1.1)

(e.g. [10]). Here E* denotes expectation with respect to a martingale measure of X, conditional to
Xo = z, and g(z) is a given, so-called payoff function of the contingent claim. The classical example
for X; is geometric Brownian motion in the Black-Scholes-Merton model [4, 24].

Definition (1.1) suggests to estimate v(z,t) by Monte-Carlo simulation, i.e. by averaging over M
realizations {Xt(wj)}j]‘il of sample-paths. The statistical error in the estimate v/ (x, ) thus obtained

tends to zero not faster than O(1/v/ M), in general.

Deterministic methods to compute v(z, ¢) are based on the semigroup 7; of X; defined by
v(z,t) = (Tig)(z) =E*(g(X¢)),  t>0. (1.2)

The process X; and its Semigroup T; are called Feller if

i) T3 maps Cy(RR), the continuous functions on R vanishing at infinity, into itself:
T : Co(R) — Cp(R)  boundedly
and

if) if T} is strongly continuous, i.e. lim; g+ [[u — Tiu|| foo(r) = 0 for all u € Co(R).

The infinitesimal generator Ax with domain D(Ax) of a Feller process X; with semigroup T3 is
defined by the strong limit

.1
Axu = tliré1+ n (Tyu — u) (1.3)

on all functions v € D(Ax) C Cy(R) for which the limit (1.3) exists w.r. to the sup-norm. We call
(Ax,D(Ax)) Feller generator of X. Feller generators admit the positive maximum principle, i.e.

if weD(Ax) and supu(z)=wu(zg) >0, then (Axu)(zp) <0 (1.4)
z€eR

and admit a pseudodifferential representation (e.g. [8, 14, 15]):

Theorem 1.1. Let (A, D(A)) be a Feller generator with C5°(R) C D(A). Then Afge ) is a pseu-
dodifferential operator,

(A0)(2) = ~a(z. Dyu(z) = ~(20) " [ (e Qa()e"ede e CFR) (@9
R

with symbol a(z,£) : R x R — C which is measurable and locally bounded in (x, &) and which

admits the Lévy-Khintchine representation

oz, €) = e(z) — in(@)€ + (0(2))%€? + /

(1 — e 4 Lﬂ) N(z,dy)  (1.6)
0#yeR

T+y



The parameters ¢(x),y(z),o(x), N(z,dy) in (1.6) are called characteristics of the Feller process X;.
Spatially and temporally homogeneous Feller processes X; are Lévy-processes (e.9.[2, 27]). Their
characteristics, the Lévy characteristics, do not depend on x explicitly.

Symbols a(z, &) of the form (1.6) are called negative definite symbols. In (1.6), N(z,dy) is the
compensated jump measure of the Feller process X = {X;| Xy = =} which satisfies

sup/ min(1,y?)N(z, dy) < oc. €7
zeR JR

Fast deterministic computation of the conditional expectation v(x,t) in (1.2) across all maturities
0 < t < tis based on the numerical solution of the backward Kolmogoroff equation

v + Av = 0, V=1 = g. (1.8)

In the Black-Scholes model [4], X; is a diffusion for which N(z,dy) = 0 in (1.6). The generator
A'in (1.8) is a diffusion with possibly spatially inhomogeneous characteristics c(z), y(z), o(x), resp.
killing, drift and volatility, corresponding to local volatility models.

Exploiting the analyticity of the semigroup 7} and a spline wavelet discretization of degree p >
1 for generators A in (1.5) which are classical pseudodifferential operators of constant order 2m,
0 < m < 1, it has been shown in [21, 22, 23] that v(x,t) can be computed for 0 < ¢t < T with
essentially O(N) work and memory essentially * to accuracy O(N~P~1). Key ingredient in the
numerical analysis in [22, 23] were i) wavelet norm equivalences in the “energy” space of A (which
are also crucial ingredients for adaptive solution methods), and ii) the wavelets’ vanishing moment
property to compress the N2 entries in the stiffness matrices of A to O(N log N) “essential” elements
without loss in accuracy.

Here, we address the efficient solution of (1.8) for pure jump processes X with state dependent jump
intensity. In this case, c = 0 in (1.6) and the domain V' of the Dirichlet form associated to A x is
a Sobolev space of variable order m(z) € (0,1). Development of linear-complexity solvers for the
Kolmogoroff equation (1.8) along the lines of [22, 23] and also for the pseudodifferential inequality
arising from expectations over the stopped processes X (e.g. [20]) requires a) verification of wavelet
norm equivalences in the “energy” space H ™(*) and b) wavelet compression of the generator A x or,
equivalently, of the jump measure of the Feller process X and c) establishing time-analyticity of the
semigroup 73. Proving a) - ¢) is the main purpose of the present paper.

Its outline is as follows: in Section 2, we introduce a class of pseudodifferential operators of variable
order containing, in particular, certain generators Ax of the form (1.6). To analyze wavelet-based
solution algorithms for (1.8), we derive, based on the calculus of [18, 12], estimates for the Schwartz
kernels of Ax, resp. the densities of the compensated jump measure Nx (x, dy) of X, with respect
to the Lebesgue measure dy which are interesting in their own right. In Section 3, we define the
variable order Sobolev spaces H"®) for 0 < m(x) < 1 which are the domains of Dirichlet forms of
Ax. They also form the basis of Galerkin discretization of A x. In Section 4, we use the bounds on
the Schwartz kernels to establish our main results: multilevel norm equivalences in the variable order
spaces H™(®) for 0 < m(z) < 1 and compression estimates for the moment matrices of Ay in the
wavelet basis. In Section 5, we prove the Garding inequality for the generator (1.6) in variable order
Sobolev spaces and deduce time-analyticity of the Semigroup 7;. The final section 6 addresses the
generalization of the fast pricing algorithms from [22, 23] to variable order generators.

*Throughout, “essentially” means up to powers of log N or log h which will be clear from the context



2 Generators of Variable Intensity Feller-Lévy Processes

The infinitesimal generator Ay of the Feller process X is the pseudodifferential operator a(x, D)
provided by (1.5) in Theorem 1.1. Denote by K x (z,y) the Schwartz kernel of the nonlocal part of
Ax. The distribution K x(x,y) is the density of the jump measure Nx (z, dy) of X with respect to
the Lebesgue measure dy, i.e.

NX(wvdy) - KX(wvy)dy (21)

For pure jump Feller processes X with state-dependent jump-intensity, domains D(A x) of their gen-
erators Ax are Sobolev spaces of variable order m(x) which, by (1.7), satisfies m(z) < 1. Wavelet
solution of the derivative pricing pseudodifferential equation (1.8) for variable intensity processes X
with generators of type (1.6), (1.7) requires multilevel norm equivalences. To prove these, we use a
calculus for variable order pseudodifferential operators. We start by identifying classes of variable
intensity pure jump Feller processes X through conditions on the Lévy symbols a(x,&) in (1.6) of
their infinitesimal generators Ax.

Throughout we use the notation (&) := (1 + [£[?)'/2. We define a class of quadratic, pure jump
Feller processes X with variable jump intensity through their generators A x which are variable order
pseudodifferential operators. They, in turn, are given in terms of their symbols. The following symbol
classes of variable order have been introduced in [16].

Definition 2.1. Let0 < § < p < 1 and let m(z) € C*°(R) be a real-valued function all of which

derivatives are bounded on R. The symbol a(z, &) belongs to the class Sp m(@) of symbols of variable
order m(x) if a(z,£) € C°(R x R) and m(x) = s + m(z) with m € S(R) is a tempered function,
and if, for every o, 8 € Ny there is a constant c,, 3 such that

Vr,6 €R:  |DPDEa(x,€)| < cq p(g)m @) rloltldl, (2.2)

m(x)

The variable order pseudo-differential operators A(z, D) € ¥,

Ps

correspond to symbols a(x,&) €

A(z, D)u(z) : 27T// =0 Ca(z, Ouly)dyds,  ue CO(R). (2.3)

Given a variable order m(x), we define™ := sup,cg m(z) and m := inf,cr m(x) and assume
0 < 4§ < p < 1throughout.

For a(z,§) € S;”(x) the Martingale Problem is the problem of existence of a Feller Process X with
given generator A(x, D). We have ([16, 12], [15], Ch. 2.10 and [28]).

Proposition 2.2. For every negative definite symbol a(z,¢) € Sm(x) of variable order m(z) with
1 > p > 6 > 0 exists a unique Feller process X; with generator AX as in (1.5), (1.6) and jump
measure Nx (z,dy) as in (2.1).

By FPm(:”) we denote the set of all Feller processes with generator Ax € \IJ given by a negative

deflnlte characteristic function a(z,§) € 5;"5 . Their domains D(Ax ) are Sobolev spaces of variable
order. Our definition and characterization of these variable order Sobolev spaces will be based on
variable order Riesz potentials A™(*) with symbol a(z,&) = (£)™®). The operators A™(*) are the
generators of so-called “stable-like” Feller processes whose existence has been established in [1].



More general pseudodifferential generators and their associated Feller processes have been considered
for example in [16, 12, 28]. Since [ DY Dg (£)™@)] < (£)™@ -l log(£)[1%], we have ay € Sm(m) C
S;” forall 0 < § < p < 1. The following lemma from [16] is the variable order analogue to a
classical result for constant order pseudo-differential operators (see, e.g., Theorems 3.1 to 3.4 in [31]
or Chap. VL.6 in [32]).

Lemma 2.3. Consider compound symbols of the form a(z, £, y) € C>°(R x R x R) satisfying
IDEDE D}a(x,&,y)| < cayp,, (€)™ HalHD=IA,

together with the corresponding operators

(A, Do) i= 5= [ | @ ala g put)duds e CER).

If0 < m(x)forall x € Rand [[m||p~m®) < 1, and A(z, D,y) is compactly supported (see e.g.
[17, 31]), there exists a pseudo-differential operator B \Ifoém) with symbol b € S%m) together with
a pseudo-differential operator C' € \IJZ?((;x)_””, such that

A(xz,D,y) = B(z,D) +C (2.4)
holds.

Furthermore there exist pseudo-differential operators 74,15 € \Ifig, €,0 > 0, and an € > 0, such
that, for a(x, &) := (£)™®) ¢ Sm(x L bz, &) == (&)™) ¢ S;g”(m) and corresponding operators
A(z,D) € \If’ln(gx) B(z,D) € \I/Lg”(x) there holds

A(z,D)B(x,D) =1+ 1Ty, B(z,D)A(x,D) =1+ T5. (2.5)

m(x)

A calculus for variable order pseudodifferential operators W, was developed in [16], see also [12].

Define the operators L by (Lu)(z) := (A™®)u) £ [ [ e@()mWy(y)dydE. Then the
calculus [16] shows that LT := A™@) ¢ \I/L(g ) and the operators A = L, A = LT € \I,%x)
A=L 1 ev " and A= LLT = (AmE)T(Am@)) € ¥ aswellas ACYD = (LLT)(D =

(A=) T (A=m@)) e W, ™) can be expressed as singular integrals with respect to their Schwartz
kernels K 4(x,y) (related to the jump measure Nx (z, dy) of the Markov process X with generator A

by (2.1))
) = / Ka(e,y)uly)dy

Formally, these kernels are given by oscillatory integrals

1
/el(x_y)'ga/x(ﬂc,f,y)dé,

Ka(z,y) = Dy

with
ap(z,€) = (©)™@),  ap v (z,&,y) = (€)m@mE)
and
(2, 6,y) = (€7 4 b(x, €, y)

with a corresponding pseudo-differential operator B € W § for sufficiently small € > 0.

The following lemma plays a crucial role in the wavelet compression of a . (x, D).

4



Lemma 2.4. For any 0 < 6 < 1, the Schwartz kernel K 4(z,y) of A = LLT € \I/Qm(”) satisfies the
Caldéron-Zygmund type estimate

]D;“DgKA(m, )| < Cupslr — y|~ (@) +m@)+A-0)(lal+BD) (2.6)
where z # y, [z —y| < 1. For A=t = (LLT)"D € ¥ Qm( ), a corresponding estimate holds
‘D?DgKA—l(.TJ, y)| < Copsle — y‘f(lfm(x)fm(y)Jr(lfé)(\alﬂﬁl))_ (2.7)
For |z — y| — oo the kernels are rapidly decaying in the sense that
DS DY K (2,y)| S |z =y~

forevery N > 0andfor K = Kyand K = K4-1.

The technique for validating of the above assertion is standard, e.g. Chap. VI of [32]. For the reader’s
convenience we provide a proof. Let ¥ € C§°(R) be a cut-off function, 0 < x(z) < 1, X(x) = 1if
x € [0, 1], with support suppx C [0, 2], such that @(5) = X(§) — x(2¢) defines a Littlewood Paley
decomposition cf. [32] , i.e.

i W(277¢) =1,YE eR.

The extended symbol a(z,&,y) = (1 + £2)m@FmW)/2 = (gym@)+my) of A = LLT can be
decomposed into the sum

(wéy)—ao(w£y+zagw£y)—awéy O+ alz,&y)WETE).  (28)
7j=1

7j=1
From this we obtain the corresponding decomposition of the operator
j=1
Here the operators A; are defined by their Schwartz kernels

1

o [ it g i, s=a -y, (2.10)
£eR

]C](l', Zay) = 2

Lemma 2.5. Let (z, 2z,y) — k;(z, 2, y) be the kernel functions defined by (2.10). Then for all M > 0
and z # 0 there holds

]Dg‘DyﬁDij(x, 2,9)] < Crta ﬁ‘Z’—M2j(—M—1—|v|+5(|a|+lﬁ|)+m(w)+m(y)) (2.11)
Proof. Due to definition (2.10) partial integration yields

(-2 DD Do) = 5 [ DL DEDJas (o Eollde. (212



We observe that the integrand is supported on {¢ : 29— < |¢| < 2/*1} and the volume of this support
is bounded by ¢27. Therefore, we can estimate the above integral (2.12) directly using

D2 DE D ay(w, &, y)| S (€)@ —lutto(ol+18)

by
1
S DEDIDY ()| < o= [ IDHE DED]as (6wl
< Cua62]’(1+m(x)+m(y)+lvl*WH(?(I&HIED)‘
Choosing M = |u| gives the desired result. O

We can now prove Lemma 2.4.

Proof. Since

[oe)
K(z,y) =ko(z,x —y,9) + Y _kj(z,2 — y,)
7j=1
it is sufficient to estimate

o0
DgDjko(x,x —y,y) + DgDy Y kj(w,x — y,y). (2.13)
j=1
From Lemma 2.5 we conclude the estimate

D2 D k(3,2 — 4, y)| < Cagapla — y| M2 MIH1=A=8) (418D +m(z)+m(s).

First we consider the case |z| = |x — y| < 1 and decompose the sum (2.13)
o0
kot ki= > kit D ki
j=1 V<]t V2]t
Setting M = 0 in Lemma 2.5 the first sum can be majorized by a multiple of

Z 9i (1+m(z)+m(y)—(1-8)(|a|+[8])) < ‘Z’*(1+m($)+m(y)*(1*5)(|a\+|ﬂ\))

20 <1
provided that 1 + m(z) + m(y) — (1 — d)(Ja] + |8]) > 0.
To estimate the second sum » _,;-. . -1 k; we choose
M >1+m(z) +m(y) — (1= 0)(Jef +[8])
and obtain an upper bound

C\z]M Z 9—i(1=M+m(z)+m(y)—(1-8)(lel+I8])) 5’z‘—((1+m(x)+m(y)—(1—5)(|a\+|ﬁ\))_

29>|2|~1

To conclude the proof we consider |z| > 1. Then Lemma 2.5 provides, for all N := M — m(x) +
m(y) — (1 —8)(|a| +18]) > 0, that (2.13) can be bounded by C' o 52| . O

6



Using analogous arguments as above, we obtain

Theorem 2.6. Let A € \I/im(x) for some 0 < 6 < p < 1. Then the Schwartz-kernel K 4(z,y) of A
satisfies for all o, 3 € Ngand all z,y € Rwith z # y

|D§;D5KA(x, y)| < Cupslz — y|—(1+m(w)+m(y)+(p—5)(|a\+|ﬁ\))‘ (2.14)
In the applications we have in mind, the spatial domain is the unit interval 7 = (0, 1) rather than all of
R and the variable order m(x) is only defined on I. There holds 0 < m(z) < 1, forall z € [0, 1]. For

technical purposes we extend m(z) = s + m(x) such that there exists e > 0 withe < m(z) <1 —¢
and m € S(R).

3 Variable Order Sobolev Spaces

We define the Sobolev space H™(*) (R) of variable order m(z) € [0,1) on R through the H™(®)(R)
Sobolev norm given by

el gy = IA™ull? gy + a7, ry- (3.1)
We also introduce the inner product
(U, V) () 1= (A", A ) 4 (u, v),

50 that (u, w),, ) = ||“||Hm<w>( gy~ The space H-™®)(R) is defined as the dual space of H™(*)(R)

with respect to the (., .) - duality. An equivalent norm in H —™(*)(R) is given by
<u7 v>fm(m) = <Am(:z:)u’ Am(:z:)v> + <A72mu7 U)? Huui{fm(w)(]}g) = <u7 u>fm(m)
We remark that due to the symbolic calculus in [16] referred to in Lemma 2.3, an equivalent definition

used by [16, 18] is
ull grmee @y = IA™) Tl oy (3.2)

On a bounded interval I = (a,b) C R we define for a variable order 0 < m(z) < 1 the space
AH™@) (1) = {u|, ‘ ue H"(R), ulp;= o} .

It coincides with the closure of C3°(I) (the space of smooth functions with support compactly con-
tained in I) with respect to the norm

[ull g 1y = Nl e () 3.3)

where @ is the zero extension of u to all of R. It follows from Lemma 2.4 applied to L = A™(®)
and from the positive definiteness of the Dirichlet form of the variable order Riesz potential A™=) on
C$°(R) that for 0 < m < m(z) < < 1an intrinsic norm on H™®)(T) is given by

ay)|?
HuH%m(w)(I) = HUH%Q(I) + |u|2f{m(w)([)’ |u|Hm(ac)(I / / |$ _ ’1+m(w +m(y) dydz. (34)

7



Evidently, H™@) (1) ¢ H™®)(R). We also define
H™®)(I) = {u € D(I) : there exists an extension (v € H™®)(R), lu|; = u}

supplied with the quotient norm [[ul| grme) () = f{[[lullm) : lulr = u}. Then H™@)(I) is
isomorphic to the quotient space H™(®)(R)/H™(®) (R\I).

Spaces of order m(x) < 0 are defined by duality
(H™(1)) = H=™)(1) and  (H™@(1)) = H-™®)(I). (3.5)

We remark that if m(a) > 3 then functions uw € H™(*)(I) have zero Dirichlet trace, i.e. u(a) = 0.

4 Spline Wavelets with Complementary Boundary Conditions

Since we discretize the parabolic equation (1.8) in (0,T) x I inthe spatial variable with spline wavelet
bases for V. = H™(*)(I), we briefly recapitulate basic definitions and results on wavelets from e.g.
[6] and the references there.

The primal wavelet bases v/; ;, span finite dimensional spaces

L—1
Whi=span {yy, ke Vi), V=W 1=-1,01...,
I=—1
and the dual spaces are defined analogously in terms of the dual wavelets zhk by

L—1
W= span { ke V), V= EBVNVZ l=-1,0,1...,
=1

In the sequel we will require the following properties of these functions
1. Biorthogonality: the basis functions 1); j, @l,k satisfy
(D1 ks Yu ) = OO - (4.1)
2. Local support: the diameter of the support is proportional to a meshsize 2,
diam supp ¢y, <271, diam supp ¢y ~ 27 (4.2)
3. Conformity: the basis functions should be sufficiently regular, i.e.
W c BHY(I), W ¢ H*(I) forsomes >0, > —1. (4.3)

Furthermore @° , W!, @7 W! are supposed to be dense in Ly ()



4. Vanishing moments: The primal basis functions v ;, are assumed to satisfy vanishing moment
conditions up to order p* +1 > p

W, z®) =0, a=0,...,d=p*+1,1 >0, (4.4)
and for all dual wavelets, except the ones at each end point, one has

(b, 2) =0, a=0,...,d=p+1,1 >0. (4.5)
At the end points the dual wavelets satisfy only

(b, 2) =0, a=1,...,d=p+1,1 >0. (4.6)

onl = (0,1)wesetV; = {k=1,...,M}, where usually M; = 2!. We remark, that the third
condition implies zero Dirichlet condition, namely 1); ,(0) = ¢ ,(1) = 0. To guarantee this condition
one has to sacrifice the vanishing moment property of one wavelet, e.g. 4, = 0,. .., at each end
point 0 or 1. A systematic and general construction for arbitrary order biorthogonal spline wavelets is
presented in [9]. Sufficiently far apart from the end points of (0, 1), biorthogonal wavelet (e.g. [6] and
the references there) bases are used in this approach. Using biorthogonal wavelets in the case p = 1,
piecewise linear spline wavelets vanishing outside I = (0, 1) are obtained by simple scaling. The
interior wavelets have two vanishing moments and are obtained from the mother wavelet )(x) which
takes the values (0, —%, —1,2,—%,—1,0,0,0) at the points (0, £, 1, 2,1, 2,2, 1) by scaling and
translations: <y x(z) := 2/2¢p(2" 32 — k +2) for 2 < k < 2! — 3 and I > 3. At the left boundary
k = 1, we use the piecewise linear function v, s, defined by the value (0,2, 52, =, 1, £,0,0,0) and
Yright(x) = Yrepe(1 — ). For more details we refer to [11].

The following simplified basis functions are shown to be quite efficient for the present applications
[23]. They have the advantage of an extremely small support. Nevertheless, the dual wavelets do not
permit compact support, but they are exponentially decaying. l.e.,

‘@e(x)‘ < Cexp(—klz]), k>0,zeR. 4.7

We emphasize that we do need the local support only of the primal wavelets for matrix compression.
Therefore, this property is important for an efficient implementation. But we have assumed local
support of the dual wavelets only for simplifying the present proof of the norm equivalence. However
it is very likely that the present results remain valid for exponentially decaying dual wavelets.

The biorthogonal wavelets in the case p = 1 are continuous, piecewise linear spline wavelets vanishing
outside I = (0, 1) (for general intervals I = (a, b), they are obtained by simple scalings). The interior
wavelets have two vanishing moments and are obtained from the mother wavelet ¢ (x) taking values
(0,—3,1,-3,0)at (0,11, 3 1) by scaling and translation: v, (z) := 2!/2(2""1z — (2k — 1)272)
forit<k <2 —2andl > 2.

The boundary wavelets are constructed from the continuous, piecewise linear functions 1, with val-
ues (0,1,—3%,0) at (0, 1,3, 2), and ¢*, taking values (0,—1,1,0) at (,3,2,1): ¥} = ¢ (2! 2)
and 1y o, = 21/2¢*(2! "1z — 2!~1 4 1). The following results are known for wavelets satisfying the
above requirements (e.g., [6]).

) .
Forall vy, = 310 S0 v ethir € Vi = VE, b ~ 271, there holds the norm equivalence
L M
2 ~ 2621
thH s (1) = Z ‘Ul,k" 2 87 (48)
1=0 k=1



forall 0 < s < % Validity of (4.8) in the variable order spaces H™(*) () will be shown in Theorem
5.9 below. Using the abbreviation A = (I,k) €e Z:={A = (I,k) =1=—-1,0,1,... , k=1,... M;}
any function v € H*(I), 0 < s < p + 1, and, due to H™(I) ¢ H™®)(I) ¢ H™(I), any function in
H™®)(T) can be represented in the wavelet series

co M!

D viktie =Y vatx.

=0 k=1 AET

S
I

This makes it possible to define an approximation operator @, : H™®)(I) — V},, defined by

L M

Qno =Y v stip (4.9)

1=0 k=1
For0 <s< % <t < p—+ 1, we have the approximation property (e.g. [6])

lv = Quvl ey < CA = 0l ey - (4.10)

5 Matrix Compression and Norm Equivalences

Consider A™(®) ¢ \Ifm(x) with symbol ()™ € ST Then M := (A™@)TA™E) is, for u €
C§°(R), given by the oscnlatory integral

()TN Duta) = 5o [ D gy,
Y

For preconditioning as well as to establish norm equivalences in the spaces H™(@) (I) of variable
order, we will consider the stiffness matrices of the operators A™@) in the wavelet basis Py, 1.6,

M = ((A™ @y, A"y )5 ver (5.1)
and
MED = (A7 A7)\ ver (5.2)

We recall m := sup,cr m(z) and m := inf,cgr m(z). For A = (I, k), we define the extended support
2, of a wavelet basis function v, by

= Q. = | J{supp ¢ : supp ¢ Nsupp ey # 0} (5.3)

>l
For A = (I, k) we also define
my = inf{m(z) :z € Ny} and my = inf{m(z):z € Q)}. (5.4)

Lemma5.1. Let )y, ¢y be two wavelet basis functions with compact support and with p* 41 > 2
vanishing moments. If dist(supp v i, supp ¥y xr) > 0, then we have for each 0 < ¢ < 1 the estimate

(AT gy, Ay )| < 27 CHOO2H) st (supp iy g, supp s gr) -2 HI=09) - (5.5)
for come constant Cs > 0 independent of 7, 1" as well as
(AT @y, AT @y )] < C527 A2 gyt (supp 4y i, supp gy ) 17 2mH20-0)d),
(5.6)
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Proof. We define the operator A = (A™(#))T A™(*) with extended symbol
a(z, &, y) = <§>m(x)+m(y)
and denote by K 4(-, -) the corresponding Schwartz kernel.

Following standard arguments in wavelet matrix compression (e.g., [6, 29]) we obtain
(AT, Ay )] \ [ [ Batw i@, <y>dxdy\

S (diamSupp¢z,k)d(diamSupptbzgk/)d(/|¢z,k($)d9«“!)(/W)zl,k/(y)dy!)

dyd
X sup sup  |[DzDyKa(z,y)
TESUPP Yy, YESUPP Y/ s

5 27(l+l')(1/2+d) dist(supp wl,k, supp ¢ll7k/)f(1+2(175)d+2m)‘

In the last step, we have used the fact that A € \I,frg(x) C W27 together with the Caldéron Zyg-

mund property of K 4(x,y) shown in Lemma 2.4. Since B = (A=) TA="(®) € @} 2% a similar
argument proves (5.6).

]
Since the boundary wavelets of the dual wavelet system do not have vanishing moments, we treat the
corresponding matrix coefficients separately.
Lemma5.2. If among {/;l,k, il/,k’ only the latter wavelet has no vanishing moments, and if
dist(supp 9k, Supp Yy ) > 0
then we have for each 0 < § < 1 the estimate
(AT gy g, A @y )| < C527 125D dist(supp gy i, supp vy )~ 72REA-0D - (57)
We need an estimate treating the case that the supports of two wavelet functions overlap. First we
investigate the diagonal matrix entries.
Lemmab5.3. Let0 < m(x), x € Rand m,, mx, A = (I, k) as defined in (5.4), then
22lmA g ’<Am(x),¢}l ks Am(m)wl k>’ g 221m>\. (58)
For A~ holds correspondingly
27 < (AT @y AT @ )] S 27 (5.9)

Proof. Observing (¢)™(®)(¢)=™ € S9; for any 6 > 0, and since A™(®) : H™®)(I) — L2(I) is
one-to-one [18], we estimate

(A" @y, A @y = ||Am(x)¢l,k||%2(1) S ||Amk¢l,k”%2(1)
[ [ @asta

221m>\

N

N

11



By similar arguments we obtain using inf{f(z) : x € Q,} > m, the estimates
O, A = g [ e (adale 5 1Al 5 2
We get also lower bounds. For some C' > 0 independent of X holds

(A Ay ) = % L | / e~ ()M Py g (x)daPdE > [|[AT Pyl > 27

Similar arguments prove the remaining inequality. O

Lemma 5.4. In case suppy Nsuppyy # @ and I < I/, the following estimate holds for 0 <

s+my <7, 0o
(A ey g, Ay )| S 27 I lsghmatiomy (5.10)

Proof. We suppose that ! > I’. Then, for 0 < s < vy —m,

(AT o, Ay )| A= 4y glo | A5 4y e g

AT =4 e o ATty lo
2lm)\+l/m>\/ 278|l*l/‘

AR ZANRVAN

We need to treat the dual wavelets in H~™(*)(T) analogously.

Lemma 5.5. In case supp {ZA N supp {EX # (and [ < I, the following estimate holds for 0 <
S + m)\ < ’75 . —
(AT, Ay )| S 271l (5.11)

We remark that Lemmas 5.3-5.5 include the boundary wavelets as well.

Lemma5.6. For A = (I, k) € Z one has

iy —my S 27 (5.12)

Proof. Due to m € C'(R) (actually, only m € C%!(R) is required) there holds

0 <y —my < diam(Qy) sup |m’(z)| <27 sup |m/(z)].
$EQ>\ Z'EQ/\

O

Definition 5.7. Amatrix A = (ay x ) x ez Will be called compressible, if there exist constants a, b >
0 such that for all A = (I, k), ' = (I, k) holds

lax x| S 27 @FV2I=T 4o g(a, X)) ~Lh (5.13)

with d(\, \') := 2min{6E dist (supp ¢y, supp ¢y ) if at least one wavelet has vanishing moments of
order d* > 2 and d(\, \') := +1 otherwise.

12



Let us introduce the diagonal matrices
D ") = (278 y)aver , D™ = (2208 v ) ver- (5.14)
Proposition 5.8. The matrices
A = (ayn)aver i= D "@EMD ™= and ACD .— pmE N D D™E)
with M, M~ as in (5.1), (5.2) are compressible: there exists s > 0 such that
laax| < 2—\z—z’l(s+1/2)(1 +d(), /\/))—1—2(d—m)(1—6) (5.15)
and

|a({;/)| < 2f|zfzf\(s+1/2)(1 +d(), )\/))*172(d*m)(1*5)_ (5.16)

Proof. If d(A, \") < 1 the assertion follows from Lemma 5.4 and Lemma 5.5.
If d(A, \") > 1 we infer from Lemma 5.1, that for I <’ holds
U1/ 24m+2(1=8)d)=d) 9=V (1/2+d=mm) (1 | gy, ')~ (1+2m+(1-6)2d)

laxx| <
5 2(l_l/)(1/2+8)(1+d()\,)\,))_(1+2m+(1_5)2d)),

provided that 0 < s = min{m + 2(1 — §)d — d,d — m}, which is possible since § > 0 can be
arbitrarily small and 2 < 1 if X is quadratic, pure jump.

An estimate for A (=) can be derived similarly. The case that the dual wavelets are boundary wavelets
is treated similarly if only one of the wavelets has vanishing moments.

The case that both wavelets do not have vanishing moments is treated in the same way as the case of
overlapping support. O

The previous result is the basis for the numerical analysis of variable order pseudodifferential equa-
tions. It implies multilevel norm equivalences in the variable order Sobolev spaces H™*)(I) and
diagonal preconditioning for wavelet discretizations of the variable order pseudo-differential opera-
tors A™(*),

Theorem 5.9. Letu = Y,y uathy = u' ¥ € H™)(I). Then for D™®) as in (5.14) holds the
multilevel norm equivalence in variable order spaces:

||u||%m(w)(1) ~ uT(Dm(w))TDm(x)u ~u' D@y, (5.17)

For v =Y\crvathy = v ¥ € H=™®)(I) holds correspondingly

‘|U||12q—m<w>(1) ~ v D2m@y, (5.18)

The spectral condition number of A = D~ MD~"*) is uniformly bounded in A.

Proof. As a first step, we need to show that cond D-"(*)D™(*) < C. Recalling the definition we
observe that D~ D™*) = diag(2~/m22/7x), Due to Lemma 5.6 we get lim;_, ., 2/2x =" =

13



limy o 2/CC27") = 1. Therefore we estimate 1 < 2!ma=7al < C. It is well known that the spec-
tral norm of a compressible matrix is bounded, see e.g. [6] Theorem 4.6.1. Therefore, it follows
from this result together with Proposition 5.8 that the spectral norm of the matrices A and A ! are
bounded, which means cond A ~ 1. Thus the matrices M, D™®) (D™®)T and D?"(*) are spec-
trally equivalent. Since ”“H%mu)g) = u' Mu, we have established the first assertion (5.17). The

second equivalence (5.18) follows analogously.

O
An immediate consequence of the norm-equivalence (5.17) is the uniform boundedness of the quasi-
interpolants @, in the variable order norms H™(®)(T).

Corollary 5.10. The quasi-interpolants (Q;, defined in (4.9) are uniformly bounded in ﬁm(ﬂﬁ)(I), i.e.
there is C' > 0 such that

Vu € ﬁm(x)(I)» Vh>0: HQhUHﬁm(x)(]) = C||U||f{m<w>(1)~
Using the variable order norm equivalence (5.17) we can extend the approximation property (4.10) to
variable order spaces.

Corollary 5.11. Letw € H*(I) N H'(I) for some 1 < s < p -+ 1. Then for the quasi-interpolant
up = Quu = 31", Z;”:ll ubepl in (4.9) there holds for 0 < 7 < 1 < s < p+ 1 the Jackson estimate

ot = iy gy < /l 22Lm@) =) (| D*u(a)  + [u(e)?)de S 25 I|ulZ ) (6.19)

Proof. For multi-indices A\ = (I, k), u = (L, k") € Z, we introduce the notation A\ = p if [ := |\| >
|u| =: L and supp ¢, Nsuppp, # 0. For s > 3 we choose s’ < s with 1 < s’ < 2, otherwise we
set s’ = s, we observe that my — s’ < (7, — s’) < 0 holds for all A = . Therefore we conclude
from the norm equivalence (5.17)

Ml Ml
o/ /
o= unlGgmeer gy~ DD 2 P =Dy D 22 Py 2

I>L k=1 I>L k=1
< Z 22L(m“—s’) Z 225’\)\”“)\‘27
HEV A= p

where Vi ={u=(L,k'): kK =1,...,Mp}.

Let 4 = (L,k'), L = |p| and O, := [271¥K’,27I#I(k" + 1)]. Then, due to the norm equivalence
(5.17) and the approximation property (4.10) we have

SN Y 2 [ (D%u@) + (o))
g

MEVL Axp KEVL "
Recalling that 277 ~ 2m(#) ~ 2L holds for = € [J,,, we obtain the final result
= iy S [ U (D @) + o) P
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Recalling that 25ma ~ 2Lm(z) ~ 9L holds for 2 € Oy, we obtain the final result
[u— Uh”fqm(z)(l) S /IQQL(m(x)S)ﬂDSu(m)]z + |u(z)[?)dz.
O

Lemmas 5.1 to 5.5 addressed only the generators A™(®). We focussed on this case since it is crucial
for establishing the norm equivalences (5.17). For wavelet solution of the Kolmogoroff equation (1.8)
in log-linear complexity we need the compressibility of the moment matrices in wavelet bases also for
generators which are more general than A(%).

Theorem 5.12. Let A € \Pi’g(x) (R) for some 0 < 6 < p < 1, and let {1, } be a system of compactly
supported spline wavelets in I = (0, 1) of polynomial degree p > 1 as introduced in Section 4 with
complementary boundary conditions and d > p + 1 vanishing moments if supp (i) N oI = 0.

Then the preconditioned moment matrix
A =D O (AYy, Ya))anezD (5.20)

has condition number which is uniformly bounded in L and A is compressible: there are C > 0,
s > 0 such that for all A, \" € Z holds

|Ay | < C27IVIEH2) (1 4 g(x, \))~ 12T e=9) (5.21)

The proof of Theorem 5.12 is completely analogous to that of Proposition 5.8, using Lemmas 5.1 to
5.5 with the kernel estimates (2.14) in place of (2.6).

6 Option Pricing under Variable Intensity Feller Processes

With the norm equivalences (5.17), (5.18) we develop linear complexity numerical solution algorithms
for the pricing equation (1.8). Since elements of the algorithm are identical to [26, 22, 23], we focus
only on the essential differences in the analysis due to the variable order m(z) of Ax.

6.1 Weak Form of the Pricing Equation. Well-posedness.

We consider (1.8) with nonlocal operator A € L£(V, V™) of variable order 2m(z) € (0,2) in V' =
H™®)(T), V* = H-™®)(I) with Dirichlet form

a(u,v) == (Au, V) u,v e V.
This Dirichlet form is continuous, i.e. there exists a constant oo > 0 such that
la(u,v)| < allullv|vllv,  Vu,veV. (6.1)

It is well known that problem (1.8) has a unique (weak) solution w(t), and there holds the a priori
estimate (see e.g. [19])

lulle 2y + lullzzcvy + lellz2 gy < Clluollzz(r
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provided that for some constants v > 0, C' > 0 the Dirichlet form a(-, -) satisfies the Garding inequal-
ity, i.e.,
VueV  Ra(uu) >y lulf — Cllulfag) (6.2

Remark 6.1. Without loss of generality, we may assume in (6.2) that C' = 0 since the substitution
@ = e Pty results in (1.8) with the shifted operator A + I which is definite for sufficiently large
8> 0hy (6.2) (G > 2C will suffice).

Note that for asymmetric distributions of positive and negative jumps in X, the generator A needs
not to be self-adjoint, i.e. a(-, -) is generally non-symmetric.

6.2 Garding Inequality. Analyticity of T}

To establish (6.2), we start with the variable order Riesz potential A = A2™(®) ¢ \I/frg(”) given by

Aua) i= o [ [ e Oug)ayag, e G 1) 63)

and introduce the operator L = A™@) ¢ W}

Lemma 6.2. For every 6 > 0 sufficiently small there exist ¢ > 0 and pseudo-differential operators
B, R € ¥ 5 with symbols b(z,§), r(z,£) € S| 5 such that

A=LoL"+LoB+R. (6.4)

Proof. Since the the extended symbol a(z, ¢, y) of LLT isin Sf? and since I C R is compact we
can assume that A(z, D, y) is compactly supported. We also may apply standard pseudo differential
operator calculus and expand

a(x,€,y) = ao(w,€) + a1(z,&) + r1(z,&,y) = (> + Dy De(())™ W]y +11(2, €, y).
Therefore, the subprincipal symbol of a(z, €) is
ar(z,€) = (€)™ ()™ log(¢).
We represent the corresponding operator a4 (x, D), using symbolic calculus, as
ai(x,D) = Lo (DY™®)Llog(D) + Ry = Lo B+ Ry,

where Ry € W% for sufficiently small e. The symbol of the operator Bis b(x, &) = ()™~ log(¢) €
S 5. provided that 0 < ¢ < 1 —§ —m. Setting R = Ry + Ry gives the claimed result. O

Lemma6.3. Let B € ¥|5and b € S; % asin Lemma 6.2. Then, for each e > 0 there exists b, € S} 3
such that
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Proof. Since b € Sl‘g, for any e > 0 there exists R, such that
|b($,€)| S € 9 |§| 2 R€

holds. Let y be the cut-off function defined in the proof of Lemma 2.4, we set xr, (£) := X((2R)7 1 (¢~
3)) and be(, ) := b(w, §)xr, (€). Then

be(x7€) =0 r € R, ’5‘ > 2R,
i.e. b € Sl‘j for all k € N and b, satisfies the desired estimates (6.5). O

Lemma 6.4. Let the operators B be defined as in Lemma 6.2, and B, be defined by the symbol b in
Lemma 6.3. Then

(Lo (B = Boyu, )| £ ellull gosor iy 10l mcorc (6.6)

and
|(L o Beu,u)| S EHUH%M) (6.7)

hold for all u,v € H™®) ().

Proof. Since u, v have compact support, we can without assume loss of generality that = — b(z, &) —
be(x, &) has compact support with respect to x, which simplifies the proof. We proceed in a standard
way (see e.g [32] Chapter VI, §2), by proving that under this assumption Lemma 6.3 ensures that for
all e > 0 there exists B, satisfying

(B = Be)ullpy(r) < €llullLon)-

To this end, let us consider the function d(),€) = o= [ e~ (b(x, &) — be(x, €))da. Then, due to the
local support of z — b(z, &) — be(x, &), for each N € N, there holds an estimate

s%pci(x,g) < Cne(l+ AN .
We estimate
(B-Bgue) = 5= [ [ Db, ~ bl €)uty)dud

= 5 | ([ i e anese iy

= [ [einieien = [@u@an.
By Plancherels Theorem we get

1T\ull Ly @) S Slglp A O] o) S €L+ M) 72wl o r)-

Integrating with respect to \ gives

I(B - BoullLym < / Tyl gy 0 < / (@ + M) D)l y @A S ellulla.
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Therefore, we estimate

(Lo (B = Bou,v)| 1(B = Bo)ull L@ | A™ 0]l 1wy

el ooy 10l o 1

INIA A

elloll goor (1 1l mcor 1y

forall u,v € flm(I), which concludes the first estimate (6.6).

Sincem < 1land b, € ng, standard pseudo differential operator calculus gives L o B, € ¥} 5 and
we obtain

(LoBeuu)l < Nullg,m

O

Now we establish the Garding inequality in an important special case. We recall the definition (3.3)
of the ™) (I)-norm.

Lemma 6.5. The variable order Riesz potential operator A given by (6.3) satisfies the Garding in-
equality: there exist constants v > 0 and C' > 0 such that

- 1
Furthermore, the operator A is continuous,

‘(AU,’U>| S ”uHHm(z)([)HUH[:[m(z)(]) Vu,v € ﬁm(m)([) (69)

Proof. We decompose
A=LoL'+Lo(B-—BJ)+LoB.+R

where R € ‘I’1§ A similar expression holds for the adjoint AT. Using Lemma 6.4 there exist
constants v > 0, C’ > 0 such that for ¢ > 0 sufficiently small

Vue H™® (1) (Au,u) + (u, Au) > 2(Am($)u A™@) ) CHuH%Q(I)

- 6HUHHm(ac)(I)

V

which proves the Garding inequality (6.8).

The second assertion follows by the same ingredients observing the Lo-continuity of Rand B.. [
The previous theorem has been shown in [12] for a larger class of operators under the more restrictive
condition m — m < 3.

The Gérding inequality (6.8) holds for the operator A = A?™(*) defined in (6.3). Lemma 6.5
is, however, the key ingredient in establishing a Garding inequality for variable order operators
Az, D) € \I/Zf?(x) which are elliptic in a suitable sense.
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Theorem 6.6. Let A(x,D) € \I/Qm(”) be a pseudodifferential operator of variable order 2m(x),

0 < m(z) < 1, given by (2.3) with symbol a(z,€) € S5

exists v > 0 with

for some 0 < § < p < 1 for which there

v, & e RY Re a(z,€) +1 > ~(€)>m®), (6.10)
Then A(z, D) € \Ifzm(x) satisfies a Garding inequality in the variable order space H™(*)(I): there
are constants v > 0 and C > 0 such that
Ve B (1) s Ra(u,w) > |ull 4y — Cllul . (6.11)
and

A >0 suchthat A(z, D)+ M : H™(I) — H~™@)(I) s invertible. (6.12)

Proof. Let I = (a,b) C R be a bounded interval and m(x) : I — (0,1) a variable order. As in the
proof of Lemma 6.5, we can decompose A into

A=NoN'" +N(B-B.)+NoB.+R,

where N is an injective elliptic operator on I with symbol n(z, €) satisfying n(x, &) > ¢(€)™®) and
B, B, and R have similar properties as in Lemma 6.2 - 6.4. Due to these assumptions there is ¢ > 0
such that for all uw € H™(")(I) we have | Nu||2(ry > ¢l|ul| gm) 1)~ This implies in the same fashion
as in the previous proof

1
Ra(u,u) = 5 (A, u) + (u, Au) = ey (Vo Nu) = JullFz) ) = 3 (il gy = 'l )
Where we conclude (6.8) with Lemmas 6.2 to 6.5.

The invertibility (6.12) of A(z, D)+ \I follows from (6.8): it implies that for A > 0 sufficiently large,
A(z, D) + M is H™®)(I)-coercive. O

The Garding inequality (6.11) implies time-analyticity of the semigroup 7} corresponding to X; €
FPPQ?(”) and A € \I/i”g(”). As in [30], Theorem 1, we obtain from (6.8)

Theorem 6.7. Let X € FPQm(I) be a quadratic, pure jump Feller process of variable intensity 2m(z)
with characteristic function a(:c €) as in (1.6) belonging to Sp m(@) , Which we assume to be coercive
in the sense that (6.10) holds. Then A(z, D) is the infinitesimal generator of the Feller semigroup T
of X, defined in (1.2). This semigroup is analytic in the sense, that there exist C, d > 0, such that for
allt >0,l e Ngand 0 < 6 < 1 holds

HT@ < Cd2HIMD(2] 4 2 — 20)¢ 2D+ (6.13)

HE(VQ,V) B
Here, Vy = (H-™®)(I), H™)(I)),, denotes the real interpolation space with index 0 < 6 < 1
with the convention that V' = V; = H™®)(I).

Proof. If the negative definite characteristic function a(x, &) in (1.6) belongs to 52m *. by Theorem
1.3 of [28], the operator A(x, D) extends to a Feller generator given by (1.3). Assumptlon (6.10)
implies by Theorem 6.6 and by Theorem 1 in [30] the analytic regularity estimate (6.13) for the Feller
semigroup T;. O
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6.3 Discretization of the Kolmogoroff Equation

We discretize (1.8) with wavelets on I = (a, b), and, to exploit the time-analyticity (6.13) of u(t), by
a hp-discontinuous Galerkin (dG) scheme on J = (0,T), following [30, 22, 26]. In our analysis, we
will need to consider functions in V = H™(®@) (1) with additional regularity. Therefore, for s > 0, we
define the spaces
HS(I):{H (I) forng
VNH(I) fors>m.

By ||-|| 5, we denote the corresponding norm in H*(1).

6.3.1 Spatial Semi-Discretization by Wavelets

We first discretize (1.8) with respect to the space variable. Hence, let 7° be a fixed coarse partition of
1. Furthermore, define the mesh 7%, for [ > 0, recursively by bisection of each interval in 71 We
assume that our computational mesh 7y, (with mesh size h) is obtained in this way as 7 ~, for some
L > 0,withh = C27F.

The finite element space V;, C V used for the discretization is the space of all continuous piecewise
polynomials of degree p > 1 on the triangulation 73 which vanish on the boundary d1. In the same
way, we define the spaces 1! corresponding to the triangulation 7, so that we have V° c V1
oc V=V, Let Nt =dimVtand N = dimVj;, = NP = C2L.

The semi-discrete problem corresponding to (1.8) reads: Given ugq € L2(I), find w, € H'(J,V})
such that

d
E(uh, Uh) + a(uh, Uh) =0, Yup € Vy, and uh(O) = Pyug. (6.14)

Here, P, is the L? projection onto V;,. Using the stability of the quasi interpolant @, in (4.9), i.e.
Corollary 5.10, the following result on the spatial semi-discretization can be proved as in [23], Section
5, using the approximation property Corollary 5.11.

Theorem 6.8. Let (6.1) and (6.8) be satisfied. Furthermore, we assume that the operator A is of the
form A = Ay + B, where Ay = CyA2™®) ¢ \Iff’?(m), Co > 0and § > 0 arbitrarily small, is a
variable order Riesz potential, and B : V — V* is a compact perturbation in V = ﬁm(ﬂﬁ)(I).

Then, for any t > 0, there holds

p+1
m

() — up@®)|ly, < Cmin{l, WP . (6.15)

Here, C' > 0 is a constant independent of 4 and ¢, and u, u;, are solutions of (1.8) and (6.14),
respectively.

In order to compute a fully discrete approximation (in space and time) to the parabolic problem (1.6),
systems of linear equations have to be solved in each implicit time step (of the corresponding time
discretization). To obtain an efficient solution method, we use wavelet matrix compression of the
dense matrices corresponding to the operator A into sparse ones and we use optimal preconditioning.
The methodology is as in [22, 23], but in the variable order case it is based on the norm equivalence
Theorem 5.9 and the approximation property Corollary 5.11. After compression and preconditioning,
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the systems may be solved in linear or log-linear complexity. Since the proofs are analogous to what
was done in [22, 23], we only give brief outlines of the argument here.

The restriction of the Dirichlet form a to V}, x V}, corresponds to a matrix A with entries Ay y =
Ay, k) = oYk, Y1k) which, due to the Caldéron-Zygmund estimates (2.14) and the vanishing
moment conditions (4.4) - (4.6), decay with increasing distance of their supports. Hence, we can
define a compressed matrix A and a corresponding sesquilinear form @ by replacing some of the
small entries in A with zero:

~ A 1y if dist Ql,ka Q) < 5171/ or ;N oI £ 10,
k() = § 1 ) ¢ ) (6.16)
0 otherwise.
Here, the truncation parameters §; ; are given by
oy = cmax{2_L+a(2L_l_l/), 27!, 2_1/}, (6.17)

with some parameters ¢ > 0 and 0 < & < 1, and €, = supp ¥y .

By continuity (6.9) and coercivity (6.8) with C’ = 0 (which can always be achieved by Remark 6.1)
of the Dirichlet form a, we have the norm equivalence

1

7

[ulla = lau, w)[2 = [ully = [Ju]l gme 1)

As in [25, Proposition 3.2], we have

Proposition 6.9. Assume c in (6.17) is sufficiently large. Then, there exists 0 < [ < a < oo
independent of 4 such that
|a(un, vn)| < allunlallvnlla, (6.18)

and _
Ra(un, un) > Bllunllz, (6.19)

for all up,, vy, € V.

Moreover, there holds [25]

Proposition 6.10. Assume c in (6.17) is sufficiently large. Then, there exists 0 < 7 < 1 independent
of h such that for all L > 0 the following consistency condition is satisfied:

|a(un, vn) — a(un, vn)| < 7lluplla [valla,  Yun, va € Vi (6.20)
In addition, if
~ 2p + 2 p+1
> _ = , 6.21
“ 2p+242inf{z:m(z)(p—0)} p+1+m(p—19) (6.21)
where & is the constant from (6.17), then, there holds
|a(Qnu, vn) — a(Qnu, )| < CRZT™ |lull llonllv,  Vu € H3(Q), Yoy, € Vi, (6.22)

and
la(Qnu, Qnv) — @A(Qnu, Quv)| < CR*T =2 |l ||vlly,  Vu € HY(Q),Yv € H¥(Q), (6.23)

forallm < s,s’" < p + 1. Here, @, is a projection or quasi-interpolation operator from (4.9).
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The matrix compression (6.16) reduces the number of nonzero elements from NZ2in A to N times a
logarithmic term in A; see e.g. [29, 6]. More precisely, there holds:

Proposition 6.11. For @ < 1 in (6.21), the number of nonzero elements in Ais O(NlogN). If
@ = 1, then the number of nonzero elements in A is O(N (log N)?).

The matrix compression from the previous section induces, instead of (6.14), a perturbed spatial semi-
discretization of (1.8): find @, € V}, such that

d sy~
a (uh, Uh) + a(uh, Uh) 0, Vo, € V3. with uh(O) = Pyuyg. (6.24)

6.3.2 Discontinuous Galerkin Time Discretization

In order to obtain a fully discrete approximation (in space and time) to the parabolic problem (1.8),
we discretize (6.24) in time using a discontinuous Galerkin timestepping following [30].

For0 < T < ocoand M € N, let M = {I,,}_, be a partition of J = (0,7 into M subintervals
Iy = (tm—1,tm), m=1,2,... M with0 =ty < t; < ty < ... < tpy = T. Moreover, denote by
kp, = tm — tm_1 the length of I,,.

Foru € HY(M,V},) = {v € L3(J,V}) : vl|1,, € H (I, Vi),m = 1,2,..., M}, define the
one-sided limits

ulh = Hm u(ty, + s), m=0,1,...,M -1, wu,, = lim u(t, —s), m=1,2,...,M,

s—0+ s—0+

and the jumps
JF

[u],,, = un,
In addition, to each time interval I,,,, a polynomial degree (approximation order) r,,, > 0 is associated.
These numbers are stored in the degree vector r = {r,,,}/_,. Discontinuous Galerkin time stepping
yields an approximate solution in the space

— U, m=12... . M—1.

S" (M, V) ={ue LA J,V}) - ulr, € Py, (I, Vi), m =1,2,..., M},

where P,. (I,,) denotes the space of polynomials of degree at most r,,, on time interval 7,,,.

With these definitions, the fully discrete dG scheme for the solution of problem (1.8), respectively
(6.24), reads as follows: findUZ¢ € SZ(M, V},) such that for all W € SZ(M, V},)

Bac(U¢, W) = Fya(W), (6.25)
where
M M—-1
Ba@ W)= [ (@0.w)+a(w)de+ Y (0L, W) + (W5 0), (629
m=1 Im m=1
and
Fya(W) = (Pyug, W5h). (6.27)
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We recall from [30] that the solution ﬁgG € S™(M, V},) of the dG method (6.25) is uniquely defined
and that the dG method (6.25) can be interpreted as a time stepping scheme of variable step size
k., and orders r,,. Indeed, assuming that (7,?0 is known on the time intervals I,, = (ty—1,tm),
m =1,2,...,n — 1, we may findU € P, (I,,Vi4), 1 < n < M, by solving the variational
problem

/1 ((0UC, W) + a(UC, W) dt + (UL, W, ) = (U, W,k ), (6.28)

forall W e P,, (I, V3). Here, we set UJ¢™ = Pyuq.

6.3.3 Convergence of the Fully Discrete Scheme

The solution operator of the parabolic problem (1.8) generates a holomorphic semi-group (see e.g. [30]).
Therefore, the solution u(t) of (1.8) is analytic with respect to ¢ for all ¢ > 0. However, due to the
non-smoothness of the initial data, the solution may be singular at ¢ = 0. The aim of this section
is to show how, by the use of so-called geometric time partitions and linearly increasing polynomial
degrees in the time discretization, the low regularity of the solution at ¢ = 0 can be resolved.

Definition 6.12. A partition My, = {I,,}X_, inJ = (0,T), T > 0, is called geometric with M/
time steps I,,, = (tm—1,tm), m = 1,2,..., M, and grading factor v € (0, 1), if

to =0, tm=THM"™,  1<m< M.

Definition 6.13. A polynomial degree vector r is called linear with slope 1 > 0 on My, if 71 =0
and r,,, = [pm],m=2,..., M, where |um| = max{q € Ny : ¢ < um}.

We have the following a priori error estimate on the fully discrete (perturbed) dG method.

Theorem 6.14. Let p € (0,2], and « be the solution of the parabolic problem (1.8) on J x Q =
(0,T) x (a,b), with initial data ug € Vy, for some 0 < 6 < 1. Let the assumptions of Theorem 6.8 be
satisfied. Moreover, let (6.18)—(6.23) hold.

Then, there exist 119, mg > 0 such that for all geometric partitions M,/ (cf. Definition 6.12) with
0 <~y < 1land M > mg|logh|, and all polynomial degree vectors 7“on M s (cf. Definition 6.13)
with slope . > pg, the fully discrete solution ﬁffG to (1.8) obtained by (6.25) on the finite element
space S™(M s, V},) satisfies the a priori error estimate

[w(T) — TI(T) ||y < CT 55 hrt! (6.29)

Here, h and p are the mesh size and the polynomial degree of the spatial discretization, respectively,
and C > 0 is a constant independent of h.

6.4 Iterative Solution of the Linear Systems

The dG time stepping scheme (6.25) requires the solution of a nonsymmetric linear system in each
time step. These systems can be solved approximately by incomplete GMRES iteration without loss
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in convergence rates in the error estimate (6.29). Based on the norm equivalences (5.17), it can be
shown as in [23, 26] that the overall complexity of this fully discrete dG time stepping is linear (up to
some logarithmic terms). We indicate the argument and state the main result.

The dG time stepping scheme (6.28) requires a linear system of size (r,, + 1) N’ to be solved in
each time step m = 1,2, ..., M. Here and in what follows, in order to clarify the dependence on the
refinement level L explicitly, we denote by N” the dimension of the finite element space Vj, = V.

Forl <m < M, let{¢; = /j+ 1L j}i™o, Where L; is the j-th Legendre polynomial on (—1,1)
(normalized such that L;(1) = 1), be a basis of the polynomial space P,.,(—1,1). Then, the temporal
shape functions on the time interval I,,, are given by ¢; o F -1, where the mapping F,, : (—1,1) — I,,,
is given by

. 1 1 . A
t=F,(t) = —(tm,1+tm)+§kzmt, km = tm — tm—1, te(—1,1).

2
Writing U{% (2, t) = U{C|,,, (x,t) and Wy, = Wy, in (6.28) as

Tm

Z hm,j j o Fy, )( ), Wm(z,t) = ZWm,j(x)(¢j OFrgl)(t)v

J=0

the variational formulation (6.28) reads: find (U{%, )i, € (V;)E such that there holds for all
(Wini)iZo € (Vi)",

ZCZ] hm]7 mz L2(Q %Z hmj? mez m27 (630)
4,7=0 i=0
where, fori,j =0,1,...,7m,
S NV | (=1 ifj >
Cyi = 01 < _>< _>, = : 6.31
! Uj\/z+2 IT3) 1 else (6.3

and fi,i(v) = ¢i(— )(Uff?{ L(tm—1),v).

From now on, for the sake of readability, we will drop the subscript m. Then, denoting by M and A
the mass and (compressed) stiffness matrix on V* = V= with respect to (-, -) and a(-, -), respectively,
(6.28) takes the matrix form

. ko o~
Ru=f wih R=CoM+IoA, (6.32)

where u denotes the coefficient vector of UG = UG |, € P, (I, Vi)

In [26] it has been found that the system (6.32) of size (r+1) N can be reduced to solving r+1 linear
systems of size N, To this end, let C = QTQ" be the Schur decomposition of the (7 + 1) x (r+1)
matrix C with a unitary matrix Q and an upper triangular matrix T. Note that the diagonal of T
contains the eigenvalues A1, \o, . .., A1 of C. Multiplying (6.32) by Q" ® I from the left results in
the linear system

(T®M+§I®K)w:g with w=(Q" @Iy, ¢=(Q'®I)/f.
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This system is block-upper-triangular. With w = (wg, wy, ..., w, ), w; € CN", we obtain its solution
by solving
k~
MM+ ZA)w; = s (6:33)
forj=rr—1,...,0, wheres; = 9; -~ ZLJH T 11 Muw;.

By (6.33), a dG-time step of order » amounts to solving » + 1 linear systems of the form
k~
B=\M+ §A. (6.34)

Here, X is an eigenvalue of C in (6.31). Estimates on the eigenvalues of C have been established
in [26].

For the preconditioning of (6.34), we define the matrix S and the scaled matrix B € RY" x RV" by
k m(z) % D -1 -1
S:(Re()\)I+§D ) ,  B=sBS,

where D™(®) s defined in (5.14).

The preconditioned linear equations corresponding to (6.33) are solved approximately with incom-
plete GMRES(m,) iteration (restarted every mq > 1 iterations). There holds:

Theorem 6.15. Let the assumptions of Theorem 6.14 hold. Then, choosing the number and order of
time steps such that M = r = O(|log h|) and in each time step ne = O(|log h|)> GMRES iterations,

p

Caliany (6.35)

l(T) = (D) |lv < CT~

where ﬁffc’ denotes the (perturbed) dG approximation of the exact solution « to (1.8) obtained by the
incomplete GMRES(m) method.

Applying the matrix compression techniques from Section 5, the judicious combination of geometric
mesh refinement and linear increase of polynomial degrees in the dG time-stepping scheme (Theorem
6.14), and an appropriate number of GMRES iterations (Theorem 6.15), results in an linear (up to
some logarithmic terms) overall complexity of the fully discrete scheme (6.25) for the solution of the
parabolic problem (1.8).

Theorem 6.16. Under the assumptions of Theorems 6.14 and 6.15, the fully discrete scheme (6.25)
with ng = O(|log h|)> GMRES(my) iterations per time step yields U2 (T") in at most O(N (log N)®)
operations, where N = N* = dim V}, = O(h™!) is the number of spatial degrees of freedom.
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