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Abstract

We study the existence of global-in-time weak solutions to a coupled microscopic-macroscopic
bead-spring model which arises from the kinetic theory of diluted solutions of polymeric liquids
with noninteracting polymer chains. The model consists of the unsteady incompressible Navier—
Stokes equations in a bounded domain Q C R% d = 2,3, for the velocity and the pressure of
the fluid, with an extra-stress tensor as right-hand side in the momentum equation. The extra-
stress tensor stems from the random movement of the polymer chains and is defined through the
associated probability density function which satisfies a Fokker—Planck type degenerate parabolic
equation. Upon appropriate smoothing of the convective velocity field in the Fokker—Planck
equation, and in some circumstances, of the extra-stress tensor, we establish the existence of
global-in-time weak solutions to this regularised bead-spring model for a general class of spring-
force-potentials including in particular the widely used FENE (Finitely Extensible Nonlinear
Elastic) model.

!Department of Mathematics, Imperial College London, London SW7 2AZ, UK
2University of Oxford, Computing Laboratory, Wolfson Building, Parks Road, Oxford OX1 3QD, UK



1 Introduction

The purpose of this paper is to explore the question of global existence of weak solutions to a
set of partial differential equations which arises from the kinetic theory of the flow of a diluted
solution of polymeric liquid in a domain Q C R% d = 2,3. The simplest model of this kind to
account for noninteracting polymer chains is the so-called dumbbell model (cf. [3]); a dumbbell
consists of two beads connected by an elastic spring. Following [4], at time ¢ the dumbbell
is characterised by the position of its centre of mass X(¢) and its elongation vector Q(t) (see
Figure 1). When a dumbbell is placed into a given velocity field u(z, t), three forces act on each
bead: the first force is the drag force proportional to the difference between the bead velocity
and the velocity of the surrounding fluid particles; the second force is the elastic force F' due
to the spring stiffness; the third force is due to thermal agitation and is modelled by Brownian
motion.

On rescaling the elongation vector, Newton’s equations of motion for the beads give rise to
the following set of stochastic differential equations:

dX = 'g({((t),t) dt, (1.1a)
1Q = ((Vx u(X(0.0Q(0) - 55 FQ() ) at — = aw (o) (1.1b)

where W is a vector of independent scalar Wiener processes, F'(Q}) denotes the elastic force
acting on the chain due to elongation, the positive parameter A = ¢/(4H) characterises the
elastic property of the fluid, with ¢ denoting the drag coefficient and H the spring stiffness. For

details, we refer, for example, to [3, 6, 10, 17].

Figure 1: Noninteracting polymer chains, immersed into an incompressible flow with velocity u,
are modelled by using dumbbells, each dumbbell representing a polymer chain. A dumbbell is a
pair of beads connected with an elastic spring. At time t > 0, the dumbbell is characterised by
the position X (t) of its centre of mass and its elongation vector Q(t).

The present paper is concerned with the well-posedness of the deterministic restatement



of this problem. For this purpose, let Qp(g,g,t) denote the probability density function cor-
responding to the vector-valued stochastic process (X (t), Q(t)); thus, ¥ (g, q,t) represents the
probability, at time ¢, of finding the centre of mass of a dumbbell at a positiSH ‘between’ g and
£ + dz and having elongation ‘between’ ¢ and ¢ + dg.

Now, let us suppose that the elastic force ' : D C R? — RY, d = 2,3, of the spring is
defined through a (sufficiently smooth) potential U : R>g — R via

F(g) =U'(3l4/M ¢ (1.2)

Then, the evolution of the probability density function w(g,g,t) of the stochastic process
(X (¢),Q(t)) defined by (1.1a,b) satisfies the Fokker-Planck equation (2.4a) below for (z,q,1) €
Qx D x Rs¢, subject to appropriate initial and boundary conditions; cf. (2.4b,c). Due to
the fact that, unlike (1.1b), the differential equation (1.1a) does not involve random effects, the
Fokker—Planck equation for the associated probability density function is a degenerate parabolic
equation for (g, q,t), with no diffusion in the z-direction. The velocity field y appearing in
(2.4a) is, in turn, found by solving the incompressible Navier—Stokes equations (2.1a,b) below,
subject to the initial and boundary conditions (2.1¢,d). The right-hand side of the momentum
equation (2.1a) models the non-Newtonian effects through the presence of the extra-stress ten-
sor 7 which depends on the probability density function v (see, (2.2), (2.3)). Our aim here
is toNexplore the existence of global-in-time solutions of this coupled ‘microscopic-macroscopic’
model.

An early effort to show the existence and uniqueness of local-in-time solutions to a family
of bead-spring type polymeric flow models is due to Renardy [18]. While the class of potentials
F(q) considered in [18] (cf. hypotheses (F) and (F’) on pp.314-315) does include the case
of Hookean dumbbells, with F'(q) = ¢, it excludes the practically relevant case of the FENE
(Finitely Extensible Nonlinear ENla,sticY model where

-1
Fl(q) = (1—”7) g, lgl <b, b>0.

In a recent paper Jourdain, Leliévre and le Bris [11] studied the existence of solutions to the
FENE model in the case of a simple Couette flow; by using tools from the theory of stochastic
differential equations, they established the existence of a unique local-in-time solution to the
FENE model in two space dimensions (d = 2) when the velocity field y is unidirectional and of
the particular form u(z1,z2) = (u1(z2),0) . The notion of solution for which existence is proved
in [11] is mixed deterministic-stochastic in the sense that it is deterministic in the ‘macroscopic’
variable z, but stochastic in the ‘microscopic’ variable g. In contrast, our notion of solution (cf.
Section 3 below) is deterministic both macroscopically and microscopically, since the microscales
are modelled here by the probability density function (g, q,t). The choice between these dif-
ferent notions of solution has far-reaching repercussions coﬁcerning computational simulation:
mixed deterministic-stochastic notions of solution necessitate the use of Monte Carlo-type al-
gorithms for the numerical approximation of polymer configurations, as proposed, e.g., in [17]
and references therein as well as in [10]; whereas weak solutions in the sense considered in the
present paper can be approximated by entirely deterministic (e.g. Galerkin-type) schemes, as
has been done, for example, in [16].

In the case of Hookean dumbbells, the coupled microscopic-macroscopic model described
above yields, formally, on taking the second moment of ¢ — (g, z,t), the fully macroscopic,
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Oldroyd-B model of visco-elastic flow (cf. Section 2.2). In [15], Lions and Masmoudi show the
existence of global-in-time weak solutions to the Oldroyd-B model in a simplified case which,
in our coupled microscopic-macroscopic setup, directly corresponds to assuming that the drag
term in (2.4a) is corotational: that is, the tensor g(u) is skew-symmetric in the sense that
a(u) = —[g(u)]". The argument in [15] is based on exploiting the propagation in time of the
(N:ompactneNSS of the solution. It is not known if an identical global existence result for the
Oldroyd-B model also holds in the absence of the crucial assumption that the drag term is

corotational.

The present paper is concerned with the proof of existence of global-in-time weak solutions to
the coupled microscopic-macroscopic model (2.1a—d), (2.4a—c). Our hypotheses on the potential
U admit a fairly large class of models, including the Hookean dumbbell model as well as general
FENE-type models. Unlike [15], we do not need to assume that the flow is corotational in
the FENE case. However, the level of generality pursued here comes at a price: in order to
complete our existence proofs, the velocity field appearing in the drift-term of the Fokker—Planck
equation (2.4a) had to be suitably mollified in the case of corotational microscopic-macroscopic
models, and in the case of general, noncorotational models, the extra-stress tensor 7 on the
right-hand side of (2.1a) had to be mollified also. A possible physical justification for the
proposed modification of the original mathematical model, through smoothing the velocity field
in particular terms in the model, is that many flows of diluted solutions of polymers tend to be
slow, with a smoothly varying velocity field.

The mollification of the velocity field considered here is stimulated by the Leray-a model of
the incompressible Navier-Stokes equations (the viscous Camassa—Holm equations), proposed
by Foias, Holm and Titi [8], in a bounded open set 2 C R? with boundary 92:

Find 4 : (z,1) € R — u(z,t) € RY, d=2,3, and p : (g,t) € R — p(z,t) € R such that

%+(g'ym)g—VAzg+yzp:{ in Q x (0,77, (1.3a)
Ve -u=0 in Q x (0,77, (1.3b)

u=0 on 00 x (0,71, (1.3¢)

u(z,0) = uo(z)  Vz e (1.3d)

where 1 is the velocity field, p is the pressure of the fluid, v € Ry is the viscosity, f is a given
body force, and y(-,t) is a smoothing of u(-,t) defined as the solution of the Helmholtz problem

U in Q, (1.4a)
=0 on 0€); (1.4b)

where a > 0 is a regularisation parameter.

With y thus defined one cannot deduce from (1.4a,b) that V; -v = 0 on 2. As we would like
v to resemble y both in terms of its incompressibility and the boundary conditions it satisfies,
instead of (1.4a,b) we shall seek the smoothing v of u from the following Helmholtz-Stokes



problem

v—alAgv+Vym=u in Q, (1.5a)
Ve v=0 in Q, (1.5b)
v=>0 on 08; (1.5¢)

where 7 is a pressure-like auxiliary variable. Since, strictly speaking, 7 does not have a physical
meaning, it is best thought of as a Lagrange multiplier whose role is to enforce incompressibility.

We remark that smoothing, albeit of a somewhat different kind, is also conceivable on phys-
ical grounds, since equations (1.1a,b) could be modified to

dX = u(X(),t)dt +edW(2), (1.6a)
1Q = ((Vx u(X().0 Q) - 55 FQ() ) at - = aw (o) (1.6v)

where ¢ > 0 is a small parameter and W (¢) is an independent vector of Wiener processes
modelling, for example, thermal vibrations of the (center of gravity) of the dumbbell. A closely
related smoothing on the macroscopic level is considered in the work of El-Kareh and Leal [7].

The paper is structured as follows. In Section 2, we formulate the class of models considered.
As an illustration, we show how the Hookean dumbbell model and the FENE model fit into the
general setting. In Section 3 we introduce a family of weighted Sobolev spaces which represent
the natural setting for the problem; we also establish crucial density and trace results. In order
to motivate the energy estimates which, ultimately, via weak compactness, lead to the existence
of global weak solutions, we establish formal energy estimates and introduce our smoothing
operator. We then use these to rigorously define our weak formulation of the problem. In Section
4 we embark on the proof of existence of global weak solutions, starting with the analysis of
the simpler, corotational case for both Hookean and FENE-type models. We conclude with the
proof of existence of global weak solutions for the physically more realistic FENE-type models
in the general case, without assuming that the drag term is corotational.

2 Polymer models

We term polymer models under consideration here microscopic-macroscopic type models, since
the continuum mechanical macroscopic equations of incompressible fluid flow are coupled to a
microscopic model: the Fokker—Planck equation describing the statistical properties of particles
in the continuum. We first present these equations and collect assumptions on the parameters
in the model.

2.1 Microscopic-macroscopic polymer models

Let © C R% be a bounded open set with a Lipschitz-continuous boundary 99, and suppose that
the set D C R%, d = 2 or 3, of admissible elongation vectors ¢ in (1.1b) is an open set which
may be bounded or unbounded. For the sake of simplicity of presentation, we shall suppose



that D is either a bounded open ball in R? or D = R%: these two cases cover all practically
relevant scenarios involving the microscopic-macroscopic models discussed here. Qur arguments
in the case when the configuration domain D is a bounded open ball can be extended, with
only minimal changes, to situations when D is any bounded open domain in R? with smooth
boundary (e.g. an ellipse, to account for anisotropy in the molecule’s configuration).

We consider the following initial-boundary-value problem.

(P) Find u : (z,t) € R = u(z,t) € R? and p : (z,t) € R s p(z, ) € R such that

?;: (y Va )1N1—I/A U+ Vep=Vy Z(¢) in Q x (0,71, (2.1a)
Vi -u=0 in Q x (0,77, (2.1b)

u=0 on 09 x (0,7, (2.1c)

u(z,0) = ug(z) Vz € (2.1d)

where v € Ry is the viscosity and 7(¢) : (z,t) € R¥! s 7(¢)(z,t) € R¥*? is the symmet-
ric extra-stress tensor, dependent on a probability density function ¢ : (g,q,t) € R2*1 s
¥(z,q,t) € R, defined as

() =ku(CW) — o) I). (2.2)

Here k, u € Ry are, respectively, the Boltzmann constant and the absolute temperature, [ is
the unit d x d tensor, and

=/¢(§,q,t) U'(3l91)gq" dg and p(w)(g‘,t)=/ b(z,q,0)dg.  (23)
D ~ ~ e D ~ ~

In addition, the real-valued, continuous, nonnegative and strictly monotonic increasing function
U, defined on a relatively open subset of [0,00), is an elastic potential which gives the elastic
force F': D — R? on the springs via (1.2).

The probability density 1(z, q,t) represents the probability at time ¢ of finding a dumbbell
located ‘between’ z and g + dzg }:aving elongation ‘between’ ¢ and g + dg. Hence p(z,t) is the
density of the polymer chains located at g at time ¢. It follows from?l.la,Nb) that 1 satisfies the
Fokker—Planck equation, together with suitable boundary and initial conditions:

%Hg Ve )+ Vo (o) ) = M Vo (Ve +U'qw) nQxDx(0,T],  (24a)
) = on Q x 9D x (0,71, (2.4b)
»(2,4,0) = o(z,9) 20 V(z,q) € QxD.  (24c)

~ ~
~ ~

When D = R¢, the boundary condition (2.4b) on 0D, the boundary of D, is replaced by a decay
condition at infinity which demands that || converges to 0 sufficiently fast as |¢| tends to oo;
we shall be more specific about this in Lemma 3.2(b).

In (2.4a) the parameter A € Ry characterises the elastic properties of the fluid, and g(g:, t) €

0
R4*? is related to Vi u, where (V,u)(z,t) € R4 and {Vauti; = ot

' For example, possible
Oz,



choices are

() ow)=Veu () ow=ww and () ow=Vev:  (25)
where
Vou=D@) +w(), D=3 Veut(Vew) ]l  wlw)=1 Vou—(Vau)T] (26)

and v is a ‘smoothed’ version of y. The precise form of the smoothing operator which maps u
into v will be given in Section 3.3.

On introducing the (normalised) Maxwellian

o UGl
M(q) = —F7—,
/ e Y dqg
5 q
we have
MV,M*'=-M'V,M=U"q. (2.7)
In addition, the following identities hold:
v,U=Uq, V,U=U"q and A U=U"|qf*+U'd. (2.8)

Thus, the Fokker-Planck equation (2.4a) can be rewritten as

0 1 .
8_1tp +(y-Yz)¢+Yq '(g(fj)gw) = ﬂyq . (Myq (%)) inQxDx(0,T]. (2.9)

2.2 Two examples

1. FENE-type models. A widely used model is the FENE (Finitely Extensible Nonlinear
Elastic) model, where

s b 25 ~u(tlg) o\ *
D = B(0,b2) and U(s):—iln (1—7), and hence e ~ = 1—”7 . (2.10)

Here B(0, s) is the bounded open ball of radius s > 0 in R? centred at the origin, and b > 0 is
an input parameter. Hence the elongation |¢| cannot exceed b3.

2. Hookean dumbbells. Letting b — oo in (2.10) leads to the so-called Hookean dumbbell
model where

~U(31q)
D =R¢ and U(s) =s, and therefore e ~ =e

~3lg?

(2.11)

This particular kinetic model, with g(u) = ¥ u, corresponds formally to an Oldroyd-B model,
or with g(u) = w(u) to a corotational Oldroyd-B model. Indeed, on multiplying (2.4a) by ¢ gT,
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integrating over D, performing integration by parts (assuming that 9 and |V 1| decay to zero
sufficiently fast with |¢| — c0), and noting for any r € R? that

(T.Vq)qu =rq +qr' and Aq (gg") =21 (2.12)
yields
oC
A(S—Z—i—C:pI in Q x (0,77, (2.13)
where
0C  oC
= (1 Va) O~ [o(w) O+ Clo(w)]] (2.14)

is the upper-convected time derivative. Combining (2.13) and (2.2) and observing that the
density p(z,t) satisfies

— 4+ @Ww-Vz)p=0  inQx(0,T] (2.15)

implies that the extra-stress 7(z,t) satisfies

ot
A T=kpuiplo(w) +[o(w)]"]  inQx(0,7], (2.16)
which is the Oldroyd-B constitutive equation if g(uy) = V,u or the corotational Oldroyd-B

constitutive equation if g(u) = w(u); in the latter case, the right-hand side of (2.16) is identically
equal to 0.

2.3 General structural assumptions on the potential

Suppose that D is a bounded open ball in R¢ or D = R?%. We assume that g U(% |c~]|2) € C*(D)

with ¢ — U(3/g|?) nonnegative and ¢ — U’(3|q|?) positive on D, and that there exist constants
c¢; > 0,17 =1,2, such that

U2-U">c VgeD and (U)?-U">20U" Vg: |qf> 2, (2.17)

~

c2

1
where B(0, (l) *) cc D.

The above assumptions hold for the Hookean case, (2.11), with ¢; = 2¢o = 1; and the FENE

case, (2.10), on assuming that b > 2, with ¢; = % and co = %.
We shall also suppose that there exist positive constants ¢;, ¢ = 3,...,7, and & > 0, such

that the Maxwellian M and the associated elastic potential U satisfy
c3 [dist(q, OD)]" < M(q) < ¢4 [dist(g, OD)]" Vg € D, (2.18a)
cs < [dist(g, OD)]U'(3]q%) < s, [dist(g, OD)*|U"(319/*)| <er VgeD;  (2.18D)



when D = R?, then [dist(q, OD)]" in (2.18a) is replaced by exp(—|g|2), and [dist(q, 0D)] and
[dist(q, 0D)]? in (2.18b) are omitted.

It is an easy matter to show that the Maxwellian M and the elastic potential U of the FENIE
model and of the Hookean dumbbell model satisfy conditions (2.18a,b), — with D = B(0Q,b2)
and k = b/2 in the case of the FENE model; and D = R for the Hookean dumbbell model.

We shall also require that

/D [1 + (14 |g?) (0)2 + g (U’)2)] Mdg < . (2.19)

For the Hookean model (2.11) and the FENE model (2.10), with b > 2, (2.19) is easily shown
to hold. For example, we have that

M ::/ M (U2 |q[*dg < oo (2.20)
D ~ ~
for both models. In the Hookean case, (2.20) follows since
o0
/ e s ds < 00, (2.21)
0
while in the FENE case, (2.20) follows since
b S\'3  at2
/ (1—5) sTds<oco ifb>2. (2.22)
0

More generally, it follows from (2.18a,b), on noting that U(%\QP) = —log, M(q) + Const.,

that (2.19) holds provided that either: (i) x > 1 when D is a bounded open ball in R?; or (ii)
when D = R%.

3 Weak solutions

To define an appropriate notion of weak solution, we first introduce some function spaces, then
derive formal energy identities and estimates satisfied by the weak solution. These estimates
will, later on, form the basis of our proof of existence. In our notion of weak solution we will
also rely on smoothing operators to compensate for the lack of regularization in the hyperbolic
part of the Fokker—Planck equation.

3.1 Function spaces and embedding results

We employ the usual function spaces for viscous, incompressible flow (e.g. [9]):

H:={weL*Q):V, -w=0}, (3.1a)

V= {we Hy(Q): V, -w =0}, (3.1b)

and  L3(Q):={r € L2(N): / r dz = 0}, (3.1¢)
0



where the divergence operator V- is to be understood in the sense of vector-valued distributions
on . In addition, we introduce the following function spaces for :

2
K := {tpeLlloc(QxD):/ [ﬁjLM
QxD

Yy (%) ‘2] dgd% < oo}, (3.2a)

M
K ._{ K - Q@d d b
g ={peK: la” 5 dgdz < oo}, (3.2b)
QxD ~ ~
Kt :={p€K:¢p(z,q) >0 for ae. (z,9) €2 x D}, (3-2¢)
and K;' =K,NK". (3.2d)

Clearly, if D is bounded then K, = K and K ;' = KT. We remark, in particular, that due to the
structural hypotheses on U (specifically, (2.19)), both M and M U belong to K. It is helpful
to note for future purposes that, more generally, a distribution ¢ belongs to K if, and only if,
X = 7 has finite norm

1
3
HXHHOJ(QXD;M) = { M [|X|2 +1Vyq X|2] dg dlf}
QxD
As the corresponding weighted Sobolev space
HY' (2 x D; M) := {x € Loo(2 x D) : |Ixllgo1raxp;ary < 0}

is a Hilbert space, it follows that K = M - H**(Q x D; M), too, is a Hilbert space with inner
product

©1 P2 P1 ©2
: = P12 M( —)( —)]dd, : K,
((pl <P2)K /S;XD [ M + qu M qu M g ‘z" P1, P2 €

1
and induced norm |||k = (¢, ) ; clearly,

peK. (3.3)

ol = ||| ,
M I Ho.1(Qx D; M)

Analogously, K is a Hilbert space with norm || - ||, defined by

o]

2
lole, = [ a+ig? e, (£)] agas
X

and associated inner product.

It is well-known (e.g. [9], Coro. 1.2.5) that the space
W:={wely®):Vs -w=0} isdensein both ¥ and H. (3.4)

We require an analogous density result for the space K. Hypotheses (2.18a,b) for the Maxwellian
M and the associated elastic potential U play a crucial role in the argument.

LEmMmA 3.1.

(a) Suppose that D is a bounded open ball in R and k > 0; then, the set M - C*®°(Q x D)
is dense in K. Here C®(Q) x D) denotes the set of all functions defined on Q x D that are
infinitely differentiable in Q@ X D and which, together with their partial derivatives of any order,
can be continuously extended to Q x D = Q x D.

(b) Let D = R%; then C§°(Q x D) is dense in K.



PROOF. (a) For ¢ € D let d(q) := dist(q,0D). According to (2.18a), there exist positive
constants c¢s, ¢4, such that c SNM(q)/d’“(qY < ¢4 for all ¢ € D. Hence the Maxwellian M(q) is
a weight function of type 3 in D in the sense of Triebel [52], p-247, Definition 3.2.1.3c. By T22],
Theorem 3.2.2a, the weighted Sobolev space

H'(D; M) = {f € L*(D) : I1f I3 par) = /D M [1£(@) + Vg £(@)] dg < oo}

is a Hilbert space and, by [22], Theorem 3.2.2c, C®°(D) is dense in H'(D; M); see also Chapter I,
Section 7, in Kufner’s monograph [14]. Therefore, L?(£2; C*°(D)) is dense in L?(2; H*(D; M)) =
HYYQ x D; M). Given x € H*(Q x D; M), let {X:}. C L*(Q;C*(D)) be a sequence which
converges to x in H*'(Q x D; M). Let us extend both x and X. with respect to the variable g
by 0 outside Q and, for ¢ € (0, 1), define

Xe(Z, Q) = (Xe(25 q) Coc(2) ) *o Je(2),

where %, denotes convolution with respect to z, (2:(z) is the characteristic function of the set
Qo :={z € Q : dist(g,00) > 2¢},

je(z) = e %j(e '),

and j is a nonnegative C° function with compact support, supp(j) = B(0,1), whose integral
over R? is equal to 1. Now, x. € C§°(Q;C>®(D)) and the sequence {x.}c converges to x in
L2(Q; HY(D; M)) = H%\(Q x D; M) as € — 0.

For a general ¢ € K, we approximate x = ¢/M € H%'(2 x D; M) by a sequence {xc}e C

C§°(Q;C>(D)) € C*®(Q x D) in the H*'(Q x D; M)-norm. Then the sequence {M x.}. con-
verges to M x = ¢ in the || - ||k norm as € — 0.

(b) Suppose that ¢ € K,;. On letting x = ¢/V M, we deduce that
loll, = [ [0+1g™) WP+ I9gx + U g x°] dgde
X

By virtue of (2.18b) in the case of D = RY, it then follows that there exist positive constants
C1 and C5 such that

Cillolfe, < [ [+ lgP) I + Vo x?] dgdz < Ca ok, (3.5)
X

Let us extend the functions ¢ and x with respect to the variable z by zero outside €2, so that the
extended functions, which we still denote by ¢ and y, respectively, are now defined on R? x R¢.
Let € € (0,1) and consider the function ¢, = vV M., where

Xe(Z:q) = Xe(2,q) * (Je(2) Je(q)) and  Xe(z,q) == x(2,q) C2:(2) &1/6(0);

here (2:(-), j(-) are as in part (a) above, * is convolution with respect to both z and ¢, and

€1/e(g) = min{l, (1 +1_ Ig\)+} :

We note that the function ;. has its range in the interval [0, 1], it is equal to 1 within the
bounded open ball B(0,1/¢) C R%, equal to 0 in the complement of the bounded open ball
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B(0,1+ (1/e)) c R? and |V, €1/e(@)] <1 for a.e. ¢ in R?. The properties of the convolution

imply that x. € C°(R? x R%); more precisely, x. € C°(Q x RY). Since VM is a constant
multiple of exp(—%U), and s € R — U(s) is, by hypothesis, a C* function, it follows that

VM € C®(R%). Hence, @, € C{°(Q x RY).

Our aim is to show that lim. o [|p: — ¢|[x, = 0. We see from (3.5) that to do so it is
necessary and sufficient to prove that

lim [ (1 + IgP)lxe = xI? + Vg xe — Vo xP?] dgdz =o. (3.6)
€20 JRdxRd ~ ¥

On recalling that x. = Xz * (je(z) j=(¢)), (3.6) will in turn follow by use of a triangle inequality
once we have established the followmg

iy [ 010 R =20 # (ea) @) + (T4 e = V) () e(0)) 7] dadz =

€0 JRd xRe

(3.7a)
]iII(l) [(1+|q| )lx*(]s( ).75( )) X|2+|( ) (.76( )JE(Q))_NVqX‘2:| de.ZJ:O.
€20 JRd xR ~ 1

(3.7b)

Let us start by showing (3.7a). By Young’s convolution-inequality and using that the L!
norm of the function (z, q) — je(z) je(q) over R¢ x R is equal to 1, we have that

/ (Vo %= — Vo) * (o) 4 (@) dg dz < / IV % — Vax? dg dg.
R4 xRd R4 xRd

xR

Recalling the definition of X (¢), that [£/.(¢)] < 1 for all ¢ in R? and that |V, &/.(g)| < 1 for
a.e. ¢ in R? we deduce that the right-hand side in the last inequality is bounded by

2/ / INqu\qudﬂNchZ/ / |x|2dqdﬂ£+/ / IVex[?dgdz,  (3.8)
R Jig|>1/e ~ R J|g|>1/e ~ O\ JRY ~

which converges to 0 as € — 0 by Lebesgue’s dominated convergence theorem.

Analogously, by Young’s inequality again, but this time applied with respect to the variable
z only, using the Cauchy—Schwarz inequality, Fubini’s theorem, the change of variables s = g —r,

and the inequality 1+ |s + 7|2 < 2(1 + |s|?) + 2|7 |?, we have that

/ (1+\qlz)l(is—x)*(je(g:)js(Q))Iqung/ (1+1g/) |R: = X) #4:(0)* dg da
RExR4 ~ ~ ~ Ré x R4 ~

xR

~ ~
~ ~

g/ (1+|q|2)/ %0 = 1) = xl@,a = ) (r) dr dg da
Rd xRd rj<e ™

~

/ / ’f‘/ 1—|—|s+r|2)|)?g(:z,s)—x(m s)|2dsdrd:v

Rd 7‘|<s ~ JRd ~o ~o o

<4/ / (1+ 15[2) [R- — xI? ds do + 4 / (14|52 [x[2 ds dz
R J|s|>1/e O\ae J|8[<1/e ~ ~o~

54/ / <1+|q|2>|>?s—x|2dqu+4/ /(1+IQI2)|X|2dqdw-
R¢ J]g|>1/e ~ ~o Q\22: JRY ~ ~

11



Both integrals appearing on the right-hand side of the last inequality converge to 0 as ¢ — 0 by
Lebesgue’s dominated convergence theorem. Together with (3.8), this implies (3.7a).

In order to prove (3.7b), we proceed by writing
(YgX) * (e (@) (9) = Vax = (Vg X) #0 jie(2) = Vo x) 54 3:(g) + (T4 X) % Jelg) — Yy x) -

On applying Young’s inequality with respect to x4, we have that

/ (Vg x) * (e (%) je (@) — Vg x[*dgdg < 2/ (Vg x) *z Ge(2) — Vg xI” dg dz
R4 x R4 R4 xR

+2 / (Vg X) *q Je(q) — Vg X|2dg dg.
RéxRe

A standard argument for Friedrichs mollifiers yields that both terms on the right-hand side of
the last inequality converge to 0 as € — 0; hence,

lim (Vg X) * (e () §e(q)) — Vg x|* dgdg = 0. (3.9)

€20 JrdxRd

Finally, noting that
Ix * (e (2) (9)) — xI% < 2(x *q Je(q) — X) *o Je(@)1* + 2[x *2 Je(z) — x|

and applying Young’s inequality with respect to *,, we have that

/ [+ 1aP?) xx (Ge(2) e(9) — xl2dqu<2/]R (A lal) Ix#gde(e) = X[ dg da

dx

1
2 / 101 o o) = (14 la P dadg
=: A; + B;.
Since (1 + |(N1|2)% x € L?(R% x R%), a standard argument for Friedrichs mollifiers implies that
gl_r)% B, =0. (3.10)
Further, on recalling the definition of the convolution *,, the Cauchy-Schwarz inequality, and

that the integral of j.(r) over its support, {r : |r| < €}, is equal to 1, we have that A, <
2(Ty .+ Tq.), where, with R > 1 arbitrary,

Tiomesswppe [ [ @) xlzg) - xleg - 0P dgds
~ R? JIg|>R

and
Toe = eSS-SUPT<e/ / (1 +1g1?) Ix(2,9) — x(z,g — 1)I* dg dg.
0 Jou fgrent 2 q q q

Now, on using the bound |x(z,q) — x(z,q — )| < 2(|x(z,9)I> + |x(2,q — 1)I?), the change of
variables s = ¢ — 1 and the inequality 1+ [s + r|? <2(1+s|?) + 2|z |?, we find that

T [ @l e g Pdgda
Re J|g|>R-1 ~ ~ ~

12



Hence, given any é§ > 0, there exists R > 1, sufficiently large, such that Ty, < 6/4. Since, for
such R > 1 fixed and x € C(Q x B(Q, R + 1)) we have

ti $esssuppie. [ [ (1+1gP) e ) - xlag — )P dgday =0,
e0 M Jaligi<r ~ ~ ~ ~

by density of C(Q x B(0, R + 1)) in L?(Q x B(0, R + 1)), it then follows that the same is true
for any x € L?(2 x B(Q, R+1)). Hence, there exists g such that, for all € € (0,ep), Ta, < /4.
Thus, we have shown that, for any § > 0, there exists g > 0 such that A, <2(T1.+To.) <46
for all € € (0,g9). Hence, lim,_,g A, = 0, which, together with (3.10), then implies (3.7b).

Having shown (3.7a) and (3.7b), now (3.6) follows as indicated above; hence the sequence
{e} C C§°(Q2 x RY) converges to ¢ € K, in the norm of K, which means that C§°(Q x RY) is
dense in K. 0O

Our next lemma is a trace theorem for K: loosely speaking, it states that if ¢ € K, then
U'(|q|?) ¢ vanishes on © x D when D is a bounded open ball, and decays to zero at a

superalgebraic rate as |q| — oo when D = R

LEMMA 3.2.

(a) Suppose that D is a bounded open ball in R? and that the elastic potential U and the associated
Mazwellian M satisfy (2.18a) with K > 5 and (2.18b). Then, for o € K = M - H%'(Q x D; M),
the trace of U,(%|g|2) @ on Q x 0D is equal to 0.

(b) Suppose that D = R%; then, for p € K,

lim Rﬂ/ U'(Llal?) [ dS(q)dz =0 for all B> 0. (3.11)
Qx9B(0,R) ~ ~

R—o00

PROOF. (a) Let d(q) := dist(¢g,0D) and, for @ € R, denote by H&(D;da(g)) the closure of
C§°(D) in the d*(q)-weighted Sobolev space H'(D;d*(q)); hence, H{(D;d%(q)) is a Hilbert
space with respect to the norm I et (Dyae(g))- Accordir;g to a result of Besov and Kufner [2]
(cf. also Triebel [22], Section 3.6.1 and Kufner [14], pp.98-99), the space C§°(D) is dense in
HY(D;d*(q)) for a < —1 and f € H'(D;d*(¢)) = Hj(D;d*(q)) implies that f = 0 on dD.
Hence, to prove the Lemma, it suffices to show that if g € M - H'(D; M) then U'(%|g|2)g €
H(D;d 1 (g)).

Let g € M - HY(D; M); then,

On writing U'g = (U'M) - £ and noting (2.7) and the second identity in (2.8), differentiation

Y, (%) H dg < cc. (3.12)
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of U’ (%|c~1| )g (cN]) based on the product rule yields
2
@) [0 + 19, 0] < (a7 @l ar)
-1 2 771 n22 ‘9|2
+(2d (@) " U7 = U)"M ) = -

+ (2 1 (q) U M) M ‘qu (%) ‘2, (3.13)

where U’, U" and M signify U'(3|q|?), U"(3|q|?) and M (q), respectively. Since D is a bounded
set, on recalling (2.18a) with x > 5 and (2.18b), we deduce that each of the three terms in the
round brackets on the right-hand side of (3.13) is bounded on D; thus, by (3.12), we have that

| @) [09P 419, @) ] dg < oo
Hence, U'(%\ )9 € H'(D;d *(g)), and therefore U’g has zero trace on 9D.

(b) Suppose that D = R% and ¢ € K. For r > 0 let B, = B(0,r) be a bounded open ball of
radius r centred at the origin. It then follows, using the properties of M and U from (2.7) and
(2.18a,b) that ¢ € H*(Q x B,) := H*'(Q x B,;1) and hence the trace ¢(z,")|op, exists and
belongs to L!(8B,) for a.e. z € Q and all r > 0.

Let r > 0. Any g € 0B, can be expressed as ¢ = r § where r = |¢| and |§| = 1. Given 3 > 0,
consider the function f defined by

fz,r8) = U'(37°) r*P o(z, 7 0).

For every § € OB and a.e. z € Q, held fixed, the function r — f(z,r ) belongs to H'(0, R) for
all R > 0; furthermore, f(z,-)|sp, € L1(0B;) for a.e. £ € Q and all > 0.

Now, for a.e. £ € Q and all r € (0, R], R > 0,
z, - f(z,s .
f(z,RO f 0 3.14
Let N(r) := exp(—U(37?)); then, N(r) = M(r Q) for all § € 0B;. On re-writing
e(z,r0) z,r6
fard) = 22 D vy 0 = (SRR ) - (Vo vy re9),
differentiating the product with respect to r using the product rule, and defining
= VN U(3) rAO and Br) = 070 (N U/ () r9)

we have from (3.14) that

o(z,r0) o(z, 39
o(z, RO)U' (5 RQ)RdW—ﬁ“(d ) / Y M(s9) ds( 57471 A(s) ds
~or M(ré

R (,0 x, 39 L
/ 52041 B(s) ds.
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Now we take the absolute value of both sides of this identity, use the triangle inequality on the
right, and integrate both sides of the resulting inequality with respect to § € 0B;, z € €2 and
r € (0, R], note the identity

T
/ (/ f(ﬂNU,SQ)sd‘ldezf> ds =/ f(z,q)dgdz
0 Ox0B, Qx B, ~ ~

L (5280 - (v (5) wsn)

and use the Cauchy—Schwarz inequality, in each of the three resulting integrals on the right, we
obtain the trace inequality

and the bound

bl

<|vi(55) @s9)

RAT? U'(%RQ)/Q , lp(2, )] dS(q) dz < Ca (Ca + Cap R) [lollx (3.15)
X0BR ~o~ ~ ~

for all 8 > 0, where C, := [measy(Q) - measq_1(9B1)]"/?, and

Caim (/ORAQ(T) d¢~>;, Cap = (/OR[AZ(T) —I—BQ(T)]dr>%.

Finally, after dividing (3.15) by R?, noting that U’(5|R|?) = U'(5/q|?) for ¢ € Br = 8B(0, R),
and that, under the hypotheses (2.18a,b), we have 0 < C4 < Cyp < 00, on passing to the limit
R — o0, we obtain (3.11). O

Henceforth, we shall suppose that
k > 5 when D is a bounded open ball in R%. (3.16)

In the derivation of maximum norm bounds on 1 we shall also require the following lemma.

LEMMA 3.3. If ¢ € K, then for any constant L > 0 it follows that

v, ([cp—LM]+) :{ Ve (w—]@M) =V, (&) ife>LM | (3.173)
~ M 0 if o< LM
v, (7[‘”LM]> :{ Vo (25) =Vo () ie<IM : (3.17b)
~ M 0 if o> LM

and hence [(p — LM]y, [p+ LM]_ € K,.

PROOF. First, we note that as L > 0 we have that
[le—=LM]y |, [[p+ LM]_|<|g|. (3.18)

Next, for any ¢ > 0, we introduce the following regularization of [-]:

82+62%—8 if s > 0,
Pte(8) = ( ) = = Pre(s) <[s]l+ VseR. (3.19)
0 ifs<0
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Then, for any fixed 7 € Cr (2 x D), it follows from (3.19), (2.18a,b), the compact support of 1,
(2.7), ¢ € K and the Lebesgue dominated convergence theorem that

—-LM —LM
/ V, (7[90 ]+) - ndgdz = lim Vq (p—+,5(<,0 )) - ndgdz
a . LU

xD ™ M ~ 20 Joxp~ M
. / Vyq (o — L M) .
= lim - Prelp —LM)>——r——+ps(p—LM)Vq (M) | - ndgdz
Y, (p - LM) B
[ (FRr e L Y, () ) - ndgds
p>L M ~ o~
—LM
:/ Vg (M> - ndgdz. (3.20)
p>LM"™ M ~ o~
Hence we obtain the desired result (3.17a). A similar regularization of [-]_ yields the desired
result (3.17b). Finally (3.18), (3.17a,b) and ¢ € K, imply immediately that [¢ — L M|,
o+ LM]_ €K,. 0

For later purposes, we recall the following well-known Gagliardo—Nirenberg inequality. Let
r € [2,00) ifd =2, and r € [2,6] if d = 3 and u = d (5 — %). Then there is a constant C,
depending only on Q, r and d, such that for all n € H () the inequality

(/Q Inl’"dzr); <C (/Q InIQd:g>1;# (/Q|V77|2d.1:)g (3.21)

We recall also the following compactness result, see, e.g., [21] and [19]. Let Xy, X and X;
be Banach spaces, X;, i = 0, 1, reflexive, with a compact embedding Xy — X and a continuous
embedding X — X;. Then, for ; > 1, 1 = 0,1, the embedding

o

{n € L0, 15 Xo) : 51 € L (0,75 X1) } < L%(0,T: X) (3.22)

holds.

is compact.

3.2 Energy identities and estimates

The starting-point for our analysis is the following formal weak formulation of the problem: find
t—u(-,t) €V and t — 9(-,t) € K for t € (0,T], such that

ou
—N-wda:—l-/(u-Vm)u-wdmﬁ-u/
a~ ~TINTs

Q Ot ~ ~ ~ 0
= _/ 7(¢) : Veywdz  Vw eV, (3.23a)
u(z,0) = up(z); (3.23b)
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% ¢ Y, 1 3 v
/QXD ot Mdgdg_/ M “szodqdm+2)\ QXDM"’Vq (M ~Vq (M) dgd‘f

=L owev Ve (5) g ek, (2w

¥(z,9,0) = o(z,q)- (3.24b)

Here we have noted that, according to Lemma 3.2, ¢ € K, implies that ¢ vanishes on JD. In

(3.23a), and below we use the following notation: for any A, B € R4 we define
d d ) .
A:Bi=3 3 AiBy  and  |Al:=(4: 4) = [Trace(47 A)]>.
i=1 j=1

We begin by deriving some formal energy inequalities; the purpose of these is to justify the
choice of norms and spaces and indicate the kinds of bounds which will be rigorously established
later on. The arguments in this section are ‘formal’ in the sense that some of the steps require
additional smoothness of y and ; specifically, we shall suppose throughout Section 3.2 that
u(-,t) € WhH*(Q) NY and that ¢(-,-,t) € M - H}(Q x D; M) N K for t € (0,T]; we shall
also suppose for the moment that y and ¢ are sufficiently smooth in ¢. The first of these
requirements will be met in Section 4 through mollification of u as has been indicated earlier,
while the requirement on 1 will be relaxed to (-,-,t) € K for all t € (0,T] by considering
%it+y.vx¢ as the space-time directional derivative (total derivative) of 9 along subcharacteristic
curves and rewriting this in weak form through integration by parts over g, q and ¢.

First we note that

~ o~

/ [(U-Vw)wl] - wodx = —/ [(v Vg )wg] - wy dx Yo €V, Ywy,we € H{(). (3.25)
b~ ~ '~ ~o Q ~ ~ ~
14

Taking w = y € V in (3.23a) and noting (3.25) and (2.2), we obtain that

~

1
i e +v [[15eufar= [ 70): Voudz =k [ C60): Vouas
(

It follows from (2.3) and (2.20) that, for ¢ € K,

/|C |2dx—/22(/1/)quq]dq> dz

i=1 j=1

2 2
<d (/DM(U')2|2|4 dg) (/Q . %‘ dqd:v) =dM (/Q D'ﬂ dqu)

(3.27)

Taking ¢ =1 € M - H'(Q x D; M) N K, C K, in (3.24a) and noting that (2.1b,c) implies, on
integration by parts, that

i 7 J,
Y Vo pdgds = - Vo Pl dgdg = 2 ‘non) - dg dg =0,
/anyngg? 4 Va5 rdgdg =3 (4 noe) - rdgds=0



where nsq is the outward unit normal to 0f2, we obtain that

1d [l 1 (4
i Lo 2]+ 35 [, [0 (GF)
[ vV, () dds. @29

Similarly to (3.27) as [, M dg = 1, it follows that

Jyoras< ([ an) ([, , o) = ([, roas) o

Hence we have from (3.2a), (3.27), (3.29) and (2.2) that

2
dg dx

p €K implies Clp), p(p) I, 7(¢) € L*(Q). (3.30)

The problematic term is the one appearing on the right-hand side of the energy identity (3.28).
Below, we show that in the case of corotational models this term vanishes. In the noncorotational
case, we introduce a different testing procedure for the Fokker—Planck equation (3.24a) so that
the problematic drag term cancels with the extra-stress term in (3.26). Hence, from here on, we
consider corotational and noncorotational models separately.

3.2.1 Corotational models

We begin by analysing the right-hand side of (3.28) in the case when the drag term in (2.4a) is
corotational; that is,

o(u) = —[o(u)]" and hence q To(u)g=0 Vg € RY, (3.31)

N o~ ~N o~ N o~
~ ~ ~

corresponding to the choice g(u) = w(u) in (2.6).

First, suppose that D is a bounded open ball in R?. Given ¢ € K = K, let {p,}, be a
sequence in the space M - C®(Q x D) C K = M - H%(Q x D; M) which converges to ¢ in K
(cf. Lemma 3.1(a)). Then, using (3.31) with g(u) = w(u), (2.7) and (2.19), we deduce that

:% [/Q (@(w) )+ 7o %dsdx—l—/ﬂ (q " w(u) q)U""’M%dgd;f] 0. (3.32)

xdD = ™ N xD ~ &~ ~

2
Miew 9 Yo (57) dade

Here in the first integral in the square bracket, we made use of the fact that ngp = q/|q| |sp and

then applied (3.31). As {¢n/VM}, and {VM Y, (¢n/M)}, converge (strongly) in L*(Q x D)
and L2(Q x D) to the functions ¢/vM and VM Y, (p/M), respectively, as n — oo, and
w(u) € L*°(Q) by hypothesis, it follows on passing to the limit in (3.32) that

/QxD‘P(”(“)‘{)'NVq (%) dqd‘f:/mD (~(~)N) \/_V ( )dqda:—O Vo € K,
(3.33)

~
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If, on the other hand, D = R%, then an identical argument applies by considering a sequence
{en} in C§°(Q x D) which converges to ¢ € K, (cf. Lemma 3.1(b)). In addition, as M € K,
the same analysis as above yields for both D a bounded open ball in R% and D = R? that

M (c~u(u) q)-Vq (%) dgdz =0 Vpe€ K, (3.34)
Qxp "~~~ ~ o

Thus we have shown that in the corotational case, g(u) = w(u), identities (3.33) and (3.34)
hold both when D is a bounded open ball in R? and when D = R%. This observation leads to
a considerable simplification of the analysis. Indeed, upon combining (3.26), (3.27), (3.28) and
(3.33) and applying a Gronwall inequality, we have that

| W)'Z :| 1 /T / w
sup / dq dz N M \V, | =
te(0,7) LY QxD M A 0 QxD ~T\M

- T 2
sup /|u|2dm] +u/ [/ |Vzu|2dz] dtg/ |u0\2dx+CT/ [tol” dgdz. (3.35b)
te(0,7) L/ ~ ™ 0 Q~ ~ o~ Q" ~ axp M~

We note in passing that corotational models have a further interesting property: it follows
immediately from (2.9), (3.31) and (2.7) that

if to(z,q) = folz) M(q) then o(z,q,1) = f(z,t) M(q);

where Z—J; (13 Va )f=0 inQx D x (0,7, f(:f,()) = fo(:i:) Vz € Q. (3.36)

qudx dt<2/ qudx
~ o ~ Jaxp M ~’

3.2.2 Noncorotational models

We now return to the physically more realistic case, g(u) = Vyu. Taking ¢ = M € K in
(3.24a) we obtain that

d
— [ 1 dg dw] =0 and hence P(z,q,t)dgdz= podgdz Vit e (0,T].
dt [Jaxp ~ axp  ~ ~ ~ ~ JaxbD ~ o
(3.37)
Moreover, as ¢ € K, it follows that
P(z,q,t) >0 for a.e. (z,q,t) € Q x D x (0,T). (3.38)

This is, of course, a necessary condition for ensuring that 1 is a probability distribution.
Taking ¢ = MU € K/ in (3.24a), integrating by parts in the integral which is multiplied
by 55 using (2.8), Lemma 3.2, (2.7) and (2.3), we obtain

d 2 2 "
a[/QXDUi/)dqdac]—kﬂ/XDhNﬂ (U -U ))d)dgd‘f

d
C) :o(u )olac+ﬁ U'+pdgdz.  (3.39)
Q~ ~ QxD ~
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On noting (2.17), U € C*®(D) c C?(D), (3.38) and (3.37) it follows from (3.39) that

d / :| 1 / 2 1\2 1"
— Uypdgdz| + — U)y-u dg dz
Sl vvaga)+ o gy 2O 0w

C2 277! d 1
— Ui/)dqu</0 dx-l—— U'ydgdzx
2A nx{|q\2>d}|~‘ gz oy x{lgP< L} ~
C(y) :o(u)dr +C Podgdr. (3.40)
Q= ~ QxD ~

Here, C = %sup|q|2<d/02 U'(%|g|2) < oo since, by hypothesis, B(0, (d/CQ)l/Z) CC D. In the
case g(u) = V4, on combining the first line of (3.26) and (3.40) multiplied by ku yields that

1
di[—/|u|2da:+ku/ U¢dqdm]+u/|ku|2dw
t L2 Jo~ ~ QxD ~ a~ ~ o~

+k,u02/ |q\2U'wdqdm<Cku Podgdx  (3.41)
2\ Qx{|q\2> L}~ axp o~ ~

and hence that

1 T
— sup [/ |u| dx] +kup sup [/ deqd:v] -|-l// [/ |V$u|2d:v] dt
24c0m) LU te(0,1) LJaxp ~ o La="~ ~

kpcy (T 277t 2
+ lg|* U wdq dz | dt < luo|” dz
20 Jo |Jaxtigr2gy ~ o~
+3k,u/ Uiyodgdz +3CTku PYodgdz.  (3.42)
QxD ~ QxD ~ "

The validity of these bounds presupposes the existence of appropriately defined weak solu-
tions u(-,t) € ¥ and 9(-,t) € K, t € (0,7]. To make the formal bounds (3.35a,b) and (3.42)
rigorous in our proof of the existence of (global-in-time) weak solutions which is based on a
sequential-compactness-argument, we need to introduce some smoothing into the system; else,
passage to the limit, in a sufficiently strong sense, is not warranted by the compactness argu-
ment. Therefore, ultimately, we will not prove existence of global weak solutions to the original
system (P) with g(u) given by (i) or (ii) in (2.5); but to a modified system where the velocity
field y in (3. 24a) is appropriately mollified, and in the noncorotational case the extra-stress
tensor in (3.23a). Next we describe the details of the smoothing procedure.

3.3 Smoothing operator S,

As we have already indicated at the end of the previous section, it is necessary to introduce a
‘smoothing’ procedure on the velocity field u in (2.4a) and in the noncorotational case also on
the right-hand side of (2.1a). Let o > 0 be a regularization parameter. Given y € V', the dual
of V, let v, € V be the unique solution to the Helmholtz-Stokes problem

/’ua cwdr+a | Vg Vg Vywdz = (v,w) Yw €V, (3.43)
o~ o~

~ Q~ ~ ~ ~ ~ o~ ~ ~
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where (-,-) denotes the duality pairing between V' and V. We introduce the operator S, : V' —
V, such that S, v =y, for all y € V'. We note that

(v.52) = / (1Y [Sav]? +[Savf?] dz Vo€ V' > (HH(), (3.44)
v:80v) = | |oIVa[Sar] P +ISarl*] dz - Vo el

and [|Sa - |a1(o) is @ norm on V’. In addition, we have from (3.43) and a Poincaré inequality
that

ISavliZa() + 20 1Va [SatliEa(a) < 913 Vo eINQ);  (345)
ISavlliey < Clblliagey < ClVavliem, ~ WweV.  (345b)

Furthermore, for © convex polygonal in R? or convex polyhedral in R? (see, respectively, [12]
and [13]), or 9Q € Cb! in RY, d = 2,3, it follows from elliptic regularity theory that

So:L*(Q) Cc V' - VNH?*Q) isa bounded linear operator. (3.46)
Moreover, for 092 € C? and r > d (c.f. [9, p.88]) we have that
Se:L'(Q) CV' = VnNW?(Q) cVNC'(Q) isa bounded linear operator; (3.47a)

and hence, we note from Sobolev embedding, elliptic regularity and a Poincaré inequality that,
for r € (d, 6],

|Savllwroei) < C lISavlwaroy < Clollir < CllVavlliz@ —YoeV.  (3.47)
For the sake of simplicity of presentation, we shall suppose henceforth that Q) € C?.

Of course, other regularisation procedures could have also been used to lift the velocity field
from V to V N C' (). Our definition L of So has been motivated by the fact that, like y itself,
Sau is defined and divergence-free on €2, and it obeys the same boundary condition on 02 as u.

3.4 Weak formulations

The aim of the paper is to prove existence of a (global-in-time) solutions to each of the following
weak formulations of these “smoothed” corotational and noncorotational models for any fixed
regularization parameter « > 0 under the following assumptions on the data

0NeC? weH and M 24yqe L%(Qx D). (3.48)

Let

(3.49)

o M - C*(Qx D) if D is a bounded open ball in R
] Ce(x D) if D =R ’

and hence, on recalling Lemma 3.1, K is dense in K,;,. We introduce our space of test functions
X for the 1-equation as the completion of C§°((—7,T); K) in the norm || - ||x defined by

10p

ol = ol + HM de

1
ot + |M 2Vl 110,102 (0% DY) - (3.50)

L1(0;T;L2(Q2x D))
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This, in particular, implies that each ¢ € X satisfies ¢(-,-,T) = 0.

Corotational models
Given T > 0, and Q, up and g as in (3.48), find u € L*>(0

and 9 € L%(0,T; K), with uq := Sau € L2(0,T; WH%°(Q)
(1) € L*®(0,T; 52(9)), such that u(-,0) = uo(-), and

/ < >dt+/ / (u-Vyg -w-l-l/Vmu:wa] dzdt
0 Bt ~ ~o N ~ O~ R ~
o[ oy
T
ki |
— — | =+ (ug-V
/0 /QxDM 0 (o Va) ¥ QxD

M
/ /QxD [% (%) — [w(ua)q] w] -V, (%) dgdedt=0 VpeX. (351b)

0,T; L2(Q)NL2(0, T; Y)W 2 (0, T; V')
), M=% € L0, T; L2(Q x D)) and

dzdt  Vwe Lﬁ(O,T; V); (3.51a)

dgdzdt — M@(-,-,O) dg dz

q\zg

The only difference between (3.51a,b) and the corresponding weak formulation of the original
corotational model, (P) with g(u) = w(u), is that u has been replaced by u, in (3.51b).

Noncorotational models

Given T > 0, and ©, ug and g as in (3.48), find u € L*>(0,
and ¢ € L2(0,T; K), with u, := Squ € L2(0,T; W1>(9)
() € L*°(0,T; kIﬂ(Q)), such that u(-,0) = uo(-), and

T; L2(Q))NL2(0, T; V) NWha (0, T; V')
), M2 1) € L®(0,T; L2(Q x D)) and

T By T
I <E“’> at+ [ ([ o] - vt v Vou: Vow] dras

T
=—ku / T(1) : Vg (Sqw)dzdt Yw € Lﬁ(O,T; V); (3.52a)
0 ~

~ ~ ~ ~ ~

T
- V|2 [ )

~ Qx D

T M 1/) o B
+/0 /QxD [ﬁ Va (M) — [Vz (ua) 4] zﬁ] - Vg (M) dgdzdt=0 Vp€X. (3.52b)

The only difference between (3.52a,b) and (3.51a,b) is that the corotational tensor w(uq)
in (3.51b) is replaced by the more physical noncorotational tensor V; (uq) in (3.52b) and we
applied smoothing on the right-hand side of (3.52a). Hence, (3.52a,b) and the corresponding
weak formulation of the original noncorotational model, (P) with g(u) = V. (u), differ only to

the extent that y has been replaced by u, in (3.51b) and we applied smoothing on the right-hand
side of (3.52a).

Our energy estimate in the noncorotational case will be based on cancelling the extra-stress
term on the right-hand side of (3.52a) with the drag term in (3.52b), hence mimicking the
formal procedure in Section 3.2.2. To pass to the limit in (3.52b), we need to smooth y and
therefore to maintain the cancellation we need to smooth the right-hand side of (3.52a). Of
course, smoothing the extra-stress tensor in (3.52a) essentially amounts to smoothing u itself.
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REMARK 3.1. Since the test functions in V are divergence-free, the pressure has been eliminated
in (3.51a) and (3.52a); it can be recovered in a very weak sense following the same procedure as
for the incompressible Navier—Stokes equations discussed on p.208 in [21]; i.e., one obtains that
Jop(-,5)ds € C([0,T]; L4(2)).

REMARK 3.2. Ifd =2, thenu € C([0,T]; H) (¢f. Lemma 1.2 on p.176 of [21]), whereas if d = 3,
then y is only weakly continuous as a mapping from [0,T] into H (similarly as in Theorem 3.1
on p.191 in [21]). It is in the latter, weaker sense that the imposition of the initial condition to
the u-equation will be understood for d = 2,3: that is limy_,o(u(t),v) = (uo,v) for all v € H.

4 Existence

Throughout we will assume that (2.18a,b), (2.19), (3.16) and (3.48) hold. In order to prove exis-
tence of these weak solutions to a modified version of (P), we consider a time semidiscretization.
To this end, for any T'> 0, let NAt=T and t, =nAt,n=0— N.

In order to prove existence of weak solutions under minimal smoothness requirements on the
initial data, we introduce projections u°, 4/° of the original initial data ug, 1o, as follows:

u® = Sauo, (4.1a)

Mt ((1 + At|q|?) ¢° — ¢0) pdgder =0 Voe L) QxD;M '(1+]q)?). (4.1b)
QxD ~ ~ o ~

It follows from (4.1a,b) that u® converges to uo weakly in H and 4° converges to 1)y weakly in
L2(Q x D; M~1) as At — 0.

We begin by considering the, simpler, corotational case.

4.1 Corotational models

We introduce a discrete-time procedure to mimic the formal energy estimate (3.26)—(3.35a,b).
For n =1— N, given {u"~', 9" '} € ¥ x K}; find y" € V such that

1

u — y"—
/ %+(un’l-v$)u” -wdz +v Veu" : Vywdr
o) At ~ ~ ~ Q= ~ ~ ~ ~

~ ~

It is convenient to rewrite (4.2) as
b (u", w) = / [u"‘l cw — At ("), w] dz YweV, (4.3)
Q e

where for all w; € H{(), i = 1,2,

b" (w1, ws) :=/

Q

~ ~

[wl + At (u"_1 -V )wi| - wodz + Atv | Vyw : Vywede. (4.4)

Q%
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As y™~ ! € V, it follows from (3.25) that b™(-,-) is a continuous and coercive bilinear functional
on V x V. Since, by virtue of (3.30), (4" ') € L*(Q), it follows from the Lax-Milgram theorem
that there exists a unique solution to (4.3).

On choosing w = 4" in (4.2), and noting the simple identity
2(s1 —s9)81 = s% + (81 — 32)2 — s% Vs1, 89 € R, (4.5)

the identities (3.25) and (2.2), and the fact that 4™ !, 4™ € V yields, similarly to (3.26), that

1
2At/{)[|yn|2+|yn_yn1|2_|yn1|2] d§‘|‘l// |va'gn‘2dx
=—kp [ Cy™Y): Vouds < o /|v u"[* dz + /|C (¥")|? dz.  (4.6)
QN

ur unl

On choosing w = Sa (~T) € V in (4.2) yields, on noting (3.44), (2.2) and (3.25), that

2 2

<c [ [le@ )P +[Feu? + 1w PP ] o (47
(9] ~ ~ ~ ~ ~ ~

Applying the Cauchy—Schwarz inequality, the algebraic-geometric mean inequality and the
Gagliardo—Nirenberg inequality (3.21) yields that

/|u"_1|2|u"|2dac§ (/ |u"_1|4dac> (/ \u"|4dgc) <_ Z /|um|4da:
Q" ~ ~ Q" ~

mnl

<c Y [( / |ym|2dg)2_2 (f Iyxgml2d§>2]- (43)

m=n—1

Given y € V N C%H(Q), let y*(v,t;,-) € CH([tn—1,tn]; C¥1()) be the unique solution, for
all z € Q and with either ¢ = ¢,_1 or t,, of

—y" (v, t;z,8) =v(y" (v, t;2,8)) Vs € [th_1,tn) \t, y"(v,t;z,t) = . (4.9)

dsi ~ T~ =~ T~ SN ~
As v = 0 on 09, the map g — y"(u,t;%,s) is, for each s € [t,1,t,) and ¢t = ¢, or &y, a
Lipschitz-continuous homeomorphism from € into itself, independent of the choice of At. By
virtue of the Rademacher—Stepanov theorem it is differentiable almost everywhere in 2. More-

over, since v is divergence-free, the map has the volume-preserving property, i.e. its Jacobian,
det V; y", satisfies

det Vyy"(v,t;-,-) =1 a.e. in Q X [tp_1,tn]- (4.10)
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We note also from (4.9) that, for all z € €,

[y (v, tn-—152,t) — x| < (t —tp_1) sug [v(y)| Vt€E [th—1,tnl; (4.11a)
~ ~ ~ YeQ ~ ~
tn
00t sizita) [z + Ao = | [ ROt i2,8) ~ 0@ ] < Ol oy ) (403
< L~
< Clvllmz@) (AD:  ifve HX(Q). (4.11b)

In addition, it is easily established that, for all ¢ € [t,_1,1,], all z € Q and all y,, v, in C*1(Q),

0" (v b 15,8) — ™ (0t 152, 8)] < Cllvall oy 0l y) (¢ — 1) llva — vell ey
(4.12)

On observing that, by (3.47a), u? := S,u™ € C'(Q), we let 4" € K, be such that
o' ~ ~ q
cWh o) =L(p) Vo€ Kg; (4.13)

where, for all @1, @2, ¢ € K,

M
ag (1, 92) ::/Q . (chol o + At [ﬂ qu (%) — [‘:’(gg)Q] @1] . yq (%)) dqdaNc,
y ~ > <

(4.14a)
)= | Wed™ My (Ut tni 2, tn-1), 4) 0 dg dz, (4.14b)
« 2 S
1+ At|q|?
Wc = TN (414C)

Similarly to (3.33) and (3.34), as u? € W1>(€2), we have in the corotational case that

") q) -V, (£ = " q) -V, (£ -
/Qwa(g('ga) 7)Yy (M> dgdz =0, | ~Mw(ua)d) Ve (M> dgdz =0 Vy € K,.
(4.15)

Hence af (-, ) is a non-symmetric, continuous and coercive bilinear functional on K, x K, and, on
noting (4.10), £7(+) is a continuous linear functional on K. Therefore, the Lax-Milgram theorem
yields the existence of a unique solution to (4.13). As 9" € K, implies that [¢"]_ € K, recall
Lemma 3.3, and as 9"~ ! € K, it follows from (3.17b), (4.14a,b) and (4.13) that

ag ([Y"]-, [¥"]-) = ag (", [W"]-) = £2([v"]-) < 0. (4.16)
Therefore the coercivity of af(-,-) over K, x K, yields that ["] = 0; that is, " € K[,
n=0-— N.

Choosing ¢ = 9™ in (4.13), noting (4.5), (4.15) and (4.10) yield that

W, [W(x,qn? T (s, )—«p”—l(y"(uz,tn;x,tn1),q)|2] dg dz
QxD ~ ~ ~ o~ ~ ~ ~ ™
2

At n
L2 e (EV dgae= [ W @l bz tas), @) dg da
AJaxp ¥ \M ~ ~ Jaxp ~ o ~ ~~
= W [¢" (2, q)|* dg dz. (4.17)
QxD ~o~ ~
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Summing (4.17) and (4.6) multiplied by 2A¢ from n = 1 — m, with 1 < m < N, and noting
(3.27) yields the analogues of the formal energy bounds (3.35a,b):

™\ |
v (%)

+Z We |[¢"(z )—¢"‘1(y"(g2,tn;g,tnfl),q)lzdqd:g

dg dz

"2 A / M
"gllaﬁ(N[ Qx DWCW) | dgdg] Z ! QxD

QxD
_max [/ 1C(y") ) d:v] C W, |¢0\2dqd$; (4.18a)
QxD
n|2 n__ ,n—12 A / n2d
nI:nla_)fN[/QhNL\daNc]ﬁ-T;/Q\g u |d.zz+unz_l t Q|sz1~¢| T
g/ |u0|2d:1:+CT/ W, |4°|? dg dz. (4.18b)
Q- ~ QxD ~ o

In addition, taking the 2 power of both sides of (4.7), summing from n = 1 — N and noting
(4.8) and (4.18a,b) yields that
u® — unfl

u™ — ,ulnfl
ZAt/ \V u"|2dx]

i (/ Cy™ D) |2d$)
L;om/n'zv”?n'?df] <CO(T); (4.19)

max (/ |u”|2dm)
n=0—N

provided that there exists a positive constant C, independent of At¢, such that the projected
initial data satisfies

v

N 2

;At /Q

dzx

~

_.l_

+C(T

+C(T

02
/[|u°|2 + At|V$u0|2]d:v+/ (1+ At|q2) 21 W’ | dgdz < C. (4.20)
Q ~ i ~  Jaxbp ~
This is guaranteed by (3.45a), (3.48) and (4.1a,b). Furthermore, it follows from (4.18b), (3.46)
and (4.20) that

max_[[ul|%s ) < C [/ |u0|2d:v+T/ W, 602 dgdz| < C(T).  (4.21)

n=0—N ~ Q"™ ~ QOxD ~ ™

Let
t_t t ot
At n—1 n n n—1
: : : B >1 4.22
u (7t) At Y () At U ()7 tE[tn 1atn]’ n-1, ( a‘)
and

uBAET(L ) = (), w0 = u" (), L€ (taothta), n>1 (4.22b)
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We note for future reference that
uBAt— A = (L —tE) = te (tyo1,tn), n>1, (4.23)

where ¢ := t,, and t,, := t,_1. Using the above notation, and introducing analogous notation
for {un}N_ and {y"})_,, (4.2) summed for n = 1 — N can be restated as:

8u
/ W dt—l—/ / Vi )u At’*] -w—i—quuAt’*:VIw] dz dt
0 ~ ~ MDY IVE ol B

=—kp / / (A7) Vewdzdt  Yw € Lﬁ(O,T; V). (4.24)
0 ~

~ ~ ~ ~ ~

2

Similarly, (4.13) summed for n =1 — N can be restated as:

T A (2,q,1) — PP (yP (2, 1), 4, 1)
/ W, ~ = ~— p(x,q,t)dgdz dt
o At 24499 CT

/ / [%)‘ <¢j;+> a [w(uaAt7+)q] wAtﬂL] -V (%) dgdzdt =0
QxD ~ o~ 1 v qdz

Vo € L*(0,T;K,);  (4.25)

yAt(',I"at) = yn(ggatn;fatn—l) and EAt(‘Tat) = yn(’ljg,tn_l;%‘,tn), te (tn—latn), n > 1.

(4.26)
Noting (4.20), (2.2) and (3.29), we have from (4.18a) that
|'L/)At(,:t) (.Z‘, q, t) |2 1 T lpAt(,:I:) 2
sup / ~ dgdz | + = / / M |V dgdzdt
te(o,1) |Jaxp M ~~ X Jo Jaxp | M ~ o~

T
+(At)_1/ [ W e [ ( q,t)—¢At’_(ym(§,t),q,t)l2dqdﬂg] dt
y ol

~ ~

+ sup [/ Jig (™)) (@ t)|2d;f] <C. (4.27)

te(0,T)

In the above, the notation 12! means 12! with or without the superscripts +. Similarly, on
noting (4.20), we have from (4.18b), (4.19) and (4.21) that

r T
sup [/ |uAt ]—F(At)—l/ /|uAt,+—uAt,—|2dwdt+y/ /qum,(i)lzdx
t€(0,T) ) u T [ 1 :

T OuAt
+,
0

J . —
“ 0
We are now in a position to prove the following convergence result.

4

a

dt + sup ||u :t)”?{?(Q)SC- (4.28)
t€(0,T)

~

HY(Q)
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LEMMA 4.1. There exists a subsequence of {u™t, v} a¢, and functions v € L>®(0,T; L*(Q)) N
L2(0,T;V) N Wb (0, T; V') and 4 € L2(0,T; K) with M~ 21 € L®(0, T; L2(Q x D)) such that
as At — 0,

At(,%)
L4 — — 1/’1 weak * in L>®(0,T; L*(Q x D)), (4.29a)
M2 M2
At,+
M2V, (%) - M2V, (%) weakly in L*(0,T; L*( x D)), (4.29b)
T(PpAH2)) 5 () weak * in L(0,T; L*(2)); (4.29¢)
and
w6 sy, weak * in L>®(0,T; L*(Q)), (4.30a)
uBGE) 5y, weakly in L*(0,T;V), (4.30b)
ouPt ou o
§a Bt - §a8_; weakly in Ld(0,T; l/'), (4.30c)
uBE) 5y strongly in L*(0,T; L"(S2)), (4.30d)
ubE) 5 uy = Sau  strongly in L2(0,T; W2 (), (4.30e)

where r € [1,00) if d =2 and r € [1,6) if d = 3.

PROOF. The result (4.29a) for 25" (z,q,t) and %> (y**(z, q), q,t) follow immediately from
the bounds on the first and the third term on the left-hand side of (4.27) on noting (4.14c).
Next we note from (4.26), (4.10), the bound on the first term on the left-hand side of (4.27) and
(4.11a,b) that, for a.a. t € (0,7,

[958 (2,0,1) =92 (™' (2,0),4,1)]
/QXD M%
A0 (2,q,1)

1
QxD M=2

[o(2,q9) — o(22(z,9),9) | dg dz
< CAtux" (D)l a2 ) 1ol con@xpy Ve € CE°(Rx D). (4.31)

Hence, the desired result in (4.29a) for 2%~ follows from (4.31), the bound on the fifth term on
the left-hand side of (4.28) and the denseness of C§°(2 x D) in L*(Q x D). The desired result
in (4.29a) for 1™ then follows from that for 1)*»* and the notation (4.22a,b).

It follows immediately from the bound on the second term on the left-hand side of (4.27)
that (4.29b) holds for some limit g € L?(0,T; L?(92 x D)), which we need to identify. However

for any n € L2(0,T; CP(2 x D)), it follows from (2.7), (2.18a,b) and the compact support of 7
on D that [V, - (M% 1) ]/M% € L%(0,T; L?(2 x D)) and hence the above convergence implies,
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on noting (4.29a), that

T T PO+ Vq - (M7 n)
/ / g- ndqudt(— / / T —dgdzdt
0 JOxD~ ~ ~ QxD M3 M2 ~
1
2

- — / / - dg dz dt as At — 0. (4.32)
QxD M2 M>2 ~ "

Hence the desired result (4.29b) follows from (4.32) on noting the denseness of C§°(2 x D) in
L?(Q x D). The desired result (4.29c) follows immediately from (4.29a), (2.2), (2.3) and (2.20).

The results (4.30a—c) follow immediately from the bounds on the first four terms on the
left-hand side of (4.28). The strong convergence result (4.30d) for u** follows immediately from
(4.30a,c), (3.22) and (3.44), on noting that ¥V C H(Q) is compactly embedded in L"(Q2) for
the stated values of 7. We now prove (4.30d) for u~%*. First we obtain from the bound on the
second term on the left-hand side of (4.28) and (4.23) that

||"N1At - gAt,iH%?(O,T,L?(Q)) < CAt. (4.33)
Second, we note from Sobolev embedding that, for all n € L2(0,T; H*()),

||77||L2(O,T;LT(Q)) < Han?(O,T;L? ||77||L2(0TLs(Q) < C“nHLZ (0,T;L2(9)) ||77||L2 (0,T;H () (4'34)

for all r € [2,s), with any s € (2,00) if d =2 or any s € (2,6] if d = 3, and

=[2(s=n)l/Ir (s = 2)] € (0, 1].

Hence, combining (4.33), (4.34) and (4.30d) for y®* yields (4.30d) for y*%*. Finally the desired
result (4.30e) follows immediately from (4.30d) and (3.47a). O

It follows from (4.30a—d), (4.29¢) and (3.43) that we may pass to the limit, At — 0, in (4.24)
to obtain that 4 € L*(0,T; L%(Q)) N L2(0,T;V) N Wl’g(O,T; V') and 7(¥) € L*=(0,T; L*())
satisfy (3.51a). It also follows from (4.1a) that u(-,0) = uo(-) in the required sense.

As we have no control of the time derivative or the z derivatives of 42, in order to pass to
the At — 0 limit in (4.25) these derivatives have to be transferred to the test functions.

On noting (4.10) and (4.26), we have for any fixed ¢ € C§°((—T,T); K) and for At sufficiently
small that

T AT (,q,t) — A0 (Y2, 1), ¢,1)
e
QxD

Az ¢(z,q,t)dg dz dt

T (p(fAt(‘gat)7Q7t)_(p(%‘aQat_At)
. / W, (z,q,1) - - dg dz dt
0 QxD ~ ~

1 [h
- W, wo( ) ( / o(z,q,t — At) dt) dgdz. (4.35)
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It follows from (4.26), (4.11b) and (4.28), for all ¢ € Cg°((—T,T);K) and for all (z,q,t) €
Qx D x(0,T) that

(P(fAt(‘EaQ),q,t) _(p("’faQat_At) %) At +
~ o~ A7 ~ = E(f’q,t) + (g’a ’ (-3) : Nva: )‘P(fa(bt) +RAt((p)(ff’Q1t)a

where

op &
<
Raaa. 01 <000} max S a0 et g 0l e 1572 0.0)

(4.36)

Hence, on combining (4.25), (4.35) and (4.36), we have for any fixed ¢ € C§°((—T,T); K) and
for At sufficiently small that

/ W, pAb~ [8—‘P+( Aty Vs )<p+RAt(<p)] dgdzdt
QxD ~

ot
1 [
QxD ~o~ t 0 ~ s
M ¢At,+ Avs At o
- — bl ) . R _ ) 4
/ /pr[ >\~V M ) [:"(l‘a )EW Yy (M) dgd:fdt 0. (4.37)

It follows from (4.29a,b), (4.30e), (3.47a), (4.36), (4.14c) and (4.1b) that we may pass to the
limit A¢ — 0 in (4.37) to obtain that 4 € L2(0,T; K) with M~3 4 € L®(0,T; L2( x D)) and
ta := Sau € L*(0,T; WH(Q)) satisfy

T ¥ [0p o
—/ / — [ ( -V ) ] dgdzdt — ——(+,-,0)dq dz
o Jaxp M ~ oxp M ~

/ /QxD [%x\ <%> B [‘;)(Ha)g] ¢] Vg (%) dg dzdt =0

Vi € C&((—T,T);K). (4.38)

Noting that, by Lemma 3.1, C§°((—7,T); K) is a dense subset of X (recall (3.50)), it follows
that (4.38) remains true for all ¢ € X. Hence we have proved existence of a global weak solution
to the weak formulation (3.51a,b) of the smoothed corotational model.

Finally, we note that in the present corotational case one can derive an upper bound on
y™. To do so, we proceed inductively. Assuming that for some L™ ! € RT, ¢y ! < L" ' M
a.e. in Q x D, we then determine L™ € R* in terms of L"! such that " < L™ M a.e. in
Q2 x D. Now, from Lemma 3.3, (4.13), (4.14a,b) and (4.15), we have, for any L™ € R, that
[" — L™ M]; € K, and

ac([" = L" My, [§" — L" M]y) = ag (", [¢" — L™ M]y) = L™ ag (M, [$" — L™ M]4)
= (9" = L™ M]y) — L™ ag (M, [¢" — L M)

= Wc (¢n_1(y"(uga tn; z, tn—l), Q) - L" M) ['lpn - L" M]-i— dq dz
QxD ~ ™ ~ ~ ~

< [We (L™ — L™) M] [y" — L™ M) dg dz. (4.39)
QxD ~ ™~
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On choosing L™ = L™ ! yields that the right-hand side of (4.39) is zero and hence from the
coercivity of a?(-,-) that [ — L™ M]; = 0. Thus, by induction, we have for n =1 — N that

¥°(z,q)
0<y"<L"M=L°M ae inQxD, where L°:=  sup ~
(z,9)eQxD M(q)

(4.40)

If L0 is finite, then on recalling the notation (4.22a,b), (4.40) gives rise to a uniform L*(0,T;
L*®(Qx D)) bound on M~ 42(%), Moreover, it is then easily established that the limit M~ €
L>(0,T; L (2 x D)) with 1 > 0 a.e. on Q x D x (0,T), and hence the norm || - ||¥ can be

8
relaxed to the weaker norm ||| z2(0,7;x,) + 157 I (07521 (ax DY) + IV 2@l L1 (0,752t (2x DY) -

4.2 Noncorotational models

In order to mimic the formal energy estimate (3.41), we introduce a discrete-time procedure.
Unlike the corotational case above, it does not appear possible to decouple the Navier—Stokes
system from the probability density equation at each time level and still mimic (3.41). As stated
previously, we need smoothing on the right-hand side of (3.52a) in order to cancel the smoothed
drag term in (3.52b).

Let
A%(v) == sup |V v(z)|? Yo e VNWwhe(Q). (4.41)

Then, for n =1 — N, given {g" 1, A" 14" 1} € ¥ x RT x K, where A" = A" 1(ylt1);
find {u", A"(u"),¢"} € V x R* x K, such that

n_ ,n—1

u u
/[é—l—(u”_l-vz)u"] cwdz +v | Vyu":Vywdr
A A u MR

P (2,q) — " (Y (U tes Ty tno1), )
[)xD

@
At 2 44z

bl A ) e - AT it 0)) | dgds
QxD ~ ~ ~ o ~ ~ ~ ™

1 " %)
— M, (%) v, (£) dqd
Tox Jorp MV (M) Va (M) 792

= [ W (Veulal - Vo (5) dgds Vpe Ky (442D)
QxD T NL ~ T AM) L~

where 4" := S,u" and, for all y € V N WH>(Q),

A"™(v) := sup |V, v(z) 2 (4.43)

~ reQ & o~ o~
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Similarly to (4.3), it is convenient to rewrite (4.42a) as

N)] dz  VwevV, (4.44)

~ ~ ~

b (u”, w) = / [“n_l tT(¥") : Va (S
Q ~
where b™(-,-) is defined as in (4.4). It is also convenient to rewrite (4.42b) as
@n @, @) = B ) Vo Ky (4.45)

where, for all 1, @9, p € K, and vy € Y N WH2(Q),

Gwene)= [ (Weweenta[1v, (2) - (F0de] - 50 (2)) dgas,

~

(4.46a)
Ly (v)(p) == /Q W;“l "y (v, tp; T, tn-1), q) @ dgdz, (4.46b)
~ “D I AT 1 S
1+ Atlg? (1 + XA (v)) 1+ At|g2(1+1A"1)
Wi (v) := 7 = and W) ' = Y . (4.46¢)

On noting that y € ¥V N WH*®(Q) and (4.10), it follows that ay(2)(+,-) is a continuous non-
symmetric bilinear functional on K, x K, and £y (y)(-) is a linear functional on K. Moreover,
on applying a Young’s inequality, we see that

AtM 2
G0 > [ w4 S5 v (L) de weers
~ QxD ~

that is, ag (v)(-, ) is coercive on K, x K.

In order to prove existence of a solution to (4.42a,b), we consider a fixed point argument.
Given ¥ € L"(R2), r > d, let {4p*,u*} € K, x V be such that

ag ()", ) = L5(T )(¢p) Vo € Ky, (4.48a)

~Q ~Q

~ ~ ~

b (u*, w) = / [u"_l cw— AtT(Y*) : V, (Saw)] dz Yw e V; (4.48b)
Q L~ ~ ] = ~ o~ ~ ~

where, on recalling (3.47a), T := So% € ¥ N WH*(Q). On noting (4.47), the Lax-Milgram
theorem yields the existence of a unique solution to (4.48a). Similarly to (4.3), on noting (3.45b),
there exists a unique solution to (4.48b). Therefore the overall procedure (4.48a,b) is well-posed.

LEMMA 4.2. Let G: L™(Q) = V C L"(RQ), r € (d,6), denote the nonlinear map that takes u to
u* = G(u) via the procedure (4.48a,b). Then G has a fized point. Hence there exists a solution
{u", A" (ug), "} € V X R x Kq to (4.42a,b).

PROOF. Clearly, a fixed point of G yields a solution of (4.42a,b). In order to show that @
has a fixed point, we apply Schauder’s fixed point theorem; that is, we need to show that (i)
G:L"(Q) = L"(Q), r € (d,6), is continuous, (ii) compact, and (iii) there exists a C, € R* such
that

[l] £r () < Ci (4.49)
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for every u € L"(€2) and S € (0,1] satisfying ¥ = 6 G(u).

~

Let {@(i)}izo be such that

2 >4 strongly in L'(Q) as i — oo. (4.50)
We need to show that
7 .= G@®%) - G(@) strongly in L"(Q) as i — oo, (4.51)

in order to prove (i) above. We have from the definition of G, see (4.48a,b), that, for all >0,

~ ~ ~ ~ ~

~ o~

v (50, w) = / [u"_1 -w — At T(lZJ\(i)) : Vg (Saw)] dz Yw e V; (4.52a)
Q ~ ~ v
where ’Q/ﬁ\(i) € K, satisfies
@B, 0) = BN VoK, (1.52b)
and from (3.47a) we have that

= 5,0 -4
~Q ~ ~ ~

= 8,0 strongly in W2"(Q) c WH®(Q) asi— oo. (4.52¢)

«

Choosing w = y() in (4.52a), and noting (3.25), (4.5), (2.2), (3.45b) and (3.27), yields, similarly
o (4.6), that, for all i >0, 3% € V satisfies

/ [BOP + 59 —ur P — 2] da + Aty / IV, 592 dz
QLt~ ~ ~ ~ ~ Q= ~ ~
@2
SCAt/ ———dqdz; (4.53)
Qx D M ~
Choosing ¢ = 1 in (4.52b), and noting (4.47), (4.46b,c), (4.14c) and (4.10) yields, for all i > 0,
that
W gie . AM o (0 2 dgd
Jo [l 550 |9 (57 )| | a0
< (14214712 W, 9" H2dgdz < C.  (4.54)

QxD

On combining (4.53) and (4.54), and noting an embedding result, see (3.21), and a Poincaré
inequality, we have for all ¢ > 0 that

B2 (0) < ClIV2 8V lp2) < C. (4.55)

Similarly to the proof of Lemma 4.1, it follows from (4.54) and (4.55), on noting the compactness
of the embedding H'(Q) — L"(2), r € (d,6), that there exists a subsequence {@b(zk),@(zk)}ikzo
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and functions 1 € K, and ¥ € V such that

1 1

W2 ) - W2 1) weakly in L?(Q x D) as i, — oo, (4.56a)

M? Vq ) M2 Vq ( v > weakly in L2(Q x D) as i — oo, (4.56b)
T(pUR)) = 7( weakly in L?(Q x D) as i}, — oo, (4.56¢)
o) 59 weakly in H'(Q) as i — 00, (4.56d)
o) 55 strongly in L"(Q) as iy — 00. (4.56¢)

It follows from (4.52a), (4.4) and (4.56¢,d), that ¥ € ¥V and ) e K, satisfy

~ ~ ~

~ o~ ~ ~ ~

b (5, w) = /Q [0t w0 — Atr(D) Ve (Sow)] dz Vwe V. (4.57)

For a fixed ¢ € Ky, and any § > 0, there exists, on recalling the density of K in K (cf. the line
below (3.49)), a @5 € K such that for all y € V N C%1(Q)

145 (0)(p = @5) | < Cllp —psllx, <9 (4.58)
We have from (4.46b), (4.9), (4.10) and (4.12) that, for all y,, y, € C%1(£),
|22 (00) (05) — £2(03) (93).

/ Wgn_l wn—l(l_’q) QDJ(yn(Ua,tnfl;.Z',tn),Q) _QOJ(yn(Ub,tnl;l‘,tn),Q)] dq dz
QxD ~ ~ o ~ ~ ~ o ~ ~1 o~

~

<C ||v$ (105||L°° QxD) ||yn(’0a,tn,1;$,tn) - yn(vb,tn,1;$,tn)||[/oo Q
< Cll[vallgoa qys vpll o) Ve @5l (axp) [[Va = vbllLoe () (4.59)
Combining (4.58) and (4.59) yields, on noting (4.52c), that
@) () - 0@ )p)  asi—oo, V€ K, (4.60)

~Q ~NQ

Hence it follows from (4.52b), (4.46a,c), (4.43), (4.56a,b), (4.52c) and (4.60) that u = .U €
V N W27 () and 4 € K, satisfy

ag@ )W, 0) =@ )(p) Ve €K, (4.61)

Combining (4.61) and (4.57), we have that ¥ = G(u) € V. Therefore the whole sequence
7% = @@") - G(@) strongly in L™ () as i — oo, and so (i) holds.

As the embedding V < L"(Q), r € (d,6), is compact; it follows that (ii) holds.
As regards (iii), u = 8 G(u) implies that {{p\, u} € K, x V satisfies
ag (U )(¢ ) =£3(u )(p) Vo € Ky, (4.62a)

_3 / ~ALT(D): Vo (Sow)| dz VweV; (4.62b)



where 4 = §,4. Asy" ! € K[ and P e K, = [12)\], € K, recall Lemma 3.3, it follows from
(4.62a) and (4.46a,b) that

ag (@ ) (-, [9]-) = ay @ )%, [W]-) = £5(@ )([4]-) <. (4.63)

Therefore (4.47) yields that []_ = 0; that is, ¢ € K. On choosing w = @ in (4.62b), and
noting (2.2) and that u, € V yields, similarly to (4.6), that

1 [ Fn o ) R
5/ [P + [ - =" — "] dx+Atu/|Vmu|2da:
[Pl p u v Va8l dz

-~

=—-Atfkp () :Vzu dz. (4.64)
Q= ~ ~a o~

Choosing ¢ = M in (4.62a) and noting (4.10) yields that
/ (14 Atlq2 (1 +AA™@ ))]$dgde = / (14 Atlgl2 (1 + 24" )]y dg da.
QxD ~ ~o ~o QxD ~ ~o
(4.65)
Choosing ¢ = U M in (4.62a), and noting (2.8), (2.3), (4.10), Lemma 3.2, (2.7) and (2.17) yields,
similarly to (3.40), that

/ (p — " 1) Udgdz — At
QxD ~

C):Vy1 dz

Q= ~ 67

+At/ g [(1+/\A”(ﬂ ))J—(H,\A"*l)w*l] Udgdz
QxD ~ ~o

At "
== M 2. U'qdgd
I Joup M Ve (M) Uqdgds
A —~
= At [(U”— (U')Q) |q|2+dU'] dgdz
2X Jaxp ~ ~ ™
—At ~ Atd ~
< 62/ lg?U' ¢ dgdz + == U'dgdz
22 Jaxqgrz4y ~ ~ 02X Jaqapsgy o~

—At ~
< c2/ lg|?U" 4 dg dz
22 Jaxqgrz4y ~ ~

+C’At/ [1+At|q|2(1+)\A”(ii ))] Ddqdz.  (4.66)
QxD ~ ~a ~ o

Combining (4.64) and (4.66) multiplied by (3 k u, and noting (4.65) yields that
1

—/ [P + @ - punp] dx+Atu/\Vwﬂ|2da:
2 Jol~ ~ ~ ~ Q~ ~ ~

+ﬂku/ [1+At|q|2(1+/\A"(ﬂ ))] U dg ds
QxD ~ ~a ~

A N
n tﬁkﬂCQ/ |q|2UI¢de-'L'
22 Jax{gr=gy ~ ~

1
S—ﬂ2/|u”1|2dx+ﬂku/ [1+At|q|2(1+)\A"1)] Uy™ dgdz
2 Q- ~ QxD ~ ~

+CﬁkuAt/ [1+At|q|2(1+/\A"1)]¢"1dqu. (4.67)

QxD
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As P € K, then (4.67) gives rise to the desired bound (4.49) with C' dependent on At, on
noting the embedding V' < L"(€). Hence (iii) holds and so G has a fixed point. Thus we have
proved existence of a solution to (4.42a,b). O

Repeating the arguments (4.63)—(4.67) for the solution {y",9"} of (4.42a,b) yields that

y" € K and (4.67) holds with 8 = 1 and {g, zp} replaced by {u",4"}. Summing this from
n=1— m, m=1— N, and noting by induction on (4.65) that

/ [1+At|q|2(1 -I-)\A”_l)] Y ldgdr = / [1+At|q|2(1+)\A0)] Y dgdz, (4.68)
QxD ~ ~ QxD ~ ~ o

~

and (4.20) yields the analogue of (3.42)

[ m N[/ |u”|2dx]+2/|u u"” 12d:l: +u2At/|V u"|2dx
n=1—

+ kp max / U™ dgdz —I—kMCQZAt/ |q|2U'1/)ndqd:v
QxD ~ 2A n=1

n=1—N QX{\Q\2> } ~

+ AL max [/ gl (14 X A u ))U¢"dqu]
i qdz

n=1—-N xD ~
1 02 2 0 0
< |u”|*dz + C(T) 1+ At|lq*(1+XA")| 14U)y" dgdz
2Ja~ o~ OxD ~ ~
<cC. (4.69)

The bounds on ™ in (4.69) do not suffice in order to pass to the limit At — 0 in the summation
over n of (4.42b). One needs to establish additional bounds on ™. We confine ourselves to the
physically more realistic case of FENE-type models.

It follows from (4.43), (3.47b), (3.21), (4.69) and (4.20) that, for any g € [1, %],

N N
ZAt(A"_l)ﬂZZAtllyzyg_llliﬁi < ZAtnu" 2 ey
n=1
206(1
ZAtnun 35y " IV um 135,

By
< C(B) (Z At|| Vs g"—lllizm)) < Ci(p), (4.70)

n=1

where r € (d,6] and v € [d(r — 2)/(27),1]. Choosing ¢ = 9™ in (4.45) and noting (4.46c¢),
(4.14c) and (4.47) yields that

At n 2
W, 1,0” (¢n - "pnil(yn(ugatn;watn—l) ))dq d-T + — M Vq (1/)_) dgdz
QxD ~ 0~ ~ 4\ QxD ~ M o~ o~
| ?
< AtAA™! STV Y (uGs tni 2, t1), ¢) dg da (4.71)
QxD ~ ~ ~ ~ ™
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Applying the identity (4.5) and a Young’s inequality to (4.71), and noting (4.10), that D is
bounded and (4.70) with C; = Cy(1), yields

(1 - %Cl_l AtAn_l) Wc |’lpn|2dq dz +/ Wc |¢n - wn_l(yn(ugatn;xatn—l)aQ)F dq dz
QxD ~ QxD ~ ~ ~ ~
At NG
+53 M |V, (M) dgdz < (1+ Cy At A™Y) W, %" dg da. (4.72)
QxD ~ ~ QxD ~

It follows from (4.72) that

n—1

n—12
D S 1-lc T AtAnt /QxDWCW "dgds

< CAtA™™! ) DWC|¢”_1|2dngNc. (4.73)
y 2

Hence combining (4.73) and (4.70) with § = 1, summing (4.72) from n = 1 — N and noting
(3.27) yields the bounds (4.18a) for the general noncorotational FENE model; in particular:

v (5]

+ Z We [ (z,q) — 9™ (" (us t, T3 tn1)), 9)|* dg dz
QxD ~ ~ o ~ ~ae

n|2

dg dz
Q><D ~

+ I_I(l)aXN[ Q|§(¢”)|2d§] <C. (4.74)

n

n_gn—1
Finally on choosing w = § (&) € V in (4.42a) yields, on noting (3.45b), a direct

ra At
u™ _un—l

analogue of (4.7) and (4.19):
u® — un—l

We have now established all of the analogues of the bounds (4.18a,b) and (4.19) in the corota-
tional case for the general noncorotational FENE-type potentials, see (4.69), (4.74) and (4.75)
above. The remainder of the convergence proof follows exactly the same arguments as in the
corotational case. The only differences are: (i) the presence of §, on the right-hand side of
(4.42a); and (ii) the term involving A" (ug) in ag(ug)(+,-) and the term involving A™=1in £y ()
Obviously (i) causes no difficulties whatsoever. Hence we comment only on (ii).

2
2 d

+ dz| <O (4.75)

Therefore to prove existence of a solution to (3.52a,b), we need only to show, on noting the
notation (4.22a,b), that, for all ¢ € Cg°((-1,T); K),

IQI
/ / [ (14 AASEH) A+ (2 g 8) — (1 4+ A AS) 20 (42, 0), 0,1) | e dgdt
QxD ~ o~ ~ AN ~ o~

-0 as At —0, (4.76)

where A2b* and A2%~ are defined analogously to 12bT, y2b+ and 25—, w2~ respectively.
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Now, similarly to (4.35), we have from (4.10), (4.26), (4.36), (4.74) and (4.70) for any
@ € C§((—T,T);K) that, for At sufficiently small,

|CI|
/ / [ |4 A ABH) gt (o ) (1 +AAM>W’(y“(w,q),q,t)] pdudqdt
QxD ~ ~ATN ~ o~

~ ~ ~

|Q|
‘ At/ / (1+ A ABLT) gpAb™ [8‘P+( 2TV, )<p+RAt(so)] dq dz dt
QxD ot ~

‘Q| 1 t
0,0 / _
At p M 1+ XA4%)y ( ) ( ; cp(f,g,t At)dt) dgdzg

< C(p) At /0 T(1 +AALET)dE < O(p) At (4.77)

Hence the desired result (4.76) holds. Therefore we have proved global existence of a solu-
tion to the weak formulation (3.52a,b) of the smoothed noncorotational model for FENE-type
potentials.

REMARK 4.1. The argument presented above for noncorotational FENE-type models breaks down
for noncorotational Hookean models, since in the transition from bound (4.71) to (4.72) we ex-
ploit the fact that D is bounded. The difficulty could be overcome if one could obtain a mazimum
principle on Y™ along the lines of (4.39). Unfortunately, in the case of D = R® this does not
appear to be readily achievable. Having said this, our main focus of interest in the present ar-
ticle have been FENE-type microscopic-macroscopic models for diluted polymers where D is a
bounded open ball in R%: for, the fact that in Hookean-type models the domain D is equal to the
whole of R® stems from the physically unrealistic modelling assumption that the length |q| of the
elongation-vector q€ D of a polymer chain may be arbitrarily large. h

REMARK 4.2. It is plausible that the existence of global weak solutions to the original model
problem (P) could be established, without smoothing of the model, by combining the ideas devel-
oped here with the DiPerna-Lions theory of renormalised solutions to linear first-order hyperbolic
problems with coefficients in Sobolev spaces [5]; see also the more recent work of Ambrosio [1]
on the subject of first-order linear hyperbolic PDEs with non-smooth coefficients. This line of
investigation will, however, require a notion of weak solution different from the one considered
here, and will be the subject of future research.
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