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1 Introduction

Over the last few years, several discontinuous Galerkin (DG) methods for incom-
pressible flow problems and for certain saddle-point problems with incompress-
ibility constraints have been proposed in the literature. Here we only mention
the piecewise solenoidal discontinuous Galerkin methods introduced in [6, 20],
the local discontinuous Galerkin (LDG) methods of [11, 10], and the interior
penalty methods studied in [18, 29, 17]. The methods above all rely on discrete
velocity spaces consisting of piecewise polynomial functions with no kind of
continuity constraints between the elements in the underlying triangulation. In-
terelemental communication is achieved through so-called numerical fluxes, as in
the original discontinuous Galerkin methods for non-linear hyperbolic systems;
see [12, 9, 13] and the references therein. The main motivations for using DG
methods in fluid flow problems lie in their robustness in convection-dominated
regimes, their conservation properties, and their great flexibility in the mesh-
design. Based on completely discontinuous finite element spaces, DG methods
easily handle elements of various types and shapes, non-matching grids and even
local spaces of different orders; they are therefore ideal for hp-adaptivity.

Even if transport phenomena may be dominant in incompressible flow prob-
lems, mixed DG methods still require suitable velocity-pressure pairs in or-
der to ensure stability and convergence of the underlying Stokes discretization.
In [18, 29], it was shown that discontinuous Py — Pr_; and Qi — Qx—1 pairs
are inf-sup stable with respect to the mesh-size, as opposed to their conforming
counterparts. These elements are optimal from an approximation point of view.
A slightly different approach was proposed in [11, 10]. There, the introduc-
tion of a pressure stabilization term was proven to also render the convenient
equal-order P, — Py and Q — Qp elements stable, uniformly in the mesh-size.

The study of mixed hp-discontinuous Galerkin methods was initiated in [29]
where several discontinuous velocity-pressure pairs were shown to possess better
stability properties than their conforming versions. In particular, the numerical
results reported there for two-dimensional uniform meshes show that discontinu-
ous Qr — Qg1 elements are also uniformly stable with respect to the polynomial
degree k. For this pair, the best available bound of the inf-sup constant in terms
of k was then obtained in [24] and decreases as k~!, on shape-regular tensor-
product meshes in two and three dimensions, possibly with hanging nodes. This
bound ensures the same p-version convergence rate for the velocity and the pres-
sure as that of conforming Qf — Qx_o elements in three dimensions. However,
the latter elements are mismatched with respect to h-approximation.

In laminar regimes, solutions of incompressible flow problems in polyhedral
domains have corner and edge singularities. In addition, strong boundary layers
may arise at faces, edges, and corners. In the hp-version of the finite element
method, these solution components can be approximated at exponential rate
of convergence provided that the meshes are geometrically and anisotropically
graded towards faces, edges, and corners; see [2, 5, 21, 27, 28] and the references
therein. These anisotropically refined meshes raise serious stability issues in
mixed approximations as the inf-sup constants might in general be very sensi-
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tive to the aspect ratios of the elements. It has recently been shown for two- and
three-dimensional conforming approximations employing Qi — Qx_2 elements
that, on corner, edge, and boundary-layer tensor-product meshes, the inf-sup
constant for the Stokes problem is in fact independent of the aspect ratios of the
anisotropic elements in the meshes; see [22, 23, 1, 30] and the references therein.
In the more recent work [25], discontinuous Qf —Qg—1 elements have been stud-
ied on geometric edge meshes designed to resolve corner and edge singularities
in the absence of boundary layers. By suitably defining the discontinuity sta-
bilization parameters in the DG bilinear forms on anisotropic elements, it has
been proven that this velocity-pressure pair is divergence stable, with an inf-sup
constant that is independent of the aspect ratios of the anisotropic elements and
that decrease as k~3/2 in the approximation order.

In this paper, we continue our study of the stability properties of mixed hp-
DGFEM for the Stokes problem started in [29, 24, 25], and analyze stabilized
variants thereof on geometric meshes in three dimensions. We show that the
introduction of the pressure stabilization term originally proposed in the LDG
discretization in [11] leads to a generalized inf-sup constant for Qp — Qi—1 and
Q — Qy elements that decreases only as k~/2 in the polynomial degree, and is
independent of possibly large aspect ratios of the mesh. As opposed to the work
in [25] that only considers geometric edge meshes, the results here also hold
for geometric boundary layer meshes that are additionally geometrically refined
towards the faces. As a consequence of the generalized inf-sup condition, we
obtain a global stability result in a suitable energy norm and derive p-version
error bounds that are better than those in [24], by of half an order of k in the
velocity and a full order of k in the pressure, respectively. We emphasize that,
in our analysis, we use a similar unifying setting as that proposed in [24]. Thus,
although we only consider the so-called interior penalty discontinuous Galerkin
method, our results hold true verbatim for the analogs of the methods analyzed
in [24], and, in particular, extend the h-analysis in [11] to the hp-context.

The outline of the paper is as follows. In section 2, we introduce stabilized
mixed hp-DGFEM methods for the Stokes problem. Two classes of geometric
meshes are defined in section 3. Continuity and coercivity properties of the
DG forms on these meshes are established in section 4. Our main result is the
generalized inf-sup condition that we present and prove in section 5. A global
stability result for the proposed DG discretizations is then derived in section 6,
together with hp-error bounds on shape-regular elements.

2 Stabilized mixed hp-DGFEM for the Stokes
problem

In this section, we introduce stabilized mixed hp-discontinuous Galerkin meth-
ods using the pressure stabilization form that was originally proposed for the
LDG discretization in [11].
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2.1 The Stokes problem

Let € be a bounded polyhedron in R?, and let n be the outward normal unit
vector to its boundary 9. Given a source term f € L?(2)3 and a Dirichlet
datum g € Hl/Q(GQ)3 with faﬂg -nds = 0, the Stokes problem consists in
finding a velocity field u and a pressure p such that

—vAu+Vp=~£ in Q,
V-u=0 in Q, (1)
u=g on 0f).

Thanks to the inf-sup condition

. —Jo aV -vdx
inf sup —_— Z CQ > 0, (2)
0#qe L2 () /R o£veHL(Q)3 [vl1llgllo

with a constant Cq depending only on ) (see, e.g., [7, 16]), the Stokes problem
(1) has a unique solution (u,p) with

ueV:i=HYN)?  peQ:=LiQ) =L*Q)/R.

Here, we denote by || - ||s,p and | - |s,p the norm and seminorm of the Sobolev
space H*(D), s > 0 on a domain D in RY, d = 1,2,3. The same notation is
used to denote norms for vector fields. In case D = (2, we drop the subscript.

2.2 Meshes and trace operators

Throughout, we consider triangulations 7 on €2 that consist of affine hexahe-
dral elements {K}. More precisely, each element K € T is obtained from the
reference cube @ = (—1,1)3 by an affine mapping. In general, we allow for irreg-
ular meshes, i.e., meshes with hanging nodes (see [26, Sect. 4.4.1]), but suppose
that the intersection between neighboring elements is either a common vertex, a
common edge, a common face, or an entire face of one of the two elements. An
interior face of T is the (non-empty) two-dimensional interior of 9K+ N JK ~,
where KT and K~ are two adjacent elements of 7. Similarly, a boundary face
of T is the (non-empty) two-dimensional interior of 9K N 9§ which consists of
entire faces of K. We denote by Fz the union of all interior faces of 7, by Fp
the union of all boundary faces, and set F = Fr U Fg.

For an element K € T, we denote its diameter by hx and the radius of
the biggest circle that can be inscribed into K by px. A mesh T is called
shape-regular if

hg < CPK, VK € T, (3)

for a shape-regularity constant ¢ > 0 that is independent of the elements. Our
meshes are not necessarily shape-regular; see section 3.

We next define some trace operators. Let f C Fz be an interior face shared
by two elements KT and K~ and v, ¢q, and 7 be vector-, scalar- and matrix-
valued functions, respectively, that are smooth inside each element K*. We
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denote by v*, ¢ and 7% the traces of v, ¢ and 7 on f from the interior of K+
and define the mean values {-} and normal jumps [-] at x € f as

{v} =" +v)/2 [Vl =v" ng+ +v~ -ng-,
fa} = (a" +q7)/2, [d] :== ¢t ng+ + ¢ ng-,
fz} =" +127)/2 [z] == ng+ + 77 ng-.

Here, we denote by ng the outward normal unit vector to the boundary 0K of
an element K. We also define the matrix-valued jump of the velocity v given
by

[Vl =vt®@ng:+ +v @ng-,

where, for two vectors a and b, [a® b];; = a;b;. On a boundary face f C Fp
given by f = 0K N9OQ, we set {v} = v, {q} := ¢, {z}} := 7, as well as
[vl]:=v-n,[v]:=v®n, [¢] :==¢n and [r] :=7-n.

2.3 Finite element spaces
Given a mesh T on  and an approximation order k > 0, we introduce the finite
element spaces VF(T) and QF(T):

VI(T) :={veL*Q)?: vlgk €cQuK)? KecT},

ko . 2 . (4)
Qu(T) ={qe Ly(Q) : ¢lx € Qu(K), KT},

where Q(K) is the space of polynomials of maximum degree k in each variable
on K.

2.4 Mixed discontinuous Galerkin approximations

We approximate the velocities and pressures in the spaces Vj and @}, given by

V= VZ(T)a Qn = Qﬁ(T)a (5)

with ¥k > 1 and ¢ = k or £ = k — 1. We refer to these velocity-pressure pairs
as (non-conforming) equal-order Qj — Q. elements and mixed-order Q; — Q—1
elements, respectively.

We consider the following stabilized mixed DG methods: find (up,pp) €
V5 x Qp such that

(6)

Ap(up,v) 4+ Bu(v,pr) = Fu(v)
—Bp(un,q) +  Culpn,q) Gn(q)
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for all (v,q) € Vj, x Qp,. The forms Ay, By, and C}, are
Ap(u,v) = /quhu :Vpvdx — /}_ ({vViv} : [u] + {vViu} : [v]) ds
—H//}_ 6 [u] : [v] ds,
Bp(v,q) = —/Q qVh -vdx—i—/g{{q}}[[v]] ds,

Ch(p,q) V’l/f 7 [plldl ds.

Here, V}, is the discrete gradient, taken elementwise. The functions § € L (F)
and v € L>°(Fz) are the so-called discontinuity and pressure stabilization func-
tions, respectively, for which we will make a precise choice in section 3.3. Finally,
the corresponding right-hand sides F} and Gy, are

Fp(v) /f~vdxf/ (g®n):{{yvhv}}ds+y/ dg-vds,
Q .7:5 ]'—B

Grlq) = f/}_ qg-nds.
B

Remark 2.1. It follows from the stability results in section 6 below that prob-
lem (6) has a unique solution (up,pp) € Vi X Q4.

Remark 2.2. The form Ap(-,-) discretizing the Laplacian is the so-called in-
terior penalty (IP) form. Several other choices are possible for Ap(-,-), as dis-
cussed in [24]. All the results of this paper also hold verbatim for the forms
considered there. The form By(-,-) is related to the incompressibility constraint;
it is used in the mized DG approaches in [11, 18, 29, 24, 17]. Finally, Cp(-,")
is the pressure stabilization form that was originally introduced in the local dis-
continuous Galerkin methods in [11, 10].

2.5 Perturbed mixed formulation

For the purpose of the analysis, we introduce perturbed forms /~1h and Eh,
following the ideas in [4, 24]. To this end, we define the space V(h) :=V + Vy,
and introduce the lifting operators £ : V(h) — X, and M : V(h) — Q} by

/ L(v):Tdx :/ [v] : {z} ds, VT € Xy,
Q F
M(v)gdx = / [vl{q} ds, Vg € Qp,
Q £

where we use the auxiliary space X3, = {1 € L*(Q)**3 : 7]k € Qx(K)**®, K €
T }. We then introduce the following perturbed forms on V(h) x V(h) and



Mixed hp-DGFEM for incompressible flows: Pressure stabilization 6

V(h) x Q:
Zh(u,v) = /Q V[th :Vpv—L(u) : Vv — L(v) : th] dx + 1//}_ 5M : Mds,
Bu(v,q) = — /Q q[Vh v —M(v)]dx.

(7)

We have _ B
Ah:AhOthXVh, Bh:BhOthXQh.

Thus, we may rewrite the method (6) as: find (up,pp) € Vi, X Qp, such that
Ap(up,v)  + Bu(vipn) = Fu(v)
—Bp(un,q) + Chr(pn,q) = Gnlq)

for all (v,q) € Vi, x Qp.

(8)

3 Geometric edge and boundary layer meshes

In this section, we define two classes of geometric meshes, namely geometric
edges meshes that are employed in the presence of corner and edge singulari-
ties (as, e.g., in Stokes flow or nearly incompressible elasticity), and geometric
boundary layer meshes that are used when, in addition to corner/edge singu-
larities, boundary layers are present as well. Both meshes are characterized by
a geometric grading factor o € (0,1) and the number of layers n, the thinnest
layer having width proportional to o™. We refer to [2, 5, 21, 27, 28, 30] and
the references therein for a more detailed discussion on how to choose these
parameters in order to resolve singularities and layers at exponential rates of
convergence.

3.1 Geometric edge meshes

A geometric edge mesh 7:;’; is constructed by considering an initial shape-
regular macro-triangulation 7, = {M} of Q, with no hanging nodes, possibly
consisting of just one element. The macro-elements M in the interior of €2 are
then refined isotropically and regularly (not discussed further) while the macro-
elements M on the boundary of ) are refined geometrically and anisotropically
towards edges and corners. This geometric refinement is obtained by affinely
mapping corresponding reference triangulations (referred to as patches) on Q
onto the macro-elements M using the elemental maps Fjs : @ — M. This
process is illustrated in Figure 1. For edge meshes, the following patches on
Q =1I3,1=(—1,1), are used for the geometric refinement towards the boundary
of QU R
Edge patches: An edge patch 7.299¢ on Q is given by

7;edg€ — {sz x I | Kmy S 7;1;};
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where T,y is an irregular corner mesh, geometrically refined towards a vertex of
S = (—1,1)? with grading factor o and n refinement levels; see Figure 1 (level
2, left).

Corner patches: In order to build a corner patch 7.°%9¢ on @, we first
consider an initial, irregular, corner mesh 7, ,,, geometrically refined towards a
vertex of @, with grading factor o and n refinement levels; see the mesh in bold
lines in Figure 1 (level 2, right). The elements of this mesh are then irregularly
refined towards the three edges adjacent to the vertex in order to obtain the
mesh 7.°%9¢; see also Figure 3.

For simplicity, we always assume that the only hanging nodes in geometric

edge meshes 72;’9‘; are those in the closure of edge and corner patches.

Level 1

Level 2 :l:

Nea

Figure 1: Hierarchic structure of a geometric edge mesh 7., .. The macro-
elements M on the boundary of Q (level 1) are further refined as edge and
corner patches (level 2). The geometric grading factor is here o = 0.5.

3.2 Geometric boundary layer meshes

As for edge meshes, the construction of a geometric boundary layer mesh T,"°
starts from an initial shape-regular macro-triangulation 7,, = {M} of Q, with
no hanging nodes, possibly consisting of just one element. The macro-elements
M on the boundary of {2 are now also refined geometrically towards faces; see in
Figure 2. More precisely, the following face, edge, and corner patches on Q = I3
are used: R

Face patches: A face patch 7}“ on @ is given by an anisotropic triangula-
tion of the form

T/ ={KyxIxI| K;€T.}

where T, is a mesh of I, geometrically refined towards one of the vertices, say
x = 1, with grading factor o € (0, 1) and total number of layers n; see Figure 2
(level 2, left).
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Edge patches: An edge patch 72! on @ is given by
T = {Kaoy x 1| Kay € ﬁy}a

where 7~;y is a triangulation of S = I? obtained by first considering an irregular
corner mesh 7T, as in a patch 7°99¢ of an edge mesh, geometrically refined
towards a vertex of §, say (z,y) = (1, 1), with grading factor o and n refinement
levels (see Figure 1 below, level 2, left). The elements of the mesh 7, are then
anisotropically refined towards the two edges # = 1 and y = 1, in order to obtain
a regular mesh 7,,. We refer to Figure 2 (level 2, center) for an example.

Corner patches: In order to build a corner patch 7;”1 on @ , we first consider
the same initial, irregular corner mesh 7. ,,, geometrically refined towards a
vertex of @, with grading factor o and n refinement levels; see the mesh in bold
lines in Figure 2 (level 2, right). The elements of 7¢ ., are then anisotropically
refined towards the three faces x = 1, y = 1, and z = 1 in order to obtain a
regular mesh 72'; see also Figure 3.

For simplicity, we always assume that the three types of patches above are
combined in such a way that geometric boundary layer meshes 7,;" do not
contain hanging nodes.

Level 1

AN

Level 2

Figure 2: Hierarchic structure of a geometric boundary layer mesh 7,;°”. The
macro-elements M on the boundary of Q (level 1) are further refined as face,
edge and corner patches (level 2). The geometric grading factor is here o = 0.5.

Remark 3.1. We note that the underlying mesh Te . is the same for the cor-
ner patches T and TP in edge and boundary layer meshes, respectively.
However, T%9¢ is irregular and contains hanging nodes. Figure 3 shows the
difference between corner patches for boundary layer and edge meshes.

The geometric edge and boundary layer meshes defined above satisfy the
following property; see [25, Sect. 3].
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S L

Figure 3: Geometrically refined corner patches 7. and 7.%9¢ for boundary layer
(left) and edge (right) meshes. The geometric grading factor is o = 0.5.

e

Property 3.1. Let T be a geometric edge mesh cdge OT G geometric boundary

layer mesh T,;"?, with a grading factor o € (0,1) and n levels of refinement.
Then, any K € T can be written as K = Fx (Kyy.), where Kgy, is of the form

Key. = Ip x Iy x I, = (21,22) X (y1,¥y2) X (21, 22),
and Fi is an affine mapping, the Jacobian of which satisfies
[det(J)| <C, |det(Jg)| <O, |DFk||<C,  |DF'| <G,
with constants only depending on the angles of K but not on its dimensions.

We note that the constants in Property 3.1 only depend on the shape-
regularity constant in (3) of the underlying macro-element mesh 7,,. The di-
mensions of K, . on the other hand may depend on the geometric grading factor
and the number of refinements.

For an element K of a geometric edge mesh, we define, according to Prop-
erty 3.1,

hE = h, =2y — 4, hff:hz:yzfyl, E =hy =20 — 2.

3.3 Stabilization on geometric meshes

In this section, we define the discontinuity and pressure stabilization functions
0 € L*°(F) and v € L*°(Fz) on geometric meshes.

To this end, let f be an entire face of an element K of a geometric mesh 7 on
Q. According to Property 3.1, K can be obtained by a stretched parallelepiped
Ky, by an affine mapping Fx that only changes the angles. Suppose that
the face f is the image of, e.g., the face {x = x1}. We set hy = h,. For a
face perpendicular to the y- or z-direction, we choose hy = hy or hy = h.,
respectively.
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Let then K and K’ be two elements with entire faces f and f’ that share an
interior face f = f N f/ in Fz. We have

Chfghf/ Scilhf, (9)

with a constant ¢ > 0 that only depends on the geometric grading factor o and
the constant in (3) for the underlying macro-mesh 7,,. We define the function
h € L>(F) by

. min{hs, hp} x€ fNf C Fr,
h(x) == {hf xefCFs (10)
‘We then set
§(x) = doh ™1 k?, x € F, (11)
and
~v(x) = vo min{hy, hp} max{l,f}_l, X € Fr, (12)

with dg > 0 and 9 > 0 independent of h and k.

Remark 3.2. For isotropically refined, shape-regular meshes, the definitions in
(10) and (11) are equivalent to the usual definition of 6, see [24]. Similarly,
the definition of v in (12) generalizes the definition in [11] to the hp-DGFEM
context on geometric meshes.

4 Continuity and coercivity on geometric meshes

On the geometric meshes defined in section 3, the continuity of Zh and Eh as
well as the coercivity of Aj, can be established as in [25, Sect. 4].
To this end, we equip V(h) =V + V), with the broken norm

IR = 3 W+ [ dlldPds ve v
KeT F
We have the following result.

o

Theorem 4.1. Let T be a geometric edge mesh cdge O @ geometric boundary
layer mesh Ty, with a grading factor o € (0,1) and n levels of refinement. Let
the stabilization functions 8 be defined as in (10) and (11). Then, the forms Ay,
and By, in (7) are continuous:

[An(v, W)l <var|v]nlwln  ¥Vv,w e V(h),
|Br(v,q)| < azl[vlnliqllo Vue V(h), €@,
with continuity constants ay and ao that depend on §y and the constants in

Property 3.1, but are independent of v, k, n, and the aspect ratio of T . Further-
more, there exists a constant dmin > 0 that depends on the constants in Property
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8.1, but is independent of v, k, n, and the aspect ratio of T, such that, for any
50 2:5nﬁn;
Ap(v,v) > vB|v|? Vv eV,

for a coercivity constant 5 > 0 depending on dg and the constants in Property
8.1, but independent of v, k, n, and the aspect ratio of T .

Remark 4.1. The results in Theorem 4.1 are based on anisotropic stability
estimates for the lifting operators L and M that can be found in [25, Sect. 4].
These operators are identical for all the DG forms considered in [24] and, thus,
the results in Theorem 4.1 also hold for all the mized DG methods considered
there. We note that the restriction on &y is typical for the interior penalty
form Ay, and can be avoided if Ay is chosen to be, e.g., the local discontinuous
Galerkin form, the nonsymmetric interior penalty form, or the second Bassi-

Rebay form, see [24].

Next, we address the continuity of Fj, and Gj,.

Nea
edge
layer mesh T,;*%, with a grading factor o € (0,1) and n levels of refinement.
Let the stabilization functions ¢ be defined as in (10) and (11). Then we have

Theorem 4.2. Let T be a geometric edge mesh or a geometric boundary

\Fn(v)] < C[lIfllo + vI[ozgllo.on] [VIn YV e Vi,
IGh(q)| < C |57 g]

0,00 |lallo Vq € Qn,

with continuity constants that depend on 0y, 2, and the constants in Prop-
erty 8.1, but are independent of v, k, n, and the aspect ratio of T .

Proof. We first note that we have the Poincaré inequality
[vlo <Cllvlin Vv eV(h), (13)

with a constant depending on §p, €2, and the constants in Property 3.1. The
bound (13) follows by proceeding as in the original proof in [3, Lemma 2.1],
taking into account elliptic regularity theory for polyhedral domains and by
using the anisotropic trace inequality

Iello,s < Ch7 el /2te ks >0,

for an element K € T and an entire face f of 0K, with a constant depending
on the constants in Property 3.1.

Let now v € Vj. From (13), we obtain | [, £-vdx| < C|/f[jo|v|s. Further,
applying the discrete trace inequality from [25, Lemma 3.3] as in the proof of [25,
Theorem 4.1],

|| (g®n): {vViv}ds| < Cv|62glooallvi,
En
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with a constant depending on &g, and the constants in Property 3.1. Finally,
1

the Cauchy-Schwarz inequality yields |v f&s dg - vds| <vl|ldzglloeallV|n. This

proves the assertion for Fj,. Similarly, for ¢ € @y,

|Gh<q>|s|/g qg~nds|g|\5%g||o,m(/ 51 gl? ds)*.
B

s

[

Using again the techniques in [25, Lemma 3.3 and Theorem 4.1}, we have

/ 5gf? ds < Cllq|2,

&

with a constant depending on dg, and the constants in Property 3.1. This
completes the proof. O

Remark 4.2. The same continuity properties hold for all the functionals Fj,
and Gy, in the mized DG methods analyzed in [24].

5 Generalized inf-sup condition on geometric meshes

Our main result establishes a generalized inf-sup condition on geometric meshes.
To this end, we introduce the following seminorm on @,

lql%, = / v1lal|? ds,
Fz

with « the pressure stabilization function defined in (12).
We have the following result.

Theorem 5.1. Let T be a geometric edge mesh 7;2’9‘2 or a geometric boundary
layer mesh Ty, with a grading factor o € (0,1) and n levels of refinement. Let
the stabilization functions § and ~y be defined according to (10), (11), and (12).
Then, there exists a constant C > 0 that depends on 0y, 7o, and the constants
in Property 3.1 and (9), but is independent of v, k, ¢, n, and the aspect ratio of
T, such that, for anyn and k> 1, =k or{=k—1,

sup Do) ot g1 1072y g e 0 (o).
orvevy Vil llallo

Remark 5.1. For h-version DG approximations on shape-reqular meshes, the
generalized inf-sup condition in Theorem 5.1 was established in [11, 10] for
LDG discretizations, in a form that also involves the auziliary stresses present
in the LDG approach. Similar inf-sup conditions also play an important role in
the analysis of conforming stabilized mized methods; see, e.q., [15, 14] and the
references therein.

The proof of Theorem 5.1 is carried out in the rest of this section. We
begin by collecting several properties of L2-projections in section 5.1 and derive
bounds for averages and jumps over faces of geometric meshes in section 5.2.
We then complete the proof of Theorem 5.1 in section 5.3.
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5.1 L2-projections

For an interval I, = (x1,72), let I, : L?*(I,) — Qi(I;) denote the one-
dimensional L2-projection onto the space Q(I.) of polynomials of degree at
most k on I,; given v € L?(I,,), this projection is defined by imposing

/ sztpdx:/ vedr, Vo € Qp(ly).
I, I,

The L2-projection is stable:

(ITL,v] oL,  YveL*(I). (14)

0., < [l

Moreover, applying similar techniques as in [8, Theorem 2.2], we have, for k > 1,
|HzU|1,Im < Ck%|’l)|1,[m, V’UEHI(IQC), (15)

with a constant C' > 0 independent of k, I, and v.
We next recall the following approximation result from [19, Lemma 3.5].

Lemma 5.1. Let I, = (v1,72), hy = 22 — 21 and v € H'(I,)). Then, there
holds

[o(@1) = Mov(z)]* + [v(z1) — Mpv(a2)* < Chak™ 0[5 4, ,
for k> 1 and with a constant C > 0 independent of hy, k, and v.

We will also make use of an approximation result from [19, Lemma 3.9] for
the two-dimensional L?-projection II, ® IT,; here, the subscripts indicate the
variables the projectors I, and II, act on.

Lemma 5.2. Let I, = (x1,22), Iy = (y1,%2), he = 2 — 1 and hy = ya — 1.
Assume that there exists a constant ¢ > 0 such that chy, < hy < ¢ thy. Then,
forve HY (I, x 1)) and k > 1, we have

HU -1 ® Hy U”%,B(Imxly) < Chmk71 |v|?71m><1y,
with a constant C' > 0 depending on c, but independent of hy, hy, k, and v.

For an axiparallel element K,,. = (z1,22) X (y1,y2) X (21,22), the L*-
projector Mg, = : L?(Kgy.) — Qi(Kay:) is the product operator Ik,
I, ® I, ® I, of one-dimensional L?-projections. For v € L?(K,,.), it satisfies

/ HKmyzv(de = / v (de, VSD S Qk(szz)
Ka:yz K

Yz

For an element K of a geometric edge or boundary layer mesh 7, the L?-
projection I : L?(K) — Qi (K) is defined by

/HKmpdx:/ v dx, Vo € Qr(K).
K K
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Thanks to Property 3.1, we have K = Fg(Kgy,) for an axiparallel element
Koy = (x1,22) X (y1,92) X (21,22). For v € L*(K), we therefore have

HK’UOFK = HK [’UOFK}, on szz. (16)

Yz

We have the following stability result.

Lemma 5.3. Let T be a geometric edge or boundary layer mesh. Let K € T
and v € HY(K). Then we have for k > 1

1
Mgv|i,x < Ck2|vh K,

with a constant C > 0 depending on the bounds in Property 3.1, but independent
of k, K, and v.

Proof. Let K = K. according to Property 3.1. The bounds (14) and (15)
imply that

1
||61HKmyz/U||O7Kmyz S CijzHa‘T,U| O,Kq:yz)
1
10,11k, vll0.k.,. < CEZ[|8yvllo,x.,.
||aZHKmyzU||O7Kmyz S Cl{:%HaZU||O7Kmyz’

for any v € H'(Kyy.), with a constant C' > 0 independent of k, K., and v.
A scaling argument and the bounds in Property 3.1 prove the assertion for a
general element K. O

Finally, the L?-projection IT : L*(Q) — {v € L?(Q) : v|kx € Qu(K), K € T}
is defined elementwise by Iv|x = Hgv|k, K € T. For vector fields, we use
bold-face notation (such as Ilg,,., IIx, and IT) to denote the L2-projections
that are applied componentwise.

5.2 Auxiliary results

In this section, we derive bounds for the averages and jumps over faces. We
start by considering interior faces.

5.2.1 Interior faces

Let K and K’ be two elements of a geometric mesh with entire faces f and f’
that share an interior face f N f’ in Fr. We may assume that f N f’ is an entire
face of K, that is, f N f' = f. By Property 3.1, we have K = Fg (K,.) and
K' = Fr/(Ky,,) with, e.g.,

Kuy> = (71, 22) X (Y1,y2) X (21, 22), K;yz = (z2,23) X (y1,¥3) X (21, 22),

and y2 < y3. The face f is then given by f = Fy(fy.), with f,, =
(Y1,y2) X (21,22), and Fy(y, 2) = Fx(22,y,2) = Fr/(72,y,2) for y1 <y <y,
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z1 < z < zp. Similarly, we have f' = Fy.(f;.). For a function v e H'(KUK')?,
we define v,,, = v|x o Fx and v;yz = v|gs o Fgr.

We set hy = x3 — 21, hl, = x3 — x2, hy = y2 — y1, h; = y3 — y1, and
h, = zo — 21, and may assume that

chy < hl < c hy, (17)

according to (9). In the case where the elements K and K’ match regularly (i.e.,
f = f') the ratios of the mesh-sizes h,, h, and h, can be arbitrary. However,
when K and K’ match irregularly (i.e., f # f'), it is essential to observe that,
by definition of geometric meshes, we also have

Chy < h{y < C_lhy, Chy < hz < C_lhy7 (18)

with a constant ¢ > 0 depending solely on the bounds in Property 3.1. The
situation when K and K’ match irregularly is shown in Figure 4. We point
out that the above configuration covers all interior faces in geometric edge and
boundary layer meshes.

Zy

K Y,

Xyz

X3

Figure 4: The axiparallel elements K, and K :/py match irregularly. The face

fyz is given by f,. = {za} X (y1,92) X (21, 22).

z

We first show the following result.

Lemma 5.4. Let K,K' € T share a face f C Fz. Then, for ¢ € Qp and
veHY (KUK')3,

1 gy < o( / TP as) " (R + e )

with a constant C > 0 that depends only on the bounds in Property 3.1 and (9).
Proof. We begin by noting that ff [d] - {v —TIv} ds = 1Sk + LSk, where

Sk / [ - (V] — Tevlsc) ds,
f

Sicr

/[q] . (V|K/ — HK/V|K/) ds.
!
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Step 1: We start by bounding the term Sg. Setting q,. = [¢] o Ff, we obtain

Sk = /f [ - (VI — Tgevlic) ds

/ Ayz - (Vﬂcyz - HKmszzyZ) | det(DFf)| dy dz

Yz

= / Qyz * (szz —-II, ® Hy X Hszyz) |det(DFf)| dy dz

Yz

= / qy: - (I, @ IL,vgy, — I, @ IL, @ I, v,y ) | det(DFy)| dy dz.

Yz

Here, we have used identity (16), the factorization g, = I, ® I, ® II, into
one-dimensional L?-projections, and the fact that each component of q,. is a
polynomial of degree £ = k or / = k — 1 in y- and z-direction. The Cauchy-
Schwarz inequality, the definition of h¢ in (9), the definition of v in (12), and
(17) yield

2

Sk gTK(/ hzmax{l,f}_1|qyz|2|det(DFf)|dydz) gc.TK.(/ 7|[q]|2cz$) )
f

yz

with the term Tk given by

TZ = max{1,£}h;1/ | T, @I, vy, — L, RIL,RI1,v,,. |* | det(DFy)| dy dz.

Yz

From the stability of the one-dimensional projections IT, and II in (14) (tak-
ing into account that |det(DFYy)| is constant), the approximation result in
Lemma 5.1, and the bounds in Property 3.1, we obtain

Th < max{1,¢}h,!|det(DFy)| | Viys — vy, 2 dydz
fyz
< Cmax{l,f}l(l | det(DFf)| || 0xVayszl aKWz
< C|det(DFy)| | DFx | |det(DF Y|V x < C V7 k-

Combining the above estimates shows that

Sk < Clvhe ( /f y |[q1|2ds)%, (19)

with a constant C' depending solely on the bounds in Property 3.1 and (9).
Step 2: Let us now consider the term Sk.. We note that there is an entire
face f’ of K', such that f = fn f. If f = f/, then Sk, can be bounded as Sk
in Step 1. Thus, we only need to consider the case where f is an irregular face
of K', i.e., f is a proper subset of f’ as in Figure 4. As in the proof of Step 1,
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since qy. is a polynomial in z-direction, we have:
SK/ = / I[q]l . (V|K/ 7HK/V|K/)d5
f

Yz

yz
Here we denote by II, IT), and IT, the one-dimensional L2-projections on
We obtain

myz
1

Sk <C-Tgr - (/7|[‘J]|2d5) )
f

with the term Tk given by

|| det(DFy)| dy dz.

z zyz

Tw = max{1,£}h;1/ | IL,v,,,. —II, @ I, @ I, v

yz

From the stability (14) of IT, in z-direction, (17), (18) and Lemma 5.2, we
obtain

TZ,

IN

max{1, £}h; | det(DF}) |/ ~ I, @ I, v, . [ dydz

zyz

< Cl zyz'l K! < |V|1,K"

oy
Combining the bounds above gives

Sk < C|v|1,k (/ vl ? dS) ; (20)
f

with a constant C' > 0 depending on the bounds in Property 3.1 and (9).
Combining (19) and (20) concludes the proof. O

Next, we estimate the jump of the L2-projection over the face f.

Lemma 5.5. Let K, K' € T share a face f C Fr. Suppose that f = fNf', with
f and f' entire faces of K and K', respectively. Then, for v e HY(K U K')3,

/f V[P ds < Cminfhy, by 3k [V x + V2]

with a constant C > 0 that depends only on the bounds in Property 3.1 and (9).
Proof. Equality (16) ensures that

/f|M|2d5

IN

/f |HKV|K — HK’V|K, |2 ds

| M Vi = Ty P det(DEy ) dy .

fy=
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We consider two cases separately.

Case 1: Let K and K’ match regularly, i.e., f = f’. Since vg,. and v, .
coincide on the face f,, we have IT, @ II,v,,, = H; ® Hgv;yz on fy.. We thus
obtain from the triangle inequality

/ [Iv]|*ds < C-|det(DFy)| - [T + Tx'],
f
with

yz

T / I, @Y, — T, @ I, @ T/, |2 dy dz.

-
Using the stability (14) of the projections II,, and II, in y- and z-directions, as

well as the approximation result in Lemma 5.1, we obtain

T < Chok™ 10aVay: |3 k.. < Chsk™ VR k.

zyz —

An analogous bound for Tk~ and (17) prove the assertion in this case.
Case 2: Assume that K and K’ are non-matching (f # f’). We then have
that I, vy, = H’Zv’zyz on fy,. Thus,

/ |[TIv]|*ds < C - |det(DFy)| - [Tk + Tk |,
f
with

TK = / |szzyz - Hz & Hy ® szxyz|2 dy dZ7

yz

Tr

/ v, I, © I, © Ty, [? dyd-.

vz
Since the underlying elements are shape-regular in x- and y-directions thanks
to (17) and (18), we can invoke the stability (14) of II, and the approximation
result in Lemma 5.2. This gives

T < / Vi, — I, @IV, |* dy dz
yz
< / Vi, — I, @ IV, |* dy dz
1.
-1 2 12
< Chgk |V;yz|1,K;yZ < Chypk™ |v]{ g

An analogous bound for Tk and (17) prove the assertion in this case. O
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5.2.2 Boundary faces

We conclude by stating an analogous result for boundary faces that can be
proved with exactly the same techniques. Let K be an element on the boundary
and f an entire face of K in Fg.

Lemma 5.6. For v € Hj(K)?, we have
[l as < ongkt v
f
with a constant C > 0 depending on the bounds in Property 3.1.

5.3 Proof of Theorem 5.1

Fix ¢ € Qn. From the continuous inf-sup condition (2), there exists a field
w € H(2)? such that

- /1 o owdx=ldl Wl < C5lalo, (21)

where Cq > 0 is the continuous inf-sup constant. We then set v = IIw, with IT
the L2-projection defined in section 5.1. Using [w] = 0 on F, (21), integration
by parts, and the properties of the L2-projection, we find

Bh("vQ) = Bh(W,(])‘i’Bh(HW*W,q)

lall2 +/Q Vag- (Tiw — w) dx — /f [d] - {TTw — w} ds

= HQH(%ﬁL/f [ - {w — IIw} ds.

Applying Lemma 5.4 gives

[ oo < Y| [ -
Fz fCFz f
3 3
< o T wka) (X [ ladpas)
KeT fcr’f
< C|W|1|q|.7:1'
Combining the above estimates with (21) yields
q
Ba(va) = Clal (1~ 172, (22)

with a constant C' > 0 solely depending on Cgq, and the bounds in Property 3.1
and (9).
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We have from Lemma 5.3, Lemma 5.5 and Lemma 5.6, together with the
definition of the discontinuity stabilization function ¢,

Wi = Y mwf+ S / 5 |[TIw]? ds
KeT fcF/f
< Ck Y Wi +Ck DY |wli g < Chlwl]}.
KeT KeT
Thus, invoking (21),
Iviln < Ck=|lql|o- (23)

Combining (22) and (23) concludes the proof of Theorem 5.1.

6 Global stability and a-priori error estimates

In this section, we show how the results in section 4 and section 5 can be used
to obtain a global stability result and to derive a-priori error estimates. The
technique we use is closely related to that used in the analysis of conforming
stabilized mixed methods; see, e.g., [15, 14] and the references therein.

6.1 Global stability
Let W, be the product space Wy, = V;, X @, endowed with the norm

(v D)line = vIvia +v= k" lglls + vl -

In W, we define the forms

An(u,p;v,q) = gh(ua v) + Eh(vap) - Eh(ua q) + Cr(p,q),
Ly(v,q) = Fr(v) + Gi(q),

and reformulate (8) equivalently as: find (up,pn) € Wy, such that

-Ah (uhaph; v, q) = Eh (V7 Q) (24)

for all (v, q) € Wy,
The following stability result holds.

e

Theorem 6.1. Let T be a geometric edge mesh cdge OT @ geometric boundary
layer mesh Ty, with a grading factor o € (0,1) and n levels of refinement. Let
the stabilization functions § and ~y be defined according to (10), (11), and (12).
Then, there exists a constant C > 0 that depends on oy, 7o, and the constants
in Property 3.1 and (9), but is independent of v, k, £, n, and the aspect ratio of
of T, such that, for anyn and k> 1, 0=k or =k —1,

inf sup Ah(uap;vv(Z) > C.

(0.0)£(w.0)EWn (0,0)£(v.)eW, (W P)lcll (v, d)llpe
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Proof. Fix (0,0) # (u,p) € Vj, x Q. Thanks to the coercivity of Ay in Theo-
rem 4.1 and the definition of C},, we have

An(u,piu,p) > vfllullf + v~ pl%,. (25)

Furthermore, Theorem 5.1 guarantees the existence of a velocity w € V, satis-
fying )
Bi(w,p) = Cllpllg = Clpl=llpllo.  [[wlln < CE=]lplo. (26)

From the definition of A}, the continuity properties in Theorem 4.1, weighted
Cauchy-Schwarz inequalities, and (26), we obtain

Ah(uaPQWaO) = Ah(uaw) +Bh(wap)
> —Cew|ull; - Cer'v|wl} + Cllpll§ — Ce3Ipllg — Cealpl,
> C(1—e3' —ver 'B)|pll§ = Cervlullf — Cezlp|%,, (27)

with parameters 1,2 > 0 at our disposal. We next set (v, q) = (u,p)+e3(w,0),
with €3 > 0. Then, combining (25) and (27), yields

An(u,p;v,q) > Cr(l—eies)l[ulf+C(v ™" —esea) IplF, +Ces(1—ey  —vey k) pll5.

It is now easy to see that one can select 1 of order O(kv), 2 of order O(k),
and e3 of order O(v~1k™1), respectively, in such a way that

An(a,p;v,q) > Cvllullf + Cv=pl%, + Cv=' k7 Ipll§ = Cll(w,p)lDe-  (28)

Using the fact that e3 is of order O(v~1k~!) and (26) give

Iv.olbe < Cvlulli + Cregliwlli + v &~ pllg + v [pl%,
< Cvlullf + Cvm R plIG + v R IplS + v LR,
< Clwp)lbe- (29)
Combining (28) and (29) completes the proof. O

6.2 A-priori error estimates

In order to derive a-priori error estimates, we define (u, p) as the exact solution
of the Stokes system (1) and assume that p € H'(Qiy) in a domain Qi C Q
containing all the interior faces in Fz. Thus, [p] = 0 on Fz. We define Q(h) :=
Qn+ HY(Qnt) and W(h) := V(h) x Q(h), equipped with the norm ||(v, ¢)|| pg-

From the continuity properties in Theorem 4.1, Theorem 4.2 and the Cauchy-
Schwarz inequality, it can be seen that

An(u,p;v,q)| < Ck% |(w,p)lpe I(v, @), Y(w,p), (v.q) € W(h),
(30)
and

1Lu(v.a)l < C M IfI5+vkI628l5.00) * IV Dllne,  V(V.q) € W, (31)
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with constants as in Theorem 4.1 and Theorem 4.2, respectively.

Taking into account (30), the global inf-sup condition in Theorem 6.1, and
the non-consistency of the forms /~1h and Eh, we obtain straightforwardly the
following a-priori bound.

Theorem 6.1. Let (u,p) be the exact solution of the Stokes system (1), withp €
HY(Qint), and let (up,pp) be its discontinuous Galerkin approzimation (6) on a
geometric edge mesh T =T_7° or a geometric boundary layer mesh T = T},
with a grading factor o € (0,1) and n levels of refinement. Let the stabilization

functions § and ~y be defined as in (10), (11) and (12), respectively. Then,

1 .
I(w=wan,p—pr)lpe < Ckz inf Jl(u—v,p—q)lpc + CRu(u,p),
(v,q) EWy,

with a constant C' > 0 that depends on dg, Yo, and the constants in Property 3.1
and (9), but is independent of v, k, £, n, and the aspect ratio of the anisotropic
elements in T. Here, Rp(u,p) is the residual

|Ah(uap;wa S) - £h(W, S)'

Ru(u,p) = sup
(w,5)EW), I(w, s)llpa
Let us make precise the abstract error bound above for a smooth solution
(u,p) € H*TH(Q)3x H*(Q), s > 1, on isotropically refined meshes with mesh-size
h with possible hanging nodes and for mixed-order elements where £ = k — 1.
In this case, the residual Ry, (u, p) can be bounded (see [24, Proposition 8.1])
by

Rp(u,p) < sup | [ {vVu—-T@Vu)}: [w]ds| + | [ {p — T(p)}[w] ds|7

(w.)EW, I(w, s)lpe

where T and T are the L2-projections onto X, and Qp, respectively. The
Cauchy-Schwarz inequality and standard hp-approximation properties then give

hmin{s,k} 1 .
Rifu,p) < O vl + vl |
Furthermore, kT2
) hmin{s,k} N o
it 1= vip = lloe < O [l + vl
and thus pmin{s,k} 1
2 wp = i)l < C2 = vl + o7l (32

This estimate is optimal in the mesh-size A and suboptimal in k£ by one power
of k in the velocity and by a power k3/2 in the pressure, respectively.

Similarly to [24, Sect. 8], we obtain a slightly better result on conforming
meshes, that is,

hmin{s,k} N .
I(a = wp = p)lloe < O vl o~ Hial |- (33)

We point out that the a-priori error bounds (32) and (33) hold verbatim for

equal-order elements.
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Remark 6.1. We note that the dependence on the polynomial degree k in (32)
and (33) is slightly better than the hp-estimates in [24] for mized-order Qy —
Qr—1 elements without pressure stabilization.
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