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Abstract

Arbitrage-free prices u of European contracts on risky assets whose log-
returns are modelled by Lévy processes satisfy a parabolic partial integro-
differential equation (PIDE) d,u + AJu] = 0. This PIDE is localized to
bounded domains and the error due to this localization is estimated. The
localized PIDE is discretized by the #-scheme in time and a wavelet Galerkin
method with N degrees of freedom in log-price space. The dense matrix for
A can be replaced by a sparse matrix in the wavelet basis, and the linear
systems in each implicit time step are solved approximatively with GMRES
in linear complexity. The total work of the algorithm for M time steps is
bounded by O(M N (log(N))?) operations and O(N log(N)) memory. The
deterministic algorithm gives optimal convergence rates (up to logarithmic
terms) for the computed solution in the same complexity as finite difference
approximations of the standard Black-Scholes equation. Computational ex-
amples for various Lévy price processes are presented.

Keywords: Option pricing, Lévy processes, partial integro-differential equa-
tion (PIDE), wavelet discretization

*Research was supported by Credit Suisse Group, Swiss Re and UBS AG through
RiskLab, Switzerland under the RiskLab project Fast Deterministic Valuations for Assets
Driven by Lévy Processes and performed while the 2nd author visited the Seminar for
Applied Mathematics of ETH Ziirich in 2001. C. Schwab was supported in part under
the THP network Breaking Complexity of the EC (contract number HPRN-CT-2002-00286)
with support by the Swiss Federal Office for Science and Education under grant No. BBW
02.0418.

tRiskLab and Seminar for Applied Mathematics, ETH-Zentrum CH-8092 Ziirich,
Switzerland

tDepartment of Mathematics, University of Maryland, College Park MD 20742-4015



1 Introduction

Since the seminal paper [8], the pricing of options by means of partial differential equations has
become standard practice in quantitative finance, either by means of explicit solution formulas
for the heat equation (e.g. [24, 26, 22]) in the case of European vanillas or by numerical
methods in the case of American or Barrier options.

In recent years, awareness of the shortcomings of the Black-Scholes model has increased and
more general models for the stochastic dynamics of the risky asset have been proposed: we
mention only stochastic volatility models and ‘stochastic clocks’. The latter lead to price
processes with a jump component: the Wiener process from the Black-Scholes model is replaced
by a Lévy process (see e.g. [32, 29, 4, 18, 28, 11, 15, 9, 10, 38, 40, 39] and the references there
and [7, 41] for fundamentals on Lévy processes).

Abandoning the Wiener process as price process renders the market in the model incomplete
and the martingale measure in the pricing problem non-unique. After selection of an equivalent
martingale measure Q the asset pricing problem becomes once again the problem of solving a
deterministic equation. This equation is a parabolic integro-differential equation (PIDE) with
non-integrable kernel if the jump activity of the Lévy process is infinite.

In case of European vanillas and in logarithmic price, this equation is posed on the whole
real line. The justification, numerical analysis and rigorous derivation of efficient solution
algorithms for this PIDE is the purpose of the present paper. Its outline is as follows: after brief
recapitulation of the Black-Scholes model of asset pricing, and in particular of the functional
setting which accommodates exponentially growing pay-off functions we turn in Section 3 to
the PIDE for pricing options on Lévy driven assets. We establish its well-posedness in spaces
of possibly exponentially growing solutions and give a suitable variational formulation.
Section 4 is devoted to the truncation of the PIDE to a bounded domain — an essential step
for numerical simulation as well as for modeling certain types of contracts. Due to the jump
part of the Lévy process, this localization cannot be effected by simple restriction to the
bounded domain plus suitable local boundary conditions, but must take into account the pay-
off beyond the computational domain. We show how to do this so that the localization error
decays exponentially with the size of the truncation domain; contrary to earlier work in the
Black-Scholes case [23] the proof does not use the maximum principle, but rather a-priori
estimates in exponentially weighted spaces.

Section 5 is devoted to our solution algorithm — the #-scheme for time-stepping and a wavelet-
Galerkin discretization of the integro-differential operator. We show that the solution algorithm
has the same asymptotic complexity as the Finite Element Method (FEM) for the Black-Scholes
equation. Finally, we present numerical examples of Lévy pricing — European vanillas under
Variance Gamma and CGMY-processes with finite and infinite activity can be handled by our
approach in a unified fashion.

Let us briefly comment on how our approach compares with Fourier techniques [11, 12]. These
methods require the characteristic function of the process and allow, via Fast Fourier Transform
(FFT), the efficient evaluation of the jump operator. Unlike the Fourier Transform, wavelets
are well localized also in price space which allows to treat barrier and American contracts;
moreover, wavelets allow to compress finite intensity jump operators to sublinear complexity.
The wavelet approach requires the distributional kernel of the infinitesimal generator of the
Lévy process, i.e., the inverse Fourier transform of the characteristic function. It allows to
handle barrier, touch-and-out or no-touch type contracts deterministically, i.e. without Monte-
Carlo techniques. It also allows to price American puts on Lévy driven underlyings [31] and,



more importantly, also accommodates more general infinite activity Markovian processes for
the log-returns of the risky assets where the jump-measures are not translation invariant. The
present results have been announced in [30].

Acknowledgement. We thank Freddy Delbaen and Thorsten Rheinldnder for many helpful
discussions on Lévy processes, to Dilip Madan for pointing out [28, 11] to us and to Ali Hirsa
for stimulating discussions and for providing a MATLAB implementation of the closed form
solution for European VG.

2 Pricing European vanillas in the Black-Scholes setting

Our option pricing algorithm will be developed in a variational framework. We present the
necessary function spaces first for a Black-Scholes market [8], following [26].

Classical option pricing theory of Black and Scholes relies on the fact that the pay-off
of every contingent claim can be duplicated by a portfolio consisting of investments in the
underlying stock and in a bond paying a riskless rate of interest. The model of Black and
Scholes consists of one risky asset, a share with spot price S; at time ¢ and a riskless asset with
spot SY at time ¢ satisfying the following ordinary differential equation

dsp = rS0dt,

with » > 0 being the riskless interest rate. The price of the risky asset is modelled by the
following stochastic differential equation

dSt = St(,udt + O'dBt),

with u, o being constants and B; the standard Brownian motion built on a probability space
(Q,F,P). We denote by (F); its natural filtration. It is well-known, see e.g. [26], that there
exists a unique probability measure Q under which the discounted stock price S; := e"%S; is
a martingale and any option defined by a non-negative, Fr-measurable random variable g is
replicable and the value at time ¢ < T of any replicating portfolio is given by

F(t,S) = Egle " T g(Sr)| A

2.1 Black-Scholes equation

To present the Black-Scholes (BS) equation and its variational formulation, we focus exemplar-
ily on European call options with pay-off (S — K), := max{S — K,0} but emphasize that our
framework accommodates pay-off functions in L (Ry) with polynomial growth as |S| — oo.
The price f(t,S;) has to satisfy the BS equation
of o f of

2
OF | 0 2 or s _ .
3t+ 25 852+TSBS rf=0 in (0,7) x (0,00) (2.1)

together with the terminal condition at maturity
F(T.8) = (S — K). (2.2)

The BS equation (2.1) degenerates at S = 0. To remove the degeneracy, we change to loga-
rithmic return price = log(S) and write the BS equation (2.1)—(2.2) for u(t,z) := f(t,€")
ou o2 0%u o2\ Ou
it — -— = 0 i 0,7) xR
ot T2 022 (T > e i (0,7) x (2.3)
uw(T,z) = h(z):=("— K)4.



In the time to maturity 7 =T — ¢, (2.3) for w(7,z) = w(T — 7, ) reads:

ow o2 d%*w a2\ Ow .
o Gam () e = 0 m ek (24)

w(0,z) = h(z).

2.2 Variational formulation

We derive the variational formulation to (2.4). We observe that the pay-off function A in (2.3),
(2.4) does not belong to L?(R). Moreover, since we switched to logarithmic price, the payoff
grows exponentially at infinity, therefore we cannot use standard Sobolev spaces as function
spaces for this problem. We introduce weighted Sobolev spaces to account for the exponential
growth of solutions at infinity, following [22].

For v € R we define the weighted Sobolev space HJ(R) by

H!(R) := {v € LL.(R) | ve’?! o/e’l*l € L2(R)}.

Similarly, L2(R) := {v € L} (R) | ve"?l € L?(R)}. With this notation, the pay-off function h
in (2.4) belongs to H! ,(R) for any p > 1.
In order to cast (2.4) in a variational form we consider a test function v € C§°(R) and we

multiply (2.4) by ve Il with v € R arbitrary, fixed. By integration by parts over R we
obtain , ;
d
e w(7,x)v(x)6*2u|m| dr — <r - %) a_i(ﬂx)v(x)edmﬂ do
R

o? ow ov 9 ow
s e il —2v|z| _ : b —2v|z|
+ 5 /{83: (1,2) e (x)e 2usign(z) e (1,z)v(z)e }da;
R

—i—/rw(T,x)v(x)eQ”x dx = 0.
R
We define the bilinear form a="(-,-) : H1 (R) x H! (R) — R by

2
a Y(vi,v9) = %/ el g 4 /T01($)U2($)62V|m| dx
R (2.5)

]R/R <W senle (T - %2> >”3($)Uz(x)62” da.

With g > 1 the variational formulation to (2.4) reads:
Given h € HEM(R), find w € L%(0,T; HlM(R)) N HY0,T; (HEM(]R))*) such that

L wlr, )z, g+ 0 Hwln ) 0() = 0 Yue HL(R)

w(0,z) = h(z).

(2.6)

To prove existence and uniqueness for the solution of (2.6), we analyze the properties of the
bilinear form a (-, -) with respect to the weighted Sobolev spaces H! ,(R) for arbitrary v € R.

Proposition 2.1 Let v € R be arbitrary, fixed.



1. The bilinear form a=v(-,-) : H' ,(R) x H' (R) — R is continuous, i.e., there exists a
constant M > 0 such that

ja™ (u,v)] < Mllullgn @ llolla, @ Yu,v € HL(R).

2. There exists \g > 0 depending on v such that for all X > Ao the new bilinear form
a™"() + Al )2 (my is coercive, i.e., there exists o > 0 such that for all X > Ag it

holds: a™(u,u) + Al|ull > a|ul| Vu e H! (R).

2 2
L2, (R) H!,(R)

Proof. Take v; = v = u in the definition (2.5) of the bilinear form a™"(-,-). Then, there exist
some constants v > 0, 3 > 0 such that for all u € H! (R) it holds

2 2
a™(u,w) = 5 /e e - / (usignma? +r - %)u%w)u(x)e?” dar + rl|ue™17 |2, g

> Al 2 gy — Bllue™ 72 )

Choosing now Ay > 3 we obtain 2. The assertion 1. follows from the Cauchy-Schwarz inequal-
ity.
l

Remark 2.2 Without loss of generality we assume from now on that a=¥(-,-) is coercive with
coercivity constant a > 0. Indeed, by the transformation v(r,z) = e *"w(r, ) the problem
for v reads

2 52 2
%—%% (%—r>@—|—(r—|—)\)v = 0 €(0,7T)xR

Oz (2.7)

v(0,2) = h(x)

and the corresponding bilinear form a™”(-,-) + A(-,-);2 (g is by Proposition 2.1 2. for all
A > )\ coercive.

2.3 Functional setting
2.3.1 Abstract parabolic problems

We give an abstract functional setting for the existence and continuous dependence of weak
solutions of parabolic problems which will be used for (2.3) but also later for Lévy processes.
It is based on the following Gelfand triple:

Ve H=H V" (2.8)

where V and H are separable Hilbert spaces and < means dense, but possibly non-compact
embedding. We assume A4 € L(V,V*) to be an elliptic ‘spatial differential’ operator given in

the weak form
(Au,v)y=xy = a(u,v), Yu,veV (2.9)

where the bilinear form a(-,-) : V- x V — R is continuous and satisfies a Garding inequality:
there are constants C; > 0 such that

VueV,veV: |a(u,v)| < Collullv|v|v (2.10)
VueV : a(u,u) > Ci|ullf — Collul|%. (2.11)



In the triple (2.8) we consider the abstract parabolic problem
o)+ Au(t) = f inV*  te(0,7), u(0) =ug € H. (2.12)
Without loss of generality we may assume that Cy = 0 in (2.11), since by the substitution
w=e Py (2.13)
we obtain that w solves

w'(t) + Aw(t) + Cow(t) = e f in V*, te(0,T)

w(0) = wuo in H (2.14)

and A + C2! is by (2.11) positive.

In our treatment of Lévy processes we need a general parabolic existence result in the triple
(2.8).

Theorem 2.3 Assume (2.8), A€ L(V,V*) and that the bilinear form a(-,-) in (2.9) satisfies
(2.11) with Co = 0. Then

1. AeL (V,V*) is an isomorphism.
2. —A is the infinitesimal generator of a bounded analytic C°-semi-group E(t) in V*.

3. For ug € H and f € L*(0,T;V*), the evolution problem (2.14) has a unique solution
w € L2(0,T; V)N HY0,T;V*) which can be represented as

u(t) = E(t)ug + /Ot E(t —s)f(s)dz.
Moreover, the following a-priori estimate (cf. e.g., [27]) holds
lull L20,mvy + 14 L2 0.75v+) + lulleqommy < C (luolle + 1 lz20,m5v+)) - (2.15)
Proof. We assume first that f = 0 and proceed in several steps.

Step 1. A is a closed operator, since the graph norm ||u|| 4 := [ Aullyv+ + ||iu]|y+, with V <y Vv,

is an equivalent norm for V.

Step 2. For all A € C, with ReA > 0,
(u,v) = ((A+ ADu, v)y=xy

is also positive and there holds

_ 1 _ 1 (M
1AL+ A gllv < —llgllv-, IO+ A) gllve < oY (; + 1) lgllv- (2.16)

Step 3. By Step 1. and Step 2. and since 0 € p(—.A) it follows that there exists 0 < § < 7/2 and
there exists C' > 0 such that

p(—A) D X5:={AeC : |arg\| < 7/2+ 6} U{0}



and

_ C
I+ A) e vy < o YA€ X5, A#0.

Indeed, by (2.16), (AL +.A) " | zv+v+) < C/[Im A| for all Re X > 0. For A = £ 4i¢ with
¢ > 0, the Taylor expansion for (A 4+ .A)~! around A

(M + A)~ Z (AT +A) )M = M

converges in L(V*,V*) for (A+A) " v+ v+)|A=A] < ¢ < 1. Choosing Im A = ¢ we sce
that the series converges uniformly in £(V*,V*) for | —Re A| < ¢|¢|/C. Since £ > 0 and
q € (0,1) are arbitrary, p(—A) contains all A € C with ReA < 0 and [Re A|/[Im \| < 1/C
and in particular p(—A) D {A € C : |arg\| < 7/2+0} with 0 = garctan(1/C), 0 < ¢ < 1,
and in this region we also have [[(AI + A) ™z« 1) < C/|A.

By Theorem 1.7.7 and Theorem 2.5.2 in [34] it follows that —A is the infinitesimal generator
of a uniformly bounded C%-semigroup in V*. Moreover, E(t) can be extended to an analytic
semigroup in the sector As = {z € C : |argz| < d} and |[E(t)||z(v+,v+) is uniformly bounded
in every closed subsector Ay, 8’ < §, of Ags.

In the case f # 0, we use that the part of u due to f satisfies a Duhamel representation
([2], Proposition I11.1.3.1) to conclude. 0

Remark 2.4 Elements of (H! (R))* decay exponentially at infinity: consider ¢ € H! (R)
arbitrary, fixed and let ¢,, € H' (R), n € N be given by ¢,(y) := ¢(y — n). Then for each
f€(HL,(R))* v >0, there is Cf independent of n with

Vne N [(f,én) it myyxmt @l < Cre”"[[0la1 (w)

2.3.2 Application to the Black-Scholes equation
We apply Theorem 2.3 to the BS equation (2.4) with V = H! (R), H = L? ,(R) and with

Au = o* Ou <7" 02>8u+m
T 2022 U 2 )ox '

Then the solution w of (2.4) can be represented as

where E~% is the C° semigroup in (HEV(R))* with infinitesimal generator A.
The case r = 0. When r = 0, i.e., w solves
ow 20w  o?ow
— a4+ —— =0 €(0,T) xR
or 26m2+263: » (12) €(0.7) x
w(0,z) = h(z):=(e"— K)4.

(2.17)

By Proposition 2.1 and Theorem 2.3, given h € HEC(R), ¢ >0, (2.4) admits a unique solution
*
w e L2(0,T; H ((R)) N H(0,T; (HiC(R)) ) and (2.15) holds.



As second application of Theorem 2.3, we show now that w(7,z) approaches the payoff
h(z) exponentially fast as |x| — oo for 0 < 7 < T'. To this end, we note that w := w — h solves

ow 20w  o?ow

-z 77 0 = 2.1
o~ zo T zax 4 vOm=0 (2.18)
with f := U;K(Slog(K). Indeed, for > 1, Ah € (HEM(R))* is given by

(Ah, @)t @) =m, @) = (o) Yoe HL,(R)

and there holds

ddT (@(7,), )2 (r) +a M(@(7,-), ) = —a™(h,p) Ve H' (R). (2.19)

By the definition of a™#(-,-) we obtain that the right hand side in (2.19) is given by

[e.e] (e o]

2
_J_ / emsp/(x)efmt\:v\ dx + / (,uUQSign(x) _ %>exg0($)€2‘u|m| dr

log(K') log(K)
_ %Ke—w log(F)l »(log (K)).
It follows that w solves (2.18). To show that the right hand side in (2.18) f € (H} (]R))* for
all v > 0, note that for arbitrary v € H}(R)
o2
{f, o)y wyy xay®)| = |5 = Kv(log(K))e*! 50| < C(v, 0, K)[v(log(K))| < C(v, 0, K) 0]l 1y
Multiplying (2.18) by the test function v(x)e?1*|, with v € C§°(R) we obtain

d ,_ v o
dT(w(T )U)Lg(R)ng(R)+a (w,v) = (f,v >(H1(R *x HL(R) Vv e C5°(R)

w(0,z) = 0.

(2.20)

By Proposition 2.1 and Theorem 2.3, there exists a uniquew € L2(0,T; H:(R))NH(0,T; (HL(R))*)
solution to (2.20). It satisfies (2.15) with V' = HL(R) for v > 0 which implies exponential decay

of |w| as |z| — oc.

The case r # 0 is reduced to r = 0 by transformation to ‘transformed’ variables

w(r,x) =e "Tw(T,x +77) (2.21)
which reduces the original problem for w to a BS equation for w with r = 0:

ow  o?dPw  o?ow .
o 2o Taos 0 PO =ha),

We shall use (2.21) in several places and refer to quantities like w as ‘transformed’ variables,
without indication by ~



3 Pricing European Vanillas on Lévy driven assets

3.1 Lévy processes

Let (2, F, (Ft)o<t<oo, P) be a filtered probability space. An adapted process (X¢)i>0 is called
a Lévy process if

(1) (independent increments) for every s,t > 0, X;+5 — X, is independent of X.
(2) Xo=0P - as.

(3) (temporal homogeneity or stationary increments property) the distribution of Xy, — X
does not depend on s

(4) it is stochastically continuous, i.e., limy;_,o+ P[|X;| > €] = 0 for any € > 0.

Since any process X; satisfying (1) - (4) has a cadlag modification we will always assume X;
to be cadlag. The Lévy-Khintchine formula describes explicitly a Lévy process in terms of its

Fourier transform Egle~"*] under a chosen equivalent martingale measure Q:

Egle™™X1] = ¢~ (3.1)

for some function v called the Lévy exponent of X. By the Lévy-Khintchine formula,

P(u) = U—2u2 +iau + / (1 — e ™ — jux)vg(dr) + / (1 — e ™) vg(dz) (3.2)
2 2| <1 |z|>1

so that a Lévy process is characterized by the Lévy triple o,a € R and the Lévy-measure vg
on R\{0} satisfying

/min(l,xZ)yQ(dx) < 0. (3.3)

The characteristic exponent 1 turns out to be the symbol of the pseudo-differential operator
A which is the infinitesimal generator of the transition semi-group of X; under the equivalent
martingale measure Q. We assume here that the equivalent martingale measure QQ has been
chosen by some procedure, we refer to [16, 17, 20, 13] and the references therein for various
results in this direction.

3.2 Price processes

In Lévy markets, log returns of the risky assets are modelled by a Lévy process. The spot
price S; of the risky asset is
S, = Soe(r—02/2+c)t+Xt (34)

where X; is a Lévy process. By (3.2) and (3.3), X; = 0B; + Y}, with B; a Brownian motion
and Y; a quadratic pure jump Lévy process independent of B;. The parameter ¢ in (3.4) is
chosen so that the mean rate of return on the asset is risk-neutrally r, i.e. e~ = Egle'?].

Let u(dz,dt) denote the integer valued random measure (the jump measure) that counts
the number of jumps of Y; in space-time. By Ito’s formula (e.g. Theorem 1.4.57 in [21]), S;
solves the following stochastic differential equation

dSt = StidXt + St7 /(ey —-1- y),u(dy, dt) + (7"' + C)dt (35)
R



By stationarity of Lévy processes, the compensator of the measure pu(dx,dt) has the form
vg(dz) x dt, with dt being the Lebesgue measure.

In the following we will assume that the Lévy measure vg has a density kq, i.e., vg(dz) =
kg(z)dz and we will drop the subscript Q. The Lévy density k(z) describes the activity of
jumps of size z in X;. Lévy processes are said to be of finite activity, if k(z) is integrable near
z = 0, otherwise of infinite activity.

In our analysis, we use some or all of the following assumptions on the Lévy measure
v(dz) = k(z)dz.

(A1) (activity of small jumps) the characteristic function vy(u) of the pure jump part Y; of
the Lévy process X satisfies: there exist constants ¢;, C; > 0 and Y < 2 such that

tho(u) — iciu| < Cy (1 + |uf?)Y/? Vu € R. (3.6)

(A2) (semiheavy tails) there are constants C' > 0, G > 0 and M > 1 such that

,G‘Z‘ f
e if 2<0
Viz| >1: k(z) <C ’ 3.7
g (-) < { T g oso (3.7
(A3) (smoothness)
VaeNoIC(a): Vz#0 : |02k(z)] < Ca)]z|~ 0 +a)+ (3.8)
If 0 = 0 the process X; is pure jump and we assume 0 < Y < 2 and in addition
(A4) (boundedness from below of k(z)): there is C_ > 0 such that
o1 C_
VO < |z] <1: i(k(—z) +k(2)) > EERE (3.9)

Remark 3.1 (i) By (3.4), (3.1)-(3.2) and by Eg[S;] < oo we obtain that EgleXt] = e~ <
oo, with 9 being the Lévy exponent in (3.2). As a consequence, the Lévy density k£ has
to satisfy both the integrability condition (3.3) and f\z\>1 e*k(z)dz < oo. This holds for k
satisfying (A1)-(A2), duetoY <2 and M > 1 which we shall assume throughout.

(ii) Assumption (A2) implies in particular that X; has finite moments of all orders.

(iii) We will require (A3) in particular in the analysis of the wavelet compression of the moment
matrix of k(z); it is, however, required only for a finite range of a.

(iv) A Lévy process X; with o = 0 in the Lévy triple is called pure jump process. If X; is a
pure jump process, we assume that it is of infinite activity, i.e.

k(z) satisfies (A1)-(A4) with0 <Y <2 if 0 = 0. (3.10)

(v) If the Lévy process is of finite activity, we assume that o > 0 and that k(z) satisfies
(A1)-(A3) with Y < 0.

3.3 Examples of Lévy Processes

All price processes used in Lévy market models known to us have densities which satisfy (A1)-
(A3). For example, the generalized hyperbolic motions [4, 18, 38] satisfy (Al) with ¥ = 1.
Further specific examples of Lévy processes follow; for their explicit characteristic functions
we refer to [43].



3.3.1 Merton model

In the classical Merton Model [32], the spot price S; is modelled by a drifted Brownian Motion
with finitely many jumps, i.e. X; = oB; + Zivztl Y; where {Y;} are independent, identically
distributed random variables with distribution function f(z) and where {N;} is a Poisson
process with intensity A. The Lévy measure is v(dz) = k(z)dz with k(z) = A\ f(2).

Merton assumed a normal distribution with mean pjp; and standard deviation oj; where
fu(z) = (V2mon) L exp(—(z — uar)?/(202,)). With this density, Merton’s model is a finite
intensity Lévy process which satisfies (A1)-(A3) with ¥ = —oo. To accommodate asym-
metric distributions of positive and negative jumps in returns, Kou [25] proposed fxou(z) =
p+ M exp(—Mz)xr, (2) + p—Gexp(Gz)xr_(2), p+ + p— = 1. Then X; is a finite activity Lévy
process with & satisfying (A1)-(A3) for Y = —1.

3.3.2 CGMY process

The CGMY process [11] assumes an infinitely divisible four parameter distribution of the log-
returns that allows the resulting Lévy process to have both finite or infinite activity and finite
or infinite variation. The Lévy density of the CGMY process is given by ([11])

67G|Z|
z

koamy (2) =C ¢ T (3.11)
W lf z > 0,

where C >0, G,M >0 and Y < 2. The case Y = 0 is the special case of the variance gamma
process. The density (3.11) satisfies (A1)—(A4).

3.3.3 Normal Inverse Gaussian Process

With (B!, B?) being a bivariate Brownian Motion starting at (u,0) and with constant drift
vector (B3,7), let 7 denote the time at which the second component B? hits the line B = § > 0
for the first time. Then, with a = /32 + 42, the law of BY(7) is NIG(«, 3, 11,0) [3]. The
three-parameter Lévy density of the NIG Lévy process takes the form

1 1
knig(z) = ;6agK1(a|z|)eﬁz, (3.12)

where K7 is the modified Bessel function of the third kind. It satisfies (A1)-(A4) with Y = 1.

3.3.4 Meixner Process

The Meixner process was proposed in [43]. It is an infinite activity pure jump process with a
three parameter Lévy density given by

5 exp(A2/)

zsinh(mz/a)’

kMeiJ:ner(Z) = (313)

It easily verified that knseizner(2) satisfies (A1)—(A3) with Y = 1 and suitable G(«, 8), M (a, B)
if a,8 >0 and |B| < .

10



3.4 Partial integro-differential equation (PIDE)

Let f(t,S;) denote the price at time ¢ of a contingent claim on the asset S in (3.4). We consider
here an European call option, i.e. f(T,Sr) = ¢(Sr) := (St — K)4, with strike price K and
maturity 7. The price f(t,S¢) can be calculated for all dates ¢ < T by taking conditional
expectations. Assuming that the savings account process is given by SY = e the process
e "S5, is a martingale under Q, since Q is assumed to be the risk-neutral measure. The same
holds true for the value process f(t,S;) of the option, therefore

f(t.50) = Eqle"""Dg(Sr)| Fi].

The key to fast deterministic valuation of f(t,S;) is the following result (e.g. [33, 40]). It
characterizes f(t,S;) with sufficient regularity as solution of a deterministic partial integro-
differential equation (PIDE).

Unless explicitly stated otherwise, we assume in the following that X; has a non-zero diffusion
component, i.e. o > 0. We also change to logarithmic price x = log(S) € R and time to
maturity 7 =T —t.

Theorem 3.2 Assume u(r,z) € C12((0,T) x R) N C°([0,T] x R) solves the PIDE

ou o2 d%u o? ou
gu_ggu (2 _ S Py —0 in(0,T) xR 14
o 28x2+(2 r+cep)8x+ [u] +ru=0 in (0,T) x (3.14)

where A denotes the integro-differential operator

Algl() = /R (o + ) — o(@) — o (@)X g1y Poly) dy (3.15)

and cexp € R is given by

Coxp = —€ " Alexp()](z) = /R{ey = 1= yxqy<y He(y) dy (3.16)

together with the initial condition
u(0,z) = h(x) (3.17)

where h(z) := g(e*). Then f(t,S) := u(T —t,log(S)) satisfies
f(t.50) = Eqle"""Dg(Sr)| Fi]- (3.18)

Conversely, if f(t,S) in (3.18) is sufficiently regular, then u(t,z) := f(T — 1,e*) is solution
of (5.14), (5.17).

For the numerical solution below, it will be important to have information on the spectrum of
the integral operator A.

Remark 3.3 A+ A* > 0. More precisely, for all o, » € H!(R) there holds

(Alg], ¥) 2@ + (AlY), ©) 2 @) = /R /R (o + ) — o) (x + ) — B(2)k(y)dyde. (3.19)
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3.5 Variational formulation

Our pricing methodology is based on the numerical solution of the PIDE (3.14). Numerical
solution of PIDEs for European vanillas by characteristic functions and FFT techniques has
been advocated in [12]. Our solution algorithm aims at American put and Barrier options (see
[31]). It will be based on a variational formulation of the PIDE which we now give. As in the
Black-Scholes setting, the variational formulation of the PIDE (3.14) will be based on weighted
Sobolev spaces allowing exponential growth of the solution at co.

3.5.1 Weighted spaces
Let n € L, (R), 7' € L*(R). We denote by H}(R) the weighted Sobolev space given by

loc
H},(IR{) ={p e LL.(R) : elp, e’y € L*(R)}.

We observe that the pay-off function h in (3.17) satisfies h € HEC(R) for all ¢ of the form

_f mlx] ifx<O
C(z) = { polz] if x>0 (3.20)

for all 43 > 0 and pe > 1. We will denote by A the spatial operator in (3.14) given by

o2 42 52
Alo)(z) == —7%(.%) + <7 —r+ cexp> Z—i(m) +rp + Alpl(x). (3.21)

For ¢,1 € C§°(R) we associate with A the bilinear form

a(p. 1) = /R Alg] () ()21 . (3.22)

In the case n = 0, we write a(p, ) in place of a®(p, 1)), i.e.

0'2 0'2
a(p, ) = /R (7@1// + [7 -7+ cea:p:| 'Y+ 7“@/1) dr + (Alel, V) i wys sy (3.23)

For certain weighting functions n € LL _(R), ¥ € L*(R), the bilinear form a”(-,-) can
be extended continuously to H,(R) x H,(R). Moreover, under certain conditions on 7 this
bilinear form is, up to a L%—scalar product, coercive on H% (R) x H% (R) in the sense that the
following analogue of Proposition 2.1 holds.

Theorem 3.4 Let n € L{ (R) such that f € L®(R) and assume that r = 0 in (3.21), (3.22).

I
n(z+0y) —n(z) <nly) Vz,yeR VOe€]0,1] (3.24)

and

C(n) = /R 1Dy x 1121y (9)k(y) dy < oo (3.25)

hold, there exist o), 8, > 0 and C; > 0 such that

la™ (@, )| < CUHQPHHin(]R)Hl/}HHin(R) Vo, € HL, (R)
a ", ) > %HSDH%{LW(R) - 5n||80||%2_n(]g) Voe HL (R).

12



2. If n is such that
—n(z+0y) +n(z) <n(-y) Va,yeR VOe0,I] (3.26)

and
C(n) = /R Dy @)k(y)dy < oo (3.27)

hold, there exist oy, B, >0 and C;, > 0 such that

(0, 9)| < Collellm@ ¥l mym) Ve, v € Hy(R)
a"(¢,0) = apllelltnm) — Byllelizm Ve € Hy(R).

The proof of this theorem is given in Appendix A.

3.5.2 Reduction to homogeneous initial condition

We return to (3.14)—(3.17). Since h € HEC(R) for all ¢ as in (3.20), we cast (3.14)—(3.17) in
the following weak form: find u € L%(0, T} HEC(R)) N HY(0,T; (HEC(R))*) such that

%(U(T, ')7U)L2_<(R) +a %(u(r,"),v) =0 Vove HEC(R), (3.28)

w(0,-) =h in H' (R).

By Theorem 3.4, Item 1., and Theorem 2.3, applied in the triple X = HEC(]R) — LQ_C(]R) =
<L2—C(R)) < X*, (3.28) admits a unique weak solution u € L?(0,T; HEC(R))OHl(O, T; (HEC(R))*)

For numerical computations we compute the excess to ‘transformed’ payoff on a bounded
domain with homogeneous initial and artificial zero boundary conditions. We transform to
r =0 by (2.21) and remove inhomogeneous initial condition by a particular solution. To this
end, we analyze the image of the pay-off function h(x) under the operator A and write the

operator A as
o? d? o? d A
=—-——— ——r)— A
A 2dx2+<2 r)dx+r+ ’

with

Alo)(x) = - /[@5(56 +2) = ¢(x) — 20" (2)x(21<1}]k(2)dz + Cexpd (@), (3.29)
R

e“k(z)dz < 00,

with density function k(z) satisfying the integrability conditions (3.3) and f‘z‘>1

see also Remark 3.1, (i). The constant cegp is chosen as in (3.16) so that A[e*] = 0 and, by
(2.21), we may and will assume 7 = 0 in what follows.

The operator A in (3.29) satisfies a strong pseudo-local property: it preserves singular
support and exponential decay at oco. We exemplify this here for a European call.

Theorem 3.5 Assume that the Lévy measure of Xy has the form v(dz) = k(z)dz with k(z)
satisfying (A1), (A2). Let h be the payoff for a European call, h(x) = (e* — K)4 and set 1) :=
—A[h]. Then ¢ € C®(R\{log(K)}) N Ll (R) and v decays ezponentially at +00: there exist
C1,Cy > 0 such that 0 < ¢(x) < C1e=C% for x > 0 sufficiently large and 0 < ¥(z) < CheM®
for x < 0 and |z| sufficiently large. Hence, ¢ € (H%(R))* for alln > 0 satisfying (3.26), (3.27)

and, in particular, for n = 0.
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Proof. Let x > log(K). Then there holds

vle) = [ L€ = K) = (€ = KD = o€ = KD xin)] e = com((€ = K1)

R
log(K)—=z
= / [O — (" - K) — zemx{‘z‘gl}} k(z)dz
+ / [e“‘z Y ze$X{|z|§1}} k(z)dz — cexpe”.
log(K)—x

By the choice of cexp in (3.16) we obtain that

log(K)—=x log(K)—=x
Y(x) = / [K —¢* — zexx{‘z‘gl}} k(z)dz — / [e"t% — e — zexx{‘z‘gl}} k(z)dz

_log(K)fzv -
= / (K — ") k(2)dz, log(K)—x <0.
Analogously we obtain that

o0

P(x) = / (e — K)k(2)dz, log(K)—z > 0.
log(K)—=x

With k satisfying (A1),(A2) and with

log(K)—=x
/ (K — e*"*)k(2)dz, x> log(K)
P(x)=9{ "%
/ (e — K)k(2)dz, z <log(K),
log(K)—x
we obtain that ¢ € C*°(R\{log(K)}, i.e. singsuppy = {log(K)}.
We claim that |log(K)—z|Py(z) € L¥(R) for p = Y —1. Indeed, with C, := lim,_,o- |2|'*Y k(2)

—&

limg, 105 | log(K) — 2[Pyp(z) = lim, o Ep/ (K — Ke®e*)k(z)dz

—00

= lim. o Kep/ (1 —e“e *)k(—2)dz
3

K o0
= limew—eﬁl/ e “k(—z)dz
p

£

C,

C
= K— lim geP™? V1= K
plp+1)

plp+1)
Since Y < 2, p =Y — 1 < 1, therefore ¢y € C®(R\{log(K)}) N LL (R). Moreover, ¢ decays
exponentially at +00. More precisely, for 2 > max{log(K) + 1,0}, ¢(z) < CK“1e=G* and
for z < min{log(K) — 1,0}, ¥(z) < CK'=MeM*_ Consequently, ¢ € (H%(R))* for all n > 0
satisfying (3.26) and (3.27), in particular, for n = 0. 0

Positive weighting exponents 7 satisfying (3.26), (3.27) are, e.g.,

{ n-lz|, =<0

() = nilx|, x>0,

for 0 <n- < M and 0 < 74 < G with G, M as in (A2).
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Proposition 3.6 Assumer =0 in (3.21). Then, for h as in Theorem 3.5, —A[h] € (H}(R))*
for allm as in (3.26), (3.27) and, in particular, for n = 0.

Proof. By the transformation (2.21), it is sufficient to consider A = —%2% U—;% + A.

Therefore, —AJh| = ”—;K(Slog(K) — A[h). By Theorem 3.5, —A[h] € (Hj(R))* for all n as in
(3.26), (3.27) and, in particular, for n = 0.

O
Let u denote the solution of the parabolic evolution problem (3.14)—(3.17) and denote by A
the spatial operator given by (3.21) with » = 0. By Proposition 3.6, —A[h] € (H}(R))* for
all n satisfying (3.27) and (3.26) and the excess to ‘transformed’ payoff U :=u — e "h(- + rt)
solves

g_g + AU] = f:=—A[h] in (0,7) xR, (3.30)

Upo=0 in R (3.31)
or, in variational form: find U € L%((0,T); H,% (R)) N H(0,T; (H% (R))*) such that
d
(EU(Ta ')7 U)L%(R) + an(U(Ta ')7 U) = <f7 U>(H%(]R))*><H%(]R) Vo e H%(R) (332)
Uly—o = 0. (3.33)

With V := H% (R) and H := L%(R) we have V — H = H* — V* with dense embeddings. By
Theorem 3.4 and Theorem 2.3, applied to A €L (V,V*), V = H,(R), given f € (H%(R))*,
there exists a unique weak solution U € L*(0,T; H, (R))NH'(0,T; (H, (R))") of (3.32)—(3.33).
Indeed, by Theorem 3.4, item 2., there exists A > 0 such that the shifted operator A + X - id
induces a coercive bilinear form on H,(R) x H;(R).

We prove an a-priori estimate for the weak solution U of (3.32)—(3.33). To this end, let us
denote by TA+*14(.) the analytic semi-group induced by the operator A + X - id in (H;(R))*
and let f := —A[h]. Then U admits the Duhamel’s representation in (H%(]R))*, see e.g. [2],
Proposition II1.1.3.1,

U(r) = /OT TATMA () [ fle M ds. (3.34)

Recall that by Theorem 3.5 and Proposition 3.6, f = 02 /2K 8445y +1, with ¢ € C*°(R\ log(K))N
L (R) decaying exponentially at +o0c. Therefore, f € (H,%/2+€(]R))* for all € > 0.

loc

We denote by Vy := [V*, V] the interpolation space for 0 < 6 < 1 between V* and V
(Vo = V* and V4 = V). Then there exists 6 > 0 such that f € Vj and there exist C,d > 0 such
that for all ¢ > 0 (see [42], Theorem 1)

H(T.A-i-)\-id)(k) (T)HL(V67V) < Cdk+1/2—0 P(Q/{: +92— 29)T_(k+1)+0.
By the representation (3.34) we obtain that

oU .
1O (v + 7l 5= ()l < T’ flv,- (3.35)
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4 Localization

Our numerical solution of (3.14)—(3.17) will require truncation of the range R of log returns
to a bounded computational domain Qr = (—R, R). Likewise, certain types of contracts (no-
touch, touch-and-out) directly lead to the PIDE on the bounded domain. Here, we formulate
the PIDE on the bounded domain 2 and establish its well-posedness.

In the Black-Scholes case, the localization error can be estimated by local considerations near
0 and a maximum principle (see, e.g., [23]). For the PIDE (4.1) - (4.3), local arguments do
not apply and we resort to the weighted norm estimates for the PIDE to control the domain
truncation error.

4.1 PIDE on the bounded domain

Instead of solving (3.30)—(3.31) in J x R, where we denote by J the time interval J = (0,7,
we solve the following problem for the excess to ‘transformed’ payoff in J x Qp:
ou .
a—f + AR[Ur] = —A[hla, in Jx Qg (4.1)
Ur(t,)loa, =0 on 0Qr VO<7<T (4.2)

UR|T:0 =0 in QR’ (43)

with Agr denoting the restriction of A to Qg. It is defined as follows: for any function u with
support in g, denote by @ its extension by zero to all of R. Based on a(-,-) in (3.23), we
define

ar(u,v) := a(a,v), u,v € H (QR). (4.4)

Then ag(-,-) : H3(Qr) x H(QRr) — R, induces Ag : HY(Qr) — H Y(Qgr) = (H (Qr))* via

ar(p,¥) = (Ar[e], V) -1 myxmian) = CABL D) @)y xir® Ve, € Hy(Qr).  (4.5)

Note that, unlike in the Black-Scholes case, the non-local operator A requires the pay-off h
also outside of Qg. To cast (4.1) - (4.3) into the parabolic setting, we select V := H(Qp) and
we identify L?(Qg) with its dual so that V <, L?(QR) < V* with dense embeddings and with
V= H_l(QR).

The variational formulation of (4.1)-(4.3) reads: given f := —A[h]|a, € H *(Qr), find
Ur € L*(J,V) N H'(J,V*) such that Ur(0) = 0 and such that for every v € V and every
v € C(J)

- / (Ur(r, ), 0) 2@ (1) + / an(Un(r, ), 0)o(D)dr = (Foodvesys  (4.6)
J J

where by (-,-)v=xv we denote the extension of (-,-)72(q,) as duality pairing in V* x V. By
Theorem 3.4 with n = 0, there exist C > 0 and o > 0, 8 > 0 such that

Vo, e Vi lar(e, )| < Cllelv]vllv (4.7)
Vo € Vi arlp, ) + Bllell® > allellt.

Without loss of generality we assume from now on that the bilinear form ap is positive on
V x V, since by the substitution
Vi = efﬁTUR (4.9)

16



Vg solves

d
EVR + (.AR + G- id)VR = eiﬁTf in J,

and the operator Ar+ (3-id is, by (4.8), coercive. Hence, by Theorem 2.3 there exists a unique
solution of (4.1)—(4.3).

4.2 Localization error estimates

The restriction of the excess to ‘transformed’ payoff U from R to (2p introduces a localization
error ep := Ur — U which we now estimate. Since we work in ‘transformed’ quantities, r = 0
throughout.

Theorem 4.1 Let Qg := {|z| < R/2}. Then there exist positive constants C' = C(T),a >0
independent of R such that the localization error eg = Ur — U satisfies for all R > 1

ler(T, ')H%%QR/Q) +/0 ler(s, ')H%I(QR/Q)dS < Ce ol (4.10)

Proof. Take the weighting exponent 7 > 0 as in (3.26)—(3.27). Inserting v = U(7) in (3.32)—
(3.33) and integrating from 0 to 7 implies the following a-priori estimate

0 yey+ [ Iy < Cl ey V7 e ©.7) (4.11)

for some constant C' = C(T) > 0 independent C' = C(T') > 0 of R. Likewise,

H@WM§®+AH@wM%®®SCW%WM*VTH&H (4.12)

with same constant C' as in (4.11). In particular, C' is independent of R > 1. Note also that
the error eg = Ug — U satisfies on R

<%€R(T),?~}>L2(R) + a(eR(T),f)) =0 Vwe Hol(QR) (4.13)

Denote by ¢ a cut-off function with the properties: ¢ € C§°(Qr), ¢ = 1 on Qg and
19/l oo () < C' for some constant C' > 0 independent of R.
Inserting v = ¢?(x)er(r, x) in (4.13) we obtain

%%H%R(T)H%Q(QR) + ar(per(7), per(7)) = pr(7), (4.14)

where the residual pr(7) is given by pr(7) = ar(der(T), der(r)) — aler(r), p?er(r)). We
observe that

0'2 0'2
i) =G [ 1@ entr. )P + (G + ) [ S0 lentrn)do+ pulr) (115

where we denote by pr(7) the residual

pr(7) = a(ger(7), der(r)) — a(er(T), ¢*er(T)) (4.16)

17



from the bilinear form a(p, ¢ fR (x)dx with A defined by

o Algl(x) = /R (0@ +1) — o(z) — v (@) r(y)dy (4.17)

and by ¢, . the constant

exp
c/exp = /R{ey -1- y}k(y)dy

The first two integral terms in the expression (4.15) of the residual pr(7) are supported in
Qr\Qpg/2 and can be estimated by

/](b ?ler(r, )| da:—i—( +cexp>/¢ z)|er(r, z)2dx

len(r,2)Pe"@e M dz < Ce™Fllen(r) 3, q), (4.18)

QR\QR/z
for some positive constants C, « independent of R.

It remains to estimate the residual pg(7). To this end, let us denote by k(-1 the first anti-
derivative of the Lévy kernel k vanishing as |z| — oo

—/ k(y)dy ifz>0
kj(il)(w) = xa:
/ k(y)dy if z < 0.

—00

Observe that for k satisfying (A1)-(A3) with Y <2, G > 0 and M > 1 the first antiderivative
kernel k(=1 has the same rate of exponential decay as k as &z — oo and yk(y) is in LY(R).
Integration by parts implies for A as in (4.17) the representation

- [ atn @Dy Ve H'®),
With these notations we get from (4.16),
0= ( (r,2+ 9)8(c + ) + en(rz +1)d (& + )
RQ
- G r)ota) = enlr. ) () JE (en(r.a)oa)dyds

L (G 0 - GE ) KD wentr 0 wiyda

or, equivalently,
//RZ (%R (x4 )bz +y) — p(2)kD (y)er(r, v)¢(x)dyda (4.19)
+ /R (er(r.+ )0+ y) — en(r. )0 @R (y)en(r,2)(x)dyda

=1 + I.
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We observe that the integrand in the first term of pr(7) in (4.19) is supported by |z +y| > R/2
or |x| > R/2 (otherwise ¢(x +y) — ¢p(z) =1 —1=0), i.e.,

Oe -
L= // 3—R(T, z+y)(o(x +y) — d(x)kV (y)er(T, 2)(z)dyd.
{|z+y|>R/2} U {|z|>R/2} OF
It implies that
= / 198 1 2 4 ) D Dy D () e, 2) )y
lz+y|>R/2 O

Oe — z) ,—n(z
s SR e+ ) er(r e " dyd
z|>R/2 OF

o Oe Oe
< Ce R(ua—jmmueRmup(R)+ua—jvmmmueR<T>uL%<R)), (4.20)

for some positive constants C, o independent of R. Analogous reasoning applies to the second
integral term in (4.19) after we split it into

I, = // (er(r,z +vy) — er(r, w))¢’(x)k(—1)(y)eR(T7 x)p(x)dydx (4.21)
R2
+ / /R er(ma+y) (@' (@ +y) - & ()Y (y)er(r, z)d(z)dydr = I, + Io.

The integrand function in the first integral Io; in (4.21) is supported on {|z| > R/2}, so that
I51 can be estimated as follows:

[Io1| =

I entria ) = entra)d @D @en(r, 2)e e b()dyds
|z|>R/2

< CefaRHeR(T)”Hl(R) ler(T)ll 1 (r)- (4.22)
The term I3y in (4.21) can be treated similarly to I; and satisfies
|I2| < Ce™ler ()| 2 ) ler(T) | 22(R)- (4.23)

Integrating (4.14) from 0 to 7 and using the estimates for pr(7) from (4.18), (4.20), (4.22) and
(4.23) together with the a-priori estimates (4.11)—(4.12) yields (4.10). 0

4.3 Pure Jump case: 0 =0

In Section 4.1 we introduced the PIDE on Qp for ¢ > 0 and discussed its well-posedness in
the space V = H&(QR). To cast the PIDE in the case o = 0 of pure jump processes into the
abstract form (2.12), we require for 0 < s < 1 the spaces

(2p) = { ulg, ( we H'(R), ulgyg, =0} (4.24)

For s = 0 we have H*(Qr) = L*(Qg), for s = 1 we have H*(Qr) = H}(Qg). In the case
0 < s < 1 we define the norm HngS(QR) by

2 _ 2 2 2 _ 0(z) — 17(1/)|2
19 = Wl + sy [y = [ [ oriat-dedy (329
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where we recall that 0(x) denotes the extension of v(x) by zero for = € IR. Note that one can
use for s € (0,1), s # % in (4.25) integrals over Q2 instead of R. For s = %, however, which
frequently occurs in practice (e.g. [5, 18, 43]), using the integral over g in (4.25) would give the
norm for the space H'/?(Qx) which is different from H'/2(Qg): in fact, H'/?(Qp) = 1/2(QR)
and (see [27]),

2 v(z) —v(y)]? / jo(2)]?
dxd d
HUHH1/2 (Qr) ”U”L2(QR) +/QR /QR |:c—y|2 Tay + n R2 — 2

We show now that for o = 0 the PIDE (3.14) fits, for 0 < Y < 2, into the abstract parabolic
framework (2.8) - (2.12) based on

V =HY?2(Qr) — L*(Qg) = V* = HY2(Qg).
We begin by showing the Garding inequality.

Proposition 4.2 Assume that X; is a pure jump Lévy process with Lévy density k satisfying
(A1)-(A4) for some 0 <Y < 2. Then, there exist two positive constants ¢; = c¢1(R) > 0 and
ca = c2(R) > 0 such that

Vue H72(Qg) : ag(u,u) > cl||u\|%y/2(QR) - 02Hu||%2(QR). (4.26)

Proof. By a localization argument and (A2), (A3), we may assume that R = 1/2 and, by
density, that u € C§°(2g). Then (v/,u) = 0. As before, we denote by @ the extension of
u by zero to R. By aj(¢,v) = (ar(p,¥) + ar(, ))/2 we denote the bilinear form for the
symmetric part A5 := %(fl + A*) = L(A+ A*) =: A of A. Noting that A[1] =0, A[1] =0, we
find

ar(u,u) = ap(u,u) = (A°a,a) / / )+ k(y — )] |a(z) — a(y)|*dydz.

Due to R = 1/2, z,y € supp(@) C Qg implies |z — y| < 1 and we obtain from (A4), (4.25)

- e
an@a)zC- [ [ ‘x_y,w 1) “ 5 0 — € (ully gy — I0lBagany

which implies (4.26). 0
Proposition 4.2 gives the Garding inequality (2.11) for ar(-,-) in the pure jump case o = 0
for all values of Y € (0, 2).
The continuity ag(-,-) on HY/2(Qg) x H/2(Qg) in the pure jump case o = 0 is obtained
as follows: for u,v € C§°(2g), we have in ‘transformed’ variables that r = 0 and

ag(u,v) = (Aa,v) + cwp(zl’,@.

By using (A1) and the Fourier transform, the operator A : HY/?(R) — H~Y/?(R) boundedly
for Y > 1. For the drift term, we estimate for Y > 1

[, 0] = el(i€i, 8)] < ellall oo ey 16l 172y < Cllull v gy 0] 720

which implies the continuity of ag(-,-) for Y > 1. Therefore, (2.10) holds for ¢ = 0 with
V =HY?Qg) for 1 <Y < 2.
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4.4 Removal of drift

In order to prove (2.10) for ar(-,-) in the case 0 = 0 for 0 < Y < 1, it is important that
we can transform (4.1) - (4.3) to remove the drift term so that the transformed equation will
still satisfy (2.11) in V = HY/2(QR) and also the continuity estimate (2.10) for all 0 < Y < 2
for 0 = 0. As our numerical scheme below exploits the parabolic nature of (3.14), numerical
instabilities might result from a dominant first order term, even if ¢ # 0, so that removal of
drift is also of interest then. To this end, recall

o? o? -
Apru] = — 5 Uao + <7 — 7“> Uy + ru+ Aglul, (4.27)

with A being the restriction to Qg of the integro-differential operator A in (3.29). By the
reduction (2.21) to ‘transformed’ variables, r = 0 and we also assume Y < 1. Then the operator
Ap in (4.27) can be written as the sum of a first order term and an integro-differential operator
C which is continuous and coercive on HY/2(Qg): for every p,4 € C§°(Qg) holds

W Anli) = 1) = | [ Dalk(y = 2)(50) — $@)dyde = alun )+ (6.Cp) - (428)
with
c ::/ (e = 1)k(y)dy.
yeR
Note that (), Aglexp]) = 0 for all ¢ and, as before, by (A1) it holds
16,C)] < Cloll v Il av7sn (429)
and, arguing as before, by (A4) there are Cy,Cy > 0 such that
Voe HY2(Qp):  (p,Cp) > Cullellfv o, = Callellzz - (4.30)
We remove the term ¢1¢’ in Ar (which obstructs HY/2(Qg)-continuity of (¢, Ag[p])) by
Ur(r,z) = Vg (1,2 — (02/2 + c)T) - (4.31)
This yields in (4.1)—(4.3) the equation

Vi o Va
or 2 Ox2

+rVe+C[VR] = (—Alhllag)(@ +(0%/2 =7 +c1)7), (4.32)
Vr(0,z) = 0 in Qg.

Hence, for 0 <Y < 2,0 >0, r > 0 and under (A4) if o = 0 the bilinear form ag(-,-) : VxV —
R satisfies (2.10), (2.11) (cf. Proposition 4.2) in the Gelfand triple V <, L2(QR) < v+ with

2 ifo>0,

4.33
Y ifo=0. ( )

V= H’?(Qr) where p:{
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5 Numerical solution

We obtain on the bounded domain Qi = (— R, R) the following parabolic problem for 7 € [0, T':
Find U € L%([0,T],V) N H([0,T],V*) such that

d
<d U, v> +ar(U,v) = (f,v)v+xv forallveV (5.1)
-

(U (5.2)

) =

) =

with V as in (4.33) and ag(¢, 1) = a(¢,)) given by (3.23) where ¢, v denote the extensions by
zero. Because of the transformation (2.21) we assume that r = 0. Here the function U = u—h
is the excess to payoff and the functional f € V* is given by (f, ¢) := —a(h, ¢).

In the case 0 = 0 and Y < 1 we obtain after the additional transformation in Section 4.4 a
problem of form (5.1), (5.2) with ar(¢, ) = <C[¢],1/)> and f given by (f(7),¢) = —a(h(- +
CIT)a QE)

In all cases the bilinear form ap satisfies (2.10), (2.11), therefore the problem (5.1), (5.2)
has a unique solution by Theorem 2.3.

5.1 Non-translation-invariant operators

So far we discussed the case where the log-price X; = log S; is a Lévy process under the risk-
neutral measure. Our numerical method, however, applies also to the more general case where
the log-price process X; is a nonstationary Markov process where the increments X; — X are
no longer independent of X for ¢ > s. In this case we can have a volatility o(z) depending on
x, and the singular jump measure can also depend on z. Instead of the translation-invariant
operator A from (3.21) with A[¢] defined by (3.15) we now consider a more general operator
A which may depend on z: Let

Al = -2+ () Ly o Al 59)

with the integral operator A[¢] given by
== [ (6) = 60) ~ (v = D) @1yl = DWklay = D)y, (54)
Al i= ABI(@) + o) (2) 55)

and Cexp(z) chosen such that Afexp(-)] = 0. We assume that o(z) is bounded for all € Qp
0<op<o(x)<o;

and that k(x, z) satisfies assumptions (Al), (A2) uniformly for x € Qg. Instead of (A3) we
require the Calderén-Zygmund estimates: For all «, 8 € INg there holds for z # 0

8208k (x, 2)| < C(a, B) |2|" ATV FotB) (5.6)

In the case 0 = 0 we require (A4) uniformly for z € Qp.
We define U (7, z) := u(x) — e ""h(x + r7) as the excess to the transformed payoff (cf. Sec-

tion 4.1) and obtain the parabolic evolution problem (5.1), (5.2) with ar(¢,) = <.A[<;~5],1/~)>
and (f(7),¢) == —a(h(- + r7),¢). Then in the case of ¢ > 0 or Y > 1 the bilinear form ap
satisfies (2.10), (2.11). Hence the problem (5.1), (5.2) has a unique solution by Theorem 2.3.

In the case of 0 = 0 and Y < 1 we need to assume that we can transform the problem such
that ap satisfies (2.10).
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5.2 Discretization

For the space discretization we use the Galerkin method with a finite element subspace Vj, C V
of piecewise polynomials. We use a uniform mesh with n subintervals of size h = 2R/n on the
interval Qr = (—R, R) and denote by p € IN the polynomial degree. We then define V}, as the

space of continuous piecewise polynomials of degree p on the mesh which vanish at + = —R
and at z = R.
The semi-discrete problem reads: Given f € V*, find U, € H'(J,V}) such that
d
EUh’Uh + aR(Uh,vh) = <f, Uh>V*><V for all vy, € V}, (5.7)
U (0) = 0. (5.8)

For the time discretization we use the #-scheme with M steps and step size k = T'/M. The

fully discretized method reads as follows: Let U,? =0. Form=0,1,...,M —1 find U,:”H eV,
such that

(U;Z”“ -y

A ,Uh> + aR(U]T-FG,Uh) = <f, Uh>V*><V for all v, € V), (5.9)

holds. Here U™ := U™ + (1 — 0)U;™. In matrix form, (5.9) reads
(k"™™M 4+ 0A) U™ = kMU — (1-0)AU™ + f, m=0,1,...,M — 1.

where U™ is the coeflicient vector of U with respect to a basis of V},. The matrices M, A de-
note the mass- and stiffness matrix, respectively, with respect to a basis of V},. By Remark 3.3,
all eigenvalues of A have positive real part.

5.3 Wavelet Compression

Due to the nonlocal operator Ag the matrix A is fully populated, increasing the complexity
of the algorithm.

By using a wavelet basis we will obtain a matrix A where most elements are very small and
can be replaced with zero, yielding a sparse matrix A with only O(N log N) nonzero elements
where N = dim V. The wavelet basis will also allow optimal preconditioning.

5.3.1 Wavelet basis

We assume that the number n of subintervals is of the form n = 2ing, ng € N. For [ =0,...,L
let V! denote the space of continuous piecewise polynomials of degree p on the uniform mesh
with n; := 2'ng intervals which vanish at # = —R, R. Then we have

Vicvic...cvli=v,.

Let N :=dim V!, N-1 =0, and M':= N' = N-1forl=0,...,L.

It is then possible (see [14]) to construct so-called biorthogonal wavelets wé» forl=0,1,...,
and j = 1,..., M! with the following properties:
(P1) The wavelets ¢§ form a hierarchical basis for the spaces VO, V1, ..

Vi=span{¢} [1<j<MFO<k<I}
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Figure 1: Biorthogonal wavelets z/)é for | = 3 (multiplied by 27/2)

(P2) Wavelets ¢§ with support contained in (—R, R) and [ > [y have vanishing moments up
to order p, i.e., f¢§($)$kd$ =0fork=0,...,p.

(P3) Wavelets T/Jé' (x) for I > ly are obtained as translates of the functions 2(140)/21/1;.“ (2i=log).
Therefore the support S;- = supp(z/zé-) has diameter less than C27.

(P4) For all v, = ZIL:O sz:ll véwé» € V}, there holds the norm equivalence for s € [0, 1]

L M!

llonlls =D > 2%

1=0 j=1

2
l
’Uj‘

~ onll e g - (5.10)

Example for p=1: Let ng = 2. Then N! =241 — 1, M! = 2!, A piecewise linear function
in V! can be specified by giving the values at the nodes xé =—R+jh,j=1,...,n— L.

Define ¢ by ¢(z1) = 1. Let now [ > ly := 1. Define ¢} by the values 2 - 2//2, —2!/2 at
x1,79 and 0 at all other nodes. Define Q,Z)é\/[l by the values —21/2, 2. 2l/2 gt Tp;—2, Tn,—1 and 0
at all other nodes. Define z/)é for 1 < j < M! by the values —2//2,2 . 21/2 —2l/2 4t the nodes
T2j_2,T9j—1,T2; and 0 at all other nodes. The functions 93, ..., 43 for the interval [-1, 1] are
shown in Figure 1.

5.3.2 Matrix compression for Y >0

The bilinear form ar on Vj, X V}, corresponds to a matrix A with elements A(l,j),(l/J/) =
CLR(T/);,T,Z);I,). Note that |k(z)| decays like |2| ™Y ! for small z by (3.6), (5.6).

If we used a standard finite element basis the size of the matrix elements would decay like
d~Y ! where d denotes the distance of the supports of the two basis functions.

For our wavelet basis ¢§' the vanishing moment property (P4) and (5.6) (with a+/ < 2p+2)
imply that the entries of the matrix A actually decay like d=Y ~372P where d = dist(Sé», S;l,)
This faster decay allows us to replace most matrix entries with zero without losing accuracy.

We define the compressed matrix A and the corresponding bilinear form ap by replacing
certain small matrix elements in A with zero:

. AGa, Gy if dist(S5, 85) < 61 or S50 00k # 0
(G.0),G") = : (5.11)
0 otherwise.
Here the truncation parameters d;; are given by
81y = cmax {2 LHACL=I=E) 9=l o=y (5.12)
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Figure 2: Sparsity pattern of the compressed matrix in wavelet basis; CGMY parameters:
C=10,Y =15 G=0.6, M =28; N =127 (left) and N = 511 (right).

with some parameters ¢ > 0 and 0 < & < 1.
Because of (4.9) we can assume that ag is coercive. Therefore it induces a norm which is
equivalent to the norm of V = H?/2(QR):

1/2

[ulla := (ar(u,u)) = ~ Jlullv.

Proposition 5.1 Let Y > 0. If ¢ in (5.12) is chosen sufficiently large then there exists
0 < 0 < 1 independent of L such that for all L > 0 condition

|CLR(uh,Uh) — aR(uh,UhN § 1) ||uhHa thHa Vuh,vh S Vh (5.13)
holds. If additionally
2 2
P iy (5.14)
2p+24Y
then for all up, vy € Vj
lar(n,vi) = ar(up, op)| < CRPT Y2 log bl Jlunll,yy lloslly (5.15)

holds with v = 1 if equality holds in (5.14), and v = 0 otherwise.

The matrix compression (5.11) reduces the number of nonzero elements from N 2in Ato N
times a logarithmic term in A, see Figure 2 and [35].

Proposition 5.2 We can choose & such that v = 0 in (5.15) and the number of nonzero
elements in A is O(NlogN).
5.3.3 Matrix compression for 0 >0 and Y <4 —2(p+1)

We now consider the case Y <4 —2(p+1). Since Y < 0 we assume o > 0 and have p = 2.
Note that we can write ar(¢, 1) using (4.28) as

O'2 0'2
onl6.0) = [ |56@000)+ (G + )/ @) + Clolv) = aané,) +(0,0) (510

where agi(¢, 1) contains differential operators, and c(¢, ) satisfies (4.29). Therefore we can
split the matrix A corresponding to the bilinear form ar as A = Agg+C. For a standard finite
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element basis the matrix corresponding to the bilinear form ag;g has O(NN) nonzero elements.
We can transform a coefficient vector from the standard finite element basis to the wavelet
basis and vice versa in O(N) operations. Therefore we can implement the operation v — A gigv
in O(N) operations.

For the matrix C we use wavelet compression: for finite intensity jump processes we have
Y < 0, 0 > 0. Smoothness of k(z) for z # 0 causes rapid decay of the matrix elements
Caj,wgn = c(¢§,¢§//) as the levels [,1' increase. We can exploit this behavior and replace
matrix elements for certain large values of (I,1") with zero: For 8 € (0,1) we define the matrix
C and the corresponding bilinear form & by

. Crin o itl+1 < BL
C(j,l),(j’,l’) = { ORCRLY (517)

0 otherwise.

Proposition 5.3 AssumeY <2p—2(p+ 1) and 8 in (5.17) given by

2p+2—p
= 5.18
o p+ min{-Y,2p + 2} (5.18)
Then the consistency condition
le(un, o) — Eun,vn)| < CRPFP2 log )Y unll,iy lonll gore (5.19)

holds, and the number of nonzero matriz entries in C is bounded by O(NPlog N) with § < 1.

l 1
Proof. Let u,v € V},. For u = ZIL:O Zjle ué¢§ we define u! := Zjvil uéi/)é, and analogously

for v. The approximation property of V! implies that HulHS <C H!ulms for —(p+1) <s<0
[14]. We then have with a := max{Y/2,—(p+ 1)}, s:==p+1—p/2,0 :=p/2 —«

‘c(ulwl’)‘ <C HulH < vl crgst-aaar)

oo | s <€ 10 1 W G
Hr/2(QR) Hr/2(QR) o o pt1 p/2
Therefore
c(u,v) — é(u,v)| < cul,vl/ ‘<C’ 9~ sl=0(+) ‘Hulm vl/‘
) —cwa)| < Y et <e 3 e
1LI'=0,...,L LI=0,...,L
I+I'>BL I+U'>BL
= 3 el L), < 19 bl el (5200
1L,I'=0,...,L

Here @ is the matrix with Q;» = 9-sl=0(+") for | +1' > BL and Q1,» = 0 otherwise. Note that
we have 8 = s/6 < 1 by our assumption on Y. For [+ 1’ > SL we have sl 4+ §(l +1') > sl + sL.

Hence we have Q;p < 27%L, and using geometric series we get ||Q, < HQ\H/2 HQHif <

C27%L = Ch®. This proves the consistency condition (5.19). The number of nonzero matrix
elements is

BL
Z o+l — Z K2k < cL2°L.
LI'=0,...,.L k=0

I4+1'<BL
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For the compressed matrix C the operation v — Cuv can therefore be performed in O(N B,)
operations with 3’ < 1, and for large N the work for matrix C becomes negligible compared
to the work for the bandmatrix A gig.

We now consider the case of p = 1 with piecewise linear functions. For Y > 0 we use the
compression (5.11) with (5.14). For ¢ > 0 and Y < 0 we use the compression (5.17) with (5.18).
In the case of a smooth kernel such as the Merton model from Section 3.3.1 we can use any
negative Y in (5.18) and obtain a compressed matrix C with O(N'/3log N) nonzero elements
and, by (5.16), a corresponding perturbed bilinear form ag. In the case of Kou’s model from
Section 3.3.1 we obtain with ¥ = —2 a matrix C with O(N'/2log N) nonzero elements.

5.3.4 Perturbed 6-Scheme

Using ag(-,-) in place of ar(-,-) in (5.9) gives perturbed #-schemes
Uy =0, (5.21a)
i N
<hTh vh) +ar (U u) = (fyon)vexy (5.21b)

form=20,1,2,...,M — 1 and every v, € V}, where again (7,17”9 = 9(7,1”“ +(1-0) (7;;“ In
matrix form, (5.21b) reads

(k"M +0A) 0" = k'MU™ — (1 - 0)AT™ + f, m=0,1,.,M—1

where U™ is the coefficient vector of U, o' with respect to a basis of V.

5.4 Convergence

Consider now the sequence {(7,2” M_ ' of solutions to the perturbed #-scheme (5.21a), (5.21b).
These solutions are stable and converge with optimal order as h — 0, regardless of the wavelet
compression.

We define for vy, € Vj, and f € V)

2
||
vp€Vp ||Uh||:%

1/2
)

HfH; = sup (f,vh)

vneVi llvnlla’

lvnllz := (ar(vh, vn)) Aj= (5.22)

Theorem 5.4 Assume that the conditions (5.13), (5.15) hold. In the case of 0 < 0 < % assume

the time-step restriction
2

k< ——r— 5.23
EE)Y (5:23)
Assume that the exact solution Ur(T,x) of (4.1)~(4.3) is sufficiently smooth. Then there holds
the error estimate

2 < C(hQ(p+17p/2)|10gh|2l/+1 + k2ﬂ>,

HUR(T, ) - (7;{‘4”2 + kMZ:I HUR((m +O)k, ) — U
m=0

(5.24)
where C' > 0 depends on R, v is as in (5.15), p=1if 0 # % and p = 2 otherwise.

The convergence result (5.24) is proved in [36], Theorem 5.4.
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Remark 5.5 We can estimate A ; in (5.22) as follows: For vj, € V}, we have from the inverse
inequality |[wpll; < C lwnlly < h7#/? |lwy|| that

[vnllz = sup (0n, wn) > Ch*? sup (v, wn) = Ch"? |y

whEV), HwhHa N wrEVY, [|wp||

and therefore

v

)\114/2: sup H h” SCh_p/Q.
eV [[onlls

Hence there exists a positive constant C, independent of h and 6 such that the time-step

restriction

hP
1-—260
is sufficient for stability. For ¢ > 0 and 8 = 0 this gives to the well-known time-step restriction
k < Cyh? for explicit schemes. Note that this restriction for # = 0 is less severe for o = 0 and
small values of Y.

k< C, (5.25)

5.5 Approximate Solution of Linear Equations and Complexity

In order to compute the approximate solution U,T in (5.21) for m = 1,..., M we proceed as
follows:

We first compute the mass matrix M in the wavelet basis with elements M ;) v jy where
O(N log N) elements are nonzero.

Then we compute the compressed stiffness matrix A where O(N (log N)) elements are nonzero,
see Proposition 5.2. If explicit antiderivatives of the kernel function are available (as is often
the case), the total cost for computing the stiffness matrix A is O(N (log N)) operations. In
other cases quadratures can be used. This preserves the consistency conditions (5.13),(5.15)
and the total cost of computing A is O(N (log N)?).

For each time step we have to solve (5.21b): We have to find @ := U —UJ" € Vj, satisfying

k_l(?szl,vh) + HEZR(?I}Z%,Uh) = (fm+0,?}h) — EZR((?;L”,U]%) Yo, € Vp, (5.26)

and then update U ,:”H =0 p 4wyt Let w™ € RY denote the coefficient vectors of wp' with
respect to the wavelet basis, and M, A € RV*" the mass and stiffness matrices corresponding
to (+,+) and ag(-,-) in this basis. Then we obtain for @™ a linear system Bw" = b" with the
matrix B = k~!M + A and a known right-hand side vector b".

For a standard finite element basis the matrix B has a condition number of order h~* for small
h and fixed k. For the matrix B in the wavelet basis we can achieve a uniformly bounded
condition number if we scale the rows and columns of B as follows: let p; := (k=1 + §2°)1/2
and let B(l,j),(l’,j/) = M;IMEIB(l,j),(l/7j/). Let in what follows ||| denote the 2-norm of a vector,
or the 2-norm of a matrix.

Let D denote the diagonal matrix with entries D j) ;) = 2lP/2 " Scaling with the diagonal

matrix S := (k7T + D?)/? yields with B = S~'BS~!
A (B+BT)/2) =01, |[B]| <
for some Cy, Cy > 0 independent of A and k. This implies that a step of the GMRES method

for the solution of a linear system with matrix B has a convergence factor < g < 1 independent

of L (see [36]).
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Remark 5.6 If one considers operators A with values of ¢ tending to zero, the convergence
factor will not stay uniformly bounded by ¢ < 1. One can obtain a uniformly bounded
convergence factor if one modifies the scaling by using py := (k=1 + 0[02% + C2Y!])1/2. This
follows from Proposition 4.2: Because of (4.9) we can assume co = 0 and have that ag(u,u) ~
c Hu||§~iy/2(QR) + 02 u|?. Then by (5.10) the weight 2% gives a norm equivalent to |-||,, and

the weight 2¥! gives a norm equivalent to ||| 7v/2 (Qr)-

For a function v, € V}, with coefficient vector v and scaled coefficient vector © = Sv we have
that with b(u,v) := k= (u,v) + fag(u,v) and |jv||} := b(v,v)

9] ~ 2B = ||ual7 .

A functional g, € V) corresponds to a coefficient vector g so that (gn,vn) = QTQ, and a scaled
vector g = S_lg so that (gn,vpn) = QTQ.

We now define the perturbed #-scheme with GMRES approximation as follows: Pick a
value mg > 1 for the restart number, e.g., mg = 1, and a value n¢g for the number of iterations.
At each time step we want to find an approximation of wy"', satisfying

b(wh'y, vp) = (fmro o) — ar(Um vp) forall v, €V, UP =0,

which corresponds to a scaled linear system P:QT = ém We solve this system approximately
with ng steps of GMRES(my), using zero as initial guess, yielding an approximation @w™ of
the exact solution w?*. We then let U}L”'H = U};‘L + wy*, where wy' € Vj, is the function
corresponding to the scaled vector w™. Then we have, see Theorem 6.3 in [36]

Theorem 5.7 Assume that the consistency conditions (5.13), (5.15) hold. For § € [0,3)
assume o := k(1 —=20) a4 < 2. Then the solution U]" of the 0-scheme with wavelet compression
and approximate GMRES solution satisfies the same error bound as Uh mn (5 24) if ng >
C'|logh|. Given the compressed stiffness matriz A, the work for computing Uh, . Uh

bounded by CM N (log N)? floating point operations.

5.6 Numerical results

We restrict the numerical experiments to vanishing interest rate, i.e., r = 0. In Figure 3 we
present the option prices versus the stock price S for the case of an European call contract on
Lévy driven assets. We use different maturities (top) and different strike prices K (bottom) for
an extended CGMY process [11] witho =0.1,C =1,G =18, M = 2.5 and Y = 0.2. We plot
for each case (top right and top bottom, respectively) the difference between the option prices
in the jump-diffusion case and the prices obtained by the standard Black-Scholes formula (only
diffusion) with ¢ = 0.1.

In Figure 4 we plot the option prices versus the stock price S for the case of an European
call contract on pure jump Lévy driven assets (o = 0) at different maturities (left and right
(zoom)); CGMY parameters are: Y = 0.1430, C' = 9.61, G = 9.97 and M = 16.51 (see [11]).
Note that in our theoretical analysis we assume that one removes for Y < 1 the drift term with
the transformation in section 4.4. In our numerical experiments we used the original equations
without this transformation, but the results still appear to be stable.

In the next set of numerical experiments we consider the variance gamma process. It is a
particular case of the CGMY process with Y = 0. Here explicit formulas for the prices of
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Figure 3: Option prices versus the stock price S for the case of an European call contract
on Lévy driven assets as compared to the Black-Scholes prices; different maturities (top) and
different strike prices K (bottom) for the case of an extended CGMY process with o = 0.1,
Y =02, G=18and M = 2.5.
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Figure 5: Option prices versus the stock price S for the case of an European call contract on
VG (pure jump) driven assets for different strike prices K at maturity 7' = 0.5; VG parameters:
ovg = 0.5, vyg = 1.0, Oy = —0.01 = CGMY parameters: ¥ =0, G = 2.78 and M = 2.86.

European options are available [28]. The parameters are here Y = 0, G = 2.78, M = 2.86 and
C = 1.0. In Figure 5 we compare our numerical results obtained with the exact VG prices
obtained by the explicit formulae in [28] for different strike prices K and maturity 7' = 0.5.
The computed values are on top of the exact prices obtained by the explicit formula in [28].
Note that our theoretical results only apply to the case Y > 0, however even in the limiting
case Y = 0 the numerical method appears to be accurate.

Figure 6 shows pricing of options with the forward Euler scheme, i.e. with 8 = 0. We clearly
see the impact of the CFL-condition (5.25) — if it is violated, instability results. In the jump-
diffusion case, the time-step restriction (5.25) renders the explicit scheme inefficient. In the
pure jump case, however, CFL-condition (5.25) yields a competitive scheme for Y < 1; again
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Figure 7: Explicit Euler scheme, pure jump VG process: 8§ = 0.0, L = 8; « is the coefficient
in the convection term ag—g. ]a\% < 1 stable; ]a\% > 1 unstable VG parameters: oy g = 0.5,
vyag = 1.0, 0yg = —0.01 = CGMY parameters: ¥ =0, G = 2.78 and M = 2.86.

the condition (5.25) is sharp, as is evidenced by Figure 7 right and Figure 8.
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A  Proof of Theorem 3.4

We consider ¢, 1 € C§°(R). Integration by parts and » = 0 in a™" in (3.22) gives
o? d? on(z
o) =-F [ (—f(x )] vla)e s
de —2n(z)
o +y)— o) - y%(x)Xﬂy\gl}(y) k(y)y(z)e dydzx
. / SE@yi()e ) de

dx
_ T [ dedb o) gy T / dy o “ante)
B / dx dx dz + 2 daz( z)y(x)(—2n'(z) + 1)e dx

-1/ / d9—<x+ewyxml}<y>k<y>¢<w>ef2n<@dxdy
/ / / a6 / cw’ 2 (@ + 09y X<y W () (@)e21®) dady
+Cexp/R£(fL')w(fL’) 7277(:B)d

We write therefore a™(p,¥) = aj (¢, V) + ay (¢, ¥) + ag " (p, 1)), where

o) =5 [ e e+ [ 9 @t @) + Ve

—/// da—(x+Gy)yX{\y|z1}(y)k(y)lb(w)e*zn(x)dxdy,

/// de/ da,d (@ + 0y x(y<1y @)k @) ()e > dady
+Cexp/R%(x)’l/1(x) =20() 4.
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We analyse each a?(-, ) (j = 1,2,3) separately. For the bilinear form a; " we obtain
lay; " (p,9)| < Cl(Hn/”LOO(R))H(PHHLY(]R)”wuHin(R)
and
a;( > o2 o’ 2 1 Al
1e0) 2 S92 @) = 5 ClI @ + DIV @ el @ (A.1)
> CI s = (el o (a2
= L2, (R) L2, (R)

In order to estimate a, "(-,-) we write it first in the following form

-/ / 4052 (1 1 ) Oy (R(br)e ) dady.
By (3.24) we obtain
3" < [ P bxgion R dy - 1612, oy 12

Hence, since C(n) = [ ) \y[x{|y‘>11}( ) dy < oo by assumption (3.25), a,"(-,-) is a

bounded blhnear form on H 77

Finally, we analyse a3 (-, ) and we show that for all £ > 0 there exists C; > 0 such that
la57(2. )] < llell (€l gy + Cellll iz my)- (A.3)

To prove (A.3), let 6 € (0,1) be arbitrary, but fixed. We start by writing a;"(-,-) in the
following form:

‘/R/R/olde /06 L (@ + 0y gy oy D)) ddy

_/ / / ldedi(x+Hy)yx{éswwsu(y)k(y)w(x)e”"(”dx

/ / (@)yx(a<iyi<t WE)Y(x)e > da
o [ d—@<x>w<x>e-2n< e

/// da/ W - L@+ y)e T P i< )R (y)-
-{—(:n)—2n (z)¢ (x)}enm@ 0)=1(@) =)y

/// a5 = (@ o+ 0y)e” " Oy sy <y W)k ()OO g (@)e 1 dady

/ / (@)yx(a<yi<t WE)Y(x)e > da

F orp / 92 (@i (a)e " da.
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By(3.24), e"@+09)=n(@) < (W) < C for all |y| < 1. We obtain therefore the following estimate
370 0)] < Call i) [ 4Pt WK - el ol o

+(C [ Wlxtssuien )0y + ool ) 1122 a1l o
R

Since by (3.3) [z ¥*x{ly<sy W)k(y)dy — 0 as § — 0, for € > 0 fixed we can choose § = d(¢) €
(0,1) sufficiently small such that (A.3) holds.

The above calculations with 1 replaced by —n lead to identical conclusions, if instead of (3.24)
(3.26) holds and if condition (3.25) is replaced by (3.27).

O
Remark A.1 (3.24)-(3.25) hold for all  of the form

vz ifz<0
n(x) = { wolz| if x> 0. (A4)

with 0 <11 < G and 0 < vy < M. We distinguish 4 cases

Case 1. (z+ 0y > 0, x > 0). Then, va(x + 0y) — vox = 1rly < a) —11y, if y < 0 b) vy, if
y > 0.

Case 2. (z+0y >0, x <0). Here, va(x + 0y) + v1x = (11 + v2)x + 120y < 120y < 19y
(=n(y), since y > 0 in this case).

Case 3. (z+ 0y <0,z > 0). Then, —vi(x + 0y) — vox = —(11 + v2)z — 110y < —11yY
(=n(y), since y < 0 here).

Case 4. (z+ 60y <0, z <0). Here, —v1(z + 0y) + vix = —v10y < a) —1yy if y < 0 or b)
voy if y > 0.
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