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1 Introduction

1.1 Homogenization problem

We investigate finite element methods (FEM) for the numerical solution of elliptic homogeni-
zation problems in divergence form, i.e.

Lf <§,am> u®=—-V- <A (g) Vu€> + ag <§> u® = f(x), (1.1)

where ¢ is a small parameter and we assume that A(y), ao(y) are 1-periodic in each variable
and that

A() € L[O)Zr(Q)?yir?ma (10(') € L;(ér(Q) (12)
satisfy, for some v > 0,

ETAWE > €)% aoly) >y YEER™, ae yeQc0,1]" (1.3)

Here @ C [0, 1]™ is referred to as unit-cell domain and we assume that @ has Lipschitz boundary
6@ = fper UTy with fper = 6@ N o[0,1]™, and Ty = a@\fper (possibly empty). We assume
further that T n is smooth to avoid regularity issues, but emphasize that this does not constitute
an essential limitation.

We consider (1.1) in a bounded Lipschitz domain 2 covered by a pavement of cells of the form
e(k+ Q), with k € Z™ and ¢/diam () < 1. We set Q. = Q2 N Q, where

0 = Jeth+Q), 1% = Jelk+ D). (1.4)
zn zn
We complete (1.1) in Q. by Dirichlet boundary conditions on 99, i.e.,
u®=0 on JQ. NI, (1.5)
and, if fN # (), by Neumann boundary conditions elsewhere

nu =n-A (g) Vu® =0 on dQ\I =090 NTY .. (1.6)

Problems of type (1.1) have been thoroughly analyzed by asymptotic analysis as ¢ — 0; we
mention only [3, 11] and the references there. In this analytical approach to homogenization,
the limiting problem as e — 0 of (1.1) is identified first and then solved numerically. Since
the limiting problem does not depend on &, no scale resolution is required. However, fine
scale information on u® has been lost in the analytic homogenization process and numerical
determination of correctors is as costly as solving the original problem.

Here we propose and analyze a two-scale FEM for (1.1), (1.5), (1.6) with H > e which does
not require analytic homogenization as e.g. in [3, 11] and which is able to resolve the e-scale
of uf(x) with N <« O(¢™") degrees of freedom. In addition, we will establish rigorous error
bounds for the h- , p- and the hp- versions of the two-scale FEM.

1.2 Finite Element Approximation

The FEM is based on the variational form of (1.1), (1.5), (1.6)

Find v® € HH(Q.) : B(uf,v) = (f,v) Yo e HH(Q.), (1.7)



where HL(Q.) := {u € H*(Q.) : (1.5) holds for u} and the bilinear form B® : H}(Q.) x
H}(Q:) — R is given by

e _ z . r
B*(u,v) = / <A <€> Vu(ac)) Vou(x) + ag <€> u(z)v(x) d.
By (1.3), (1.7) admits a unique solution u® € HL(€.) for every € > 0 and every f € L*(Q).
Let V5 C HL(€:) be any subspace of dimension N = dim (V) < oo. Then

uy € Vy : B (ufy,v) = (f,v) VveVy (1.8)
defines a unique FE solution and there exists C' > 0 independent of € such that

lu® = uv [z, < € min flu® —ollmq.)- (1.9)
N

Even if the right hand side f, the domain €2 and the coefficients A and ay are smooth (i.e.,
C™), if ¢/diam(2) < 1 the solution u° exhibits oscillations on the e-scale obstructing FE
convergence. More specifically, assume that @ = [0,1]™ and that f and 02 are smooth. Then
Q. = Q and there exist positive constants C' = C(Q2) and C(«a) = C(a, ), a € N" such that

ullr2) < C, D120y < Cla)e' ™1, Va e N, |a| > 0. (1.10)

Denoting by Vi = Vy = SPH(Q, Tr) € H'(Q) the FE space of piecewise polynomials of degree
p > 1 on a quasiuniform mesh 7 of meshwidth H, it holds

i £ - < CHP|prt! < C(H/e.
s =l < CHPIDM Nl < C(T/e)

We have also that

min u® —wv ey < |Juf <C .
pesinin | 1@y < N llarany < Cllf i)
Therefore the FE error with respect to the usual FE space Vy = SP1(€, Ty) satisfies the
following a-priori bounds

[u" = uillg (. < Cmin(l, (H/e)P),

with C = C(p,Q, f, A,ap) > 0 a constant independent of ¢ and H. Standard FEM, as e.g.,
piecewise linears on a quasiuniform mesh 7Ty of size H, thus converge only if H < ¢, i.e., if
N = dimVy = O(e™"). This scale resolution requirement is often prohibitive, especially if
n > 3.

In view of (1.9), the key to a robust discretization of (1.1) is the design of V. Rather than
incorporating e.g., the asymptotics of u® (which is not always defined, see [11] and the references
there) into V5, we design V5 based on a two-scale regularity theory of u°.

1.3 Scale Separation for u®

Ignoring boundary conditions (1.5), we consider (1.1) on the unbounded domain Q2 in (1.4).
For any f € L?(R"), (1.1), (1.6) admits a unique solution u® € H(Q°). We will exploit that
u® admits the representation [7, 6, 5]

1

Yoy / F) (z,e,t) dt, e QX (1.11)

@) =G

teR™



where the kernel ¢(z, ¢, t) is the distributional solution of
Lf) = e on O, n-A(z/e)Vip =0 on Y. (1.12)

To characterize precisely the solution of (1.12) in ©2°, we introduce weighted Sobolev spaces
H}(22°) of complex-valued functions with exponential weights depending on a real parameter

V.

Definition 1.1 For j = 0,1 and for any v € R the weighted Sobolev spaces Hﬂ(Qg") equipped
with the norm || - ;. are defined to be

[l-15,0
H}(Q2°) = C§°(R™;C) : (1.13)
Qoo

€

where

ul?, = > IDguf | el dy  (Dgu =08} ... 0%mu, Va € Np). (1.14)
Qoo || <j

Note that for v > 0 holds H} C H} = H' c H!,. To specify the meaning of (1.12), we
generalize (1.7) for right hand sides f(x) which are not decaying at oo. To do so, let us
introduce the following sesquilinear form W(e)[-,-] : HL,(Q) x HL(QX) — C:

U(e)u,v] = / {(A(g) qu(ﬂc)> - Vo0(@) + ag (g)u(x)m} dz. (1.15)

€

For all ¢ > 0 and for v > 0 sufficiently small, ¥(¢) is bounded and ‘coercive’ with respect
to HL,(Q2°) x HL(QX), in the sense that the inf-sup stability condition holds (note that for
v =0, ¥(e) coincides with B¢ in (1.7)). There holds:

Proposition 1.2 There ezist positive constants vy, C' and 7y such that for all v € (0,vy) and
alle >0

LW (e)u, v]| < Cllull-vllv]l1v,

2. inf sup |¥(e)[u,v]|] >y >0

lull,—v=1 v, , =1

3. sup  |¥(e)[u,v]| >0 for all v € HL(QE,) and v # 0.
weHl, (Q%)

The continuity of the sesquilinear form ¥(e) stated in 1. is obvious. The inf-sup condition 2.
and the injectivity property 3. can be verified in the following way: based on the coercivity
of the bilinear form B¢ in (1.7) for the case v = 0 a perturbation argument can be employed
to prove the existence of a positive vg > 0 such that 2. and 3. hold. We emphasize that vy is
independent of £ and depends only on the upper and lower bounds of the matrix A and of the
zero order coefficient ag. The next Proposition follows by standard elliptic regularity [1, 8] as
a corollary of Proposition 1.2. Representation (1.11) is proved in [5].

Proposition 1.3 The properties 1, 2 and 3 of V(e) imply that the variational problem
Given f € (HL(QX))", find

(1.16)
w € HL(Q2) : U(e)[uf,v] = (f,0)(mr(aee) xmrez), Vo € Hy(QX),
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admits a unique weak solution u® € H* (Q%°) and the a-priori estimate
w1, 020y < /NNl rz 020y

holds. Moreover, u® admits the representation (1.11) where the integral is understood as
Bochner integral of H' ,-valued functions.

¥(x,e,t) is the weak solution of (1.16) with respect to the functional f = % € (H&(Qg"))*
By Proposition 1.3 we know that

Hw(x’g’t)H < 170 | rry ey
H! (Qg)

It is now not difficult to see that

1™ || b1 ozeyy* < /v,

Therefore, (-, )]l (ax) < 1/(107/2).

Problem (1.1) has separated scales, a slow variable x and a fast variable y = z/e, in the
following sense: the kernel ¢ in (1.12) (which is, in a sense, the fine scale response to the
coarse scale excitation e'*) can be written in separated form ¢ (z, ¢, Q = e ¢(x /e, e,t) where
o(y,e,t) is the solution of the so-called unit-cell problem: ¢ € Héer(Q)

L(e,t,y; 0y)p = e YL (y,e719,)e"¥p =1 in @,
' ' R (1.17)
B(e, t,y;0y)¢ = e "“Vn- A(y)V,(e”"¥$) =0 on I'y.

Unlike v, the kernel ¢ is computable by solving the unit-cell problem (1.17) numerically, for
example (but not necessary) with finite elements.

1.4 Two-Scale FEM and Outline of the Paper

Based on the representation (1.11), we see that on 2° (i.e., in the absence of boundary layers)
the solution u®(z) can be viewed as a map from the ‘slow’ variable z into the ‘fast’ variable
x/e: uf(x) = US(z,x/e), where U¢(x,y) depends smoothly on e. In Section 2 we derive new,
two-scale regularity results on u®(z) by analyzing U¢(z,y). The two-scale point of view of
regularity gives rise to a ‘natural’ FE discretization of (1.1) by means of a non-standard two-
scale FE-space V5 in €2, constructed as follows: Let Ty be a quasiuniform mesh in © (not in
., i.e., the fine structure of the coefficients is ignored) of meshwidth H > e and SP(Q2, Ty) the
space of continuous, piecewise polynomials of degree p on Ty (we assume that Ty is aligned
with the periodic pattern in (2. even if this is not essential for our analysis). Next, we resolve
the fast scale by a FEM in @, based on the mesh 7, (for simplicity also quasiuniform of width
h), and the space Sffer(@, 7\71) The FE space V§ in (1.8) is then the Bochner space

Vi = SP(Q, Tir; Sl (2Q.Th)). (1.18)

Since {1} C Sher(Q, Th), SP(, Ti)la. C V§ and V§ is a generalized FE-space. With V&
robust convergence rates as h, H — 0 can be achieved for u%; as we shall show in Section 3.
These two-scale approximation results are quite general and applicable whenever the solution
has the two-scale regularity; in particular, the representation (1.11) which is valid only in the
linear setting is not necessary. In contrast, in [4, 5, 6] a different (in general smaller) space V5
than (1.18) is proposed. In that approach the kernel ¢(y, e,t) in (1.17) is incorporated directly
in the FE-space via shape functions ¢(y, ¢, t) sampled at suitable points ¢; in the Fourier space.
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Since the understanding of the design and the properties of the two-scale FEM depend crucially
on the two-scale regularity of u®(x), we investigate it first in Section 2. Section 3 is then devoted
to the definition and error analysis of the two-scale FEM. In Section 4 we address computational
aspects of the two-scale FEM and present numerical results which support our error estimates.

We remark that we consider here only smooth I'YY, and smooth (i.e., C*°) coefficients A(-), ag(-)

in (1.1). The nonsmooth case (i.e., discontinuous A(-),a(-), Lipschitz I'y) shall be treated
elsewhere.

2 Two scale regularity

Uniform control of the kernel ¢(y, e,t) in (1.17) in terms of € and ¢ implies two-scale regularity
results on u®(x). The key is to interpret u®(x) as a map from a Sobolev-space in the “slow
variable” x into the “fast variable” y = x/e. More precisely, u®(x) = U®(x, z/c), where U¢(z, y)
is an element of the Bochner-space H" (2, Hﬁer(@)) for r,s > 0 depending on the regularity of
the coefficients and on the data f and, more importantly, where the e-dependence of U®(z,y)
is smooth. We establish the two-scale regularity by uniform (in ¢) estimates of the kernel ¢
obtained in Propositions 2.3, 2.4 below. To keep technicalities minimal, we consider here only
the case when the unit cell problem admits maximal elliptic regularity. If this is not so, all

assertions below have natural analogs in a scale of weighted spaces.

2.1 Two scale shift theorem

Theorem 2.1 Assume that A(-), ao(-) are smooth and I-periodic iny = z/e € Q. Then,
for f e HE (R™) (k> 0), the solution u®(x) of (1.1) on Q5 can be written as u®(x) =

U (2, y)|y—z/e, T € Q5, where US(z,y) satisfies in Q2 = R" the two-scale regularity estimate

100 g 15,33y < OB 1 Larso-10y (2.1)
provided r +s < k41, r,s >0, and

HflVyUsHHT(Q,H;e—g(@) < C(k) HfHHHS*l(Q) (2.2)
provided r+s < k+1, r,s —1> 0. Here, C(k) is independent of €, but depends on r+ s (see
Remark 3.15 ahead for this dependence).

Proof. The proof is based on the Fourier-Bochner integral representation (1.11) of the solution
uf(xz) = U%(z,x/e) and on the two-scale regularity estimates on the Fourier-Bochner integral
kernel in Propositions 2.3, 2.4 below which are uniform in € and t. For multiindices «, g
with o < r, |B| < s, the mixed derivative (in the sense of distributions) D%DgUe(x,y) can
be interpreted as mapping L2 (@) into L2(R™). More precisely, for arbitrary ¢ € L2 (Q\),

per per
<D§‘D5U5(az, ), @) ) 1 the inverse Fourier transform of a L?(R™) function

L%er(@\)XL%er(@\
« 1 it-x [ S\
<Dm DyﬁUe(l", y)a SD>L]2Jer (@)XL%H(@) = (27‘(‘)"/2 / € ! f(t)(lt) <D5¢(y’ £, t)’ gp(y»L%er (@)XL%er(@) dt

Rn

By Parseval’s relation then, the L?(R")-norm of (DngUa(:c, Y) @) 12 ©)x12..(0) 18 equal to
per per

anfbrre
|(D2DjU* @), ) .

L%er(@)XL%er(é) ‘ (Zt)af(t) <D5¢(y’ 6’ t)’ SD(y)>L%)er (@)XL%er(é) ‘ LQ(Rn) :



By (2.7) ahead in Propositions 2.3, 2.4, respectively, there exists a positive constant C' > 0
independent of ¢, t and of the test function ¢, such that for all ¢t € R”

(Dyo(y,e.t), ‘P(y)>LI2)er(@)XLger(@)‘ <O+ el 26y (2.3)

Hence, by Parseval’s identity again,

|(D2DjU @), )

< Ol fllarsm1m el 25

L%er (Q\) X L%er (Q\) ‘ L2 (Rn)

which proves (2.1). Proceeding in a similar fashion, by the uniform bounds on the derivatives

of the integral kernel in (2.17) one can prove the two scale regularity estimate on the gradient
of the solution in (2.2).

d
It therefore remains to analyze the kernel ¢, i.e., to prove (2.3).
2.2 Regularity of the Fourier-Bochner integral kernel

Lemma 2.2 Under the assumptions on A(-) and ao(-) in (1.2), (1.3), there ezists a positive
constant C > 0 independent of € and t such that fore = 1/M, M € N:

Illg.5 < CA+I)™" and [e'Vyelly 5 < C. (2.4)
Proof. The key observation is that x(z,¢,t) := it(z,e,t) € (HL,(Q2°))" solves
z z gttt 00
. v (A <6) VX (m,e,t)) + ag (6) x(z,e,t) = ite in Q°,
n-A (g) Vux(z,e,t) = 0 on ' (if nonempty) .

and for v € (0,vp) the || - [|(g1(qgy)* norm of the right hand side is uniformly bounded with
respect to t and ¢ '
[ite™ || 111 () < Cv,n).

Therefore, ||x(z,¢e,t)|l1,—» < CHiteit'mH(H;(ng))* < C(v,n) and

(e )l < OO+ )~
with C' > 0 depending only on v and v. Then

I9l2 =/|¢y,et|dy—e /\¢
> /\(—w)

Cll(z, e, )5, -,

O+t~

2V\x\62u\x\dx

IN

IN

We obtain estimates for [|e~*V,¢]|, o by a similar argument:

[l (e eri = [fo (Zei) e
eQ oD
S (e

ke{o,l,...,Mﬂ}"e@Jrk)
C 1+t Ive.etli_, < C

/ eV, b(y, e, )| dy
Q

IN



We now bound higher order norms of ¢ and . To this end, we discuss two cases separately:

Ty=0,Q=1[0,1"and Ty #0, Ty € C®, Q C [0,1]".

2.2.1 Case Q =[0,1]" and ['y = (.
Recall that ¢ = ¢(y,¢,t) € H}

per

(Q) solves the unit-cell problem

Lty 0,)0 = —(it +=7'V,) (A@)(it +=7V,)0) + ao(y)d =1 n @ =[0,1]", (26)

with periodic, uniformly bounded coefficients A € LOO(@)”X” ag € LOO(@).

sym

Proposition 2.3 Assume that ag € Whx"(Q) and A € WE">(Q Q)i (k > 1). Then
RS per(@) and the following (uniform int and €) estimates hold

H¢||L2(@) < C(l + |t|)_1’ |¢|Hk((§) < C6(1 + 6|t|)k_1a fOT k >1 (27)
with a constant C = C(k) > 0 depending only on k, ||AHW’€*1700(@\) and ||a0HW,C,Loo(@).

Proof. (2.7) for k = 1 is just the statement of Lemma 2.2. For k > 2 the proof is done by
induction with respect to k. We use the notation 1*)(y) = (ite + Vy)*é(y,e,t) and we mean
by this any k-th order derivative of ¢ of type H?Zl(itje—l—ﬁyj)kf ¢, with k1 +---+k, = k. From
(2.6) we obtain bounds for /(%) and () in terms of ¢ and the (lower) coefficient bounds (A,

a027>0) )

1 €
0) 2
WO g <2, WO o< (28)
By Lemma 2.2, the L2(Q)-estimate for () in (2.8) can be improved to
1y 5 < C(L+ )" (2.9)

To establish the assertion for k = 2 assume that ag € Wit®(Q) and A € Wpe®(Q)"%™. Since

sym
(2.6) holds in R” and the coefficients A(-), ao(+) are in Wpe®(Q), we may apply the interior
regularity theory and deduce that ¢ € HZ (R"). Apply (it,e + 0,) to (2.6), multiply it by
v € HY(Q) and integrate by parts. It follows that ¢, := (it,e + 0,)¢ € H. (R™) satisfies

(e, t) [y, ] = Ly(v) + Tp (2.10)

where the bilinear form ®(e,t)[-, ] and the linear functional L, in (2.10) are given by

D(e,t)[ih,v] = / {AW)Gite + V)0 - Ttz + 9,0+ ap(y)w ) d

Q
and
L.(v /6 ) dy — &2 /aao )ou(y) dy
Q Q
0, A(y)(ite + V)¢ - (ite + Vy)v dy,

@)\



respectively, and the boundary integral Zs is given by
per

T, = [ (et 0)A)GHe + 9,000 ds,

fper:a@

_ / n - 0, [A(y)(ite + V,)6(y)] T(y) ds,

Tper
= [ ne A=+ V,)0l) - T T V() s,
Tper

Ifve ngr(@), then 7 vanishes. In fact, it turns out that ¢, € Héer(@) (i.e., ¢ € per(@))

is the unique weak solution of (2.10) for all v € Héer(@). Next, we take v = 1, in (2.10).
Then, it follows that

llGite + Vil g < el Il o + 218rall oy 16, o1l
10 Al g it + V)8l g I Gite + Tyl o

Hence,

[ e Tl

L & 0 1) 2 21
- 3 1 2 N 0 1
o LG E e T R S S
By (2.8), (2.9) and (2.11) it follows that
@, g < Ce(1+elt]), (2.12)

with a positive constant C' > 0 depending only on -, HAﬂwlm@) and Haoﬂwl’m(@.

The assertion for k = 3 can be proved by assuming further that A(-) € W (Q\)Zyﬁ‘ and

~

ap(-) € Wgéfo(Q) By standard interior regularity theory it follows that ¢ € H? (Q). Apply the
differential operator (it;e+0;)(itse +0s) to (2.6), multiply the resulting equation by v € HYQ)
and integrate by parts over Q. It follows that ¢,s := (it,e + ;) (itse +95)¢ € H] (R") satisfies

B(e O v] = Loo(0) + T, 213
where
Les(v) = &%(itye)(itse) /E(y) dy
Q
— / )(ite + V) (itse + 05)¢ + 0sA(y) (ite + Vy) (itre + 0,)@] - (ite + Vy)v dy
Q
- . / 0ra0 ) itae + 85) + Duan(v) itre + 0,)] 6T dy
Q
- /(938A(y)(its + V)¢ (ite + V,)v —¢ / y)pu dy,
Q
(2.14)



and the boundary integral Zs in (2.13) is given by
per

I, = / 0 | (itye + 0, (itae +0.) (Aly)(ite + Vy)(ﬁ)]ﬁdsy

= / n- 0,05 (A(y)(ite + Vy)gb)]@dsy
fper ]
If v € C2(Q), then the boundary integral Ig, . in (2.13) vanishes and it turns out that

per

rs € H;er(Q), ie., ¢ € ngr(Q)' Take v = (it,e + Oy )(itse + Os)¢ in (2.13). It follows that

By = Al st b
+ 22 laolly1, () Hq’b(l)uo,@ ‘ ¢(2)H0,@ Al =@ W(l)uoﬁ ‘ 7/)(3)”0,@
+ &2 llaollyy2, 00 ) ‘w(O)HO,@ ‘ ¢(2)H0,@'
Hence,
[+, = %(2”’4”%%@ e PR o ‘T’Z)(l)HO,@>
b (o], g+ 2t m [0, o[, o)

1/2
S R
By (2.8), (2.9) and (2.12) it follows immediately that
16O, 5 < C=(1 +<lt])%,
with C' > 0 being a constant which depends only on ~, ||AHW27OO(@), Ha0HW2,oo(@)-

For any k > 3, one can easily see that e~ ||| 0.0 can be estimated analogously in terms of

1/2 " Therefore,

¢ and ¢, the dominant term coming from (]t]k*1|]zp(k*1)|]0 5)
e 9™ g 6 < CUAll k1,000 la0llyprr, o0y )L+ el forall k=1,2,....
Recall that *) = (ite + V,)*¢. Tt follows that
e [D*¢llg. 5 < C(L+elt)"™!, forallk=1,2,.... (2.15)
O
2.2.2 Case Q C [0,1]", Ty #0, Ty € C™.
By (1.17), ¢ € le)er(@) solves
L(e,t,y;0y)¢ = —(it +eV,)) T (A(y) (it +e7'V,)p) + aoly)p = 1 in Q, (2.16a)

n-A(y)(it +e7'V,)¢ = 0 on Ty.(2.16b)



Proposition 2.4 Assume that ag € Wper " (Q) and A € Wha"(Q)2<" (k > 1). Then
¢ e per(@) and the following estimates hold

19l 2g) < CA+ DT e Vydll o gy < CA +elth* (2.17)

with a constant C' > 0 depending only on k, ][A\\Wk_l,oo@) and Haonk_l’o@@), but independent
of € and t.

Proof. The inequality (2.17) for k = 1 is just the statement of Lemma 2.2. We prove (2.17) in
the general case by induction. Assume that £ > 2 and that (2.17) holds for k — 1. We write
first (2.16a)—(2.16b) in the following form: ¢ € per(Q) solves

~Vy (A@y)Vy¢) = fly) nQ
n-A@y)Vyé¢ = gly) onTy,
with
fly) = & —aoly)p — T A(y)td + 2iet " A(y)Vyo +ict' (V- Ay)) ¢
gly) = —ien- A(y)to.

By standard elliptic regularity for Neumann problem, for all k£ > 0, it holds

IVE 6026y < CO) (1 ks @) + 19l i rr2eny + IVu@llinng)) s (218)

with some constant C'(k) > 0. Let us estimate now the Hk(@) norm of V¢

I¥y6l i) < CE) (IV48l 1) + 1956 125)) -
We use the induction assumption and (2.18) to conclude
IVydlgrg < Ce(l+elt) ! +le® - efaog — T Aly)te + 2iet " A(y)Vyé
T iet (V- AWl s 0) + €lln - AWl oo iy

< C(k)e(1 +elt))F.

2.3 Sharpness of the two-scale regularity.

We consider 1-d problems, i.e., n = 1. Let us assume that f € Lper(O, 1) has the Fourier
expansion f(z) = Y,z fke%ikx. Assume further that a(-) is a 1-periodic, L™ function and
e =1/M, with M € N*. Let u*(x) € H}(0,1) be the solution of the following boundary value

problem
d ( T du5> .
——la(— = f(z) inQ=(0,1), u°| =0.
dx (5) dx 90

Then, the solution u®(x) exhibits a ‘two-scale’ behavior, in the sense that u®(z) = U¢(z,z/e¢)
and U¢(z,y) is 1- -periodic in y and has certain regularity properties if seen as a mapping from
x € 1 into Lper(Q)

We use the notation (g) to denote the mean value of the function g

(g) = / g(tydt, G =(0,1).

Q
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We introduce two further periodic functions

A(t) O/t<a(15)<1/a(-)>> ds, A(t) O/t(A(s)(A>) ds. (2.19)

Let A,, p € Z be the Fourier coefficients of A(-) € H}

per(0,1). With these definitions, we may
write now explicitly the expression for U¢(z,y)

U(e9) = =fo|aAls) = A0) + 521 /a() - o 311/a() - (fal) )|

D(=aw +2/a00) + T o (4w +2t1/a0))

keZx*

_ Z ST {eZWika:EA(y) + <1/a()> (627rz‘kx N 1)

2mik
kez*

2mi(ka+py) _ 1 T
— 9rike? A e - -1 A 2
mike [ Z P iy + k) + k56:|}7

PEZ
pF#—ke
and + here means that the summation is done only over k € (1/¢)Z*. The constant D is given

by
1

D= / Tk O/ e

From this representation, we see from the terms in the sum ) _, .. for large k that the regularity
| £l grr+s—1 in (2.1), (2.2) is optimal. For simplicity, we assume s = 0. Then, it holds

Proposition 2.5 Assume that a(-) is smooth and 1-periodic in y = x/e € @ Then, for
f e HIZY Q) (r > 0), the solution u®(x) of (2.19) on ) satisfies the two-scale regularity

per

estimate (2.1), (2.2)
0% 2. o < CON 10 (2.20)

Moreover, for all r > 1

H 71V U* HHr 1(Q, L2, (Q) ( )HfHHT I (221)

The estimates (2.20)—(2.21) are sharp, in the sense that for ¢ sufficiently small, there exists a
constant ¢ = ¢(r) > 0, which does not depend on e, such that for all r > 1

€ N -1 € ~
C(T)HfHHT—?(Q) <|U HHT(Q7L]2;)er(Q)) + [le VU ||H1”—1(Q7L%er(Q))'
Proof. For the proof we refer to Appendix A.

Remark 2.6 Careful inspection of the proof reveals that for » > 1 the upper bounds in (2.20)—
(2.21) have the form C'(r)|| f || gr—2q) + C(e, )| f | zr—1(q) with C(e,7) > 0 depending on € and
vanishing with ¢ — 0. We have a slightly different 81tuat10n as, e.g., for

—Au=f inQ, fecH Q) ulpqsmooth
where 0f2 is smooth and we have the sharp shift result: there exists C'(r,Q2) > 0

lullgr @) < Cr, DI f -2, 721,

11



in the sense that for generic data, ||ul|r(q) has a lower bound of the same type (c(r, ) > 0)

[l () = e, Q| f |2

In our case, however, the gap C(e,7)||f| gr-1(q) cannot be removed.

3 Rate of convergence of the two-scale FEM

In the previous section we saw that uniform regularity of u(z) in dependence on ¢ could
be properly expressed in terms of the two-scale Sobolev spaces H"(R", H;er(@)). The two-
scale Finite-Element spaces in the Introduction are therefore natural for the discretization of
homogenization problems. In the present section we prove robust convergence estimates for

these two-scale FEM under two-scale regularity hypothesis on u®(z).

3.1 Preliminaries

Let Q Cc R, ' € R™ be two Lipschitz domains. For a, 8 € N” two multiindices we define the
Sobolev spaces H? (2 x Q') of mixed order on the product domain  x Q' as

HP(Qx V) i={ue L2Qx Q) : DIDuec L2 (QxQ), Vy<a,d < B},

where v < « is understood componentwise. These are Hilbert spaces with respect to the norm

d
el s ey = Y I1DID2ull20x0n:

0<y<a
0<5<p

3.1.1 Traces in Sobolev spaces of mixed order

For a function f(-,-) : 2 x Q@ — C, we denote by (Rf)(x) = f(x,y)|y=2 : @ — C its restriction
to the diagonal {(z,y) € 2 x Q |z = y}.

Lemma 3.1 Let Q@ =Q ' := (0,1)" and denote by 1 € N" the multiindez (1,...,1). Then
for any fized pair of multiindices o, € N with o + f = 1 the restriction operator R :
HP(Q x Q) — L2(Q) is continuous, i.e., there exists a constant C = C(n) > 0 such that

Rfllcz < C) fllpes@xa): VIE HOP(Q % Q).

Proof. Without loss of generality we present the proof for the case n = 2 only. By making
eventually a change of coordinates we may assume that a = 1 and 8 = 0, where we denote by
0 the multiindex (0,...,0) € N*. We may restrict the proof to the case when f € C®(Q x Q),
we can use then a density argument to conclude for general f € HP(Q x Q). Let ¢ € C(R)
be such that

0<¢(s) <LVseR, ¢(0)=1, suppy C (-1,1).
Then,

flo) = /@JtmwMHﬁmwm@

= // 2o (68,2 dsdt+/ O0py f(£,0,2)p(0) — Oy, f(t,1,2)p(1)) dt + (0,22, )
0

xl xg x1 1

= //ailmf(t 5, dsdt—l—// oo (5, 2) () + Op, f (T, 5,2)¢ () dsdt
0 0 0
+ f(0, 29, x).

12



Therefore,

IRFOIZa<C | S 18762 grn + / (0, 23, 2) d

OSQJ'SI Q

It remains to estimate [ |f(0,z2,)|*dz. To this end, we proceed as before
Q

T2

1
f(0,z9, ) / oo (68, 2)0(t) 4 Ony f(E, 5, 2)¢ (t)) dtds
0

(021 f (5,0, 2)(s) + f(s,0,2)¢'(s)) ds.

o
g

The second integral term can be written as

1
/ 0z, f(5,0,2) ()—i—f(s,O,x)(p’(s)) ds =
0
1

1
/ / 2 F(s,t)p(t) + 0 (st 2) (1)) dt
0

1
/ 0o f (5,1, 2)p(t) + f(s,t,2)¢ (1)) dt | ds.
0

Summing up, we obtain that

/ (0,2,2)Pdz < Cm) S ID2FC o -
Q

0<a;<1
|

Remark 3.2 The trace result of Lemma 3.1 remains true if the domain 2 is replaced with

any subdomain @ satisfying the following condition. For all x € @) there is a * € @) such that

|2}, 21] X |23, 22| C Q and |z} — 1], |25 — 22| > ¢ for some positive constant ¢ independent of
x*. We denoted here by |a,b] the set of all points between a and b

[a,b] ifa<b
la,b| =

[b,a] else.

This condition is satisfied if e. g we assume that @ is given as a finite union of patches
Q Uf 1Qu I finite, such that Ql N Qj = () for all 7 # j and each subdomain Q, = F;((0, 1) )
is the image of the unit n-simplex (0,1)" through a C* diffeomorphism F; : [0,1]" — QZ

13



Then
Rf(x) = f(z1,22,2)0(1) — f(27,22,2)p(0)

1

-/ {(%f)(w’{ T s — ), 1) — 2)p(s) + Fla + s(a1 — w’{),wz,w)so’(s)}ds

0
1
= [{@antawe (225 ) 4 femop (2250) L
xr1 — T4 xr1 — T4 xr1 — T4

*

Ty
1 T2
s —x¥ t— a3
= o t 1 2
R e S Y
Ty 3

r1T —x T2 — Ty T2 — Ty
+ (O f)(s,t, )¢ < 5

+ f(s,t,2)¢ < 5T x1*> o' < L= x2*> ! ! }dsdt

$1—$1$2—$2

It follows now that

3.1.2 Polynomial approximation results

In the two-scale error estimates below, we shall require the following error bounds for the
tensor product interpolant (unlike standard H!-estimates, here also mixed first derivatives
are bound).

Let |- ) denote the Sobolev seminorm of order k on Q =( —1,1) given by

@l ey = 18920y Vi€ HE(Q).

Lemma 3.3 Let i € Hk“( ) for some k > 0. Then, for each p > 1, 0 < k < p, there exists
a polynomial interpolant myu € SP(Q), with Sp(Q) denoting the space of polynomials of degree

at most p on ﬁ, such that it holds

(p — k)!

H’LL - (ﬂpu) H = ( + ) ‘ ‘Hk+1 Q)
A 1 (k)
2
HU — 7TpuHL2(§) = ( I ) (p + k) | |Hk+1
Proof. One takes 7,0 such that m,a(+1) = 4(£1) and (mpu)’ is the Legendre series of @’

truncated after the Legendre polynomial Lj,_;. 0

In the multi-dimensional case, we denote by ﬁp = 771(;“) R ® 771(;36") (n = 2,3) the tensor
product polynomial interpolant of degree p in the reference element K := (—1,1)".

Lemma 3.4 Letn = 2,3 and let ﬁp = 771(,“) & - ®7Tpx”) denote the tensor product polynomial
interpolant of degree p (p > 1) in each variable in K = (—1,1)". Then, for all & € H*1(K),
n—1<k<p, it holds

S 1D~ T2 ) < OB, ) [D* il . (3.1)

OSCMJ'SI
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where ®,(p, k) is given by

(p—k+n-1) —(k—n+1
(p, k) \/(p+k_n+1)!_ p , forp— oo
and C' > 0 is a constant independent of p and k.

The proof of this lemma by a tensor product argument is given in Appendix B. The loss of p”
n (3.1) is due to the control of mixed first derivatives of the error. This control is needed for
the application of the trace operator R below.

Remark 3.5 In the case when n =3, p=1and u € H}(K ) with H1(K ) being given by

HY(K) c HY(K) := {i | D*@ € L*(K) Y o such that maxa; <1}, 1= (1,1,1)
j

it holds that

Yoo DM a—-1ha)l e <C Y 1D sz (32)
0<a;<1 0<a;<1
lo] >1

3.1.3 Definition of the FE spaces

We assume that the domain €Q is axiparallel and we take Ty to be a quasiuniform triangulation
of Q of affine quadrilateral elements of size H. We take as macro FE space in Q = (0,1)"
the standard affine FE space SP(Q, Ty) defined as SP(Q,Ty) = {u € HY(Q) | ulx o Fi' €
SP(K ) VK € Ty}, where we denoted by F : K — K the affine element map associated to the
element K.

Q\iv ﬁl,i E

per

C

Figure 1: Unit cell domain @ as union of four patches @u 1=1,...,4, and the boundaries r N
Tper-

We introduce next the micro FE space in @, i.e. the FE space with respect to the fast
variable in the unit-cell. If @ = (0,1)", we also take ’771 as a quasiuniform mesh in @ of
axiparallel quadrilaterals. For the case when the unit-cell domain @ has e.g. interior holes the
‘micro’ triangulation 7\71 is obtained as follows. First one assumes the existence of a partition
@ = U{Zléi (I < oo fixed) of @ in a finite number of quadrilateral patches @, Each patch @, =
F;((0,1)™) is image of the reference domain (0, 1)" via the C* diffeomorphism F, : (0,1)" — Q;.
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These mappings satisfy also a compatibility condition along the common interfaces in the sense
that Fj o Fi,_1 = Id on @Z N @i/ for all 4,4’ = 1,...,I (such F; can be constructed by blending,
see e.g. [10]). The mesh 75, in @ has to be periodic and is given as union of patch meshes

Th = U{:17A7m, 7\712 = Fy(Th)

with ?h being a uniform, affine quadrilateral mesh in the reference domain (0,1)". Then
Sber(Q, Th, F) is the finite element space of all piecewise mapped polynomials of degree p:

(@ T F) = {u € H3o(@) | (ulg, 0 ) |2 € S"(K) VK € T},
We take as two-scale FE space V5, the space of traces of the two-scale Bochner space
SP(Q’ Tw; Sger(@a ﬁu F)) =
= {U(ﬂ:,y) |IVK € T : U(Fk(Z),y) is polynomial of degree p w.r. to &

in K and continuous, periodic p.w. polynomial with respect to ?h iny € @

(3.3)
More specifically,
Vi = RESP(Q, Tirs Sten(Q, T F)), (3.4)

where the trace operator R® is given by (R°U)(x) = U(z,y)|y=z. Note that the elements of
the FE space V5, have the form

upp(x ZN <§> Vae Qe

with shape functions N;(-) € SP(Q,Tx), and ¢7(-) € S4(Q, Tn, F). Note also that N;(-) are
defined everywhere in €, whereas ¢;(Z) are defined only in ..
3.1.4 Finite Element approximation results

We start with finite dimensional approximations with respect to the macro FE space SP(£2, Txr)
in Q= (0,1)" n=23. Let IL, 7;; denote the piecewise polynomial interpolant of degree
p > 1 given by I, 7, u|x = II,(u|g o Fx) o Ff." in each element K € Ty with Fi being the
associated affine element mapping. Affine transformations of the elements in addition to the
local estimates from Lemma 3.4 give

Lemma 3.6 For any u € H*(Q2), Q CR", n = 2,3,

= Ty ey + o~ Wy myuliey < €3 HS N sl ooy (35)
KeTy

forn —1 < sg < p such that the right hand side in (3.5) is finite. The constant C' > 0 is
independent of p, sg and H.

Remark 3.7 If n =3 and p = 1, then for all u € H(Q)
lu — T 7 ull 20) + Hlu = T 70l g ) < CH? Julyg o), (3.6)

where C' > 0 is independent of h and we denoted by ]u\Hl(Q 20<a <1 || D uHLQ(Q
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Remark 3.8 Estimates (3.5) for the interpolant II,7;, are explicit in H, p and sg. If only
H-dependence is of interest, other interpolants, e.g., of Clément type, could be used.

In order to obtain similar FE approximation results with respect to the FE space S{fer(@ 7A', F)
in Q we define the piecewise polynomial interpolant Z W7 € Sffer(Q T F) as given by

oyl = . - —1
1,7, = <H,ﬁh< ulg °F>) o F;
Then a similar estimate as in Lemma 3.6 for the interpolation error u — Z 7U holds.
Lemma 3.9 Forn = 2,3 and foru € per(@) there exists a Q periodic interpolant I 7U €

S{fer(@, T, F) such that

< Cpmin(us )+1(I> (i, s Z HUzHHS+1
i=1

=g
(3.7)

for all n — 2 < s, such that the right hand side in (3.7) is finite. The constant C > 0 is

independent of p, s and h. If n =3 and p = 1, then for all u € HY(Q) there holds

e =T, 7 ull 2@y + hlu =T, 74l )

lu—Z, 7 ullz2@) + hlu =T, 7 ulmo) < Ch? [ul21 (0 (3.8)

Proof. The result is a direct consequence of the definition of the interpolation operator IM 7

with respect to Sffer(@,ﬁ,F) and Lemma 3.6. We prove only the estimate (3.7) since (3.8)
can be obtained similarly.

Hu—INuH g Thlu=1,7 Z\Iu uIILQ(Q +hlu—T, 2 ul2, @)
SCZHUOF 7, (UOF)HL2 (0,1 —|—h|qu z, (UOF)|H1 ([0,1]")
2
= CZHqu n= (wo Fy)|1Z2(oapny + hluo Fy =11 ;rh(uomm([om

< Ch?mln(s,ﬂ)+2(§2 qu Z HU‘Q HH3+1(Q)

3.2 Two-Scale Finite Element Convergence

By (1.9), it holds

[u® — upplla @) < Cinfuevs [u® — vl F1(q.)-
The goal of this section is to estimate the approximation error for the two-scale FE space V5,
(3.3)—(3.4) and to obtain robust estimates with respect to e for H/e > 1.

We have seen that the solution «® may be interpreted as u®(-) = RU®(-,-/¢), where U¢(-,-) is
defined on  x Q. This suggests to use hp-interpolants in Q (not €2.!) and @ to approximate
U¢ in Q x @Q and take traces.

For each element K € Ty of the ‘macro’ triangulation, define U* K(2,y) .= U*(Fg(%),y), with
Fi K- K being the affine element map of K to the reference element K= 0,1]™. Then, the
interpolation error €5 has the form e5(-) := RE5(-,-/¢), in which E5(z,y) = U*(z,y)-Us(z,y),
r e, ye QX ,1sg1venby

By (Fie(@),y) = U (y) =T © T) 2 U y), VK € T,
h
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with ﬁg being the p interpolant in each reference element K and Ifi 7. the Sffer(@, 7\71, F) inter-

polant in Héer(@). If H denotes the mesh size of the quasiuniform ‘macroscopic’ triangulation

on €2 and A is the mesh size of the quasiuniform ‘micro’ triangulation on the unit cell @, we
obtain

Proposition 3.10 Assume that n =2. For p,u,k,s > 1 and H/e € N in (8.3)-(3.4) it holds

HB%HLQ(QE) <C (Hmin(p,k)Jrlq)n(p’ k)HUEHHkvLI(Q; L%er(@)) + hmin(%S)Jrl(I)n(lu’ S)HUEHH"(Q,HS;E(@))) ’

where C' > 0 is a positive constant independent of p, u, k,s and .

Proof. Let K = Fg(K) € Ty be an element of the ‘macro’ triangulation, affine image of the
reference element K under the element mapping Fx. We split the interpolation error as

E%(FK(i.)ay) = UE,K(i.ay) - ﬁ£U€7K(£’7y) + ﬁ£U€7K('@7y) - (ﬁi ®Iiﬁ)U€,K(i.7y)

We estimate first the L? norm of the error on K and apply the trace result in Lemma 3.1 to
move on full two scale interpolation error estimates

2
/ ‘e%(x)Pdaj = gl Z /E%(E(z—i—m)’y) dz
KNQe mGane(@er)CK @ z=y
< Ce" Z Z g2lel / |(DgE%)(€(Z—|-m),y)|2dzdy
meZn:e(Q+m)CcK 0<a; <1 Ox0
= o 3 [ DBy dedy
OSQJ'SI ~
(KNQe)xQ
< C / | DS B (2, y)|” dady
OSQJ'SI ~
KxQ
2|
< CH" ), (%) /ID?:}E%(FK@),y)Izdidy
0<a;<1 ~Y o
KxQ
< CH"(Igx +1lg),
where
~ 2
Ix = > ‘D%” (UE’K(:%,y)—HzUs’K(:E,y)ﬂ didy
5"~ 0<a;<1
KxQ
~ 2 ~ 2
g = > ‘Da‘:f (HZUE’K(:E,y)—(H$®Iz,ﬁ)U€vK(f,y)>‘ didy.
5"~ 0<a;<1
KxQ
By Lemma 3.4, the ‘macro’ error I can be estimated as follows
~ 2
g = / > (D?f (U‘f’K(@,y)—H,“jUavK(@,y)ﬂ didy
=7 ~ 0<a;<1
KxQ
2
< CP(p,k) / ‘D§+1U5’K(£,y)‘ didy
KxQ
2
< CHXKE2(p, k) / ‘(D’;HUE) (FK(@),y)( didy
KxQ
2
< CHQ(k-l-l)—nq)i(p’k) / ‘(D];—HUE) (x,y)‘ dzdy.
Kx@
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Applying now the error estimates in Lemma 3.9 for the interpolation error in the ‘micro’ FE
space Sper(Q ’77“ F), the error IIx in the fast variable can be estimated as follows

2
g = / > ‘DO‘ HxU*foy) (H”C@IzTh)UE’K(:E,y))‘ didy
7 A0<aJ<1
\a| K (5 e K 2
<
_CZ/(DU )ﬂhU())(dxdy
0<a]<1/\ A
2
< CH™ Z / ‘D'a‘ sty Ue(x,y)ﬂ dxdy
0<04J<1 A

< n 2m1n(u s)+2 2 €112 R
< cn 8300 107 2 s 0

Summing up over all elements K € Ty we obtain that

HQ%HB(QE) < C<}Imin(107k)-|—1(I>n(p7 k)HUa”Hk-o-l(Q; LIQ)M(Q\))_i_hmin(th)-i-l(I>n(u7 S)“UE“Hn(Q;HSvLI(@))) ]

per

O

A similar result can be derived now for the energy norm of the two scale interpolation error.
To this end, we estimate the L?(2)-norm of V€% in terms of the regularity of the data and of
the ‘macro’, resp. ‘micro’ triangulations .

Proposition 3.11 Assume that n =2, k,s > 1 and H/e € N. Then it holds for any p,pu > 1
min(p,k -1 . ~
Vet @iy < CH™ P00, ) (17 V30 e, 2y, @) + 107 meonca 13, @)

+ Ch™9d, (1, s) <||5_1va€”H"(Q; Hyo@) T ”UEHH”@%HS?@)'
(3.9)

Proof. Let K € Tg be an arbitrary element of the ‘macro’ triangulation and consider the
H'(K N$.) seminorm of the interpolation error e on K N Q.. Then it holds

2
”vxe%(x)H%?(KmQE) = / \Vxe%(x)lzda:: / ‘((VJ»“"alvy)E%) (2, y) ) dx
KNQe KNQe ¥=e
< g + 1k,
where
2 2
I = / (VLE5) (z,y) dr, g = / (e7'VyES) (z,y) dz.
z y=2

y=2

KNQe KnNQ.

By the trace result in Lemma 3.1 we obtain that

=1 e (m-l—@)CK@‘

DD > 2//[ (D30, E5)(e(= +m),y)*

=l m:e(m+Q)c K0<°‘

Do 1 ) ) ]dzdy

(0r, E7)(e(2 +m), y) dz

Y=z

IN
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D IE [/ [ (D20, B2)(w,y)* + (D2 E5) ()P ]dxdy

r=1 0§a~§1 KA. @

ar_l

<0y X e //[ (D0, E0) ) + (D5 E7) o) dedy
r=1 0<a <1
ar—l
2|oz\
<

r= 10<a <1

CH"Z > <l / / | D2 (710, B5)(Fx (2),y)|” didy
K Q

ar—l

€2|a\ 2 5
pomy Y i / / DR (Fic(2), )| didy
r= 10<a <1
ar_l

<oy Y / / |Dg( *ayrEI)(FK 0)[* + H2 | D2 Bs(Fic (@), ) didy.
r—= 10<a <1,\
ar_l

By the same arguments as in the proof of Proposition 3.10 we obtain that

. 2 2
I < 01H2mm<pv‘“><1>i<p,k>< / |DE eV, U (@) dady + / |DEFU )| dxdy)
KxQ KxQ
2min(u,s) &2 -1 €12 £1|2 R
b a8 ) (167 D,0 iy )+ 10 By )

Similar considerations for IIx lead to the following estimate

2
g = ¢y (eT'VyED)(e(z +m),y)| | dz
mGZ”:e(@er)CK@ =y
<o Y Y @ [ DRER e+ m) ) dady
mezne(@+m)CK 0SSl 5l 5
= C ) & / | D (71, E5) ()| dady
0=05=l (kra.)x0
< ¢ Y e / D2 (e 'V, B5) ()| dady
0<a;<1 KX@
2|
< cH" Y (%) / | DS (e 'V, ES) (Fi (2), )| didy
0<a;<1 KXQ
. 2
< et [ |(Dh9,09) o s
Kx@

2min(u,s) §2 -1 €1|2 ~
Summing up over all elements K of the ‘macro’ triangulation we obtain (3.9).
O

Remark 3.12 A careful inspection of the proofs of Propositions 3.10, 3.11 reveals that
—1
||U€||HH(Q;H§,;1(@)) and ||e va€||Hn(Q;ngr(@)) can be replaced by the weaker norms

HU&HHHQ;HS;T(@)) and He_lvaEH'Hl(Q;ngr(@)) where for a Banach space X we denote

HY O X) i={u:Q— X : Diuec L* X) Vast maxa; <1}
J
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Remark 3.13 Similar error estimates for the interpolation error as in Propositions 3.10, 3.11
can be obtained in the case n = 3 by using the appropriate regularity assumptions on U¢(z,y).
We restrict here ourselves to the two-dimensional setting.

Theorem 3.14 Assume for the solution u® of (1.7) the two-scale reqularity (2.1)-(2.2) in §Q..
Then, for H/e € N, the error in the two-scale FEM based on the space (3.3)-(3.4) can be
estimated as follows:

" = gl ) < CLBYH™ DD, (0, K)]| | 1k ) + Cols)R™ )y, (11, )| [l -

Proof. The proof is a direct consequence of Theorem 2.1 and Propositions 3.10, 3.11.
d

Remark 3.15 Suppose that the solution U¢(x,y) is patch-wise analytic on the ‘macro’ level
and analytic on the ‘micro’ scale. Then, there exist C' > 0, dx > 0 independent of € such that
for all k&

| DEUS (2, y) < C(dg)"k! |K|Y?

226 220y

HgflvyDl;UE(%y)”m(K;L?(@)) < C(dK)kk!‘Kfl/z-

In this case the estimates in Propositions 3.10, 3.11 lead to exponential convergence. Applying
Stirling’s formula after taking k — 1 = ap (0 < a < 1 will be selected below) we obtain that

(p—k+1)!>1/2

s (p, )| DSUS @, ) o r2@yy < CH(di)H! ((p T k1)

(1 - a)p)t-or)
< CpH(dg)*®(ap)®® <((1 n a)p)(1+a)p>

= CpH(F(a,dk))?,
where

—a 1—a\ 1/2
F(Oé,dK) = (OédK)a (%) .

Now, for d > 1, there exists amin(d) such that

. 1
oong F(d,a) = F(d, amin) <1,  min = \/ﬁ

Then, taking b = |log F(dk, tmin)|, it follows that
Dy (p, k)HDI;US(x,y)||L2(K;L2(@)) < CpHe %P < CHe %P (0 < by < bg.

Summing up now the contribution in the energy error from the terms of the form

HERCR B3 (5, 1) DSV (2, )12, . 0,

gives us
Z H2k‘+26—2pr ~ H2k€_2bp7 b = min bK
KeT; KeT
H

showing that the interpolation error in the energy from the ‘macro’ interpolant decays expo-
nentially in p, uniformly in €. Analogous analysis can be carried out with respect to the ‘micro’
scale interpolation error. This shows that the contribution to the error from the terms

2 -1 -1 2
I;THUa(x7y) _Ih,yUE(x7y)H n(K;L2(Q)) + HE vaE(xay) - Ih7y€ vaE(xay)H n(K; L2(Q))

is also exponentially decaying in p and has the form h?%e=2% with a > 0.
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Figure 2: Qualitative picture on two-scale convergence as H = h — 0 for fixed p = p > 1:
relative error versus # dof in double logarithmic scale. At the critical point N = O(e~2")
the error slopes switch from - to 2, the ‘jump’ 0 is independent of ¢ and is due to possibly
different constants in the a-priori estimates.

Remark 3.16 So far we have only discussed the preasymptotic case when H > & and we
obtained the robust (in €) error estimate ||efy ||z (q.) < C(HP + h*).

Let us choose p = . Then, for h = H we obtain |ey||g1(q.) < Ch? and N = dim (V) =
O(H "h™") = O(h™2"). Hence, in terms of number of degrees of freedom, the two-scale FE
error estimate is qualitatively of the form

el (o) < CN"2n for N < e,

since the total number of degrees of freedom at the critical value H 2 ¢, h 2 e is N = O(s~2").
At this transition point the fine scale is resolved and we switch from the two scale FE space to
full discretization with mesh size H = ¢h, h < e. This is achieved by breaking the periodicity
to get the full space with mesh width H = ¢h, h < &. The dimension of the FE space in this
asymptotic regime is N = O(H ") = O(e~"h™"). Using standard error estimates, i.e.,

vl ) < CHP ||| ge+iia,)

and the a-priori estimate (1.10) for u® we obtain

H p
lew ) < C (;) — ChP’ < Ce™PN~% <CON~% for N = &2,

We see that we obtain a robust convergence rate of O(N~2q), as compared to the (non-robust)
rate of O(N~7) of standard FEM. The robustness of the two-scale FEM was achieved by an
increase in dimension and the use of tensor product approximations in 2 x Q.

4 Implementation of the Two-Scale FEM

We address now the implementation of the 2-scale FEM. In order to obtain an efficient al-
gorithm it is essential that the element stiffness and mass matrices can be computed in a
complexity independent of ¢ and to an accuracy which will not compromise the asymptotic
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convergence rates in Theorem 3.14. Due to the rapid oscillations of the coefficients and of the
micro-shapefunctions, the elemental stiffness matrices on the macro mesh can not be evaluated
robustly by standard quadratures. The macro stiffness and mass matrices can be developed
from moments, i.e., integrals in the fast variable corresponding to discretization of the unit-cell
problem with monomial weighted coefficients, combined with certain lattice summation for-
mulas. To explain this is the object of Section 4.1. In Section 4.2 we then present numerical
experiments which confirm our error analysis.

Proposition 4.1 For any e > 0 and for any finite dimensional subspace .Mger(@) of Hrl)er(@),
with Mﬁer(@) = Span{®;(y)}", of dimension p independent of e, the two-scale FEM with re-
spect to the two-scale discretization SP(, Tir; MY per(6Q)) (MY per(eQ) = Span {®;(z/e) ")
can be implemented with a computational work independent of .

4.1 Macroelement Stiffness Matrix

We start from the discrete variational formulation: Find u € SP(2, Tir; MY per(Q)) such that

B (u, v) :/fvdx Vo € SP(Q, T ME(20)),
Q

where Mﬁer(@) = Span{®;} is any conforming FE discretization of Héer(@). For u,v €
SP(2, Tir; ME(2Q)) the bilinear form can be split in a sum of elemental bilinear forms Bs.

B(u,v) = Y Bi(u,v).

KeTy

For each macro element element K € Ty with ‘macroscopic’ polynomial space SP(K) =
Span{yyq} 1, the elemental bilinear form By can be written in terms of the reference ele-

ment matrix
Bi(u,v) = v Ky, w={un}, v={vn},

where u(z)| =), ium/yq(x)@i(x/s) and v(z)
K
the element stiffness matrix E[K I are given by

= ZJ,j UJJ‘VL[]Iq (x)®;(z/e). The entries of

K

/ /
(K] _ x (K] x (K] x
Kiyuy = /A<g> (Vz (z)®; <g)> <VJ (z)®; (g)) dx
ooy Ty K] x “1)
+ /ao (g) vi (2)®; (E) vy (x)®; <g> dz,
K
where a prime denotes %. Without loss of generality we assume now that K = (0, H), with

M := H/e € N. For simplicity, we consider only the first integral term in (4.1). Since
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K = UMK, with K, = e(m + Q) we obtain that

égi]) Jj) = /A <§) (VEK](CU)@ (g) >/ (VL[]K}(:U)@]- (g) >/dg;
K
M-—1

M-1
= T\ 5™ (T @ o
— quga; 1] (v+6)m:0K A(E) o < ><I>] (g)x dx
M-—1
= 3 S S La@e0)ef ) 6+ m)” di
7,0<1 «@ mzo@

with suitable constants ¢! ;{a = cwa( ) depending only on I, J,a, 7,6 and on the element K.

We see that for the Calculatlon of the two-scale element stiffness matrices the basic integrals

£ = ( [awel el G dy> 1 (12)

—H ..
~ LI)=1
Q

are needed. Let us remark that (4.2) when 7 = 0 and § = v = 1, corresponds to the global
stiffness matrix of the unit cell problem discretized with Mber = Span{®;|i = 1,...,u}.
When 7 > 0 we obtain a scale interaction stiffness matrix and a discretization of the unit
cell problem with monomial weight functions is generally needed. This procedure is suited for
parallel implementation, since the computation for various values of 7 can be done in parallel.
The entries AE 1i ]) i) of the element stiffness matrix are ultimately given by

Y St o S (&), () X

7,0<1 @ 7—<a

M—
Z ZZ( A{67—). Z_Os’yéar(m’Hae),

7,0<1 a 7<«

with ZM sl

Yoar (m, H,e) being directly computable. The idea is to compute sums of powers

of natural numbers appearing in ZM ! S,YMT(m, H,¢) in terms of Bernoulli numbers B;. These
can be easily tabulated and the sums can be computed with a computational work independent

of M. More precisely, one exploits the fact that for N € N, Z]kvz1 k4 is given by

N

Netl Neoq 1 1
I R 1) L L
k=1

q+1

the last term containing either N or N2,

Remark 4.2 It should be remarked that

1 & 1
Nquleq:O(q—}——l)’ asN—>oo,
k=1

so that (4.3) could also be used as asymptotic expansion for very small ¢ = H/M. The
amount of work for computing the element stiffness matrix in the two-scale FEM is therefore
independent of €. If n > 1, the same arguments apply if all indices are changed to suitable
multiindices.
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4.2 Numerical results

We illustrate our error estimates for the two-scale FEM for the one dimensional model problem

ulag = 0,

where f(x) = e” and

a(y) = 2 + cos(2my).

H-Version Two-Scale Method,e = 1e-2 H-Version Two-Scale Method,c = 1e-4

Energy error
Energy error

N

oo
o
ENEAN I

Figure 3: Energy error in the H-Version of the two-scale FEM

The shift Theorem 2.1 applies on €2 and the solution does not exhibit boundary layers, since
uf(z) = U%(x,x/¢e), with U%(x,y) smooth on  x @ and 1-periodic in y.

In Figure 3 we plot the energy error versus H = h and for different p = p € {1,2,3,4}.
Computations were performed for two different e-scales, 1072 and 10™%, respectively. We see
that the rate of convergence of ||u® — U%EH%{l(Q) is proportional to H?P as expected from the
error estimates in Theorem 3.14. Moreover, we observe robustness of the convergence rates
with respect to the parameter ¢.

The next set of numerical experiments shows that simultaneous refinement on both scales is
indeed necessary. To that end, calculations for ¢ = 1074, = 1 and fixed h, p were performed.
In Figure 4 we plot the error in energy versus H (for several fixed p). In agreement with our
a-priori estimates O(H?P + h?!) we observe a saturation effect.

Since the solution U¢(x,y) corresponding to (4.4) is analytic, according to Remark 3.15 we
expect exponential rates of convergence of the p-version of the two-scale method, i.e., keeping
H, h fixed and increasing p = p. The exponential convergence is observed in Figure 5. We also
note robustness as the error curves for € = 1072, 10~* are practically on top of each other.
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w=1,e=1e-4

Energy Error
5

p-Version Two-Scale Method, H = h = 0.5
T T T T

Energy error

p=u

Figure 5: Robust exponential convergence of the p-Version of the two-scale FEM: energy error
versus polynomial degree p = u at fixed H = h, analytic solution.

A Proof of Proposition 2.5

Proof. We write first U = Uz (z,y) + Us(z, ) + Us(z, y) + Uz (z,y) + K, with
Uiten) = ~fo|eA) (o + 7rey (507060 = /at)) - 3)
- e%(y) + 3(1/a0)ate - 1)
Us(z,y) = < Z frA- ke> )

Al
U?f(xay) — ( 12/0, k)>> e?ﬂikx ( )
Uj(x,y) = ngk‘[ Z pm 2”(’“¢+Py):|
keZ* pFE—ke
= fi(1/a())
K - _zf[; pmpMM} v 3 AL



A(-) and A(-) are defined in (2.19) and {A,},ez are the Fourier coefficients of A(-) € Héer((), 1).
We prove here (2.20)for » = 0 and (2.21) for » = 1 since the estimates with respect to higher

order norms can be obtained analogously.

The || - ||o, || - ||-1 norms of f are given in terms of Fourier coefficients by
2 o 2 o2 e |’
A= D 1l 1Al = 1ol + D |
keZ kez~

Let us estimate first U (x,y). The L?(£, L2(Q)) norm of U§ (z,y) has the explicit form

1

U5 (2,932, 2@y = D €Ml | D 14 mrg
( @) et e (2w (pM + k))?
Since
Aol + ) 14,7 < CHAH < C||1/allg
p#0
we have the following estimate
2 _ AP
Z|p|(M+k) = et L AP M+k)
p#£—ke pt#(l)cs
|42 1 1 1 )2
= 2 te 2 Z ‘ P‘Q ?
k pM pM +k
F

51 1
< Ce 2@ [Aol> + > |4, 1Pp? | < Ce 2@,
p#0

with C' > 0 independent of k and . With this observation the estimate for || U (x, y)||?

becomes

L2(9, L2(Q))

|fxl?
4 2 2 = 2 1
IUF (2, 11750, 123y < € Z <Clf=
k40
with dominant terms coming from Y, ;. €*|fanz1|?|A—i|>.  One can even prove that
U5 (, y)HLQ(Q 12(Gy) — 0 as € = 0 provided that | fll=1 < oo. Since the ideas of this proof are

relevant for our analysis we will give here the details. First observe that

2
. 2 2 ’fk" 1 2,2 L 1
1912 o)) = Z sz\ o +2_ T 2 el <pM‘pM+k
k;«éO k#0 g

1 12
~ g 1f&l? 2,2 .
< CPIfIZi+ O S5 X 1APP o - i

k#0 P?;(I;E
a3

We claim now that

2
S S (5 ar5E) < CONPE,

k#0 p#—ke
7 p#0

with C'(¢) — 0 as € — 0. We observe that

|fk| 2 2 1 ? |fk|2 2
M p k=M

k|>M p—ke
p#£0
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and C(e) — 0 as € — 0. It remains to show that e.g.

|f7‘|2 2, 2 1 1 ? 2
pOLLCE SN i irer) SC@IE

r=1 p#0

with C'(e) — 0 as € — 0. We write this in the following form

M-1
Z |f7’|2 Z | |2 2 1 1 2_|_ Z |A |2 |f7’|2
P pM  pM +r — -1 M?(M —r)?

p>1

p<_2
< C€2HfH2 +C Z |f7’|2

M?2(M —r)?

B AR £

< T I8
LW +C 3 Fatag e € > AP
r=[M/2]+
< C 2 2 C ‘fT’P
< e flZ + Z -
r=[M/2]+1

CENfIy,
with C(e) — 0 as ¢ — 0. Furthermore,

IV UE @ a0, 13, @ = 2 el D 1Al s +k) < CIIf 13-
kezZ* pA—ke

The same type of arguments used for the estimate of the L2(Q, L2(Q))-norm of Uj (z,y) imply
that

Hgilvaj(m’y)HLQ(va(@) + HvﬂcUE(may)Hp(QB( < ( )”f”o
with C'(¢) > 0 such that C(¢) - 0 as ¢ — 0.

We see that Ui (x,y) is polynomial in x and U (z,y) = U5(y) is constant with respect to z.
The bounds for Uj (z,y) are straightforward

105 20,23, @) < CMol < CUTI1s e VyUs s s, @y < ClMol < CIF -1,

US (,y) has the form —e (3,5 fanA—1) 1/(1/a(-))eA(y) and its L*(£2, L2(Q))-norm is bounded
by ¢l f||-1. Further,

1051200, 22,.@p < CEITla+ 1712, N7 9305l o 1a @y < ClLFI1

It remains to analyze the convergence of the first sum in K in (A.1) and to obtain sharp
estimates on K with respect to € and the regularity of f. We split K as

K=5+5,,
where
1
ERD P [ i S——
= ke 2ri(pM + k)
and

T

kZ*
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We recall the definition (2.19) of A(y). This implies that the Fourier coefficients A, p € Z,
are, in terms of the Fourier coefficients b, of 1/a(-), given by

1 b 150
Ay = ——— e Ap:—,—p Vp#0.
271 q 21w p
q#0

With this observation S; can be written in the following form

B by (1 1 1 Smi b
1= (2mi)? Z fk[ Z §q<%_qM+kz>}_(2m')2; Ml 1

k#0 q#0
gM+k#0
B 1 Tk by 1 a by
- gt X ) me g T
k40 470 10
gM+k#0
Now we use that for all k € Z*, the sequence s* = {(s*),},ez given by
1
— if —k
(#)p=1{ prk P7
0 if p=—k
is an element of 1% and (s¥,s" )2 = ¢0¥, ie., {s¥}; is an orthogonal system in [? and all s¥
have the same [?>-norm. Indeed, let k # k. Let us show that (s*,s* )2 = 0. Without loss of
generality we may assume that k& < k’. Then, it holds
/ 1 1
k ok
s*. s = _
( )12 q;kq+kq+k/
a#—k'
_ Ly ( 1 1 )
= — -
k k:#% qg+k q+FK
7 1 1
T W —kNoe gv (q—i—k a q+k/>
kg7 =k
N+k 1 N+K 1
= 1 —_— — p—
kK —k Noeyso Z q Z q
q=—N+k g=—N-+k'
q#0 q#0
SNHE | NHR
= oA 2 q 2 q
q=—N+k q=N+k

The last sums are done after a finite, fixed number of ¢ with ¢ — oo when N — oo. Therefore,
the limit is zero. With this observation we can write K as

1 fa b

K ::Sd SQ fk Q/Al JMeZ-l

+ 22 GZMZquk 2772')2#2051\41 I
g+k¢0

The first sum in the above representation can be interpreted as the {2 scalar product between
the sequences {fi/k}rez+ € 1? and {cy}r , where cp = (b, s%)p2, with b, = 0 if ¢ ¢ MZ and
by ="b q/M else. Therefore, this sum is bounded by cllbll2|l fll-1 < ¢l|f]|-1. The second sum can
be estimated by Ce||f||-1. Summing up all these estimates we see that |K| < C||f||-1.

It remains to check if the estimates in (2.20) are sharp. We will analyse this only for the case
r = 1. We assume therefore that ||f|jp < co and we show that for ¢ < 1 sufficiently small
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||U€||H1(Q 2@ 2 C||fl|=1 with C > 0 a constant independent of €. It is not difficult to see
»Mper
that for ¢ < 1 sufficiently small

€ ~ 2y _ fr 2mikz R
0%l .22, = €T/ 2w fole = 27) l;(%ik)?we + Kl .23..@)

in which we introduced the notation w = (1/a(-)). To this end, we used that ||Uf(x,y)
C(e)|lfllo with C(e) — 0 as € — 0. Now,

HY(Q,L2,:(Q))

2 fk 2mikx
H1/2Wf0(x_x )_2(27”-]{:)2("} +KHL2 QLQ (@))

k0
= ol 4?3 B i+ R -2t 3
1#0 k;éo
> Cw?|fol?
and
27rzkx
11/2wfo(1 — 22) Z lierz.@)
k;ﬁO
1o 2 w2 w2 fk
L oo 2 ‘fk‘ 2,2 1 1 L, |fxl?
> _ — _ =
> @ lfol" +w > (27k)2 207 fol (2m)2 ZkQ " 2 (21k)2
k#0 ) E>1 k0
1 1 | fi
= —(1 - )| fol* +w?(1-—
k0
for some arbitrary a > 0. Summing up,
2 fk 2mikx ~
/2 fo(w — 2%) - ,;o @it KHHI(QvLQer(Q))
> Cw?| fol® + i(1 — a)w’|fol? +w?( 1~ Z L
= 0 12 0 o (2mk)2’
k0
Choosing 1 < « such that C' + -5 (1 — a) > 0 we conclude that
o2ike 2
11/2w fo(x — a? Z 271'2]4: + KHHl(Q,L%er(@)) > C|fIIZ4-

k0

B Proof of Lemma 3.4

Proof. We start with the two-dimensional case (n = 2). Let us investigate first the mixed

derivatives of the interpolation error. Since d;; and 7T1()xi) commute for all ¢ # j it holds

By Oy (u — TLywe) = By Dy — 7 (Dyt)) + Dy, (w8, (u — (T2 0)).

30



For 0 <t <k — 1 we obtain that

1921002 = Tp)l[ 5, ) <
< 20, (Deate = 1™ D) 24 ) + 20192, (1™ By (w0 — >>|1L2(K
< 2|04, (Buyu - wf“(amunuﬂ(m 201, (02 = 7 Oy )12,
(p—t) / (0L By, 22))2 + (90 O (1, 22))?) dards.
= T (p+t) ’ e ’
K

Reasoning in a similar way for the lower order derivatives, for 0 < s,¢ < k we obtain that

p—s i
o 0= Ty < 2 B [0 utar ) P
1 ( f()
p—1)! " ,
" 2P(p+1) (p+1)! /(arl% u(zy, x2)) drydry
R
and 2 ( )'
_Tial2 < p—s .
Hu Hpu”L2(K) - p(p+1) {( +8)'/(8 )dxld.%'g

p + t / 118t+1 d$1dﬂ?2}

Taking now t = s — 1, s = k and summing up all the estimates we get the result.

For the case n = 3 we start again from the mixed derivatives of the interpolation error

Hamaxgaﬂﬁa (u - ﬁpu)”iQ(f() -

= |0, (O, Oz u — ﬂz()xl)amawau) + ({993171'(351)8352 (Owsu — 7T§;M)3x3u)

+ 00, 00,7 By (= 7 >\|L2(K

< 3|0z, (025 0p5u — W;()xl)amarsu)n + 3”8:1:1”(3:1)83:2 (Opyu — W(m a:vgu)Hp(K
+ 3H T1 p )amﬂ;()m)aara(u - ﬂ-(xg)u)” 2(K
< 3“8301(8 o U — ﬂ(xl Or 8 u)” —1-3”({9962(8351({“)96321 - ﬂz()x2)ax18$3u)HL2(K

+ 3”(913 (85131812” - 771(23[:3 81185132“)HL2([?)

Next, we investigate the lower order derivatives

Haﬂham (u - ﬁpu)HiQ(j}) =
- Haﬂffl (amu - ﬂ'(m)aa:gu) + 835171'(931)83[:2 (U — 7_[_})9:2)11)

+ (9 7T( )a 7T(x2)( J:B) )HLQ(K
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IN

3”(911 (a$2u - W})xl)amu)ui%j%)

30102, (0, u = 7D 0y w75 o) + 3102, Oyt — 0, Oyl )

<3 3P = /{ |05 0yu|” + |00y 05 | }daz
(p+s)

1 (P—t)!/ e
! 3p(p+1) (p+t)! J ‘({9 895283[:3 u| dx.

Similarly,
0y (= ) 2 ) = 100 (1= ) + B, ) (= D)
+ Oy i w2 (u — w9 ) |12,
r T 2
< 310, (u = 7 w7, +3H<9x1u—7f§a D0l 2,

+ 3”71-})”)(8331“ - W})xg) mlu)HiQ(f()

—)! 2 1
< 3&“; ag;lu‘ Ao 3o p /{ |00, 055 " + 2|00, 05 M }daz
K
1
+ (p+1 /\a 00| da
Finally,
[l — pUHLQ(K) = lu = a7 (u = w2 u) + 77D (u - w2,
2
3 o +1 p+ /{ Blﬂu +2 8l;2rlu‘ +4 3?;111‘ }dx
pp+1) (p
K

T — (i+ ; /{\ama;jl{ + 2[00, 05 [* + 2(0,, 051 }$

+12 Ep t) /\a 00, 0 da

Assume first that p > k > 2. We take thent = k—2, s = k—1 and [ = k in the above estimates
and we obtain (3A1) In case of linear interpolation, i.e. p = 1, under the assumption that w« is
in the space H!(K), we obtain (3.2) by taking ¢t = s = [ = 0 in the previous estimates. =
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