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1 Introduction

The efficient numerical computation of problems in fluid mechanics exhibiting boundary
layer or corner singularity phenomena requires properly designed meshes. It is well-known
(see, e.g., [8, 14] and the references therein) that exponential convergence for corner singu-
larities can be obtained by the use of increasing polynomial degree and of meshes which are
geometrically refined towards the corners. Recently, refinement strategies using irregular
meshes with hanging nodes became very attractive (see, e.g., [2, 3, 11]). On the other
hand, anisotropic meshes with cells of extremely high aspect ratio are very well suited for
the resolution of boundary layers (see, e.g., [15, 17]).

As it is well-known, stability of mixed hAp-FEM discretizations for viscous incompressible
fluid flow is guaranteed as long as a discrete inf-sup condition is satisfied by the velocity and
pressure spaces. For many pairs of velocity and pressure spaces this inf-sup condition has
been established (see [18, 5, 7] and the references there for h-version FEM and [4, 19, 20, 16]
and the references there for p-version/spectral FEM). Nevertheless, almost all the presently
available techniques for establishing divergence stability seem to require the regularity of
the meshes in some sense (see [3] for some results on anisotropic meshes). This precludes,
of course, anisotropic and irregular meshes as described above. Recently, some attention
has been turned to this issue and it has been proved by Becker and Rannacher [2, 3] that a
certain nonconforming low order element is indeed stable independent of the element aspect
ratio on axiparallel meshes. In [13] we proved stability for hp-elements independent of the
aspect ratio on anisotropic mesh patches.

In this paper the earlier work [13] is extended and we present a family of conforming hp ve-
locity and pressure spaces which is divergence stable on a quite general class of anisotropic,
possibly irregular meshes. We allow geometric mesh patches with hanging nodes as well as
anisotropic refinements. In order to resolve both, boundary layers and corner singularities,
we prove the divergence stability of Ap-FEM on tensor products of geometrically refined
meshes. First, the discrete inf-sup condition for low order elements with hanging nodes is
proved with an inf-sup constant depending only on the geometrical grading factor. To do
this, we introduce an interpolant of Clément type on geometric meshes with hanging nodes
which is of independent interest. Second, with the aid of a macro-element technique cor-
responding stability results for hp-FEM are obtained. Also, the dependence of the inf-sup
constant on the polynomial degree k is given explicitly, that is we show that the inf-sup
constant is bounded from below by Ck~7 if the mesh contains no triangles and by Ck~3
otherwise. Numerical estimates of inf-sup constants indicate the sharpness of our results
and the dependence on the geometrical grading factor o.

The outline of the paper is as follows: In Section 2 we formulate the Stokes problem and
define the meshes and spaces to be analyzed. In Section 3 our main result is given and
a numerical example is considered. In Section 4 we establish stability results on reference
meshes which implies by a macro-element technique our main result.

The usual notation is used in this paper: For a polygonal domain D C RR? or an interval
D = (a,b) we denote by H*(D) the Sobolev spaces of integer orders k > 0 equipped with
the usual norms ||-||, , and seminorms |-|, ,, H(D) = L*(D), Hy(D) = {u € H(D) :
trace(u) = 0 on 9D}, L3(D) = {p € L*(D) : (p,1), = 0} where (-,-), denotes the L*(D)
inner product. For s > 0 nonintegral, the Sobolev spaces H*(D) with norm |||, , are
defined as usually via the K-method of interpolation (see, e.g., [23] or [10]). The set of all



polynomials of total degree < k on D C RR? is denoted by P, (D), the set of all polynomials
of degree < k in each variable by Qi (D). If I is an interval we define Px(I) as the set of
polynomials on I of degree < k. In the following we denote by C' generic constants not
necessarily identical at different places but always independent of the meshwidths and the
polynomial degrees.

2 Problem Formulation

2.1 Stokes Problem

In a bounded, polygonal domain Q C IR? we consider the Stokes boundary value problem
for incompressible fluid flow: Find a velocity field @ and a pressure p such that

—VAi+Vp = [ inQ, (1)
Vi = 0 inQ, (2)
U =0 on OS2 (3)

Here, v > 0 is the kinematic viscosity which is related to the Reynolds number Re of the
flow by v = 1/Re. The right hand side f is a given body force per unit mass. The usual
mixed formulation of (1)-(3) is the following:
Find @ € H}(Q)? and p € LZ(Q) such that
v (Va, Vi), — (p, V -
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for all (7, q) € HY(Q)* x L(Q).
It is well-known (see, e.g., [7, 14]) that for f € L?(2)? there exists a unique weak solution
(u,p) of (4)-(5) due to the continuous inf-sup condition

inf sup V- Tplg >C(22) > 0. (6)

0#PELE(Q) 0£5€ HY ()2 \U‘m HpHO,Q

A conforming FE-discretization of (4)-(5) is obtained in the usual way: Given finite dimen-
sional subspaces Vy € HY(Q)? and My C L2(Q2), find (iiy, py) € Vi x My such that (4)-(5)
holds for any (7,q) € Vy x My. A family {Vy x My}y is v(N)-stable, if the following
discrete inf-sup condition holds

A\
inf  sup % >~(N) > 0. (7)
0£pEMN o seg 1011 1Pllo o
If v(N) in (7) does not depend on N, we say that the family {Viy x My}y is stable. If a

family is v(INV)-stable the discrete problem has a unique solution (#y, py) in Vi x My and
the rate of convergence of the FE approximations {(dn,pn)}y of (4,p) is determined by

that of the best approximations of (u, p) in {VN X M N}N’ i.e. we have the error estimates
5, 14]

@ —dnl g < Cy'(N) inf @ -3, o+ Cv™" inf [p—qloq. (8)
veVN qEM N
lp—pnllog < Cvy(N) inf @~ 0], o+ Cy " (N) f [p—aqllg (9)
’ veEVN ’ qeMy ’



with C'= C(Q) independent of N and v.

2.2 Finite Element Spaces

We define the velocity-pressure space pairs Vv x My to be analyzed below.

2.2.1 Preliminaries

A mesh T on a bounded polygonal domain Q C R? is a partition of Q into disjoint and
open quadrilateral and/or triangular elements { K} such that Q = Uger K. The mesh T is
called regular if for any two elements K, K’ € T the intersection K N K’ is either empty, a
single vertex or an entire side. Otherwise, the mesh 7 contains hanging nodes and is called
wrreqular. We denote by hx the diameter of the element K and by px the diameter of the
largest circle inscribed into K. The meshwidth h of T is given by h = maxge7 hg. The
fraction o := h—g is the aspect ratio of the cell K. A (regular or irregular) mesh 7 is called
r-uniform if there exists k > 0 such that

max o <K < 0. (10)
T is called an affine mesh if each K € T is affine equivalent to a reference element K which

is either the reference triangle T ={(z,y):0<x<1,0<y <z} or the reference square
Q= (0,1)? i.e. K = Fg(K) with Fi affine.

2.2.2 Reference meshes

Our hp-FEM will be based on certain two-level families of meshes: a macroscopic x-uniform
mesh denoted 7, which will be locally refined either towards corners or towards the bound-
ary. To this end we introduce now some meshes on the reference elements Qand T (which
are the reference elements for 7,,,). Most of these reference meshes are irregular or contain
anisotropic elements.

Definition 2.1 Letn € Ny and o € (0,1). On Q, the (irregular) geometric mesh A, , with
n + 1 layers and grading factor o s created recursively as follows: If n =0, Ay, = {Q}
Gien A, , forn >0, A, 11, 1s generated by subdividing that square K € A, , with 0 € K
into four smaller rectangles by dividing the sides of K in a o : (1 — o) ratio.

The (regular) geometric mesh A,w is obtained from A, , by removing the hanging nodes as
indicated in Figure 2.1.

In Figure 2.1 the geometric mesh is shown for n = 3 and ¢ = 0.5. Clearly, A, , is an
irregular affine mesh, it contains hanging nodes. The elements of the geometric mesh A,, ,
are numbered as in Figure 2.1, i.e.

Am,:{QH}U{QU1§2§3,2§j§n—|—1} (11)
The elements €245, (03; and €23, constitute the layer j.

Definition 2.2 Let T, be an arbitrary mesh on I = (0,1), given by a partition of I into
subintervals {K,}. On @, the boundary layer mesh Az, is the product mesh

Ar ={K:K=K,xI,K,€T,}.



Figure 2.2 shows a typical boundary layer mesh. We emphasize that any 7, is allowed. In
particular, rectangles of arbitrary high aspect ratio can be used such that boundary layer
meshes are not k-uniform.

Definition 2.3 Letn € Ny and 0 € (0,1). On I = (0,1), let T, be the one dimensional
geometric mesh refined towards 0 given by a partition of I into subintervals {1 ]}?;1 where
I; = (xj_1,2;) with v =0 and x; = "7, j=1,...,n+ 1.

2

n,o

On Q, the geometric tensor product mesh A7 s then given by T, , ® T, i.e€.

Ai’o_ = {[] X [k . [_7 € 7;L,0’7Ik € 77’170}'

The tensor product mesh Afw contains anisotropic rectangles with arbitrary large aspect
ratio (see Figure 2.2). For the proof of the inf-sup conditions ahead, it is important that
Aip can be understood as the geometric mesh A,, , into which appropriately scaled versions
of boundary layer meshes At are inserted to remove the hanging nodes. A geometric tensor
product mesh is shown in Figure 2.2 with n = 5 and ¢ = 0.5. The underlying geometric
mesh A, , is indicated by bold lines.

Remark 2.4 The geometric meshes A, ,, A,w and the tensor product mesh Afm can also

be defined on the reference triangle 7. This is shown in Figure 2.3. On the reference square
() we can even admit mixtures of geometric tensor product meshes and geometric meshes
as illustrated in Figure 2.4. Of course, other combinations are imaginable.

2.2.3 Geometric boundary layer meshes

Definition 2.5 Consider a (coarse) k-uniform affine mesh T, on a bounded polygonal
domain Q C R%  An affine mesh T on Q is called geometric boundary layer mesh with
macro-element mesh 7, if T is obtained from T,, in the following way: Some elements
K € T, are further partitioned into F K(T) where T is any of the possibly irregular affine
reference meshes on K as introduced in the previous subsection (Definitions 2.1, 2.2, 2.3
and Remark 2.4) and Fy is the affine mapping between K and K.

The elements of 7, are called macro-elements. If no macro-element in 7, is further refined
the notion “geometric boundary layer mesh” reduces to the already introduced notion of
“k-uniform affine meshes” (such meshes can of course also contain geometric refinements
but they are not allowed to have anisotropic elements). Also the notion of “macro-elements”
becomes in that case unnecessary. “Geometric boundary layer meshes” are a very general
class of possibly highly irregular and anisotropic meshes. We will show below that they are
well suited for the effective resolution of boundary layer and corner singularity phenomena,
i.e. the hp-FEM based on such meshes can resolve boundary layers and corner singularities
at an exponential rate. Typically, mesh-patches from 7, near the boundary of the domain
are partitioned anisotropically using A7 -meshes to approximate boundary layers. Patches
near corners are geometrically refined towards the corners with the meshes A, , or A2 .
This takes into account boundary layers as well as the singular behaviour of the solution
near a corner. In the interior of the domain a simple xk-uniform mesh can be used. Some
examples of geometric boundary layer meshes are shown in Figures 2.5 and 2.6.



Remark 2.6 Of course, other reference meshes are imaginable for the further local refine-
ment in the macro-elements. As long as these reference meshes are divergence stable (cf.
the macro-element technique in Proposition 4.11) they can be added to the “family of local
refinement strategies”. Further, we remark that no restriction on the regularity of the mesh
between two adjacent macro-elements is imposed (even if one demands the macro-element
mesh to be regular). For example, a mesh as in Figure 2.7 is admissible.

2.2.4 hp-FEM spaces

We introduce the hp-FEM spaces to be investigated later on. Therefore, let 7 be an affine
mesh on 2. With each element K € T we associate a polynomial degree kx. All degrees
are combined into a degree vector

k={kx:KeT} (12)

and we put |k| = max {kx : K € T}.
We define the velocity and pressure spaces
Qi (Q) if K is a quadrilateral

E1(Q = HY(Q) : F A K
SEHQ,T) {u € H'(Q) s ulk o Fi € { Pu. (T) if K is a triangle e T}
(13)

and

)) if K is a quadrilateral
SEOQ,T) :={p e LX) : plx o F Qric(@) 1 h K
(27) {pe (D) plico KE{PkK(T) if K is a triangle vKeT
(14)

Implementationally, some care is required to ensure interelement continuity in (13) if kg is
variable. In some elements the external (or side) modes in the polynomial spaces must be
reduced whereas the internal (or bubble) modes are of full degree kx. This can be achieved
by introducing edge-degrees as in [14].

We set further

Sy (U T) = SEQT)NH(Q),  S7(2T) = S5, T) N Li(9).

If the polynomial degree is constant throughout the mesh T (i.e. kx = k VK € T), we use
the shorthand notations S*1(2, 7)) and S¥°(Q, T).

3 Main result

3.1 Stability

In this section our main result on the divergence stability of S&1(Q, 7)? x SE=20(Q2, T) on
a geometric boundary layer mesh 7 with underlying macro-element mesh 7, is stated. Let
K € 7, be a macro-element and T the restriction of 7 to K. We allow general polynomial
degree distributions k as in (12) on 7 which satisfy

(i) If Tk = Fx(Ar,) then k is constant on Tk.

bt



(ii) If Tx = Fx(A) where the reference mesh A on K contains anisotropic elements
and has an underlying geometric mesh A, , (e.g. A = A2 ) then k is constant on
Fr(An,).

Theorem 3.1 Let T be a geometric boundary layer mesh on a bounded polygonal domain
Q C R? such that the underlying macro-element mesh T, is reqular and k-uniform for
k > 0. Assume that all the geometric refinements in T are obtained with a fixed grading
factor o € (0,1). Let k be a polynomial degree distribution on T which satisfies (i) and (ii)
above and let |k| = max {kx : K € T}. Then there ezists a constant C > 0 (depending only
on k, o and ) such that the spaces

Vy = SEHQ, 72, My =SE20Q,7) (15)

satisfy the inf-sup condition (7) with v(N) > C |k|™ where o = 1 if T does not contain
triangles and o = 3 otherwise.

We will prove this theorem in Section 4 using a macro-element technique (cf. Proposition
4.11 ahead). The main difficulty is to establish local stability results on the reference
meshes.

Remark 3.2 Although a geometric boundary layer mesh 7 may contain anisotropic mesh-
patches, the inf-sup constant in Theorem 3.1 is independent of the element aspect-ratio in
such a patch.

Remark 3.3 We could also allow for different geometric grading factors ¢ in the geomet-
rically refined patches. As long as ¢ is bounded away from 1 and 0 Theorem 3.1 still holds.
This is for example satisfied if only finitely many macro-elements are refined geometrically.
More general families of reference meshes are of course admissible for the local refinement
of the macro-elements, provided they are patchwise divergence stable as will be explained
in Section 4.

Remark 3.4 In particular, Theorem 3.1 states divergence stability on x-uniform regular
meshes consisting of affine triangles and quadrilaterals, which is already well-known (cf.
[16] for the hp-version).

Remark 3.5 The inf-sup constant in Theorem 3.1 depends on the geometric grading factor
o. The following numerical example indicates that one can not expect to remove this
dependence. We calculated inf-sup constants for [Q2]2 x Qo elements (that is piecewise
quadratic velocities and piecewise constant pressure) on the basic geometric mesh A,
which consists (with the numbering in (11)) of the four quadrilaterals

Q1 = (0,0) x(0,0), Qoo = (0,1) x (0,0),
Qi = (0,1) x (0,1), Q39 = (0,0) x (0,1).

In Figure 3.8 the inf-sup constants are plotted for o € (0,1). The inf-sup constants C(o)
deteriorate as o approaches o = 0 or 0 = 1. The graph indicates clearly that one can not
bound the inf-sup constant uniformly in o € (0, 1) although the boundary layer meshes Az,
are stable independently of the aspect ratio [13]. In that sense we expect our results to be

sharp. Figure 3.8 suggests in fact that C'(0) > Ky/o(1 — ) with K ~ 1.4 independent of
o€ (0,1).



3.2 Consistency

With the geometric tensor product meshes near corners one wants to approximate boundary
layers and corner singularities at an exponential rate. They arise for example in solutions
of the full, incompressible Navier-Stokes equations near walls with no-slip boundary con-
ditions. The precise asymptotic structure of such solution components is not available in
general (see [21, 22] where boundary layers appearing at large Reynolds number in Oseen
type equations in a two dimensional channel are studied). Therefore, we consider here
only a very simple model situation and emphasize that the subsequent arguments are in-
tended only as an illustration that solution components which typically arise in viscous,
incompressible flow mandate the meshes considered here and can be approximated at an
exponential rate. Our stability analysis does not deal, however, with advective effects which
arise for example in the Oseen approximation of the Navier-Stokes equations. Here an ad-
ditional stabilization of the scheme may be necessary at small v. We consider only the
approximation of one component of the velocity field, similar statements hold also for the
pressure [12].

Let Afw be the tensor product mesh on the unit square Q geometrically refined towards

the origin (cf. Definition 2.3 and Figure 2.2). We assume that the solution v € H 1(@)
consists of two exponential boundary layers and one corner singularity component, i.e. w is
of the form

U(ZL‘, y) = UC(ZL‘, y) + up, (l‘, y) + Up, (l‘, y) (16)
= uc(x,y) + Ci(y) exp(—x/d) + Ca(x) exp(—y/d).

Here, C and C5 are analytic functions on [0, 1] and d = /v = 1/V Re € (0,1] is a small
parameter related to the Reynolds number Re that can approach zero. u.(z,y) is a corner
singularity function independent of d which we assume to belong to the countably normed
space

u. € BL(Q). (17)

We refer to [1, 9] for the exact definition of these spaces. In polar coordinates (r, ) near
the origin the function wu, is typically of the form u. = r*®(p) for some o € (0,1) and
some analytical function ®(p). In such a case, (17) is satisfied. If the number n of layers is
related linearly to the polynomial degree k, i.e. k = [Cn] for some C' > 0, we have on the
underlying geometric mesh A, , with hanging nodes the following approximation property
(see [8, 14]):

inf [ue — vl 5 < K exp(—bk) (18)

veSkL(Q,An,5) ’

where K and b are independent of k and d. Since A2, is finer than A, ,, (18) holds also
for S¥1(Q, A? ).

In [13] we investigated with the aid of [15] the approximation properties for an exponential
boundary layer function u; of the above form on a boundary layer mesh Ay, = where 7, ,
is the one dimensional geometric mesh as in Definition 2.3. If the grading factor ¢ and the
number n of layers is such that ¢” < Cd for some C' > 0 then

inf w, — |y g+ dup— |, o) < Kexp(—bk 19
vGSk’I(Q7ATn,U)(|’ ’ o [y ‘LQ) p(—bk) (19)



for K and b independent of k and d. Since the mesh Ar, | is also contained in A?

noo (19)
remains valid for Sk’l(Q, Afw). From an approximation point of view, the mimimal mesh
that resolves boundary layers robustly as in (19) is the two-element mesh of [15] where the
smaller element near the boundary has width O(kd). From (18) and (19) we conclude with
the triangle inequality that the spaces Sk’l(Q, Afw) can approximate functions u of the

form (16) at an exponential rate.

Proposition 3.6 Let u be of the specific form (16). Let the polynomial degree k be related
linearly to the number n of layers and let n be such that o™ < Cd for some C' > 0. Then

inf u—20l,s+dlu—2o|, ) < Kex —bN% 20
esr (= vllog+ dhu—tl,g) < Kexp(=bN%) (20)

where K,b > 0 are independent of N = dim(S*(Q, A2 )) and d.

Remark 3.7 We point out that the a-priori estimates (8), (9) are not uniform in v >
0. Nevertheless, the dependence on v is algebraic, so that the convergence estimate (20)
indicates that the v-dependence in (8) and (9) can be compensated at a modest number of
degrees of freedom in the hp-FEM, at least for laminar flows.

4 Proof of the stability result

This section is devoted to the proof of Theorem 3.1. The proof will proceed in analogy to
the definition of geometric boundary layer meshes. First we present local stability results,
then we give in Section 4.2 a general stability result for some low order elements on the
irregular reference mesh A, , which is of independent interest. These results are finally
“oglued” together with the aid of a macro-element technique presented in Section 4.3 in
order to obtain the proof of Theorem 3.1.

4.1 Local stability results

For the stability proof, we recapitulate some results on the stability of spectral elements on
the reference square and triangle.

Theorem 4.1 Let K = Q and k > 2. Then there exists a constant C' > 0 independent of
k such that
(V-4,p)

inf sup Q5 g (21)
0#peM N O;AUGVN |'U|1Q ||p||OQ

where V]y = Q1(Q)? N HHQ)?, My = Q_2(Q) N LA(Q).
If K =T and k > 2 then there holds

\Y%
i sup (V- 0p)s > k3 (22)
0#£peEM N 0£5eTy |U|1T ||p||OT

with C independent of k, Viy = Pi(T)2 N HY(T)? and My = Pr_o(T) 0 LA(T).
(21) is proved in [19] and (22) in [16].



Remark 4.2 While (21) is known to be optimal, (22) is likely suboptimal.

Remark 4.3 As in [16], Theorem 4.1 and the macro-element technique ahead (cf. Propo-
sition 4.11) imply immediately Theorem 3.1 on s-uniform regular meshes of affine elements.

Divergence stability on boundary layer patches (as shown in Figure 2.2) is established in

[13]:

Theorem 4.4 Let T = Ay, be a boundary layer mesh as in Definition 2.2. Then there
exists a constant C' > 0 independent of T, and k > 2 such that the spaces

V=51 QA7) My =S¢, A)
satisfy the inf-sup condition (7) with v(N) > Ck™z.

This is proved in [13].

4.2 Stability of some low order elements on geometric meshes
with hanging nodes

In this subsection we establish divergence stability of low order elements on the irregular
geometric meshes A,, .

4.2.1 A Clément type interpolant on A, ,

We first present a result which is of independent interest, namely a Clément type interpolant
I:HNQ) — S5 (Q,A,,) on geometric meshes with hanging nodes. We remark that such
irregular meshes are frequently generated by adaptive FE codes and our interpolant I allows
to derive residual a-posteriori error estimates along the lines of [24]. This will be elaborated
elsewhere. The degrees of freedom of the FE-space Sé’l(Q, A, ) are given by the nodes
{N;}¥ shown in Figure 4.9. Let {¢;}1, be the usual Lagrange basis functions for these
nodes, i.e. ¢; € Sy (Q, Ano), l¢s] <1 and @;(N;) = &;;. The support of ¢; consists of the
layers ¢ and i 4+ 1 (cf. Figure 4.9). We define an interpolant Iu by

M
I: H&(Q) - S(%’l(Qa An,a)a Tu = Z%%
i=1

where
f supp(i) udz

o = .
area(supp(y;))
The next proposition states that [ is essentially an interpolant of Clément type. Let

E(A,,)={e:eedgeof K, K € A, ,}

be the set of all edges of elements in A,, ,. The length of the edge e is denoted by h..



Proposition 4.5 There exists a constant C' > 0 just depending on the grading factor o
such that

1 2 2 — 2 2
Z h_QHU_IUHQK+ Z |U_IU|17K+ Z hel||u—IUI|o,e SC|“|1,Q-
KeAn,o K KeAn,o eeg(An,a)

In particular, HIUH?Q <C M?Q

Define
Q; = supp(¢;), d; = diam(supp(;))-

(); is affine equivalent to a reference support Q) which is either an L-shaped patch as in
Figure 4.9 or a square. As usual, the following scaling property holds

n k—1

‘f’kﬂ ~ d; |f|kﬂ, ) k=01 (23)
Here, we use f +— f for the pullback operators which are defined on functions via composi-
tion with the affine mappings Q@ — Q,. Now, write u; = u|g, and fix an element K € A,, ,.
Let
Clearly, the cardinality of Jx is bounded by a constant C' independently of K. Further,
there exist constants € and C just depending on ¢ such that

d;

<
Cg_hK

<0, VieJg. (24)

Now, since |p;| <1 and |Jg| < C

2

1 1
2 HU—[UHS,K - 2 u— Z uip; + Z Uip; — Z Qi p;
K K i€k 1€J K €K 0,K
C 2 2
< oz 2 (lwillfe, + llui — aillge,)
K jeJk
Scaling and applying (24) yields
1 2 di o i
hZ Ju— [UHO,K < C Z (h_z HWHO,Q + 12 1a; — Oéz'Ho,Q
K 1€JK K K
—~ 112 ~ ~ 112
< O il g+l — aillgg

i€Jk

where N
. Jo uidx

Q; = I de (= ;).
With the aid of the first and second Poincaré inequality we get

1 2 ~ 12
7 lu — Tullg o <C Y- |ulig -
K

1€Jk

10



The right hand side is scaled back to €2; which gives the desired result:

1 2 2
o= Tl <€ Y il (25)
K i€Jk
Further,
2
u—Tul: o = Ju— > wpi+ S wpei— Y
1€JK i€JK i€JK 1,K
2 2 2
< C {|U|1,K + Z |Uz‘80i|1,ﬂi + Z luips — ai80i|1,ﬂi} :
1€JK i€
We have
luigilt o, < Cla@il} g
a2 e 12
< Cl(Vu)@illgg + ClludVei)loa
< Cllalig < Clilig < Clulfg,
and
uipi — cipils o, < C (V@) (@ — @i)llg o + C (Vi — Vai)Gillg
< Clla;—aillgg + C IV g
< Cliilig < Cluili g,

where we used again scaling and the inequalities of Poincaré. Together we get
2 2
lu — IU\LK <C Z |ul‘1Q ) (26)
1€k

Let now e be an edge of the element K and é the corresponding egde in the reference
element K. We use now the notation f— f for the pullback operator induced by the affine
equivalence of K and K. We get with the trace theorem

1
h—||u—]u||3e < C’Hu— <C’Hu—]uH
< h—g Ju — [qu,K +C'lu— [U‘?,K :
K
Refering to (25) and (26) gives
. Hu —Tullg, C 3 luilig,- (27)

€K
Combining (25), (26) and (27) is the assertion (since |Jx| < C).

Remark 4.6 An analogous interpolant can be constructed for the geometric mesh A,, , on
the triangle T'.

11



4.2.2 The space L!(K)

In this subsection we introduce a low order velocity space which is also used e.g. in [7].
To define this space, consider a parallelogram K with vertices ay, as, a3, ay = ag. We
denote by f; the edge [a;_1, ;] and by 7; its unit outward normal as shown in Figure 4.10.
K is affine equivalent to the reference unit square Q in the (:L‘l, T9) reference space. The
vertices, edges and normals of Q are denoted by fl, a; and 1;, respectively. We introduce
the reference variables

B, Gy,  Bai=1—4y,  Bgi=1—2
and set
Q1 i= To3y, Q2 = L1234, 3 = T1Z20y, Qa4 = T1T2T3.
For example, the polynomial ¢; vanishes on the sides fQ, fg and f4. Finally, we let
pp:ﬁ&@oﬂf) i=1,...,4.
The velocity space L!(K) is then defined as
LYK) := Qi(K)? ® span (p1, o, P3, D) -
L'(K) is of dimension 12 and Q;(K)? C L}(K) C Qs(K)? with strict inclusion.

Lemma 4.7 A polynomial p € L'(K) is uniquely determined by the 12 quantities:

plai) :
L/ﬁﬁd i=1,... 4

Furthermore the restriction of p’ to any side f; of K depends only upon the degrees of freedom
defined on that side.
This is proved in [7, Section I1.3.1].

Remark 4.8 If K is a triangle we may define a space K!'(K) with P;(K)?> C KY{(K) C
Pyo(K)? in complete analogy to the definition of £!(K). For details, see 7, Section I1.2.1].

For an affine mesh 7 on ) consisting of quadrilaterals the space £11(€, T) is
LU T) = {i e H(Q)? il € LY(K) VK € T} (28)

and

LoNQ,T) =LY, T) N HE Q)

12



4.2.3 Divergence stability of £y' x S;° on AV

We are now able to show the inf-sup condition for £§' x SJ° elements on the irregular
geometric mesh A, ,. To do so, we apply the technique of overlapping macro-patches of

18].

Theorem 4.9 The spaces Ly (Q, An.») and Sg°(Q, A, ) are divergence stable, that is the
inf-sup condition (7) holds with a constant just depending on the grading factor o.

We introduce the patches {M; } _, using the numbering in (11):
My = Q11 UQa U Qpp U Qs
M; = U{Qy:1<i<3 j<k<j+1} 2<j<n.

M, is built of the four elements near the origin whereas M; for j > 2 consists of the elements
in the layers j and 7 + 1. As in (14) and (28) we let

SUO(M;) = {pe L*(M)): plx € Q(K), K C M},
Lyt (M) = {ve Hy(M;)*: o]k € LK), K C M;}
and
Ny, = {p € S"°(M;) : (V- 5,p),, =0 Vi€ Ly (M)},

The degrees of freedom of Ly (M;) are shown on Figure 4.11. The circles indicate the
values of U+ 77 and the crosses the nodal values (cf. Lemma 4.7). Now, it holds

Ny, = {p = const on M}, (29)

since by our choice of the velocity spaces a pressure in Ny, is not allowed to have jumps
over the interelement edges. We can split S®°(M;) orthogonally in L?(M;) into

SYO(M;) = Ny, & Wy, (30)

Let
E(M;) = {e: e edge of an element K C M;, e ¢ OM;}

denote the set of all interelement edges in the patch M;. Extra care must be taken due to
the presence of hanging nodes. Therefore, we define

E(M;) = {e € £(M;) : e has no hanging node in the mid-point} .

Globally, £(A,, ) and & (A,,,) are defined completely analogous. Recall that the length of
an edge e is h.. We denote by [f]. the jump of a piecewise continuous function f across
the edge e of an element K:

[fle(x) = lim f(x 4+ tr,) — lim f(z — t7,) T € e,

t—0+ t—0t+

where 7. is the unit outward normal to the element K. On each patch M; we introduce a
mesh-dependent seminorm

Pl = 3 WVl 3 b J1leP ds

KCM; ec&(M

13



For p € S%(M;) only the jump terms contribute to this seminorm. Globally, we define

analogously
pio= 3 BVt > ke [kl ds.

KeAn o GEEO(An o
Hence, a scaling argument gives the local stability condition
(V-7,p)y
sup ——— 2 > 450 Vp € W, \{0} (31)

0A£TELY " (M;) |U|1M |P|M

where 7 is independent of j (and thus of the meshwidth k) but depends on the grading
factor o.
Now, let 0 # p € Sg°(Q,An,). We write p; = pla;- According to (29) and (30) we
decompose p; into

pj =614
where ¢; € Ny, is constant on M; and g; € Wyy,. (31) implies that for each ¢; there exists
a velocity ¥; € Ly (M;) (choose @; = 0 if ¢; = 0) such that

— 2 >
(Vb @) pg, 2 Va5l s 1050, < 14510,
and therefore also

(V- U]7pj) > ’7‘pJ|M ) WJ“LMJ- < ‘pj|Mj'

~

We set now ¥ := Zjﬂil U; and have 7 € Eé’l(Q, A, ). Then

(V vp VZ|pJ|M ZC|p|hQ (32)
7j=1
and
M 2 2
|1Q Z UJ|1,Mj < C|p|h,Q- (33)
(32) and (33) imply
(V-7 p) ‘p|h,Q

(34)

sup

] - > Ciplng = Cilpllog
0£5€Ly ™ (Q,An o) |0 |1Q

Ipllo.¢

Following still [18], we show that in (34) the semi-norm can be replaced by the full L*-norm.
By the continuous inf-sup condition (6) there is a velocity v € H}(Q)? such that

(V-8.0)o2Clplog: 10l < lpllog-

Let @, = I7 = (Ivy, Ivs) € Sy (Q, A, »)? where I is the Clément type interpolant of
Proposition 4.5. We integrate by parts, apply Cauchy-Schwarz and Proposition 4.5 to get

14



= Y [E-a) Y+ X [ (-0 @) plds+ C bl

K€Anq e€€o(An,o) "€
2
—2 )= =2 1= 2 2
> - { Z hK2 1T — UHo,K + Z he ! [T — U||o7e} |p|h,Q +C ||p||o,Q
KeAn,s ec&(An,o)
. 2

> —Cy |U|1,Q |p|h,Q + Cs ||p||o7Q
>

|p|h )
Ipll3 (03 — Cyrt )
HPHO,Q

Further, ||, 5 < C'|pl|y o, such that we established

(V-U,p)s plh.o
sup ﬁQ > |Ipllog | Ca — Cs 7l Q (35)
0£5eLiM (@00 1VIL0 Pllo.g

We write ¢ for the ratio [p[, 4 / [[pllg o and combine (34) and (35) into

> |Ipllg,omin (1)

su
D t>0

0£5eLy ™ (Q,An o) ‘U|1,Q

with f(t) = max(Cy — Cst, C1t). Since ming>q f(t) = C?fé‘y the assertion follows.

Remark 4.10 A similar construction yields stability of low order elements for the geomet-
ric mesh A, , on the triangle 7". This holds for example for Sot x S9° elements or one
could use the velocity space K!'(K) mentioned in Remark 4.8.

4.3 A macro-element technique

A useful tool in order to prove divergence stability is the macro-element technique intro-
duced for example in [19]. Tt is stated in a very general form in the next proposition whose
proof is given for the sake of completeness.

Proposition 4.11 Let F be a family of irreqular or reqular affine meshes on the reference
element K. On a bounded polygon Q C R? let T be an affine mesh which is obtained from a
(coarser) affine k-uniform macro-element mesh T, in the following way: Some elements of
T are further partitioned into FK(7A') where T € F and Fx is the affine mapping between
K and K. Let k be a polynomial degree distribution on T and |k| = max {kx : K € T}.
Assume that there exists a space Xy C S8 (Q,T)2 C H}(Q)? such that

inf sup V- 0p)g. > (36)

02peSY0(Tm) o5e Xy 10110 IPllog —

with a constant Cy > 0 independent of k. Assume that on the reference element K the local
stability condition

V-7,
il osup A UPa
0£peSy M (K) 0vesh (K )2 |U|1,Q ||P||o,gz

> Cok™ Vk > 2 (37)
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s valid with Cy > 0 and a > 0 independent of k. Assume further that the family F is
uniformly stable in the sense that there holds

inf sup (V-0 > Cy |k (38)

O#peSﬁ > 0(K,’fd) 0#1}65— (K 72 | _’|1 K ||p||0 K
for all T € F and all polynomial degree vectors k on T that appear in the correspondingly
refined macro-elements.

Then there exists a constant C' > 0 only depending on Cy, Cs and k such that the spaces

Vy = S5HQ, 72, My =SE2%Q,7) (39)

satisfy the inf-sup condition (7) with v(N) > C'|k|™“

Let p € Sé“ > O(Q, T). We decompose p into p = p* + p,, where p,, is the L?(2)-projection

of p onto SO (Q, Tm), the space of piecewise constant pressures with vanishing mean value
on the macro-element mesh 7,,. Because of (36) there exists 7, € Xy C Sg’l(Q, T)? such
that

(V- Ty ) 2 Cu Iwllogs 1Tmlig < Ipmllog- (40)

Next, consider p* € S5 >°(Q,T). Therefore, fix a macro-element K € 7,, and set pi :=
p*| k. By construction, p} € SE2, (K, T) where Ty is the restriction of 7 to the macro-
element K. We transform pj- back to the reference element K via the affine transformation
Fy, that is we put

p}‘% = p) o Fk.
We have Ti = Fi(T) for some T € F if K is further refined or T = Fy(T) with 7 = K
if K is not locally refined. By (37) or (38) there exists 7%, € SEY(K,T)? such that

2

(V- 05) o = Colkl ™ |p (41)

‘1K_

We can not use the usual pushforward operator to define U, on K but rather the Piola-

transform
UK—PK< ) |JK|7 JKU OF 1

Here, Ji is the Jacobian of Fi and |Jg| = det(Jk). Jx is constant and thus o} €
SEL(K, T )2. Moreover, there holds (cf. [5])

(V- 05.pk) o = (V- s Pl ) - (42)

(42), (41) and scaling give

(V- Ui, pi ) = Ca k[ "

Cz &~ 127 o, - (43)

By similar scaling properties for the Piola-transform (cf. [5]) we get

*

hK\ %] < O

Tl < O[], . <

hi | .
o < O Iniclo (44)
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where we applied once again (41). (43) and (44) imply the existence of a Sg (K, T )
velocity field on K also denoted by v}, such that

C _ . «
(V- U, P ) i C2|k| ||pK||0K7 |UK|1,K < HpKHOJ(' (45)

We define now * = Y gy, 7 which belongs to Sg™'(Q, T)2 € HL()2. (45) holds inde-
pendently of K and hence the same estimate is valid for v*,

% % C —a * ]2 e *
(V0" p%)g = ?CQ k[ lp ||0,Q7 |0 |1,K <|p HO,Q' (46)
——
=:C3y
Select now v = v* + 9, where 6 > 0 is still at our disposal. Then

Since p,, is piecewise constant on 7, and v* vanishes on 0K for all K € 7T, the third term
(V- U, pm)q is zero. With (40) and (46) one has for € > 0

— —Q *12 2 = *
(V-0p)g = Cslk[ " [[p"llgq + 0C1 Pmllog — 0Cs [Omly o D700
—Q * 12 2 *
> Cs|k[ " Ip*llo0 + 0C1 Pmllo0 — 6C4 Ipmlloq 12" oo

— * 50
> Oy k™ Ip*[l5 0 + 6C Ipmlloq — —— — lIp” lo.0 = 3C4 [pmllo g
—o 00y
= (Cult ™ = 22 15 40 (€1 = Ci ol
Choosing ¢ = —1 and § = M yields
V — >C3 kjfa * (12 ijfa 2 >C kjfa 2 47
(V- tp)g = B 17 Mlo0 + Cs &I lIpmlloq = Co k[ Ipllog - (47)
From (46) and (40) follows also
0l0 < 1010+ 0 0nlg < 1P loq + CLE Ipmlloq < Crlipllog (48)

with C7 independent of k. (47) and (48) imply (39) which finishes the proof of Proposition
4.11.

4.4 Proof of the main result

Applying the macro-element technique in Proposition 4.11 gives immediately the following
corollaries used in the proof of Theorem 3.1.

Corollary 4.12 Let A, , be the geometric mesh on Q (cf. Definition 2.1). Let k be a
polynomial degree vector as in (12) and let |k| = max{kx : K € A, ,}. Then there exists
a constant C' > 0 independent of n and k but depending on o such that the pairs

VN = S§71<Q7 An,0>27 MN = 55727()(@7 An,a)

fulfill the inf-sup condition (7) with v(N) > C |k:|_%.
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We apply Proposition 4.11 with
F = @7 Tm = An,a

and k = k(o) is the uniformity constant of the mesh A, , (which depends only on o).
Setting Xy = £L5(Q, A,,), condition (36) is satisfied due to Theorem 4.9 with C; = Cy (o)
independent of k. (37) holds because of Theorem 4.1 with o« = 1/2. The assertion follows
now from Proposition 4.11.

Corollary 4.13 Let A2 | be the geometric tensor product mesh on Q (cf. Definition 2.3)
with underlying geometric mesh A, ,. Let k be a polynomial distribution on Aip which 1s

constant on each element K' € A, ,. Let |k| = max {kK K e Afw}. Then there exists a
constant C' > 0 independent of n and k but depending on o such that the spaces

Vn =S5 (Q,A2,)2, My =5S5""(Q,A2,)

satisfy the inf-sup condition (7) with v(N) > C |k:|7%.
As in Corollary 4.12 above, we apply Proposition 4.11 with
F ={Ar, : T, arbitrary}, T =0

and k = k(o) is the uniformity constant of the mesh A, , (which depends only on o).
Setting Xy = £5(Q, A, ), condition (36) is satisfied due to Theorem 4.9 with C, = C; (o)
independent of k. (37) follows from Theorem 4.1 and (38) from Theorem 4.4 with o = 1/2
(since the constant in Theorem 4.4 does not depend on the one dimensional mesh 7). Thus
Proposition 4.11 can be applied and Corollary 4.13 follows.

Remark 4.14 Corollaries 4.12 and 4.13 hold also for the meshes A, , and A2 on the

reference triangle 7' with inf-sup constant y(N) > C'|k|™. Divergence stability for the
mixed meshes mentioned in Remark 2.4 is obtained in the same way using Proposition 4.11,
Theorem 4.1 and Theorem 4.4. The inf-sup condition holds with C'|k|™® where o = 1/2 if
the mesh contains no triangles and o = 3 otherwise.

Proof of Theorem 3.1: The proof of Theorem 3.1 is now easy. We put Xy = S2' (€, T,,)2.
By standard theory (see, e.g., [7, 5]), (36) in Proposition 4.11 is satisfied. Due to Theorem
4.1, Theorem 4.4, Corollary 4.12, Corollary 4.13 and Remark 4.14, we see that (37) and
(38) in Proposition 4.11 are valid with o = 1/2 if the mesh does not contain triangles and
with o = 3 otherwise. Proposition 4.11 therefore gives the assertion of the theorem.
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Figure 2.1: The geometric meshes A, , and An,a with n = 3 and o = 0.5.
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Figure 2.2: Boundary layer mesh and geometric tensor product mesh on Q.
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Figure 2.3: The meshes A, , and A}, , on the reference triangle T.
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Figure 2.4: Further reference meshes on Q.

Figure 2.5: Geometric boundary layer meshes near convex corners.
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Figure 2.6: Geometric boundary layer meshes near reentrant corners.

[77—7

Figure 2.7: The macro-elements are irregularly connected in this mesh.
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Inf-sup constants for Q2—-Q0 elements on tensor product meshes
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Figure 3.8: Inf-sup constants for Sg”' x Sy elements on A, , for varying o.

supp(y;)

Figure 4.9: Nodes in Sé’l(Q, A, ) and supp(y;).
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Figure 4.11: The degrees of freedom of £y (M;).

27



Research Reports

No. Authors Title
97-14 D. Schotzau, C. Schwab, Mixed hp - FEM on anisotropic meshes II:
R. Stenberg Hanging nodes and tensor products of bound-
ary layer meshes
97-13 J. Maurer The Method of Transport for mixed hyper-
bolic - parabolic systems
97-12 M. Fey, R. Jeltsch, The method of transport for nonlinear sys-
J. Maurer, A.-T. Morel tems of hyperbolic conservation laws in sev-
eral space dimensions
97-11 K. Gerdes A summary of infinite element formulations
for exterior Helmholtz problems
97-10 R. Jeltsch, R.A. Renaut, An Accuracy Barrier for Stable Three-Time-
J.H. Smit Level Difference Schemes for Hyperbolic
Equations
97-09 K. Gerdes, A.M. Matache, Analysis of membrane locking in hp FEM for
C. Schwab a cylindrical shell
97-08 T. Gutzmer Error Estimates for Reconstruction using
Thin Plate Spline Interpolants
97-07 J.M. Melenk Operator ~ Adapted  Spectral  Element
Methods. 1. Harmonic and Generalized Har-
monic Polynomials
97-06 C. Lage, C. Schwab Two Notes on the Implementation of Wavelet
Galerkin Boundary Element Methods
97-05 J.M. Melenk, C. Schwab An hp Finite Element Method for convection-
diffusion problems
97-04 J.M. Melenk, C. Schwab hp FEM for Reaction-Diffusion Equations.
II. Regularity Theory
97-03 J.M. Melenk, C. Schwab hp FEM for Reaction-Diffusion Equations.
[: Robust Exponentiel Convergence
97-02 D. Schotzau, C. Schwab Mixed hp-FEM on anisotropic meshes
97-01 R. Sperb Extension of two inequalities of Payne
96-22 R. Bodenmann, Stability analysis for the method of transport
A.-T. Morel
96-21 K. Gerdes Solution of the 3D-Helmholtz equation in ex-
terior domains of arbitrary shape using H P-
finite infinite elements
96-20 C. Schwab, M. Suri, The hp finite element method for problems in
C. Xenophontos mechanics with boundary layers
96-19 C. Lage The Application of Object Oriented Methods
to Boundary Elements
96-18 R. Sperb An alternative to Ewald sums. Part I: Iden-

tities for sums



