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Abstract
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1 Introduction

The Picard-Lindelof iteration is a commonly used iterative method when large sys-
tems of initial value problems are solved. Here we shall restrict our attention to
linear problems. The iteration operator corresponding to the Picard-Lindelof itera-
tion is an interesting example of an operator encountered in the theory of iterative
methods which is not self-adjoint.

Here the iteration operator corresponding to the Picard-Lindelof iteration is consid-
ered as a model case in order to investigate the convergence theory of the Arnoldi
process. More specifically we ask whether it is possible to use a result by Nevanlinna
and Vainikko [12] which tells us that under certain circumstances it is possible to
obtain the spectrum of the local operator by looking at those of the Hessenberg
matrices generated by the Arnoldi process. Our result is negative: we show that if
in the cases considered we choose a bad starting vector for the Arnoldi process then
the assumptions of the Nevanlinna-Vainikko theorem do not hold.

A description of the problem as well as some theoretical background is given in
Section 2. In Section 3 we show how the Arnoldi process works in practice by
looking at a simple example. We shall then show in Section 4 that in the scalar
case the assumptions of the Nevanlinna-Vainikko theorem do not hold. In Section
5 we shall extend this result to the matrix case. Much of the theory presented is
valid in general. The whole proof of a result similar to the scalar case is carried
through in the case where the decomposition of the coefficient matrix is such that
the resulting matrices can be transformed into their respective Jordan forms by the
same transformation matrix.

2 The Problem

Suppose we have a linear constant coefficient initial value problem
i+ Ax = f(t), t>0,
z(0) = o,

where z(t), f(t), 7o € C? and A is a d x d matrix. Introducing the decomposition
of A: A= M — N, we get the iteration

"+ Mz™ = Na" '+ f(t), t>0, (1)
z2"(0) =z, n=12,...



If nothing better is available we can take z°(t) = xy. The original Picard-Lindelof
iteration corresponds to the decomposition M = 0 and N = —A. This however only
converges on finite intervals. We shall look at the equations (1) in [0, c0) and make
the assumption that both A and M have spectra strictly in the right half plane, i.e.
if A € {c(A),o(M)}, then ReX > 0.

Now let K be the convolution operator Kz(t) = [ e~ =% Nz(s) ds. The iteration
(1) can be rewritten as a fixed point iteration

=K 4+ v,

t
where ¢ := eMtxo+/ e~ M%) £(5) ds. We shall study the operator K in Ly(R,, C%)
0

and its invariant subspaces, with the inner product (z,y) = [~ y*(t)x(t)dt, where

y* denotes the complex conjugate transpose 3’ of .

We denote by K(z) the symbol of the operator K:
K(2) = (z+ M) 'N.

As customary, the spectrum of the operator K is denoted by ¢(K) and the spectral
radius by p(KC).

From [8] we have the following result:

Theorem 1 ¢(K) = cl U o(K(z)).

This yields a number of corollaries:

Corollary 1 p(K) = I?aﬂgcp(K(iE))
S

Corollary 2 ¢(K) is connected.

Corollary 3 p(K) =0 if and only if there exists m < d such that K™ = 0.

Here it is natural to introduce a few concepts. Let A be a bounded linear operator
in a Hilbert space H. Now by definition the operator A is called nilpotent if there
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exists a positive integer m such that A™ = 0. Furthermore it is quasinilpotent if
p(A) = 0. And as we are at it, let us list a couple of more definitions. The operator
A is algebraic if there exists a polynomial ¢ such that ¢(A) = 0. It is quasialgebraic
if inf ||Q;(A)||"/7 = 0 where the infimum is over all j and over all monic polynomials
of degree j. And last of all, the operator A on a separable, infinite dimensional,
complex Hilbert space H is said to be quasitriangular if there exists a sequence
{P,} of finite rank (orthogonal) projections on H converging strongly to 1 such that
| P,AP, — AP, || — 0. We shall denote by N, QN, QA and QT the sets of nilpotent,
quasinilpotent, quasialgebraic and quasitriangular operators respectively. Note that
in general it is true that N C QN C QA C QT.

By a theorem by Halmos [6] an operator A is quasialgebraic if and only if cap(c(A)) =
0. Here cap(c(A)) denotes the capacity of the spectrum. In general, capacities can
be thought of as nonlinear generalizations of measures [3]. The logaritmic capacity
of a set F is obtained from the Green’s function, which is defined as follows. Given
a compact set £ C C, denote by G, the unbounded component of the complement
C— E of E. The (classical) Green’s function for G, with a pole at oo is the unique
function g(\) defined in G, with the following properties:

¢ is a harmonic function in G
g(A) =log|A| + O(1) as |A] —oo
g(A) = 0 as A — ( from G, for every ¢ € 0G .

Because g(A) — log || is bounded near oo and harmonic, it has a removable singu-
larity there. The value of the limit,
7= lim [g(A) —log [Al]
—00
is the Robin’s constant for E and the (logaritmic) capacity is given by cap(FE) = e~ 7.
If the set E is such that a Green’s function for G with the above mentioned
properties does not exits, the capacity of the set is zero. To illustrate the idea of
capacities note that the capacity of a line segment of length [ is {/4, whereas the

capacity of a disk with radius r is r. Since ¢(K) is connected and contains both 0
and p(K)e® for some 6 we have

p(K) = cap(o(K))

v

1
ZP(’C)-
So o(K) has zero capacity exactly when p(K) = 0.

By Corollary 3 K is nilpotent iff it is quasinilpotent, that is, p(C) = 0. This on the
other hand is equivalent to the spectrum of I having a zero capacity which in turn
is true iff I is quasialgebraic. So we have the following corollary of Theorem 2:
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Corollary 4 K is nilponent < K is quasinilpotent < IC is quasialgebraic.

Since quasialgebraicity implies quasitriangularity, the nilpotency of K will also imply
the quasitriangularity of K. In Corollary 4 we have shown that in the case of the
Picard-Lindelof operator the first three inclusions in N C QN C QA C QT can be
replaced by equalities: N = QN = QA. Is this true for the last inclusion as well?
We shall not try to answer this question as it is here, but it is related to the question
we set to examine.

In order to discuss quasitriangularity we need the following definition:
Definition 1 An operator A € L(X,Y) is semi-Fredholm, if the range of A, R(A) C

Y is closed, and either the dimension of the null space N'(A) or the codimension of
the range R(A) is finite. In this case the index of A is defined by

indA = dimN (A) — codimR(A).
Note that in the above case codimR(A) = dimN (A*), and therefore indA = dimAN (A)—
dimAN (A%).

The following characterization is due to Douglas and Pearcy [4] and to Apostol,
Foias and Voiculescu [1].

Theorem 2 Let A € L(H). The following are equivalent:

(i) there ezists a complex \ such that A — X\ is a semi-Fredholm operator with a
negative index

(ii) A is not quasitriangular.

A good source on this is Douglas and Pearcy [5].
Let A be a bounded linear operator in a Hilbert space H, and let b € H. Re-

call the Arnoldi process for creating an orthonormal basis {v;} for K(A,b) =
cl span{b, Ab, A%, ...}:

Start: Choose an initial function b and set vy = b/||b||.
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Iterate: for j = 1,2, ... compute:
hij = (Avj,vi), i =1,...,j
Wiy = Avy — Y07 hiju;
hiv1; = l[wjal
Vipr = Wi/ Py

The Arnoldi process generates the Hessenberg matriz h the elements of which are h;;.
Note that the Hessenberg matrices generated by the Arnoldi process when applied
to A and A — \ are related: if the previous is h, the latter is h — A, so they have the
same subdiagonal elements.

From [11] we know that

Theorem 3 The Arnoldi process yields [II7h;; 1)Y/" — 0 for every b € H if and
only if A is quasialgebraic.

Let us now denote by Ap the "local operator” obtained by restricting A to the
invariant subspace K (A,b) = cl span{b, Ab, A?b, ...}. Then it is true that

Proposition 1 The operator Ay is quasitriangular if the Arnoldi process satisfies
il’lfn hn,nfl = 0.

In particular by Theorem 3 quasialgebraicity implies that inf, h,,—1 = 0. The
reverse is not necessarily true. It could be that inf,, h,, ,,—1 = 0 which by Proposition
1 means that Ap is quasitriangular, but still [II7h; 5 4]Y™ 4 0, which would mean
that A is not quasialgebraic. The question is, is this the case for the Picard-Lindelof
operator. As long as K is not nilpotent, which by Corollary 4 means it is also
not quasialgebraic, i.e. [H’fhj,j,l]l/" # 0, is it true that inf, h,,—1 > 0?7 That is,
is it true, that the operator Kp) is not quasitriangular for all nonnilpotent K and

bg N(N)?
The reason we are interested in inf, h,, ,—; is that by [12] the condition inf, A, ,—; =
0 allows a convergence theorem for Arnoldi. For let A,, be the n x n Hessenberg ma-

trix created on the n'™ iteration step of the Arnoldi process and denote by 3((A,)nen)
the limit spectrum of the sequence (A,,), which is defined as follows:

Definition 2 For n € N let A, be a bounded linear operator in some complex
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Banach space B,,. Define

Yi((An)nen) = {A € C: lim in£I (A, — A,) 7Y = oo}
ne

Ys((Ap)nen) = {A € C : limsup ||(A\],, — An)_1|| = o0}.
neN

If %i((An)nen) = Zs((An)nen) we call this set the limit spectrum of the sequence
(A,) and denote it by X((An)nen)-

Here [|(A], — A,) || = oo means simply that A € o(A,). Then it is true that [12]

Theorem 4 If in the Arnoldi process {n;} is a sequence such that
hp;m;—1 — 0 asj — oo

then
o(Ap) = Z((An, ) jen)-

What Theorem 4 actually says is that if the subdiagonal of the Hessenberg matrices
created by the Arnoldi process has a subsequence which tends to zero, then the
spectrum of the local operator is obtained from those of the Hessenberg matrices.

3 Functions Generated by the Arnoldi Process:
an Example

We shall now look at the behavior of the Arnoldi process a simple example case,
namely K with M = 1/2 and N = —1. The Arnoldi process was introduced in

t
Section 2. We apply this process to our operator Tx(t) = —/ e =9/ 22(s)ds,
0

where z(t) is a function in Ly(Ry, C).The inner product is (z,y) = [~ z(s)y(s)ds.
We choose the initial function vy (t) = e™*/2.

Before we continue let us introduce the Laguerre polynomials. They are defined

by L,(t) = > ey (Z)(—l)k% Here we shall need the following properties of the

Laguerre polynomials: first of all, the set of functions ¢,(t) = e ¥/2L,(t) is or-
thonormal on the interval ¢ € [0,00), i.e. [~ e L;(t)L;(t)dt = &;;. Furthermore,
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"Ln(s)ds = Ly(t) — Lyy1(t). For further details on the Laguerre polynomials, see
0 +
Appendix A and [2].

Now let us apply the Arnoldi algorithm to this case. First let j = 1. Then

o = =L,
hit = (Tv,v) =— /oo et 2020 — 1
we = Twv — hyv = (01 —t)e 2 = Lie /2
hyy = (wa,ws) = /Oo Lie7tdt =1

0

vy = e %,

Let vj,1 = e Y/2L;(t) for all j < n. Now when j =n + 1

¢
TUp1 = —/ e 92e=s2 L, (5)ds
0

= —et/2/0 Ln(s)dS = €7t/2<Ln+1(t) - Ln(t))

Piner = (Tonsn,v5) = (€ (Lo () = La(t)), e Lia (1))
_ [<€ft/2Ln+1’ e*t/2Ll-,1) . (eft/sz e*t/2Ll-,1)]
= —Oint1, t=1,..,n+1,
Wpyo = TUpg1 — hn+1,n+1vn+1 = €7t/2(Ln+1(t) - Ln(t)) + eft/2Ln<t)
= ¢ PL(t)
hi+2,n+1 = (Wnya, Wni2) = (e_t/QLnH, G_t/anH) =1

Vo = e 2L,(1),

So the functions generated by Arnoldi are the Laguerre functions v, = e /2L, (t).
Moreover, the Hessenberg matrix generated by the Arnoldi process on the n” iter-
ation step is the n X n matrix
-1
1
h, =
-1
1 -1

so subdiagonal elements of the Hessenberg matrix are h,,,—1 = 1 for all n and it is
true that inf, A, ,—1 > 0. This means that we cannot use Theorem 4 to obtain the
spectrum of 7 by looking at those of the Hessenberg matrices. Clearly o(h,,) = {—1}
for all n so the limit spectrum of the sequence (h,,) is X((hy,)nen) = {—1}. In the next
section we shall see that o(7) = {\ : A+ 1| <1}, so indeed X((hp)nen) # o(T).
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4 The Scalar Case

We shall now consider same problem as in the previous section, namely the oper-
t
ator Tz(t) = —/ e~ =924 (s)ds, where z(t) is a function in Ly(R,,C), but in a

0
different formalism.

The Laguerre polynomials introduced in Section 3 and discussed in Appendix A
shall be needed here. We shall also need the following proposition by Szego [15]:

Proposition 2 The Laguerre functions {¢m,}5_y = {e /2L, (t)}>5_, form an or-
thonormal basis of Ly(R™). Furthermore, the Laguerre functions are dense in L.

Let v1(t) = e¥? = e7*/2Ly(t) and look at the space K (vy, (T +1)) := cl span{(T +
1)y }22,. Note that T*v; = (—1)ke_t/2%. Now for all n > 1

n n k
Upr1 = (T+ 1) = Z <Z> Thy, = e7t/2 Z <Z> (—l)k% = e 2L, (1),

k=0 k=0

where L,, is the n'* Laguerre polynomial. Thus by Proposition 2 the v,’s form an
orthonormal basis of Ly. That is, K(vi, (T + 1)) = cl span{e /2L, (t)} = Lo.

We have now shown that the functions v, (¢) form an orthonormal basis of Ly(R™, C).
Furthermore (7 + 1)v, = v,41 for all n > 1. This means that 7 + 1 shifts each
basis vector v, to the next one and can thus be identified with the shift operator S
in ZQ(Z+)

Let us consider the shift operator S in ly(Zy) = cl span,so{e,}: Se, = epy1. The
following results are easily obtained. First of all, |7 +1|| = ||S]| = 1. Also, || T = 2.
This is easy to see by first noting that

TN =18 =1 < IS+ 11| = 2.

The inequality in the opposite direction follows by choosing
1

"= —(-1,1,—-1,1,...,(=1)",0,...
x \/ﬁ( ) ) ) ) 7( ) ) ) )7
where the n first elements of " are z} = (?/1;’ j =1,...,n, and the rest of the
elements are 0. Evidently ||z"| = 1 and
1S =1} = sup [|(§—Dz| = [[(S—1)a"[]| — 2, n— oo

llz]l=1



S* is the inverse shift operator defined by S*e, 1 = e,. Now N (S) = {0}, N (S*) =
span{eg} and the range R(S) of S is R(S) = N (S*)* = span{eg}+ which is closed.
Precisely these properties, the boundedness of the operator and the nontriviality
of the kernel of its adjoint, are the essence of quasitriangularity. So N (7 + 1) =

{z|r=0 ael}, N(T*+1)=span{v,} = span{e*/?} and R(T + 1) is closed.

Now we have the following result.
Proposition 3 T is not quasitriangular.

Proof. ||T|| =2 so T is a bounded linear operator in Ly. Since N (T +1) = {z |z =
0 ae.}and N(T*+1) = span{e 2}, the index of 7 + 1 is negative: ind(7 +1) =
dimN (T +1) —dimAN (T*+1) < 0. The range R(T +1) = N (T*+1)* = span{v; }*
is closed. So T € L(Ls) and 7 +1 is a semi-Fredholm operator with negative index.
From Theorem 2 it follows that 7 is not quasitriangular.

In order to prove that 7 is not quasitriangular it is sufficient to consider 7 +
1. However the proof above can be done not only by considering 7 + 1 but by
considering 7 — A for any A for which |A + 1| < 1. Define a := XA + 1 so that

T-A~S—aand T"—\ ~ S*—a. Any z € I, can be expressed as = EZO:O T,
Now if 2z € N (S* — @) then x must be of the form

o0
T = Tg E a’e,,
n=0

which belongs to Iy for || = |a] < 1, that is, for [\ + 1] < 1, so if z € N(T* — )
then x must be of the form

) ST S 3l (4 [T
n=0 n=0 k=0 ’
Let us examine the coefficients of e~/2¢?:

e Er (s (e

n=p p n=p
By using the series expansion of (1 + x)k forx = —a and k = —p — 1 we get
(1— @)*(pﬂ) _ Z@k (p + k’)
k=0 p



This holds again for |z| = | — a| = |a| = |A + 1| < 1. By multiplying this by a” we

get
ar - —k+p <p+k) C n(n)
——— =) a =» a :
(=P DL UMY AP DL
—1)P AP
so that a, = zo(—1) af and
pl (1+a)pt!
= 220 o= (-1)?, @ 2P 1
_ ~t/2p _ & 10 (=1 O oy PO —ty2 z P
T Za”e L Z p! (l—d) P=1-3° Zp!(1+5z—1)
p=0 p=0 p=0
— O t/? Z t_l:u +o)p = Cet/2et0+3%) — Cet(1/2+1/5\)’
p!

where ¢ = L is a constant. We have shown that if z € N(7* — \) then
z = CetV2H/Y " wwhich does belong to Ly when |A + 1] < 1. So N(T* — \) =
span{e!1/2+1/X)1 " On the other hand S — a has no nontrivial kernel so N'(T — \) =
{z|z =0 a.e.}. The range of S — « is [y so the range R(T — A) of T — A is Ly
which is closed. That |\ + 1| < 1 actually means that A belongs to the spectrum of
T, since the spectrum of the shift operator is {\ : |A| < 1}, so the spectrum of T
is

o(T)=0c(S—1)={A—1:|A<1}={\: |A+1]<1}.

So the proof above can be done by considering 7 — X for any A inside the spectrum

of T.

The above was done for M = %, N = —1 for the very reason that in this case
T + 1 is a shift operator in the basis {v,}>° ;. What about the general scalar
case Ku(t) = fot e Mt=3)pu(s)ds, v # 0, Reu > 0?7 Define v := 2Rey > 0. Now
{Vre " Ly (vt) 102y = {unt1}52, is also an orthonormal basis for Ly and

t

K = [ 1000 et Ly )ds = L (L (3) = Lugs (0) = 2=t
0 v v

SO Uns1 = (1 — ZK)u, and 1 — 2K is the shift operator in the basis {u,}5>;. Now

5 - IC can be identified with %S, where S is the shift operator in l5(Z; ), and we

can proceed as before to show that if Ku(t) = fot e Mt=9)pu(s)ds, where v and p are
scalars, v # 0, Reu > 0 and Rep > Rer, then

Proposition 4 K is not quasitriangular.
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By using the shift analogy it is easy to show that

n+1
v n-+1
R (w1I0) = e span{ () Y- e (=04 (" )bt = cspanun)iz = Lo
k=0

Since K, = IC\L2 = K and K is not quasitriangular, by Proposition 1 we can
conclude that inf,, A, ,—1 > 0 so Theorem 4 cannot be used.

Note that b = u; € N((% — K)*) is a special starting vector, for it has the property
that K(uy,K) = Ly. This is true for any vector of the form b =3 >°, ayu;, oy # 0.
If however a; = 0 this result cannot be used, for then K(b,K) = {uy, ..., up 1},
where m is the first index for which «,, # 0. If we then try to apply Theorem 2
in K(b, K) instead of Ly we run into problems, since N/ ((2 = K)*) will no longer be
nonempty, for uy; & K(b,K). However if we just look at the Arnoldi process, it is
obvious that inf, A, ,—1 =1 > 0 if we choose any of the (scaled) Laguerre functions
as the initial function.

5 The General Case

5.1 The Key Result

We have the following theorem regarding the Arnoldi process. A theorem by Douglas
and Pearcy [4] presents in a different formalism a related result the proof of which
is similar to the proof of this theorem.

Theorem 5 Let H be a Hilbert space. Suppose that A € L(H) is bounded below
satisfying || Aul|| > al|u|| for all w and A* has a non-trivial null space. Choose the
initial vector b from the kernel N (A*) of A*. Then the elements of the Hessenberg
matriz generated by the Arnoldi process satisfy hyy1., > .

Proof. Let P, be an ortogonal projection onto the n-dimensional Krylov subspace
K,(A,b) = span{b, Ab, ..., A" 'b}. Let b € N(A*) and consider A, := P,AP,|x,.
Since P, is an orthogonal projection, P, = P so A* = P,A*P,. Moreover P,b =
be K, Now A’b =0 and A, is finite so there exist some vector a € K, a # 0,
|la|| = 1 such that A,a =0. Thus P,AP,a =0 and

AP, = ByAR| = |[(AP, — P, AP )al| = [|APyall = [[Aa] = «
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if ||Az|| > «||z| for all . It is easy to verify that ||AP, — P,AP,|| = hyi1n-
]

Thus the Theorem 4 by Nevanlinna and Vainikko cannot be used if the operator
is bounded from below and its adjoint has a nontrivial null space, from which the
starting vector for the Arnoldi process is chosen. We shall apply this to the operator
A — K. We examine the null space of (A — K)* in Section 5.2 and the boundedness
from below of A — K in Section 5.3. A few comments on the subject are given in
Section 5.4.

5.2 The Null Space of (A — K)*

t

Let us consider the operator Ku(t) = / e~ =IM Ny (s)ds, where u(s) is a function
0

in Ly(R,,C%). Now

(Ku,v) = / OO[ / te_(t_S)MNu( )ds] v (t)dt

:// )N e My (1) dsdit
_ /O *(s) / N"e™ M () deds,

so the adjoint of IC is given by

= / N*e=M "y (s)ds.
¢

If u e N(A—=K), then (A — K)u = 0 and
¢
e_tM/ M Nu(s)ds = u(t)
0

t
/eSMNu(s)ds = Ae™Mu(t)
0

and by differentiating we get

eMNu(t) = Xe™Mu(t) + Xe™a/(t)
1

(N = a0yt

u(t) = eGN=M)ty,
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where ug = u(0). But u(0) = 0 so u(t) = 0. Thus we have the following result:

Proposition 5 If A # 0 then A\ — KC has no nontrivial null space. If X =0, the null
space of A — K consists of all u(t) € N(N).

Similarily, if v € N (A — K*), then (A — K*)v = 0, and
N*e™M / e Muy(s)ds = u(t).
¢

Let us consider the case A # 0. Set u(t) := 1™ [Fe™M y(s)ds. Now v(t) :=
N*u(t), so that the above becomes

N*etM*/ e M N*u(s)ds = MN*u(t).
t
Now this holds when

etM*/ e M N u(s)ds = u(t)
t

/ e M N*u(s)ds = e ™ u(t)
t

and now by differentiating we get

—e MNF () = —Xe ™ Mru(t) + e 7™M/ (1)
GM* — NYu(t) = Mi(t)

W) = (M*—%N*)u(t)

u(t) = M =3Vt

So our candidates for functions belonging to the null space of A—K* are the functions
v(t) = N*eM =3NI'C For these to be members of the null space of A — K* they
must belong to L,. Now assume that M*— %N * has at least one eigenvalue p; with a
negative real part. Choose C' to be the eigenvector corresponding to this eigenvalue.
Then

k!

o(t) = N7 M 3Vro = Ny

k>0

C

tk Nk
= Ny 7(:!]) C = N*eM'C = ' N*C.
k>0
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Now v # 0 if C does not belong to the null space of N*. But if C' did belong to
N(N*), then (M* — $N*)C' = M*C = p;C, which means that y; € o(M*). But in
chapter 3 we required that M be such that all eigenvalues of M have positive real
parts, which means that also all eigenvalues of M* must have positive real parts,
and so does p;, which is a contradiction. We have the following result:

Proposition 6 If \ is such that M* — %N* has at least one eigenvalue p; with a
negative real part, and C' is the eigenvector corrensponding to this eigenvalue, then

0Zv(t) = N =3Nc ¢ L, belongs to the null space of X — K*.

5.3 The Boundedness from Below of A\ — K

In the following cases it is possible to prove that A — K is bounded from below:

e N=vy, M =T"1'J,T
o M=u N=T71JT
e N=T"'J T, M=T"1JT

e M and N are transformed into their Jordan forms by the same transformation
matrix 7.

Here J, is a Jordan block with a’s on the diagonal. The first three of these cases
are ofcourse special cases of the fourth. We shall however present all of the proofs,
though the basic structure in all of them is the same, since we are not only interested
in proving the boundedness from below but we also wish to get an estimate for the
lower bounds in the different cases.

We shall need the following result:

Lemma 1 Let Y |ag|* < oco. Then > |acy, + bay_1]*> > D? " |ax|* where D =
minte[_mﬂ] ‘CL + be“\.

Proof. Let ¢, = acy, + bag_1, in which case Y, |¢r]? < 0o since Y |ag|* < 0o. By
the Riesz-Fischer theorem there exists a function g, the Fourier series of which is

> one™ = (acy + be'tag)e™ = (a4 be") > age™,
k k

k

14



where Y, aie’ is the Fourier series of some function h, g = (a + be™)h. Now by

the Parseval theorem

1 [" 1 (" 4 , Lyl [T
Sl = o [ 1o =g [ HatbethPz min javoetpo [ ne
3 ] 2 s

2 J_, T J)_ te[—m

= min }|a+beit|22|ak|2
k

te[—m,m
which completes the proof.0

Note that as long as |a| # |b], D > 0. We shall apply this lemma to cases where
a and b depend on the elements of the matrices M and N and the parameter A,

| 4 v

namely a = A — b and b = g in which case we shall write D, instead of D:
Dy = mingerq [(A = %) + %e”\. In the following we shall treat sums ot the from
> ore o lawl? as sums of the form > ;7 |yl by defining ay = 0 for k < 0.

We shall also need the following lemma:

Lemma 2 Choose ¢4 and set

2
emi=c Y (ZY g, m=1,...,d—1
j=m+1 v
Then 5
Em=c() T e+ DT ey, m=1,...,d— 1. (2)
gl

Proof. Obviously this is true for m = d — 1. Assume (2) holds for all d > j > m.
Then

b 9 Lt N N . 9
Em = ¢ Y (5T =c Y (2P Te(S) e+ 1) e+ o(5) ey
A i v Y
d—1 . 9 d—m—2 ‘
) Tegle Y (e 1) 4] :c<;)d*mgd[c > e+ 1) +1]
j=m+1 i=0

B ol (et g o
- c(;)d edqle = (ctD) +1] = c(;)d (c+1)¢ Ed,

so (2) holds for m. O

15



Let T be an invertible matrix. Then ||z||7 := ||Tz|| defines a norm with the proper-
ties [[z]lz < |T||[|=[| and Hﬂfﬂ < 77l So i || fllr < Cllullz, then

”T T A< (Al < Cllullz < CIT[|ull
SO
LA < CIT=H T lull = CR(T) Ju]

whereas if || f||7 > Cllul|r, then

C
ITIHLAN= W fllr = Cllullr = ”T—,1I|U||
S0 o
IfII= [ull = el
74Tl 1HHTH w(T)
where k(T) := ||[T7|||T|| is the condition number of matrix T.

Remember that the scaled Laguerre functions {/7e " L, (7t)}7> o =: {¢n}o,, where
v := 2Reu > 0, form an orthonormal basis for Ls.

Proposition 7 Let N =v and M =T~ J,T, where J, is a d x d Jordan block with
p’s on the diagonal. Furhtermore let A be such that |A — £[ # |2|, where v = 2Rey.
Then X\ — K is bounded from below.

Proof. Assume first that v = 0. Then £ = 0 and ||\ — K| = ||A]] > 0, as
(A= 22| = || # [22] = 0, and so [|A — K[| is bounded from below. Now assume that
v # 0. Then

¢ t
f=A=—K)u=u— / e CIMNy(s)ds = T A — 1// ~t=5)uy(s5)ds],
0 0

where v = T'u can be written in terms of the scaled Laguerre functions ¢,:

vy > e pe ML (t)
Vg >k Care ML (vt)
Let f :=Tf. Note that
tdfl
1 ¢ 1!
GJ’Lt — eut . :
1 t

16



SO f:
NS et A Ly(vE) — e Hiy fJE(al,kjL(s—t)ag,k+...+%adk) w(75)/7ds

s—t

AT aspe  FLe(vE) — e [ S (onp + (s — Dasp + -+ L 0p) Li(vs)/Ads

A agre M\ Y Lg(yt) — e My f(f g Li(vs)\/vds

The m' component of f is

fm = )\Ze’“tam,k[xh(’yt —e “tyz Z %Jﬂnk / s —t)? Ly (vs)ds\/y
k 7=0 0

Jj+1

Now /0 (5 — 1 Ly(y5)ds = vﬁl 3 <j * 1) (=1 Ly i(1#) 50

1
=0

A _ Qjim k i j—l—l
fu = AT e ML) 7 — ve utzz azns S (T Bt
k

7=0 =0
dm]+1

= Z N ke M Ly (yt)\/y — ve ™ Z Z ,YJJ:FZ (‘7 + 1) Z QL (V) /Y
k I
= Z)\amke_“th(% —ve “tzz ny“ (‘7 )Z%erk iLie(vt) /7
k 7=0 =0
d—m ]+1 i
= X Dani—v3] > S (9 sl L0
7=0 =0
SO d—m ]+1 j+l 1 9
Hfm”2 Z‘)‘amk_yzz f)/]+1 (j_'_ )()éj+m,ki
k 7=0 =0

and the norm squared of f is

) d— m]+1 ]+Z j—l—l
1P = Zume? Zz\mmk—uzz ,y( )am

m=1 k 7=0 =0

d d
Now [[o]|* = > ) "lagul® = Y llojll*, where [|v;|> = ) "|ayul* Fix 8 > 0 and
=1 k j=1 k

define ¢ = (3 % and

2

_ 2 m m—1y\ __ 2 2 d—1 d—2
M = max(1, 1;2122(71(;) c(c+1)""") = max(1, ;c, (;) cle+1)777).

17



Choose g4, 0 < g4 < \/_ and set ¢, := CZJ mH(Z)jfmgj, m=1,...,d—1. Then
by Lemma 2

2
Em=c() e+ DT ey, m=1,...,d— 1.
Y
Note that now it is true for all m € [1,d] that &, < %.

If ||vg|| > eqllv]| then by Lemma 1

~ A~ 14 14
AL = lfall = \/Z [ Aaa, — SO+ ;Oéd,k—1|2 > Dj, I> " Jaa|> = Dallvdll
k k

> egqDi||v]],

where Dy = mine[—rq [(A — %) + %6“|.

Now assume that ||v;|| < g;]|v|| V5 > m and ||v,,|| > en]|v]]. Then

d—m j+1 j—|—1 j-H
r r 2
171 = 1l = zuamk—uzz( J R

7=0 =0

V

1% 1%
Z ) |()\ - _)am,k + _Ofm,k—1|2
[T Do
d—m j+1
j—|—1 J-H 5
Sy () S|
k 7=1 =0
Again
v v 2 2
Z‘()\——)Ozm,k—l-—oém,kq‘ > D, Z|Oém,k‘ = Dx[[vm|| = Daeml||v]|
A Y Y .
and
d—m j+1 . d—m j+1
J+1\ (= 1)”’ P v j+1
)OI 30 DI G E= - SURTIEES ) it S o ol
k=1 i=0 7 =1 i=0 k
=2 dom 9 9ly| < 2,
= (=) ojmll < Y W egqmllvll = =— > (=) ejmllvll
=7 ! ; v v ; v
d
D, 2. . \
= —c — ) "ej|v]| = —Femllv]l,
3 j:gﬂ(V) illvll 3 [v]]

18



SO

P 1
Il > DA(l = 2 )em.
B
Define
Cm = Dy(1 - %)em =D,(1- %)(%)d*mc(c + 1) m-lg,
form=1,...,d—1and Cqy = Dyg4. For some m it must be true that ||v,,| > en|v],

for it it would not be so, then ||v,,| < en||v]] < ﬁ”v” for all m, and

d d
1
> = llomll* <D EHUH2 = [Jv]|?,
m=1 m=1

which is a contradiction. So choose the first m = d -k, k =0,1,2,...,d —1 for
which it is true that ||v,,|| > en||v|| and set C' = C,, for this m; then || f|| > C|v||,
that is, ||/l > Cllullz- So 1f] > :& ul. ©

Proposition 8 Let M =y and N = T~'J, T, where J, is a d x d Jordan block with
v’s on the diagonal Furthermore let A be such that [\ — 2| # |2, where v = 2Rep.
Then A — KC is bounded from below.

Proof.
t
f=A=Ku=u-— / e CIMNy(s)ds = T Mo — /e_(t_s)“Jyv(s)ds],
0

where v = T'u can be written in terms of the Laguerre functions:
o > arge M /ALy (7t)
v = : = :
g > agre M\ L (Y1)
Let f =T f. Now

Vv + Vg
VUg + U3

t
f = - / e~ (t=on : ds
0 VU4—1 + Vg
Vg

(e + agg)

Y (v + asp) .

= M —e : ﬁ/ Ly(ys)ds
> (g1 kv + ) °

Z Oszgl/
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Since fot L(vys)ds = %(Lk(yt) — Ly11(yt)) we have

> (Aaq g Lg(vt) — (i xv + Qo)
> (Aag pLg(vt) — (o kv + as )

(Lr(yt) — Liy1(01)))
(Le(vt) = Liga(71)))

2|2 =

[ = e/ :
> (Aag-1kLi(t) = (Qg-1,5v T ay 1) 2 (Li(78) = L (1))
> (AagrLi(t) — agrvs ( k(7)) = Lis1(7t)))
> (o p(A — %) + S g1 — Lagy + tag OV Li(yt)e
Y (g k(A — %) + =z ; Qo k-1 = 03k T S Q3 k- OV Li(yt)e
> (ago1 k(A — %) + 501 k-1 - %Oéd,k + %Oéd,kq)\/’_YLk(’Vt)@_“t
2(aak(A = 2) + Eaap-a)y/TLr(yt)e

So the normed squared of f is

d—1
A v v 1 1
f 2 - A—— am,k + _am,kfl — — Oy 1,k + —Opy 1,k—1 2
il > I 7) " S Cm 1+ 2

m=1 k

1% 1%
+ Z (A — =)aar + —agp—1]?
A 7 v

: _ 2B \k 1
Fix > 1 and define M = oglilgaéil(D—w) - Choose 0 < g4 < =7 and set

26 14

Em = (ny) Meg, m=1,...,d—1.

Note that 0 < ¢, < ﬁ forallm=1,...,d. If ||ug]| > eq4]|v]| then

A ~ 1% 14
1Al = llfall = \/Z [(A = ;)Oéd,k + ;Oéd,k71|2 > Dy, I> laaxl? = Dallvdl
k k

Z D>\€d||1)||.

Else if for some m < d it is true that ||vy41]] < emt1]|v]| and [|vp,|| > e |v]| then

2 v 1 1
[ —" |fm|| = \/Z| =)k, + ,yamk 1= ’yam—f—l,k + §Oém+1,k—1|2

1
(A = —)Oém,k+—04m,k—1|2— | = (1 + Qmg1,p—1) |2
e L

v

20



Now by Lemma 1

\/Z| D+ Zamici 2 Dy 3 amecaf = Dl
k

26

> Dyem =D
> Dienllv]] A(Dw) Teallvl
and
2 2 _
Z|— Q1 + Ot k—1) < ; Z|Oém+1k\ _”Uerl”
2 )\ 26 —-m
< m  _ )
¢ ]| = 6(Dw) eal|v|
SO 2%
> Dy(1 — =) (—— .
I1£l A( 6)(Dw) Megl|v]]
Define 128
Cpp = Dy(1 — =) (=—)""™¢,, =1,...,d—1,
A( 5)(Dw) €d, M

and Cy := Dygq. For some m it must be true that ||v,|| > &,||v] for if it would
not be so, then [|v,| < en|v] < %”UH for all m and [[v]|> = 27 luml? <

Zfln L 2llv]|? < [Jv]|?, which is a contradiction. Choose any m for which it is true that

[Vmi1ll < empallvl] and v, || > eplv]| and set C' = C for this m; if ||vg|| > eq||v]|
choose C' = Cy. Then || f|| > C||v|, |ul|. O

=0

Proposition 9 Let N = T-'J,T and M = T'J,T, where J, (respectively J,) is
a d x d Jordan block with v’s (respectively pi’s) on the diagonal. Furthermore let A
be such that |A — 2| # 2|, where v = 2Rep. Then A — K is bounded from below.

Proof.
t
f=A=—Ku=u-— / e EIMNy(s)ds = T~ A — /e(tS)J“Jyv(s)dS],
0

where v = T'u can be written in terms of the Laguerre functions:

v > arge M /ALy (7t)
vy > agre M /Ly (vt)
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Note that

td71
1 ¢ @ v 1
elrt], = et :
t 1
1 v
td 2 td 1
v 14uvt @ Vi
= eut :
1 + vt
v
so e’nt Ju =
i_9 j—1 d—2 d—1
vop + (1 +vt)vy+ ...+ ((;.:2)! 1/—(;.112)!)1@- +...+ ((2 o TV (Z B g

t—3

e’ P
1/1}2+(1+1/t)v3+...+(h+l/h)vj+.. + (i +1/(d 2),)vd

t

VUm + Zj:m+1((j—7m—71) + ’/(;J:y:)!)”j

Vg

Let f :=Tf. The m™ row of this is

R MU (v v

= )\Ze MY g L () — / [ Zamke # /AL (7s)

+ 3 (o e ) S vt

j=m+1

= e M [Zamk)\Lk ~t) —VZamk/ Ly(vys)ds
s S [ i

Jm+1 k

_ Z Z Ve /t s—t)j_mLk(vs)dS}

j=m+1 k

= eiﬂtﬁ[z QU k ALk (V) — VZ o i (L (1) = LkH(fyt))%
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d . j—m .
ajk ]— —]_' <]_ ) )]mlJrl
2 lGe ZZO
d . j m+1
s e Gmmt SR o1y
- V5 (G =m)l g i < i (=1 Lkﬂ'(wt)]
j=mt =

v 14
= efﬂtﬁ[z O[m,k<)\ - ;)LIC(fYt) + ; Z O{m’kLk+l<fYt)
A k

-2 (e et

j=m+1 =0 fy]im
d j—m+l1 .
v j—m+1 i
-2 Y (T e cateton)
j=m+1 =0 k
= AL [N = D)o+ Zami
k K 7
d j-m .
1 — . .
SIS ) G SICEEE
d j—m+1 .
v J—m-+ 1 m+i
SR Ol (i G
j:erl 1=0

1 v
= Vi (O Do+ Z et

B Z L m( N 1+]Z< (J —m+1) B (J—im))(_l)j—m+iaj7k_i)]

j=m+1
So
d
R v 1 —v
”fm”2 Z‘ Oémk+ —Qm k-1 — Z m [—Oéj,kfjerfl
Y ) Y Y

S

1=0

and || f]2 = 2% _, || fmll> Fix 8 > 1 and define ¢ = D%(M +1) and

M = max (1, max (g)mc(c + l)m_l).

1<m<d-1 "7y
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Choose 0 < g4 < \/_ and set &, = CZJ mH(Z)jfmgj form=1,...,d—1. Now
by Lemma 2

2
Em = c(§)d_m(c + )4 m e,

and €, < % form=1,...,d. If ||vg]| > eq4||v]| then by Lemma 1

~ ~ 14 14
1A= 1 fall = \/Z [ At — SOkt ;Oéd,k—1|2 > Dy, I> " Jaal? = Dallvall > eaDallv]].
k k

Else if [Jv;|| < gj||v]| for all j > m and and ||v,,|| > €y, ||v]| then

d
. 1 1—v
1Al > ||fm||—(Z] L T D e e
i1 ) Y
j—m
Vo o R 2\ 1/2
+) =TT = (=1 +aj,k—i] )
=0 v
v 2\ 1/2
> (D210 = D + ameal?) (Z\ Z ]m[ -
k v Jj= m+17

TP e )

Now by Lemma 1

\/Z| s a2 D[S sl = Dol 2 nDale]

while
j—m+1 7—m . 4 2
Z‘ Z i~ m[ ok —jtm— 1+Z( ( )‘( ; ))(—1)]’”“%ki]
Jj=m+1
d

< 3 RS HT ) (Ve

j=m+1 =0 1=
d d
1 ‘I/‘ ‘I/‘ j—m j—m 2 j—m 2|V|
= Y [ E Iyl < Y CP T ES + Delol
J’=m+17 v v j=m+1 v v
d
D)\ 2 m A
=S¢ 2 Vel = Fenlloll < Dacullel
j=m+1
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So |
[FI = ([ fmll = DA(L1 = E)Emllvll-

Define . L
Cm = D)\<1 — _)Em = D)\<1 _ —)C(—)dim(c—k l)dfmflgd
& By
form = 1,...,d =1 and Cq = Dygq. Again for some m it must be true that
Joll > enloll, otherwise ol = S5, Jom 2 < Sy flel> = [[olf, which is a

contradiction. Choose the first m =d—k, k =0,...,d— 1 for which [|v,,,|| > &,.]|v]|

and set C' = C,, for this m; then ||f|| > C||v|, and | f|| > %Hu” O

Proposition 10 Let N and M be d x d matrices that can be transformed to their
Jordan forms by the same transformation matriz T and let X be such that |\ — :—:| #*

|$—Z| Vm = 1,...,d where v,, and p,, are the m'™ diagonal elements of the Jordan
forms of N and M respectively and ~,, = 2Rep,,. Then A — K is bounded from
below.

Proof. Let the Jordan form Jy; of M consist of n Jordan blocks J,.,r =1,...,n
where the r** block is of the size k, x k. and has pu,’s on the diagonal. Define
dy == i_; k;. Let the diagonal elements of the Jordan form Jy of N be Jy,, = v;,
¢ =1,...,d and the superdiagonal elements be Jyn, ,, = p;, i = 2,...,d where p; = 0
or p; = 1.

t t
f=A=Ku=Au-— / e CIMNy(s)ds = T A — / e~ =9 1y (s)ds),
0 0

where v = T'u has the components vy, ...,v4. Note that

et

where each

eJIJ"rt — e/J'Tt

Now e/Mt Jy =
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j—1 ¢d1—1
viettt  (pa +tva)ett L. etit(p; L (] 2),+VJ (3 1),) e“ltmﬂdﬁtl

voeh1t L.oem t(pj G TV (J 2),) ettt (d1 2).Pd1+1
vg, et eMlpg 11 0... 0
Vd, +1€+2t (Pdy +2 + tra, +2)er2?
The d; first elements of e/M! Jyv are of the form (m =1,...,d;):
dy i—m—1 i—m di—m
i 7 ¢
v eultv emt ( . + v — )UA + eulti v .
m m + j;l 'Oj(j—m—l)! ](]_m)! J (dl—m)!deH di+1
Asm =d; +1,...,d, the elements of e/™*Jyv are of the form:
do i—m—1 ] — da—m
t] m t] m 2
v 6“2tv 6M2t ( . + v — )UA + 6“2t7 v .
m m + j;’—l 'Oj(j—m—l)' ](]_m)! J (dg—m)!pd2+1 da+1
In general, when m = d,_; +1,...,d,, where r < n, the elements of e/M*.Jyv are of
the form:
d . .
r t]fmfl ti—m dr—m
v, eﬂrt,v +€ﬂrt (p . + vi— )U._i_eﬂrtipdr 1Ud, +1-
. j:zm;l TG-m=-1) (G —m)) (dyp —m)! 7T
Finally when m = d,_, + 1,...,d,, the elements of e/™!Jyv are of the form:
d
n ti—m 1 ti—m
N R (,0» : +v )v
" j;l TG=m =1 G =m)
Soform=d,_1+1 d.,r=1,...,n,
d .
r tjfmfl t_]fm
Jut _ prt prt .
(&M INV)m = Une' v, +e Z (pj(j—m—l)!+yj(]—m)!)v]
j=m+1
dr-—m

+(1 - 5rn)emtmpdr+1vdr+1-

Let f =Tf. Nowwhenm=d,_1+1,...,d,,

. t ‘—m—l (S _ t)j—m
fm = )\vm - / [Vmeur(s_t)v ( eﬂr - Z (pj + Vi—— )’Uj(s)
0

Pt m—l)! (7 —m)!

phr(s=t) (s =)™

+ (dr —m)! Pd,+1Vd,+1(8)(1 — 5rn)}d5
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Write vy, (t) = Y, ab e /e Li(yrt), where 7, = 2Rep,. Now

t
fm = A Z O‘:nkeimt\/%[/k(%’t) — Ve P! Z a:nkﬁ/ Lk(’yrs)ds
0

]ml
S n Y e ‘”\/_/ s
]m+1
prt S_t]m
- Z v]Zake Vi | Li(yrs)ds
Jj=m+1
s—td*

—(1 —6m)e —Hrt Pdr+1 Zadﬁ—l kﬁ/ 7Lk(%3)d5

_ e—“fw[AZa:nkLm vaamk (Lu(3rt) = L (1)
k

dr+1=0rn —-m

Z Pj Zagk e Z ( ) D77 Ly ()
=m+1 I
e g —-—m+1
- Z Vi ZO‘ —mtl Z (j i )(‘DijLkH(%t)]
j=m+1 =0
— e hrt [ P . Za kLk ’77" + —Za kLk—i-l ’77"

dT+1 57‘71.] m

d, j—m+1 .
Vs j—m+1 i -
+ Z Z rJnJrl ( i ) (_1)j M Z O‘jkLkJrz‘(%t)
k

j=m+1 i=0 7’

VUm,
= €_Mrt ’YTL ”)/Tt A— —) m + m
ST~ E o e

T T

dr+1 Orn j—m _
i Z Z P <J )(_1)j—m+ia;’ki

j=m+1 zO’YT

dr j—m+1 ) ] —m + 1
+ Z Z 7Zfb+1 < i )(—1)Jmﬂ+la§m

j=m+1 =0 r

Define
m,r : Vm I/m it . m,r
D{"" = min |[(A——)+ —€"| and D)= min D"
te[—m,m] Yr Yr 1<m<d
1<r<n
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Define

V= max |v,| and 4= min 7,
1<m<d 1<r<n

Dy
M = max(1, max max (cq(g)d_m(c 4 1)d=m=1))
1<q<n dn—q+1<m<dn—_qi1—0g1 7 '
Choose ¢4, 0 < g4 < 37 and define
dr+1—6rn
Em = C Z (=) ",
j=m+1 v
form=d,_1+1,...,d. — 6, r =1,...,n. By using Lemma 2 it is easy to show
that

2
Em = ()M (e 1) ey, where g=n—1+ 1,
gl
and each e, < —=. Now if ||va]| > &4/jv]|, then by Lemma 1

Vd d,n n d,n
(A= —)a dk+ adk 112> DYy \/|ad,k|2:D)\ [Jvall
3 Tn Tn

Z D)\EdH’U”.

11> 11 fall

e

Else if [Jv;|| < gj||v]| for all j > m and ||vy,|| > ey ||v]] then

dr+1=0rpn j—m

Il > ||fm||—(Z)A—— TR D DI Wi 1 i S P

j=m+1 zO’YT

)1/2

dr+1—08rn j—m

’(zk:|()‘_l;_?)a;b,k+:—7ra:n,k1|2>1/2 (Z Z Z p] ] m (—1)

j=m+1 zO’YT

d. j—m—+1

Z Z 7Jn+1 ] V;LJrl)( 1)] mitl ;,k

j=m+1 =0 r

v

dr j—m+1

: 1/2
+ Z Z m+1 ] 7?+1)( 1)t O |2>

j=m+1 =0 r

Now by Lemma 1

1%
\/D = T2t g > DR (37 0 = DYl > Dacnol
T T
k
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Jj— m+z r
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while

dr+1—0rn .] m

Z Z pJ ] m 1)] m—f—z ;,k

j=m+1 2077"

N Vi J—m+1 [)i—mti+
+ Z Z —m+1 i <_ ) Oé]}k—i

j=m+1 =0 r

b

2> 1/2

r J
S ),/zwajw S S () S
.7 erl r _]=m+1 T ZZO
dr+1=6rn
= > ( ) || + Z IV]| ) amdand A
j=m+1 Jj=m+1
dr 20u] . 2 2
< Y o+ (=Y e ol + (L= Grn)paa (=) e |
- Y Y
j=m+1
o 2% 2 9
< ) A+ )EY el + (L= ) (2) T e 0|
o 35 ol
dr+1—6rn ~
v 2
< D @+ I)E T
o S
D,
= —eml[v]] < Drgnllv||
B
So .
£l = I fmll = Da(1 — B)emHvll-
Define

Crm = Di(1— %)5m = D,\(1 - %) q(g

formed,—¢+1,...,d,_gq1 for some ¢ =1,...,n, m <d, and Cy = D,g4. Clearly
for some m it must be true that [|v,,| > enl/v|, for it it would not be so, then
|vm]| < emllv]| < %”UH for all m, and

d d
1
ol = D lowll® < 3 =l = ol
m=1 m=1

which is a contradiction. So choose the first m = d -k, k = 0,1,2,...,d —1 for
which it is true that vaH > ep|lv]| and set C' = C, for this m; then || f|| > C||v]|,
that is, ||| > Gllull. O

)dfm(c + 1)dfm7q€d_

)
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5.4 Conclusion

What have we now learned about our special case, where M and N can be trans-

formed into their Jordan forms by the same transformation matrix 77 In Section
5.3 we showed that if A is such that |\ — 2= 5 [22| Vm = 1,...,d where vy,

and p,, are the m'* diagonal elements of the Jordan forms of N and M respec-
tively and v, = 2Rep,,, then A\ — K is bounded from below. In Section 5.2 we
showed that as long as A is such that M* — 1N * has atleast one eigenvalue p;
with negative real part, A — K* has a nontr1v1al null space. In our special case
M* — $N* = (T""(Ja — Jn)T)*, and for this to have, for some A, an eigenvalue
with negative real part N must have atleast one nonzero eigenvalue.

So assume that M and N can be transformed into their Jordan forms by the same
transformation matrix 7, that IV has a nonzero eigenvalue, and that X\ is chosen so
that M* — N* has an eigenvalue with negative real part and that [\ — i Il b

Vm = 1,...,d. If the starting vector b € N'(A—K*) then the subdiagonal elements of
the Hessenberg matrix generated by the Arnoldi process for A — K satisfy hy, -1 >
%, where C' is given in the proofs of the Propositions 7 — 10. The Hessenberg
matrices generated by I and A — K have the same subdiagonal elements so also the
subdiagonal elements of the Hessenberg matrix generated by the Arnoldi process for
KC satisty by p—1 > K(T)
Our original question was, whether it is true, that the operator Ky is not quasitri-
angular for all nonnilpotent K and b ¢ N'(N). We only answer this in the case where
M and N can be transformed into their Jordan forms by the same transformation
matrix T and the b € AN/(\A — K*) for a suitable \. Clearly if the starting vector is
chosen from the null space of N, then the local operator is Ky = 0. In this case the
Nevanlinna-Vainikko theorem can be used but the result is not of general interest. If
b is chosen at random it might coincide with a vector from the null space of (A—K)*,
in which case the Nevanlinna-Vainikko theorem cannot be used.

Appendix A: The Laguerre functions

The Laguerre functions are defined by L, (t) = >, (¢ )( )’“;, The set of fune—
tions ¢, (t) = e’t/QLn( ) is orthonormal for the interval ¢ € | e [JT e Li(t) Ly(t)dt =
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Proposition 11

since ((8) — ("31)> =0 and for m > 0

(1) (") - <;)<l—n:i3m><;)<n:im>

|

Proposition 12



- /0 J(s = t) " (Li(s) — Liya(s))ds

t

o 3 =177 (Li(s) = 2Lpsa(s) + Lisa(s)

t

+5( —1) /0 (s — )7 2(L(s) — 2Lgs1(8) + Lyya(s))ds = ...

= =1 G—m+ D (=1 / [y (m) (—1)' Lisa(s)ds

]

— =Y (D) [ tutoes

- y'lﬁ; (1) 07 L) = Lasalt)

- J'Z (1) tuto - J']:i (7))

- ]'g( D= (i) 07 Lalt) + I00) = st
- J'Z (7 ) O a0+ 1240) = a0

- J'Z (7)o

. . ’ | ’ X X

(Z) N (zil) B i!(jj—i)!+(i—1)!(j—i+1)! - (i—l){(j—i)!(;+j—i+1>
! — i+ 1+ (7 +1)! + 1

J (] ):MJ _(] )

T G- DIG )\t 1) it

Proposition 13

Jj+1

[ rnemts =2z 3 (7)o
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Proof.

t ) t 1 1
/ (s =) Li(ys)ds = / (78 = 7t) = Li(ys)vyds—
0 0 ¥ 0l

e A
— _ J
- o /0 (10— 4#) Ly (u)du
4L,
J! J+1 j+i
Y Z ( ; )(‘Uﬁ Li+i(71).

=0
O

The following proposition by Szegé [15] was introduced in Section 4:

Proposition 2 The Laguerre functions {¢m}5_y = {e /% L,,(t)}_, form an or-
thonormal basis of Lo(RY,R). Furthermore, the Laguerre functions are dense in
Ly.

Corollary 5 Define v := 2Rep > 0. Now {(—1)"\/7ye " Ln(vt)}olo =: {un}py is
an orthonormal basis for Ly(R™, C)

Proof. By Proposition 2 {¢,,}5°_, is a basis of Ly(R*,R). But then it is also a
basis of Ly(R*,C), for take a function f € Ly(R*,C). Then f = u + iv where
u,v € Ly(RT,R) and f can be expressed as f = >, axdp + 1Y, Bedr = > (o +
iBk) Pk = Y _p VePhs Vi i= O + 15

Let f now be any function in Ly(RT,C), i.e. [|f]* < co. Fixw,p € R, w # 0,
p > 0. Now

g(t) = ™' f(t) € Ly(RT,C) (since /|g|2:/|f|2<oo) and
h(t) = g(—t) € Ly®R*,C) (since / Ih(t)[? = / |g<21—pt>|2 — 129 / P < o0).

2p
So

ht) = Zane*t/%n(t)
g(t) = h(2pt) = Zane P L (2pt)

f(t) = e “ig( Za e~ (PHWL (9pt) = Zane M
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where p = p +iw and 7 := 2p = 2Reu. So {e "L, (7t)}22, is a basis of Ly(R*,C)
and moreover {,/ye " L, (vt} is an orthonormal basis of Ly(R*, C), since

(VA Lot T L) = v [ IO M Lt
_ /0 e Ly (yt) Lo ()

> 1
= 7/ e °Ly(8) Ly (s)=ds = 0.
0 v

|

For more information on the Laguerre polynomials see [2].
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