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Invariant manifolds of numerical integration schemes applied to
stiff systems of singular perturbation type — Part I: RK-methods

Singularly perturbed systems of ODEs are a model class for so-called stiff systems which
are difficult to treat numerically. The smaller the perturbation parameter e the stiffer the
system. Under usual assumptions a singularly perturbed system has an important geo-
metric property: It admits a highly attractive smooth invariant manifold. In Section 1
we state the invariant manifold result for singularly perturbed ODEs proved in Nipp [3].

A numerical method applied to a system of ODEs defines a map in phase space.
We deal with the question whether such a map preserves the geometric property of the
underlying singularly perturbed ODE. In general, this geometric property carries over to
the discrete system if the step size h is of the same order as the perturbation parameter e.
In this case the numerical integration is very inefficient, however. For explicit methods the
step size h has to be of order € due to their poor stability properties. This has been shown
in Kirchgraber, Nipp [2] for the explicit Euler method. We show that for implicit RK-
methods the step size h may be chosen such that A is independent of €. For h fixed and
for all € small enough such stiff discrete systems admit an attractive invariant manifold
close to the manifold of the ODE. This geometric result for stiff RK-methods is derived
in Section 2.

The invariant manifold result of Section 2 is obtained by considering one step of the
RK-map, only. In order to numerically approximate the solution of an ODE many steps
have to be performed. Therefore, one is interested in bounds on the global error of the
integration method. As for nonstiff systems this is an easy task it is a difficult problem
for stiff systems. This problem was first solved by Hairer, Lubich, Roche [1] in 1988 for
stiff systems of singular perturbation type. In Section 3 we give a new derivation for the
bounds of the global error of RK-methods applied to singularly perturbed systems. By
means of the invariant manifold result of Section 2 the RK-map is reduced to a map on
the manifold. The discrete system restricted to the manifold is no longer stiff as ¢ — 0.
This allows to derive bounds on the global error in a comparatively easy and transparent
way.

In Part IT which is in preparation multistep methods applied to stiff systems of singular

perturbation type are investigated.



1. An invariant manifold result for singularly perturbed ODEs

We consider the singularly perturbed autonomous system

(1)

dx
dy
€ = 9(z,y)

where z € R™,y € R" and € € (0,¢). By C} we denote spaces of functions of class C”

with bounded derivatives.

We make the following

Hypothesis Hpg
1) r>3.

2) feCi(R"xR™",R™), g€ C;(R"xR",IR") and f and ¢ are bounded.

3) There is a function s € C7(R™,R") such that g(z, s%(z)) = 0 for x € R™.

4) There is a positive constant by such that all eigenvalues of the Jacobian B(zx) :=

gy(z, s°(x)) have real parts smaller than —by for all z € R™.

Under the above assumptions it can be shown that for all € > 0 small enough Eq.(1)

has a smooth attractive invariant manifold M, which is O(e)-close to the so-called reduced

manifold My := {(z,y)| * € R™, y = s°(z)}. The precise result given below is proved in
Nipp [3].

Theorem 1 For every f € (0,by) there are positive constants €*, §, K and a function
s € Cy(R™x(0,€*),R"™) such that the following assertions hold for e € (0, €").

i) Invariance. The set M. = {(x,y) | z€R™, y = s(z,€)} C R™xIR" is invariant under

Eq.(1), i.e., if (2°y°) € M, then also (z(t), y(t)) € M, for allt € R, (x(t), y(t))
being the solution of Eq.(1) with (x(0), y(0)) = (2°,¢y°). More precisely, P,(M.) =
M, t € R, for the map P; : (z°,4°) — (z(¢), y(¢)).

i) Attractivity. Every solution (z(t), y(t)) of Eq.(1) with |y(0)—s%(x(0)) | < § satisfies

ly(t) — s(a(t), ) | < Ke P y(0) — s(x(0), )]

for allt > 0.



ii1) “Asymptotic phase”. For every solution (z(t), y(t)) of Eq.(1) with initial conditions
(2%, 4°) at t = 0 satisfying |y° — s°(z°)| < 6 there is (2°,4°) € M. such that for
(Z(t), y(t)) being the solution of Eq.(1) with (2(0), y(0)) = (2°,7°)

| 2(t) = 2(1) | < K ey’ —s(2% ) |
ly(t) = g(t) | < Ke |y’ —s(a% ) |
holds fort > 0.

iv) Closeness to Mj.
|s(z,6€) —s%(2)| < Ke for x € R™.
v) Maximality. Fvery solution (x(t), y(t)) of Eq.(1) satisfying | y(t) —s°(z(t))| < & for
allt € R lies in M, i.e., y(t) = s(x(t),e) for allt.

2. The invariant manifold result for the RK-map

In this section we investigate the geometric behaviour of RK-methods applied to Eq.(1).
Since Eq.(1) is stiff for small €, stiff RK-methods are needed to integrate such a system.
In this case, the step size h of the integration method usually is much larger than the
perturbation parameter e.

For our approach it is essential that a RAK-method is considered as a map in phase
space. The RK-method applied to the differential equation w = F(w), w € R’, is a map
which takes w € R’ to .

w = w+hz b; F'(W;)

J=1

where the W; are defined by

Wi = w+hZamF(W]), izl,...,S.

=1

It is convenient to introduce the following vectors in IR*
Wi FWh) w
we=| | F=| | w=]
W, F(Wy) w

In this notation the RK-map may be written as
= w+h (' @) F(W)
= wH+h(AR L) F(W).

= o
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We make the following assumptions on the RK-method which are appropriate to

integrate stiff systems.

Hypothesis Hrg
1) The RK-method has order p and stage order 1 < g < p.
2) The RK-matrix A is invertible.

3) The stability function R(2) := 142 b7 (I,—zA)~'1, z €€, where 1 = (1, ...,1)T € IR,
satisfies | R(o0)| < 1.

Remarks:
1) If ¢ = p then for p > 1 one may redefine ¢ = p — 1 for Hypothesis Hgx 1) to hold.

In this way, the results are not weakened. For p = 1 see Remark 7).

2) Usually, the matrix A of stiff RK-methods has eigenvalues with positive real parts.
This implies Hypothesis Hrx 2). In our case where ¢ << h we do not need this

stronger assumption.

3) Since A is invertible R(co) may be written as R(co) =1 —bT A7 1. =

We now apply a RK-method satisfying Hypothesis Hrx to Eq.(1) and assume p < r.
This defines a map

(2) P:Rmx]R"9<§>n—><§>€]RmxIR”
of the form
T=x+h("®1,)f(X,Y)
h
g=y+—("@L)g(X,Y)

where X and Y are given by
X =x+h(A®I,) f(X,Y)
h
Y=y+—(Aa@L)g(X,Y).

We introduce the new variables 2z, Z measuring the difference to the manifold M, of the

differential equation (1). Writing s(z) instead of s(z, €), for short, we define
y=s(x)+z Y=sX)+2Z2.

We expand the function g about z = 0 and have

A

g(z, s(x) + 2) = g(x, s(z)) + (B(z) + B(x,2)) z
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with B(z, z) = O(|z]). In the new variables the y-component of the RK-map P takes the

form

3) s(@+z=s(x)+z2+ % (0" @ L){g(X, s(X)) + diag | B(X) + B(X, 2)| Z}

(4) s(X)+Z=s(x)+z+ % (A® L,){g(X, s(X)) + diag [B(X) + B(X, 2)| Z}

where, e.g., diag[B(X)] denotes the sn x sn block diagonal matrix with n x n blocks
B(X)),..., B(X,). We denote the RK-map in the new variables by P and we consider
this map in the space R™ x Dy, Dy :={z| z € R", |z| < d}, where d will be determined
later. We here suppose that Z € [Dgy]*. It will be shown that Eq.(4) indeed has a unique
solution in [Dg4]®. Collecting the linear terms in Z in Eq.(4) yields

Z = % C(X,Z) Yz - E)
with
(5) C(X,2) = —~(A® I,) diag [B(X) + B(X, 2)] + % (I, ® I,)
and
(6) E = s(X) — s(x) h (A® 1) (X, s(X)) .

e
Note that due to Hpg 4) and Hgi 2) the matrix C is invertible for d and €/h small
enough. Inserting the expression obtained for Z into Eq.(3) we find

]

=z—ec+ (" ®1,) diag [B(X) + B(X,2)| C(X, Z)™" (z - E)
where

(7) e:=s(T) — s(z) — ﬁ W' ®1,) g(X, s(X)) .

€

Note that F and e are of order O(h). This is due to the fact that g(X,s*(X)) = 0 and
s(X) — s%(X) = O(e) and that X — x and T — x are O(h). By means of Eq.(5) we may
replace diag{B(X) + B(X, Z)] by (A7t @ I,) (% (I, ®1I,) — C(X, Z)) Hence, we have

i\l

—z—e+(TA'® In)(% C(X,2)' = (L,®L))(z— E)

or

7= ((1—bTA‘1]1)In+%A(H@In))er ((bTA‘1®In)—%A)E—e

where

A=0 A" e C(X,2)7 .



Thus, we have shown that the map P may be written in the form

T=x+h(b? @1,)f(X,s(X)+ Z)

®) Z= (R(oo)ln+%A(]l®In))z+((bTA‘1®[n)—%A)E—e

with X, Z defined by
(X, Z) =X —-—x—h(ARL,)f(X,s(X)+Z2)=0
(9)

U(X,Z) =7 — % C(X, 2y (z—E)=0.

This form is appropriate to show that the map P is well defined and that it admits a
highly attractive invariant manifold.

We first show that Eq.(9) has a unique solution (X(z, z, h,€), Z(z, 2, h,€)) in some
large neighborhood of X = x and Z = 0 in []Rm]sx[Ddr. This is done by using the
Newton-Kantorovich theorem (cf., e.g., Ortega, Rheinboldt [5]). The Jacobian J of (9)

satisfies

GO ( (I ® Iy) + O(h) O(h) )
: (%) (L®IL)+0(f)

for (X, 7) € []Rm} Sx[Ddr. This implies that J has Lipschitz constant v = O(h) +O(e/h).

Moreover, |J7'(x,0)| is bounded by f = 2 and ’Jl(x,0)< iiﬁ’ ((]])) >‘ is bounded by

a = O(h) + O(¢/h) for h and €/h small enough. The quantity H := «af~ is of order
O((h + e/h)2) and for 7,5 := a(l Fv1—2H)/H we have r; = O(h + ¢/h) and ry =
O(ﬁe/h) Hence, the Newton-Kantorovich theorem implies the existence of a solution of
(9) in the ball S, (x,0) and the solution is unique in {]Rm} Sx[Ddr N Sy, (x,0). From the
implicit function theorem it follows that this solution is smooth. Since the Jacobian J is

near the identity for small i and €/h the derivatives are bounded. Therefore, the map P

given in Eq.(8) is well defined and is of the form

()= () (i)

where F" and G are of class Cf.
We now apply the invariant manifold result of Nipp, Stoffer [4]. The cylinder R™ x Dy
is mapped into itself by the map P if d,h and € /h are sufficiently small. The functions F

and G have the following Lipschitz constants with respect to x and z:

L11 = O(h) s L12 = O(G) s
€

Loy = O(h) + O(h

6



We have to verify the two conditions

2\/ L12 L21 < 1- Lll - L22
Los+ LigA < (1 =Ly — Lip A\’

where
2Ly

A= .
1 — Ly — Lo + \/(1 — Lyy — Lgg)? — 4149 Loy

These two conditions are satisfied if h and €/h are sufficiently small. Now, Theorem 5 of
Nipp, Stoffer [4] implies the existence of a smooth attractive invariant manifold Mm of
the map P. More precisely: Let Q- - be the domain {(z, h,€)| z € R™, h € (0,h*), € €
(0, hé*)}.

There is a A-Lipschitz function ¢ : Q=5+ —> Dg C IR™ of class C] with respect to
x, A= 0(h)+ O(¢/h), such that the following assertions hold.

i) My = {(z,2)| € R™, z = &(x,h,€)} is an invariant set of the map P, i.e.,
P(My.) = My,.

i) Z\A/fh,6 is uniformly attractive for P with attractivity constant x(A) = Loy + L12 A =
R(o0) + O(e/h) < 1.

iii) The “property of asymptotic phase” holds.

iv) According to Eq.(8) the function G(z, z, h, €) has the form G(x, z, h,e)=H (z, 2, h,€)z
+G(x, 2, h,€) with |H(z, 2, h,€)| = |R(c0)| + O(e/h) < p < 1. Thus, & may be
estimated by

N

1
|5-("L‘7 h7 €)| S T Sup |G(ZL‘,C~T({L‘, h7 E)aha 6)| :
1 — P zeR™

v) Every invariant set Q0 of P is contained in ]\A/fh,e.

From Eq.(8) we have G = (0TA' @ I,,) — 7+ A) E — e. Since the expressions £/ and
e are of order O(h) as noted above the function G is of order O(h). It therefore follows

from iv) that & is of order O(h) as well. This estimate may be improved, however.

Claim 7 is of order O(h9*). Moreover, if the method is stiffly accurate, i.e., if b; = a;,
then & = O(e h?).
To prove this claim we need some preparations. We consider solutions (u(t),v(t))

of Eq.(1) on the manifold M, established in Theorem 1. These solutions satisfy the

differential equation



. o= f(, 5(w)
o b= = gl () = /() 5(u) -

Here, s(u) is the function defining the manifold M, (for simplicity we again drop the
parameter € in s(u,€)). The identity g(u,s(u)) = es'(u)f(u, s(u)) follows from v(t) =
s(u(t)). s" denotes the derivative of s(u) with respect to u. Applying a RK-method to
Eq.(10) we obtain

(1 u=u+ h(b' ®1,) f(U, s(U))

v =v + h(bT ®I,) diag [s'(U)] f(U, s(U))
with

U=u+ h(A®1,) f(U, s(U))
(12)

V =v + h(A®I,) diag [s'(U)] f(U, s(U)) .

Since the method is of order p and has stage order ¢ and since f, g are of class C} with

r > p we conclude that

o) = 5—v(h) = v—suh) = o—s@)+O0H")
O(hetY) = V —v(esh) = V — s(u(ch)) = V — s(U) + O(h?H)

where ¢; = Y a;; and v(c;h) == ( (e1h)T, (csh)T)T. It follows that

s(@) = s(u) + k(T @ 1,) diag [$'(U)] f(U, s(U)) + O(hP*1)

(13)
s(U) = s(u)+ h(A®I,) diag [s'(U)] f(U, s(U)) + O(h*) .

Next we improve the estimates for e and E using the following

Lemma 2 Let (z,2) € My.. Then e = O(h?) and E = O(h) implies e = O(hit!) +
O(h"*1) and E = O(W*+1) + O(ht+1).

Proof: We are looking for estimates for 7 —u and X — U where T and X are defined by
Eqgs.(8), (9) and @, U by Egs.(11), (12). For u = x we have

T—1 = h(t" @ L) (f(X,s(X) + 2) = (f(Us(0)))
X —U = h(A® L) (f(X,5(X) + 2) = (f(U,s(1)))

o T-u = hO(X -U|)+h0(Z|)
(L@ 1) +0M)(X ~U) = hO(Z))



implying

(14) T—u = O(hl|Z|)

X-U = 0(h|Z]) .

For e, E = O(h/) the property iv) of My, implies z = & = O(h/). Now Eq.(9) gives
Z = O(eW™'). Inserting this estimate into Eq.(14) we obtain T — u = O(eh’/) and
X — U = O(eh?). Replacing u and U, respectively, by T + O(eh?) and X + O(eh?),
respectively, in Eq.(13) and introducing the estimates obtained into Eqgs.(6) and (7) we

get
e = O™ + O(hrt)

E = O(Wt) + O(hr™).
Here, we have used the identity es'(u)f(u,s(u)) = g(u,s(u)) and the fact that e¢/h is
small. This completes the proof of Lemma 2. i

We know that e = O(h), E = O(h) holds. Using Lemma 2 successively it follows that
e = O(h?tY), E = O(he*'). Hence, the function G in property iv) of M, is of order
O(h?™1) implying & = O(h?™!). With these estimates for E and & it follows fom Eq.(9)
that
(15) Z =0(eh?) .

Since for b; = ag one has Z = Z; it follows that & = O(e h?) in this special case. Thus,
we have proved the above claim.
Expressing the results above in the original variables x,y and defining o(x,h,€) :=

s(x,€) 4+ a(x, h,€) we have shown

Theorem 3 Let the differential equation (1) satisfy Hypothesis Hpr. Apply a RK-
method with Hypothesis Hryk to Fq.(1) and assume p < r.

Then there are constants hg,do,d,c, K and a function o : Qpy 50 — R, Qpos, =
{(z,h,e)] x € R™, h € (0,hg), € € (0,hdy)}, o of class C} with respect to x, such that for
all h, e with h < hg, € < doh the following assertions hold.

i) Invariance. The set My, = {(z,y)| z € R™, y = o(x, h,€)} is an invariant set of
the map P given in Eq.(2), i.e., P(M.) = M.

i) Attractivity. The manifold My . is uniformly attractive for P with attractivity con-
stant x(h,e) = R(co) 4+ ce/h < 1, i.e., for all (z,y) with |y — s(x,e)| < d the
inequality

5— 0@ h,e)| < x(h )|y — oz, h,e)
holds.



iii) “Asymptotic phase”. For every (xq,yo) with |yo — s(xo,€)| < d there is (To,Yo) €
Mh,e such that fOT ('Tj7y]) = Pj('x(]vy(]) and (i_]u{yv]) = Pj<f07g0> € Mh,67 .7 € N07

IN

2 — | K x(h,€) | yo — o(zo, h, )]

IN

|y_7 - {yv]| K X(h'7 6)] ‘ Yo — O'(.To,h, €>| .

iv) Closeness to M..
lo(z,h,€) — s(z,€)| < K R for x € R™.

If the RK -method satisfies b; = ag; then

lo(xz,h,e) —s(x,€e)| < Keh? for z € R™.

v) Maximality. Every invariant set 2 of P is contained in My, ., i.e., P(2) = Q implies
O C M,..

Remarks:

4) Under Hypothesis Hpg the singularly perturbed differential equation (1) admits an
attractive invariant manifold. Theorem 3 states that under Hypothesis Hgrx the

RK-map (2) inherits this geometric property.

5) The invariant manifold of the differential equation is highly attractive, i.e., the
manifold M, of the time-h map of Eq.(1) has attractivity O(e=?"/€). The invariant
manifold M}, . of the RK-map (2) has attractivity R(co) + O(e/h). Hence, the
attractivity property of the manifold M, is poorly reproduced by the attractivity of
My, . unless R(o0) = 0.

6) In general, the distance between the manifolds M, and M, . is O(h?™). If |y —
s(z,e)| = O(h?*1) then Eq.(9) shows that Z = O(eh?). This means that in this
case all the information to step forward the numerical method is taken O(e h?)-close
to M.. =

3. Global error bounds for stiff RK-methods

Our main result in Section 2 was obtained by investigating one step of the RK-method,
only. One step corresponds to the local error. Integrating an ODE one is mainly interested

in the global error, however, i.e., the error at time 7" = Nh. Since the invariant manifold

10



result in fact is a global result it is very helpful to derive bounds on the global error of
the RK-method. The flow of Eq.(1) close to the manifold M, is essentially described by
the m-dimentional system & = f(x, s(x,€)) which is no longer stiff with e — 0. Similarly,
the dynamics of the RK-map (2) near the manifold M), . is essentially described by an
m-dimensional map (the z-part of (2) on M;,). Thus, our approach reduces the stiff
problem to a nonstiff one.

Let us consider a solution (z(t), y(¢)) of Eq.(1) on M, and its RK-approximation
(2%, 9%), k=0,1,2,..., given by

()= () ()= ()

yert ) ve )\ ) Us((0),0)

where P denotes the RK-map (2). We want to find bounds for z* — z(kh), y* — y(kh),
kh <T.

Theorem 4 Let the differential equation (1) satisfy Hypothesis Hpr. Apply a RK-
method with Hypothesis Hryx to Eq. (1) and assume p < r. Moreover, assume that
the initial conditions satisfy y(0) = s(z(0),¢€), z° = z(0), y° — y(0) = O(h?™™).

Then the following error bounds hold for kh < T.

¥ —x(kh) = O(hP)+ O(e hith)
y* —y(kh) = O(n'*).
Moreover, if b; = ag; the estimate
y* — y(kh) = O(h?) + O(e hY)
holds.

Remark:

7) If g = p =1 then ¥ — z(kh) = O(h), y* — y(kh) = O(h). See also Remark 1).

The proof of Theorem 4 is done in two steps. In Lemma 5 we first derive a weaker
bound. This preliminary bound then simplifies the proof of Theorem 4.

As in Section 2 we compare z* with the RK-solution u* of the differential equation
= f(u, s(u)). (We again write s(u) instead of s(u,€).) We set u(0) = z(0). Note that
this implies u(t) = z(t) for all t. The RK-solution of the full system satisfies

$k+1 — l‘k + h(bT ® Im) Xlk
(16)
v = g T R L)Y

11



Xt o= Py hA@L)X* Xt = f(XE YR
(17)
YE = yP+h(A® L)Y, eY* = g(XFYF)

and the RK-solution of the simplified system satisfies
(18) uftt = uF + AT ® 1,) U

(19) Ur=u"+h(Ax1,) U,  U*=fU" s(U").

Lemma 5 Under the assumptions of Theorem 4 the bounds

o —uF =0(h?), XF-U"=0(eh?)
hold for kh <T.

Proof: In addition to the variables u*, U* we define variables for the simplified system

which correspond to y:
b= s(u)

vk = s(U), V' = g(U*, s(U¥)) .
Noting that es’(u) f(u, s(u)) = g(u, s(u)) (cf. Eq.(10)) we get from Eq.(13) that

,Uk+1 — ’Uk+h(bT®In) V/k + O(hp+1)
(20)
VE = vF+h(A® L) V* + O(h'tY) .

We introduce the differences

Azk = zF —uF

Ayt =yt =t
AXk — Xk_Uk AX/k — X/k_U/k

AYF = YE-VF AYH = YV,

From Egs.(16) - (20) we conclude that

Azt = Axk + AT @ 1,) AX'F

Ayt = AyF + h(b" ® L) AY* 4 O(hP)
(21) AXF = AXF + h(A®I,) AX*

AYF = Ay* + hA®1,) AY* +O(hit?) .

12



From the definitions it follows that
AX™ = R (X*® YR UF) AXY + Ry(XF, YF U*) AV
where Ry = diag[f.(U", s(U*))] + O(|AX*|) + O(JAY*|) and Ry = diag[f,(U*, s(U"))] +
O(|AX*|) + O(|AY*]). We have
AV = [V = s(U)] < [Y* = s(XF)| + [s(X*) = s(U")] -

Since Y* — s(X*) = O(e h4) by Eq.(15) and since the function s is uniformly Lipschitz in
x it follows that
(22) AYF = O(1)AX* 4+ O(eh?) .

Hence, we have
AX* = {diag[f,(U*, s(U*))] + O(AXF]) + O(|AY*|)} AX*
(23) + {diag[f, (U, s(U"))] + O(|AXH]) + O(JAY*|) } AY*
= O(1) AX* + O(e h?)

and

AXF = Ax* 4+ O(h) AX* + O(e h7™)

which may be written as

(24) ((I.® L)) + O(h)) AX* = Ax* + O(e ™) .
Inserting this estimate for AX* into Eq.(23) we obtain from Eq.(21) that
(25) Az = (I, + O(h)) Azk + O(eh?™) .

We apply the following Gronwall type argument which is easily proved by induction:
For any sequence (%), 6% € R*, satisfying 8° = 0 and

< (1+c¢)* +c1, >0, for 0<k<N

the estimate

o < D1+ e)f —1] <

. 2o

Co
holds for k < N.
Setting 6% = |Az*|, co = Coh, ¢1 = C1 e h9™! we get from Eq.(25)
Koo O CoT
\Aaz|§66hq(e°—1) for k<N .
0

Inserting this estimate into Eq.(24) terminates the proof of Lemma 5. 1
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Proof of Theorem 4: In order to improve the bound of Lemma 5 we investigate the
O(e h?t1)-term of Eq.(25) more precisely. Using the estimates of Lemma 5 and of Eq.(22)
in Eq.(23) and noting that eh? < h? we obtain

(26) AX"™ = diag[fy] AX* + diag[f}] AY" + O(e h9*?)

where diag[f}] := diag[f, (U, s(U*))] and diag[f}] := diag[f,(U*, s(U"))]. Similarly, we
get
(27) eAY"™ = diag[gh] AX"® + diag[gy] AY* + O(e h7F?) .

Solving Eq.(27) for AY* and inserting the expression obtained into Eq.(26) yields
AX'F = {dlag[fk] diag[f:(gy) ! k}}AXk + ed1ag{fk(gy) }AY’k—i—O(ehq”).
Inserting this into Eq.(21) and using Eq.(24) and Lemma 5 we have
Azttt = Agh 4 h(bT @ I,)diag|fF — fF(gh) " gk] Ax"
+ e h(bT @ Iy)diag| f2(gh) 1] AY™* 4+ O(eht+?) .

Subtracting Az* on both sides, taking the sum from k& = 0 to k = j and then taking

norms yields
J J
(28)  [A27 T < hCo D |ATF| + e (V" @ I,,) D diag[£F(gf) AV + O(eht™)]
k=0 k=0
where Cj is a bound for h(b" ® I,,)diag {ff — (g gi]
We again use a Gronwall type argument easily proved by induction:
For any sequence (§7), & € R", satisfying 8° = 0 and

' J
§ < ¢ Z 4, >0, for 0<j <N
k=0

the estimate
§it+l < 01(1 +Co)j < Clejco
holds for j < N.

We set ¢/ = |Az7|, ¢y = Cyh and introduce the bound c¢;(h, €) as follows:

‘eh b ®1,) Zdlag[fk (9h)~ 1}AY”C - O(ehq“)‘ < ¢1(hye) .
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From Eq.(28) we get
(29) |AzI Y < ¢y(h, €) e

We show that c1(h, €) = O(e h4*!). We have to estimate the terms
ST = eh(b" @ I,,,) Zdlag )JHAY*, 0<j<N.

Note that, if the matrices diag[f}'(gF) '] were omitted, Eq.(21) would imply 57 = e (Ay/*!
—Ay® + O(h?)). We show that indeed a similar expression may be obtained with appro-
priate factors, however. We define for 0 < k < N

H(z*) := f,(a", s(a%)) g, (2", s(2")) ™
and
Q" = eh(b" ® I,){diag[H(U")] — (I, ® H(z"*'))} AY"
RF = e[H(z") — H(z"")} AyP .
From Eq.(21) we have
Ayt = AyF + (0" ® I,) AY™* 4 T*

with T% = O(hP*!). By induction it is now easily shown that
J
ST =eH(@) Ayt — e H(2") Ay® + Y (QF + RN — e H(aF)T™)
k=0

holds. We estimate the first two terms of this expression. By assumption we have Ay =
Y’ — s(2%) = 3° — y(0) = O(h?™!). From the properties ii), iv) of Theorem 3 and from

Lemma 5 we conclude that
Ayt = yF —s(uh) = [y —o(a¥ b)) + [o(a", by €) — s(aF)] + [s(2*) — s(u")]
(30) = x(7, )" O(ly® — o(2°, R, €)]) + O(h**)
= O(|Ay°]) + O(lo (2% R, €) = s(z°)]) + O(h?*™!) = O(h7*) .

Hence, S7 = EJ: (Qk + RF — eH(a:k“)T"“)—l—O(e hit1). We estimate R* and Q*. Since
H(:pk)—H(xkflz)O = O(|z**t—2*|) = O(h) we conclude using Eq.(30) that R* = O(e h7*2).
Similarly, we have
diag[H (U*)] = (I, ® H(z**1)) = O(|U* —x"*1))
= O(JU* — X))+ O(|X* — xt+1)
= O(eh?) +O(h)
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where we have used Lemma 5. Inserting the estimates of Eqs.(22), (24) and of Lemma
5 into Eq.(27) yields e AY”* = O(e h?). Hence, we have shown that Q¥ = O(e h?t2). We

conclude

i(@k + RN — e H(a")TF)= i(O(ehq“) +O(eh”™))= O(eh™™) + O(e h?)

k=0 k=0

implying S7 = O(e h?™') and thus ¢ (h,€) = O(e h4™). From Eq.(29) we obtain
(31) Azt = 2F — ¥ = O(e nIT).

We now estimate
(32) a¥ — x(kh) = [2% — uF] + [u¥ — u(kh)] = O(e h™Y) + O(RP) .

Here, we have used that u* — u(kh) is the global error of the differential equation u =
f(u, s(u)). Since this differential equation is not stiff with respect to e the global error is

O(h?). For the y component we find
y'—y(kh) = [y* = s(u)] + [s(uf) — s(a")] + [s(z*) — y(kh)]
= Ay*+[s(u") = s(z®)] + [s(2") — s(x(kh))]
= Ayt +O(|z* — u*]) + O(|2* — z(kh)|) .
By means of Egs.(30), (31) and (32) we get y* — y(kh) = O(h?™!). It remains to consider
the case b; = a;. By property iv) of Theorem 3 we have o (z", h,¢) — s(x*) = O(e h?) and
we conclude as in Eq.(30) that Ay* = O(eh?) holds. It follows again with Egs.(31) and

(32) that
y* —y(kh) = O(eh?) + O(h")

which completes the proof of Theorem 4. L
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